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Abstract

In this paper we present a mathematical analysis of the photoelectric effect for one-
electron atoms in the framework of non-relativistic QED. We treat photo-ionization as
a scattering process where in the remote past an atom in its ground state is targeted
by one or several photons, while in the distant future the atom is ionized and the elec-
tron escapes to spacial infinity. Our main result shows that the ionization probability,
to leading order in the fine-structure constant, «, is correctly given by formal time-
dependent perturbation theory, and, moreover, that the dipole approximation produces
an error of only sub-leading order in «. In this sense, the dipole approximation is
rigorously justified.

1 Introduction

Even today, more than 100 years after its discovery by Hertz, Hallwachs and Lenard, the
phenomenon of photoionization is still investigated, both experimentally and theoretically
[4, 1]. This research is driven by novel experimental techniques that allow for the production
of very strong and ultrashort laser pulses. In contrast, the photo electric effect in the early
experiments is produced by weak, non-coherent radiation of high frequency. There is a third
physical regime, where the radiation is weak, of high frequency, and coherent. This regime is
the subject of the present paper. We consider one-electron atoms within the standard model
of non-relativistic QED, and we present a mathematically rigorous analysis of the ionization
process caused by the impact of finitely many photons. Improving on earlier results con-
cerning more simplified models, we show that the probability of ionization, to leading order
in the fine-structure constant, is proportional to the number of photons, and, in the case of
a single photon, it is given correctly by the rules of formal (time-dependent) perturbation
theory. It turns out that the dipole approximation produces an error of subleading order,
which provides a rigorous justification of this popular approximation.

Let’s briefly recall the standard model of one-electron atoms within non-relativistic
QED. More elaborate descriptions may be found elsewhere [20, 31]. States of arbitrarily



many transversal photons are described by vectors in the symmetric Fock space

F =P Sa[@" LA(R® x {1,2})]

n>0
over L2(R3 x {1,2}). Here S,, denotes the projection of L?(R3 x {1,2})" onto the subspace
of all symmetric functions of (ki, A1), ..., (kn, \n) € R®x{1,2}, and Sy L*(R3x {1,2}) := C.
We shall use €2 to denote the vacuum vector (1,0,...) € F. Ny is the number operator
in 7, and Hf = dI'(w) denotes the second quantization of multiplication with w(k) = |k|
in L2(R3 x {1,2}). See [27], X.7, for the notation dI'(-) and for an introduction to second
quantization. The creation and annihilation operators a*(h) and a(h), for h € L?(R3 x
{1,2}), are densely defined, closed operators with a*(h) = a(h)* and with

[a*(h)®]"™ = /nS,,(h @ ¥~b)

for vectors U = (U wl) ) from the subspace D(N}/Q). Here, ¥(") denotes the n-
photon component of V.

The system studied in this paper is composed of a non-relativistic, (spinless) quantum
mechanical, charged particle (the electron), and the quantized radiation field which is cou-
pled to the electron by minimal substitution. In addition, there is an external potential V,
which may be due to a static nucleus. The Hilbert space is thus the tensor product

H:=L*R3) ® F,
and the Hamiltonian is of the form
Hy = (p+a2A(ox))2+V + Hy (1.1)
= Ho+ W,

where Hy = Ho + Hy, Hoy = —A +V, and W = H, — Hy. The quantized vector potential
A(ax), for each x € R3, is a triple of self-adjoint operators, each of which is a sum of a
creation and an annihilation operator. Explicitly,

r(k)
V2(K|

where e(k,\) € R?, A = 1,2, are orthonormal polarization vectors perpendicular to k, and

A(ax) = a(Gx) + a*(Gx),  Gg(k,)\):= e(k, \)e kX (1.2)

K is an ultraviolet cutoff chosen from the space S(R?) of rapidly decreasing functions. No
infrared cutoff is needed. Here and henceforth, the position of the electron, x € R?, and
the wave vector of a photon, k € R3, are dimensionless and related to the corresponding
dimensionfull quantities X, K by X = (ag/2)x and K = (2a/ag)k, where ag := h%/me?
is the Bohr-radius, m > 0 is the mass of the particle, e its charge, and o = €2?/hc is the
fine structure constant. It follows that X - K = ax - k, and in units where A, ¢, and four
times the Rydberg energy 2ma? are equal to unity, the Hamiltonian of a one-electron atom
with static nucleus at the origin takes the form (1.1) with V(x) = —Z/|x|, Z being the
atomic number of the nucleus. For simplicity, we confine ourselves, in this introduction, to
this particular potential V. In nature, o ~ 1/137, but in this paper « is treated as a free
parameter that can assume any non-negative value.



For all @ > 0, the Hamiltonian H, is self-adjoint on D(Hj) and its spectrum o(H,) is
a half-axis [E,, 00) [24, 23]. Moreover,

E, :=info(H,)

is an eigenvalue of H,, and, at least for « sufficiently small, this eigenvalue is simple [2, 21].
We use &, to denote a normalized eigenvector associated with F,. Another important
point in the spectrum of H,, is the ionization threshold X, which, for our system, is given
by Xo = info(Hy — V). In a state vector from the spectral subspace Ranl(_ 5. )(Ha),
the electron is exponentially localized in the sense that

1”11 52— (Ha) || < o0 (1.3)

for all 3 with 5% < ¢ [19].

The phenomenon of photo-ionization can be considered as a scattering process, where
in the limit ¢ — —oo, the atom in its ground state is targeted by a (finite) number of
asymptotically free photons, while in the limit ¢ — oo the atom is ionized in a sense to be
made precise. We begin by discussing incoming scattering states and their properties. To
this end it is convenient to introduce the space L2 (R x {1,2}) of all those f € L*(Rx {1,2})
for which

12 =3 / O NP1+ w() ) dh < oo. (1.4)

A=1,2
Given f € L2(R x {1,2}), the asymptotic creation operator a* (f) is defined by

a* (f)W:= lim efola*(f)e ol fri=e ™, (1.5)

t——o0

and its domain is the space of all vectors ¥ € D(|H,|'/?) for which the limit (1.5) exists.
This is know to be the case, e.g., for the ground state ¥ = ®,. Moreover, it is known that
a* (f1) - a*(fn)Pq is well defined and that

e Mota” (f1) - a” (fu)®a
= a*(fl,t) T a*(fn,t)eiiH&tq)a + 0(1)7 (t - _00)7 (16)

whenever fi,wfi € LE(R x {1,2}) for all i = 1,...,n [22]. By (1.6), a* (f1) - a* (fn)®a
describes a scattering state, which, in the limit ¢ — —oco is composed of the atom in its
ground state and n asymptotically free photons with wave functions fi,..., f,. Results
analogous to those on a* (f) hold true for the asymptotic annihilation operators a_(f) [22].

The asymptotic annihilation and creation operators satisfy the usual canonical commu-
tation relations: e.g.

[a—(f),aZ(9)] = {f, 9) (1.7)

for all f,g € L2(R3 x {1,2}). Moreover, the ground state ®, is a vacuum vector for
asymptotic annihilation operators in the sense that

a_(f)®a=0 for all f € L2(R3). (1.8)



Hence, if f = (f1,m1, ..., fn,mn) € [L2(R®x {1,2}) xN]n with (f;, fj) = 05, then it follows
from (1.7) and (1.8) that

n
H 0L (f)" o (1.9)
is a normalized vector in H. All these properties of a_(f), a* (f) hold mutatis mutandis
for the asymptotic operators a(g), a’ (g) defined in terms of the limit ¢ — 4oo.

We are interested in the probability that e~*atg* ( f)®q describes an ionized atom in
the distant future, but we are not interested in the asymptotic state of the electron or
the radiation field in the limit ¢ — 4o00. We therefore shall not attempt to construct
outgoing scattering states describing an ionized atom, which is a difficult open problem.
Instead we base our computation of the probability of ionization on the following reasonable
assumption: the atom described by e *Hatg* (f)®q is either ionized in the limit ¢ — oo, or
else, in that limit, it relazes to the ground state in the sense that e *Hatg* (f)®q, for t large
enough, is well approximated by a linear combination of vectors of the form

a*(gl,t) cee a*(gn,t)e_iEatq)a- (110)

More precisely, relaxation to the ground state occurs if a* (f)®, belongs to the closure of
the span of all vectors of the form

at(g1) ... a4 (gn)®a = lim etflaty *(g1) - - *(gm)e—iEatq)m

t—+oo

with g;,wg; € L2(R? x {1,2}). Let H$ denote this space and let P¢ be the orthogonal

projection onto H§. Then ||[P{a* (f)®,|? is the probability for relaxation to the ground
state and

1= ||Pfa” (f)®al* = [|(1 = PP)a” (f)®al® (1.11)

is the probability of ionization.

The assumption that relaxation to the ground state is the only alternative to ioniza-
tion, is motivated by the conjecture of asymptotic completeness for Rayleigh scattering,
which is the property, that every vector ¥ € H describing a bound state in the sense

a\x|e—iHa

that sup, |le '] < oo for some € > 0, will relax the ground state in the limit

t — oo. In view of (1.3), asymptotic completeness for Rayleigh scattering implies that
HE 2 1(—oo5,)(Ha), which can be proven for simplified models of atoms [30, 8, 18, 14].
The following two theorems will allow us to compute (1.11).

Theorem 1.1. Suppose that f1,..., fn € L*(R3 x {1,2}) where Zi:l e(, N) fi(, \) belongs
to C3(R*\{0},C?) for each i, and let f = (f1,..., fn). Then:

a* (f)®q = a’ (f)Pa — ia/? /00 2p(s)pe @ [A(0,5),a™(f)]2ds + O(a5/2) (1.12)

where p(s) = etetspe=iles gnd A(0,s) = 75 A(0)e 55,



The first term of (1.12) gives no contribution to the ionization probability (1.11) because
a’ (f)®q € HY. The second term is proportional to o?/2 and it is due to scattering processes
where one of the n photons fi, ..., f, is absorbed. The remainder terms are of order (’)(a5/ 2
and stem from the dipole approximation A(ax) — A(0), from dropping a®A(x)? and from

3/2.

ignoring processes of higher order in « To isolate the contribution of order o? from

(1.11) using (1.12), we need:

Theorem 1.2. Suppose that HS 2 1(_ x,)(Ha) for a in a neighborhood of 0, and suppose
that He has only negative eigenvalues. Then
lin% Py =1,,(Hea) (1.13)
a—

in the strong operator topology.

Combining Theorem 1.1 and Theorem 1.2 we see that
1= PYar (N®all* = (1= P)(a” (/) = @' () @al?
= |1e(Ha) (aZ(f) = a4(£) ) @al? + o)

o0

— oP|L(Hy) / p(s)pa ® [A(0, 5),a* ()] ds] + o(a®)

—0oQ
where 1.(H¢) = 1—1,,(Hel), and where the second equation is justified by the o dependence
of a* (f)®o — a’ (f)®, as given by (1.12). We are now going to express the coefficient of
a3 in terms of generalized eigenfunctions of Hyj, which makes it explicitly computable in
simple cases. A general and sufficient condition for the existence of a complete set of
generalized eigenfunctions is the existence and completeness of a (modified) wave operator
Q. associated with He). This condition is satisfied for our choice of V. It means that there
exists an isometric operator Q. € L(H¢) with RanQy = 1.(He)He and Ho 2y = Q4 (—A).
In particular, the singular continuous spectrum of H is empty. Given the wave operator
Q4 and the fact that (He —4)~1(x)~2 is a Hilbert-Schmidt operator, it is easy to establish
existence of generalized eigenfunctions ¢q, q € R3, of H,j with the following properties [26]:

(i) The function (x,q) — (q) 2(x) 2pq(z) is square integrable on R3 x R3, in particular
(x)"2pq € L*(R3) for almost every q € R3. (x) := (1 + |x[?)'/2.

(i) If ¢ € D(]x|?) then
el H)bl = [ |0 Pl (1.14)

(iii) If F : R — C is a Borel function, v € D(|x|?) N D(F(He)), and F(Hg)v € D(]x|?),
then

(par F(Ha)y) = F(d°) {pq, ¥) (1.15)
for almost every q € R3.

In (ii) and (iii) we use {¢q, %) to denote the integral [ ¢q(x)¥(x) d>x, which is well defined
by (i) and by the assumption v € D(]x|?).

The Theorem 1.1 in conjunction with (i)-(iii) implies the following theorem, which is our
main result specialized to the case of only one asymptotic photon in the incident scattering
state.



Theorem 1.3. For all f € L*(R? x {1,2}) with 3 5_, (- \)f(-,\) € C3(R*\{0},C?),
[ Lac(Ha) (a* (/) @0 — a%(f)@a) ||

e’} 2
— ot [ i \wq,xm [, B0 () dt| +0(!) (1L16)
R3 —o0
as « — 0. Here, E(0,t) = —i[Hf, A(0,t)], e is a normalized ground state of He and ¢q,
q € R3, is any family of generalized eigenfunction of He with properties (i)-(iii) above.

The expression (1.16) for the ionization probability can be understood, on a formal level,
by first order, time-dependent perturbation theory. To this end one considers the transitions
el @ f — 0q @ Q, for fixed q € R3, in the interaction picture defined by Hy. Then the
time-evolution of state vectors is generated by the time-dependent interaction operator
W(t) = etflotWwe—iHot — 203/2p(t) - A(ax,t) + o®A(ax,t)? with p(t) = eflatpe—ital and
A(ax,t) = et A (ax)e 0! Tn the computation of the transition amplitude to the order
a3/? one drops a®A(ax,t)? and one replaces A(ax,t) by A(0,t), which is known as the
dipole approximation. Then, an integration by parts using that

ey, —Z A1) =E(0,1),

2p(t) = 5

leads to a result for the transition amplitude which agrees with the expression in (1.16)
whose modulus squared is integrated over q € R3. The Theorem 1.3 and its proof justify
this formal derivation and the use of the dipole approximation. Note that ax = X, hence
the ionization probability is of order o rather than of order «, as a formal computation,
similar to the one above, in dimension-full quantities would suggest.

We prove a more general result than Theorem 1.3, where the incoming scattering state
may contain several asymptotic photons, and where the external potential V' is taken from a
large class of long range potentials. In the case where the asymptotic state at t = —oo is of
the form (1.9) and each of the photons f1,..., f, € L?(R? x {1,2}) satisfies the hypotheses
of Theorem 1.3, in addition to (f;, f;) = d;j, our result says that

2

Lac(Ha) (@ (£)®a — a7 (£)Pa) —a3§jmlp () + O(a) (1.17)
with
e’} 2
() 3:/d3Q‘<@q7X@el>‘/ (Q,B(0,t)a" (f)R) '@ Fo)ta) . (1.18)
R3

The integral with respect to ¢t in (1.18) can be computed explicitly in terms of f; and Go,
and it gives

[ e B, 00 (1)) de
- m/|k|= - k(k)V2K[ Y ek, A) fi(k, N)do(k),

A=1,2



where do(k) is the surface measure of the sphere {k € R? : |k| = g — Ep} in R3. The
integration over the spheres with |k| = q? — Ej expresses the conservation of energy in the
scattering process, and the additivity (1.17) of the ionization probability with respect to the
incoming photons corresponds to the experimental fact, that the number of photo-electrons
is proportional to the intensity of the incoming radiation.

In Section 5 we give a second derivation of a2 Ps( f) based on a space-time analysis of
the ionization process. This approach, in a slightly different form, was introduced in the
papers [3, 33], and does not assume asymptotic completeness of Rayleigh scattering.

The existence of outgoing scattering state describing an ionized atom and an electron
escaping to spacial infinity is a difficult open problem in the model described above. Only
for V' = 0 such states have been constructed so far [25, 5]. Hence it is not possible yet
to study the ionization probability based on transition probabilities between asymptotic
states.

Previously ionization by quantized fields was investigated in [3, 16, 17, 33]. [3] and [33]
are precursors of the present paper on simpler models of atoms and the ionization prob-
ability defined in a different, but equivalent way. In [16, 17] it is shown that a thermal
quantized field leads to ionization in the sense of absence of an equilibrium state of atom
and field.

There is a large host of mathematical results on ionization by classical electric fields:
Schrader and various coauthors study the phenomenon of stabilization by providing upper
and lower bounds on the ionization probability, see [10, 12, 11] and the references therein.
They use the Stark-Hamiltonian with a time dependent electric field £(¢) that vanishes
unless 0 <t < 7 < 00. Lebowitz and various coauthors compute the probability of ioniza-
tion by an electric field that is periodic in time; see [7, 29] and references therein. Most of
these papers study one-dimensional Schrodinger operators with a single bound state that
is produced by a é-potential. Ionization in a three-dimensional model with a d-potential is
studied in [6].

Acknowledgment: M.G. thanks Vadim Kostrykin for pointing out that it is advantageous
to define ionization as the opposite of binding.

2 Notations and Hypotheses

For easy reference, we collect in this section the definitions, our notations and all hypotheses.
As usual, L?(R3x {1, 2}) denotes the space of square integrable functions f : R3x{1,2} — C
with inner product

(fig) = Z /f(k, Mgk, \)d3k.

A:1,2 RS

We recall from the introduction that L2 (R3 x {1,2}) consists of those functions f € L?(R? x
{1,2}) for which the norm ||f||, defined in (1.4) is finite. Regularity assumptions will be
imposed on the vector-valued function

2
(ef)(k) == ek, N f(k, ), (2.1)

A=1



rather than on on f(-,1) and f(+,2). It is useless to impose smoothness conditions on f(-, A)
because it is (2.1) that matters and because the polarization vectors e(k, 1) and e(k, 2) are
necessarily discontinuous. On the other hand, every square integrable function f : R3 — C3
with k - f(k), for a.e. k € R3, can be approximated, in the L2-sense, by smooth functions
of the form (2.1).

It is convenient to collect a family fi, ..., fy € L?(R3 x {1,2}) of photon wave functions
in an N-tupel f = (f1,..., fn). We define

a(f) = a(f1)---a(fn)
a’(f) = a*(f1)---a"(fn).

This should not lead to confusion with (1.9), where f also includes occupation numbers.
For the various parts of the interaction operator W = H, — H, we use the notations

WP = 2p. A(0),
wh = 2p.A(ax),
w@ .= A(ax)Q.

It follows that ‘
W=a:W® +dW® = gz O(a2)

where the last equation is purely formal, but we shall give it a rigorous meaning in this
paper. The Hamiltonian
H,=Hy+W

is self-adjoint on the domain of —A+ H provided that V is infinitesimally operator bounded
with respect to —A, [23, 24]. This is the case, e.g., if V is the sum of Coulomb potentials
due to static nuclei; all our results are valid for such V. Nonetheless, it is useful to identify
the properties of V' that are essential for our analysis. From now on, we shall only assume
the following hypotheses on V:

Hypotheses: Both V and VV belong to € L? (R3), limpy o V(x) = 0, and there exist

loc

constants > 0 and R > 0 such that for |5] = 1,2 we have
V)L < T i x| > R

Moreover, Ey := inf o(Hg) < 0. We define ey := inf(o(He)\{Eo}).

From these Hypotheses it follows that oess(Hep) = [0, 00), that os.(He) = 0 and that Fy
is a simple eigenvalue. In fact, the decay assumptions on V imply long-range asymptotic
completeness [9], which is what we use to infer the existence of a complete set of generalized
eigenfunctions. All this remains true if a singular short-range potential is added to Hy.

The time evolution of an operator B in the interaction picture will be denoted by B(t),
that is,

B(t) — ez'H(ﬂEBe—iHot7

and B; := B(—t). Note that p(t) = eflatpeiflat A(0,t) = eHitA(0)e st and that
a¥(f,) = e~ "ota? (f)etot = ¥ (f),.



3 Commutator estimates and scattering states

The main purpose of this section is to establish bounds on the commutators (W), a*(f Bl
applied to ®, for W e {WO) W wdiPl We are interested in the decay as |t| — oo
and in the dependence on «. Typically, our estimates are valid for a < &, where & is
defined in Proposition A.3. As a simple application of our decay estimates in t, we will
obtain existence of the scattering states

@4 (f)®a = Jim e Hoa”(f e oy,

which was already established in [22] in larger generality. Here f . = (fit, ., fne) and
fir=e ™ f; Givenl € {1,..., N}, we write

a(fi) = o (fie) - a (fir) Alax)a™(fiyre) - a” (Fve),
a*(i(l),t) = a*(fl,t) s a*(fl—l,t)a*(fl-i-l,t) e ‘a*(fN,t)~
For x € R3, (x) := (1 + |x|?)'/2.

Lemma 3.1. Suppose that f € L*(R3 x {1,2}) with ef € C}R3\{0},C3) for a given
n € N. Then there exists is a constant c1, = c1,,(f) such that

1
G < g 1
(Co ol < vt (3.1)
1+ (afa])" )
Gy, < n I R”, 2
K fo)l cl, T for all x € (3.2)
(Gx — Go. f)] < cl,n‘m for all x € %, (3.3)

Proof. Estimate (3.1) follows from (3.2). We next prove (3.2). By a stationary phase
analysis of

(G fi) = [ a2

J 7Rl ‘

we obtain [(Gx, fi)| < Cy|t|™™ for a|x| < |t|/2, [28] Theorem XI.14. It follows that

iak-x—itw(k) (€f)(k) (3,4)

Ch

(Gx, fo) Lpoaix|<py < NQ

20|x|\ "
(Gx, o) Lp2ax>y < C( ]t‘] )

where C := sup;cg xers [(Gx, ft)| < 0o. This proves (3.2). To prove (3.3) we write

(Gx — Go, f1) = / e R, (k)dk
RB

where

ok ) ok - x
Fi(l) = iok x5 () (K)g(ak - x)

9



and g : R — C denotes the real-analytic function given by g(s) = (e’* —1)/(is) for s # 0.
g and all its derivatives are bounded, and by assumption on f, Fyx € C§°(R3\{0},C3) for
each x. It follows that

sup ‘Gl’fo(k)Mx\_l(ax)_‘ﬁ' < 0,
x,kER3, x£0

which implies (3.3), again by stationary phase arguments. O

Lemma 3.2. Suppose that €fy,...,efn € CHR3\{0},C3) for a given n € N, and let & be
defined by Proposition A.3. Then there exist constants & > 0 and ¢z, = c2n(f), such that
foralla <a,teR, and WO e {w W@ ydie}

|79, a%(£,)] @l < - fﬁ’n (3.5)

Proof. By definition of a*(f,),

N

WO, a*(f )10 =Y a*(fre) - a*(fia ) [WY, @ (fr)]a* (fring) - a* (fn) o (3.6)

=1

and by definition of W1 and W

WO a*(fi)] = 2(Gx, fie) - P
(WP a*(fis)] = 2(Gx, fir) - Alax)

From (3.2), (3.6), (3.7), (3.8) and Lemma A.1 it follows that

Ne,, No1 .

V0,0 (£)1@all < gy +1) 75 (0x)" (3.9)
* Nc, N n

V&, (7 ))Rall < Ty + 1) 0%)" (3.10)

with some constant ¢,. Thanks to Lemma A.4, these upper bounds are bounded uniformly
in a < @, & being defined by Proposition A.3. This proves (3.5) for j = 1,2. The assertion
for WP now follows from WP = WM)|, _q, which leads to a bound for ||[WdP, a*(f)]®all
of the form (3.9) with x = 0. O

Proposition 3.3. For allefi,...,efn € CZ(R*\{0},C?) there exists a constant c3 = c3(f),
such that for all o < & and for all s € R,

C3(x
1482

| [w® = ar (g )] @ < (3.11)

Proof. By (3.6) for j = 1, (3.7), and the corresponding equations for 4P

N

(WO — WP o*(f )] @, =2 ;@x — Go, fus) pa’(f) )®a

10



where

A

1(Gx — Go. fi) - pa* (£ )2all < Il (0)%a (£, )0

[ (o) pal|*lla(f ) Ja*(£ ) Jp%al

C
(&%
1+ 2
1/2

IN

Mrs2
by (3.3) and the Cauchy-Schwarz inequality. The norms in the last expression are bounded
uniformly in o < & by Lemma A.1 and Lemma A.4. O
Lemma 3.4. For allefi,...,efy € C3(R*\{0},C?), there exists a constant cs = c4(f) < 00
such that for all « < & and s,t € R

3
Cp(x2

H [Wsdipva*(it)] (Pa — (bo)H m (3.12)
dip _c
[[We™®, a*(f,)]®o|| < Er—r (3.13)
3
i cp2
|[W, (Wi, a*(f @l < s (3.14)
Proof. Since [ a*(fi t)] = 2(Go, fit—s) Ps, Which commutes with the creation operators

(fz,t)a

N
(WP ar(f)] = D a*(fra) - a*(for) [WEP 0 (fi)] @ (fisre) - a* (five)
=1

N
= 2 a"(fy, )Go, fie-s)  Ps (3.15)
=1

where [(Go, fi1—s)| < (14 (t —s)?)~! by (3.1). In view of Lemma A.1 and Lemma A.5,
this proves (3.12). The proof of (3.13) is similar.
From (3.15) we obtain, that

N
{W7 |:Wsdip7a*(f }] %Z GO:flt s . [W( ) +042W(2 <f(l )ps}q)a
Hence, by (3.1), it suffices to show that HW(j)a*(f( i

bounded uniformly in ¢,s and o < &. We shall do this for a*(f
proofs in the other cases being similar. Let m > (N — 1)/2. Then

)psPo H and Ha l)t)pSW(j)QDQH are

0 JPs WM, only, the

a” f(l),t)pSW .|

3
< 3@t (g ) CHy A+ 1) 7Py (Her + ) (Ha + ) (Hy + 1) Ay (o) |
j=1

3
< O I(Ha + 1) (Hy +1)™ Aj(ax) Dol
J=1

11



with a constant C, that is finite by Lemma A.1. We now want to compare ||(He +4)(H s +
)" Aj(ax)®q|| with [|[Aj(ax)(He + 1) (Hf + 1)™®,||, because the latter norm is bounded
uniformly in @ < &, by Lemma A.1 and by (A.17). Thus we compute the commutator of
(Ha +14)(Hy +1)™ and Aj(ax) = a*(Gx,j) + a(Gx,;) applied to ®,. Using

3
[Hel, a*(GxJ)] = a2a*(w2Gx’j) -« Z 2a™ (kmGx,j)Pm
m=1
(174 "0 Gg)] = Y () a0 a1y 1

=1

and similar commutator equations for a(Gx,;), we see that all resulting terms have norms
that are bounded, uniformly in o < &, thanks to (A.17) and Lemma A.1. O

For completeness of this paper we now use Lemma 3.2 to prove existence of the asymp-
totic creation and annihilation operators on ®,. More general results can be found in
[13, 22].

Proposition 3.5. Suppose f = (f1,..., fn) € [LE(R?® x {1,2})]N. Then, for all a < &,

ai(f)Pq = . lirin eiH“ta*(L)e_iH“t(I)a (3.16)
exists, and
laZ (f)Pall < csll fille - - [N lw, (3.17)

with a constant cs that is independent of a and f. Ifef; € CyHR3\{0},C3) forl=1,...,N,
then there exists a constant c,(f), such that

* i * —i en(f)
0% (f) o — eota®(f,)e ol d, || < 053/21 e (3.18)

Proof. Suppose first, that ef, ...,efy € CyHH(R3\{0},C?). Then

d ( oitHa o

- f e e, ) = i Ha=E W, 0¥ (£,)] @,

and, by Lemma 3.2,
+oo

& [ 0t o s < 03

t

cn(i)
1+ [t

This estimate first proves existence of a’ (f), by Cook’s argument, and then it implies

(3.18). The existence of a’ (f)®, in the case where f; € L2(R? x {1,2}) now follows from

the approximation argument given in [22], Proposition 2.1. By the Lemmas A.1 and A.4

< osllfille - l1fN o

i * —1 * _N N
leea*(f,)e e do | < [la*(f,)(Hy +1)7 2 [[[[(Hy +1) 2 @all

uniformly in ¢ € R and « € [0, &]. Letting ¢ — £oo in this estimate, we obtain (3.17). [
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4 Proofs of the main theorems

4.1 A reduction formula

In this section we first prove Theorem 4.1 below, which is a generalization of Theorem 1.1,
the latter corresponding to the choice 7 = 0. The generalization to arbitrary 7 € R will be
needed in Section 5.

Theorem 4.1. Let efy,...,efn € CZ(R3\{0},C3). Then
ai(iT)(I)a - a*—(fT)(I)a

— a3 / e H=E)Toh (5)pe @ [A(O, s),a*(f)]Qds +R(, )
where |R(7,a)| = O(a®?) + O(A3|7]) as a — 0.
Remark. Part of the error O(a5/ 2) stems from passing to the dipole-approximation wl -

WdiP Hence its order 5/2 = 3/2 + 1 cannot be improved.

Proof. Recall that By = B(—t) = e~ 0 BeitHo, To compare the time-evolutions generated
by H, and Hy we will use that

o=l B, @, = B, + / ¢! (Ha=Ea)s[j\, B,]®,, ds. (4.1)
0

This equation may be iterated because [iW, Bs] = [iW_g, B]s. From

a1 (f)®a = lim HomFla*(f )P,

and (4.1) it follows that

@ (f)®a — aZ(f)Po = /OO e Ha=E)s[iy7 o* (f )P ds.

s
—00

Only terms contributing to this integral of order o*/2 need to be kept. Since W = asw® +
AW we may drop W@, w —wdip and restrict the interval of integration to |s| < a~1
by Lemma 3.2 and Proposition 3.3. We obtain

& (f)®o — a* ()q

= ia®? / e HamB)s e _a*(f )@ ds + O(a”/?)

_ ¥ / ¢ilHa=Ea)syydiv (1] & ds + O(a/?). (4.2)
s/<a1 -

Applying now (4.1) to the integrand in (4.2) and the time interval [r, s], rather than [0, s],
we find

/ ei(HaiEa)s[Wil;pv a* (f)lsPads
[s|<a™t a

—s5

_ 6i(HaEa)T/||< 71[Wdip a*(i)]Tq)adS (43)
n / ds / e Ha=Ba)r iy, (W2 a*(f )]0, dr.
|s|l<a=t Jr a

13



By (3.14) in Lemma 3.4, the norm of the double integral is bounded by

const/ 7] + ‘82‘ 3% ds = O(*?|7]) + O(a®? In(«)). (4.4)
|s|<a—1 1+ |S’

In the integral (4.3) we use Lemma 3.4 to replace ®, by ®( and to extend the integration
over all s € R. We find that

[ el eads

[T s + 0

—00

_ /_Oo ¢~ H BT [ = 1)y ds + O(ar). (4.5)

Equations (4.2), (4.3), (4.4) and (4.5) prove the theorem because e~ !He=E)Tqx (£)®, =
ai(iT)éa and because ®y = @ ® €. O

Theorem 4.1 in the case 7 = 0 becomes Theorem 1.1, which implies that

[Lac(He) (a2 (f)®a = a3 (£)Pa) |

2= a®PO(f) + O(a?)

where

[e.o]

Loc(Ha) / 2p(s) e ® [A(0, ), a*(f)] Qds

—00

2

) =

We next show that P®)(f) is additive in its one-photon contributions.

Proposition 4.2. Suppose that f = (f1,m1,.. fn,mn) [L2(]R3) xN]n with (fi, fj) = 0ij
and e f; € C3(R3\{0},C3). Then PO)(f) = Zl L PO (f) with

(e 9]

ROE 1ac(He1)/2P(8)<Pez~<Q,A(0,S)a*(fz)9> ds

—00

2

oo

|1 (0) / x(5) et - (0 B(0, )" () ds

— 00

Proof. Since a*(f) is a product of creation operators a*(f;) and since [A(0,s),a*(f;)] =
(Q, A0, s)a*(f1)f2), a scalar multiple of the identity operator, we have

[A(0,5),a" ()] =D Vimu (@, A0, s)a* (/)2 a*(f )92
=1

where i(l) = (fi,m1,..., fi,(my —1),..., fn,my). The vectors a*(i(l))Q are orthonormal

by construction. Hence by definition of P() (f) and by the Pythagoras identity,
p(3) Z PO(f)

14



with PG)(f;) given by the first equation in the statement of the proposition. The second
equation in the proposition follows from

d d

2p(3>90el = %X(S)Soela % <Q7 A(07 S)G*(fl)Q> - = <QvE(07 S)G'*(fl)Q>

by an integration by parts. The differentiability of s — x(s)pe; and the expression for its
derivative are established in Lemma A.6. O

4.2 Expansion in generalized eigenfunctions

In this section we prove Theorem 1.3 and the stronger statement expressed by the Equa-
tions (1.17) and (1.18). The ingredients are Theorem 1.1, Proposition 4.2, and a set of
generalized eigenfunctions ¢q with the properties (i)-(iii) in the introduction. Concerning
the existence of ¢q, we recall from [9], Theorem 4.7.1, that our hypotheses on V imply ex-
istence and completeness of a (modified) wave operator 2 associated with He. Moreover,
(Heq — i)~ Y(x)~2 is a Hilbert-Schmidt operator.

Lemma 4.3. Suppose that ¢ : R — He N D(|x|?) is such that s — (s) and s — |x|?p(s)
are continuous and absolutely integrable with respect to the norm of He;. Then ffooo ©(s)ds €

D(|x|?) and N
‘]—ac(Hel) /_OO gp(s)ds”2 = /]R3

Proof. From the existence of the improper Riemann integrals [*°_¢(s)ds and [ [x|*¢(s)ds

2
dq.

| tealonas

—0o0

and the fact that multiplication with |x|? is a closed operator, it follows that [ ¢(s)ds €

D(|x|?) and that
I / o(s)ds = / % p(s)ds.

—00 — 00

This equation and property (i) of pq imply that

(va [~ ptras) = (ixl 20, [ ixPoteras)

= [ (ot ds = [ (earplo)ds

—o
In view of (1.14), this proves the assertion. O

Proposition 4.4. Suppose that ef € C3(R3\{0}). Then

2

PO = [

:47r2/ d3q
R3

where do (k) denotes the surface measure of the sphere |k| = ¢> — Eg in R3.

(Pqs XPel) - /OO (@~ Eo)s (Q,E(0,s)a™(f)Q) ds

2

)

arxea) [ K Y Gollo M)k o0

A=1,2
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Proof. We start with the expression (4.7) for P(®)(f) and we shall apply Lemma 4.3 to
p(s) = x(s)per - (2, E(0, s)a”(f)92) - (4.8)

By Lemma A.6, x(s)pq = ¢ (Ha=F0)sxp belongs to D(|x|?) and |||x|?x(s)¢e| < C(1452).
On the other hand

(QLE@0,9)a" () = > /zw —wlsGo(k, ) f(k, \)d>k

A=1,2

— /O dwe™ s /kl:wiw > Golk, N f(k,N)do(k)  (4.9)

A=1,2

is the Fourier transform of a function from C§°(R; ), and hence rapidly decreasing as s — oco.
It follows that (4.8) satisfies the hypotheses of Lemma 4.3. Hence Lemma 4.3 proves the
first asserted equation because

I
:ez(q Ey)s

(Pa> X(8)@er) (Pas XPet) -

The second equation follows from the first one and from (4.9) by an application of the
Fourier inversion theorem. O

4.3 Proof of Theorem 1.2

Lemma 4.5. If f = (f1,..., fa) with ef1,....efp € C(R*\{0}) and F € C§°((—00,0)),
then

i (f)F(Ha) — a*(f)F(Hy) = O(a?)

Proof. Choose R € R, such that supp(fi),...,supp(fn) € {|k|] < R} and then choose G €
Cg°(R) with G = 1 on supp(F) + [0,nR]. Then, by the pull through formula for a*(f) and
by [13], Theorem 4 (iv),

a*(f)F(Ho) = G(Ho)a™(f)F(Ho),  a}(f)F(Ha) = G(Ha)al (f)F(Ha).

Using that F(Hy) — F(H,) = O(a%), by the Helffer-Sjostrand functional calculus, that
(a*(f) — a.(f))F(Ha) = O(a 3/2) by the proof of Proposition 3.5, and that G(Hp)a*(f),

a’(f)F(H,) are bounded by Lemma A.1 and [22] Proposition 2.1, we find that
@ ())F(Ho) ~ @' (f)F(Ha) = G(Ho)a" (/) F(Ho) — G(Ha)a () F(Ha)
= G(Ho)a"(f)(F(Ho) — F(Ha)) + G(Ho) (a*(f) — @', (f) ) F(Ha)
+(G(Ho) = G(Ha) )a* () F(Ha) = O(a?)
as a — 0. O
Recall from the introduction that H¢ is the closure of the span of all vectors of the form
a* (h)®a, h=(hi,....hn), where h;wh; € L3(R? x {1,2}), (4.10)

and that P is the orthogonal projection onto H¢.
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Proof of Theorem 1.2. In the first two steps of this proof we shall establish (1.13) in the
weak operator topology. Then we establish norm convergence to conclude the proof.

Step 1: Suppose Hep = Ap, n € Nand f = (f1,..., fa) with ef1,...,efn € Cse(R3\{0}).
Then
lim P2 (p @ a"())2) = p @ a* (/)0 (4.11)

and the analog statement holds for ¢ ® Q.

Since A < 0 there exists F' € C§°(R) with F(\) = 1 and supp(F') C (—o0,0). Moreover
P{F(H,) = F(H,) by the hypothesis of Theorem 1.2 and because ¥, > 0 for all a € R.
Using, in addition, that

Njw

ai (f)F(Ha) — a”(f)F(Ho) = O(a2),

which we know from Lemma 4.5, we conclude that

3

P2 (9@ a*())Q) = PLa*(f)F(Ho)p ® Q= PRa}.())F(Ha)p © Q + O(a?)
= L (F(Ha)p © 2+ 0(at) = p @ a"(£)2 + Oa%).

Step 1 implies that

iiir%) PY® =& forall ® € Ranl,,(He) ® 1r.

Step 2: w — lirr%] PY(1.(Ha) ®15) = 0.
Since ||P{(1.(He) ® 1£)|| < 1 for all a € R it suffices to show that
lim (% (f)®a, P{(1e(Hea) ® 1r)p) =0

a—0 -

for all ¢ € H and all f = (fi,..., fn) with ef1,...,efn € Cg°(R*\{0}). Since a*(f)®q €
RanP{, this follows from

() o = a*(f)®o + O(a2),

which follows from Lemma 4.5 and Lemma A.5.
From Step 1 and Step 2 it follows that

w — lim P_io_é = 1pp(He1) X 1r. (4.12)

a—0
Since P{ and 1,,(He) ® 15 are orthogonal projectors, we have

—0

| PSoll? = (p, PYp) “= (0, 1pp(He) @ 1£0) = ||1,p(Hel) @ Lo,

Combined with (4.12) this proves the desired strong convergence. O

17



5 Space-Time Analysis of the Ionization Process

The purpose of this section is to connect our result with those of the previous papers [3, 33,
where expressions for the zeroth and first non-trivial order of the ionization probability were
defined. We transcribe the definitions from [33] to our model and prove their equivalence
to the definitions in this paper. Let Fr := 1;x>gr)} ® 1£.

Proposition 5.1. Let efy,...,efy € C3(R3\{0},C3). Then

lim limsup sup||[Fra’(f )®a|* = 0. (5.1)
R—oo  oN\0 r€R -

Remarks. The left hand side of Equation (5.1) may be interpreted as the ionization
probability to zeroth order in « [33]. Proposition 5.1 should be compared to Theorem 4.1
in [33].

Proof. As in the proof of Theorem 4.1
+oo
@ (f ) ba — a*(f )P =i / HHEDY, 6 ()| @ads,
0
where the integral is (’)(a%) in norm, uniformly in 7, by Lemma 3.2. Hence it remains to

show that

lim limsupsup |[Fra*(f_)®4|> = 0. (5.2)
R—oo a\0 7€R =T

To this end, we observe that, according to Lemma A.1,
IFra*(f )®@all® < lla*(f,)?®all| Fr®Pal

N
1
< Con [TIAIZ NI(Hy + 1)V @all [x|Pall -
=1

A

This proves (5.2), because limsup ||(H 4 1)V ®,|| and limsup || |x|®, || are finite by Lemma
a—0+ a—0+
A4 and by (A.5). O

Theorem 5.2. Let efy,....,efy € CZ(R3\{0},C3?), suppose 0s.(He) = 0, and let (o) =
a=P for some 3 € (0, %) Then

PO(f) = Jim nrs\sgpa—aHFR [0 (£, )Pe— " (£ ) o] ]2 (5.3)

Remarks. Equation (5.3) is to be compared with the expression defining Q) (A4) in Equa-
tion (1.9) from [33]: if we set ¢ = o/ and 7(g) = a~# in that equation, then Q?*)(A)
coincides with the right hand side of (5.3).

Proof. From Proposition 3.5 we know that

* * a’/? 3/248
Ha-l-(i‘,-(a))q)a —a (fT(a))(I)aH < C@ =Ca s

18



hence we may replace a* (iT(a))(I)a by a’. (iT(a))CI’a for the proof of (5.3). From Theorem 4.1
we know that

lim limsupa_gHFR a*_(iT(a))q)a —ai(iT(a))CI’a H2

R—o0 a\0
= lim limsup |[Fre 7@ Ho=Eo)y (f)|12

R—o00 a\0 -

= hm limsup || Fre™ e @ 120(f)||? (5.4)
where

oo N
V(p)i= [ 2p(s)pa @ [AO5).a"(f]ds = S e (5.5)

e =1

Explicit expressions for ¢; and 7; may be taken from the proof of Proposition 4.2, e.g.,
m = a* (i(z))Q’ but they are not needed here. From (5.5) it follows that

Fre ZTHel\I/ Z [1{|X\ZR}€_”H€1¢Z ® M
=1
where
Lzrye M0 = (1= Lgxpery)e” ™ Loe(Ha) oy

1z rye” T L (Her) - (5.6)

By the RAGE Theorem, see [32], Satz 12.8,
A sup Lz rye™ Lp(Ha)dr] = 0, (5.7)
lim 11 {xj<rye’ ™ Lac(Ha) i = 0. (5.8)

From (5.4)-(5.8) it follows, that
lim limsup | Fre™ ™00 (f)[* = ||(Loe(Ha) © L2) ¥ (f)|* = PO

),
R—oco 71500

by Equation (4.6) O

[~

A Uniform estimates

In this appendix we collect estimates used in the previous sections. Most of them are well-
known for fixed «, but this is not sufficient for us: we need estimates holding uniformly for
« in a neighborhood of o = 0. This forces us to review some of the derivations with special
attention to the dependences on a.

Lemma A.1. For every N € N there is a finite constant Cn such that for all hy,...,hn €
LE(R? x {1,2})

* _N
la™(R)(Hy +1)7 7] < CNHthHw (A.1)

N
la*(h1) -+ a* (1) A(ax)a™ (hisr) - a* (hn) (Hp + D72 < On [T Islle (A2)

j=1
il
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Proof. Both, (A.1) and (A.2) follow from Lemma 17 in [13]. We recall that A(ax) =
a*(Gx) + a(Gx) and we note that supycps [|Gxllw < 0. O

Proposition A.2 ([15]). For every A < ey there exists a constant ay > 0, such that for all
n €N
sup |HX|"1(_OO’/\}(HQ)H < 00. (A.3)

a<lay

Proposition A.3. There exists an & > 0, such that:

a) For all o < &
E, :=info(H,) (A4)

1s a simple eigenvalue of H,. In the following ®, denotes the unique normalized
ground state of H, whose phase is determined by (P, Do) > 0.

b) For every n € N,

sup || [x|" @y < 0. (A.5)
a<da

c¢) There exists a finite constant C, such that for all o« < & and all k € R3\{0}

la(k)@a] < aic’;%'(lwmo, (4.6)
\Ey— Ey| < a3C, (A7)
@0 — ol < azC. (A8
d) For everyn € N,
sgg||[H?*1,Ha](Ha+i)_"+1|| < 0, (A.9)
) sup | H}(Ha+ 1) < . (A.10)
s:ianel(Haﬂ)—ln < o (A1)

Remark. Boundedness of [H?_I,H](H +i)™" and H}(H +4)"" has previously been
established in [13], Lemma 5, for a class of Hamiltonians H that includes H,. Yet, that
results does not imply (A.9) and (A.10), and second, its proof is much more complicated
than the proof of (A.9) and (A.10), because H in [13] is defined in terms of a Friedrichs’

extension.

Proof. That E, = info(H,) is an eigenvalue of H,, for small «, was first shown in [2].
Its simplicity follows from (A.8), which hold for every normalized ground state vector @,
that satisfies the phase condition (®,,®g) > 0. A proof of (A.8) may be found, e.g., in
[15], Proposition 19, Steps 4 and 5. A weaker form of (A.6) is given in Lemma 20 of [15],
but the proof there actually shows (A.6). Estimate (A.7) follows from Lemma 22 in [15]
by choosing the infrared cutoff in this lemma larger than the UV-cutoff. Finally, (A.5) is a
consequence of Proposition A.2 and (A.7).
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To prove (d) we set R := (Ho+i)" ! and R, := (H,+i)"!. It is a simple exercise, using
(A.1) and the boundedness of (Hy + 1)1/?pRy, to show that |[IWRo|| = O(a’/?) as a — 0.
Hence we may assume that sup,<g ||[W Ro|| < 1/2 after making & smaller, if necessary. It
follows that

|(Ho + i) Rall = [I(1 + WRo) ™| < (1 — [WRo[)™" < 2 (A.12)

for all & < &. Since Hq Rp and Hy Ry are bounded operators, we have thus proven statement
(d) for n =1, (A.9) being trivial in this case. We now proceed by induction, assuming that
(A.9) and (A.10) hold true for all positive integers smaller or equal to a given n > 1. To
prove (A.10) for n replaced by (n + 1) we use that

n n o n n— n
iy Ry = S () a0 R
=1

= > <’l‘> ady, (W) R, (H;—le—l — [H}, Ha]RZ) (A.13)

=1
where sup,<4 Hadﬂqf(W)RaH < 00 by (A.12), by explicit formulas for adiqf (W) and by the
arguments above proving that || Ro|| = O(a®/2). Hence sup,4 || [H}, Ho] Ry || < oo follows
from (A.13) and from the induction hypothesis. Statement (A.10) with n replaced by n+1
now follows from H} "' RUM = (HyRo)(HFRY) — HyRa[H}, Ho) R, from the induction
hypothesis, and from (A.9) with n replaced by n + 1, which we have just established. [J

Lemma A.4. For alll,m € N:

sup [|(Hy +1)"®a] < oo, (A.14)
a<da
SgQH(Herl)WxV%H < oo, (A.15)
sup [p?®a| < oo, (A.16)
a<a
sup [|(Hy + 1)"Ha®a| < oo, (A.17)
ala
Sgl}ll(Herl)m(XVp%H < oo (A.18)

Proof. The statements (A.14) and (A.16) easily follow from (A.10), (A.11), and (A.7),
because @, = (Hy + 1) "®,(E, + 1)™; note that p?(He + i) ~! is bounded by assumption
on V. To prove (A.15) we use that

sup || (x)' (Hy +1)" @ |* < Sup (=) @all - |(Hy + 1) D0
ala

ala

where the right hand side is finite thanks to (A.5) and (A.14). To prove (A.17) we write

Hy(Hp +1)"®, = Ho(Hy+i) (Ho+4)(Hp +1)"®,
= Huq(Ha+14) ' [Hy, (Hy +1)"] @4
+Ho(Hy + ) N (Hy + 1)@ (Ey + ).
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The vectors [Hq, (Hf + 1)™]®, and (Hf + 1)"®,, and the operator He(H, + i)' are
bounded, uniformly in o < &, by (A.9), (A.10) and (A.11). This proves (A.17).

The statement (A.18) follows from (A.15) and (A.16) after moving both p’s to one
side, and both factors (x)! to the other side of the inner product ||(Hy + 1)™(x)'p®a|?* =
(Hy + 1) () p®a, (Hy + 1) (x)'py). m

The following lemma improves upon (A.8).

Lemma A.5. For each m € N there is a finite constant K,,, such that for all o < &
. 3
|(He + ) (Hy + 1) (@ — o) < Knma®. (A19)

Proof. Let A := (Ep + e1)/2. Thanks to (A.7) in Proposition A.3, we may assume that
SUp,<g Fa < A by making & smaller, if necessary. Pick g € C§°(R) with suppg C (—o0, \)
and with g(E,) =1 for all @ < &. On the one hand,

[(Her + @) (Hy +1)"g(Ho)(®a — @o)|
< |[(Ha + )(Hy + 1) g(Ho)||[®a — ®ol| = O(a®?)

by (A.8). On the other hand, (1 — g(Hp))(®a — ®o) = (9(Ha) — 9(Ho))P4 by construction
of g. Hence it remains to prove that

I(Het +i)(Hy + 1)™(9(Ha) — g(Ho))®all = O(a®/?). (A.20)

To do so, we use the Helffer-Sjostrand functional calculus with a compactly supported
almost analytic extension § of g that satisfies an estimate |9:g(z)| < C|y|?>. Here and
henceforth z = x + iy with z,y € R. It follows that

(He +1)(Hy +1)"(9(Ha) — g(Ho))®Pa )
- /Rz (He +i)(Ho — )~ (Hy + 1) W (H,, — Z)’l%@ dedy  (A.21)

m 0z
where
(Hy +1)"W =) <77> adyy (W) (Hyp+1)""" = o®*W(m)(Hy +1)". (A.22)
=0
From the equations [Hy,a*(Gy)] = a*(wGy) and [Hy,a(Gy)] = —a(wG,) it is clear that

the operator W (m), defined by (A.22), is Ho-bounded. Hence we can estimate the norm of
(A.21) from above by

Hy+1 1
Hy—z|| |z — E4
X [|W (m) (Ho +14) [l (Ho + ) (Hy + 1) ®a|.  (A.23)

a®? . 1y (199
Mt i+ i) [ (5 dady

The integral is finite by construction of §, because |z — E,|~! < |y|~!, and because ||(Ho +
i)(Hp — 2)7'|| < 1+ (1 + |x])/|y| by the spectral theorem. The last factor in (A.23) is
bounded uniformly in & < & by (A.14) and (A.17) from Lemma A.4. This establishes
(A.20) and thus concludes the proof of the lemma. O
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Lemma A.6. Suppose that V' satisfies the hypotheses in Section 2. Then
(i) xpe1 € D(Hep) and (He — Eo)X@e; = —2V Qe
(ii) e~Heatxp, € D(|x|?) and there exists a constant C' such that for all t € R,

[[x[*e™ et x| < C(1+12).
Proof. (i) For all v € C§°(R?) we have xHoy = Hqx7y + 2V~ and hence

<Hel’Ya XSOel> = <Helx7 + 2V’Y, ‘pel>
= (7, Eoxper — 2V per) -
Since C§°(R3) is a core of He, we conclude that x¢.; € D(H,) and that
Helxcpel = EOXSDel - QVQ,O.
(ii) Let v := x;p¢; for some i € {1,2,3}. We shall only need that ¢ € D(|x|?) N D(—A)
which follows from (i). By the fundamental theorem of calculus, in a weak sense
¢
eitH61’X|2€7itHelw — X21/J + /eiSHel [iHel’ |X|2]efisHel¢d8

0
t

[x |29 + 2 / ¢sHei(x . p 4 p - x)eHelypds
0

t s
= |[xPv+2t(x-p+p-x)0+ Q/ds / dre™e (4p? — x - VV)e ety (A.24)
0 0
Here ¢ € D(|x|>) N D(—=A) € D(x-p + p - x) and e""Helqp ¢ D(H,)) = D(—A) because
1 € D(Hg) by part (i). Therefore assertion (ii) follows from (A.24) and from the hypotheses
onV. O
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