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Abstract

For a subquadratic symbol H on R? x R? = T*(R?), the quantum propagator of the time
dependent Schrédinger equation ih%—f i 1) is a Semiclassical Fourier-Integral Operator when
H = H(x,hD,) (h-Weyl quantization of H). Its Schwartz kernel is describe by a quadratic
phase and an amplitude. At every time ¢, when £ is small, it is “essentially supported” in a
neighborhood of the graph of the classical flow generated by H, with a full uniform asymptotic
expansion in A for the amplitude.
In this paper our goal is to revisit this well known and fondamental result with emphasis on
the flexibility for the choice of a quadratic complex phase function and on global L? estimates
when £ is small and time ¢ is large. One of the simplest choice of the phase is known in chemical
physics as Herman-Kluk formula. Moreover we prove that the semiclassical expansion for the
propagator is valid for |[t| << 75|logh| where § > 0 is a stability parameter for the classical
system.

1 Introduction and Results

Let us consider the time-dependent Schrodinger equation

W) _ 5

ih 5t

O)(t), ¥(t =to) = o, (1.1)
where 9 is an initial state, H (t) is a quantum Hamiltonian defined as a continuous family of self-
adjoint operators in the Hilbert space L?(R9), depending on time ¢ and on the Planck constant
h > 0, which plays the role of a small parameter in the system of units considered in this paper.
H (t) is supposed to be the h-Weyl-quantization of a classical smooth observable H(t, X), X =
(7,€) € R% x RY (see [27] for more details concerning semiclassical Weyl quantization).

Our main results concern subquadratic hamiltonians H; that means here that H (¢, X) is continuous
int € R, C* smooth in X € R?? and satisfies, for every v € N?¢, |y| > 2,

0% H(t, X| < Cry, V[t —1t] < T, VX € R* (1.2)

where 0x = 3% and Cp 4 > 0.

Let us introduce some classes of symbols (“classical observables”) defined as follows. Let be
m,n € N.

Definition 1.1 We say that a symbol s is in O, (n) if s is a smooth function on the Euclidian
space R™ such that for every v € N™, |y| > m we have

8]0,y := sup [0%s(X)| < 400 (1.3)
XeRn



If s(e) depends on a parameter e € P we say that s(g) is bounded in O, (n) if for every ~, we have

sup |5(€) oo,y < +00.
eepP

It is well known that the subquadratic assumption entails that equation (1.1) is solved by a
unique quantum unitary propagator in L?(R%) such that 1, = U(t, ), Vt € R. For the same
reason, the classical dynamics is also well defined V¢ € R. z; = (q¢, p;) is the classical path in the
phase space R2? such that z;, = z and satisfying

{ Ge = OpH(t, q¢, 1) (1.4)
pr = —0Hy(t, ¢4, ), Gty =4, Dtg =D

It defines an Hamiltonian flow : ¢'(2) = 2; (¢ (2) = 2). Let us introduce the stability Jacobi
matrix of this Hamiltonian flow : F(t) = 0.¢'(z). F(t) is a 2d x 2d symplectic matrix with four

d x d blocks, F(t) = <‘éf ?) , where
t t
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(1.5)
We also introduce the classical action

S(ta Z) = / (ps “qs — H(87 ZS))dS (16)

to

where u - v denote the usual scalar product for u,v € R?, and the phase function

Otz y) =St 2) +p - (x—q)—p-(y—q) + %(Ixﬂm2 + 1y —ql?) (1.7)

For applications it is useful to introduce semi-classical subquadratic symbols. These symbols have

an asymptotic expansion in the semiclassical parameter h > 0, H"(t, X) = Zhj H;(t,X) such
j=0

that the following conditions are satisfied.

Vj >0, Hj(t,e) € O_j), (2d) and are bounded in O;_j, (2d) fort € R, (1.8)

YN > 1, NN H(EX) - Z W H;(t,X)) is bounded in Op for t € R and h €]0,1]. (1.9)
0<j<N

Let us recall the definition of Weyl quantization. For any symbol s in O,,(2d),and for any v €
S(RY), we have

O lshia) = ()™ [ ek e (2L )iy, (1.10)

We shall also use the notation § = Op}[s].

The Herman-Kluk formula is included in the following asymptotic result which will be discussed
in details in this paper. This formula was discovered by several authors in the chemical-physics
litterature in the eighties. We refer to the introductions of [22] and [29] for interesting historical
expositions. It is rather surprising that until the recent paper [29] there was no explicite connexion
in the mathematical litterature between the Herman-Kluk formula and Fourier-Integral Operators
with complex phases.



Theorem 1.2 Let be H"(t) a time dependent semiclassical subquadratic Hamiltonian and K" (t; z,y)
be the Schwartz kernel of its propagator U"(t,to). Then there exists a semi-classical symbol of order

0, a(t; z) = Z a;(t; 2)h? where a; is continuous in t,
0<j<+oo
KMtz y) < / elﬁ‘t’(t’z;x’y)a(h;t;z)dz (1.11)
R2d
in the L? uniform norm. More precisely, if we denote
K(E’N)(t;x,y) = (2#71)73‘1/2/ e%q)(t’zm’y)( Z aj(t;z)hj)dz (1.12)
R2d 0<j<N

and UMN)(t, to) the operator, in L?(RY), with the Schwartz kernel KN (t;z,y), then, for every
T > 0 and every N > 1, there exists C(T, N) > 0 such that for the L? operator norm we have

|UA(t, to) — UPN) (£, t0)|| < O(T, N)RN L, Vi, |t —to| < T, h €]0,1]. (1.13)

The leading term is

t
ao(t; 2) = det'?(Ay + Dy +i(By — C))) exp(—i Hl(zs)ds) (1.14)
to
where the square root is defined by continuity starting from t =ty (ag(to; z) = 2%/2).
Moreover, the amplitudes a; are smooth functions defined by transport equations (see the proof
below) and, for every T > 0 they are bounded in Oq for |t| < T.

In [29] the authors give a rigorous proof of this result with an additionnal hypothesis : they
assume that H(z,€) is a polynomial in £&. Here we consider more general subquadratic symbols.
In particular our result applies to relativistic Hamiltonians like /1 + |£|2 + V(). Using a global
diagonalization (see [28], section 3), the result can be extended to Dirac systems.

Similar results are true with more general quadratic phases and for systems with diagonalisable
leading symbols (see [4, 28]). Let us define the quadratic phase

OO (¢, 21z, y) = S(t,z)+pt-(x—qt)—p'(y—q)—F%(@t(ﬂf—%)'(l’—‘h)—f(y—Q)-(y_Q)) (1.15)

where T', ©, are complex symmetrix matrices with a definite-positive imaginary part, ©, is C' in
t. I is constant, ©; may depend smoothly on ¢ and z such that the following condition is satisfied

1
Jer >0, SO > —|vf?, Vi, |t| < T, VzeR* (1.16)
or

Vv, |v] > 1,3C7., (10264 < Cr., V2 € R V|t| < T. (1.17)
So we have
Theorem 1.3 Under the assumptions of Theorem 1.2 and (1.16), (1.17), we have

K(t;z,y) < (2#71)7351/2/ c%@@t’m(t’z*z’y)f(h;t;z)dz (1.18)
R2d

where f(h;t;z) = Z fi(t; 2)I7 with the same meaning as in Theorem 1.2.
0<j<+00
In particular
fo(t, z) = 2¢2det*/?[M(©,,T)] (1.19)

where

M(©,,T) = i(C + DT — ©(A + BT).



There exist several methods to prove this theorem. In [29] the authors prove it as a consequence
of a symbolic calculus for FIO with complex quadratic phases. In [5] the authors proved a weaker
result for I' = ¢I and ©; = I'; is determined by the propagation of Gaussian coherent states:
I, = (C+DT)(A+ BI')™! (see section 2 of this paper). Laptev-Sigal in [23] have also considered a
similar formula for the propagator (see section 5 of this paper) but assume that the initial data has
a compact support in momenta. Kay [22] explains how to compute all the semiclassical corrections
a; but did not give estimates on the error term, so its expansion is not rigorously established.
Here we choose another approach, may be more explicit and simpler. We shall prove the general
theorem 1.3 as a consequence of the particular case of Theorem 1.2 by using a real deformation
of the phase ®(®+T) on the simpler one ®UL®) Moreover we give a direct proof of Theorem 1.2,
proving the necessary properties for Fourier integrals with complex quadratic phases. This way we
can get easily explicit estimates for the error terms for large times.

Let us assume that conditions on H (t) are satisfied for T' = 400. Moreover assume that there
exists a positive real function u(7T) > 1, T > 0, such that the classical flow ¢' satisfies, for every
multiindex v, |y| > 1, we have for some C, > 0,

0765 (2)] < Cou(T)) for [t|+ [t'] < T, Vze R (1.20)
We have discussed in [5] the condition (1.20). In particular this condition is fulfilled with u(7T) =
T for 6= sup ||JO% xH(t, X)].
X €R24 teR ’

Theorem 1.4 Choosing the phase as in theorem 1.2, for j > 0 the amplitudes a;(t, z) satisfy the
following estimates, for every multiindex v there exist a constant C; such that

07a,(t, z)| < Cjy|det My u(t)+101) vt € R, ¥z € R, (1.21)

Hence we have the following Ehrenfest type estimate. For every N > 1 and every € > 0 there exists

Cn e such that we have

1—e¢
49

|U(t,to) — UM (t,t0)|| < CnBENFY vt Jt] > , Vh €]0,1]. (1.22)
In previous works an Ehrenfest time Tr = clogh™', ¢ > 0, was estimated for propagation of
Gaussians in [9] and propagation of observables in [6]. For Gaussians we got ¢ = g5, for observables
c= %. In [29] the authors gave an Ehrenfest time without explicit estimate on c.

2 Gaussians Coherent States and Quadratic Hamiltonians

The phase functions ®(©-) in (1.7) and (1.15) are closely related with Gaussian coherent states.
This can be seen by proving a particular case of Theorem.1.2 for quadratic time-dependent Hamil-
tonians:

1
Hy(q,p) = 3 (Grq-q+2Liq-p+ Kip-p)

where ¢,p € R%, K;, L;, Gy are real, d x d matrices, continuous in time ¢t € R, G, K; are symmetric.
The classical motion in the phase space is given by the linear differential equation

()= (%)) - (%) o

where LT is the transposed matrix of L, J defines the symplectic form o(X,X’) = JX - X',
X = (2,8, X' =(¢).



This equation defines a linear symplectic transformation, Fi, such that Fy = I (we take here
to = 0). It can be represented as a 2d x 2d matrix which can be written as four d x d blocks :

- Ay By
F = ( o ) (2.24)

The quantum evolution for the Hamiltonian H(t) is denoted by U(t) (U(0) = I). We can compute
the matrix elements of U(¢) on the coherent states basis ¢,. This has been done in Littlejohn
[24] (p.249, (6.36)), Bargmann [3], Fedosov [12], [10]. We follow here the presentation given in
[10]. Let us introduce some notations which will be used later. g denotes the Gaussian function:
g(z) = 7=/4e=121°/2 and Ay, is the dilation operator Apib(x) = A=W 4p(h=1/2x). So pg = Apg, and
the general Gaussian coherent states are defined as follows.

o1 = T(2)pD, (2.25)

where T(z) is the Weyl translation operator, z = (g, p),
T(z) = exp <;_L(p ‘r—q- hDI)> (2.26)
where D, = —2'8% and z = (¢,p) € R? x R4, 0T is the Gaussian state:

oW (z) = (wh)~¥*ar exp (%me) (2.27)

where I' is a complex symmetric matrix such that ST is definite-positive, ar is a normalization
constant. (ap = det'/43T).
It is convenient to introduce here the Siegel space Y1 (d) of d x d complex matrices T' such that
ST is definite-positive. (see in [13] properties of X (d)).

Let us define the Fourier-Bargmann transform fg) as follows, ¢ € L?(R?),

FWI(z) = (2rh) =2, D). (2.28)

z € R??, <pg) is the following coherent state living at z, z = (¢,p) € R? x R%, z € R,

¢ (@) = (wh)~*ar exp(%(p o)+ iz - ‘Qh Gl Q)) (2.29)

]_-l(gr) is an isometry from L?(R?) into L?(R?4) (with the Lebesgue measures). If I' = il we denote
Fr = Fj; its range consists of F € L?(R??) such that exp (% + i%) F(q,p) is holomorphic in

C? in the variable ¢ — ip. In other words,
»?
Fu(e) = Eola—in)exp (- 17 (2.30)
where E, is entire in C? (see [25]). Moreover we have the inversion formula
() = / fér) [](2)p ") (x)dz, in the L? — sense. (2.31)
R2d

These properties are well known (see [25, 5]). Sometimes we shall use the shorter notation Yr =

fg)l/} and YT = 4.



Let us denote by R[F] the quantum propagator for the Hamiltonian H (t) (this is the metaplec-
tic representation of Fy) and K its Schwartz kernel. We know that A, R[Fi]g is the following
Gaussian state [10, 13],

ARR[Fylg(z) = (wh)~¥*ap(t) exp (;irtx.x> (2.32)

where ar(t) = [det(A; + T'B;)]~'/?ar, the complex square root is computed by continuity * from
t= to = 07 and
[y = (C; +TDy) (A +TBy)™ ", Ty, =T. (2.33)

Proposition 2.1 We have the following exact formula

f M(©,,T ory .
K(Ff)(:c,y):Qd/2(2wh)’3d/2detl/2(M> / e O Lz ) g, (2.34)
1 R2d

where T, 0, € ¥, (d), © is Ct int; M(0;,T) = C + DI' — ©,(A + BT) and

OO (L, 25 2,y) = %(qut —q-p)+pe-(x—q) —p- (?J_Q)'i‘%(@t(x_%) (=) -T(y—q)-(y—1q))

Let us remark that here the action is S(t,z) = %(qt ‘Pt —q-Dp).

First of all let us remark that the integral (2.34) is an oscillating integral and is defined, as usual,
by integrations by parts. We shall give two proofs of this formula.
Proof I. We start with any I'g in the Siegel space 3 (d). Using the formula

(x) = (2rh) / (, Lo yglodz

R2d

we get the formula

KEay) = 2rt) [ o)l @) (235)
So, we get
K (a,y) = (2mh) S2ko(t) [ b8 Cmgs, (2.36)
R2d
where >
ko(t) = 2¢/2 9t (8T0)
det'/?(A + BT)

Now we shall transform the phase ®('*T0) into the phase ®(©:Io),
Let us introduce O(s) = s+ (1 — )}, 0 < s < 1. We have O(s) € X, (d). We want to find k(¢, s)
such that k(t,0) = ko(t) and

0 1Ot:T0) (¢ z:2,y) .
%(k:(t,s) /RM en dz) =0, Vsel0,1]. (2.37)
We have 9 _
ip(©¢.T0) 1 ip(©¢.To)
%eﬁ@ ) :ﬁ(@t_rt)(ﬂ’f—(lt)'(ﬂi—qt)eﬁ(I> .

The main trick used here and later in this paper, and also in all the previous papers on this subject
([23, 22, 29]), is to integrate by parts to convert each factor (z — ¢;) into A, using the following
equality

(9g +T9,)29" = (C" +TD" — (A" +T'B")0)(z — ¢;) (2.38)

*this definition of det'/2 is different that the det'/? function on ¥ (d), this is explained in [10] to compute
Maslov index



where A™ denotes the transposed matrix of A. Let us introduce the matrix
M =M(O,I')=C+ DI' — ©(A + BI)

So we have
ip(er) %q)e,r

B _
M7 (z — q)en =7 (0g +T0y)e (2.39)

Let us remark that M is invertible. This is a consequence of the following Lemma (see [11], [13]
or [28], appendix A, for proofs).

Lemma 2.2 For every linear symplectic map in F : T*(RY) — T*(RY), F = (A B) and every

C D
I' € ¥.(d), (A+ BT), (C+ DT') are non invertible in C% and (C + DI')(A+ BT)~! € ¥, (d).

So we have
M=C+DI'-O©(A+BI') = ((C+DI')(A+BI)"'-0)(A+BI)!

But (C' + DI')(A + BTI')~! — ©) € ¥, (d) so is invertible.
Denote M (t,s) = M (O, T). Let us recall the Liouville formula

Dudet (M(t,5)) = det (M(t, s))Tr(asM(t, s)M(t, s)—l). (2.40)
So, integrating by parts in (g, p) we get

det'/2M (t, 5)

k(t,s) = k(t,0)——s——2
(t.5) = K )detl/“‘M(t,O)

(2.41)

Now we have to compute detﬁ(fi]’\%)o). A simple computation gives M (t,0) = (D —I';B)(T'g — [p).

The proof of (2.34) follows from the formula
det(D —T;B) = det(A + BTy) ' (2.42)

This equality follows from the symplecticity of F' (DB = B™D). We have B'T'B — D™"B =
—(A+ BT)"'B. So we get (2.42) if detB # 0. The general case follows by a density argument.
Let us remark that can exchange the role of © and T' by considering the adjoint U (¢)* of U(t). O
Proof II

We solve directly the Schrodinger equation

(ih% —H(t))(t,2) =0 (2.43)

for any initial data ¥ () := ¢(0, ), ¥ € S(R?) using the ansatz

wlta) = (ah) () [ Ty ) dady (2.44)

R2d xRd

We have to compute k(t) such that k(0) = 2¢/2. Let us remark that if we integrate first in y then
the integral (2.44) in z converges because the Fourier-Bargmann transform of ¢, Fgt, is in the
Schwartz space S(R2?).

For simplicity we assume here that © = I' = il. The general case can be reached by the same
method or by using the deformation argument of proof I as we shall see later for more general
Hamiltonians.

Here the Hamiltonian H (t) is a quadratic form. So using dilations we can assume that h = 1. A
simple computation left to the reader, gives the following



Lemma 2.3

(g'HM)g)(z)=Gr -z +i(L+ L")z v — Ko -2+ Tr(K —iL) (2.45)

So we get

(i0, — H(1))p(t) = (2mh) =34/ // e%é(e’r)(t’zw’y)b(t,x, 2)(y)dzdy (2.46)

R24 x R4

where
b(t,z, 2) = i0k(t) — k(t)(E(x — ) - (x — ) + Tr(K —iL))

As in proof I, we integrate by parts in the variable z € R??, using
(0g —10p)® = M"(z — q4)

with M = C — B —i(A 4+ D), which is invertible (see below Lemma 3.2). Using the Hamilton
equation of motion we get )
M = —E(A—iB) —i(K —iL)M. (2.47)

So, we find the following differential equation for k(t),
.1 .
k= 5Tr((MM)k;. (2.48)

Using the Liouville formula, we get again (2.34) for this particular phase. O

3 Proof of Theorem 1.2 and Theorem 1.4

As usual for this kind of problems there are two steps : 1-Determine the amplitudes a; solv-
ing by induction transport differential equations, 2-Estimate the error between the approximated
propagator and the exact one.

3.1 Transport equations
It is convenient to write

et = (xh) 0., (2)p. (y)et (ST Fa—pea)/) (3.49)

Then we have to compute H"(t)¢.,. It is not difficult to add contributions of the lower order terms
of the Hamiltonian, so we shall assume for simplicity that H"(t) = Hy(t) := H(t).

Lemma 3.1 For every N > 2 we have

) i1/

H(t)ps, (@) = Y T O H (L 2T (T2 e () + KOV DPT(2) AnOp (R (1, 20 ()
NP Vh
(3.50)
where . N
Rn(t, 2, X) = / a-s" > 0% H(t 2+ sVhX)XVds (3.51)
L s

and I1, is a universal polynomial of degree < |y| which is even or odd according |7y| is even or odd.



Proof. Let us recall that ¢, = T(Z)Ahg. In this proof we put z; = z. An easy property of Weyl
quantization gives R o
AT (2)H(t)T (2)Ap = Op¥[H(Vh e +2)] (3.52)

So the Lemma follows easily from the Taylor formula with integral remainder.0
In this first step we don’t take care of remainder estimates, this will be done in the next step.
Let us denote Z(a, @) the formal operator having the Schwartz kernel

Ky (x,y) = (27rh)_3d/2/ e%(b(t’zmy)a(t,z)dz (3.53)
R2d

From the Lemma 3.1 we can write

H(t)Z(a,®) ~ Z(b,®), where

o2 z—q
b~ Z; T OkH( zt)HV(W>a (3.54)
We have
IL,(z) = Y hypa” (3.55)
B<y

The quadratic part can be computed as for quadratic Hamiltonians and the linear part disappears
with the classical motion. So we have

b~ H(t,ze)a+ (04H(t, 2) + 10, H(t, 21)) - (x — q)a +

h(E(x\;ﬁqt) . (x\;ﬁ‘”) +Te(K ~iL))a (3.56)

where we denote 9% x H (t, X) the Hessian matrix of H(t). We have

O (H(t,2) = (g é) . E=G+2L-K. (3.57)

with G := 82 H(t,z), L =082 JH(t,z), K := 95 H(t, z).
At Bt

C, Dy
As in the quadratic case we want to transform the power of (x — ¢;) into power of f.

Lemma 3.2 Let us denote My = (Cy — By) — i(A¢ + D). We have

Here the stability matrix F; = ( > satisfies F} = J8§(7XH(t, zt)Fyy Fieg = 1L

|det M| > 277 and (3.58)

h(0, — i0y)er® = iM] (z — q)er® (3.59)

Proof. For simplicity, let us forget the lower index ¢.
Let us consider the 2d x 2d matrix

I+A—iC B+i(l—D)
C—il—A) I+D+iB

MFH_J(HF)( (H—i—A—iC —i(D+iB)+i

i(A—iC) 1+D+iB ) (3.60)
Using the Lemma 4 in [13], Appendix A, we get

det(I+EF+iJ(I-F)) = det((I+A—iC)(I+D+iB)—(A—iC—1)(D+iB-1)) = 2% det (A+D+i(B—C))
(3.61)
Using that F' is symplectic, we get

(I+F+iJ([—F)*(I+F+iJ[I—F) = ([+F)I+F)+(1—F)I-F) >l (3.62)
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hence (3.58) follows.
Let us recall classical computations for the derivatives of the action

9,8 = (Oq@)"pe—p (3.63)
5‘pS = (0pqt)7pt (364)

Then we can compute 9,®, 0,® and we get (3.59). O
Integrate by parts like in the quadratic case, we get

(ihdy — H(t))I(a,®) < I(f, D) (3.65)
where
f~ih(da — %Tr(MMfl)a
h| v1/2

O H(t, )11, (I*Qt)a (3.66)

+Z 7

[v1=>3
Hence using the Liouville formula, we get the first term
a(t, z) = 2%/%det"/? (iM) (3.67)

We shall obtain the next terms a; by successive integrations by parts. This is solved more explicitly
with the following Lemma.

Lemma 3.3 For any symbol b € Oy(2d), and every multiinder o € N we have

/ (x — qt)ae%q’b(z)dz = Z hlel fap(t, z)e%q’afb(z)dz (3.68)
R2d

R2d
Si<ii<lal

where fo 5(t,z) are symbols of order 0, uniformly bounded in Oy(2d) on bounded time intervals.
They only depend on the classical flow ¢*(2) and its derivatives.

More precisely, let us assume that there exists a non positive function u(T) such that for every
v € N24 we have

s 026" (2)| < Cyu(T)! (3.69)
Then we have
|a§foc’ﬁ(z)| < Ca,ﬁ;eN(T)‘ul_leEI (3.70)

Proof. The Lemma is easily obtained by induction on || using Lemma 3.2 O
Now, to determine the transport equation, we solve inductively on 5 > 0, the equation

(z‘h@tff[(t))l( 3 hkak(t),cI)) = O(W+2) (3.71)

0<k<j+1
Reasoning by induction on j > 0, we get the transport equation for a;41(t) by cancellation of the
coefficient of A/ in (3.71).
1 S
Oaj(t, z) = §Tr(MM Najyi(t,2) +b;(t,2), aj+1(0,2) =0, (3.72)

where

b;(t,z) = > Fikralt,2)0%ax(t, 2). (3.73)
|| +2k<2(j+2)
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Moreover, Fj i o(t, z) depends only on the classical flow ¢'(z) and its derivatives and satisfies

102 Fjka(t, 2)| < Cjay(T)20 2RIl (3.74)
where Cj i a,4 only depends on sup [H(t)|ooy, 2 < |y < j+2.
So we get, for every j > 0, =
t
ayi1(t,2) = /0 det 2 (M (t, 2) M (s, 2)~")bj (s, )ds (3.75)

Moreover, from (3.73) and (3.74), we get the following estimate, for every j > 0, [t| < T, z € R??,
|07 a;(t,2)| < Cjyldet"/2M (¢, 2)|u(T) ¥+ (3.76)

with the same remark as in (3.74) for the constant Cj; ..

3.2 Error estimates

Let us denote
R (t) = (ihdy — ﬁ(t))z(a<N>(t), @) (3.77)

where oM (t) = Z h*ay,. Using Duhamel formula we have
0<k<N

1" () = UM ()| < 771/ IR(s)l|ds (3.78)
0

where to = 0, U"(t) = U(t,0), UN/(t) = I(a(N) (1), @).

So we have to estimate |Rx(f)|. Let us denote KV)(x,y) the Schwartz kernel of Ry (t) and
KW™)(X,Y) the Schwartz kernel of Ry (t) in the Fourier-Barmann representation :

KM(X)Y) = / /R o KM (2, 9)ox (y) ey (x)dxdy. (3.79)

Let be Ry (t) the operator with Schwartz kernel K(¥)(X,Y"). The following Lemma is well known.
Here we forget N and t for simplicity.
Lemma 3.4 We have the L? norm estimate

IR 2 ray < (27R) | R| 12 may (3.80)

In particular we have
IR 2 (ray < (%h)—dmax{sup/|f<(X,Y)|dX, sup/|I~{(X7Y)|dY} (3.81)
Y X

Proof For inequality (3.80) we use that the Fourier-Bargmann transform is an isometry.
Inequality (3.81) is known as Carleman (or Schur) L? estimate.0
Using Lemma 3.1 we get

I?(N)(XyY)=2_3d/2(7rﬁ)_d/ (T(z)AnOpY [Rn (D)9, oy Ypx, 2)a™ (¢, 2)em*2dz - (3.82)
R2d
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where §(t,2) = S(t, z) + BI=prdt,
Using Weyl commutation formula we have

oxpn) = e(- X L ox o) (3.9
(T(20)An0pY Ry (D], pv) = (Ot RN (D)9 9x—z ). (3.84)
We know the Wigner function Wy z of the pair (g,9z), Z € R?¢ [28]
Wo.z(X) = 22 eXp(—|X - %2 —io(X, Z)) (3.85)
By a well known property of Weyl quantization [13], for any symbol s, we have
(O0Yslg.92) = (2m)~" [ s(OWo £(X)dX (3.86)

We shall use the following Lemma
Lemma 3.5 Let be f € Og(2d). For every v € N*¢ and m > 0 there exists C., ,, such that
[ X0 XA NG| < 02D s (oA (38)
R24 lo] <m+|y[; Y ER
Proof It is enough to assume |Z| > 1. We integrate m times by parts with the differential operator

AX —2)—iJZ - X
AX — 22+ [JZ2

[— Dy (3.88)
using that (£7)™ = Z ln,a0%, With I, o] < Ch.o(|Z] +|X — Z|)~™, where

la]<m
0 X)=—-|X-Z*-iJZ -X. O
So using Lemma 3.5 we get the following estimate : for every N; N’ there exists Cn n/ (depending
only on semi-norms |H (t)|o v, 2 < [y] < N + N’, such that for X,Y € R?>? and [¢t| < T we have

~ ’ —z|2 Y — _N/
IEM(X,Y)| < Cyonr ((T)N N 373 4 / o= (1 + M) la™N(t, 2)|dz. (3.89)
R2d Vh
Let us denote ¢*! = ¢%t = (¢!)~1. We have the Lipchitz estimate, for [t| < T
61 — 2 < W(T)Y — 2 (3.90)
So we get
_x—z|? |Y—Zt| N’ |¢t*Y_X| —-N'
S (14 dz’§0/1+7 3.91
’/R ( NG ) N( w(T)Vh ) (391
and

sup  |a™M(t,2)]  (3.92)

CY = X[\
1410 I)
z€R24 |¢t|<T

u(T)Vh

Then using Lemma 3.4 and choosing N’ > 2d, we get the following uniform L? estimate for the
remainder term, for |¢t| < T,

IRN @) < Cn (u(T)NTRNTD2 sup oM (2, 2)] (3.93)
ZER24 |¢|<T

KN(X,Y)] < O (u(T) V175

If T is fixed, pushing the expansion up to 2N instead of N we get easily Theorem 1.2 using Duhamel
formula.

Using global estimates on a;(t, z) obtained from the transport equation (3.76) and pushing the
asymptotic expansion up to 2N, we get the proof of Theorem 1.4 using again Duhamel formula.
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4 Varying phase. Proof of Theorem 1.3

To avoid technicalities we fix the time ¢. It would be not difficult to follow a time parameter ¢ if
necessary for application. So in this section ¢ is a symplectic diffeomorphism in R??, such that ¢,
¢~ ! are Lipchitz continuous and ¢ € O;(2d).

We denote z = (¢,p) € R??, ¢(2) = (Q(2), P(2)) € R? x R? and S an action for ¢, i.e a primitive
on R2? of the closed 1-form PdQ — pdq. We consider the following phases

1 _

OO0 (z52,9) = S(2) + P (2= Q) —p- (=) + 5(O(r = Q) (2= Q) ~T(y—q)-(y— ) (4.94)
This class of Fourier-Integral operators with complex quadratic phase was ready analyzed in [29].
We want here to show how to vary the choice of the matrices ©,T" for a given canonical transfor-
mation ¢ of R?¢. As in section 3, let us denote Z(a, ®) the operator with the Schwartz kernel

Ko(x,y) = (2mh) /2 / er® IV g (2)dz (4.95)
R2d

where a € Og(2d), & = (ST,

Using a Fourier-Bargmann transform and the following estimate : there exist C' > 0, ¢ > 0 such

that for all X € R?? we have

C|X|2), (4.96)

h
we can estimate the Fourier-Bargmann transform K,(X,Y) of K, and prove that Z(a,®) is
bounded in L2(R%) (see section 3, Lemma 3.5 and the section 5 below).

Our goal in this section is to prove the following result which gives Theorem 1.3 as a particular
case.

(" x)] < Cexp(—

Proposition 4.1 Let be 4 matrices in ¥4 (d), ©,0',T, T and a € Op(2d). ©,0" may be z depen-
dent such that
Je >0, IOVv.0 > cv]?, Vze R* (4.97)

V’Y, |’Y| Z 1730’}’7 ||a;@(/)” S C’Ya Vz € R2d' (498)

Then there exists a semi-classical symbol o’ ~ Zj hjag of order 0 such that we have for the L?

operator norm, .
Z(a, @O0y = 7(a/, @O 1)) 1 O(h*) (4.99)

Moreover we have for the principal symbol ajy the formula

detY2(M (1))

det'2(M(0)) (4100

ag(z) = ao(2)

where M(s) := C + DI — ((1 —-$)0 + s@’) (A+ BT)

Proof. The method is rather simple and is an extension of what we have already done for quadratic
Hamiltonians (Proof I) except that here we have to solve transport equations in the deformation
parameter s to get the lower order correction terms.

Let us remark that this class of Fourier-integral operators is closed under adjointness :

Z(a, ®ODY)* = T(a*, %), (4.101)
where a*(Z) = a(¢~1Z), Z = (Q, P), Z = ¢(z) and
O (Z;w,y) =S¢ Z) +p-(x—q)—P-(y-Q) +
(=)~ )~ 8y~ Qs Q) (1102)
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So by transitivity we can assume that I' = I, As in the quadratic Hamiltonian case let us introduce
0s = (1-5)0+50", &) = ®(©=1) 0 <5 <1 and look for a semiclassical symbol a(*) = 3~ hjags)
such that 9

35 e%q)(s)(z?z’y)a(s)(z)dz = O(h™), Vse0,1] (4.103)
R2d

But we have

0 (s, i,
—0)(z0,y) = 1(6' -~ O) (v - Q) (v - Q) (4.104)

and we have to find a C! family symbol a(*), 0 < s < 1 such that
I(@sa(s) + %(@’ —0)z - Q) (z—Q)a, <1>) = O(K) (4.105)

The principal term af, = aM is computed as in the quadratic case.
Let us suppose for a moment that ©,0" are constant. Then as in the quadratic case we have

(0y +T0,)@) = (C™ +TD™ — (A" +TB")0,)(z — Q) (4.106)

where A = 9,Q, B=0,Q,C =0,P, D =0,P and F = (é g) is a symplectic matrix.

We know that M(s) := C + DI' — ©,(A + BT) is invertible so we can integrate by parts as in
section 3. and as above we can achieve the proof of Proposition 4.1.
When ©,0’ are z dependent, the integrations by part are more tricky. We have to use

(0, +T9,)®®) = M7(s,2)(x — Q) + N(s,2)(x — Q,z — Q) (4.107)
where N (s, z)(z,v) is a bilinear application in (z,y) € R% x R? into d x d matrices, with coefficients
in Oy in z, C" in s.

Hence we have

(z-Q)

e%é((—),r) . h Lg©I) Lg(©.D)

(M7 (s, 2) (8q + fa,,)e MT™)"(5,2)N(s,2)(z — Q,z — Q)e

T
(4.108)
So we apply (4.108) and the following lemmas to proceed like in section 3.

Lemma 4.2 For any symbol b € Oy(2d), for every multiinder o € N?* and every N > |a|/2 we
have

/ (x — Q)O‘e%q)(S)b(z)dz = Z i fa,p(s, z)e%(b(S)aﬁb(z)dz +
R2d d

R2
L)
S [ s QP g (410)
Bl+lyI=N+1)8>1
where fo (8, 2), 9a,8(8, 2) are symbols of order 0, uniformly bounded in Oy(2d) for s € [0,1].

Lemma 4.3 For everyb € Oy(2d) and 3 € N% we have the crude L? estimate, uniform in s € [0, 1],

IZ((x — Q)%b, @[ = O(Al/?) (4.110)
Using these two lemmas we get the full semiclassical symbol a’ ~ 3~ B a}, where
detY2(M(s))
ap(z) = ag——g—2> 4.111
o(2) ® det'/2(M(0)) (4.111)

and for j > 1, a; is computed by induction as solution for s = 1 of the differential equation
Osa;(s) = Tr(M(s)M_l(s))aj(s) +b;(s), a;(0)=a;. (4.112)
where b;(s) depends on the ax(s), k <j—10
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Remark 4.4 Considering the adjoint operator, it is possible to exchange the role of the matrices
O and I'.

If the symbol a depends smoothly on some parameter X\, it is not difficult to show that a’ also
depends smoothly in .

Proof of Lemma 4.2. This is done by an induction on N such that o < N.O

Proof of Lemma 4.3. Let us begin by giving a simple proof of (4.96) when © is z dependent
satisfying the assumptions (4.1). We shall prove the more general estimate, for every 3 € N? there
exist C' > 0, ¢ > 0 such that

(2%, gy)| < Ce=VI*| vy e R (4.113)
Let us denote Y = (y,7) € R? x R%. By a direct estimate we get easily,
2
(&g, gv)| < Ce 2, v(y,n) e R*. (4.114)

Using Fourier transform and Plancherel formula, we exchange y and 7 and we get (4.113).
Now we can follow the method of section 3 to estimate L? norm of operators using a Fourier-
Bargmann transformation.

Let be K(X,Y) the Fourier-Bargmann kernel of Z((z — Q)%b, (). We have

K(X,Y) = 27342 () ~dplel/2 / (T(2)A79%), oy ) (ox )b (2)eF Dz (4.115)
RZ

where Z = (@, P) = ¢(z) and

(T(Z)An("g%), v )| = [(279° gv_2)|. (4.116)
So we get
R(X,Y)| < Cnla\ﬂ/ exp(~ LY — () + X — 2f?)d (4.117)
o n

Using that ¢ is a Lipchitz canonical transformation, we have, for Cy large enough and ¢y > 0 small
enough,

[K(X,Y)| < Colll 2 exp(= (1Y = 6(X)) (4.118)

Hence we get the proof of Lemma 4.3 using Lemma 3.4.00
we have proved Proposition 4.1 and Theorem 1.3.

5 Semiclassical Fourier Integral Operators

In [23], [8] and in the recent preprint [30], the authors have considered Fourier-integral operators
defined by the following simpler phase

OO (pz,y) = S(y,p) + P+ (z — Q) + %@(m Q) (¢ -Q) (5.119)

where (Q, P) = ¢(y,p), ¢ is a bilipchitz canonical transformation like above, © € ¥, (d).
In [23] and [8] the authors have proved semiclassical expansions for the propagator of Schrédinger
equation for initial data with a compact support. This result is extended in [30] for the Schrédinger
Hamiltonian —A2A + V, to general data in L? with uniform norm estimates. We shall give here
some extensions of results of [30] using the same techniques as in section 3 and 4, so we shall not
repeat the details.

Let us denote J(a, ¥#©) the operator whose Schwartz kernel is

K(x,y) = (2rh) ™ / RV e gy, p)dp (5.120)
Rd
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A natural question discussed in this section is to compare the Fourier-Integral operators Z(a, <I>(¢’®’F))
defined with 2d “frequency variables” and J (a, ¥(#:®)) defined with d “frequency variables”.

A Fourier integral operator in L?(R?) is always a quantization of a canonical transformation ¢ in the
cotangent space T*(R%). A nice way to make clear this relationship is to use a Fourier-Bargmann
transform (see [7, 31]). This can be easily done in the same way for Semiclassical-Fourier-Integral
operators as we shall see now.

Definition 5.1 A family of operators, depending on a small parameter h €]0,1], U" : S(R?) —

S'(RY) is a Semiclassical-Fourier-Integral operator of order m € R associated to the canonical

bilipchitz transformation ¢ : T*(R?) — T*(RY), if for every N' we have U" = U¥, + R%,, where

Uk, : S(RY) — S'(RY) and ||RY, || = O(BN") and for every N > 0 there exists Cy such that

[Y — ¢l
Vi

where KM(X,Y) is the Schwartz kernel of FgUlk, F.

- —N
"X, Y)| < Ol =24/2 (14 ) . VXY €R¥, neo,1) (5.121)

Remark 5.2 1. In this definition, which coincides with a definition given in [31] for h=1, a
semiclassical-Fourier-Integral operator has, up to a negligible operator in h, a kernel living in
a neighborhood of the graph of a canonical transformation ¢. But this definition says nothing
concerning asymptotic expansion of IN(h(X, Y) in a neighborhood of the graph of ¢ when h is
small. So this definition is certainly too permissive. But for h fized it is suitable as proven
in [31].

2. Using Carleman-Schur estimate, a semiclassical F.I1.0 of order 0 is uniformly bounded in
L2(RY). This is a straightforward consequence of the definition. This class of semiclassical
F.1.O of order 0 is clearly closed by composition.

8. In Definition 5.1 it is equivalent to use any Fourier-Bargmann transformation fg), T e
Y (d).

4. There are other definitions of semiclassical F.I.0 using Lagrangian analysis and real phase
functions. For this point of view see for example [1].

5. Fourier-Integral operators with complex phase were used to study propagation of singularities
of P.D.E. Many papers and books have been published on this subject, among them let us
point out [2, 26, 32].

Now we shall see that the operators already considered in this paper are semiclassical-Fourier-
Integral operators.

Proposition 5.3 Let be amplitudes a = a(x,z), a € Oy(3d) and u = u(z,y,p), v € Op(3d)
and ©,T € ¥,(d), © may depend in z or (y,p), such that (1.16), (1.17) are satisfied. Then
Z(a, @O0 and J(u, ¥*®) are semiclassical-Fourier-Integral operators of order 0.

Proof. Concerning Z(a, ®®® 1)) we get the result following subsection 3.2, estimate (3.92).
The proof for J(u, ¥#®) is almost the same. For simplicity we assume © constant. For ©
depending in (y,p) we could proceed as in section 4.

Let us denote X = (z,£), Y = (4,7). We want to estimate

K(X,Y) = (2rh)~¢ ///Rgd e%‘i’u(ay,p)dpda:dy (5.122)

where

e=S(y,p)+P-(2-Q)+ 5 (z-Q) (- Q)+

| @

(i—y)-(i“—y)+€~(i—y)+%(z7—a:)-(g—x)+ﬁ~(g—a:) (5.123)
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D™ —-B7 A B
B A : _ -1 ;
Let us remark that we have : F~" = ot AT ) if FF = <C D)' So, because F~* is
symplectic, we know that D™ — B7© is invertible. Hence we have
9® = (C"—A"0)(z—Q)+ (f—p)+i(F—y) (5.124)
9,® = (D" —B0)(z—Q) (5.125)
2,2 = O(x—Q)+ (P—)+i(§—a). (5.126)

So we get the necessary estimates on K by integrations by parts using

9,® — (-AT@+CT) (D" -~ B"0)7'9,¥ = (£ —p)+i(F—y) (5.127)
9, —O(D” - B"0) 19,0 = (P—-7)+i(§—x) (5.128)
O

The following result is a slight generalization of [23, 8, 30].
Theorem 5.4 Under the assumptions of Theorem 1.2 and (1.16), (1.17), we have

K(t;z,y) < (27rh)_d/ e%‘pwa@t)(t’y’pw)u(h;t,y,p)dp (5.129)
Rd

where u(h;t,y,p) = Z u;(t;y,p)h has the same meaning as in Theorem1.2.
0<j<+o0
In particular

uo(t,y, p) = det!/2 (D - @B)) (5.130)

Sketch of proof. These result can be proved following the same strategy as for proving Theorem
1.3.

We first prove the Theorem for some © (0 = il), following the proof of Theorem 1.2. then we can
get the Theorem for any © by the variation argument as in the proof of Theorem 1.3. L? estimate
for operator norm of Fourier-Integral operators is used to control the remainder terms. O

Remark 5.5 [t is not difficult to adapt the proof of Theorem 1.4 concerning an Ehrenfest time
estimate to the setting of Theorem 5.4.
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