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Abstract

We consider the time dependent Schrodinger equation on a Rie-
mannian manifold A with a potential that localizes a certain class of
states close to a fixed submanifold C, the constraint manifold. When
we scale the potential in the directions normal to C by a parameter
€ < 1, the solutions concentrate in an e-neighborhood of the subman-
ifold. We derive an effective Schrédinger equation on the submanifold
C and show that its solutions, suitably lifted to A, approximate the
solutions of the original equation on A up to errors of order £3|¢| at
time t.

Our result holds in the situation where tangential and normal en-
ergies are of the same order, and where exchange between normal
and tangential energies occurs. In earlier results tangential energies
were assumed to be small compared to normal energies, and rather
restrictive assumptions were needed, to ensure that the separation of
energies is maintained during the time evolution. Most importantly,
we can now allow for constraining potentials that change their shape
along the submanifold, which is the typical situation in applications
like molecular dynamics and quantum waveguides.
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1 Introduction
Although the mathematical structure of the linear Schrodinger equation
10 = A+ Vip = Hy, Pli=o € L*(A, dr) (1)

is quite simple, in many cases the high dimension of the underlying configu-
ration space A makes even a numerical solution impossible. Therefore it is
important to identify situations where the dimension can be reduced by ap-
proximating the solutions of the original equation (1) on the high dimensional
configuration space A by solutions of an effective equation

18t¢ = Heﬂ¢7 ¢|t:0 € LZ(C7 d/u) (2)

on a lower dimensional configuration space C.



The physically most straightforward situation where such a dimensional re-
duction is possible are constrained mechanical systems. In these systems
strong forces effectively constrain the system to remain in the vicinity of a
submanifold C of the configuration space A.

For classical Hamiltonian systems there is a straightforward mathematical
reduction procedure. One just projects the Hamiltonian vector field from
the tangent bundle of T*A to the tangent bundle of T*C and then studies
its dynamics on T*C. For quantum systems Dirac [9] proposed to quantize
the restricted classical Hamiltonian system on the submanifold following an
“intrinsic” quantization procedure. However, for curved submanifolds C there
is no unique quantization procedure. One natural guess would be an effective
Hamitlonian Heg in (2) of the form

Hg = —Ac+ V|C , (3)

where A¢ is the Laplace-Beltrami operator on C with respect to the induced
metric and V¢ is the restriction of the potential V' : A — R to C.

However, to justify or invalidate the above procedures from first principles,
one needs to model the constraining forces within the dynamics (1) on the full
space A. This is done by adding a localizing part to the potential V. Then
one analyzes the behavior of solutions of (1) in the asymptotic limit where the
constraining forces become very strong and tries to extract a suitable limit-
ing equation on C. This limit of strong confining forces has been studied in
classical mechanics and in quantum mechanics many times in the literature.
The classical case was first investigated by Rubin-Ungar [30], who found that
in the limiting dynamics an extra potential appears that accounts for the
energy contained in the normal oscillations. Today there is a wide literature
on the subject. We mention the monograph by Bornemann [2] for a result
based on weak convergence and a survey and the book of Hairer, Lubich and
Wanner [15], Section XIV.3, for an approach based on classical adiabatic
invariants.

For the quantum mechanical case Marcus [21] and later on Jensen and Koppe
[17] pointed out that the limiting dynamics depends, in addition, also on the
embedding of the submanifold C into the ambient space A. In the sequel Da
Costa [6] deduced a geometrical condition (often called the no-twist condi-
tion) ensuring that the effective dynamics does not depend on the localizing
potential. This condition is equivalent to the flatness of the normal bundle
of C. It fails to hold for a generic submanifold of dimension and codimension
both strictly greater than one, which is a typical situation when applying
these ideas to molecular dynamics.

Thus the hope to obtain a generic “intrinsic” effective dynamics as in (3),
i.e. a Hamiltonian that depends only on the intrinsic geometry of C and



the restriciton of the potential V' to C, is unfounded. In both, classical
and quantum mechanics, the limiting dynamics on the constraint manifold
depends, in general, on the detailed nature of the constraining forces, on the
embedding of C into A and on the initial data. In our paper we present and
prove a general result concerning the precise form of the limiting dynamics (2)
on C starting from (1) on the ambient space A with a strongly confining
potential V. However, as we explain next, our result generalizes existing
results in the mathematical and physical literature not only on a technical
level, but improves the range of applicability in a deeper sense.

Da Costa’s statement (like the more refined results by Froese-Herbst [13],
Maraner [19] and Mitchell [23], which we discuss in Subsection 1.2) requires
that the constraining potential is the same at each point on the submanifold.
The reason behind this assumption is that the energy stored in the normal
modes diverges in the limit of strong confinement. As in the classical result by
Rubin and Ungar, variations in the constraining potential lead to exchange of
energy between normal and tangential modes, and thus also the energy in the
tangential direction grows in the limit of strong confinement. However, the
problem can be treated without adiabatic methods only for solutions with
bounded kinetic energies in the tangential directions. Therefore the transfer
of energy between normal and tangential modes was excluded in [6, 19, 13,
23] by the assumption that the confining potential has the same shape in
the normal direction at any point of the submanifold. In many important
applications this assumption is violated, for example for the reaction paths
of molecular reactions. The reaction valleys vary in shape depending on the
configuration of the nuclei. In the same applications also the typical normal
and tangential energies are of the same order.

Therefore the most important new aspect of our result is that we allow for
confining potentials that vary in shape and for solutions with normal and
tangential energies of the same order. As a consequence, our limiting dy-
namics on the constraint manifold has a richer structure than earlier results
and resembles, at leading order, the results from classical mechanics. In
the limit of small tangential energies we recover the limiting dynamics by
Mitchell [23].

The key observation for our analysis is that the problem is an adiabatic limit
and has, at least locally, a structure similar to the Born-Oppenheimer ap-
proximation in molecular dynamics. In particular, we transfer ideas from
adiabatic perturbation theory, which were developed by Nenciu-Martinez-
Sordoni and Panati-Spohn-Teufel in [22, 25, 27, 33, 35], to a non-flat geom-
etry. We note that the adiabatic nature of the problem was observed many
times before in the physics literature, e.g. in the context of adiabatic quan-
tum wave guides [5], but we are not aware of any work considering constraint
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manifolds with general geometries in quantum mechanics from this point of
view. In particular, we believe that our effective equations have not been de-
rived or guessed before and are new not only as a mathematical but also as a
physics result. In the mathematics literature we are aware of two predecessor
works: in [35] the problem was solved for constraint manifolds C which are
d-dimensional subspaces of R** while Dell’Antonio and Tenuta [8] consid-
ered the leading order behavior of semiclassical Gaussian wave packets for
general geometries.

Another result about submanifolds of arbitrary dimension is due to Wittich
[36], who considers the heat equation on thin tubes of manifolds. Finally,
there are related results in the wide literature on thin tubes of quantum
graphs. A good starting point for it is [14] by Grieser, where mathematical
techniques used in this context are reviewed. Both works and the papers cited
there, properly translated, deal with the case of small tangential energies.

We now give a nontechnical and short sketch of the structure of our result.
The detailed statements from Section 2 require some preparation.

We implement the limit of strong confinement by mapping the problem to
the normal bundle NC of C and then scaling one part of the potential in
the normal direction by e~!. With decreasing ¢ the normal derivatives of
the potential and thus the constraining forces increase. In order to obtain a
nontrivial scaling behavior of the equation, the Laplacian is multiplied with
a prefactor €2. The reasoning behind this scaling, which is the same as in
[13, 23], is explained in Section 1.2. With ¢ denoting coordinates on C and v
denoting normal coordinates our starting equation on NC has, still somewhat

formally, the form
i00° = —*Ancy® + V(g,e ')y + W(gv)e® = HY*  (4)

for 1|9 € L*(NC). Here Ayc is the Laplace-Beltrami operator on NC,
where the metric on NC is obtained by pulling back the metric on a tubular
neighborhood of C in A to a tubular neighborhood of the zero section in
NC and then suitably extending it to all of NC. We study the asymptotic
behavior of (4) as € goes to zero uniformly for initial data with energies
of order one. This means that initial data are allowed to oscillate on a
scale of order € not only in the normal direction, but also in the tangential
direction, i.e. that tangential kinetic energies are of the same order as the
normal energies. More precisely, we assume that ||eVP5]|? = (¢5 | —e2Ap)g)
is of order one, in contrast to the earlier works [13, 23|, where it was assumed
to be of order 2. Here V" is a suitable horizontal derivative to be introduced
in Definition 1.

Our final result is basically an effective equation of the form (2). It is pre-
sented in two steps. In Theorem 1 we show that on certain subspaces of



L*(NC) the unitary group exp(—iH®t) generating solutions of (4) is unitarily
equivalent to an “effective” unitary group exp(—iHZ;t) associated to (2) up
to errors of order £3|¢| uniformly for bounded initial energies. In Theorem 2
we compute the asymptotic expansion of H5: up to terms of order €2, i.e. we
compute Heg g, Heg1 and Hego in Heg = Heg o + eHeg 1 + €2 Heg o + O(3).
The first step in our proof is the construction of closed infinite dimensional
subspaces of L?(NC) which are invariant under the dynamics (4) up to small
errors and which can be mapped unitarily to L?*(C), where the effective dy-
namics takes place. To construct these “almost invariant subspaces”, we
define at each point ¢ of C a normal Hamiltonian operator H¢(q) acting on
the fibre N,C. If it has a simple eigenvalue band E(g) depending smoothly
on ¢ and being isolated from the rest of the spectrum for all ¢, then the cor-
responding eigenspaces define a smooth line bundle over C. Its L3-sections
define a closed subspace of L?(NC), which after a modification of order ¢ be-
comes the almost invariant subspace associated to the eigenvalue band E(q).
In the end, to each isolated eigenvalue band E(q) there is an associated line
bundle over C, an associated almost invariant subspace and an associated
effective Hamiltonian H ;.

We now come to the form of the effective Hamiltonian associated to an iso-
lated eigenvalue band E(q). For Hego we obtain, as expected, the Laplace-
Beltrami operator of the submanifold as kinetic energy term and as an ad-
ditional effective potential the eigenvalue band E(q),

HeH,O = —€2AC + E.

Note that V¢ is contained in E. This is the quantum version of the classical
mechanics result of Rubin and Ungar [30]. However, the time scale for which
the solutions of (4) propagate along finite distances are times ¢ of order 7.
On this longer time scale the first order correction eH.q; to the effective
Hamiltonian has effects of order one and must be included in the effective
dynamics. We don’t give the details of Heg; here and just mention that
at next to leading order the kinetic energy term, i.e. the Laplace-Beltrami
operator, must be modified in two ways. First, the metric on C needs to
be changed by terms of order ¢ depending on exterior curvature, whenever
the center of mass of the normal eigenfunctions does not lie exactly on the
submanifold C. Furthermore, the connection on the trivial line bundle over C
(where the wave function ¢ takes its values) must be changed from the trivial
to a generalized Berry connection. This is because the normal eigenfunction
may vary in shape along the submanifold and thus the line bundle associated
to the eigenvalue band E(q) inherits a nontrivial induced connection, the
Berry connection. This was already discussed by Mitchell in the case that
the potential (and thus the eigenfunctions) only twists.

6



The second order corrections in Heg o are quite numerous. In addition to
terms similar to those at first order, we find generalizations of the Born-
Huang potential and the off-band coupling both known from the Born-
Oppenheimer setting, and an extra potential depending on inner and ex-
terior curvature, whose occurence lead to Marcus’ reply to Dirac’s proposal.
Finally when the ambient space is not flat, there is another extra potential
already obtained by Mitchell.

Note that in the earlier works it was assumed that —e?A¢ is of order €2 and
thus of the same size as the terms in Hego. This is why the extra potential
depending on curvature appeared at leading order in these works, while it
appears only in Hego for us. And this is also the reason that assumptions
were necessary, assuring that all other terms appearing in our Heg o and Heg 1
are of higher order or trivial, including that E(q) = E is constant.

We end this section with some more technical comments concerning our result
and the difficulties encountered in its proof.

In this work we present the result only for simple eigenvalues FE(q). With
one caveat, it extends to degenerate eigenvalues in a straightforward way.
Our construction requires the complex line bundle associated with E(q) to
be trivializable. For line bundles, triviality follows from the vanishing of
the first Chern class. And for real Hamiltonians like H® in (4) it turns out
that the complex line bundle associated to F(q) always has vanishing first
Chern class. However, for degenerate eigenvalue bands no such argument is
available (except for a compact C with dimC < 3, see Panati [26]) and we
would have to add triviality of the associated bundle to our assumptions.
Moreover, for degenerate bands the statements and proofs would become
even more lengthy, which is why we restricted ourselves to the case of simple
eigenvalue bands F(q). Generalizations to not necessary real Hamiltonians
containing also magnetic fields are in preparation.

Next let us emphasize that we do not assume the potential to become large
away from the submanifold. That means we achieve the confinement solely
through large potential gradients, not through high potential barriers. This
leads to several additional technical difficulties, not encountered in other rig-
orous results on the topic that mostly consider harmonic constraints. One
aspect of this is the fact that the normal Hamiltonian H¢(q) has also con-
tinuous spectrum. While its eigenfunctions defining the adiabatic subspaces
decay exponentially, the superadiabatic subspaces, which are relevant for our
analysis, are slightly tilted spectral subspaces with small components in the
continuous spectral subspace.

Let us finally mention two technical lemmas, which may both be of indepen-
dent interest. After extending the pull back metric from a tubular neigh-



borhood of C in A to the whole normal bundle, with this metric NC has
curvature increasing linearly with the distance from C. As a consequence we
have to prove weighted elliptic estimates for a manifold of unbounded curva-
ture (Lemmas 9 & 10). Moreover, since we aim at uniform results we need
to introduce energy cutoffs. A result of possibly wider applicability is that
the smoothing by energy cutoffs preserves polynomial decay (Lemma 13).

1.1 The model

Let (A, G) be a Riemannian manifold of dimension d+k (d, k € N) with asso-
ciated volume measure d7. Let furthermore C C A be a smooth submanifold
without boundary and of dimension d/codimension k, which is equipped
with the induced metric g = G|¢ and volume measure du. We will call A the
ambient manifold and C the constraint manifold.

On C there is a natural decomposition T A|lc = TC x NC of A’s tangent
bundle into the tangent and the normal bundle of C. We assume that there
exists a tubular neighbourhood B C A of C with globally fixed diameter,
that is there is 0 > 0 such that normal geodesics 7 (i.e. v(0) € C,%(0) € NC)
of length 9 do not intersect. We will call a tubular neighbourhood of radius
r an r-tube. Furthermore we assume that

B and C are of bounded geometry (5)
(see the appendix for the definition) and that the embedding
C — A has globally bounded derivatives of any order, (6)

where boundedness is measured by the metric G! In particular, these as-
sumptions are satisfied for A = R?** and a smoothly embedded C that is (a
covering of) a compact manifold or asymptotically flatly embedded, which
are the cases arising mostly in the applications we are interested in (molecular
dynamics and quantum waveguides).

Let A4 be the Laplace-Beltrami operator on A. We want to study the
Schrédinger equation

13t¢ = —AA¢ + ij7 Wt:o € L2<-’47 dT) ) (7)

under the assumption that the potential V} localizes at least a certain class
of states in an e-tube of C with ¢ < 4. The localization will be realized
by simply imposing that the potential is squeezed like ¢! in the directions
normal to the submanifold. We emphasize that we will not assume V3 to
become large, which makes the proof of localization more difficult.
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In order to actually implement the scaling in the normal direction, we will
now construct a related problem on the normal bundle of C by mapping NC
diffeomorphically to the tubular neighbourhood B of C in a specific way and
then choosing a suitable metric g on NC (considered as a manifold). On
the normal bundle the scaling of the potential in the normal directions is
straightforward. The theorem we prove for the normal bundle will later be
translated back to the original setting. On a first reading it may be convenient
to skip the technical construction of § and of the horizontal and vertical
derivatives V® and V¥ and to immediately jump to the end of Definiton 1.

The mapping to the normal bundle is done in the following way. There is a
natural diffeomorphism from the d-tube B to the J-neighbourhood Bj of the
zero section of the normal bundle NC. This diffeomorphism corresponds to
choosing coordinates on B that are geodesic in the directions normal to C.
These coordinates are often called (generalized) Fermi coordinates. They
will be examined in detail in Section 4.2. In the following we will always
identify C with the zero section of the normal bundle. Next we choose any
diffeomorphism ® € C'* (R, (—4,6)) which is the identity on (—§/2,6/2) and
satisfies

VieN 3Cj<o0 VreR: [09(r)] < C;(1+73) 002 (8)

(see Figure 1). Then a diffeomorphism ® € C°°(NC,Bs) is obtained by
first applying ® to the radial coordinate on each fibre N,C (which are all
isomorphic to R¥) and then using Fermi coordinate charts.

&)
O+ 1 ~1/r
0121~
A r
S -0/2
~lr 1 _____ 4 -5

Figure 1: @ converges to £6 like 1/r.

The important step now is to choose a suitable metric and corresponding
measure on NC. On the one hand we want it to be the pullback of G
on Bss. On the other hand, we require that the distance to C asymptotically
behaves like the radius in each fibre and that the associated volume measure
on NC\ Bss is du®dv, where dv is the Lebesgue measure on the fibers of NC
and dp ® dv is the product measure (the Lebesgue measure and the product
measure are defined after locally choosing an orthonormal trivializing frame
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of NC; they do not depend on the choice of the trivialization because the
Lebesgue measure is isotropic). The latter two requirements will help to
obtain the decay that is needed to translate the result back to A.

A metric satisfying the two latter properties globally is the so-called Sasaki
metric which is defined in the following way (see e.g. [1]): The Levi Civita
connection on A induces a connection V on TC, which is the Levi-Civita
connection on (C, g), and a connection V+ on NC which is called the normal
connection (see the appendix). Let m : NC — C be the bundle projection
and K : TNC — NC be the connection map induced by the normal connec-
tion V+. The Sasaki metric is then given by

g(sq’y)(v,w) = g¢(Dmv,Drw) + Ggo)(Kv, Kw). (9)

It was studied by Wittich in [36] in a similar context. Due to the sum
structure, the completeness of (NC, ¢g°) follows from the completeness of the
fibers and the completeness of C. The latter holds, because C is of bounded
geometry. In spite of this (INC,¢%) is in general not of bounded geometry,
however, (Bs,¢%) is. Both can be seen directly from the formulas for the
curvature in [1]. Now we simply fade the pullback metric into the Sasaki
metric by defining

Giguy (v, w) = O(|v]) Gaorgu) (DPv, DO w) + (1 — @(|1/|)) g(sq’y)(v,w) (10)

with [v| := /Ga(q0 (DPr, DPr) and a cutoff function © € C>([0, c0), [0, 1])
satisfying © = 1 on [0,d/4] and © = 0 on [§/2, 00). Then we have

vl = /TG0 V). (11)

The Levi-Civita connection on (NC,g) will be denoted by V and the volume
measure associated to g by dii. We note that C is still isometrically imbedded
and that (NC,g) is complete due to the bounded geometry of (Bs,G) and
the completeness of (NC, ¢%). Furthermore g induces the same connections
V and V+ on TC and NC as G.

The volume measure associated to ¢% is indeed di ® dv and its density with
respect to the measure associated to G equals 1 on C (see Section 6.1 of [36]).
Together with the bounded geometry of (Bs, G) and of (Bs, g°) we obtain that

dp dp dp
= C°(N
du @ dv € G (NC), du @ dv

dp & dvl(Ne\B; ) ue

>c>0, (12)

Y

where CP°(NC) is the space of smooth functions on NC with all its derivatives
globally bounded with respect to g.

Since we will think of the functions on NC as mappings from C to the func-
tions on the fibers, the following derivative operators will play a crucial role.
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Definition 1 Denote by I'(E) the set of all smooth sections of a bundle €
and by T, (&) the ones with globally bounded derivatives up to any order.

i) Fiz q € C. The fiber (N,C,G(,0)) 15 isometric to the euclidean R*. There-
fore there is a canonical identification ¢ of normal vectors at q € C with
tangent vectors at (q,v) € N,C. The vertical derivative VV¢ at (q,v) is the
pullback via v of the exterior derivative of ¢’s restriction to N,C, i.e.

Splq,v) = (dpgw)(¢(Q))

for ¢ € I'(NC). The Laplacian associated to _quc 90 (VYp, VVp)dv is
denoted by A, and the set of bounded functions with bounded derivatives of
arbitrary order by Cp°(N,C).

i) Let € == {(q,¢)|q € C, p € C*(N,C)} be the bundle over C which is
obtained by replacing the fibers N,C of the normal bundle with C3°(N,C) and
canonically lifting the bundle structure of NC. Let ¢ : C — & be a section,
i.e. o, € C°(N,C). The horizontal connection V" : T(TC) x ['(£) — T'(€)
on & is defined by

Vi) = | elwls)v(s)), (13)

where T € T(TC) and (w,v) € C*([—1,1], NC) with
w(0) = ¢, w(0) = 7(q), & v(0) = v, Vyv =0

Furthermore Ay, is the Bochner Laplacian associated to V":

Abdpeds = = [ (V) dp d,
NC NC

where we have used the same letter g for the canonical shift of g to the
cotangent bundle. Higher order horizontal derivatives are inductively defined

by

for arbitrary T, ..., 7m € T'(TC). The set of bounded sections ¢ of € such
that Vﬁl ¢ 15 also a bounded section for all Ty, ..., 7, € I'y(TC) is denoted

.....

by O (C. G (N,C)).

In the sequel we consider the complex Hilbert space H := LQ((N C,9), dﬁ)
We emphasize that elements of H take values in the trivial complex line
bundle over NC. This will be the case for all functions throughout this paper
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and we will omit this in the definition of Hilbert spaces. However, there will
come up non-trivial connections on such line bundles! In addition, we notice
that the Riemannian metrics on NC and C have canonical continuations on
the associated trivial complex line bundles.

The scalar product of a Hilbert space H will be denoted by (.|.)s and the
induced norm by || . ||3. The upper index * will be used for both the adjoint
of an operator and the conjugation of a function.

Instead of (7) we now consider a Schrédinger equation on the normal bundle
thought of as a Riemannian manifold (NC,q). Here we can immediately
implement the idea of squeezing the potential in the normal directions: Let

Velq.v) = Velg,e7'v) + Wig,v)

for fixed real-valued potentials V., W € C°(C, Ci°(N,C)). Here we have split
up any @ € NC as (q,v) where ¢ € C is the base point and v is a vector in
the fiber N,C at q. We allow for an “external potential” W which does not
contribute to the confinement and is not scaled. Then ¢ < 1 corresponds to
the regime of strong confining forces. The setting is sketched in Figure 2.

(NC, g)
O(e)
H

Figure 2: The width of V, is € but it varies on a scale of order one along C.

We will investigate the Schrodinger equation
i) = HY = —®Anetp + VY, Plmo=vieH,  (14)

where Ay is the Laplace operator on (NC,g), i.e. the operator associated to
— ~e 9(dy, dip)dp. To ensure proper scaling behavior, we need to multiply
the Laplacian in (14) by €*. The physical meaning of this is explained at
the end of the next subsection. Here we only emphasize that an analogous
scaling was used implicitly or explicitly in all other previous works on the
problem of constraints in quantum mechanics. The crucial difference in our
work is, as explained before, that we allow e-dependent initial data 1§ with
tangential kinetic energy (15| — e2Ap1s) of order one instead of order £2.
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The operator H® will be called the Hamiltonian. We note that H¢ is real,
i.e. it maps real-valued functions to real-valued functions. Furthermore it is
bounded from below because we assumed V, and W to be bounded. In [32] H®
is shown to be selfadjoint on the Sobolev space H?(M) (defined by patching
together local Sobolev spaces) for any complete Riemannian manifold M,
thus in particular for (NC, 7).

We only need one additional assumption on the potential, that ensures lo-
calization in normal direction. Before we state it, we clarify the structure of
adiabatic separation:

After a unitary transformation H® can at leading order be split up into
an operator which acts on the fibers only and a horizontal operator. That
unitary transformation M, is given by multiplication with the square root
of the relative density p := d;gdy of our starting measure and the product
measure on NC that was introduced above. We recall from (12) that this
density is bounded and strictly positive. After the transformation it is helpful

to rescale the normal directions.

Definition 2 Set H := L*(NC,du @ dv) and p := #&.

i) The unitary transform M, is defined by M, : H — H, ) — p%w.
ii) The dilation operator D, is defined by (D.1b)(q,v) := e */24(q,v/e).
ii1) The dilated Hamiltonian H. and potential V. are defined by

H. = D:M'H°M,D., V. := DIM:V°M,D. = V. + D:WD..

The index £ will consistently be placed down to denote dilated objects, while
it will placed up to denote objects in the original scale.

The leading order of H. will turn out to be the sum of —A,+V,(q, -)+W(q,0)
and —e?Ay, (for details on M, and the expansion of H. see Lemmas 1 & 4
below). When —e?A}, acts on functions that are constant on each fibre, it
is simply the Laplace-Beltrami operator on C carrying an 2. Hereby the
analogy with the Born-Oppenheimer setting is revealed where the kinetic
energy of the nuclei carries the small parameter given by the ratio of the
electron mass and the nucleon mass (see for example [27]).

We need that the family of g-dependent operators —A, + V.(q,-) + W (g, 0)
has a family of exponentially decaying bound states in order to construct
a class of states that are localized close to the constraint manifold. The
following definition makes this precise. We note that the conditions are
simpler to verify than one might have thought in the manifold setting, since
the space and the operators involved are euclidean!
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Definition 3 Let H¢(q) := L*(N,C,dv) and Vy(q,v) := V.(q,v) + W(q,0).
The selfadjoint operator (Hg(q), H*(N,C,dv)) with

Hf(Q) = _AV + ‘/0(%) (15)

is called the fiber Hamiltonian. Its spectrum is denoted by o (H(q)).
i) A function Ey : C — C is called an energy band, if Ey(q) € o(Hi(q)) for
all g € C. Ey is called simple, if Ey(q) is a simple eigenvalue for all ¢ € C.

ii) An energy band Ey : C — C is called separated, if there are a constant
Ceap > 0 and two bounded continuous functions fr : C — R defining an

interval 1(q) :== [f-(q), f+(q)] such that

Eo(q) C I{q),  infdist(o(Hr(q) \ Eo(), 1(q)) = cgap-  (16)

qe

ii1) A separated energy band Ey is called a constraint energy band, if there
is Ag > 0 such that the family of spectral projections Py : C — ﬁ(Hf(q))
corresponding to Ey satisfies

sup,ec [[€0%) Po(q)e™ || £ (34, ()) < 00,

where (v) == \/1+ V]2 = /1 + G0, v).

We emphasize that condition ii) is known to imply condition iii) in lots of
cases, for example for eigenvalues below the continuous spectrum (see [16]
for a review of known results). Besides, condition ii) is a uniform but local
condition (see Figure 3).

o(Hr)

Figure 3: Ey(q) has to be separated by a local gap that is uniform in g.

A family of spectral projections P, : C — £(Hf(q)) of rank one corresponds
to a line bundle over C. If this bundle has a global section ¢y : C — Hi(q)
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of normalized eigenfunctions, (Pyv))(q) = (@o|¥)1,(q) () ¢o(q) for all ¢ € C.
Furthermore ¢y can be used to define a unitary mapping U, between the
corresponding subspace PyH and L*(C,du) by

(DoY) (q) = (pol)1(9)-

So any ¢ € PyH has the product structure 1) = (Upth)¢pp. Since Vi and there-
fore py depends on ¢, such a product will in general not be invariant under
the time evolution. However, it will turn out to be at least approximately
invariant. For short times this follows from the fact that the commutator
[H., Py)] = [—e*Ay, Py] + O(e) is of order . For long times this is a conse-
quence of adiabatic decoupling.

On the macroscopic scale the corresponding eigenfunction D,y is more and
more localized close to the submanifold: most of its mass is contained in the
e-tube around C and it decays like e2l¢//¢ This is visualized in Figure 4.

Vo (qN) V, (an/E)

|0o() | D (9) |

0 o -2 o)

Figure 4: On the macroscopic level ¢ is localized on a scale of oder €.

Our goal is to obtain an effective equation of motion on the submanifold for
states that are localized close to the submanifold in that sense. More pre-
cisely, for each subspace PyH corresponding to a constraint energy band FEj
we will derive an effective equation using the map Uy. However, in order to
control errors with higher accuracy we will have to add corrections of order €
to PyH and U.

1.2 Comparison with existing results

Since similar settings have been considered several times in the past, we want
to point out the similarities and the differences with respect to our result.
We mostly focus on the papers by Mitchell [23] and Froese-Herbst [13], since
[23] is the most general one on a theoretical physics level and [13] is the
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only mathematical paper concerned with deriving effective dynamics on the
constraint manifold. Both works deal with a Hamiltonian that is of the form

H° = —Aye +e2VE 4+ W. (17)

The confining potential V7 is chosen to be the same everywhere on C up to
rotations, i.e. in any local bundle chart (g, v) there exists a smooth family of
rotations R(q) € SO(k) such that

Vi(gv) = Velg,e'v) = Vilgo,e ' R(g)v)

for some fixed point ¢y on C. As a consequence, the eigenvalues of the result-
ing fiber Hamiltonian H¢(q) = —A, + V.(q,-) are constant, E(q) = E. As
our Theorems 1 and 2, the final result in [23] and somewhat disguised also
in [13] is about effective Hamiltonians acting on L?*(C) which approximate
the full dynamics on corresponding subspaces of L2(NC). In the following we
explain how the results in [13, 23] about (17) are related to our results on the
seemingly different problem (14). It turns out that they indeed follow from
our general results under the special assumptions on the confining potential
and in a low energy limit.

To see this and to better understand the meaning of the scaling, note that
when we multiply H¢ by €2, the resulting Hamiltonian

E2H® = —2Apne + VE+ W,

is the same as H® in (14), however, with very restrictive assumptions on the
confining part V, and with a non-confining part of order 2. As one also has
to multiply the left hand side of the Schrodinger equation (14) by €2, this
should be interpreted in the following way. Results valid for times of order
one for the group generated by H¢ would be valid for times of order =2 for
the group generated by e2H¢. On this time scale our result still yields an
approximation with small errors (of order ¢). Thus the results in [13, 23| are
valid on the same physical time scale as ours.

We look at (14) for initial data with horizontal kinetic energies (15| —e? Ay1)g)
of order one. This corresponds to horizontal kinetic energies (15| — An§) of
order e72 in (17), i.e. to the situation where potential and kinetic energies
are of the same order. However, in [13, 19, 23] it is assumed that horizontal
kinetic energies are of order one, i.e. smaller by a factor 2 than the potential
energies. And to ensure that the horizontal kinetic energies remain bounded
during the time evolution, the huge effective potential e >E(q) given by the
normal eigenvalue must be constant. This is achieved in [13, 19, 23] by
assuming that, up to rotations, the confining potential is the same everywhere
on C.
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Technically, the assumption that (in our units) (5| — e?Ay5) is of order &2
simplifies the analysis significantly. This is because the first step in proving
effective dynamics for states in a subspace PyH for times of order €72 is to
prove that it is approximately invariant under the time evolution for such
times. Now the above assumption implies that the commutator [H®, Fy] is
of order €2, and, as a direct consequence, that the subspace PyH is approxi-

mately invariant up to times of order 7!,

e, Bo]| = O

To get approximate invariance for times of order =2 one still needs an ad-

ditional adiabatic argument, which is missing in [23]. Still, the result in
[23] is correct for the same reason that the textbook derivation of the Born-
Oppenheimer approximation is incomplete but yields the correct result in-
cluding the first order Berry connection term. In [13] it is observed that one
either has to assume spherical symmetry of the confining potential, which
implies that [H., Py] is of order €3, or that one has to do an additional av-
eraging argument in order to determine an effective Hamiltonian valid for
times of order £2. For our case of large kinetic energies the simple argument
just gives

I[e™, Ro][| = OCelel)

Therefore we need to replace the adiabatic subspaces Py’H by so called super-
adiabatic subspaces P*H in order to pass to the relevant time scale.

We end the introduction with a short discussion on the physical meaning of
the scaling. While it is natural to model strong confining forces by dilating
the confining potential in the normal direction, the question remains, why in
(17) there appears the factor €2 in front of the confining potential, or, in our
units, why there appears the factor €2 in front of the Laplacian in (14). The
short answer is that without this factor no solutions of the corresponding
Schrodinger equation would exist that remain e-close to C. Any solution
initially localized in a e-tube around C would immediately spread out because
its normal kinetic energy would be of order 72, allowing it to overcome
any confining potential of order one. Thus by the prefactor e72 in (17) the
confining potential is scaled to the level of normal kinetic energies for e-
localized solutions, while in (14) we instead bring down the normal kinetic
energy of e-localized solutions to the level of the finite potential energies.

The longer answer forces us to look at the physical situation for which we
want to derive asymptotically correct effective equations. The prime exam-
ples where our results are relevant are molecular dynamics, which was the
motivation for [19, 20, 23], and nanotubes and -films (see e.g. [5]). In both
cases one is not interested in the situation of infinite confining forces and
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perfect constraints. One rather has a regime where the confining potential is
given and fixed by the physics, but where the variation of all other potentials
and of the geometry is small on the scale defined by the confining potential.
This is exactly the regime described by the asymptotics ¢ < 1 in (14).

2 Main results

2.1 Effective dynamics on the constraint manifold

Since the potential V. is varying along the submanifold, the normal and
the tangential dynamics do not decouple completely at leading order and,
as explained above, the product structure of states in Fy’H is not invariant
under the time evolution. In order to get a higher order approximation valid
also for times of order €72, we need to work on so-called superadiabatic
subspaces P.H . These are close to the adiabatic subspaces Fy’H in the sense
that the corresponding projections P. have an expansion in ¢ starting with
the projection F.

Furthermore when there is a global orthonormal frame of the eigenspace
bundle defined by Py(q), the dynamics inside the superadiabatic subspaces
can be mapped unitarily to dynamics on a space over the submanifold only.

We restrict ourselves here to a simple energy band, i.e. with one-dimensional
eigenspaces. This circumvents an eventual topological non-triviality:

Remark 1 If Ey : C — R is a simple constraint energy band (as defined in
Definition 3), then the corresponding eigenspace bundle has a smooth global
section o : C — He(q) of normalized eigenfunctions. Furthermore the oper-

ator Uy : H — L*(C,du) defined by (Ugth)(q) == (poltb)(q) satisfies
Uilo=Py & Ui =1,
where Uy is given by Uiy = potp for all € L*(C, du).

To see this we notice that the eigenfunctions of H¢(q) can be chosen real-
valued because H¢(q) is a real operator for all ¢ € C. So we deal with a
bundle that is the complexification of a real bundle. The first integer Chern
class of a complexified bundle always vanishes (see e.g. [3]). For a line bundle
this already means that the bundle is trivializable due to a classical result (see
e.g. 2.1.3. in [4]). That is why we can choose a global normalized section .
We mention that Panati [26] showed that for a compact C with d < 3 the
triviality also follows from the vanishing of the first integer Chern class.
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Of course we could also simply assume the existence of a trivializing frame.
However, we do not want to overburden the result about the effective Hamil-
tonian (Theorem 2). Generalizations to the case of non-trivializable bundles
are the subject of present work.

Theorem 1 Fiz E < oo. Let Vo, W € C°(C,C°(N,C)) and Ey be a simple
constraint energy band.

Then there are C' < oo and g9 > 0 such that for all € < ey there are
e a closed subspace P*H C H with orthogonal projection P¢,
e a Riemannian metric g5z on C with associated measure duig,
e a unitary mapping U : PH — L?(C, dus),
e and a self-adjoint operator Hex on L*(C,ducy)
which satisfy
” (efiHEt _ us*efiHeEﬂtus) Pex(HF) H,c(ﬁ) < CY (18)

for all t € R and each characteristic function x with supp x C (—oo, E].
Here x(H¢) is defined via the spectral theorem. Furthermore

(7 — s e Menttte) Pon(H) || iy < C2 (1 +1),  (19)

where U5 = UpD? and P; := D.PyD;.

The proof of this result can be found in Section 3.1. The result (18) means
that, after cutting off large energies, the superadiabatic subspace P°H is in-
variant up to errors of order £3|t| and that on this subspace the unitary group
e i on L2(NC) is unitarily equivalent to the effective unitary group e #en!
on L*(C) with the same error. In particular, there is adiabatic decoupling of
the horinzontal and vertical dynamics. We note that the energy cutoff x(H®)
is necessary in order to obtain a uniform error estimate, since the adiabatic
decoupling breaks down for large energies because of the quadratic disper-
sion relation. It should be also pointed out here that, while P*x(H¢) is not a
projection, |Pex(H®)Y| > (1 — ce)||¢|| for a ¢ < 0o independent of £ on the
relevant subspace U*X(H)L*(C, dpcs) for x with slightly smaller support
than x (follows from Lemma 6 below).

The result (19) follows from (18) by replacing P¢ and U° by their leading
order expressions P§ and U5, which adds a time independent error of order ¢.
While somewhat weaker, the result (19) is much better suited for applica-
tions, since P; and U are explicitly given in terms of the eigenfunction ¢
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and depend on ¢ only through the scaling by D.. Moreover, as we will see in
Theorem 2, an asymptotic expansion of HJ; including all relevant terms can
be computed explicitly as well.

Before we come to the effective Hamiltonian, we note that the above result
about effective dynamics for NC will imply an analogous result on A.

Definition 4 Set Ay = (q>dde)1/2 (o @) with ® : NC — Bs as constructed
in Section 1.1 and ®*dt the pullback of dr via ®. This defines an operator

A€ L(L*(A,dr),H) with AA* = 1.
The stated properties of A are easily verified by using the substitution rule.

Corollary 1 Fiz 6 >0 and E < co. Let H5 := —?A 4+ V§ be self-adjoint
on L*(A,dr). Assume that V¢ := AVSA* satisfies the assumptions from
Theorem 1. Then there are C' < 0o and ey > 0 such that for alle < ep,t € R

5

|74 — A y=e ™ Men Y= A) A PIX(H)A | oo aary < C€° I

for each characteristic function x with supp x C (—oo, E].

The proof of this result can be found in Section 3.2. Of course, the choice of
our metric (10) changes the metric in a singular way because it blows up a
region of finite volume to an infinite one. However, it will turn out that the
image of P¢ consists of functions that decay faster than any negative power
of |(|/e away from the zero section of the normal bundle. Therefore leaving
the metric invariant on Bj/, is sufficient; due to the fast decay the error in
the blown up region will be smaller than any power of ¢ for ¢ < 4.

We note that the assumptions made about V¢ in Theorem 1 translate into
local assumptions about V3, i.e. they only have to be valid on a tubular
neighborhood of C with diameter of order 0. Furthermore V¢ := AV;A*
is convergent for |v| — oo. Therefore Hf(q) has eigenvalues only below
the continuous spectrum. Then a separated energy band is automatically a
constraint energy band as was explained in the sequel to Definition 3.

2.2 The effective Hamiltonian

We write down the effective Hamiltonian only for states with high energies
cut off. Then H.g does not depend on any cutoff, which is a non-trivial fact,
since we will need cutoffs to construct it!
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Theorem 2 Let 1;, ¢ € H. In addition to the assumptions of Theorem 1 let
wo € CF (C, Hf(q)) be a global family of eigenfunctions corresponding to Ey
and X € C3°(R) with X|finto(me),5 = 1 and supp x C (—o0, £+ 1).

For b == UX(HU*x(H )Y the effective Hamiltonian H; from Theorem 1
is given, modulo terms of order £3||9||||v]], by

(O | Heg ¥ ) r2(coausy)
= [ (sia (@0 ev) + 6" (B2 V" Wonh + 2 W)
— &2 MW" (Do, v, ), W(eVDiath, i), ¥)) ) diicr,
where for 11,72 € T(T*C)
Jer(T1,72) = g(11,72) + & (o 201(.)(71,72) ¢o ),

+ &2 <¢0’39(W(.)7'1,W(.)7‘2) Yo + ﬁ(ﬁ, ., To, -)900> )

He
v = —iedv — (silool Voo + <
N,C

— 2 i{ 0 [2(W() = (o0 | W) ) Vi ) )

f

wn

oo R(VYo, v)vdy

with W the Weingarten mapping, 11 the second fundamental form, R the
curvature mapping, R the Riemann tensor, and Tq*)C and Né*)C canonically

included into T, ((;é)NC . The arquments (.) are integrated over the fibers.
Furthermore W2 = <¢0|%V1,W300>Hf + Ve + Vaeom + Vamp and

VBH :/ 92 (Vo5 , (1= Py) Vo) dv,
NyC

Veeom = —79(m,n) + 36 — g (F+tre Ric + tre R),

Vamb = / % ﬁ
NyC

M(P,T) = /NCCI)(l—PO)(Hf—EO)1(1—P0)\Ildu,

~

VY5, v, VYo, V) dv,

\D(A,p, (b) = _SOOtrC(W(y)A) - 2ngf(vh3087p) + 900‘/1¢

with n the mean curvature vector, k, K the scalar curvatures of C and A, and
tre Ric, tre R the partial traces with respect to C of the Ricci and the Riemann
tensor of A (see the appendiz for definitions of all the geometric objects).

This result will be derived in Section 3.3. Some explanations of the numerous
corrections and its consequences are in order.
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Remark 2 i) If C is compact or contractible or if Ey is the ground state

iii)

energy of Hy, Vo € CF° (C, CgO(NqC)) implies the extra assumption that
wo € C°(C, Hs) (see Lemma 12 in Section 4.3). We do not know if
this implication holds true in general.

The effective momentum pSg induces a Berry connection (see Proposi-
ton 1 below). The first order correction in pig is the natural geometric
generalization of the Berry term appearing in the Born-Oppenheimer
setting (see [35]). The origin of the modification is the possible non-
flatness of the normal bundle. When the constraining potential is not
allowed to vary in shape but only to twist, the first-order correction
reduces to the Berry term discussed by Mitchell in [23].

The correction of the metric tensor by exterior curvature is a feature not
realized before because tangential kinetic energies were taken to be small
as a whole. Its origin is that the dynamics does not take place exactly on
the submanifold. Therefore the mass distribution of the wavefunction
in normal direction has to be accounted for when measuring distances.

The off-band coupling M and Vgu, an analogue of the so-called Born-
Huang potential, also appear when adiabatic perturbation theory is ap-
plied to the Born-Oppenheimer setting. However, they are modified
here if the curvature of the normal bundle does not vanish. Further-
more M contains a new fourth order differential operator which comes
from the exterior curvature. Both M and Vgy can easily be checked to
be gauge-invariant, i.e. not depending on ¢y but only on F.

The existence of the geometric extra potential Veeom has been stressed in
the literature, in particular in the context of curvature-induced bound
states (reviewed by Duclos and Exner in [11]). In our setting there are
lots of situations when it is of minor importance because of the first
order corrections. The potential Vo, was also found in [23].

We end this subsection with a closer look at the induced Berry connection.

Proposition 1 Vi = (ipsz1)(7) is a metric connection on the trivial
complex line bundle over C where ¢ takes its values. Its curvature mapping
15 given by

RV (r,m) = Vvl — vyl _ et

= 82/ ?(‘PS v, RL(TI7T2)VVQPO) dv + 0(53)7
NqC

where Rt is the normal curvature mapping (defined in the appendiz).
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The proof is provided in Subsection 3.4. Although we consider a varying (g,
we obtain here the same expression for the curvature as Mitchell in [23]. The
reason for this will turn out to be that ¢y can be chosen to be real locally
because Hy is real. In [23] the above expression is shown to vanish at all
q € C where @o(q) has at least k — 1 distinct orthogonal axes of reflection
symmetries. In [20] Maraner identifies it as the origin of roto-vibrational
couplings in a simple molecular model.

3 Proof of the main results

In the following D(A) denotes the domain of an operator A. For convenience
we set D(H®) := H. We recall that we have set (v) := /1 + [v]2. A= (1)’
is meant to be the multiplication with (v)!. We write a < b if a is bounded
by b times a constant independent of ¢, and a = O(&) if |a]| < &'. Finally
we say that A is operator-bounded by B, A < B, if D(B) C D(A) and
JAYI| S | B + 1] for all ¢ € D(B).

3.1 Proof of adiabatic decoupling

As explained in the introduction the first step in proving adiabatic decoupling
is the unitary transformation of H¢ by multiplication with the square root
of the relative density p := d;g -, of the volume measure associated to g and
the product measure on NC. The abstract statement reads as follows:

Lemma 1 Let (M, g) be a Riemannian manifold. Let doy,doy be two mea-
sures on M with smooth and positive relative density p := %. Define

M, : L*(M,doy) — L*(M,doy), ¥ — p21h.
Then M, is unitary and it holds
Mﬂ(_Adal)M;w = _Adazqvb - (ig(d(lnp%d(lnp)) - %AdT(lnp)>¢
= _Adazw + ‘/pwu
where Agy, = divg,, grad ) and divg,, is the adjoint of grad on L*(M,do;).

The proof is a simple calculation which can be found in the sequel to the

proof of Theorem 1. We recall from (12) that p = #g% is in Cp°(NC) and

strictly positive independently of €. Therefore V, is in C°(NC) for our choice
of p. Since p is equal to 1 outside of Bj/s, V, is even in C°(C, Cp°(N,C)).
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The heart of Theorem 1 is the existence of a subspace P.H C 'H that can
be mapped unitarily to L?(C,du) and is approximately invariant under the
time evolution:

Lemma 2 Under the assumptions of Theorem 1 there is ey > 0 such that for
all e < gg there is a closed subspace P.H C 'H with corresponding orthogonal
projection P. € L(H) such that for each m € Ny and x € C*(R,[0,1]) with
supp x C (—o0, E + 1] it holds P. € L(D(H™)) and

I[He, Pl ey = O(e), [He, PIX(He) e pzyy = O(®).  (20)

and
Vil eN: ) P(v) e, 1) P ey S 1 (21)

Furthermore there is a unitary U, with P. = U* PyU. and ||U€—1||£(H) =0(e).

The construction of P, and UE is carried out in Section 4.3. When we take its
existence for granted, it is not difficult to prove that the effectice dynamics
on the submanifold is a good approximation.

PROOF OF THEOREM 1 (SECTION 2.1):

Let dugg be the volume measure associated to g5z which is given by the
expression in Theorem 2. For any fixed £ < oo Lemma 2 yields some uni-
tary UE for all € below a certain 5. We define U, := UOUE. Using Remark 1
and Lemma 2 we have

UrU. = UU;UU. = U'RU. = P..

In view of Lemma 1, we next set U* := M;U.D.M, with p = M%

p = dﬁ‘; . Furthermore we define P¢ := U**U*. Then, indeed, U® is unitary
eff

from PH to L*(C,duss). Finally we set

and

G = UWHU™ = M;U.H.UM;. (22)

We notice that H; is symmetric by definition. U, is unitary when restricted
to P.’H due to Lemma 2. So the self-adjointness of H; is implied by the self-
adjointness of P.H.P., which is in turn a consequence of the self-adjointness
of P.H.P.+ (1 — P.)H.(1 — P.). For € small enough this last self-adjointness
can be verified using Lemma 2 and the Kato-Rellich theorem (see [29]):

H. — (P.H.P.+ (1 - P.)H.(1 - F.))
(1 - P.)H.P. + P.H.(1 - P.)
(1 - P.)[H., P.] — P.[H., P.]
= (1 - QPE) [H£7Pa]'
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Lemma 2 entails that [H,, P.] is operator-bounded by € H.. Hence, for ¢ small
enough (we adjust ¢y if nescessary) the difference above is operator-bounded
by H. with relative bound smaller than one. Now the Kato-Rellich theorem
yields the claim, because H. is self-adjoint (as it is unitarily equivalent to
the selfadjoint H*).

In order to check that (19) is an immediate consequence of (18) it suffices
to verify that || — ug”ﬁ(ﬂ,L?(c,dugﬁ)) = O(e). Since ||Us = 1||zn) = O(e) by
Lemma 2 and ||p — 1||cc = O(e) by definition of duis, we obtain that
le” — USHE(EB(c,dugH) = HMﬁUOPOINJsD M, - UOPODsHaﬂ,L?(adugﬁ))
= [[UsPyDe(M, — )HL HL2(Cdp)) T O(e)
S ) DM, = Dllearag + O),

where we used [[Py(v)| ) S 1 in the last step. In view of (12) a first
order Taylor expansion of M, in normal directions yields that D.(M, —1) is
globally bounded by a constant times (). So we end up with the desired
estimate.

We now turn to the derivation of the estimate (18). To do so we first pull
out the unitaries Mj, M, and D.. For the rest of the proof we drop the
g-subscripts of P. and U..

( —iHTt g gexg *lHefftz/{E) P x(H?)

_ MpD*( _IDEMPHEM*D* U*e—iMpHeffMﬁtU) DEMP PEX(HE)
MDD (et — Ut VI ) DM, UTUS X (HE)
= M;D: (7 — Ure VUMY UM MU DM, X(HF)
=MD (e Ut VI UMD y(HL) DM,

Since M, and D, are unitary, we can ignore them for the estimate and con-
tinue with the term in the middle. Next we use Duhamel’s principle to
express the difference of the unitary groups as a difference of its generators.
Because of UU* =1 and P = U*U we have that

(e7HHet — e WHU ) U1 x (HL)
_ (P _ U*e—iUHEU*tUeiHEt) e—iHst X(Ha) + [e—iHst’ P] X(Hs)

¢
_ i/ U*efiUHEU*s (UHEU*U . UHE) eiHas X(Hs) ds efiHst
0
+ [e7=", P] x(H.)
¢
= j/ Ure VHU ST (H.P — PH.) x(H.) efe* ds e 1He!
0

+ e Pl x(H.). (23)

25



Now we observe that [H., P] x(H.) = [H.,U*U| x(H.) = O(*) implies that
e, PL(H) [ 1 = O, (24)
since [e7 =t y(H.)] = 0 due to the spectral theorem and
[e_iHst, P] X(Ha) — e—iHet (P . eiHstPe—ngt) X(Hs)

t
= —e Mt / s> (H.P — PH.) e "= ds x(H.)
0
t
= —e_ngti/ =5 H,, P x(H,.)e =% ds.
0

So in view of (23)
H (e—iHat . U*e—iUHEU*tU) PX(Hg) Hﬁ('H)

(24) ¢ . . .
< ’/ Ure VHU S (H,P — PH.) x(H.) e ds + O(E))
0 L(H)
* —iUHU*s iH:s
< t]Ure Ull gy 1 1Hes PIXCH ey || €7 gy +OE1)
<1 =1
(20)
= O@[t]).
by Lemma 2. This proves the error estimate (18). O

PROOF OF LEMMA 1:
M, is an isometry because for all ¢, p € L*(M, doy)

/Mpw*Mpsod@ _ / Vo pdos = / Do don.
M M M

Therefore it is clear that .
My = p29¢
which is well-defined since p is positive. One immediately concludes

MM = 1d = M:M,

and thus M, is unitary. Now we note that grad, p~z] = -1 pzgradlnp.
So we have

* 1. _1
Mp(_Adcn)Mpl/} - _pzdlvdcn grad(p 2¢)

= —prdivg,, p 2 (grady — 3(gradIn p)v)
= — ,O%divdg1 ,0_% grady + p%divdg1 (p_%%(grad In p)z/z)
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On the one hand

p2divas, p 2 grady = pdivay, p ' grady + 5 9(gradIn p, grady)
and on the other hand
,O%divdt71 (p_%%(grad In p)zb) = — 2g(gradlnp, gradIn p)e

+ 1 divgy, (gradIn p)y
+ 1 g(gradIn p, grady).

Together we obtain
My(=Dgo) )Myt = — pdivey, p~ ' grady
— (}L g(gradlnp,gradInp) — % divg,, gradIn p)zﬁ

= At — (glgradlnp,grading) — L Ag, Inp)o,

which is the claim. O

3.2 Pullback of the results to the ambient space

First we state an immediate consequence of Lemma 2 for the projector P*
that was defined at the beginning of the proof of Theorem 1.

Corollary 2 For each x € C*(R, [0, 1]) with supp x C (—oo, £+ 1] it holds

P e L(H)NL(D(H®)) and
I P Nleqpnzy = OE) NS PIXHE gy = O (25)
Furthermore
VimeN: (/) P /)™ oy s N0/ P v /e) ey S 1. (26)

We omit the proof which uses only the unitarity of M, and D, as well as
D.(v)D! = (v/e). Now we gather some facts about the operator A defined
in (4) and its adjoint.

Lemma 3 Let A be defined by Ay = % (Y o @) with ® : NC — B;s as

constructed in Section 1.1.

i) It holds A € L(L*(A,dr), H) with
1AV L2 veam < 1] L2(a,dr) V€ L*(A,dr).
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ii) For ¢ € H the adjoint A* of A is given by

Ay = (% gp) o® ! on Bj,
0 on ./4 \ B(;.

It satisfies || A*¢|| 2(a.4r) = @l 2(Neap), A*A = xBs, and AA* = 1.
iti) A*P. € L(D(H?),D(Hy)) and

||(HZA* — A*Ha)Pa||£(D(Ha)7L2(A7d7_)) < 53. (27)

~

The last estimate is crucial for the proof of Corollary 1. It results from the
two facts that H4A* = A*H* on Bs)s by construction and that P¢ is small
on the compliment. Lemma 3 will be proved at the end of Section 4.1. We
now turn to the short derivation of Corollary 1.

PROOF OF COROLLARY 1 (SECTION 2.1):
By Lemma 3 we have AA* = 1. Therefore

(e—iHj‘t — A* ua*e—iHjﬁtuaA) A* PaX(Ha)A
— ((efiHth* — A* efiHEt) 4 A*(efiHEt _ us*efnggtus)>rP€X<Hs)A
Since A and A* are bounded by Lemma 3, Theorem 1 implies that the second
difference is of order £3|t]. So it suffices to estimate the first difference. The

estimate (25) implies [e 77 P] x(H®) = O(?|t|) analogously with the proof
of (24). So

(e_iHi‘tA* — A* e—iHEt)Pax(Ha)A
= e A(ATPT - WA PRI (H) A + AT P X(H)A

t
:m%#/w%www—mwww%ﬁmmw+o@m

0
¢
:mmj/wwmm_mmwww%%M@+aﬂm
0
= O(e%])
due to (27) and x(H?) € L(L*(NC,du), D(H*)). O

3.3 Derivation of the effective Hamiltonian

The Hamiltonian can be expanded with respect to the normal directions
when operating on functions that decay fast enough. To do so we split up
the integration over NC into an integration over the fibers N,C, isomorphic to
R*, followed by an integration over C, which is always possible for a measure

of the form du ® dv (see chapter XVI, §4 of [18]).
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Lemma 4 Let m € Ny. If a densely defined operator P satisfies
1P Ncowmay S 1 10 Pllapwrypey S 1

for every | € N, then the operators H.P,PH,. € E(D(Hg"“),H) can be

expanded in powers of € in the sense of bounded operators:

H.P = (Hy+ eHy + e’Hy) P + O(e%),
PH. = P(Hy+ eH; + £’ H,) + O(%)

where Hy, Hy, Hy are the operators associated with

Gy = [ [ eV eV ) dvdu + (6lHibn (28)
¢ JN,C

(p|H W)y = / / 211, (eV"¢*, eV™) + ¢* VW dvdp,
¢ JN,C

(p|Hoth)yy = / / 3g(W, eV"¢* W, eV") + R(eV ", 1, eV Y, 1)
Cc JN,C
+2R(eV" 1, VY, v) + 2R(VY¢*, v, eV, 1)
+IR(VYO" v, VY, 1) + ¢* 3V, W + Vyeom )t dv dp.
Furthermore forl =0,1,2
HP < H™' PH < H™!. (29)

This will be proven in Section 4.2. Definition 3 and Lemma 2 imply that
Lemma 4 can be applied to the relevant projectors Fy and P. with m = 0.
In the next lemma we gather some useful properties of Py, the global family
of associated eigenfunctions ¢ (see Remark 1), and U, (see Lemma 2):

Lemma 5 It holds
i) Vi,meNy: [[() Po(v) ey S 1, [[=*An, Polllep)n S €

~Y

ii) There are U, U5 € L(H) N L(D(H.)) with norms bounded indepen-
dently of € satisfying PobU Py = 0 and USPy = RUSPy = PyUs such
that U, = 1+ U5 + €*Us.

ii) [|PoUs (V) 2y S 1 for all 1 € Ny.
iv) For B :=UiU.x(H.) and all w € {1, (U§)*,(U5)*} it holds

| [=€*An + Eo, ubo) B* = O(e). (30)

leoy
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v) For Ry, (Eo) := (1 — By)(H; — Eo) ™ (1 — Py) it holds

|UT*B* + Ry, (Eo) ([, Po] + H1)PoB7| 5 = O(e) (31)

H,D(He))

vi) If po € CIM(C, Hy), there is Ao 2, 1 with sup, [|e*"¢q(q)||3q) S 1 and

777777777

forallvy,...,v; € IW(NC) and 11,..., 7 € IW(TC).

Since Us does only effect P.H but not the effective Hamiltonian, we have
not stated its particular form here. The proof of this lemma can be found in
Section 4.3. To calculate the effective Hamiltonian we also need the following
commutator estimates.

Lemma 6 Let x; € C°(R), (H,D(H)) be selfadjoint on H, and A € L(H).

a) Let x5 : R — R be a bounded Borel function. If there are j,l,m € N with
H [H7 A] XQ(H) ||E(D(Hl),D(Hm—1)) rg 5]7 then

H[X1(H),A] XZ(H>HL(D(HZ*1),D(H’”)) N e’

b) Let B € E(H,?—NQ with BB* =1 and B*B = A. Assume that the operator
(H = BHB*,D(H)) is selfadjoint on H. If there is j € Ny such that
IH, Allleoim,my < € then

2j

|x1(H) — Bx1(H)B" e,

<
L(H,D(H) ~

These statements can be generalized in many ways. Here we have given ver-
sions which are sufficient for the situations that we encounter in the follow-
ing. We emphasize that the support of x2 need not be compact, in particular
x2 = 1 is allowed. Now we are ready to derive the effective Hamiltonian.
Lemma 6 will be proved afterwards.

PROOF OF THEOREM 2 (SECTION 2.2):

We recall that we defined U, := UyU., U* := M;U.M,, P° := UU*, and
HEy = UTH*U" in the Proof of Theorem 1, which implied P, = U U..

By Theorem 1 Hg; is selfadjoint. Furthermore U*U** = UyU; = 1. So,
in view of Corollary 2, P¢ and U°® satisfy the assumptions on A and B in

Lemma 6 with j = 1. Let x and x € C°(R) as in the theorem. Then the
spectral calculus for selfadjoint operators implies X(Hz)x(H) = x(H)-

[S)
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Therefore

IHED = IR HI N
S UEXHAU=XH v || + * [Ix(He) ¥
= vl + & Ix(He)¥ll.
For & small enough this implies IX(H)|| < ||¢]|. Hence, it is enough to
prove estimates by ||x(Hg;)v||-

For arbitrary ¢ we set ¢; := MZ1. In the sequel we omit the e-scripts of U7,
Us, and U.. We claim that

(¢l Her ) = (95| MzHe Mzip;)
= <¢ﬁ | UH. U*¢ﬁ>
= <¢ﬁ | Uo (H() + €H1 + €2H2) Ug ’Lbﬁ)
+ €<¢/3 | Uo (Ul (HO + EHl) + (HQ + €H1> Uik) Ug@bﬁ)
+ &% (¢ |Uo (U HoUy + Uy Hy + HoUy) U 5)
+ O glll[1])- (32)
If we could just count the number of ¢’s after plugging in the expansion from
Lemma 4 for H. and the one from Lemma 5 for U, this would be clear. But
the expansion of H. yields polynomially growing coefficients. So we have to
use carefully the estimate (29) which is allowed due to the decay properties
of P, Fy, and PyU; from Lemma 2 and Lemma 5.
In view of Lemma 2 P. satisfies the assumptions on P in Lemma 4 for m = 0
and thus || P.(H. — (Ho + €Hy + €2Hs)) || cp(m) ) = O(e%). We notice that
X(H.) € L(H,D(H.)) because H. is bounded from below and the support
of x is bounded from above. By Lemma 5 it holds u € L(D(H.)) for each
u € {U*1,Uf,Us;}. Furthermore Lemma 5 implies that u P, satisfies the

assumptions on P in Lemma 4 for all such u because U*Py = P.U*P, and
Us Py = PyU; Py. Hence, we may conclude from (29) that

IhuUsvsll = huPyUx(H) U (X(Heg))sll S IX(Heg) Pl (33)

for each h € {H., Hy, Hy, H,}. So, recalling that || x(H)i|| is estimated by
||| we have

UH.U; = UP.H.UU; ¥,
= UP.(Hy+eH, +*Hy) UUs 5 + O(3||Y]))
= UP.(Hy+¢cH; + 52H2) (1+eUy + €2U§)U5‘ V5 + (’)(53H¢||)

- U((H0 +eHy + &2 H,)

2 (Ho+eH)U + 2HoU3 ) Us 65 + O(]10]).
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For the rest of the proof we write O(e') for bounded by &!||¢[|||¢)]| times a
constant independent of ¢. Using that Uj = Py/U; and FPyUy; = UsFy by
Lemma 5 we obtain

(¢|He) = (5| UH-U ;)
= (¢;|U(Hy + eHy + 2Hy) Py U 5)
+ (5 |U (Ho+eHy) U Py USs)
2 (U ¢5 | U HoR Uy Ustps ) + O(e?), (34)
After plugging U = (1 + U, + 2Us)U we may drop the terms with three or

more €’s in it because of (33). Gathering all the remaining terms we, indeed,
end up with (32).

Now we set H := L*(C,du) and calculate all the terms in (32) separately.
Remark 1 yields that for any operator A

(951 Uo AUG Yp)1, = (0095 | Awotbs)n- (35)

In view of Definition 1 we have

V00 = 15 Vo,
eV a0 = woedd; + eV 0,

where d is the exterior derivative on C. We note that sup, [[eV"@q|[3,(q) is
of order ¢ by Lemma 5. Furthermore the exponential decay of ¢, and its
derivatives due to the same Lemma guarantees that in the sequel all the v-
integrals are bounded in spite of the terms growing polynomially in v. These
facts will be used throughout the computations below. We write them as
quadratic forms for the sake of readability. However, one should think of all
the operators applied to ¢ as the adjoint applied to the corresponding term
containing ¥. We have

900¢p | Hy <P0¢p
28 *
/¢%%%m%w+// (VP eV g0ty du d
N

= [aEvpdn+ [ [ 1P gleagyedv) + coleedds v, V)
c ¢ JN,C

+e9(05 Vb poed;) + €2 g(o5 Ve, 15 Vo) dv dp
= /9((peff¢ﬁ)*,peff¢ﬁ) + ¢sEyU; + €8 ¢5Vau U dp

c

— & /9(5d¢;§>¢ﬁ(31 + Ry)) + g(¢5(R1 + Ry), ed;) dps (36)

c
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with remainder terms Ry := (o |2(W(.) = (o | W(.)¥0 ):) V0 )3, and
g 1= quC % o R(chpo, I/)l/dV. R, is cancelled by a term coming from Hi:

(100¢p’H1 8001%
28
D[ [ M) s eV ) + 0 (Wl v dv d
NgC

— // 002 QII(V)(edgbz,ed@/)ﬁ) + 5211(V)(908 edg’, v; thoo)
cJn,c
+e 200(v) (95 V05, o edips) + &5 (VW) lol|* ¥ dv dp + O(e?)
- / (ol201(.) ((Pesdss)" s esrts) Po)re i + / 540l (VY IV ) o), U

+e /c g(edgl, vsR1) + g(¢sR1,edv;) du + O(e). (37)

At second order we first omit the terms involving the Riemann tensor:

(pods | H2 potv5)n — 'Riemann-terms’

2 //N 39 (1)eViy;, o5 W(v )avhgo(ﬂbﬁ)
¢ ( VV W—i_‘/geom)’SOOPwﬁ dl/d,u
- /<900’39 -)edes, W(. )5d¢ﬁ)900>m dp + O(e)

+ /Qﬁﬂi <¢0|(%VV,W)300>7‘Q + ‘/geom)wﬁ d,u
= /<900‘39 D perts)”, W )pets) #0)y,, dpt

" / 6 (ol AV Wgobs + Vieom)tp dt + O(2),  (38)
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where we used that iedy; — pegt; = O(e) in the last step. Now we take care
of the omitted second order terms.

'Riemann-terms’
2 / /N R(eVPpi05, v, eVipoh5,v) + 2R (Vo505 v, V¥, v)
+ 2 R(VYppos, v, eVioos,v) + 3 R(VY@ids, v, VYoo, v) dv dp
/C/ch lpol* R(edes, v, ediys, v) + 2 R(phedds, v, v; Vo, v)
+ §ﬁ(¢gvvgpg, v, po edi);, u) + % ¢,§§(VV903, v, V¥, y) Ysdvdp+ O(e)
/C (00 | R(eds, ., dus, ) po)y, dit + /C OV U

+ /C 9(5Ra, edps) + g(edes, sRy) du + O(e). (39)

Again replacing iedy; with peg1); and g with geg yields errors of order € only.
In view of (35)-(39), we have

(95 Uo (Ho + €Hy + €2Ha) Ug ¥5)1.
= /ngﬁ((peﬁ¢ﬁ)*7peff¢ﬁ) + Cb; E() Ql)ﬁ
+ 05 (0o VYW o)p, + WD) g dpu + O(®). (40)

Before we deal with the corrections by U; and U, we notice that due to
(1—-Py)Us =0and UyUf =1
(1-— PO)([—eAh,PO] + Hl) Uivp
= (1= Py)([~eAn UiUs] — treeV"W(v)eV" + Vi) Use;
(1-— PO)(Vl — trc( (V0 Uy + évhl/\/(u)) 6Vh) Uivs; + O(e)
(1= Po) (poVivhy — 29(Vpp, edtys) — @otre(W(v)e?Vdy;)) + O(e)
(1= Fo)(
(

— By) (poViv; — @o trc(W(V)52Vd1/)ﬁ) —Qggﬂ(vh¢8a5d¢ﬁ)) + O(e)
1 — Py) W(e2Vdip;, edibs, v5) + Ofe). (41)

We note that Uy = BU*(x(Heg)t));. So we may apply (30) und (31) in
the following. Since Uy = UyFy by definition and we know from Lemma 5
that PyU; Py = 0, the first corrections by U; are an order of ¢ higher than
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expected:
<¢ﬁ ‘ Us ((H0 + eH)UF + Uy (Hy + 5H1)> U; ¢5>

= <¢ﬁ

= ¢ <¢ﬁ ‘ U0<<[5Ah,Po] + H) UP + U ([~en, Po] + Hl)PO) Us ¢ﬁ>Hs

S

Us (1P Hol +=H1) Uy + Us (IHo, Pyl +=H1) ) Us v5)

O <¢ﬁ ‘ Uy (A, Pl + Hy) Ry, (Eo) ([—eA, Ro] + Hy) Ug ¢ﬁ>HS
— (95 | UoUr (Hy — Eo) UTUg ¥p)m.
L e (WEVdy g bp) | Ris(Bo) (Vi e, i)
e (6| UoUs (H; — Eo) UrUE ),
= = [ MV (4050005, 07). W Vs v 7)) i
— & (05| UoUr (Hy — Eo) U UG ¥5) - (42)
Furthermore

(051 Uo (Uz Hy + HoUy) Ug ¥3) 1,
= (Usds | Po(Uz (—€*Ayp + Hy) + (—€*Ay + Hy) Us) PoUgtbp)n,
= (Uids| (PoUs (—*An + Eo) Py + Po(—*An + Eo) Us Py) Ugtbs)n,

O Uz | Py (Us + U3 Po(—2A + Eo) Uthphr, + O(e)
= —(Uios| PoUU; Py(—€* Ay + Eo) Ugths)r. + Ofe), (43)

since U = 1+ eU; + €2U, implies via B UU*Py = Py and PyU; Py = 0 that
Py(Uy + Uy)Py = — BULUT Py + O(e). Finally the remaining second order
term cancels the term from (43) and the second term from (42):

(¢35 | U Uy Hy U U ¢ﬁ>Hs
= (¢5| Uo Up (—* Ay + Hy) Uy Ug ¥5)m,

= {031 UoUs (Hr — Eo) Ut Ug b + UpUr(—€* Ay + Eo) Uy PoUg W),

30 X7 T
D (5 | UUs (Hy — Eo) UTU; ),

+ (05 | UsUrUy Py (—€* A + Eo) Ug 5y, + O(e). (44)
We gather the terms from (40) to (43) and replace diy; by pigt; in the
argument of ¥ , which only yields an error of order €3. Then we almost obtain

the claimed expression for the quadratic form of H.g, only with dp instead of
dpiesr. Here Mj; comes into play. By Lemma 1 the unitary transformation M;
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interchanges the former with the latter and adds an extra potential. Verifying
that this potential is only of order £ finishes the proof. It is given by

1 5 5 1 -
~ 1 9(ean ), 2d(In ) + 5 2 Agu(In p).

So it suffices to show that derivatives of In p are of order . But this is clear: g
and g coincide at leading order and so do their associated volume measures.
Therefore d(In p)’s leading order term vanishes. O

PROOF OF LEMMA 6:
We want to apply the so called Helffer-Sjéstrand formula (see [7], chapter 2)
to x1. It states that for any x € C5°(R)

1 .
) = = [ 05 Ru(e) = (15)
where Ry (z) := (H —z)~! denotes the resolvent and y : C — C is a so-called

almost analytic extension of y. We emphasize that by dz we mean the usual
volume on C. With z = x + iy a possible choice for y is

X(z+1iy) = 7(y) Zx(j)(x)

with arbitrary 7 € C*(R, [0, 1]) satisfying 7|_11) = 1 and supp7 C [-2,2]
and [ > 2. Then obviously y = x for y = 0 and

:X(2) == 0,X +i9,x = O(|Imzl"), (46)

which is the reason why it is called an almost analytic extension. We choose
such an almost analytic continuation x; € C3°(C) of x; with [ = 2. Next we
observe that for all 7 € Nj

V14 2[Imz[? + 2|z[?
|Tmz|

| Re ()|l e, piey < (47)

because for all ¢ € H

|H Ry () B G||* + || Ru(2)0
< 1+ zRu(2) HY|? + || Ru(2)0|*

[ B2 + ([ R ()]

2|2 2 1 2
< (2 >HJ
< (2 e 1P + e
1+ 2Imz|* + 2|22 ) .
Hiy|?).
TP (IR + 17 1)
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Now by the Helffer-Sjostrand formula
i) Alel) =~ [ 052 [Rn(2), A)dz ()
— [ 00) R A H) Ruz) de ()
C
= [ 00 Rue) A, H] () Rin(2)
C

where we used that [Ry(z), x2(H)] = 0 in the last step. Using the assumption
H [A, H| x2(H < &’ we obtain

) H[;(D(Hl),D(Hm))
Ix1(H), Al x2(H) ||£(D(Hl*1),D(Hm+1))

1 -

= [ R eoien oimy

x H [Hv A] XQ(H) HE(D(HZ),D(Hm)) ||RH(Z) ||£(D(Hl—1)7D(Hl)) dz

(46),(47) 1+ 2|Imz|* + 2|z]?
e’ / [Tmz|? Tz
supp¥1

AN

dz

< e,

because y; has compact support. This shows a).

The starting point for b) is the following observation:
x1(H) — Bxa(H / d=x1 (2 (2) — BRy(2)B*) dz.  (48)

So we have to estimate Rj(z) — BRy(z)B*. We note that B*B = A and
BB* = 1 imply that BA = B, AB* = B* and A*> = A. By definition
H = BHB*. Therefore

Ry (2) — BRy(2)B* = RBHB*(Z (1 — (BHB" — 2)BRy()B")
z) (1- — 2)ARy(2)B%)

= Ru(=) (1 BAB* B[H, ARy (2)B")
(2) [H, A]Rp(2)B".
Using that A% = A entails A[H, AJA = 0 we get that

2) BA[H, A](1 — A)Ry(2)AB*
[Ru(z), A|B*
A[H,AlRy(2)[H, A]Ry(z)B*

(

Ri(2) — BRu(2)B* = —Rp



We note that (47) holds true with H replaced by H because H is assumed
to be selfadjoint. Hence, we obtain

|Rg(2) — BRH(Z)B*Hc(ﬂ,D(ﬁ))
= || Ra(=)BH, AlRu(2) [H, A|Ri () B*|| .
V/1+2|Imz ]2 + 2|z|2

(H))

< [Imz| LA A]“%(D(HLH) HRH(Z)”%(H,D(H))
< (14 2Imz|? + 2[z]?)*/2
~ [Imz|3

by assumption. Together with (48) this yields the claim as in a) when we
put [ = 3 in the choice of the almost analytic extension. OJ

3.4 Computation of the Berry connection’s curvature

We will need that the (formal) connection V*, which the normal connection
induces on the bundle of functions over the normal fibers, is metric and the
expression for its curvature.

Lemma 7 It holds (V23|0)s, + (6| V), = (d(d|1h)s,) (7) and

Rh(ﬁ,ﬁw = <V£1V1;2—V£2V1;1—Vh ])@/) = ?(V, RJ_(TlaTQ)deJ)a (49)

[T1,72
where Rt is the normal curvature mapping (defined in the appendiz).

With this lemma we can compute the curvature of the effective Berry con-
nection. The lemma itself will be proved afterwards.

PROOF OF PROPOSITION 1 (SECTION 2.2):
It is not difficult to verify that V¥ is indeed a connection. V" is metric by
Lemma 7 and so

2Re(po|V00)r; = (Vigolpohm: + (0ol Vieo)r, = (d{oleo)r;)(T) = 0.

Thus the correction in V% of order ¢ is purely imaginary. In a similar way
it can be shown that the terms of order 2 are purely imaginary. Hence, for

all Y,99:C —C
5d(¢f¢2)(7) = (5d¢f)(7)¢2 + W(gd%)(ﬂ = (Viff@/)ik)% + ¢T(Viﬂ¢2>,

which means that Ve is metric.
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To compute the curvature we fix ¢ € C and choose again geodesic coordinate

.....

all 7, 7. Implicitly summing over repeated indices we have

RY (r,m)e = (VIS — VST = Vi))0
= nn (V5 Vs, — V5, Vi, ) v
= &7 (0, {20l V3, o) = O, (90l V5, @0)) ¥ + O(e?)
— <27 ({wol V5, V5, 90) + (V5 %0l V5, o)

— (5, 2ol V5, o) + (9ol V5, V5, o) )0 + O(?),

where we used in the last step that V" is metric again. Since Hj is real, we
may choose a real family of py’s on 2. Then the second and the third term
are equal and we obtain

eff

RY™ (71, 72) errir] <¢Oyvgzivgzj¢o — ngjvgzz_%mf + O
- <900|(v};1v};2 B VI;QV}_A N v}[lTl,Tz])900>Hf + 0(53)
= & {po|R" (11, m2)p0); + O(?)
- 52/ 3o, R (11, 72) V) dv + O(?),
N,C

which was to be shown. O

PROOF OF LEMMA 7:

Again we fix ¢ € C and choose geodesic coordinate fields {0y, }iz1....
open neighbourhood 2 of ¢ and an orthonormal trivializing frame {v, }o=1. %
of NQ. We define the Christoffel symbols I'} v, of the normal connection by

(0%
Y 1 _\k b
Fia by Vazi Vo = Z’y:l FiaVW‘
For v = n®v, the vertical derivative in local coordinates is given by

Vi (g v) = Op,(z,n). (50)
and the horinzontal connection is given by
4 W(q,v) = Optb(z,n) — I'jyn" Opip(x,n). (51)

The former directly follows from the definition of V¥ (Definition 1). To obtain
the latter equation we note first that for a normal vector field v = n“v,, over C
it holds

(ngiv)7 = OpnY + Tl n% (52)
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Now let (w,v) € C([—1,1], NC) with
w(0) = ¢, w(0) = 7(¢q), & w(0) = v, Viv = 0.

Then by definition of V" we have

Ve, Ve, v) = ds oW (w(s),v ())
= &lovw(s),v) + i vl v(s))
= 63011/}( q, + ( xiTl ) n“vz)(x’n)

n)
= 0u(q,n) — T}, n®0ptp(x,n)

where we used (52) and the choice of the curve v in the last step.

Let 7 € ['(TC) and ¢y,vy € L*(NC,g) N D(V!). We now verify that V"

is metric, ie. (d(¢1|v2)n)(T) = (VE1|Wa)3, + (1| VE2)s,. Because of
', = 0 for all a integration by parts yields

(T %0t | (0 >H {1 | L) n*0nv1bo >Hf = 0. (53)

Therefore we have

(d(hrltp2)) (1) = T (O, t1]t02) + 7' (¥01]0n,12)
= Tl<(8xl - anna nv)¢1|1/12> + T’<1/11|(8% - F;’anaam)z/;2>
= <V};¢1W2> + Wl’V}Tl?ﬂQ)-

To compute the curvature we notice that the calculation from the proof of
Proposition 1 in this case yields

RM1,m)p = 7;7-27((8% o 8x]FZa) O ) + [Ffano‘ na,F}ﬁnﬂam}i/J)
Using the commutator identity

[F?anoé na,F}.ﬁnﬁam}w _ (Fﬁ M. — Fﬁ F’y) Gyt

- j8 ja~ i

we obtain that

Ry = i (OuT, =% T, ~ T o

i~ j0 jor i
_ i ne
- 7-17-2 on] n'”?Z)

= g(V7R‘ (TlaTZ)V ¢)7

which was the claim. O
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4 The whole story

4.1 Elliptic estimates for the Sasaki metric

Since C is of bounded geometry, it has a countable covering {€2,;} by con-
tractable geodesic balls of finite multiplicity, i.e. there is [ € N such that
each €); overlaps with not more than [ of the others. Furthermore there
is a corresponding partition of unity {§; € C§°(€2;)} which has uniformly
bounded derivatives (see [32]). We notice that NCl|q, is trivializable for all

-----

-----

mal trivializing frame {14}, over ;. We recall the coordinate formulas for
V¥ and V" obtained in the proof of Lemma 7:

Vi, (g, v) = Onetp(z,n). (54)
and
Vo 0(a,v) = Owib(z,n) — T30 dptp(z, n). (55)

In bundle coordinates the Sasaki metric has a simple form. Here we keep
the convention that it is summed over repeated indices and write a® for the
inverse of a;.

Proposition 2 Let ¢° be the Sasaki metric on NC defined in (9). Choose
Q) C C where the normal bundle NC is trivializable and an orthonormal frame
{Va}a of NC|q. Define T}, by ngi Vo = I} vy In the corresponding bundle
coordinates the dual metric tensor gs € TZ(TNC) for all q € Q is given by:

w = (e )6 560

where fori,7=1,...,d and a,v,0 =1,... k

Ai(gn) = ¢"(q), B (gn) = &,
Ci(g,n) = —n"T7(q).

In particular, (det(gs)a)(q,n) = (det gi;)(q) fora,b=1,....d+ k.

The proof was carried out by Wittich in [36]. From this expression we deduce
the form of the associated Laplacian.

Corollary 3 The Laplace-Beltrami operator associated to gs s

Ag = Ay + A,
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PrOOF OF COROLLARY 3:
We set g := detg;; and pg := det(gs)a. Since (v,)F_; is an orthonormal
frame, we have that g(g,0)(On.,0n,) = 6*°. So (54) and (55) imply that

Ay = 0,000, & Ay = p (0 — T 0 ) g (0ps — T3 0" 0 ). (56)

Now plugging the expression for g& and det g2 from Proposition 2 into the

general formula Ag = szgil(MS)j@a s 9200, yields the claim. O

Next we gather some useful properties of A,, Ay, and V.

Lemma 8 Let f € C*(R) and 7 € T(TC) be arbitrary. Fix A € R. On'H
the following operator equations hold true:

i) DEA\,D: = €2AV, DsAhD: = Ay, l)EVEl);K = Ve,
ii) [via AV] = 0, [Ah’ AV] = 0, [V};7 f(()\y>)} =0,
2

iii) [Av, f(O)] = A () AR — 259%)) — X2 () R

We recall that A < B means that A is operator-bounded by B with a constant
independent of €. We will have to estimate multiple applications of V¥ and
V! by powers of H.. Central to our analysis, especially to the proof of
Proposition 4 below, are the following statements:

Lemma 9 Fiz A\ > 0 and [ € {0,1,2}. For all m € Ny and my + my < 2m
the following operator estimates hold true:

i) H" < (—&2Ay— A, + V)" < H™,
i) (—A)" (=) < HEm
i) ()™ [HIFL ()™ < HIFL
w) (v)~tm=sm2(YVym(eyhyme < g
The last three estimates rely on the following estimates in bundle coordinates.

Lemma 10 Let «, 3, be multi-indices with |a] < 21, |a] + |5] < 2m and
17| = 2. Then for all b € D(H")

i) (S Jo, Jurl R0l dnp(@ydz) " S I+ .

1/2
i1) () Jo, Jue | 70 dnp(@)dz) S (1(=22A0 =AY + )
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i) (55, Jo, fie (/)0 |l 102 g2 i p(a)er)
< (=28 — A0+ V)"l +

~Y

0) (5 o, S 001409 0 (1002 i () r)
S (=280 = A+ V)"l + 0]

We now provide the proofs of these three technical lemmas.

PRrROOF OF LEMMA &:

We fix one of the contractable balls ; C C. Let (v4)a=1,...x be an orthonor-
mal trivializing frame of NQ; and (z;);=1,. 4 be geodesic coordinates €2;.
Observing that D 1(x,n) = e */%¢)(z,n/e) and D*(x,n) = e¥/?¢)(z,en) we
immediately obtain i) due to (56).

Since V* is metric, (55) implies
ngiw(q, v) = 0ut(z,n) — %an (n“ﬁnv —n”@na)w(x,n).
Using that A, = 6°9,,.0,s by (56) we obtain that for any 7 = 790,
[VEA] = 717 (0peOny — 0pvOpa) = 0.

Since (v4)F_; is an orthonormal frame, we have that g(,0)(Ope, Ops) = 5°°.
This entails that (v) = /1 + dagn®nf. Now the remaining statements follow
by direct computation. O

PROOF OF LEMMA 9:
Since D, and M, are unitary, i) of Lemma 8 yields that i) is equivalent to

(H)™ < M,(—e’A, —?A,+ V)" M: < (H*)"™ (57)

for all m € N. By choice of 7 it coincides with the Sasaki metric gs outside
of B/, and, hence, so do Aye and Ag. In addition, this means p = 1 outside
of Bsjs and so M, is multiplication by 1 there. Then Corollary 3 implies
H® = M,(—&*A, —>A, + V)M on NC\ Bz Hence, it suffices to prove
(57) for functions with support in Bss/4 N €; by introducing suitable cutoff
functions. But Bss/4 M€); is compact with respect to both g and ¢° and here
both (H*)™ and M,( — e2Ay, — e2A, + V)" M are elliptic operators with
bounded coefficients of order 2m. Thus (57) follows from the usual elliptic
estimates which are uniform in j because Bss/4 is of bounded geometry with
respect to both g and ¢°.

43



We recall that V. € C°(C,C°(N,C) and turn to ii). By i) we may replace
H. by —e?A, — A, 4+ V.. We first prove the statement for [ = 0 induc-
tively. In view of (56) Lemma 10 implies that —A, < —¢2Ay, — A, and thus
also —?A, < —e2A, — A,. So due to the boundedness of V. the triangle
inequality yields the statement for m = 1 and

—2A, < —2A, - A, + VL. (58)

In the following we will write A < B 4 C, if ||Ay| < || By + [|C¥|| + [[¢]]-
We note that with this notation A < B implies AC < BC' + C.

Now we assume that the statement is true for some m € Ny. By the spectral
calculus lower powers of (—e2Ay, — A, + V.) are operator-bounded by higher
powers. In addition, A, and A, commute by Lemma 8. Then we obtain the
statement for m + 1 via

(=A™ < (A= A+ Vo) (ZA)™ + (A"
= (A" (= Ay — Ay + Vo) + Vo, (=A™ F (=A™
< (=2Ay — A, V) (AT
=< ( 2Ah o A +V)m+1

Here we used V. € C°(C,C°(N,C)), Ay = 6P0,00,s locally, and i) of
Lemma 10 to bound [V, (—Ay)™] by (=A,)™. Using [A,, Ay] = 0 and (58)

we have
(A" (=e?Ay) = (=€Ay) (=A™
< (=AL = A+ V) (=A™ + (=A™
Continuing as before we obtain the claim for [ = 1. Furthermore
(—A)™(=e*Ap)? = (=2Ay) (—A)™ (—*Ay)
< (=*Ay — Ay + V) (A (—%Ay)
F (=AD" (—€*An)
= (A" (—*Ap)(—*An — A, + V)
+ [VE, (—Av)m(—e2Ah)} + (—?Ay — A, + V)™
= (_€2Ah - Av + ‘/;)m+2 —I— [V;‘a (_Av>m<_52Ah)] .

To handle the last term we notice that
Z vhvh (59)
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for orthonormal sections (7;);=1,. 4 of T€2;. Then

.....

Ve (CA)"(=2A0)] = [Var (FA)™] (—22A0) + (~A)™ [V, (—2A))]

< (A (=2 A) F (A eV (—A)”
= Y1 EVE (AT F (=20 (A F (A"
< (A (-A)™ + (—A)™

=< (—82Ah — Av + V;)m+2

because

/ eV YT eVEpdp @ dv = / g(eVh* eV dpu @ dv
NC NC

= <¢|—52Ah1/1>
< |l = Any|| + (19l

We prove iii) only for [ = 2 which is the hardest case. We notice that

AN HE, (Qw)™™ = ()™ [He, (A) "™ HZ 4+ (\v)™ H. [H., (\v)~™] H.
+ (A\)™ H? [H., (\v)™™].

We also only treat the hardest of these summands which is the last one.
Inside of Bss/4 the estimate iv) can be reduced to standard elliptic estimates
as in ii). Therefore we may again replace H. by —&?A, — A, + V.. In view
of ii) of Lemma 8 we have

)™ (=*An = Ay + Vo2 [=e2A — Ay + VL, ()™
= (W)™ (=e?Ap = A, + Vo) [-Ay, ()™
= ()™ (A + V) [FAG ()] + ()™ [=Ay, ()77 (=% Ap)?
+2 W)™ (A + Vo) [= Ay, ()77 (=€ Ap)
+ ()™ [—2 Ay, Vo] [= Ay, (Av) ™™

We note that because of A, = §*°9,, On, and iii) of Lemma 8 the differen-
tial operator (A\v)™(—A, + V.)! [=A,, (\v)~™] contains only normal partial
derivatives and has bounded coefficients for any [. So by i) of Lemma 10 it is
bounded by (—A,)*!. Then ii) of this Lemma immediately allows to bound
the first three terms by (—e2Aj, — A, 4 VZ)?. The last term can be treated
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as follows:
)™ [ Ay, VI [FA ()™M = [=22A, V] ()™ [=Ay, ()™
< =&AL )" [=A,, )T
+ ()" [=Ay, ()]
= ()" Ay, ()T (=%A)
+ ()" [=Ay, (W)
< (A (—2Ay) F (—22An) + (—AY)
which is bounded by (—&?Ay, — A, + V.)? again due to ii).
In view of (54) and (55) the estimate iv) follows directly from iv) of Lemma 10
and i) of this Lemma. A polynomial weight is nescessary because here the
unbounded geometry of (NC, g) really comes into play. In i) we could avoid

this using that the operators differ only on a set of bounded geometry, while
in ii) and iii) the number of horinzontal derivatives was small! O

Proor or LEMMA 10:

The first estimate is just an elliptic estimate on each fibre and thus a con-
sequence of the usual elliptic estimates on R*. To see this we note that
A, = 5%, On, is the Laplace operator on the fibers (see the proof of Corol-
lary 3) and that the measure dy ® dv = dn p(z)dz is independent of n.
Concerning ii) and iii) we will derive the stated apriori estimates for smooth
functions that decay fast enough. Then it is only a matter of standard density
and approximation arguments to obtain the estimates for all v € D(H").
To deduce the second estimate we aim to show that

Z/ / | 00V |2 dn pu(x)dw
o; Jrk

Iv|=2
< Z/ 1] ([(—2 — A)| + |eV"] + [B]) dn pu(z)dor. (60)
NEMUACS

with a constant independent of j. Then the claim follows from the Cauchy-
1

Schwartz inequality and ||| V||| = (] — e2Apth)2 < (] (—2A, — A, )i)) 2
which is smaller than ||(—?Ap — A)Y|| + || ¥
On the one hand there are o, 3 € {1,..., k} such that

//|8Z\If|2dn,u(x)dx = //8na3n5w*8na(9n5¢dnu(x)dx
Q; JRE Q; JRE
= //8n@3n6¢*0na3na1/} dn p(z)dz
Q; JRE
= //anganw*Avw dn p(z)dz.
0; JRE
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On the other hand
0 < / / g(avhanw*,evhanw) dn p(z)dx
Q; JRrE
_ il ) a ¢ * n_0
— / / g 5(8351 +Tgn &La)@n,aw 5(82,1 +1I'kn 8nn)8nmp dn p(zx)dz
Q; JRE

= / / —g"e(0ys + Tn 0o ) 0,505 € (Ot + L0 Opn )1
Q; JRE
— 9" (0 + T5enOpe ) 0600 T O0pnt)
— £ §"T0p00,50" €(0pt + L0’ 0n ) ¥ dn p(x)d
- / / anﬁanﬁw* €2Ah1p + 52g”F?Banaw* F?ﬁanﬁlp
Q; JRk
— 2¢Im (gilrgganaangw* £(0u + F75n58nn)w> dn p(z)dx

with Im(a) the imaginary part of a. When we add the last two calculations
and sum up over all multi-indices v with |y| = 2, we obtain the desired
(—€2Ah — Ay)-term. However, we have to take care of the two error terms
in the latter estimate:

| [ om0 Tt dn (s
Q; JrE
= / / _gilr?ﬁanﬁ na'w* F?Bﬂ) dn /L(ZL')d{L’
,; Jrk
< swlg T Y [ [ wtew 0] dnntoyds

[v|=2

and
/ / 21m (g”F?ﬁana Opotp* (O + F%né@nn)w> dn p(z)dz
Q; JRE

< 2sup|(g”)%f‘?ﬁ\ Z/Q /Rk |0 B0 [V )| dn () d,

Iv|=2

Since ¢% and I3 can be bounded independently of j due to the bounded
geometry and the smooth embedding of C, this yields (60).

We now turn to the third part. We notice that the powers of £ on both sides
match because then all derivatives carry an €. Therefore we may drop all the
£’s in our calculations to deduce the last estimate. Since we have stated the
estimate with a non-optimal power of (), there is also no need to distinguish
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between normal and tangential derivatives anymore. So the multi-index «
will be supposed to allow for both normal and tangential derivatives. We
recall that Ag = Ay, + A,. We will prove by induction that for all m € Ny

a|;+2/ /Rk 8‘a|’aaw‘zudndx)
Z/ / - Vel nands)” 0D

I8]<m

with a constant independent of 7. Applying this estimate iteratively we
obtain our claim because due to the spectral calculus (—Ag+ V)" is operator-
bounded by (—Ag + V)™ for [ < m.

Before we start with the induction we notice that g& is positive definit with
a constant that is bounded from below by (v)~2 times a constant depending
only on the geometry of C. More precisely, it depends on inf g% and sup Fg
which are both uniformly bounded due to our assumptions on C and our
choice of coordinates.

We now turn to the case m = 0. For |a| = 0 there is nothing to prove. For
la| = 1 we have

/ [ wrevpudnds < [ [ g0, o pands
=1 RF Q; JRE

/ /Rk (—As + V)¢ — Vi) pdndz

[l (=As + V)9l + sup [V] [[]])
I(=As +V)II* + vl

(I(=2s + V)| + [[0])*. (62)

Taking the square root yields the desired estimate in this case. For |a| = 2

VAN VARVAN
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we have

S [ ool wanda

|a|=2

<D /Q | /R (V)08 00" 00t pn da

= > [ [ ~wrreaoo o
— 1 (0 () "1 98") DuOt)” Do) pdn d
S /Q | /R )00 (s =V V)

(17 (0 ) M98") 00 — (Bulr) ™) 980D Oy i

S Z/QJ_ /Rk<V>8|3a¢|<|(—As+V)¢|+!VH¢|+(V)4|852/1\)udndx

|af=2

which yields (61) via (62) when we apply the Cauchy-Schwartz inquality and
devide by both sides by the square root of the left-hand side. Here we used
that both =1 (8. p(v) 1*¢&") and (9,(v)~'*) g& are bounded by () ~'2. This
is due to the facts that g&° and its derivatives are bounded by (v)? and that
any derivative of (v)! = /1 + 5agn“nﬁl is bounded by (v)!. We will use these

facts also in the following calculation.

We assume now that (61) is true for some fixed m € Ny. Then it suffices to
consider multi-indices with modulus m + 3 to show the statement for m + 1.
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We have

2 L.Ak<”>’8'“|0“w|2udndx

lor|=m+3
S 2 / / (v) 818178980 0,0%0" 9,0 p.dn da
|a|=m+2 Y /RE
= Z /(\2 /]Rk <V>—8|C~M‘—6ad¢* (—As)3d¢
|a|l=m~+2 %

P (D ()Y 680,054 1 i d
= *8|5“\*6807 *ad A
Id:Zm:H /Qj /R’“ w) v (—=As)y
=0 ((Duly) SE1) g0y0% 0 + (1) O, 0719 rdn d

S % [ [ el @) 0 ag vl pdnds

|a|=m+3 |B|=m+1

£ XY [ et o) o pdnds

|a|l=m+3 |&|=m+2

AN

Using again the Cauchy-Schwartz inequality and applying the induction as-
sumption to the a-term we are almost done with the proof of (61) for m + 1.
We only have to introduce V' in the Laplace term. When we put it in and
use the triangle inquality we are left with the following error term:

> [ [ et

|B|=m~+1

- > /Q,Ak<”>_8|al|aav|2<V>‘8'ﬂ|8%|2udndx,

|| +|B|=m+1

In order to apply the induction assumption to this expression, we have to
bound sup(v)~#1#1|9*V|2. To be able to use V € C(C, C*(N,C)) we have
to replace the normal derivatives in 0% by V' and the tangential derivatives
by VI However, in view of (54) and (55) this costs at most a factor (v)~!
for each derivative.

To see that iv) is just a reformulation of iii), we put n = N/e, replace v
with D.¢, and use that (—e?A, — e2A, + V) D, = D.(—2A, — A, + VL) by
Lemma 8. 0

We still have to give the proof of Lemma 3 from Section 3.2. It was postponed
because it makes use of Lemma 10.
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PROOF OF LEMMA 3 (SECTION 3.2):

All statements in i) and ii) are easily verified by using the substitution rule.
To show iii) we first verify that (H§A* — A*H¢)P¢ is in L(D(H¢), L*(A, dr))
at all. For A* H*P¢ this immediately follows from ii) and Corollary 2. So we
have to show that A*P< € L(D(H*),D(H%)). By Corollary 2 we have

1A P || ey peazyy S IHAA™ (/) e o))
for any | € N and 9. Now we again fix {}; C C and choose geodesic co-

ordinates (mz)lzl 77777 ¢ and bundle coordinates (n§)a=1,.., with respect to an
orthonormal trivializing frame {17}, over ;. When we write down A* and
H¢ in these coordinates, we will end up with coefficients that grow polynomi-
ally due to our choice of the diffeomorphism ®. However, this is compensated
by (v/e)~t. Choosing I big enough allows us to apply Lemma 10 iii) to obtain
a bound by —&?Ay, — %A, + V=, In the proof of Lemma 9 ii) it was shown
that —e?Ay, —e?A, + V¢ < H®. Hence, A*P° € L(D(H*®),D(HY)). With the
same arguments one also sees that ||(v/e)*(H5A* — A*H®)Pe|| copmey ) S 1.
Since g is by definition the pullback of g4 on Bs/s, the operators H5A* and
A*H* coincide on Bso. But outside of Bs/s, i.e. for |v| > §/2, we have that

(wfe)® = (e/ /2 + [v2)’ < 4e®/.

Hence, |xf, ,(v/€)7°| < ® with x§, , the characteristic function of B;\ Bs..
Therefore we may estimate
[(HZA™ = AH)P?|| £ep i) m)
= lIxB,,,(HAA" = A"H®)P|| oo my

S IXB,,, (/) P HKv /)’ (HGAT — AHE)P | copaey )
S e [(w/e)’(HRA* — A"HO)P?|| (e 0
S €
which was the claim. O

4.2 Expansion of the Hamiltonian

In order to expand the Hamiltonian H. in powers of ¢ it is crucial to expand
the metric g around C because it is part of the Laplace-Beltrami operator.
The use of the expansion will be justified by the fast decay of functions from
the relevant subspaces Fy and P..

We introduce Fermi coordinates by choosing a fixed reference frame and
provide an explicit expression for expansion of the inverse metric tensor with
respect to these coordinates.
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Proposition 3 Let (A,g) be a Riemannian manifold and (C,g) an isomet-
rically embedded submanifold. Choose Q2 C C where the normal bundle NC is
trivializable and an orthonormal frame {vs}o of NClq. In the corresponding
bundle coordinates the inverse metric tensor g € T(A) has the following
expansion for all g € €):

(1 0\[/A 0\[1 C
9=V\ecr 1)J\o B)\o 1) ™

where fori,7,l,m=1,....d and o, 3,7,0 = 1,.., k

A(gn) = ¢"(q) + n* (Wag” + ¢"W,})(q)
+ n“ (3Wamgmle + Rlofﬁ)( ),

B¥(g,n) = 0y + 3n°n’R7,%(q),

Cl(g,n) = —n"Tl () + 3nn"R7,5(q).

Here R denotes the curvature tensor of A and W, is the Weingarten map-
ping corresponding to Ve, i.e. W(v,) (see the appendiz for definitions and
conventions). The remainder term 1 and its derivatives are bounded by |n|>.

For the proof we refer to the recent work of Wittich [36]. Wittich does not
calculate the second correction to C' but it is easily deducable from his proof.
Furthermore 71 is only locally bounded by |n|? in [36]. To see that the global
bound is true for g we recall that outside of Bs/y it coincides with gs, which
was explicitly given in Proposition 2. Comparing the expressions for g and
gs we obtain a bound by |n|* which is bounded by |n|? for |n| > §/2.

In addition, we need to know the expansion of the extra potential occuring
in Lemma 1, which is also provided in [36]:

Lemma 11 For p :=du/do with do = du ® dv it holds
V, = —319(nn) + 5k — ; (F+treRic+ treR) + 75 =1 Vyeom + 72,

where 1 is the mean curvature normal, K, K are the scalar curvatures of C
and A, tre Ric, tre R are the partial traces with respect to C of the Ricci and
the Riemann tensor of A and ry is bounded by |n)|.

With these two inputs the proof of Lemma 4 is not difficult anymore.

PROOF OF LEMMA 4 (SECTION 3.3):
Let P with [[(v)' Pl zopam+y py S 1 for all I € Ng be given. The similar
proof for a P with |P(V)!||zpumyny S 1 for all [ € Ny will be omitted. We
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start by proving ||[H;P||zipgm+1y 4y S 1 for j = 0,1,2. Exploiting that all
the coefficients in H; are bounded and have bounded derivatives we have

IH; Pl copmyag S ITH; W)l e m
S Ky BB O8 | i) 20

e +]8]<2
S O WHelleooyy = 1, (63)

where we made use of Lemma 10 iii) and Lemma 9 for the bound by H..
Now we set ¢p := P1. By definition of H.

(¢|Hoop) = (¢]| DM, (—*Ag+ V)M D:bp)
= (@] D.M,(—e*Ag)M;D2p) + (¢ | (Ve + DIWD.)ibp). (64)

Due to the assumption on P a Taylor expansion of DXW D, in the fiber yields
DIWD.(q,v)P = (W(q,0) +&(VyW)(q,0) + 3¢*(Vy,,W)(q,0)) P + O(£?).
Recalling that Vo(q,v) = Ve(q,v) + W(q,0) we find that

(¢] (Ve + DIWD.)ip)
= (0| (Vo +e(VIW)(g,0) + 5*(VL.W)(q, 0))vop) + O(?).(65)

The error estimate in Lemma 11 yields that |[|[D.roD?(v) 71| < el[¢| and
thus ||D.roDp|| < €l|¢]]. By Lemma 1

(¢| D-M,(=e*Ag)M;Ditpp)
— [ | e9@pzer.apzin) dvdp + & 61DV, Dz00)
N,C
=[] 9Dz .anzen) dvdp+ & (@Viemir) + O, (00
cJnN,C
where we used that Vieom does not depend on v. Next we choose local

coordinates as in Proposition 3 and insert the expansion for § we obtained
there into (66). We note that 0,: D* = D*0,: and Ope D¥ = e 1 D0

/ /N S 9(aDzg", ADzyp) dv d
-/ / (00 + O3 )00 D267 A (4,10) (0 + € 4,)0,5) Dl
e? (0naD2¢") B*?(q,1) 0,6 D2pp dndp + O(?)
/ /R (€0 + O3 (g, n)000)67) AY(qn) (20, + CF (g, n) s )
(One0™) B*?(q,2n) D5t + ¢*Va(q, n)op dndp + O(e*) (67)
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because the bound on r; from Proposition 3 allows to conclude that the term
containing D.r; D7 is of order 3. To do so one bounds the partial derivatives
by H. as in (63). After gathering the terms from (64) to (67) and plugging
in the expressions from Proposition 3 the rest of the proof is just a matter
of identfying V¥ and V" via (54) and (55). O

4.3 Construction of the superadiabatic subspace F.

We search for a closed subspace P.’H C ‘H and the corresponding orthogonal
projection P. € L(H) with

1) Pz—:Ps = Pz—::
ii) [He, P]x(H.) = O(?)

The former simply means that P. is a projection, while the latter says that
P.H is invariant under the Hamiltonian H, upto errors of order 3. We
recall that Uy and Py were defined by Uyt := (@o|t))n, and Pyt := (Upt))pp.
Since P = P and PyH is invariant at least upto first order due to the slow
variation of Vj, we expect P. to have an expansion in ¢ starting with Fy:

F)6 = P0+€P1+52P2+O(€3).

We first construct P. in a formal way not dealing with problems of bound-
edness. Afterwards we will show how to obtain a well-defined projector and
the associated unitary U..

We make the ansatz P, := 17 Fy + FyI7 with T} : ' H — H to be determined.
Since P, is a spectral projection belonging to Hy, we know that [Hg, Py] = 0,
[Eo,Po] = 07 and HfPo = E()Po. Lemma 4 y1€1dS that H() = —€2Ah + Hf.
Assuming that [Py, —e2A, + Fy] = O(e) we have

[HE,PE]/&T H0/€+H1,P0+8P1} +O(8)
H()/E—I—Hl,Po] + [H(),Pl] + O(E)
€Ah—|—H1,P0] + [Hf_EO,Pl] -+ (9(6)

SAh —+ Hla Po] -+ (Hf — EO)Tl*PO — PoTl(Hf - E{]) + 0(8)

[
[
[_
[_
We have to choose 77 such that the first term vanishes. Observing that
every term on the right hand side is off-diagonal with respect to F,, we may

multiply with Fy from the right and 1 — F, from the left and vice versa to
determine P;. This leads to

— (H - Eo) " (1= P) ([~eAn, R)+ H\) By = (1= PB)T; Py, (68)
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and
— By ([P, A+ H)) (1= P) (H — Eo) " = PRTi(1—FR), (69)

where we have used that the operator Hy — Ej is invertible on (1 — Py)H;.
In view of (68) and (69) we define T} by

Ty == = Po([Po, —eAn]+ Hy) Ry (Eo) + Ry, (Eo) ([—eAw, o]+ Hi) Py (70)

with Ry, (Eo) = (Hy — Eo) "' (1 — Py) = (1 — Po)(Hy — Eo) ™. Ty is anti-
symmetric so that PV := Py + &P, = Py + &(T7 Py + PyT}) automatically
satisfies the first condition for P. upto first order: Due to P? = P,

P(l)P(l) = PO—F&“(TFPO—FP()Tl+P0(T1*+T1)P0) +O(€2)
= Py+e(TTR+ PBTh) + O(?)
PO+ O(?).

In order to derive the form of the second order correction, we make the ansatz
Py, =TV P11+ 15 Py + PyT, with some T, : ' H — H. The anti-symmetric part
of Ty is determined analogously with T} just by calculating the commutator
[P., H.] upto second order and inverting Hy — Fy. One ends up with

(T, —T3)/2 = — Py ([P, HP]/*) Ry, (Ey) + Ry, (Eo) ((H®, PY]/e?) B

with H® := Hy, + ¢H; + €2H,. The symmetric part is again determined by
the first condition for P.. Setting P := PM) 4 2P, we have

pPAPY = pO 4 2(RTT Py + Py(Ty + To)Ry) + O()

which forces T +T5 = —T117.

We note that 77 includes a differential operator of second order (and 7%
even of fourth order) and will therefore not be bounded on the full Hilbert
space and thus neither P.. This is related to the well-known fact that for a
quadratic dispersion relation adiabatic decoupling breaks down for momenta
tending to infinity. The problem can be circumvented by cutting off high
energies in the right place, which was carried out by Sordoni for the Born-
Oppenheimer setting in [33] and by Tenuta and Teufel for a model of non-
relativistic QED in [34].

To do so we fix E < co. Since H, is bounded from below, E_ := inf o(H.,)
is finite. We choose xgi1 € C§°(R,[0,1]) with xpi1|(z 1,541 = 1 and
suppxg+1 C (E- — 2, E 4+ 2]. Then we define

P. = PP — PR = e(T{P+ RT) +(Ty BTy + T; P+ RTy)  (71)
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and

PXet = Py + Poxpa(He) + xpe1(Ho)P(1— xpa(Ho))  (72)

with xg11(H.) defined via the spectral theorem. We remark that PX*™" is
symmetric.
We will show that PX"*' — Py = O(e) in the sense of bounded operators.
Then for ¢ smallenough a projector is obtained via the Riesz formula

i

Pa ::% F(

pxet — 2) 7z, (73)

where I' = {z € C| |z — 1| = 1/2} is the positively oriented circle around 1.
Following Nenciu and Sordoni [25] we use the so-called Sz-Nagy formula

0. == (PoP-+ (1= Py)(1—P.)) (1 — (P. — Py)?)~"? (74)

for a unitary mapping U. : P.H — PyH. We now verify that P. and U. have
indeed all the properties which we stated in Lemmas 2 & 5 and state here
again for convenience:

Proposition 4 Let £ < oo and xg41 € C*(R,[0,1]) with x|(—cc,p+1] = 1
and supp xg11 C (—o0, E + 2].

For a constraint energy band Ey and ¢ < 1, P. defined by (71)-(73) is a
bounded operator on 'H and U. defined by (74) is unitary from P.H to PyH.
In particular, P. = UE*POUE.

For each m € Ny and x € C*(R,[0,1]) with supp x C (—oo, E + 1] it holds
P. € L(D(H!™)) and

||[H67P8]||L(D(H§"+l),’D(Hg’l)) = 0(e), |[He, P] x(He)llcowpimy) = O(e?).
Furthermore

i) Vi, 0 €No: [ Pe{v) lleoy , IK0)' Pe(w) | eoy S 1

i) ¥ j,0 € No o [[()' Pov) leoanyy S 1o I[=€*An, Polllecoarm S e

iii) There are U7, U5 € L(H) N L(D(H.)) with norms bounded indepen-
dentlg of € satisfying PBoUT Py = 0 and Ush = hhUsPy = RUs such
that U. = 1+ eUs + £2U5. In particular, ||U: — 1|z = O(e).

iv) |PoUs (W)l ) S 1 for all 1 € No.
vw) For B® := UU.x(H.) and all u € {1, (U?)*, (U5)*} it holds

| [=€*An + Eo, ubo) B* = O(e). (75)

leoy
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vi) For Ry,(Eo) := (1 — Py)(Hr — Eo) ™ (1 — By) it holds

|Us*B* + Ry, (Eo) ([—eAn, Po] + Hi) Py B* = O(e).

HL(H,D(HE))
vii) If o € CP(C, Hy), there is Ao 2 1 with sup, [|e*™ @o(q)||#,(q) S 1 and

Sup ||eAU<V>vZI ..... I/lvil ..... ngpo(q)HHf(q) SJ 1
q

forallvy,...,v; € IW(NC) and 11,..., 7 € IW(TC).

The proof relies substantially on the following decay properties of Py and the
associated family of eigenfunctions.

Lemma 12 Let Vo € C°(C,C3°(NC)) and Ey be a simple constraint en-
erqy band with family of projections Py as defined in Definition 3. Define
Ve Py = [VE, P and, inductively,

T1?

Vi p o= vhyh
for arbitrary T, ..., 7, € I'(TC). For arbitrary vy,...,v, € I'(NC) define
VoV Py=[Vy, VLV

i) Then Ey € C°(C), Py € C°(C, L(Hx)), and there is Ao 2, 1 such that for
all X € [—>\07 )\0]

||e>\<V>RHf<E0)€_>\<V>HL(H) <1

~Y

and

1V Vo P0) e | S 1
forallvy,...,v; € I'W/(NC) and 11,...,7m € I'Wy(TC).
Let @ be a globally defined family of eigenfunctions corresponding to Ey.
i) If oo € CIM(C, Hy), then ¢y € CIM(C,C°(NC)). Furthermore

sup €% 0o (q) lre) S 1. sup [V VR oo(@ e S 1
qeC qeC

forallvy,...,v; € TW(NC) and 1y, ..., 7 € TW(TC).

iti) If C is compact or contractable or if Ey(q) = inf o (Hy(q)) for all g € C,
then o can be chosen such that po € C°(C, Hy).

In addition, we need that the application of yg;1(H:) does not completely
spoil the exponential decay. This is stated in the following lemma. Notice
that we cannot expect it to preserve exponential decay in general, for we do
not assume the cutoff energy E to lie below the continuous spectrum of H,!
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Lemma 13 Let xy € C°(R). For alll € N and m € {0,1,2,3}
W) X(He) ()™, ()™ x(He) (v)' € L(H,D(H))
with norms bounded independently of c.

Now we give the proof of the proposition. Afterwards we take care of the
two technical lemmas.

PROOF OF PROPOSITION 4:

We recall that we defined F_ := info(H.). Let xp € C§°(R,[0,1]) with
Xe|g_ .z = 1 and suppxg C [E- — 1, E 4 1]. Then by the spectral theorem
xe(Ho)x(He) = x(He) and xpy1(He)xe(H:) = xp(H.) for x and g1 as in
the proposition.

The proof of the proposition will be devided into several steps. We drop all
e-subscripts except those of H, and write x, xg, and x g1 for x(H.), xg(H.),
and xg41(H.) respectively. For convenience we set D(H?) := H.

We will often need that an operator A € L(H) is in L(D(H!, H™)) for some
[,m € Ny. The strategy to show that will always be to show that there are
l1,ly € N with [} + [, < 2] and

(—ezAh — A+ V)MA < <1/)_4l1_5l2(vv)ll(EVh)ZQ. (76)
Then we can use Lemma 9 to estimate:
|HAY|| + [[ A S [[(—e*An— Ay + V)" AY[| + ¢
S )y (V)R (VY| + (|
< NHS + D19, (77)
which yields the desired bound.

Step 1: 4 /\0 Z 1VA< /\0, m e NO : HeMV) P() GMV)”[:(D(Hgn)) 5 1 and

||€MV> [—&*Ap, By e>\<y>||L(D(HEm+1),D(H;”)) S e

~Y

Both statements hold true with e*") replaced by (v)! for any | € N.

Let Ao be as given by Lemma 12. In order to obtain the estimate (76) for
A = W) Pyero® we first commute all horinzontal derivatives to the right
and then the vertical ones. Using 1, € C3°(C, C;°(NC)) and Lemma 9 we end
up with terms of the form X (Vy Vm_llvl;l ,,,,, Tm_IQPO)eM”)(V")ll (eVh)e2

times a bounded function. By Lemma 12 we have

e)\(u) (Vzl Vh Po)e)\(u) (Vv>ll (th)l2 ~ ef()\of/\)(u) (Vv>ll (th)l2

~~~~~ Vm—1y = TlysTm—lgy

28



which implies (76) due to A < Ag. This yields the first claim of Step 1 via
(77). The second claim can easily be proven in the same way. For the last
claim it suffices to notice that ||(v)!e || zprmyy < 1 for all I,m € Ny,
which is easy to verify.

Step 2: It holds ¥ A < Ao, m € Ny, i € {1,2}:

||eMy>7}*P0 e)\<y>||£(D(H§"“),D(H€m)) S L ||eA<V>P0Tz‘ GMV)Hc(D(H;"“),D(Hgn)) S L

Y

In particular, V X\ < X\g,m € Ny : ||e*) peA<V>||L(D(Hgn+2)7D(Hm)) S e
The last statement is an immediate consequence because

A PA) = M) ((TfPO + BT + e(TFRPT, + TiPy + POTQ))eW.

We carry out the proof of the first estimate only for 77 Fy. The same argu-
ments work for the other terms. To obtain (76) for A = e ") T% Py e M) we
again commute all derivatives in (—e2Ay, — A, + V.)™ and T Py to the right.
In view of (70), the definition of T3, we have to compute the commutator of
Ry, (Eo) with V" and VV. For arbitrary 7 € I',(TC) it holds

(V2 R (Eo)] = —(V}Po)Ru(Eo) — Ru(Eo)(ViF)

— Ry, (Eo) [V, Hy — Eo) Ry, (Ey).
with [VE,Hf — EO} = (VEVO — V.Ep). The latter is bounded because of
Vo € C3°(C, Cg°(N,C)) by assumption and E, € C°(C) by Lemma 12. An
analogous statement is true for VY. Hence, we end up with all remaining
derivatives on the right-hand side after a finite iteration. These are at most
2m + 2. After exploiting that [|e*”) Ry (Eg) e ||z3y < 1 by Lemma 12
we may obtain a bound by H™! as in Step 1.

Step 3: Vm € Ng 1 |[|[PXE+ || pipumyy S 1 and
V4,1, € Noym € {0,1} : |[(v) P2+ (W) popgumy S 1
We recall that
pxest = By + ﬁXE-i—l + XE+115(1 — XE+1)-

Step 1 implies that Py € L(D(H!")) for all m € Ny. So it suffices to bound
the second and the third term to show that PXe+: € L(D(H™)). Since H.
is bounded from below and the support of xgy1 is bounded from above,
Xe+1 € L(H,D(H!™)) for every m € N. So the estimate for P obtained in
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Step 2 implies the boundedness of the second term. By comparing them on
the dense subset D(H?) we see that XE+1P is the adjoint of Pygy1 and thus
also bounded. This finally implies the boundedness of the third term, which
establishes PXe+1 ¢ L(D(H!")) for all m € Nj.

We now address the second claim. We fix A with 0 < A < Ag. Then

WY PNt = (WY Py() + < >j15XE+1< >l+<u> ‘XE+1?(1_XE+1)<V>Z
_ <V>je Av) ( )Pe< ) <V>l

+ (p)e W (AP (oo M”< >)<V>_ZXE+1<V>l
+ (W) xpn () () e ) (X PeX)
x (e w)") (v)~ l(l_XE+1)<V>l

It is straight forward to see that |[(v)7e ") || ;ipzmyy < 1 for all j,m € No.
Therefore Step 1 yields the desired estimate for the first term In addition,
we know from Lemma 13 that [[(v) "X p1 (V) ||l coepmzy S 1. So Step 2
implies the desired estimate for the second term. Then it also follows for the
third term by a standard adjoint argument.

Step 4: It holds ¥ m € Ny, 1 € {1,2}

I[75 Po, —? Ay + E0]||£(D(Hg”+i+1),p(Hgn)) = 0(e),
I[P, —e? Ay + E] ”c(D(Hg"““),D(ng)) = 0Ofe).

We again restrict to 77 Py assuring that the other proofs are similar. We note
that Fy commutes with all operators contained in 75 Py but the e V2. Further-
more ||[eVE, Eo|Pollzopry) = €l|(V-Eo) Poll cipeumy = O(e) for all bounded
7 by Lemma 12. So we easily see that ||[T7] Fp, E0]|‘£(D(Hgn+2)7D(Hgn)) = O(e).
We will obtain the claim of Step 4 for Ty F, if we are able to deduce that
[T P, _52Ah]”c(D(H;"+2),D(Hgn)) = O(e). Again we aim at proving (76) by
commuting all derivatives to the right. In Step 1 and Step 2 we have already
treated the commutators of —?A}, with Py an Ry, (Fp). So it remains to
disnow showcuss [eV!, —e2A;] which does not vanish in general! To do so
we fix a covering (£2;);eny of C as at the beginning of Section 4.1 and an
arbitrary j € N. We choose an orthonormal frame (7;);=1,. 4 in 7€2;. Using

77777
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that A, = 3¢ V2 V2 we have
d

eVE, —A] = =) [eVEEVEVE]

d
= —Z [VE,eVE]eVE + eV [eVE eVE))

d
= —5Z<€R T, TZ)EV + 8V[TT]€VEZ.

=1
+eVE eRM (1, m) + sV];‘;VFT,Ti]).
In view of Propositon 1 all these terms contain only two derivatives. So we
have gained an € because, although R" and its derivatives grow linearly, we
are able to bound the big bracket as required in (76) using the decay provided

by Py. The estimate is independent of ; because R* is globally bounded
due to our assumptions on the embedding of C.

Step 5: For all m € Ny

I[He, PXE+1]H£(D(H;’L+1),D(H,§")) =0(e), |[He, P el conpiamy) = O(e?).

We fix m € Ny. Due to the exponential decay obtained in Steps 1 & 2 for
P, and P we may plug in the expansion of H. from Lemma 4 when deriving
the stated estimates. The proof of Step 2 entails that PXe+1 — Py is of order
ein L(D(H")). Therefore

e PXE cppmsy pmyy = NHe, Bolll epar+1y piamy) + O(€)
= |[Ho, Polll zep sy p(amy) + O(€)
= N[e*An, Polll cipgamty peaamy) + O(E)
= O<5>7

by Step 1. On the other hand we use [H,, xg] =0 and (1 — xg41)xe = 0 to
obtain
[[He, PX2] XE || con D))
= |[[He, PP xollcoonm)
I[H, Po+ P x5llcoenimy
= |[[Ho +eH, + e*Ha, Py + P] x5l coupmmy) + OEY) = O(),

where the last estimate follows from the construction of 7} and T, (which
were used to define P). To make precise the discussion at the beginning of

61



this subsection one uses Step 4 and once more the decay properties of Py and
P to bound the error terms by H!" for some m € N as in (76) and (77).

Step 6: P,U are well-defined, U|py is unitary and P € L(D(H!")) with

£

|P — Pollzcoary = O(e) VvV m € Ny.

Since Py is a projector and || PX#+1 — Fyl[z) = O(€), we have
[(PX1)2 = Yoo gy = O(e). (78)
Now the spectral mapping theorem implies that there is a C' < oo such that
o(PXE+1) C [=Ce,Ce] U [1 —Ce, 1+ Cel.

Thus P is a well-defined bounded operator for ¢ < 1/2C. By the spectral
theorem P = X[1—ce,1+0:(PX?1) and so || P — PXE+1 || £y = O(e). In partic-
ular, P — Py = O(e) in L(H). Hence, 1 — (P — Fy)? is positive and can be
inverted. Therefore U is also a well-defined bounded operator with

U= U (P + O(?)). (79)

We set S := (1—(P— PO)Q)_l/z. It is easy to verify that [P, 1 — (P — P)?] =
0= [P),1— (P — P)?% and thus [P,S] = 0 = [Py, S]. The latter implies
U*U =1 = UU*. So U maps PH unitarily to PyH. Since Up is unitary when
restricted to PyH, we see that U = UpU is unitary when restricted to PH.
The combination of (78) with Steps 3 and 5 immediately yields

||(PXE+1)2 — PXEB+1 ||£(D(H;n)) — 0(5)

for all m € Ny. So for z € 9By 5(1) the resolvent (PX=+ —z)_l is an operator
bounded independent of & even on D(H!™), which implies P € L(D(H!™)) in
view of its definition. It follows as before that P — By = O(e) also in this
space.

Step 7: ||[H8>P]HL(D(HQ”“),D(H;")) - O(E) & ||[Ha,P] XEHL(H,D(H;”)) = 0(53)
for all m € Ny.
We observe that

i

[Hg,P] = %% (PXE+1 _ Z)il[Ha,PXE'H](PXE"'l _ 2)71 ds.
r
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Since we saw that || (PXe+ — z)_lHﬁ(D(HgL)) < 1 in the preceding step, the
first estimate we claimed follows by inserting the result from Step 5. To
deduce the second one we set Rpxpii(z) := (PXE+1 — z)fl and compute

1

[Hg,P]X = % RPXE+1 (Z) [HE,PXEH]RPXEH (2) XEXdZ
r
1
= 2— RPXE+1 (Z) [HE,PXE'H]XE RPXE+1 (Z)X

T Jr

+ Rpxpii (2) [He, P [Rpxeia (2), xg] X dz. (80)
Furthermore

[Rpxeai (2),x2] X = Rpxea (2) [P+ xg] Rpxe (2) X5 X
Rpxpii (2) [PXPH, XB| xE Rpxe (2) X

+ Rpxeii (2) [P, xg] [Rpee (2), xE | X
= Rpwi (2) [P, xg] xp Rpre (2) X

2
+ (Bovsn (2) [P+, x5]) R (2) x.

Since due to Step 5 we have H[PXEH?Ha]Hﬁ(D(Hm'H)D(Hm)) = O(e) and

|[PXE+r, Hoxgll v oy = O(€), Lemma 6 yields
NP2 X | gy pinyy = OE): NP xalxellempzy) = OFE).

Applying these estimates, ||Rpxe+1(2)||z(pmmy) S 1, and Step 5 to (80) we
obtain ||[H5, P] X(Ha)HE(H,D(Hg”)) = 0(63).

Step 8: Vj,l e Nym € {0,1} = [[(W)' P ()| copurmy) S 1

~Y

This can be seen by applying the spectral calculus to PX2+1 which we know
to be bounded and symmetric. Let f : C — C be defined by f(z) := z and
let g : C — {0, 1} be the characteristic function of By/3(1). Then due to (78)
the spectral calculus implies that for € small enough

Po= (P = f(PYE) (g PP f(PYE)
—  PXE+1 (g/fQ)(PXEH) PXE+1

We note that (g/f?)(PXe+1) € L(H) because g = 0 in a neighborhood of
zero. Since g/ f? is holomorphic on By j2(1), it holds

@EE) = 5 f 0l R ()
9B 5 (1
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by the Cauchy integral formula for bounded operators (see e.g. [12]). In
the proof of Step 5 we saw that Rpxsi1(2) is a bounded operator on D(H.)
for z € 0By 5(1), which implies that also (g/f?)(PX#+') € L(D(H,)). Then
Step 3 provides that ||(v)! P (V)| gpuzmyy S 1forall j,l € Nandm € {0, 1},
which yields the claim.

Step 9: Vm € Ng ¢ ||(P — Pxe+1)y \ﬁ(H’D(Hm) = O(&%)

Using that 77 = =17 and Ty + 15 = =111 as well as ByT1'Fy = 0 it is
straight forward to verify that

[xz (P P _P(2)>XH£( ) O(”). (81)

H,D(HM

Since ||[PX#+1, H] Xl i piam-1y) = O(€%) by Step 5, Lemma 6 yields

[P, xe] Xlleoupery) = O(E7).
Recalling that ||PX#+||z(p(gm)) we have that in the norm of L(H,D(H"))
((PXE+1)2 _ PXE+1> %
— (PXE+1 _ 1)PXE+1 XE X
— (PXE+1 _ 1)XEPXE+1 X + (PXE+1 _ 1)[PXE+1’ XE] X
— XB (PR = PRy [PYER Py + O
= x5 (P?P - 1)P@x + O(?

= xg (PPP® — P) y + O(c*) = 0(%).

Since we know from the proof of Step 6 that ||Rpxe+1(2)||zp@my) S 1 for 2
away from 0 and 1, the formula

p_ PXE+1 _ i% RPXE+1 (Z) + RPXE+1 (1 — Z) d ((PXE+1)2 _ PXE+1)
2 Jp 1—-=2
(82)
by Nenciu [24] implies that
|2 = P2\ (HD) iy = O (83)

Step 10: There are U, Uy € L(H) N L(D(H.)) with norms bounded inde-
pendently of € satisfying PoU1Po = 0 and Uy Py = PyUs By = PoUs such that
U=1+¢cU +¢e2Usy. In addition, | PoUS (V)| 20y S 1 for all | € Ny.

We define
Ul = E_l(Po(U - 1)(1 - P()) + (1 - Po)(U - 1)P0)
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and

Uy i=e2(R(U—-1)Py+ (1 - P)(U—-1)(1 - F)).
Then U = 1+¢cU, 42Uy, PyU Py = 0, and PyUy = PyUs Py = Uy P, are clear.
Next we fix m € Ny and prove that U, € L(D(H!")) with norm bounded
independent of . The proof for Us is similar and will be omitted. We recall

that
U= (RP+(1-PR)1-P))S

with S := (1 — (P — Py)2)~"* and that we showed [P, S] = 0 = [P, 5] in
Step 6. Therefore

Ui = e (RU(-PR)+(1-P)UPR)
= ¢ 'S(RP1-PR) + (1-R)(1-P)R)
= e 'S(P(P - P)(1—=PR) — (1-P)(P—P)hR). (84)

By Taylor expansion it holds
! _3
-3 :/0 L1—s)(1—s(P—P)?) *ds (PR~ (85)

Let h(z) := (1 — sz)—fi/? with s € [0,1]. h is holomorphic in B 5(0).
Due to Step 6 the spectrum of P — Py as an operator on £L(D(H!™)) is con-
tained in By /4(0) for € small enough. Therefore ||Rp_p,(2)| z(p(arm)) S 1 for
z € 0By2(0) and h(P — Py) = &= §631/2(0) h(z)Rp_p,(z) dz. This allows us
to conclude that the integral on the right hand side of (85) is an operator
bounded independent of € on D(H"). This implies that the whole right
hand side is of order €* in £L(D(H!")) because ||(P — Po)?||zipamy) = O(e?)
by Step 6. So we get

Uy = e (R(P-R)1-F) — (1-P)(P—P)R) + O(). (86)

This yields the desired bound because ||P — Fo| zpar)) =
turn to the last claim: Using [S, Py] = 0 and ||Py(v)!| 20y S
we obtain from (84) that

O(e). We now
1 due to Step 1

le™' SPo(P = Po)(1 = Po) ()| o

1P Us () Nl ey =
S e NP = Po) W)l e

We note that the decay properties of P and F, themselves are not enough.
Because of the e7! we really need to consider the difference. However, it
holds P — Py = (P — PXe+1) 4 (PXE+1 — Py) and via (82) the first difference
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can be expressed by (PX&+1)? — PXB+1_ [ooking at the proof of Step 3 we
see that both differences consist only of terms that carry an € with them and
have the desired decay property.

Step 11: For B := UjUx(H.) and all uw € {1,U;,Us}

| [=*An + Eg, uR] B || 10y = Oe). (87)
Again we restrict ourselves to the case v = U;y. It is obvious from the
definition of U; in Step 10 that [Ey, U Fy] = 0. In view of (86), U; (and
thus also U;) contains, upto terms of order ¢, a factor P — Py . As long as
we commute (—e?Ay)Py with the other factors, P — P, cancels the e™! in

the definition of U; and the commutation yields the desired €. Using that
B = PyUx = Pyx + O(e) we have

[—e®An, Ui P)B = [—°Aw, U Po]Pyx + O(e)
[—2An, e 11 — Py)(P — Py)Py)Pyx + O(e)
= (1—P)[-*An, e (P — Py)]Poxex + O(¢)
(1 — Py)[—e*An, e H(P — Py)xg|Pox + O(e),

The last step follows from [(—e2Ay) Py, xg]x = O(¢), which is implied by
Lemma 6 because

[H., (—EQAh)PQ] X = [—ezAh + Hg, (—52Ah)Pg] x + Ofe)
= [Vo, —€?An)Pyx — e2An[—e*An, Po] x + O(e)
= Ofe).

Furthermore due to Step 9
(1 — Po)[—EzAh,E_l(P — PO)XE}POX
= (1= Py)[—e*Ay, e H(PXE+ — Py)xg|Pyx + O(e?)
= (1—PR)[—e*An, (Pixpsr + (1= xg41) Pixss) xslPox + O(e)
(1= Ry)[—&*Ay, (Ty Py + PyTh)xe)Pox + O(e).
On the one hand,
(1= PRy)[—*An, PTixe] = (1—PR)[—*Aw, PJTixeg = Ofe)
by step 1. On the other hand,
(1= Py)[—€*An, T} PoxelPox = (1 — Py)Ty Po[(—e*An), x5]Pox
+ (1 — Po)[—EzAh, Tl*PO]XEPOX + 0(5)
= (1- P)TYRy[(—e*Aw) Py, xE)X
+ (1= Ry)[—€"An, Ty PoxePox + O(e)
= 0O(e)
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due to Step 4 and the above argument that [(—&2Ay) Py, xg|x = O(e).

Step 12: |[(Uy + Ty Py) B[ 5, y = Ole) for all m € N,.

H,D(H
All the following errors estimates will be in the norm of £(H,D(H.)). Using
again that B = PyUy = Pyx + O(¢) as well as x = ygx we have that

U B = U Poxex + Oe)

= e ' (1= R)(P— R)Pxrx + Oe)

= e '(1-=PR)(P - Po)xePox + O(e)

= 7M1 — Py)(PXe+ — Py)xePox + O(e)

= (1—PR)(Pixpn + (1 — xp+1)Pixee1) xePox + O(e)
= (1—PR)(TyP + PT)xpPox + O(e)

= T7Pyx + Oe)

= T7PB + O(¢)

because (1 — Py)Ty Py = T} Py by definition.

Step 13: If o € CI*(C, Hy), there is Ao 2 1 with sup, [|e* @0 (q) I3 q) S 1

and 71, ..., 7m € TL(TC).
This is true by Lemma 12 ii). The results of Step 1 and Steps 6 to 13 together
form Proposition 4. O

PRrROOF OF LEMMA 12:

Because of V, € C°(C, C2°(N,C)) and [VE A,] = 0 for all 7 due to Lemma 8
the mapping ¢ — (H(q) — z)~* belongs to C°(C, L(Hs)). Since Ejy is a
constraint energy band and thus separated, the projection Py(q) associated
to Fy(q) is given via the Riesz formula:

Pla) = —= ¢ (Hilq) - =)

27 Jo(q)

-1
dz,

where 7(q) is positively oriented closed curve encircling Fy(q) once. It can
be chosen independent of g € C locally because the gap condition is uniform.
Therefore (Hi(-) — 2)~t € C°(C, L(Hy)) entails Py € C°(C, L(Hy)). This
means in particular that Py’H is a smooth subbundle. Therefore locally it is
spanned by a smooth section ¢g. By

Eo@Pola) = Hi@Poa) = —— ¢ =(Hi(q) - =)

2 v(q)

-1

dz
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we see that also EqPy € C°(C, L(Hs)). Then Ey = try, ) (EoF) € C°(C)
because covariant derivatives commute with taking the trace over smooth
subbundles and derivatives of EyF, are trace-class operators. For example
VT tI'(Eopo) = VT tr((Eopo)Po)
tr((VEEopo)PO + (E()Po)VEP())
= tr((VEE Py Ry) + tr((EoPy)VER) < o0
for all 7 € T'w(TC) because Py and EyF, are trace-class and the product
of a trace-class operator and a bounded operator is again trace-class (see

[28], Theorem VI.19). The argument that higher derivatives of EyP, are
trace-class is very similar.

Next we will prove the statement about invariance of exponential decay under
the application of Ry, (Ep) := (1 — Py)(Hy — Eo) ' (1 — P). So let ¥ € H; be
arbitrary. The claim is equivalent to showing that there is Ay > 0 such that
for all A € [—Xo, Ao]

® = MRy (Ey)e ¥

satisfies @[ < sup,cc ||V|%. The latter immediately follows from
1@l S ClleX (H — Eg)e V@] (83)
because

1) (Hy — Eq)e ™ @[y

X (1 — Po) ‘I’||H

< Wl + [l Poe_A e W11
where we used that Ej is a constraint energy band by assumption. We now
turn to (88). We note that by the Cauchy-Schwarz inequality it suffices to
find a \g > 0 such that for all A € [—/\0, /\0]

(@|®) < |Re(®|eM — Ey)e M) (89)

To derive (89) we start with the followmg useful estimate, which is easily
obtained by commuting Hf — By with e ).
[Re (@ | M) (H; — MIQY = |(|(Hr — Eo)®) — N(@|(|v]*/ (1)) @)

> [(®|(H; — Eo)®)| — X*(P|D).

Since Fj is assumed to be a constraint energy band and thus separated by a

gap, we have

[(P|(H; — Eo)®)| (1= Py)®|(Ht — Eo)(1— Py)®) |
(1= P)®|(1— P)®)
(

O[P) — (D|P)).

I eA I

|
(
(
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Since A\ can be chosen arbitrary small, we are left to show that (®|FPy®) is
strictly smaller than (®|®) independent of A € [—Ag, Ag]. We observe that

I = tryg(g) (P02 (q)) =ty (er<V> Po(q)er<u>e—Ao<z/> Po(q)e—Ao(y))
< ”er<u> Po(q)eA°<”> HHf(q) 94, (g) (e—Ao(V> Poe—AO(y)).

We know that ||t Py(q)eto™{5;,,) < C independent of ¢ € C, since Ej is a
constraint energy band by assumption. Hence, for any A with A € [—Ag, Ag]

inf trrgq) (¢ Po(g)e™) 2 inf ey (7 Polg)e™ )

-1

> (sup[le®™ Py(g)e ) = CTN

q
Since Pye M"® = 0 by definition of ®, we have

(BIP®) = (B|(Py—e ) Ppe X)@)
< sup trygq) (B — e M Py(q)e ™) (0] @)

q

(sup tr34,(q) (Fo) — iI;f 24, (q) (e_M”)PO(q)e_”\(”))) (D|D)

q

(1—C7)(2]),

IN

IN

which finishes the proof of (89).

For i) it remains to show that the derivatives of Py produce exponential decay.
By definition P, satisfies

0 == (Hf - EO)PO == _AVPO —|— %PO - E()PQ. (90)

Let 7, ...7m € I'y(T'C) be arbitrary. To show that the derivatives of Py decay
exponentially, we consider equations obtained by commutating the operator
identity (90) with V2 . Since A, commutes with V" by Lemma 8, this
yields the following hierachy of equations:

(Hy — Eo)(VEPR) = (Vi Ey—VEVo)D,
(Hy — Eo) (V2 . Py) = (VamEo— Ve Vo)Po+ (ViEg— VL Vo) (VE Py)

71,72 71,72

+ (Ve By = V2 Vo) (V5, Ro),

and analogous equations for higher and mixed derivatives. Applying the
reduced resolvent Ry, (FEy) to both sides we obtain

(1—=P)(VEP) = Ry(Eo)(VEEy—VEVo)P.
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From || et ®) Pyetot || 0 < 1 we can conclude that

| ¥ (1 — Py)(VE Py)er? <1

Newo S

because the derivatives of V) and Ej are globally bounded and application of
Ry, (Ey) preserves exponential decay as we have shown above. Inductively,

we obtain that || e®) (1 — Py)(Vy, VR Py)e® H H) < 1. The same
arguments yield H MW(Vy LV R)(1— Rye H £) < 1 when we

start with 0 = Py(H; — Ep). The assumption || e*®) Pyero®
; : ; Ao (v v h Ao (v
diately implies H MM Py (VY L, VR L By)Reo® ||£(H) S L

..........

We now turn to the second part of the lemma. By definition ¢, satisfies
0 = (Hr — Eo)po = —Avpo + Voo — Eopo. (91)

for all ¢ € C. Because of V € C°(C,C°(N,C)) and Ey € C(C) this is
an elliptic equation with coefficients in Cp(C, Ce°(N,C)) on each fibre. So
standard elliptic theory immediately implies pg € Cp(C, C°(N,C)). Due to
the assumption that ¢y € C"(C, H¢(q)) we may take horizontal derivatives
of (91). Using that [A,, V!] for all 7 by Lemma 8 ii), we end up with the
following equations

(Hi — E))Vigo = (Ve Eo—ViVo)eo, (92)
(Hi — E)VE 00 = (VanEo— Vi Voo + (Vi Eo = V2 V0) (Vi)

71,72

+ (VTQEO - VT2%)(V};1 900)7

and analogous equations up to order m. Iteratively, we see that these are all
elliptic equations with coefficients in C2(C, C°(N,C)) on each fibre. Hence,
we obtain ¢ € CP(C,C°(N,C)). So we may take also vertical derivatives of
the above hierachy:

(Hy — Eo)V,, 00 = —(V,, Vo) @o, (93)
(He — Eg)Vy, V2o = —(Vy,VEVo)go — (V5 Vo) (V2 @)
+ (Vo Eo — V2 VO)Vy, %0)

and so on. Since Ej is assumed to be a constraint energy band, we have that

"% 00 (¥ 00 [)rts0) 1y = €™ Po™ Y llrtee) S 1 llreeca)

with a constant independent of ¢. Choosing 1 = e %"y, and taking the

supremum over q¢ € C we obtain the desired exponential decay of py. Because
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of Vo € C°(C,CP(N,C)) and Ey € C°(C) also the right-hand sides of (92)
and (93) decay exponentially. By i) an application of Rp,(Fy) preserves
exponential decay. So we may conclude that the ¢p-orthogonal parts of
Vlﬁl wo and V7 ¢g decay exponentially. Together with the exponential decay

of ¢y this entails the desired exponential decay of V2 o and V ¢o. This
argument can now easily be iterated for the higher derivatives.

Finally we turn to iii). We consider a normalized trivializing section ¢, in
particular sup,cc [|¢ol|#; is globally bounded. The smoothness of the section
o in Py'H is granted from the abstract existence argument of a global section
via Chern classes. In order to see that it is also smooth in (1 — Fy)H,
one applies Ry, (Ep) to the equations (92), which can be justified by an
approximation argument. Hence, we only need to show boundedness of all
the derivatives. If C is compact, this is clear.

If C is contractible, all bundles over C are trivializable. In particular, already
the real eigenspace bundle Fy’H has a global smooth trivializing section (.
We choose a covering of C by geodesic balls of fixed diameter and take an ar-
bitrary one of them called 2. We fix ¢y € €2 and choose geodesic coordinates
(2%)i=1...a and bundle coordinates (n®),—1,_j with respect to an orthonor-
mal trivializing frame {v,}, over (2. Hereby {vs}, is chosen such that T'f;
is bounded and smooth which is possible due to our assumptions on the em-
bedding of C. Since ¢y is the only normalized element of the real PyH, we

have that Pola)on(a0)
. 0lq)¥o\q0
(0 = TRy (@volao)]

for ¢ close to qo (which only makes sense in coordinates). Therefore we can
split up vg .o into terms depending on \%% o, which are bounded due to i),

(94)

and terms depending on ngi (gpo(qo)). In view of the coordinate expression
ngi = Oy — [%ynP0, the latter is equal to —T'5n 0 00(qo). We already
know that ¢o € CL(C,H¢(g)). By ii) this implies ¢y € CY(C, C*(N,C))
with sup, [[e*®¢o|| < 1. Hence, we have that —I'¢;n?9,«00(qo) is bounded.
Noticing that all the bounds are independent of €2 due to the bounded geom-
etry of C, we obtain that ¢y € C} (C7 Hf(q)). Now we can inductively make
use of (94) and ii) to obtain ¢ € C5°(C, He(q)).

If Ey = inf 0(H;(q)) for all g € C, again the real eigenspace bundle is already
trivializable. To see this we note that the groundstate of a real Schrodinger
operator can always be chosen strictly positive, which defines an orientation
on the real eigenspace bundle. A real line bundle with an orientation is
trivializable. So we may argue as in the case of a contractable C to obtain
that the derivatives are globally bounded. O
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PRrROOF OF LEMMA 13:
Let [ € Z. We fix m € {1,2,3} and z1,...,2, € C\R N suppy x [-1,1].
We claim that there is a ¢ > 0 independent of £ and the z; such that

H ﬁ(Hg—zi) ) f[RHs(zj)(l/)_lH <9 (95)

L(H)

o e 1™, [Tmz;]
for A := min {17 1+H;;1(\zj|+\lng'l)} >0

To prove this we set ® := [, (H. —2;) (\)' T[]}, Rar.(2)(v) "0 for ¥ € H
and aim to show that ||¥|| > ||®||/2. Because of A < 1 we have that

Nl = [t TTeH — = o ﬁRHe(Zj)‘DH

> oy [T (H: = =) ()™ HRHE(zj)fbH
> ol = [[ow)' [T (He =2, Qo)) T] B () @

All terms in the commutator carry a positive power of A because at least
one derivative has to hit (Av)~!. Because of A < 1 positive powers of \ are
bounded by A. Using that |z;| is uniformly bounded and Lemma 9 iii) we
have that there is a C' < oo independent of £, A and the z;’s with

o > [of] — oA (HH?ﬁRszj)@H+Hf[RH5<zj><1>H)
_ o - C)\Hf[HaRHE(zj)‘I’H - OA((f[Rm(zj)@H

> Jo - exJ[ (1+ |Z—JZ||) |@ = A [] 1z o]
ey J j=1

|Im
1+ 152 (2] + [Tmz)
[T [Tmz|

> o] = CA 1]l
> [|®fl/2

(2C) ' TTi%, [Tmzi| f
for A < 1+H§”:1(|z]~|41r\1mz]~|)‘ This yields (95).

Now we make use of the Helffer-Sjostrand formula again. We recall from the
proof of Lemma 6 that it says that



where f is an arbitrary almost analytic extension of f. As before by dz we
mean the usual volume on C. By assumption y is non-negative. So by the
spectral theorem we have x(H.) = [/, x*/™(H.). We choose an almost

analytic extension of '/ such that K := supp x/™ C supp x x [~1,1], i.e
the volume of K is independent of ¢, and

0=y (2)] = O(|Imz[1), (96)

Then by the Helffer-Sjostrand formula

1 - .
(Crn _:

We will now combine (95) and (96) to obtain the claimed estimate.
}(VVX(H ) (v)™ ‘If\

/ H&X”m D) ) ] Ba () (v) ™! W dz -z
"i=1 i=1
=1

where we used that (V) (Av) = <A™~ T, |[Im 2|~ for small [Im 2;|. There-
fore

H<’/>1X(H€) v _l\IIHD(Hm)

(Av)! H Ry (z)(v)™ \IJ‘ dzy ...dzy,

< H/m H\Imzl (Av)! HRHE i) Wldz...dzy, ‘D(Hg")
ST 1 £ (R
; i=1
R \If’d d ’”H
* 11 e R P
< / H Tmz;| H ||RH5(21')||L(D(H,§”_i),D(H§'L_i+1))
™ i=1 i=1
X H l_I(H5 — z) () H Ry (z) (v)™ \IJH dzy...dzy,
H
i=1 i=1
(95)
S,
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by the resolvent estimate (47). Hence, (v)'x(H.) (v)™" € L(H,D(H™)) with
norm independent of ¢ for m € {1,2,3}. The same holds for (\v) '\ (H.) (v)!
which is easily seen by a similar proof. The case m = 0 is a trivial consequence
of m=1. OJ

Appendix

Manifolds of bounded geometry

Here we explain shortly the notion of bounded geometry which provides the
natural framework for this paper. More on the subject can be found in [32].

Definition 5 Let (M, g) be a Riemannian manifold and let r, denote the
injectivity radius at ¢ € M. Set ry = infiepry. (M, g) is said to be of
bounded geometry if rag > 0 and every covariant derivative of the Riemann
tensor R is bounded, i.e.

VmeN I3C,<o00: g(V'"R,V"R) < C,.

Here V is the Levi-Civita connection on (M,g) and g is extended to the
tensor bundles T. M for all I, m € N in the canonical way.

The definition of the Riemann tensor is given below. We note that ry > 0
implies completeness of M. The second condition is equivalent to postu-
lating that every transition function between an arbitrary pair of geodesic
coordinate charts has bounded derivatives upto any order.

The geometry of submanifolds

We recall here some standard concepts from Riemannian geometry. We espe-
cially focus on the generalization of the usual tensors to submanifolds with
codimension higher than one, which are omitted in some textbooks. For
further information see [10].

First, however, we give the definitions of the inner curvature tensors we use
because they vary in the literature. We note that they contain statements
about linearity and independence of basis that are not proved here! In the
following we denote by I'(E) the set of all smooth sections of a bundle £ and
by 7' (M) the set of all smooth (I, m)-tensor fields over a manifold M.

Definition 6 Let (A,7) be a Riemannian manifold with Levi-Civita connec-
tion V. Let 71,7, 73,74 € T(TA).
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i) The curvature mapping R : I'(T\A) x T'(T\A) — TY(A) is given by
R(m1,m) 73 = VA Vam — Vi, VaTs — Vi Ts
ii) The Riemann tensor R € T9(A) is given by
R(T1, T2, T3, T4) = g(ﬁ,l:_{(Tg,m) TQ).
i7i) The Ricci tensor Ric € T9(A) is given by
Ric(r, ) = traR(., 7).

iv) The scalar curvature % : A — R is given by

R = trqRic.

Here tr 4t means contracting the tensor t by an arbitrary orthonormal basis

of TA.

Remark 3 The dependence on vector fields of R, R, and Ric can be lifted to
the cotangent bundle T'C* via the metric g. The resulting objects are denoted

by the same letters throughout this paper. The same holds for all the objects
defined below.

Of course, all these objects can also be defined for a submanifold once a
connection has been chosen. There is a canonical choice given by the induced
connection.

Definition 7 Let C C A be a submanifold with induced metric g. Denote by
TC and NC the tangent and the normal bundle of C. Let 11,79, 73 € I'(TC).

i) We define V to be the induced connection on C given via
Vi = PTleTg,

where T, T are canonically lifted to TA = TC x NC and Pr denotes the
projection onto the first component of the decomposition. The projection
onto the second component of the decomposition will be denoted by P, .

i) The induced curvature mapping R : T'(TC) x I(TC) — T1(C) is given by
R(r,m)m = V., Vo1 — V,V. 73 — Vi, 173

i) Ric and r are defined analogously with Ric and & from the preceding
definition.
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Now we turn to the basic objects related to the embedding of a submanifold
of arbitrary codimension.

Definition 8 Let 7,7, 7 € I'(TC),v € I'(NC).
i) The Weingarten mapping W : I'(NC) — T1(C) is given by
W)t = —PrV,v.
i) The second fundamental form II(.) : T(NC) — xT35(C) is defined by
) (m,72) = §(Vym,v).

iii) The mean curvature normal n € I'(NC) is defined to be the unique vector
field that satisfies

g(n,v) = treW(v) Vv el (NC).

i) We define V* to be the induced bundle connection on the normal bundle
glven via
Viy = P, V,v,

where v and T are canonically lifted to TA =TC x NC.
v) Rt : T(TC) x T(TC) x T(NC) — T'(NC) denotes the normal curvature
mapping defined by

RJ_(Tl,TQ)U = VTLIVTL,ZI/ — Vi;v.tl/ — V[L

T1,7'2] v.

Remark 4 i) The usual relations and symmetry properties for W and 11
also hold for codimension greater than one:

(v)(m,m2) = g(ﬁ, W(v) 7'2) = g(Tg, W(v) 7'1) =11(v)(7, 71)-
ii) A direct consequence of the definitions is the Weingarten equation:
Viv = Vv + W)t (97)

i4i) The normal curvature mapping R+ is identically zero, when the dimension
or the codimension of C is smaller than two.
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