WEGNER ESTIMATE FOR
DISCRETE ALLOY-TYPE MODELS

IVAN VESELIC

ABSTRACT. We study discrete alloy type random Schrédinger operators on
£%(Z%). Wegner estimates are bounds on the average number of eigenvalues
in an energy interval of finite box restrictions of these types of operators.
If the single site potential is compactly supported and the distribution of
the coupling constant is of bounded variation a Wegner estimate holds. The
bound is polynomial in the volume of the box and thus applicable as an
ingredient for a localisation proof via multiscale analysis.

1. MAIN RESULTS

A discrete alloy type model is a family of operators H,, = Hy+V,, on ¢*(Z%).
Here Hy denotes an arbitrary symmetric operator. In most applications Hy is
the discrete Laplacian on Z¢. The random part V,, is a multiplication operator

(1) Vo(z) =) wpulz — k)

kezd

defined in terms of an i. i. d. sequence wi: Q — R,k € Z% of random variables
each having a density f, and a single site potential v € £1(Z% R). It follows that
the mean value % := ), ;a4 u(k) is well defined. We will assume throughout
the paper that u does not vanish identically and that f € BV. Here BV
denotes the space of functions with finite total bounded and || - ||py denotes
the corresponding norm. The mathematical expectation w.r.t. the product
measure associated with the random variables wy, k € Z? will be denoted by
E.

The estimates we want to prove do not concern the operator H,,w € §2 but
rather its finite box restrictions. Thus for the purposes of the present paper
domain and selfadjointness properties of H,, are irrelevant. For L € N we denote
the subset [0, L]Y N Z¢ by Ap, its characteristic function by ya ,» the canonical
inclusion ¢2(Ar) — ¢%(Z%) by 1 and the adjoint restriction ¢2(Z%) — (?(Ap)
by 7. The finite cube restriction of H,, is then defined as H,, 1, := mrHoir, +
VXA, : ?(Ap) — 2(AL). For any w € Q and L € N the restriction H,p is a
selfadjoint finite rank operator. In particular its spectrum consists entirely of
real eigenvalues E(w, L,1) < E(w,L,n) < --- < E(w, L, A1) counted including
multiplicities. Note that if 4 has compact support, then there exists an n € N
and an x € Z% such that supp C A_,, +z, where A_,, := {—k | k € A,}. We
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may assume without loss of generality x = 0 without restricting the model (1).
The number of points in the support of u is denoted by ranku. Now we are
in the position to state our bounds on the expected number of eigenvalues of
finite box Hamiltonians H,, j, in a compact energy interval [E — ¢, E + €] .

Theorem 1. Assume that the single site potential u has support in A_,,. Then
there exists a constant ¢, depending only on u such that for any L € N, E € R
and € > 0 we have

E{Tr [x(g_crqHor)]} < cullflpy ranku e (L +n)*+D

Remark 2. (1) By the assumption on the support of the single site potential
rank u < n?

(2) The constant ¢, is given in terms of derivatives of a finite array of
polynomials constructed in terms of values of the function wu.

(3) A bound of the type as it is given in Theorem 1 is called Wegner es-
timate. If such a bound holds one is interested in the dependence of
the RHS of the length of the energy interval (in our case 2¢) and on the
volume of the cube A, (in our case LY).

(4) Our bound is linear in the energy-interval length and polynomial in the
volume of the cube. This implies that the Wegner bound can be used
for a localisation proof via multiscale analysis, see e.g. [3, 1, 6]. More
precisely, if an appropriate initial scale estimate is available, the mul-
tiscale analysis — using as an ingredient the Wegner estimate as given
in Theorem 1 — yields Anderson localisation. As the Wegner bound is
valid on the whole energy axis one can prove Anderson localisation in
any energy region where the initial scale estimate holds.

(5) If the single site potential u does not have compact support, one has to
use an enhanced version of the multiscale analysis and so-called uniform
Wegner estimates to prove localisation, see [8]. However, there exists
criteria which allow one to turn a standard Wegner estimate into a
uniform one, see Lemma 4.10.2 in [15].

(6) The main point of the theorem is that no assumption on u (apart form
the compact support) is required. In particular, the sign of u can change
arbitrarily. The single site potential may be even degenerate in the
sense that @ = 0. Also, note that the result holds on the whole energy
axis. These two properties are in contrast to earlier results on Wegner
estimates for sign-changing single site potentials. See the discussion of
the previous literature at the end of this section.

(7) If u does satisfy the assumption @ # 0 we obtain an even better bound.
This is the content of Theorem 3 below.

The next Theorem applies to single site potentials u € ¢!(Z%) with non
vanishing mean @ # 0. Let m € N be such that >_,,~,, [u(k)| < [a/2[. Here
|k]| = ||k|loc denotes the sup-norm.

Theorem 3. Assume @ # 0 and that f has compact support. Then we have
forany LeN, E€R ande>0

8 .
E {Tr [X(g—c5—q(Hor)]} < p Il f]| By min (Ld,rank u) e(L+ m)?
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In the case that the support of u is compact, we have an important

Corollary 4. Assume u # 0 and suppu C A_,,. Then we have for any L € N,
EcRande>0

4
E {Tr [X(g—ep—qHor)]} < = | f|lpv ranku € (L + n)?

Im particular, the function R 5 E — E {Tr [X(foo,E](Hw,L)]} is Lipschitz
continuous.

If the operator H,, has a well defined integrated density of states N: R — R,
meaning that
) 1
Jim =5 B A{Tr [X(—oo, 5y (Hop)] } = N(E)
at all continuity points of NV, then Corollary 4 implies that the integrated density
of states is Lipschitz continuous. Consequently its derivative, the density of
states, exists for almost all £ € R.

Remark 5. The situation that the two cases 4 # 0 and @ = 0 have to be
distinguished occurs also in other contexts, see for instance the paper [10] on
weak disorder localisation.

When looking at Theorems 1 and 3 one might wonder what kind of Wegner
bound holds for non-compactly supported single site potentials with vanishing
mean. To apply the methods of the present paper in this case it seems that one
has to require that u tends to zero exponentially fast. So far only the case of
one space dimension is settled:

Theorem 6. Assume that f has compact support and that there exists s € (0,1)
and C € (0,00) such that |u(k)| < Csl*¥l for all k € Z. Then there exists
an integer D € Ng such that for each 3 > D/|logs| there exists a constant
K € (0,00) such that for all Le N, E€R and e >0

8
EA{Tr [X(p-e.p—q(Hor)]} < —Ifllsv eL(L+Blog L + 2K)PH!

Let us discuss the relation of the above theorems to previous results [9, 14,
4, 11, 13] on Wegner estimates with single site potentials which are allowed
to change sign. The papers [9, 4] concern alloy type Schrodinger operators on
L?*(R%). The main result is a Wegner estimate for energies in a neighbourhood
of the infimum of the spectrum. It applies to arbitrary non-vanishing single
site potentials u € C.(R%) and coupling constants with a picewise absolutely
continuous density. The upper bound is linear in the volume of the box and
Holder-continuous in the energy variable.

The results of [14, 11, 13] concern both alloy type Schrédinger operators
on L?(R?) and discrete alloy type Schrédinger operators on £2(Z¢). Since the
present paper concerns the latter model we will discuss these results here first.
The papers [14, 11, 13] establish results analogous to Corollary 4 above, however
only under more restrictive assumptions. For instance in [13] the required
hypothesis is that suppu is compact and that the function

(2) 0 — Z u(k)e %Y does not vanish on [0, 27)<.
kezd
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For alloy type Schrodinger operators on L?(R%) [14, 11, 13] derive a Wegner
estimate which is linear in the volume of the box and Lipschitz continuous
in the energy variable. The bound is valid for all compact intervals along the
energy axis. These bounds are valid for single site potentials v € L3°(R?) which
have a generalised step function form and satisfy a condition analogous to (2).

Let us stress that Wegner estimates for sign changing single site potentials
are harder to prove for operators on L?(R%) than for ones on ¢?(Z%). The reason
is that for discrete models we have in the randomness a degree of freedom for
each point in the configuration space Z%. For the continuum alloy type model
the configuration space is R¢ while the degrees of freedom are indexed by a
much smaller set, namely Z<.

Recently a fractional moment bound for the alloy type model on ¢?(Z) has
been proven in [2]. It holds for arbitrary compactly supported single site po-
tentials. The result can be extended to the one-dimensional strip, while the
extension to Z¢ is unclear at the moment.

2. AN ABSTRACT WEGNER ESTIMATE AND THE PROOF OF THEOREM 3

An important step in the proofs of the Theorems of the last section is an
abstract Wegner estimate which we formulate now.

Theorem 7. Let L € NJE € Rie > 0 and I := [E — ¢, E + €|]. Denote by
E(w, L,n) the n-th eigenvalue of the operator H,, 1. Assume that there exist an
§ >0 and a € (1 (Z%R) such that for all n

(3) > a(k)iE(w,L,n) >4

Owp,

Then
E (T (o)) < 5 3 alk) | fllpy rank(xau(- — )

kezd
o)

Owy
sum (3) is absolutely convergent. Note that one can always replace the sum

> kezd DY ZkeAZ' Here A] = {k € Z¢ | u(- — k) N Ay # 0} denotes the
set of lattice points such that the corresponding coupling constant influences
the potential in the box Az. In particular, if the support of u is contained in
[—n,...,0]% the sum reduces to > kEALn- We give a simple sufficient condition
which ensures the hypothesis of Theorem 7.

Since a € ¢! and the derivatives E(w, L,n) are uniformly bounded, the

Corollary 8. Let L e N,e >0 and I := [E —¢, E+¢€|. Assume that there exist
an & > 0 and a € £*(Z%R) such that for alln and all x € Af,

> a(k)u(z —k) > 6

Then

E(Trxr(Hot)) < 5 > ak)[|fllpv rank(xau(- - k)
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Proof. By first order perturbation theory, respectively the Helman-Feynman
formula we have 5

7E(w’ L?”) = <¢na u( - k)¢n>

Owy,
where v, is the normalised eigensolution to H,, ¢, = E (w, L,n)ty,. Thus

S o) Bl L) = 3 al) - = )} > 0
kezd kezd
O

The proof of Theorem 7 relies on quite standard techniques, see e.g. [16, 7,
4, 12]. The main point of the Theorem is that it singles out a relation between
properties of linear combinations of single site potentials and a Wegner estimate.
In the course of the proof we will need the following estimate.

Lemma 9. Let f: R — R be a function in BV N L'(R), p € C®(R), k € Z¢
and s € R. Then

S [ dn ) p(B, L)+ 5) < [l rank(xna(: — R) [ 19/(0)lds
neN
Note that if k & AT then %E(w, L,n) = 0. Also note that the sum over n

is in fact finite since H,, r, is defined on a finite dimensional vector space.

Proof. We will use that if g € C® and f € BV N L' the partial integration
bound

/ F(2)g' () < gllool FlLov

holds. Denote by F(w,wy, =0, L, n) the n-th eigenvalue of the operator H, ., —o 1, :=
H, 1 —wru(- — k) on EQ(AL) Partial integration yields

Z/dwsz wk ( ( aLvn)"i'S)

neN

-/ dwkfm)af% >~ (p(Bw,L,n) + 5) = p(B(w,w, = 0, L,n) +5))

neN
<Iflsv swp | S (p(B(w, Ln) +5) = p(E(w,wr = 0,L,n) +5))|

wgEsupp f neN

Here we used that wy +— E(w, L,n) is an infinitely differentiable function cf.
[5]. Now

Zp w,L,n)+s) — p(E(w,wr, =0,L,n)+s)
neN

= Tr (p((HwJJ +5) — p(Hw wy—0,1. + s))

can be expressed in terms of the spectral shift function &(-, Hy, 1, Hy w,=0,1,) 0f
the operator pair H,, 1., H,, o, —0,1, as

/ p/(l‘)f(l', Hw,La Hw,wk:O,L)div-
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Since ||€||oc is bounded by the rank of the perturbation xpu(- — k), we obtain

S (B, Lin) +5) = p(Elw. e = 0. L) +5) < rank(xau(- — 1) [ 19!
neN

and the proof of the Lemma is completed. O
Now we turn to the proof of Theorem 7.

Proof of Theorem 7. Let p € C*°(R) be a non-decreasing function such that on
(—o0, —€] it is identically equal to —1, on [¢, 00) it is identically equal to zero
and ||p]|cc < 1/€. By the chain rule we have

> a(k)%p(E(w, L,n)—E +1)

The assumption (3) implies now

ip(E(w, L,n)—E+1)

"(E(w,L,n)—FE <
o (Ew, Ln) = E+1) < o

| =

a(k)

B
m

Since x1 < ff;edtp’(:v —E+t)for[:=[F—¢ E+e] we have

Trxs(Ho 1 g/ dtd Y alk ka w,L,n) — E +1)

neN keczd

Note that for a random variable F: @ — R we have E (F) = E ([ f(wg)dwpF (w))
Thus using Lemma 9 and [ |p/(z)|dz = 1 we obtain

E (T (Hon)) < o 3 alk) | fllmy xank(u- xa)

kezd

Now we are in the position to give a

Proof of Theorem 3. Let 1, be a normalised eigenfunction associated to F(w, L, n)
and Q(L,m) = Upep, (k: + [=m,m]? N Zd>. W.lo.g. we may assume u > 0.
Then } yco(r,m) u(k) = /2. Choose now the coefficients in Corollary 8 in the

following way: a(k) =1 for k € Q(L,m) and a(k) = 0 for k in the complement
of Q(L,m). Then

> alk) W, ul- — k)n) = (U, > ul-— k) > /2.
kezd keQ(L,m)
O

Proof of Corollary 4. Set a(k) = 1 for k € Apy, and a(k) = 0 for k in the
complement of Ay ,. Then

Z a(k)<1/}m u( - k)wn> = <1/}n7 Z U( - k)¢n> =1U

kezd keAL1n
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An application of Corollary 8 now completes the proof. U

3. PROOF OF THEOREM 1

In this section we give a proof of Theorem 1. In view of Theorem 3 it is
sufficient to consider the case that the single site potential u: Z? — R,u €
¢'(Z%) is degenerate in the sense that Y 1 u(x) = 0. We explain how to find
in this situation an appropriate linear combination of single site potentials — or,
equivalently, an appropriate linear transformation of the random variables —
which can be efficiently used for averaging. The aim of the linear transformation
is to extract a perturbation potential which is strictly positive on the box A.

Let us first consider the case d = 1. Then we can assume without loss of
generality that suppu C {—n,...0}. For a given cube A;, = {0,..., L} we are
looking for an array of numbers a, k € Ar1, such that we have

(4) Z aru(z — k) = constant >0 for all z € A,
kEAL+n
In fact, we will find a sequence of numbers ag, k € N such that we have
(5) Zaku(fv — k) =constant >0 forallz € N
keN

If we truncate this sequence, we obtain an array of numbers satisfying (4).
For a function F': (1 —€,1+4€) — R with € > 0 we say that it has a root of
order m € {0,...,n} at t =1iff it is in C"™(1 —¢,1 + €) and

(6) (C?;F(t)ﬂ“:o for j=0,....,m—1
(7) o(F) = (%F(t)) | #0

In particular, m = 0 means that F/(1) # 0. If F' is a polynomial of degree not
exceeding m, if (6) holds and in addition ¢(F') = 0, then F' = 0. In this case
we say that F' has a root of infinite order at ¢t = 1.

Given a function w: Z — R such that Fy,(t) := >, ., tw(—v) converges for
te(l—el+4+e)wecal (1—€14¢€) 3t F(t):= Fy(t) the accompanying
(Laurent) series of w. If suppw C {—n,...,0} we call t — p(t) := py(t) :=
> oo t’w(—v) the accompanying polynomial of w.

Lemma 10. Let D € Ny and a, = kP for all k € N. Let m be the order of the
root t = 1 of the Laurent series f accompanying the function w: Z — R with
convergent series ) ., t"w(—v) fort € (1 —¢,1+¢).

(a) If m > D then ), apw(x — k) =0 for all x € N.

(b) If m = D then ), ; arpw(x — k) = c(F) for all x € N.

An important and well known special case is

Corollary 11. Let D € Ny and aj, = kP for all k € N. Let m be the order of
the root t = 1 of the polynomial p accompanying the function w: Z — R with
suppw C {—n,...,0}.

(a) If m > D then > 72" apw(z — k) = 0 for all x € N.
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(b) If m = D then Y 32" arw(x — k) = c(p) for all z € N.

Due to the support condition > ,cyarw(z — k) = S 72" apw(x — k) for all
z € N.

Proof of Lemma 10. First note that for arbitrary v € N and s € R we have

d -
F(e®) = RF(H) S\ ,KS
G = e e

with some c1,...,¢,1 € Ny and ¢, = 1. For the value s = 0 it follows from
(6) that %F(es) =0 for v =0,...,m — 1 and from (7) that dds—mmF(es) =
Fm)(e%) ems = ¢(F).

We note that a; = ;S%eks for s = 0 and insert this into the LHS of (5) to
obtain

v, dP
Zakw(:ﬂ — ]{j) e Zw(x _ k)@e S — zw(_y)@e(l/+$)8

keZ keZ VEZ
dD xs S < D dr S dDiT xs
® B dsiD(e Fe )) _; <r>(ds’“F(e ))<dsD—’“e > '
For s = 0, (8) vanishes if D < m and equals ¢(F) if D = m. O

Thus we have found in the case d = 1 and w = u a linear combination with
the desired property (5). In the multidimensional situation we will reduce the
dimension one by one and construct from a non-vanishing single site potential
in dimension j a non-vanishing one in dimension j — 1. In each reduction step
we apply Corollary 11.

Let w@): Z/ — R be compactly supported and not identically vanishing.
W.lo.g. we assume suppw? C [-n,019 N Z7. Next we define a ‘projected’
single site potential w1 : Z7~1 — R as follows. Consider the family of poly-
nomials p(z1,...,7;-1,-): R — R, indexed by (z1,...,2j-1) € {-n,...,0} 7}
and defined by

n
(9) p(x1,...,zj-1,t) = Zt” w9 (z1, ... L Tj—1,—V).
v=0
Let m(zq,...,2j-1) € {0,...,n,00} be the order of the root t = 1 of the polyno-
mial p(z1,...,2j-1,-) and M := M; := min {m(xl, i) | 21, €
{-n,..., 0}} the minimal degree occurring in the family. Since w?) does not

vanish identically, M; < n. Set I;_1 = {(21,...,2j-1) € {-n,...,01 71 |
m(xl, ey Zlijfl) = Mj} and Jj,1 = {(1‘1, ey :L‘jfl) € {—’I’L, ey O}J_l | m(l‘l, ..
MY,

Lemma 12. For all (z1,...,2j-1) € {-n,...,0}9" we have the equality
) dM
(10) ICGZNI{ZM w(j)(xl, ceey .CCj_l,l'j — k’) = (Wp(xl, . ,a:j_l,t)) ‘t:l .

We denote the function in (10) by wU—1: ZJ — R. Then wU=1) is independent
of the variable x; and therefore we call it the single site potential in reduced

. ,.’L‘jfl) >
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dimension and consider it sometimes as a function wlU=Y: ZI=1 — R. Its
support is contained in {—n,..., 0} 7L

Moreover, w(j_l)(xl, v xjo1) =04f (z1,...,25-1) € Jj—1 and w(j_l)(xl, Ce X)) F
0 if (z1,... ,1‘]’_1) S

Remark 13. The lemma establishes in particular that

e M is an element of {0,...,n}. If we had M > n+1, then all polynomials
p(x1,...,7j_1,-) would vanish identically and thus w'/) = 0 contrary to
our assumption.

e w1 does not vanish identically. In fact suppwU—1 = Ii_1 # 0 by
definition.

Proof. Consider first the case (z1,...,2j-1) € Jj—1. Then for any z; € N

w(j_l)(xl, e ,J}j_l) = Zka(j)(xl, ce L1, T — k) =0
keN

by Lemma 11, part (a), since t = 1 is a root of order M + 1 or higher of the
accompanying polynomial p(x1,...,z;_1,-).

Now, if (x1,...,2j-1) € Ij_1 then the order of the root t = 1 of the polyno-
mial p(z1,...,2j-1,-) equals M. Thus by part (b) of Lemma 11

wi ™ (2, ... ,Tjo1) = Z M w (. zj-1,2; = k)
keN
dM
RE—
for all z; € N. -

In the last step j = 1 — j—1 = 0 of the induction we obtain a reduced single

site potential
daMh

w® = (e, = @)

which is a simply non-zero real.
Now we describe the result which is obtained after the reduction is applied
d times. Given a single site potential u: Z? — R with suppu C [-n,0]¢ N Z4,

set w@ =4 and

(11) w©® = Z kMiw® (2 — k)
k1€EN

(12) = Z k‘{wl Z kydw(d)(wl—kl,...,xd—kd)
k1€N kqeN

Thus we have produced a linear combination of single site potentials
Z bkw(d)(;vl —ki,...,xq—kq) where b:= k{wl . kil\/[d
kEAL_;,_n

which is a constant, non-vanishing function on the cube Ay. Moreover, the
coefficients satisfy the bound

bg| <KD .. kD < (L+n)¥" forall keApy,
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Now an application of Corollary 8 with the choice a; = by for k € Ap,, and
ar = 0 for k in the complement of this set completes the Proof of Theorem 1.

4. PROOF OF THEOREM 6

The assumption on the exponential decay of v implies that F'(z) = >_ ., 2"u(
is an absolutely and uniformly convergent Laurent series on the annulus {z €
C | ri < |z] < ro} for some 0 < 7 < 1 < rg < oo and represents there
a holomorphic function. This implies that there exists a D € Ny such that
c(F) = é?Z—DDF(Z) |.=1# 0. Otherwise F' would be identically vanishing imply-
ing that u vanishes identically. Thus the root z = 1 of F' has a well defined,
finite order D € Ny and Lemma 10 can be applied.

The problem is now that the series ), _, kP is not absolutely convergent.
For this reason we will replace it with an appropriate finite cut-off sum. Assume
in the following w.l.o.g. that ¢(F) > 0. A lengthy but easy calculation shows
that for all 5 > D/|log s| there exists a constant K € (0, 00) such that

c(F
vaeAr: Y Plu(z - k)| < (2)
kg{—K,...,m}
where m = L + Blog L + K. Consequently

VaeelAr: Z kDu(x—k)Zc( )

ke{-K,...m}

Thus we can apply Corollary 8 with the choice a, = kP for k € {—k,...,m}
and a; =0 for k € {—ky,...,m+ 1} and obtain

E {Tr [X(p_crq wL}}_ HfHBV L(L + Blog L + 2K)P+!
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