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Abstract

We consider space-cutoff P(y)2 models with a variable metric of the form

H=dI'(w) + /Rg(w) Pz, p(x)): d,

on the bosonic Fock space L?(R), where the kinetic energy w = h% is the square root of a
real second order differential operator

h = Da(z)D + c(z),

where the coefficients a(z), c(z) tend respectively to 1 and m2, at oo for some mq, > 0.

The interaction term [, g(z) : P(z, ¢(x)): dz is defined using a bounded below polynomial
in A with variable coefficients P(x,\) and a positive function g decaying fast enough at
infinity.

We extend in this paper the results of [DG] where h had constant coefficients and P(x, \)
was independent of x.

We describe the essential spectrum of H, prove a Mourre estimate outside a set of thresh-
olds and prove the existence of asymptotic fields. Our main result is the asymptotic com-
pleteness of the scattering theory, which means that the CCR representation given by the
asymptotic fields is of Fock type, with the asymptotic vacua equal to bound states of H. As
a consequence H is unitarily equivalent to a collection of second quantized Hamiltonians.

An important role in the proofs is played by the higher order estimates, which allow to
control powers of the number operator by powers of the resolvent. To obtain these estimates
some conditions on the eigenfunctions and generalized eigenfunctions of h are necessary. We
also discuss similar models in higher space dimensions where the interaction has an ultraviolet
cutoff.

1 Introduction
{sec0}

1.1 Space-cutoff P(y); models with variable metric
{sec0.1}

The P(p)2 model describes a self-interacting field of scalar bosons in 2 space-time dimensions
with the interaction given by a bounded below polynomial P(y) of degree at least 4. Its con-
struction in the seventies by Glimm and Jaffe (see e.g. [GJ]) was one of the early successes



of constructive field theory. The first step of the construction relied on the consideration of a
spatially cutoff P(p)s interaction, where the cutoff is defined with a positive coupling function
g(z) of compact support. The formal expression

H = dl(w) + /Rg(x) P(e(): da,

where w = (D? + mQ)% for m > 0 and : : denotes the Wick ordering, can be given a rigorous
meaning as a bounded below selfadjoint Hamiltonian on the Fock space I'(L?(R)).

The spectral and scattering theory of H was studied in [DG] by adapting methods originally
developped for N—particle Schrodinger operators.

Concerning spectral theory, an HVZ theorem describing the essential spectrum of H and
a Mourre positive commutator estimate were proved in [DG]. As consequences of the Mourre
estimate, one obtains as usual the local finiteness of point spectrum outside of the threshold set
and, under additional assumptions, the limiting absorption principle.

The scattering theory of H was treated in [DG] by the standard approach consisting in
constructing first the asymptotic fields, which roughly speaking are the limits

lim eZp(e ™n)e ™ = ¢*(h), he L}(R),
t—=o0

where ¢(h) for h € L?(R) are the Segal field operators. Since the model is massive, it is rather
easy to see that the two CCR representations

h— ¢*(h)

are unitarily equivalent to a direct sum of Fock representations. The central problem of scattering
theory becomes then the description of the space of vacua for these asymptotic representations.
The main result of [DG] is the asymptotic completeness, which says that the asymptotic vacua
coincide with the bound states of H. It implies that under time evolution any initial state
eventually decays into a superposition of bound states of H and a finite number of asymptotically
free bosons.

Although the Hamiltonians H do not describe any real physical system, they played an
important role in the development of constructive field theory. Moreover they have the important
property that the interaction is local. As far as we know, the P(y)2 models and the (non-
relativistic) Nelson model are the only models with local interactions which can be constructed
on Fock space by relatively easy arguments.

Our goal in this paper is to extend the results of [DG] to the case where both the one particle
kinetic energy w and the polynomial P have variable coefficients. More precisely we consider
Hamiltonians

H=dI'(w) + / g(x) : P(z,¢(x)): dz,
R
on the bosonic Fock space L?(R), where the kinetic energy w = h3 is the square root of a real
second order differential operator

h = Da(z)D + ¢(z),



P(x,)\) is a variable coefficients polynomial
2n
P(xz,\) = Zap(a:))\p, agn () = agy > 0,
p=0

and g > 0 is a function decaying fast enough at infinity. We assume that a(x),c(x) > 0 and
a(z) — 1 and ¢(x) — m2, when # — oco. The constant m, has the meaning of the mass at
infinity. Most of the time we will assume that mq, > 0.

As is well known, the Hamiltonian H appears when one tries to quantize the following non
linear Klein-Gordon equation with variable coefficients:

oP
Ot ) + (Da() D+ c(a)p(t,2) + () o, p(a, 1) = 0.
Note that in [Di], Dimock has considered perturbations of the full (translation-invariant) (3
model by lower order perturbations p(t,x) :¢(t, x): where p(t, x) has compact support in space-
time.
We now describe in more details the content of the paper.

1.2 Content of the paper

The first difference between the P(¢)2 models with a variable metric considered in this paper
and the constant coefficients ones considered in [DG] is that the polynomial P(\) is replaced
by a variable coefficients polynomial P(z, A) in the interaction. The second is that the constant
coefficients one particle energy (D2+m2)% is replaced by a variable coefficients energy (Da(x) D+
()7,

Replacing P(\) by P(z, A) is rather easy. Actually, conditions on the function g and coeffi-
cients a, needed to make sense of the Hamiltonian can be found in [Si].

On the contrary replacing (D? + mQ)% by (Da(x)D + c(x))% leads to new difficulties. The
construction of the Hamiltonian H is still rather easy, using hypercontractivity arguments.

However an essential tool to study the spectral and scattering theory of H is the so called
higher order estimates, originally proved by Rosen [Ro|, an example being the bound

N? < C,(H +b)*, peN.

These bounds are very important to control various error terms and are a subsitute for the lack
of knowledge of the domain of H.

An substantial part of this paper is devoted to the proof of the higher order estimates in the
variable metric case.

Let us now describe in more details the content of the paper.

In Sect. 2 we recall various well-known results, like standard Fock space notations, the notion
of Wick polynomials and results on contractive and hypercontractive semigroups. We also recall
some classical results on pseudodifferential calculus.

The space-cutoff P(y)2 model with a variable metric is described in Sect. 3 and its existence
and basic properties are proved in Thms. 3.1 and 3.2.

{sec0.2}



In the massive case meo > 0 we show using standard arguments on perturbations of hy-
percontractive semigroups that H is essentially selfadjoint and bounded below. The necessary
properties of the interaction

V= /Rg(:n) :P(z,0(z)): do

as a multiplication operator are proved in Subsect. 6.1 using pseudodifferential calculus and the
analogous results known in the constant coefficients case.

The massless case meo—o leads to serious difficulties, even to obtain the existence of the
model. In fact the free semigroup e *I'“@) is no more hypercontractive if ms, = 0 but only
LP—contractive. Using a result from Klein and Landau [KL2] we can show that H is essentially
selfadjoint if for example ¢ is compactly supported. Again the necessary properties of the
interaction are proved in Subsect. 6.2. The property that H is bounded below remains an open
question and massless models will not be further considered in this paper.

Sect. 4 is devoted to the spectral and scattering theory of P(y)2 Hamiltonians with variable
metric. It turns out that many arguments of [DG] do not rely on the detailed properties of
P(p)2 models but can be extended to an abstract framework.

In [GP] we consider abstract bosonic QFT Hamiltonians of the form

H = dI'(w) + Wick(w),

acting on a bosonic Fock space T'(h), where the one particle energy w is a selfadjoint operator
on the one particle Hilbert space h and the interaction term Wick(w) is a Wick polynomial
associated to some kernel w. The spectral and scattering theory of such Hamiltonians is studied
in [GP] under a rather general set of conditions.

The first type of conditions requires that H is essentially selfadjoint and bounded below and
satisfies higher order estimates, allowing to bound dI'(w) and powers of the number operator N
by sufficiently high powers of H.

The second type of conditions concern the one-particle energy w. Essentially one requires
that w is massive i.e. w > m > 0 and has a nice spectral and scattering theory.

The last type of conditions concern the kernel w of the interaction Wick(w) and requires
some decay properties of w at infinity.

The core of the present paper consists in proving that our P(p)s Hamiltonians satisfy the
hypotheses of [GP], so that the results here follow from the abstract theorems in [GP].

The essential spectrum of H is described in Thm. 4.3. As a consequence one obtains that H
has a ground state. The Mourre estimate is shown in Thm. 4.4. We do not prove the limiting
absorption principle, but note that for example the absence of singular continuous spectrum will
follow from unitarity of the wave operators and asymptotic completeness.

The scattering theory and asymptotic completeness of wave operators, formulated as ex-
plained in Subsect. 1.1 using asymptotic fields, is proved in Thm. 4.5.

Note that even in the constant coefficients case, we improve the results of [DG]. No smooth-
ness of the coupling function g is required and we can remove an unpleasant technical assumption
on the coupling function g (condition (Bm) in [DG, Subsect. 6.2]) which excluded for example
compactly supported g.

Analogous results for higher dimensional models where the interaction has also an ultraviolet
cutoff are described in Sect. 5.

The properties of the interaction [ g(z) : P(2,¢(z)) : dz needed in Sect. 3 are proved in
Sect. 6. In this section the interaction is considered as a Wick polynomial.



In Sect. 7 we prove some lower bounds on perturbations of P(¢)2 Hamiltonians which will
be needed in Sect. 8.

Sect. 8 is devoted to the proof of the higher order estimates. It turns out that the method
of Rosen [Ro] uses in an essential way the fact that D? +m? has the family {e**},cg as a basis
of generalized eigenfunctions and that the functions e'** are uniformly bounded both in z and
k. In our case we have to use instead of {e**},cg a family of eigenfunctions and generalized
eigenfunctions for Da(x)D + c¢(x). It is necessary to impose some bounds on these functions to
substitute for the uniform boundedness property in the constant coefficients case. These bounds
are stated in Sect. 8 as conditions (BM1), (BM2) and deal respectively with the eigenfunctions
and generalized eigenfunctions of Da(x)D + ¢(z). Corresponding assumptions on the coupling
function ¢g and the polynomial P(x,\) are described in condition (BM3).

Fortunately as we show in Appendices A and B, these conditions hold for a large class of
second order differential operators.

Appendices A and B are devoted to conditions (BM1), (BM2). In Appendix A we dis-
cuss condition (BM1) and show that we can always reduce ourselves to the case where h is a
Schrédinger operator D? + V(z), where V (z) — m?2, at +00. We also prove that it is possible
to find generalized eigenfunctions such that the associated unitary operator diagonalizing h on
the continuous spectral subspace is real. This property is important in connection with Sect. 8.

Appendix B is devoted to condition (BM2). It turns out that (BM2) is actually a condition
on the behavior of generalized eigenfunctions v (xz,k) for k near 0. If h = D? + V(x) and
V(z) € O((z)™#) for some p > 0, it is well known that the two cases u > 2 and p < 2 lead to
different behaviors of generalized eigenfunctions near k = 0.

We discuss condition (BM2) if p > 2 using standard arguments based on Jost solutions
which we recall for the reader’s convenience. The case 0 < p < 2 is discussed using quasiclassical
solutions by adapting results of Yafaev [Ya2].

Finally Appendix C contains some technical estimates.

Acknowledgements We thank Fritz Gestesy, Erik Skibsted, Martin Klaus and especially
Dimitri Yafaev for very helpful correspondence on generalized eigenfunctions for one dimensional
Schrédinger operators.

2 Preparations

In this section we collect various well-known results which will be used in the sequel.

2.1 Functional calculus

If x € C§°(R), we denote by x € C3°(C) an almost analytic extension of y, satisfying

>~(|R =X,
|0zx(2)] < Cy|Imz|™, n €N.

We use the following functional calculus formula for x € C§°(R) and A selfadjoint:

X(A) = ;ﬂ/(caz)Z(z)(z — Atz Adz. (2.1)

{secl}

{sec1.4}
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2.2 Fock spaces
In this subsection we recall various definitions on bosonic Fock spaces.
Bosonic Fock spaces.

If b is a Hilbert space then
I(h) := Py,
n=0

is the bosonic Fock space over h. € T'(h) will denote the vacuum vector.
In all this paper the one-particle space h will be equal to L?(R,dz). We denote by F :
L*(R,dx) — L?*(R,dk) the unitary Fourier transform

Fu(k) = (2r) 2 / e 1k y (2)dz.

The number operator N is defined as

N‘ = nl.
&b

We define the space of finite particle vectors:
Lhin(h) = Heomp(NV) := {u € I'(h) | for some n € N, Tjg,)(N)u = u},

The creation-annihilation operators on I'(h) are denoted by a*(h) and a(h). The field operators

are
1

¢(h) := ﬁ(a*(h) +a(h)),

which are essentially selfadjoint on I'g,(h), and the Weyl operators are

W(h) = P,

dI’ operators.
If r : h1 — bo is an operator one sets:
d'(r) :T'(b1) — I'(h2),
dr(r) = 3 196D gy g 150D,

b j=1
with domain I'g, (D(r)). If 7 is closeable, so is dI'(r).

I' operators.

If ¢ : h1 — b9 is bounded one sets:

I'(q) : T'(b1) = T'(h2)

T =R -Rq.
(9) I q

I'(q) is bounded iff ||g|| < 1 and then ||T'(q)|| = 1.

{sec1.1}



2.3 Wick polynomials
We now recall the definition of Wick polynomials We set
B (T(B)) = {B € B(T(b)) | for some n € N Ty (N) Bl (N) = BJ.
Let w € B(®Fh, ®dh). The Wick monomial associated to the symbol w is:
Wick(w) : T'in(h) — Tan(h)

defined as
| —p)!
Wick(fw)‘ it a=pl o e, (2.2)
®b (n—p)!
This definition extends to w € Bg,(I'(h)) by linearity. The operator Wick(w) is called a Wick
polynomial and the operator w is called the symbol of Wick(w).

For example if h1,...,hp,g1,...,94 € b then:

Wick (| g1 ®s -+~ @5 gg) (hp @5 - @s h)) = a”(q1) - -~ a*(gg)a(hy) - - - a(h).

If h = L?(R,dk) then any w € B(®Eh, ®dh) is a bounded operator from S(RP) to S'(RY), where
S(R™), 8'(R™) denote the Schwartz spaces of functions and temperate distributions. It has hence
a distribution kernel

w(ky, ... kg, K, ... k) € S (RPTY),

q> "Vp>
which is separately symmetric in the variables k and . It is then customary to denote the Wick
monomial Wick(w) by:

/w(k:l,...,kq,k;,...,k’l)a*(kl)'-‘a*(kq)a(k:;)-~-a(k’1)dk:1 - dkgdk) - - K.

If h = L?(R, dx), we will use the same notation, tacitly identifying L?(R, dz) and L?(R,dk) by
Fourier transform.

2.4 ()—space representation of Fock space

Let h be a Hilbert space and ¢ : h — § a conjugation on b, i.e., an anti-unitary involution. If
h = L*(R,dx), we will take the standard conjugation ¢ : u — .

We denote by h. C b the real subspace of real vectors for ¢ and M. C B(I'(h)) be the abelian
Von Neumann algebra generated by the Weyl operators W (h) for h € h.. The following result
follows from the fact that Q is a cyclic vector for M, (see e.g. [S-H.K]).

Theorem 2.1 There exists a compact Hausdorff space @, a probability measure y on @ and a
unitary map U such that

U T(h) — L2(Q, dp),
UQ=1,
UMU* = L>°(Q,du).
where 1 € L?(Q,du) is the constant function equal to 1 on Q. Moreover:
UT'(c)u = Uu, u € T'(h).

The space L?(Q,du) is called the Q—space representation of the Fock space I'(h) associated to
the conjugation c.

{sec.wick.el}
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2.5 Contractive and hypercontractive semigroups

We collect now some standard results on contractive and hypercontractive semigroups.
We fix a probability space (Q, u).

Definition 2.2 Let Hy > 0 be a selfadjoint operator on H = L*(Q, dpu).
The semigroup e~tHo js [P—contractive if e "0 extends as a contraction in LP(Q,du) for
alll1 <p<ooandt>0.
The semigroup e o is hypercontractive if
i) e7to s a contraction on LY(Q,du) for all t > 0,
it) 3T, C such that
”e_THOwHL‘l(Q,d,u) < ClYllz2(q,dp)-

If e=tHo is positivity preserving (i.e. f > 0 a.e. implies e 70 f > 0 a.e.) and e~*01 < 1 then
e~tHo is [P —contractive (see e.g. [KL1, Prop. 1.2])

2.6 Perturbations of hypercontractive semigroups

The abstract result used to construct the P(y)2 Hamiltonian is the following theorem, due to
Segal ([Se]).

Theorem 2.3 Let e *H0 be a hypercontractive semigroup. Let V' be a real measurable function
on Q such that V. € LP(Q,dp) for some p > 2 and e~V € LY(Q,du) for all t > 0. Let
Vi = Iyjyvi<myV and Hy, = Ho + Vy,. Then the semigroups e tHn converge strongly on H when
n — oo to a strongly continuous semigroup on H denoted by e . Its infinitesimal generator
H has the following properties:

i) H is the closure of Hy +V defined on D(Hy) ND(V),

i1) H is bounded below:

H>—-c—In ”e_(sVHLl(Q,d/J,)7

where ¢ and § depend only on the constants C' and T in Def. 2.2.
We will also need the following result [S-H.K, Thm. 2.21].

Proposition 2.4 Let e 0 be a hypercontractive semigroup. Let V,V;, be real measurable func-
tions on Q such that V,, — V in LP(Q,du) for some p > 2, e7tV e™n ¢ LY(Q,dp) for each
t >0 and ||e=V7|| 1 is uniformly bounded in n for each t > 0. Then for b large enough

(Ho+Vp + b7 = (Hy + V +b)"! in norm.

The following lemma (see [Si, Lemma V.5] for a proof) will be used later to show that a given
function V on @ verifies e~V € LY(Q, dp).

Lemma 2.5 Let for k > 1, Vi,V be functions on Q such that for some n € N:

IV = Villzr@am < Crlp = 1)"s7 Vp > 2,
Vi > —Cy — C3(lnk)".

{subsecpl}

{p-1}

{p-2}
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Then there exists constants kg, Cy and o > 0 such that
i{a € QIV(g) < ~Ca(lnk)"} <e™, Vk > ko,

Consequently etV € LYQ,dp), Yt > 0 with a norm depending only on t and the constants C;
in (2.3). {p-6}

The following theorem of Nelson (see [Si, Thm. 1.17]) establishes a connection between
contractions on h and hypercontractive semigroups on the QQ—space representation L?(Q,du)
associated to a conjugation c.

Theorem 2.6 Letr € B(h) be a selfadjoint contraction commuting with c¢. Then

i) UT(r)U* is a positivity preserving contraction on LP(Q,du), 1 < p < oco.

i) if ||Ir] < (p— 1)%(q - 1)_% for 1 < p < q < oo then UT'(r)U* is a contraction from
LP(Q,dp) to LU(Q,dp). {p.4}

Combining Thm. 2.6 with Thm. 2.3, we obtain the following result.

Theorem 2.7 Let b be a Hilbert space with a conjugation c. Let a be a selfadjoint operator on
h with
la,c] =0, a>m > 0. (2.4) {ep.3}

Let L*(Q,du) be the Q—space representation of T'(h) and let V' be a real function on Q with
V € LP(Q,dp) for some p > 2 and e™®V € LY(Q,du) for all t > 0. Then:
i) the operator sum H = dI'(a) +V is essentially selfadjoint on D(dI'(a)) ND(V).
it) H> —C, where C depends only on m and |]e_VHLp(Q7d#), for some p depending only on
m. {x11}

Note that by applying Thm. 2.6 to a = (¢ — 1)_%]15 for ¢ > 2, we obtain the following lemma
about the LP properties of finite vectors in I'(h) (see [Si, Thm. 1.22]).

Lemma 2.8 Let ¢ € ®h and ¢ > 2. Then
U] La(@uam < (a—1"2(|9])-

{p-5}

2.7 Perturbations of ”—contractive semigroups

The following theorem is shown in [KL2, Sect. II.2].
{contract}
Theorem 2.9 Let e 0 be an LP—contractive semigroup and V a real measurable function

on Q such that V € LP°(Q,dp) for some pg > 2 and eV € LY(Q,du) for some 6 > 0. Then
Ho+V is essentially selfadjoint on A(Ho)NLY(Q,dw) for any (3 — p%)_l < g < oo where A(Hy)
is the space of analytic vectors for Hy.



2.8 Pseudodifferential calculus on L*(R%)

We denote by S(R?) the Schwartz class of functions on R? and by &'(R%) the Schwartz class of
tempered distributions on R%. We denote by H*(R?) for s € R the Sobolev spaces on R?.

We set as usual D =i719, and (s) = (s* + 1)l
For pm € Rand 0 < e < 1 5,we denote by SP™™ the class of symbols a € C*>(R??) such that

|3§5£a(% k)| < C«aﬂ<k>p*|/6’|<$>m*(1*6)ICVIJreHﬁl7 a, 3 € N¢

The symbol class S5 will be simply denoted by SP*™. The symbol classes above are equipped
with the toplogy given by the seminorms equal to the best constants in the estimates above.

For a € SP™, we denote by Op'®(a) (resp. Op®!(a)) the Kohn-Nirenberg (vesp anti Kohn-
Nirenberg) quantization of a defined by:

Op2(a) (2, DYu(z) = (27)~ // =0k (k) dydk,

Op%!(a)(z, D)u(x) = (27)" / / =k a(y, kyu(y)dydk,

which are well defined as continous maps from S(R?) to S’(R?). We denote by Op™(a) the Weyl
quantization of a defined by:

Op™(a)(z, D)u(z) := (27)" //M’f EY byu(y)dydk.
We recall that as operators from S(RY) to S'(R%):
Op™!(m)* = Op"¥(m), Op"(m)" = Op"(m).
We will also need the following facts (see [Ho, Thm. 18.5.4]):
[Op™ (b1),10p" (b2)] = Op™ ({b1, b2 }) + Op™ (SPr P2~ dmtma=3i=29), (2.5)

Op¥ (b1)Op™ (ba) + Op™ (ba)Op™ (b1) = 20p™ (b1bs) + Op™ (SPrHP2=2mitma=2(1=2e)) = (9 6)

if b; € SP"™ and {, } denotes the Poisson bracket.
The following two propositions will be proved in Appendix C.

Proposition 2.10 Let b € S*9 q real symbol such that for some C1,Cy > 0
b(z, k) > C1(k)* — Cy.

Then:

i) Op¥ (b)(x, D) is selfadjoint and bounded below on H?(R?).

ii) Let C such that Op¥(b)(z,D) +C > 0 and s € R. Then there exist m; € S*° for
i =1,2,3 such that

(Op™(b)(z, D) + C)* = Op"(m1)(z, D) = Op"*(mz)(z, D) = Op™* (m3)(x, D).

10
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{exemplel}
Proposition 2.11 Let a;;,c are real such that:

laij](x) > coll, e(x) > ¢ for some cy > 0,

(2.7)  {hippopo}
laij] — 1, c(z) —m2, € S“™H for some Mmoo, u > 0. )

Set:
b(x, k) = Z kiaij(z)k; + c(x),
1<i,j<d
and
h = Z Diaij(.%')Dj + C(l‘) = Opw(b)
1<i,j<d
Then:

i) w:=hz =O0p"(b2) + Op™ (% 17H).

ii) there exists 0 < € < % such that:

=

[w, 1w, i(@)]] = Op™(7)? + Op™ (r-1-), fory € S¢ 2, r_j_. € 0717,

3 The space-cutoff P(y); model with variable metric

In this section we define the space-cutoff P(y)s Hamiltonians with variable metric and we prove foec2y
some of their basic properties.
3.1 The P(y); model with variable metric
For € R we denote by S* the class of symbols a € C*°(R) such that teecz-1}
|0%a(z)| < Colx)* ™, aeN.
Let a, ¢ two real symbols such that for some p > 0:
a—1€8™" a(x)>0, c—m2 €S™H cx)>0, (3.1) {e1.1}

where the constant m, > 0 has the meaning of the mass at infinity. For most of the paper we
will assume that the model is massive i.e. ms > 0. The existence of the Hamiltonian in the
massless case my, = 0 will be proved in Thm. 3.2.

We consider the second order differential operator

h = Da(z)D + ¢(x),

which is selfadjoint on H?(R). Clearly h > m for some m > 0 if mo > 0 and for m = 0 if
Moo = 0. Note that h is a real operator i.e. [h,c] =0, if ¢ is the standard conjugation.

The one particle space is
h = L*(R,dz),

and the one particle energy is

w = (Da(x)D + c(:z:))%,acting on b.

11



The kinetic energy of the field is
Hy :=dI'(w), acting on I'(h).

To define the interaction we fix a real polynomial with z—dependent coefficients:
2n
P(x,)) =) ap(x) A, agn(x) = agy > 0, (3.2)
p=0

and a measurable function g with:
g(x) >0, Yz eR.

and set for 1 < Kk < oo an UV-cutoff parameter:

V. = /g(x) :P(z, px(x)): de,

where : : denotes the Wick ordering and ¢, (x) are the UV-cutoff fields.
In the massive case, they are defined as:

QOH(I) = ¢(fn,z)7 (33)

for L w
fra = \/iw_ix(%)ém, xz €R. (3.4)

Here x € C$°(R) is a cutoff function equal to 1 near 0, wy = (D% + mgo)%, and §, is the ¢
distribution centered at x.
In the massless case we take:

fn,:v = \/iw_%X(%)axa zeR.

Note that one can also use the above definition in the massive case (see Lemma 6.4).

Note also that since w is a real operator, f, ., are real vectors, which implies that Vj is affili-
ated to M. Therefore in the (Q—space representation associated to ¢, V,; becomes a measurable
function on (Q, u).

We will see later that under appropriate conditions on the functions ga, (see Thms. 3.1 and
3.2) the functions Vj; converge in L?(Q, du) when £ — oo to a function V which will be denoted
by

V= /Rg(az) :P(x,p(x)): dz.

3.2 Existence and basic properties

We consider first the massive case mq > 0.

Theorem 3.1 Let w = (Da(x)D + c(ac))% where a,c > 0 and a — 1, ¢ — m2, € S™* for some
w > 0. Assume that
Moo > 0.
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Let: )
P(xz,\) = Zap(:v))\p, aon () = ag, > 0.
p=0

Assume:
gay € L*(R), for0<p<2n, geL'(R), g>0,

3.5 utl
g(ap)?/@n=p) ¢ LY(R) for 0 <p < 2n—1. (35) {ue1}

Then

H=dI'(w) + /Rg(x) ‘Pz, p(x)):de =Ho+V

is essentially selfadjoint and bounded below on D(Hp) ND(V).

Proof. We apply Thm. 2.7 to a = w. We need to show that V' € LP(Q) for some p > 2 and
eV ¢ LY(Q) for all t > 0. The first fact follows from Lemma 6.2 and Lemma 2.8. To prove
that e*V € L'(Q) we use Lemma 2.5: we know from Lemma 6.2 i) that IV =Vill2(q) € O(k™°)
for some € > 0. Since VQ and V2 are finite particle vectors, we deduce from Lemma 2.8 that
for all p > 2 one has

IV = Vil < Clo— 1),

Hence the first estimate of (2.3) is satisfied. The second follows from Lemma 7.1. O

We now consider the massless case mo, = 0. For simplicity we assume that a(z) = 1.
) {basic-massles:
Theorem 3.2 Let w = (D? + ¢(x))2 where ¢ >0 and ¢ € S™* for some > 0. Let:

2n
P(x,\) = Zap(x))\p, agn(x) = ag, > 0.
p=0

Assume:
g 1is compactly supported, (3.6) {ut2}
gap € L*(R), for0<p<2n, g>0,
(3.7) {ut3}
g(ay)?™n=p) ¢ LY(R) for 0 <p < 2n— 1.
Then

H =dI'(w) + /Rg(x) :P(x,p(x)):de=Hy+V

is essentially selfadjoint on A(Hy) N LY(Q,dw) for q large enough, where A(Hy) is the space of
analytic vectors for Hy.

Remark 3.3 It is not necessary to assume that g is compactly supported. In fact if we replace
the cutoff function x in the proof of Lemma 6.5 by the function <x)_"/2 we see that Lemma 6.5
still holds if:
c(x) > C(x)™", for some C > 0. (3.8) {mini}

Similarly Lemma 6.6 ii) still holds if we replace the conditions

ga, € L2(R)7 g compactly supported,
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by
gay(z)P"? € L*(R).

The estimate iii) in Lemma 6.6 is replaced by:
—pj2, 1 h 1 . .
(x) MW 2F(ﬁ)5x € O((Ink)2), uniformly in z € R.

Following the proof of Lemma 7.1, we see that Thm. 3.2 still holds if we assume (3.8), g € L*(R)
and if conditions (3.7) hold with a, replaced by a,(x)P*/?.

Remark 3.4 We believe that H is still bounded below in the massless case. For example using
arguments similar to those in Lemma 6.5, one can check that the second order term in formal
perturbation theory of the ground state energy E(X\) of Ho + AV is finite.

Proof. Since w > 0 is a real operator, we see from Thm. 2.6 that e *H0 is an LP—contractive
semigroup. Applying Thm. 2.9, it suffices to show that V € LP(Q) for some p > 2 and
eV e LY(Q) for some § > 0. The first fact follows from Lemma 6.6 and Lemma 2.8. To prove
that e~V € L'(Q) we use again Lemma 2.5: the fact that for all p > 2

IV = Villzeg) < Clp — 1)"s™,

follows as before from Lemma 6.6. The second condition in (2.3) follows from Lemma 6.6 i),
arguing as in the proof of Lemma 7.1. O

4 Spectral and scattering theory of P(yp), Hamiltonians

In this section, we state the main results of this paper. We consider a P(¢)2 Hamiltonian as
in Thm. 3.1. We need first to state some conditions on the eigenfunctions and generalized
eigenfunctions of h = w?. These conditions will be needed to obtain higher order estimates in
Sect. 8, an important ingredient in the proof of Thms. 4.3, 4.4 and 4.5.

We will say that the families {¢;(z)}ie; and {¢(x,k)}rer form a basis of (generalized)
eigenfunctions of h if:

Yi(-) € LA(R), (- k) e S'(R),

hyy = ey, e <m2, L€,

hw(v k) = (kQ + mgo)d)(v k)v ke Ru

Sier 1) W] + 55 fo [0 k) (W (- k) |dk = 1.

Here I is equal either to N or to a finite subset of N. The existence of such bases follows easily
from the spectral theory and scattering theory of the second order differential operator h, using
hypotheses (3.1).

Let M : R — [1+4 oo[ a locally bounded Borel function. We introduce the following assump-

tion on such a basis: ) )
(BM1) 3 e IM7()thi() 5 < oo,
(BM2) [|M7()¢(k)w <C, YEER.
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For a given weight function M, we introduce the following hypotheses on the coefficients of
P(z,\):

(BM3) ga,M* € LA(R), g(a,M*)7+7s € LM(R), YO<s<p<2n—1.
{infin}
Remark 4.1 Hypotheses (BMi) for 1 < i < 3 hawve still a meaning if M takes values in [1,+00],
if we use the convention that (+00)~! = 0. Of course in order for (BMS3) to hold M must take
finite values on supp g.
{remi}

Remark 4.2 The results below still hold if we replace (BM2) by
(BM2) M), k) o < Csup(L, [B]72), Kk €R.
for some 0 < a < %

The results of the paper are summarized in the following three theorems.
{mainmain}
Theorem 4.3 [HVZ Theorem/
Let H be as in Thm. 3.1 and assume that there exists a basis of eigenfunctions {¢y(x)}ier
and generalized eigenfunctions {1 (z,k)}rer of h such that conditions (BM1), (BM2), (BMS3)
hold. Then the essential spectrum of H equals [inf o(H) + Mmoo, +00[. Consequently H has a
ground state.
{mainim}
Theorem 4.4 [Mourre estimate]
Let H be as in Thm. 3.1 and assume in addition to the hypotheses of Thm. 4.3 that

(x)°ga, € L*(R), 0<p<2n, s> 1.
let a = 3((D)"'D.z + h.c.) and A = dI'(a). Let
T = 0pp(H) + Mmoo N*

be the set of thresholds of H. Then:

i) the quadratic form [H,i1A] defined on D(H)ND(A) uniquely extend to a bounded quadratic
form [H,iA]o on D(H™) for some m large enough.

it) if X € R\7 there exists ¢ > 0, ¢g > 0 and a compact operator K such that

I et q(H)[H, iAo -y (H) > colp_eniq(H) + K.
iii) for all Ay < Ao such that [A\1,A\2] N7 = 0 one has:
dim]lp\h)q](H) < OQ.

Consequently opp(H) can accumulate only at T, which is a closed countable set.
i) if A € R\(T Uopp(H)) there exists € > 0 and co > 0 such that

Upp—eae (H)[H, iAo Mp—e a1 (H) > colljp—e aq (H)-

Theorem 4.5 [Scattering theory/
Let H be as in Thm. 3.1 and assume that the hypotheses of Thm. 4.4 hold. Let us denote
by he(w) the continuous spectral subspace of b for w. Then:

{ima}
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1. The asymptotic Weyl operators:

WE(h) :=s- tlji[m W (e n)e ™M exist for all h € he(w),

and define a regular CCR representation over he(w).

2. There exist unitary operators Q*, called the wave operators:
QF : Hyp(H) © L (he(w)) — T(D)

such that
W*(h) = Q1@ W(h)Q, h € he(w),

H = O (Hpy, (g @ 1+ 1@ dL (w))QF.

Remark 4.6 Appendices A and B are devoted to conditions (BM1), (BM2). For example con-
dition (BM1) is always satisfied for M(z) = (x)* if a > 1 and is satisfied for M(z) =1 if h
has a finite number of eigenvalues (see Prop. A.1).

Concerning condition (BM2), we show in Lemma A.3 that it suffices to consider the case
where a(z) = 1. For example if c(x) — m2, € O((z)™") for p > 2 and h has no zero energy
resonances, then (BMZ2) is satisfied for M(x) =1 (see Prop. B.3).

If e(x) —m2, € O({x)™*) for 0 < p < 2, is negative near infinity and has no zero energy
resonances, then (BM2) is satisfied for M(z) = (z)*/* (see Prop. B.10).

If ¢(x) — m2, is positive near infinity, holomorphic in a conic neighborhood of R and has no
zero energy resonances, then (BM2) is satisfied for M (z) =1 in {|z| < R} and M(x) = 400 in
{]z| > R} (see Prop. B.14).

Remark 4.7 A typical situation in which all the assumptions are satisfied is when a(x) — 1,

c(x) —m?%, and g, a, are all in the Schwartz class S(R).

Proofs of Thms. 4.3, 4.4 and 4.5.

It suffices to check that H belongs to the class of abstract QFT Hamiltonians considered in
[GP]. We check that H satisfies all the conditions in [GP, Thm. 4.1], introduced in [GP, Sect.
3.

Since w > m > 0, condition (H1) in [GP, Subsect. 3.1] is satisfied. The interaction term V'
is clearly a Wick polynomial. By Thm. 3.1, H is essentially selfadjoint and bounded below on
D(Hp) N D(V), i.e. condition (H2) in [GP, Subsect. 3.1] holds. Next by Thm. 8.1 the higher
order estimates hold for H, i.e. condition (H3) in [GP, Subsect. 3.1] is satisfied.

The second set of conditions concern the one-particle energy w. Conditions (G1) in [GP,
Subsect. 3.2] are satisfied for S = S(R) and (z) = (22 + 1)% This follows immediately from the
fact that w € Op(S'Y) shown in Prop. 2.10 and pseudodifferential calculus. Condition (G2) in
[GP, Subsect. 3.2] has been checked in Prop. 2.11.

Let us now consider the conjugate operator a. To define a without ambiguity, we set e 1@ :=

F~lwyF, where u; is the unitary group on L?(R,dk) generated by the vector field —% - O.

We see that u; preserves the spaces S(R) and FD(w) = D((k)). This implies first that a is
essentially selfadjoint on S(R), by Nelson’s invariant subspace theorem. Moreover e*® preserves
D(w) and [w, a] is bounded on L%(R). By [ABG, Prop. 5.1.2], w € C!(a) and condition (M1 4)

in [GP, Subsect. 3.2] holds.
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We see also that a € Op(S%!), so conditions (G3) and (G4) in [GP, Subsect. 3.2] hold. For
Weo = (D? + mgo)%, we deduce as above from pseudodifferential calculus that

[w,ialg = w;o1<D>71D2 + Op(SO’f").

Since x(w) — x(ws) is compact, we obtain that

X (W) [w, ialox(w) = X} (Weo)wae (D) "'D? + K, where K is compact.
This implies that p? > 0 and 7,(w) = {mwo}, hence (M1 ii) in [GP, Subsect. 3.2] holds.

Property (C) in [GP, Subsect. 3.2] follows from the fact that w — ws, € Op(SV#) and
pseudodifferential calculus. Finally property (\S)in [GP, Subsect. 3.2] can be proved as explained
in [GP, Subsect. 3.2].

The last set of conditions concern the decay properties of the Wick kernel of V. We see that
condition (D) in [GP, Subsect. 3.2] is satisfied, using Lemma 6.2 and the fact that (x)°ga, €
L%(R) for all 0 < p < 2n.

Applying then [GP, Thm. 4.1] we obtain Thms. 4.3, 4.4 and 4.5. O

5 Higher dimensional models

In this section we briefly discuss similar models in higher space dimension, when the interaction
term has an ultraviolet cutoff.
We work now on L?(R%, dz) for d > 2 and consider

h= Z D;a;j(z)Dj + c¢(z), w = he.
1<ij<d
where a;;, ¢ satisfy (2.7). The free Hamiltonian is as above

Hy =dI'(w),

acting on the Fock space I'(L?(R%)).
Since d > 2 it is necessary to add an ultraviolet cutoff to make sense out of the formal
expression

/ o) P, p(x))da.
Rd

We set
w

or(2) = Blw™2X(T)8),
11

where x € C§°([—1,1]) is a cutoff function equal to 1 on [—3, 5] and x > 1 is an ultraviolet

cutoff parameter. Since w2 X(£)6, € LA(R?), ¢, () is a well defined selfadjoint operator on
I(L2(RY)).
If P(x,)\) is as in (3.2) and g € L'(R9), then
Vie [ g@P(epua)de,

is a well defined selfadjoint operator on T'(L%(R?)).
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{exemple5}
Lemma 5.1 Assume that ¢ > 0, g € LY(R%) N L%*(R?) and ga, € L*(RY), gain(%_p) € L'(RY)
for0<p<2n—1. Then

Ve ﬂ LP(Q,dp), V is bounded below.

1<p<oo

Proof. It is easy to see that 2 € D(V) hence V € L?(Q, du). Using that V(Q is a finite particle
vector we obtain by Lemma 2.8 that V' € (), LP(Q,dp).
To prove that V' is bounded below, we use the inequality:

aPb" P < b + Cgan7 a,b>0,
and obtain as an inequality between functions on Q:
lap ()0 (2)P] < epe(@) 2" + Celap(a) |2/ D).

Integrating this bound for € small enough we obtain that V' is bounded below. O
Applying then Thm. 2.7, we obtain that:

H=dl'(w) + /Rd g(x)P(z, px(z))d

is essentially selfadjoint and bounded below.
We have then the following theorem. As before we consider a generalized basis {¢;(z)}ier

and {¢(x, k) },era of eigenfunctions of h.

{exemple3}
Theorem 5.2 Assume that:

ga, € LZ(]Rd), 0<p<2n, ge€ Ll(}Rd)7 g >0, g(ap)Q"/(Q"*p) € Ll(Rd), 0<p<2n-—-1,

(x)*ga, € L*(RY) YO0 < p < 2n, for some s > 1.

Assume moreover that for a measurable function M : R® — RY with M(x) > 1 there exists a
generalized basis of eigenfunctions of h such that:

{ Sier 1M1 ()& < oo,
M~ ()( k)l < C, Kk ER,

ga,M*® € L*(RY), g(a,M®)?V/@n=ps) ¢ [YRY), VO<s<p<2n—1.
Then the analogs of Thms. 4.3, 4.4 and 4.5 hold for the Hamiltonian:
H=drw) + [ g@)Pleou)ds
R

Remark 5.3 As in the one-dimensional case, the hypotheses concerning generalized eigenfunc-
tions can be checked in some cases. An example is if d = 3, [a;j](z) = 1 c(x)—mZ, € O({z)~379))
and h —m?_ has no zero resonance or eigenvalue, where we can take M(x) = 1. ( See eg [TDM,

Prop. 2.5 iv)]).
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We will sketch the proof of Thm. 5.2, which again consists in showing that the conditions
of [GP, Thm. 4.1] are satisfied.

The condition on the one-particle operators can be checked exactly as in the one-dimensional
case, as can the decay of the interaction kernel. To prove the higher order estimates, , we can
argue as in Sect. 8 working now with the family {¢(x); }ie;U{¢)(z, k) } ,cra. The various integrals
in k occurring in the proof of the higher order estimates are convergent because the domain of
integration is included in {|k|?> < x —m?2.} due to the energy cutoff x(x~'w) in the definition of

().

6 Properties of the interaction kernel

{kernel}
In this section prove some properties of the interaction V' = [, g(x) : P(x, p(z)): dz, considering
V as a Wick polynomial.
6.1 Massive case
{sec2.2}
In this subsection we consider the massive case mqs, > 0. (2.1)
Lemma 6.1 Let g € S(R). Then for k < co:
J g(x) z)P: dz
p
= > < f > Jwp ki, ke krgn, ..o kp)a* (k) -+ - a*(kr)a(=kpgr) - - - a(—kp)dky - - - dkp,
r=0
where: ,
wp (k1,5 kp) = (27) p/2/ H kT, (z, ky)da (6.1) {e2.2}

and my(x, k) is the anti Kohn-Nirenberg symbol of wiﬁx(‘%").

Proof. If my(z,k) is the anti Kohn-Nirenberg symbol of uféx(“%) we have:

1 Weo

Flwm2x(Z2)8,) (k) = (2m) "2~ Fmy (2, k).

Note that it follows from Prop. 2.10 that m, € S™" for each » € N. We observe moreover that
w 2x( ?e2) is a real operator which implies that my(z, k) = (2, —k) and hence

onta) = (1) [ e o, K) (@ (1) + a(~ )k

from which the lemma follows. O

We extend the above notation to k = oo by denoting by ma(z, k) the anti Kohn-Nirenberg
symbol of w2 and by wp. the function in (6.1) with m, replaced by ms. Note that by Prop.

2.10 Mmoo € S720 s0 Wy o0 18 a well defined function on R? if g € S(R).
To study the properties of w, ; it is convenient to introduce the following maps:

T.: SR)—S'(RP), 1<k <00,

g ’_) wn7p.
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(2.2}
Lemma 6.2 i) T}, is bounded from L?(R) to L?(RP) for each 1 < k < oo and there exists € > 0

such that
T — TooHB(L2(R),L2(RP)) € O(k™°).
ii) the map (Dy,)*Too{(x) ™% is bounded from L*(R) to L?(RP) for each s >0 and 1 <i < p.
i11) one has

| fr,z|l € O((In m)%), uniformly for x € R.
Proof. The operator T}; has the distribution kernel

27‘&' p/2H —ik;. wmﬁ )7
hence for f € S(RP) we have:
T f(z) = (27) W/H im0, k) f (ks o Kep)dy - - diey.

If R: C*®(RP) — C*°(R) is the operator of restriction to the diagonal

we see that
Ty f = RM.F,'f,
where
P
M, = H Opl’o(mﬁ)(l‘j) ij)u
j=1
and we have denoted by F, the unitary Fourier transform on L?*(RP). Since Fis the uni-

tary Fourier transform on Lz(R), so we have with obvious identificaction I'(F) = Fp. Since
Oph(m) = Op”t(m)*, we see that
1

Woo _1
M, = F(X(T)W 2) |97 L2(R)

where we have used the Fock space notation. This yields
Wooy —3 1 I 0 I
= RF(X(?)WOOQf WW(Fwdw 2 F 1) = T T(Fwdw 2 F ),
where TV is the analog of T}, with w replaced by wn.. This yields:
1
= [(Fw 2w FHTP. (6.2) {e2.3}

1
By pseudodifferential calculus, we know that w_%wgo € Op(S*%) and hence is bounded on
D((z)*) for all s. Therefore it suffices to prove i) and 4i) for T2, T.. i) for TV is shown in [DG,
Lemma 6.1]. To check i) for T for integer s we use that

N\)—l

T (g) (k1. . kp) = Hwoo k).
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Then 6,§1T£O(k1, ..., kp) is a sum of terms

1 LA
OF1g(ky -+ + kp)02wao® (k) [ [ wee? (ki)
=2

(NI

1
for s14+s2 = s. We note that djwee” € O((k}féfs) for all s € N. This implies that if 99 € L*(R)
then 87 T%,(g) € L*(R?). This proves ii) for integer s. We extend it to all s > 0 by interpolation.
1
Finally a direct computation shows that [weo® x(“2)d.|| = O((In K)%), which implies i)

1 =
since w™ 2w, is bounded on L?(R). O

The following proposition follows easily from Lemmas 6.1 and 6.2.

Proposition 6.3 i) Assume that ga, € L*(R) for 0 < p < 2n. Then

lim V, =:V exists in ﬂ LP(Q,dp).
K—00
1<p<oo

i1) V is a Wick polynomial with a Hilbert-Schmidt symbol.

Proof. From Lemma 6.2 i) it follows that V., — VQ in L?(Q,du). The convergence in all LP
spaces for p < oo follows from the fact that V.V, are finite particle vectors, using Lemma 2.8.
Part i) follows also from Lemmas 6.1 and 6.2. O

It will be useful later to define the interaction term using an alternative definition of the
UV-cutoff fields, namely:

e (@) = (), for 190 = VT Ix(D)0s, (6.3) {defdede)
leading to the UV-cutoff interaction

ymod /R 9(x) : P, ¢m4(x)): da.

Clearly V°4 is also affiliated to M.. We will use later the following lemma.

{troud}
Lemma 6.4 i) V™°4 converges to V in L?(Q,du) when k — oo.
i)
1

17224 = O((nk)?),
uniformly for x € R.
Proof. Let us denote by 7/°¢ the analog of T}, for the alternative definition of UV-cutoff fields.
We claim that

s- lim T4 = 7. (6.4) {e2.4}

K—00

which implies ¢). In fact arguing as in the proof of Lemma 6.2 we have

1
Tt = D(FX (5w 2wk IY,
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1
which implies (6.4) since x (% )w™ 2woo is uniformly bounded and converges strongly to w™ 2woo

when x — oo. To prove ii) we write with obvious notation:

(%) (Woo < CR)Gy + w2 X(2) F(woo > CK)S,y
1 1
= X( Jw™ Qwoowoo 2F(weo < CR)Ip +w™ 2)(( )F(wOOZCﬁ)woowo_ol(Sz.

The first term in the last line is O((hm)%) uniformly in z, the second is O(1) if C' is large enough,
using Lemma C.1 and the fact that w 'd, is in L*(R) uniformly in z. O

6.2 Massless case
{sec2.massless

We consider now the massless case ms, = 0. For simplicity we will assume that a(z) =1, i.e.
w=(D*+c(z)), c(z) >0, c€ SH.

We set as above )
h=D?+c(z), w = (h+1)2.
{mass1}
Lemma 6.5 Let x € Cg°(R). Then:

%, wix(z)w™t are bounded.

If F € C*(R) then

h
i) W[x (), F(?)]of% € O(K3?%) v0<5<3/2
Proof. Set x = x(z). Then xD?y = Dx?D — x”x and hence xYD?y < CD? 4 Cx;, for
X1 € C§°(R). This implies that
X(h+1)x < C(D* +x1) < Ch,

since ¢(x) > 0. Therefore wyxw ! is bounded, which proves the second statement of i). Since
wix?w1 < C(h+ 1), we also have
xwix’wix < Cw?,

which by Heinz theorem implies that xw;y < Cw and proves the first statement of 7).
To prove i) we write using (2.1):

1
W, F(&)w™2
= 5o Jo02F(2)(z — &)Wl hw 3 (2 — Jy) "tz A dE

Since [x, h] = 2Dy’ — x” we see using i) that w)[x, hlw 3= wl 2B where B is bounded. Using
the bound (h)*(z — %)*1 € O(k™2*)|Imz|~! for z € supp F, we obtain i). O

To define the interaction in the massless case, we set:

on(w) == VIO EF(3)0,) w € R,
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where F' € C§°(R) equals 1 near 0, > 1 is again an UV cutoff parameter, and:
Vi = / g(z) : P(x, pr(z)): da.
R

Lemma 6.6 Assume that g is compactly supported and ga, € L?(R) for 0 < p < 2n. Then:

i) w_%F(H—hQ)éx € L%(R) for x € suppg so the UV cutoff fields ¢.(x) are well defined.
i) Vie converges in () <,co LP(Q,dp) to a real function V' and there exists € > 0 such that:

IV = Viller@@ap) <Clp—1)"s", Vp > 2.

iii) one has

||w_%F(%)5z|| € O((IHK,)%), uniformly for x € supp g.

The function V' in Lemma 6.6 will be denoted by:
V= /Rg(az) :P(x,p(x)): dz.

Proof. To simplify notation we set F,, = F(%) We take x € C§°(R) equal to 1 on suppg.
Then for x € supp g, we have

w_%F,.gém = w_%Fﬁxdx = w%FHw_lxwlwl_léx € LQ(R),

since wy 10, € L? and w™yw; is bounded by Lemma 6.5 4).

To prove ii) we may assume that P(z, A) = AP. We express the kernel wy (K1, ..., kp) as in
Lemma 6.1 and set wy, , =: Tyg. Since g = xPg, we have w,,, = Tk x"g, and hence wy, , = Tig,
where:

- _1
T* = RD(xw 2 FoF ) = RD(w; 2)T(a(r)F ),
1
for a(k) = wi xFiw 2. We set also

Too = RT(xw 2 F 1),

and we claim that 3 R
|T: — T € O(k™€) for some € > 0, (6.5)

which clearly implies ii).
If we set L
1 1
ap(k) = Frwixw™ 2,

then using Lemma 6.5 i1), we obtain:
a(k) = ag(k) + ai(k), and ag(k) € O(1), a1(k) € O(k™%), for some & > 0. (6.6)

Clearly on ®Ph, one has:

T(ag+a1)= Y ajq®- - Dayy = L(ag) + S(k), (6.7)
Ic{1,....,p}
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for I(j) = 17(5). By (6.6) the terms in (6.7) for I # @) are O(x~°) hence S(x) is O(k~°). Since
1 1

by Lemma 6.2 RT(w; ?) is bounded, it follows that RT'(w, 2)S(k) is O(x~%). Therefore we only
have to estimate

[

RT(xw™2) — RT(w; ?)T(ag())

1

- <Rr(w15) = RF(wléFn)> T (w}xw ™),

-

By Lemma 6.5 i), F(wfxw_%) is bounded, and by Lemma 6.2

1

) — RD(w; ?Fy) € O(k7°).

D=

RT(wy

This completes the proof of ii).
It remains to prove ). We write for = € supp g:
uF%F,{(Sw = wféFkxéx

= Wﬁ%XFn(sx + w*%[FR,X]wlwfléx (6.8) {e.mass5}
11
= uféxwfwl 2F.o, + w’%[FmX]wlwflfsx.
_1
By Lemma 6.4 i), w, *Fj .0, € O((lnn)%), uniformly for x € suppg. Moreover by Lemma 6.5,

1

w_%xwf is bounded, hence the first term in the r.h.s. of (6.8) is O(lnm)%. Next w; 'd, is in
L*(R) uniformly in z, so the second term is O(k~°) for some § > 0 by Lemma 6.5 ii). This
completes the proof of #4). O

7 Lower bounds

{lowersec}
In this section we prove some lower bounds on the UV cutoff interaction V. As explained in
Sect. 3, Vi is now considered as a function on (. In all this section we assume that mq, > 0.
As consequence we prove Prop. 7.2, which will be needed in Sect. 8.
We recall from (3.2) that:
2n
P(z,)) = ap(x)A?,
p=0
for agy,(x) = agy, > 0.
20(2) n {lower1}

Lemma 7.1 Let f., and f2°4 be defined in (3.4), (6.3). Assume that

R,x

2n

g>0, geL'(R), ga" " € LY(R), 0<p<2n—1.
Then there exists C' > 0 such that if

Dy :=C(14+ sup /g(x)ap(x)\ﬁnpdx), Ds=C(1+ /g(x)dx),
0<p<2n—1

one has
/g(x) ‘Pz, ¢(fre)): dz > —Dy — D3(lnk)", Vk>2,

and the analogous result for f, . replaced by f,f};’d.
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fmod

o’ being the same, using Lemma 6.4 i)

Proof. We prove the lemma for f ., the proof for

instead of Lemma 6.2 77). Note first from by Lemma 6.2 i) || fx .| € O((In m)%) uniformly in
z. We will use the inequality

alb" P <eb" + Cea" Ve>0, a,b>0, (7.1) {el1.1}
valid for n,p € N with p < n. In fact (7.1) follows from
MW <eN"+C., VYe>0,A>0,

by setting A\ = ba~!.
We recall the well-known Wick identities:

[n/2) ,
n

L B(f)" = Z()M¢(f)n_2m (—%Hf\P)m. (7.2) {wick)

We apply (7.2) to f = fi . Picking first € small enough in (7.1) we get:

(é(fr)™ = C(lnk)").

N | =

:¢(fn,x)2n >
Using again (7.1) for e = 1, we get also:
|0 (fa)”: | < Cal|@(fa) P + (Ink)P) 0<p < 2n,

which yields:
P2, 6(fun)> 5(0(Fua)™ = C 50" ap(@)[6(fua) )
—C((In k)" + 3200 ap () (In k)P/2).
Using again (7.1), we get:

2n

ap(2)] B (Fr)IP = ap() 53 |D(fr) P < €0(from)?™ + Cettp() o7,

2n

2n—p
ap(iL‘) (ln H)p/Q — ap(x) 2n—p (ln H)p/2 S C((ln K/)’I’L + ap(l')r"*p )’
which yields for € small enough:

2n—1
_2n
P(2,¢(fra)):= —C ) ap(z)—7 — C(lnk)".
p=0
Integrating this estimate we obtain the lemma. O

As a consequence of Lemma 7.1, we have the following proposition, which allows to control

a lower order polynomial by the P(¢)2 Hamiltonian H.
{lower-pert}
Proposition 7.2 Let P(x,\) be as in (3.2). Let

H = dl(w) + /R o(z) Pz, () da
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and
2n—1

Q) = Y be(z)A"
r=0

2n

where gb, € L*(R), gb;"~" € LY(R). Let D > 0 such that

2n

_2n
sup lgapllz+  sup  gbell2 +llglli +  sup  lgay" " li+  sup  [lgbi" (|1 < D.
0<p<2n 0<r<2n— 0<p<2n—1 0<r<2n—

Then
:I:/ g(x) :Q(z,o(x)): de < H+ C(D).
R

Proof. Set R(z,\) = P(xz,\) £ Q(z, \) and

W = /Rg(x) ‘R(z,p(x)): dox, W, = /Rg(:z) :R(x, pr(z)): da.

It follows from Lemma 6.2, Lemma 2.8, and Lemma 7.1 that W, W, satisfy the conditions in
Lemma 2.5 with constants C; depending only on D. It follows then from Thm. 2.3 that

H+ /Rg(x) :Q(z,p(x)): de = Hy+ W > —-C(D),

for some constant C(D) depending only on D. O

8 Higher order estimates

This section is devoted to the proof of higher order estimates for variable coefficients P(y)a
Hamiltonians. Higher order estimates are important for the spectral and scattering theory of
H, because they substitute for the lack of knowledge of the domain of H.

The higher order estimates were originally proved by Rosen [Ro] in the constant coefficients
case w = (D2+m2)% for g € C§°(R) and P(z, A) independent on . The proof was later extended
in [DG] to the natural class g € L'(R) N L?(R). The extension of these results to x—dependent
polynomials is straightforward.

Analysing closely the proof of Rosen, one notes that a crucial role is played by the fact that
the generalized eigenfunctions of the one-particle energy (D? + m2)%, namely the exponentials
e®? are uniformly bounded both in z and k.

To extend Rosen’s proof to the variable coefficients case, it is convenient to diagonalize
the one-particle energy w in terms of eigenfunctions and generalized eigenfunctions of w? =
Da(z)D + ¢(x). However some bounds on eigenfunctions and generalized eigenfunctions are
needed to replace the uniform boundedness of the exponentials in the constant coefficients case.
These bounds are given by conditions (BM1), (BM2).

In this section, we will prove the following theorem.

Theorem 8.1 Let H be a variable coefficients P(p)2 Hamiltonian as in Thm. 8.1. Assume
that hypotheses (BM1), (BM2), (BM3) hold. Then there exists b > 0 such that for all « € N,
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the following higher order estimates hold:

IN“(H +b)~[| < o0,
|HoN*(H +b)™"%|| < o0, (8.1) {e4.0}
IN“(H +b)~Y(N + 1)1 < cc.

The rest of the section is devoted to the proof of Thm. 8.1.

8.1 Diagonalization of w

{sec4.1}
Let h, w as in Thm. 3.1. By Subsect. A.3, h is unitarily equivalent (modulo a constant term)
to a Schrédinger operator D2 + V(z) for Ve S™H.
Applying then standard results on the spectral theory of one dimensional Schrédinger oper-

ators, we know that there exists {¢;}ier and {9 (-, k) }xer such that

1/11() € L2(R)7 w(a k) S S/(R)7

hpr = (N +m2 ), A <0, ¢ € L*(R),

hw(v k) = (k2 + m?)o)w(a k)a ke R*a

>ier 100 (Wil + o5 Jg [0, ) (W ( )|k = 1.
Moreover using the results of Subsect. A.2 and the fact that h is a real operator we can assume
that B B

=, 1/}(1'7 k) = @ZJ(% _k) (82) {e4.1}

The index set I equals either N or a finite subset of N depending on the number of negative
eigenvalues of D? + V.
Let

b :=1*(I) ® L*(R,dk),

and -
W : L*(R,dx) — b,

Wu = ((1]u))ier © \/% Je ¥y, k)u(y)dy.
Clearly W is unitary and

(8.3) {e4.001}

WwW™* =: (0q ® @),
for X )
Da = Brer(\ +md)2, Do = (K +mb)2.
If we set ¢ = WeW™, then it follows from (8.2) that
((u)ier © u(k)) = (W)ier ® u(=k),

i.e. ¢is the direct sum of the canonical conjugation on [?(I) and the standard conjugation on
L?(R,dk) used for the constant coefficients P(y)2 model.
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8.2 Reduction of H

We will consider in the rest of this section the transformed Hamiltonian:
H :=T(W)HT(W)*.

In this subsection we determine the explicit form of H . )
Let (@, ji) be the Q—space associated to the couple (h, ¢). We can extend I'(W) : T'(h) — I'(h)
to a unitary map T : L?(Q,du) — L?(Q,df1).

Lemma 8.2 T is an isometry from LP(Q, u) to LP(Q,dfi) for all1 < p < oo and T1 = 1.

Proof. If F is a real measurable function on @, and m(F) the operator of multiplication by F
on I'(h), then m(TF) = I'(W)m(F)['(W)*, which shows that T is positivity preserving. Since
T1=T*1=1, T is doubly Markovian, hence a contraction on all LP spaces (see [Si]). We use
the same argument for T-1. O

Coming back to H we have:

H:H0+V,

for
Hy := T(W)HoD(W)* = dI'(Qq ® &), V :=D(W)VI(W)*.

We know from Lemma 6.4 that V' is the limit in (), LP(Q, dpu) of ymod ' where Vj, is a sum

of terms of the form
/gap Ha mod Ha mod
r—+1

where med =w 2x( )dz. This implies using Lemma 8.2 that

V = lim V., in ﬂ LP(Q,dp)

K—00
1<p<oo

where VH is a sum of terms of the form

/gap Ha mod Ha mod

r+1

Another useful expression of V is

for
P(z) = p(Wéy).
Therefore we see that H is very similar to a P(¢)s Hamiltonian with constant coefficients, the

only differences being that in addition to the usual one-particle energy (k% + mgo)% we have the
diagonal operator wq, and in the interaction the delta function ¢, is replaced by W,.

From now on we will work with H and to simplify notation we will omit the tildes on the
objects Q, i, H, Hy, V, b, @&q, @e. The one-particle energy wq @ w, will be denoted simply by w.
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8.3 Cutoff Hamiltonians

We first recall some facts from [DG].

Let b be a Hilbert space equipped with a conjugation c¢. Let m; : h — h; be an orthogonal
projection on a closed subspace b of h with [r1,¢] = 0. Let hi be the orthogonal complement
of 1. In all formulas below we will consider 7; as an element of B(h, h1). With this convention
the orthogonal projection on b, considered as an element of B(h,h), is equal to 7jmy.

Let U : T'(h1) ® T'(h) — T'(h) the canonical unitary map. We denote by L?(Q1,du1),
L%(Q1,dui) the Q—space representations of T'(hy), I'(hi). Recall that by [DG, Prop. 5.3], we
may take as (Q—space representation of I'(h) the space L?(Q,du) for Q = Q1 x Q1 , = pu1 @ ui-.
Accordingly we denote by (q1,g;) the elements of Q = Q1 x Qi .

If W e B(I'(h)) we set:

B(T(H)) > ILW = U(F(m)WF(ﬂ‘) ® ]1) U

The following lemma is shown in [DG, Subsect. 7.1].

Lemma 8.3 i) If w € Bg,(I'(h)) then
IT; Wick(w) = Wick(I'(m]m)wI' (my71)). (8.5)

i) If V is a multiplication operator by a function in L*(Q,du) then 11V is the operator of
multiplication by the function

Vi) = | Vot (3.6)
1

In particular if W = II{a*(h;)II}a(g;), then
LW =Ula*(rimih) Wa(mim1g:). (8.7)
Let now {m, }nen be a sequence of orthogonal projections on h such that

T < Tnt1s [Tn,c] =0, s TLEI—EOO T = 1, (8.8)

and let II,, the associated maps defined by (8.5). Using the representation (8.6) it is shown in
[S-H.K, Prop. 4.9] that

i) I,V — V in LP(Q,du), when n — oo, if V € LP(Q,du), 1 <p < o0 (8.9)

i) fle=M V|

Q) < 1oVl L1 (@uaw)-

8.4 Notation

Index sets.
An element u € b is of the form () @u(k) € I*(I)®L?*(R,dk). We put together the variables
l € I and k € R into a single variable K € ILIR. We denote by dK the measure on IUR equal to

29

{sec4.3}

{sechigh.e2}

{sechigh.el}

{sechigh.2}

(P51}

{ep.11}

{ep.9}

{sec4.4}



the sum of the counting measure on I and the Lebesgue measure on R. Then h = L2(TUR, dK)
and

@m%zgym+4mmummz¢ a(K)v(K)dK.

lel UR
For K € I UR we set: X
2 2 V% 0w
W(K) = (k +m200)12 }fK-kGR,
M+mS )2 fK=1€el,
so that the operator w is the operator of multiplication by w(K) on L*(IUR,dK). We set also:

[ Kif K =k€eR,
|KV_{1ﬁK:leL

kY i K —
4 — a(k‘)lfK—]{IER,
aH(K) : {ﬁwgﬁKZZGL

where {e;}1cr is the canonical basis of 12(I).
Lattices.
For v > 1, we consider the lattice v~1Z and let

Rk [k], cv1Z

be the integer part of k defined by —(2v)~! < k — [k], < (2v)~!. We extend the function [-], to
I UR by setting
[ [k K=keR,
[K]y'_{ lifK=1l€el.
As above we put together the variables [ € I and v € v~!Z into a single variable 6 € I Uv~1Z.
For k € [1, 400 an UV cutoff parameter, we denote by T, the finite lattice v™1Z N {|y| < x}.
As in [DG, Sect. 7.1] we choose increasing sequences k,, v, tending to +oo in such a way
that
]‘_‘Hnﬂ/n - ]‘_‘H/n+lal’n+1'
We denote by T, the finite lattice T, ,,. The finite subset of I Ll v~1Z:

T,:={lell <k, }uUT,

can be rewritten as
T, ={0cTuv™'7Z| 6] < kyn}.

Finite dimensional subspaces. )
For v € v™1Z we denote by e, € L?(R,dk) the vector e, (k) = v2 y_(20)-1,020) -1 (k — 7).
Following our previous convention we set for § € I Uv~1Z:

o Ode,ifd =yev'Z,
Tl ao0ifd=lel.

Clearly (es) is an orthonormal family in b.

For n € N we denote by b, the finite dimensional subspace of ) spanned the es for § € T),,
and denote by m, : h — b, the orthogonal projection on the finite dimensional subspace b,,.
Note that b, is invariant under the conjugation c.

Finally we set

)= | @) ifi=yerz,
' at(e)if s =1¢€l
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8.5 Proof of the higher order estimates

{sec4.6}

For 0 <7 <1 andn € N we set:

N7 = [ wllK], ) e (K)a(K)K.
Note that with the notation in Subsect. 8.1:
Ny =dI' (wa ® we([k],,)7) = dD(w([K],,)7).
We set also
HO,n = N%y Hn = HO,n + Vna
where
Vv, =1L,V.

{smallem}

Lemma 8.4 there exists C > 0 such that
i) (NT+C) ' = (N"+C)Y, i) (Hy+C)' = (H+¢),
m norm when n — oo.

Proof. To prove i) we note that wc([k],, )" converges in norm to w? for 0 < 7 < 1, which implies
that Nfé(NfL — NT)Nfé tends to 0 in norm. Since w([K],,) > ¢ > 0 uniformly in n, we know
that N2 (N7 +1)~! is bounded uniformly in n. This implies that (N7 +1)~! converges in norm
to (N™ +1)~! when n — oo.

To prove ii) we follow the proof of [S-H.K, Prop. 4.8]: we have seen above that N—3 (Hon —

Hy)N =2 tends to 0 in norm. Moreover wq & w([k]y, ) = C > 0 uniformly w.r.t. n. This implies
that e tHo.n is hypercontractive with hypercontractivity bounds uniform in n. This implies that
it W e LP(Q,du) and e TV € LY(Q,du) there exists C such that N < C(Hp, + W + C),
uniformly in n. Writing

(Hop + W +C) ' = (Hy+W +O) ' = (Hop + W+ C) (Ho — Hop)(Ho + W +C)~*

and using the above bound, we obtain that (Hg,,+W +C)~! converges in norm to (H+W+C) 1.
Moreover it follows from Theorem 2.3 ii) that the constant C above depend only on ||e™*W || 1
for some t > 0.

Since by (8.9) e~V is uniformly bounded in L(Q), we see that (Hp,, + V;,+C) ™! converges
in norm to (Hg + Vj, + C)~! when n — oo, uniformly w.r.t. m. Again by (8.9) V,, — V in
LP for some p > 2 and e *Vm is uniformly bounded in L', so by Prop. 2.4 we obtain that
(Ho + Vi + C) ! converges to (Ho + V + C)~! when m — oo, wich completes the proof of the
lemma. O

Let us denote simply by w;, the operator wq ® we(([k],, ). Since [wy, m)im,] = 0, we have
Ho, = U, (dr(wn\hn) @1+1® dF(wn|bl)> U,

where U, : T'(h,) @ T'(h+) — T'(h) is the exponential map. This implies that
UpHoUn = Hy @ 14+ 1@ dD(wn, ), UnNiUn = Ny @ 14+ 1@ dD(wy ),

for H, = d]?(wn‘h )+ Vi, Nﬁ = dF(w,ﬂb )-
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Proposition 8.5 Assume hypotheses (BMi) for i = 1,2,3. Set for J = {1,...

K; e TUR:
VnJ = ada(Kl) ce ada(Ks)Vn.

Then there exists b,c > 0 such that for all Ay, o < —b
|(Ho = A2) "2V (o = )2 ) < e [ (),
where F : T UR — R satisfies for each § > 0:
/ |F(z, K)|*w(K)°dK < C.
IUR
Proof. We have using (8.7):

V, = /g(x) :P(z, on(x)): dz,

where » . »
= Z < > H (mrmWw™ 26, )H (W;ﬂ'anufé(LC).
r=0 r+1

We note that

T =Y les)(esl,

[8]<tn

which yields

r=0 01,50.,0p €T r+1 1 r+1
where
M (x,6) = (es|Wa)p-
Let for k € R: 1 )
Culk) = |k, = 57 [l + 05"

be the cell of T',, centered at [k],,. Using (8.3) we get:

1 i
(z,8) = Vi oy (K2 +m2) i (z, k)dk if § =y € Ty,
(A +m2) (), i 6 =1¢€l.

Then as in [Ro], [DG], we obtain that

s

v/ = /Rg(x) HTn(x,Ki) PO (2, () da,

1
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where P®)(z,\) = (&£)*P(z, \) and
(0, K) Un Jo g @(K) " 20(@, KR if K =k € R,
x, = "
i) if K =1€l

We note that
VnJ—Hn/g(:U) ‘Ru(x, K1, ..., Ky, o(x)): da, (8.14) {e4.9b}
R

for .
Ru(z, K1, ..., K¢ \) = PO (z,)) Hrn(x,Ki).
Since assumptions (BM1), (BM2) are satisfied, we know that:
| (z, k)| < CM(x), uniformly for z, k € R,

|i(x)] < CeM(x), uniformly for x € R, [ € I,

where >, € < o0.
Let us now prove corresponding bounds on the functions 7, (x, K'). We consider first the case
K =1 € I: we have:
|rn(x,1)] < CeM(z), uniformly in z, . (8.15) {e4.11}

If K =k e R we get:
w(k) 2|z, k)| < Cw(k)"2M(z), uniformly for n € N, k' € Cp(k), z € R,

which yields:

|rn(x, k)| < Cw(k)™ %M( ), uniformly for n € N, k,z € R. (8.16) {e4.12}
If we set:
S ifK=ke R,
(8.17) {e4.13b}
gif K=1¢ I,
and collect (8.15), (8.16) we get:
lrn(z, K)| < CF(K)M(x), uniformly forn e NN K e IUR, z€R (8.18) {e4.8}

We note that by condition (BM3), we have:
ga,M* € L2, g(apMs)Q"zZﬂ el', 0<s<p<2on-1.

If we apply the arguments in Prop. 7.2 to the polynomial
Qn(xvKla"'aK :L')\HF .IK)

using the bound (8.18), we obtain that

~HUVEWn) is uniformly bounded in L'(Q), (8.19) {e4.9}
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for
Win(Ky,...Ky) = /g(:p) :Qn(z, K1,...,Ks,p(x)): dz.

By (8.9) ), this implies that
et VnHlWa) ig uniformly bounded in L'(Q).

Applying then Thm. 2.7 to a = w,, and using (8.19) we get that there exists C' > 0 such that

+V7 < H F(K;)(Hy, + C), uniformly in n.
1

To complete the proof of the proposition it remains to check that for each § > 0
/ F(K)?w(K)°dK < o,
TR

which follows from (8.17) since Y., €7 < co. O

Proof of Thm. 8.1.

We follow the proof in [Ro]. This proof consists in first proving higher order estimates for
the cutoff Hamiltonians H,, and N;, with constants uniform in n. The corresponding estimates
for the Hamiltonians without cutoffs are then obtained by the principle of cutoff independence
([Ro, Prop. 4.1]). The convergence results needed to apply [Ro, Prop. 4.1] are proved in Lemma
8.4. The estimates for the cutoff Hamiltonians rely on three kinds of intermediate results:

the first ([Ro, Lemma4.2], [Ro, Corollary 4.3]) consists of identities expressing expectation
values of (powers of) N7 in terms of Wick monomials. These identities carry over directly to
our case, replacing R by I UR, a?(k) by a*(K) and the mesure dk by dK.

The second ([Ro, Prop. 4.5]) is the generalized pullthrough formula wich also carries over to
our case. The last is the bound in [Ro, Lemma 4.4] which is replaced in our case by Prop. 8.5.
Carefully looking at the proof of the higher order estimates for the cutoff Hamiltonians in [Ro,
Thm. 4.7] and [Ro, Corollary 4.8] we see that it relies on the fact that the

/ F(K)?w(K)°dK < o,
IUR

(in [Ro] F(K) equals simply w(k)fé), which is checked in Prop. 8.5. This completes the proof
of Thm. 8.1. O

A Appendix A

{sec3}
In this section we will give sufficient conditions on the functions a,c in the definition of w for
conditions (BM1), (BM2) to hold.
A.1 Sufficient conditions for (BM1)

{suf8}0}

Proposition A.1 Let h = Da(x)D + c¢(x) be as in Thm. 3.1. Then:
i) condition (BM1) is satisfied for M(z) = (z)® for a > 3.
it) if h has a finite number of eigenvalues, condition (BM1) is satisfied for M (x) = 1.
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Proof. ii) is obvious. To prove i) we take an orthonormal basis {1;};c; of the point spectrum
subspace of h, and set u; = (D)*(z)~“¢; for some s > 3. By Sobolev’s theorem we have

()~ ||% < C|lw|3, uniformly in I € I.
Next
Dler [ua]|3 = Tr > er [u) (w]
(D) (@)™ > e [90) (ol () ~*(D)*
(D)* (@)™ N _oo 2 ) (h) {z) = *(D)*.
We use then that 1j_. 2 1(h)(D)™ is bounded for all m € N by elliptic regularity, which

implies that 1)_. ;2 1(h)(z)~*(D)* is Hilbert-Schmidt if o > 3. This completes the proof of
the proposition. O

= Tr
= Tr

A.2 Generalized eigenfunctions

In this subsection we show that if h = Da(x)D + ¢(z) is a second order differential operator as
in Thm. 3.1 satisfying (BM2), then the generalized eigenfunctions v (x, k) can be choosen to
satisfy additionally the following reality condition:

U(x, k) =v(x,—k), ka.e.

Lemma A.2 Assume that the family {¢(-, k) }ker satisfies assumption (BM2). Then there ex-
ists a family {(-, k) }ker of generalized eigenfunctions of h satisfying (BM2) and additionally:

Y(x, k) =Y(x,—k), k ae. (A1)

Let {¢(x, k) }ker be a basis of generalized eigenfunctions for h. To such a family one can associate
a unitary map:

W : Lz too((R)L*(R,dz) — L*(R,dx),
defined by
Wu() = (2m)7" [ [ (0. Byuty)dye, (A.2)

which satisfies
Wyh = (D? + m2,)W.

Note that if ¢ satisfy (A.1) and Wy, is defined as in (A.2), then Wy, is a real operator i.e.
Wyu = Wy, ue L*(R).

Proof. Let us define the unitary operator 2 : L*(R,dz) — L?(RT, dk) ® C? obtained from Wy
by Fourier transform:

Qu(k) = 2m) " ((8( k) [u), (6(, —k)[u))

satisfying Qh = (k? + m2) ® 12,
Set

¢(x, k) == ¢z, —k) x,k€R. (A.3)
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Clearly {¢(-, k) }rer is a family of generalized eigenfunctions of h. Therefore we can introduce
the unitary map

GQu(k) = @)~ (B, B)u), (6, —k)[u))

If S = Q0! then S commutes with (k% + m2 ) ® Lz and is unitary, so:

@
S= [ S(k)dk,
R+

for S(k) € U(C?). Using that (¢(z, k), d(z, —k)) = Q0, for = € R, the similar identity for ¢ and
(A.3), we obtain that

(d(x, k), p(z, —k)) = S(E)T($(x, k), (2, —k)), = €R, k>0, (A4)
where T'(z1, 2z9) = (22, 21). Iterating this formula we obtain the identity:
TST =S~ (A.5)
Let us find the generalized eigenfunctions 1 (z, k) under the form
(0, k), B, —k)) = A(R)(O(z, k), 6z, —k)) 7 € R, k> 0.

Clearly {1(-,k)}xer will be a basis of generalized eigenfunctions of h as soon as A(k) € U(C?).
Using (A.4) we see that it will satisfy (A.1) if

A(k) = TA(k)S(K)T. (A.6)
To solve (A.6), we deduce first from (A.5) that
TS"T =S, neN.

Therefore Tg(S)T = g(S~1) if g is a polynomial. By the standard approximation argument and
the spectral theorem for unitary operators this extends to all measurable functions on the unit
circle.

For z = e —m < 0 <7, we set 2% = Y. Setting A(k) = (?)7%(141), we get

_ 1
TAST = TS?T = S,

Since 72 = 22, we obtain that S_%(k) = A(k). Therefore A(k) satisfies (A.6). Moreover
since 272 preserves the unit circle, A(k) is unitary. Therefore the family {¢(-, k) }xer is a basis
of generalized eingenfunctions of h. Moreover since the matrix A(k) is unitary, all entries have
modulus less than 1, which implies that if {¢(-, k) }rer satisfies (BM2), so does {¢(+, k) }xer. O

A.3 Reduction to the case of the constant metric

We show in this subsection that in order to verify condition (BM2) we can reduce ourselves to
the case a(x) = 1. We have then

h=D?+V +m2, for V(z) = c(z) —m> € S,
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which will allow to use standard results on generalized eigenfunctions for Schrédinger operators
in one dimension.

Let ¢ : R — R be a diffeomorphism with ¢ > 0. We denote by ~! the inverse of . To )
we associate the unitary map Ty : L?(R) — L*(R)

Tyu(z) := ' (z) 2w 0 ().

Lemma A.3 Let a,c satisfying (3.1) and set g = a? and = o¢~ L for

1
qb(ﬂv):/o @ds.

Then
i) Da(z)D + c(z) = TJ(D2 + &(x)) Ty,
where ) .
o(x) = corb(a) + (36 + 5007 0 Ui(x).

i) ¢ —m2, € STH.
iii) if D>+ é&(z) satisfies (BM1), (BM2) for a weight function M, then Da(x)D+c(x) satisfies
(BM1), (BM2) for M(z) = ((zpf)*%M) o~V (x). If M(z) = (2)*, then M(z) ~ (z)°.

l

Proof. Let 9 : R — R be a diffeomorphism as above. We have

1 ”
O Tyu = Tw(21§}/ otp u+ 1 op710,)u.

Choosing 9 as in the lemma we get g(z) = ¢’ oy~ !(z) and

1
0.T =T (g(x)0, + 59’(1‘)) =: TA.
This yields
—Opa(w)dy = (A"~ 59') (A~ 39)

— A*A—%(A*g’—kg’A)—i-%(g’f

= A"A+3(9)? + 399"
This easily implies the first statement of the lemma. Next from (3.1) we get that g — 1 € S™#
hence ¢(z)—x € S'F from which 1(z) —z € S*~# follows. This implies that (1(g')%+3gg”)ot) €
S=27# and co 1) — m2 € S7H. Statement i4i) is obvious. O

B Appendix B

In this section we recall some results about generalized eigenfunctions for one-dimensional
Schrodinger operators, taken from [Yal], [Ya2]. For the reader’s convenience, we will sketch
some of the proofs. These results are used to obtain some sufficient conditions for (BM2). We
saw in Subsect. A.3 that we can reduce ourselves to considering a Schrédinger operator:

h=D?+V(z)+m?, VeSS foru>0.
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It turns out that condition (BM2) is really a condition on the behavior of generalized eigenfunc-
tions v (x, k) for k near 0. In this respect the potentials fall naturally into two classes, depending
on whether pt > 2 or p < 2.

This distinction is also relevant to condition (BM1). In fact by the Kato-Agmon-Simon
theorem (see [RS, Thm. XIIL.58]) if V€ S~ for u > 0 h has no strictly positive eigenvalues.
As is well known h has a finite number of negative eigenvalues if y > 2. Therefore condition
(BM1) is always satisfied for M (z) =1 if p > 2.

Results of Subsects. B.1, B.2, B.3 are standard results. We used the reference [Yal]. Results
of Subsects. B.4, B.5, B.6 are easy adaptations from those in [YaZ2].

For —m < a < b < m, we denote by Argla,b| the open sector {z € C| a < argz < b}.
The corresponding closed sector (with 0 excluded) will be denoted by Argla,b]. For a € R the
function z® is defined by (re')* = r®el®? for - < < .

B.1 Jost solutions for quickly decreasing potentials
For two solutions f, g of the equation
—u” + Vu = u,

the Wronskian W(f,g) = f'(x)g(z) — f(z)¢'(z) is independent on z. We start by recalling a
well-known fact about existence of Jost solutions.

Proposition B.1 Assume V' € S™H(R) for p > 2. Then for any { € Argl0, 7] there exist
unique solutions 0y (x, () of
—u’ + Vu = Cu,

with asymptotics
O (z,Q) =7 (L+0(1)), 6z, () = £i(e™ (1 +0(1))
when x — +o00. They satisfy the estimates
[0 (2, ¢) — 57| < TICTC () 1,

uniformy for £x >0 and ¢ € Arg|0, .
Moreover one has: o B
9:|:($7 g) = Q:I:(xv _C)

Proof. Uniqueness of 6. is obvious since the Wronskian of two solutions vanishes at +co. We
look for 64 (z, () as solutions of the Volterra equations:

s (2, ¢) = e 4 K104 (x,0), (B.1)
where: .
K (Qu(z) = / ¢Lsin(C(y — 2)V (y)uly)dy,
K-(Quia)= [ ¢ sinlClr — )V (w)uly)dy.

Using the bound
¢ sin(((y — @))e ™Y < Cye™CT, 0<w <y,
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we obtain that

+o0o
[(K ()" u(x)] < e_ImC'x(n!)_l(C/ ylV(y)ldy)", for z >0,
which gives the estimate
1042, ¢) — €] < eTTmew(C LT WIVWIdy _q),

proving the desired bound for 6 (z, (). The case of _(x, () is treated similarly. The last identity
follows from uniqueness. O

We recall additional identities between Jost solutions 04 (-, () if ( =k > 0. We first set:
UJ(k) = W(e-f—(v k)v 0—('7 k))
Next by computing the Wronskian below at +o0o, we get that:

W(OxL(- k), 0+(-, —k)) = £2ik.

Clearly
0—(2, k) = myt (k)04 (2, k) + my_ (k)01 (z, —k),
0. (k) = m__ (k)0 (2, k) +m—+ (k)0 (x, — ) (B:2) {es.1}
We set
m(k) == (2ik) tw(k). (B.3) {e3.0}

We can express the coefficients in (B.2) using Wronskians and get

e (k) = m_s (k) = (21k) "W (0 (-, K)O_ (-, k)) = m(k),
M (k) = —(20k) W (0. (-, —k), 0 (- k), (B4) {e3.2)
(k) = —(@R) (O, (LK), 6 ()

~

Using the identity 64 (z, —k) = 04 (z, k) and iterating the identities (B.2), we obtain

m(—k) = m(=k), Ty (k) = —m__(k),

‘m<k)|2 =14+ ‘m.H_(k)‘Q =1+ ‘m__(k)‘Q. (B.5) {e3.3}

B.2 Resolvent and spectral family
Proposition B.2 The family {¢(-,k)} defined by

{883.2bis}

—f m(k)" 01 (z,k) k>0,
Y(x, k) = { m(—k) 10 (z,—k) k<0 (B.6) {e3.7}
is a family of generalized eigenfunctions of h.

Proof. Since 0.(-,¢) € L?(R*) for Im¢ > 0, we obtain by the standard argument that the
resolvent (h — 2)~! has kernel

o —w(Q) M0 (2,00 (1,0), y <,
Rla,y2) = { —w(C)710 (2,001 (y,0), =<y
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for ¢? = z, Im¢ > 0 and
w(C) = W(04(-,¢),0-(:,C)).
The zeroes of w lie on iR™ and correspond to negative eigenvalues of h.
If E(\) = 1j_q \(h), then from

dE
(2im) (V) = R(A +10) — R(\ = i0),
We obtain that for A > 0 95 ()) has a kernel satisfying:
E
Ak S, 0) = m(k) ™0 e, K0 (g, —R) + m(—k) "0 (k)0 (9, K), for y <.

where k% = X. Note that 4€()) is both real and selfadjoint hence & (z,y,\) = € (y, z, \).
Using the identities (B.2) and (B.5), we obtain that

dE

Ark (@9, A) = [m(k)[72 (04 (2, k)0, (y, —F) + 0 (x, k)0 (y, —k)) (B.7)
for k2 = \. Setting
Y (, k) == m(k) 0+(x, k) k>0, (B.8)
we obtain A
471-]{:5(13 Y, )‘) = Q;Z)-i- (x7 k)EJr(% k) + ¢— (33, kﬂf (ya k)’ (B9)

for k2 = X\, which shows that {1 (-, k)}xer defined in (B.6) is a family of generalized eigenfunc-
tions of h. O

B.3 Condition (BM2) for quickly decreasing potentials

Let us now consider in more details the Volterra integral equations (B.1) for ( = k > 0. Let F
be the Banach space of C! functions on R* bounded with bounded derivatives equipped with
the obvious norm.

The operators (1— K (k))~! are bounded on Fy and ]0, +0o[> k +— (1— K4(k))~! € B(FL)
is norm continuous. It follows that k — 04 (-, k) € F4 is continuous on ]0, +oo], and hence w(k)
is continuous on ]0, +-o0].

Moreover when k — 0, (1 — K4(k))~! converges in B(Fy) to (1 — K+(0))~!, where

K (0)u(z) = [y — =)V (y)u(y)dy,
K _(0)u(z) = [* (z —y)V(y)u(y)dy.

Therefore
lim w(k) =: w(0) exists

and w(0) = 0 iff there exists a solution u of
W+ Vu =0,

with asymptotics:
uw(x) = uy, u'(x)— 0 forx — oo, ug #0.

Such a solution is called a zero energy resonance for h. Recall that condition (BM2’) is introduced
in Remark 4.2.
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Proposition B.3 Assume that V€ ST for u > 2. Then:

1) if h has no zero energy resonance, then h satisfies (BM2) for M (z) = 1.

2) if h has a zero energy resonance and |w(k)| > C|k[3/?>= in |k| < 1 for some € > 0 then h
satisfies (BM2’) for M (x) = 1.

Remark B.4 Assume V € S™H for > 3. Then if h has a resonance, |w(k)| > C|k| (see [Yal,
Prop.7.13]).

Proof. For k > 0 we deduce from (B.2) that:
L0, (z, k), >0,

v { m 0 (0, k) +0_(2,—k) @ <0

and . (o h)
—=0_(x, k), =<0,
m(k) 9+(l‘,k‘) + 9+(£7 _k) r2>0

By Prop. A.2 the functions #+(z,k) are uniformly bounded in k& > 0 and = € R*. Moreover by
(B.5)
|’I7’L++(k')| < 17 |m**(k‘)
m(k) m(k)

Therefore it suffices to bound m(k)~!. Using the integral equations (B.1), we obtain that:

| <1.

0+(0,k) =14+ O(k™"), 0,(0,k) = +ik + O(1)

when k — +oco. Therefore w(k) = 2ik(1 + O(k~!)) and m(k)~! is bounded near +oco. If
w(0) = limy,_ow(k) # 0, then limy_qm(k)~! = 0 and hence m(k)~! is uniformly bounded on
10, +o00[. If |w(k)| > C|k|~3/?%¢ for |k| < 1, we get instead that |m(k)|~' < C|l€]_%‘*'6 for |k| < 1.
This completes the proof of the theorem. O

B.4 Quasiclassical solutions for slowly decreasing potentials

Let Ve S7# for 0 < p < 2. For Im( > 0, we set

N

F(z,¢) = (V(z) - ¢*)z,

where 22 is defined as in the beginning of Sect. B. We see that F(x,() is holomorphic in ¢ in
the two sectors Arg|0, 7/2[ and Arg|n/2,n[ and C* in z if { belongs to the above sectors. It
is continuous in ¢ in the closed sectors Arg[0,n/2] and Arg[r/2, 7] but may not be continuous
across Arg¢ = 7/2 depending on the value of V' (z).

Note that (z%) — 73 if Argz # 7, which implies that

F(x,¢) = F(z,—(), (€ Argl0,7/2[UArg]n/2,7[, F(x,k) = F(z,—k) k> 0. (B.10)

We set also .
S@a.0)i= [ F.0dy, ack (B.11)
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3.4
Proposition B.5 For ¢ € Arg[0, 7], { # 0 there exist unique solutions n+(z,¢) of t8.4)

—uw’ +Vu=C, (E)
with asymptotics
77+(:E7 C) (‘T C) S(Om C)(]' + 0(1))’ nil—(xv C) = —F(.CL', )%e_S(O@’O(l + 0(1))7 €T — +OO,

n-(2,¢) = F(z,0) 7250201+ 0(1)), n_(2,¢) = F(z,0)2e5"0(1 4 0(1)), 2 — —c0.
We have
7+(2,¢) = ns(z, =)
For e > 0 let R(e) be such that |V (y)| < €/2 for |y| > R(e). Then the following estimates are
valid:

(2, Ol < COICI72, e, ¢) < C()[C|2, uniformly in + x> £R(e), k| >e (B.12) {e3.15}

Proof. We follow [Ya2] and treat only the case of n4. For |(| > € and x > R(e), we look for
(n+(z,¢), 1 (x,¢)) of the form

e (z,0)= Pz, c)*%e SO (uy (2,¢) + ua(w,C)).
Wy (2,¢) = Fz,Q)"2e 5029 (F(z,¢) — V() (4F?) s (2, ) (B.13)  {ark}
—(F(x,¢) + V'(x)(4F?) M ua(x,0)) -
We find that (u1(-, (), ua(z,()) has to satisfy the following Volterra equation:
ur(@, Q) = — [, e 2@V O M (y, ¢) (ur (y, ¢) + ua(y, €))dy, Bl (es.12)
ug(x,¢) =1+ [/ M(y, Q) (ua(y, ¢) + ua(y, ¢))dy,

v M(z,¢) = (32)7 (4V" (2) F (2, €)= = 5(V')* () F (2, () ™).
Uniformly for |(| > € and y > 2 > R(e), we have:
|M(x,¢)| < Cle){a) 7, |e 5w < 1.
The equation (B.14) can be solved by iteration and we obtain as in the proof of Prop. B.1 that:
[ua (@, €)] < (eC@@T" — 1),
[us(, €)| < eCO@™",

uniformly for |(| > € and y > = > R(e). Since

Cr(e)[¢]7 < [F(, Q)] < Cale)[¢]?,

we obtain the desired bounds on 14 (-, (), 7' (-, ¢)-
To prove uniqueness of 74 (-, (), we verify that the Wronskian of two solutions computed at
x = +oo vanishes. The fact that 7, (-, () = n+(-, —() follows from (B.10). O

As in Subsect. B.1, we compute some Wronskians.
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Lemma B.6 For |k| > € we have:
W (4 (), 04 (-, k) = Zisgn()e2Re 57V Eay,
W (- k). — k) = —2isgn(k)e 2 2o (V4D ay
Proof. From Prop. B.5 we obtain that:
0 (2, k) ~ (—ik)"2e 5Ok p (2 k) ~ —(—ik)2e SO2R) 5 4o,

Using that

SIS
VI

(ik)2 (—ik)"2 =i, (—ik)2( k)2 = —i for k > 0,

we obtain
1y (k) (2, —k) — ny (2, k)0 (z, —k) ~ 2ie 2ReSO2R) 0 4 oo, (B.15)

If k > e and y > R(e) we have V(y) — k? < 0 so Re(V (y) — k?) = 0. Letting  — +oc in (B.14)
we obtain the first identity for k£ > 0 and replacing then k£ by —k for all k # 0. The proof of the
second identity is similar, using instead

0-(z, k) ~ (~ik) 25020 (2, k) ~ (~ik) 2500 4 0o, D

Proposition B.7 Set for |k| > e:

0 (2, k) := (k)| FeRe o™ (VW) =KDdy,
(B.16)
9_ (.CU, ]{I) =n— (x’ k)‘k|%eRef_OR(s)(V(y)_kQ)dy.

Then we have:

ei(xv k) = ei(xa _k) W(gi('v k)a 0i('7 _k)) = +2ik,

and
0+ (2, k)| < Cey |0 (2, k)| < Ce|k|, uniformly for |k| > ¢, +x>0.

Proof. The first statement follows from Lemma B.6. To prove the second statement we use
Prop. B.5. In fact by (B.12), the bounds in the second statement are valid uniformly for |k| > €
and +x > +R(€). Let us first fix C' > 1 such that for ¢ > C' > 1, we have R(e) = 0. Hence the
bounds in the second statement are valid uniformly for |k| > C and +x > 0.

It remains to check the bounds uniformly for € < |k| < C and +x € [0, R(¢)]. We have

|0+ (£R(e), k)| + |04 (£R(e), k)| < C(e).

Writing the differential equation satisfied by 64 as a first order system, we see that this bound
extends to +x € [0, R(€)] uniformly for e < |k| < C. O
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B.5 Resolvent and spectral family
{8e@3.5}
Proposition B.8 We set as in Subsect. B.1:

w(k) == WO (-, k),0_(-, k), m(k):=(2ik) tw(k).
The family {4 (-, k)} defined by

m -1 x
o, k) ;:{ mg@k)eje(_ ( ﬁ)_§)>k0’< . (BAT) {e3.7bis}

is a family of generalized eigenfunctions of h in |k| > e.

Proof. As in Subsect. B.2, we can since ni(-,¢) € L?(R*) for Im¢ > 0 write the kernel of
(h—2)"1 as:
_T(C)_ITH(% C)Tl— (y7 C)a y <z,
R(xz,y,z) = _
( Y ) { _T(C) 1777(55’()7%(?/7()7 I’Sy

for (> = z, Im¢ > 0 and
T(C) = W("7+(7C),777(a0)

The zeroes of w lie on iR™ and correspond to negative eigenvalues of h. We write the kernel of
the spectral family %(az, Y, A) using the functions 64 (z, £k). Using (B.16) we obtain:

E
471—]@((117)\(337 Y, )‘) = m(k)_10+(a:, k)g—(y7 _k) + m(—k‘)_le_,_(l” _k)e—(y7 k)? for y <,
where k? = \ and
By Prop. B.7 the algebraic identities used in the proof of Prop. B.2 are satisfied by 64 (-, k).
Repeating the above proof we obtain the proposition. O

B.6 Bounds on generalized eigenfunctions away from k = 0. ; ,
sec3.6

The following result shows that generalized eigenfunctions are always uniformly bounded in

|k| > € for e > 0.
(3.8}
Proposition B.9 Assume V € S™* for u > 0. Then for {{(x,k)}rer defined in (B.17) one

has for all € > 0:
19(, k) lloo < Ce uniformly for [k| > e.

Proof. Arguing as in the proof of Thm. B.3 it suffices by Prop. B.7 to verify that

2|k|

-1 _
)™ = 2o

is uniformly bounded for |k| > e.

We first claim that w(k) is a continuous function of k in |k| > e. In fact writing the Volterra
integral equation (B.14) as a fixed point equation in an appropriate Banach space of continuous
functions, we see that for a fixed z > R(e), ui(x, k) and ug(z, k) are continuous functions of &
in |k| > e. The same holds for ni(z, k), ' (x, k). Using the differential equation satisfied by
n+ (-, k), we see that k — (n4(0,k),n’ (0,k)) is continuous in k. Using the same argument for

44



n—(-, k), we obtain the continuity of w(k) in |k| > e. We note that w(k) does not vanish in
|k| > € since w(k) = 0 would imply that k? is an eigenvalue of h which is impossible if V € S~H.

Therefore |m(k)|~! is locally bounded in |k| > €. It remains to bound |m(k)|~! near infinity.
We use the notation in the proof of Prop. B.5. Let us pick C' > 1 such that R(C) = 0. Then
for k > C we have:

F(x,k) = =ik(1+ 0((z) *|k|7%)), M (z, k) = O({x) > M|k ).

Using the fact that w;, ug are uniformly bounded in z > 0 and k > C, we obtain from (B.14)
that
u1(0,k) = O(|k|™%), ua(0,k) =1+ O(|k|™%),

which yields

14(0,k) = (—ik) "2 (1 + O([k| ), 7(0,k) = —(—ik)z (1 + O(k|72)).
The same argument gives

- (0,k) = (=ik) "2 (1 + O(Ik[ %)), 0"(0,k) = (=ik)2 (1 + O(k|72)),

and hence W (0. (-, k),n—(-, k)) = —2 + 0(|k|~2). Using that 04 (z, k) = ni(:n,k)|k:|% for k > C,
we obtain that |w|(k) ~ 2|k| when & — oo, which shows that |m|~!(k) is uniformly bounded
near infinity. O

B.7 Condition (BM2) for slowly decreasing potentials

In this subsection we give some classes of slowly decreasing potentials for wich condition (BM2)
holds.

As in Subsect. B.3 the possible existence of zero energy resonances has to be taken into
account. For quickly decreasing potentials, the definition of zero energy resonances is connected
with the integral equation (B.1) for ¢ = 0. For slowly decreasing potentials, we have to consider
instead the integral equations (B.14). This leads to the following definition:

Assume that v € S7# for 0 < p < 2 is such that |V (x)| > ¢(x)™* for |z| large enough. We
will say that h has a zero energy resonance if there exists a solution of

w4+ Vu=0,
with asymptotics:
w(@) = wsV(z)~VAF I VE s (1 4 o(1)), & — +oo,
(@)= FueV (@)Y RVER(1 4 o(1)), @ — +oo,

for constants uy # 0.
Potentials negative near infinity.

We consider first the case of potentials which are negative near infinity. We assume that
VeS#Hfor0<pu<2and:

V(z) < —c(x)™ in |z| > R, for some ¢, R > 0. (B.18)
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Proposition B.10 Assume that V € S™" for 0 < p < 2 satisfies (B.18) and has no zero energy
resonance. Then condition (BM2) holds for M (z) = (z)**.

Proof. By Prop. B.9 it suffices to consider the region |k| < 1. We fix R as (B.18) and define
the functions 74 (z, k) using the phase S(+R, z,(). We will consider only the + case. We first
claim that

04 (x,k) € O((z)*Y), @ (x,k) € O(1), uniformly in z > —R, |k <1. (B.19)

Clearly it suffices to prove the statement in > R, since we can extend the bound to [—R, R]
using the differential equation satisfied by 6. Let us prove (B.19). We will simply write
"flx, k) € O({x))” for ” f(x, k) € O((x)¢) uniformly in = > R, |k| < 17.

The function F(z,k) is smooth in |z| > R and one has |F(z,k)| > ¢(z)~#/2. This implies
that M(z,k) € O((x)~2+#/2), from which we get

ur(z, k) € O((x) " HH2) uy(x, k) € O(1),
and

0+ (2, k) € O((@)/*), oy (2, k) € O(1).

This proves (B.19). Next as in Subsect. B.3, we can set U = (uj,u2 — 1) and consider the
equations (B.14) as a fixed point equation:

(1+T(k))U = F,
in the Banach space

B = {U = (v1,v2) |v; continuous, sup |(z)'"#/?v;(z)] < oo}
[R,+o0]

For R large enough, ||T(k)|| < % uniformly in |k| < 1 and k +— T(k) is norm continuous. It

follows that k — U(k) € B is continuous up to k = 0. Therefore (ui(-,k),ua(-,k) — 1) has a
limit (ui(-,0),u2(-,0) — 1) in B when k& — 0.

This implies also that (74 (-, k), 7 (-, k)) converges locally uniformly when & — 0 to the pair
(n+(-,0),7'.(-,0)) obtained from (u1(-,0),u2(-,0)) by formula (B.13) for k£ = 0.

We see that 74 (z,0) is a solution of

—u" +V(z)u=0,
with asymptotics:

N (x,0) = V(2)~ Vel R V() 2d8(1+o(1))
xr — +00.
7y (2,0) = =V (z)V/4e! [a(=V() 7d5(1+o(1))

By the convergence result above (and its analog for n_(-, k)), we also see that

lim (k) =: m(0) = eV (n4(-,0),7-(,0))
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for some ¢ # 0. Clearly m(0) = 0 iff ~ admits a zero energy resonance. Using (B.17), (B.19)
and Prop. B.9, we obtain then that

[ (z, k)| < C(x)**, uniformly for z € R, k € R,

which completes the proof of the proposition. O
Potentials positive near infinity.

Let us now consider the case of potentials wich are positive near infinity. The following
lemma is shown in [Ya2, Thm. 4].

(3.9}
Lemma B.11 Assume that V € ST for 0 < p < 2 is positive near infinity, more precisely:
V(x) ~ qlz| ™",z — o0, ¢o > 0. (B.20) {e3.17}
Then there exists unique solutions ny(x,0) of
—u” +Vu=0,
with asymptotics:
e V@) Ty V() ie fE (V@) 2y
N4-(2,0) ~ V()" 5e™ e » 13 (2,0) ~ =V(z)ie o , T — +00,
- 1 @ 1
n—(z,0) ~ V(x)_ie_-/a (V(y))%dy’ n'(z,0) ~ V(x)ie—.l,a(V(y)ﬂdy’ T — —00,
where a > 1 is such that V(x) > 0 in |z| > a.
{3.10}
Lemma B.12 Assume in addition to (B.20) that there exists 6, R > 0 such that V extends
holomorphically to D(R,0) = {z € C||z| > R, |Argz| < 0} and satisfies
V(I <CA+[2)7", 2z e D(R,0).
Then for any +x > R, (n+(x,s),n'.(x,s)) converges to (nx(z,0),n/ (x,0)) when s — 0.
Proof. : We check that the assumptions of [Ya2, Thm. 7] are satisfied. We consider the two
parts D¥(R,0) = D(R,0) N {£Rez > 0} of D(R,0) and set 2’ = log(+z2) for 2 € D*(R,0).
Applying Hadamard three lines theorem to F(2') = V(e* )(2e**') — qo, we obtain
V(2) ~ qo(£2z)™" when |z| — 400,
uniformly in D(R,6p) N {£Rez > 0} for all 0 < 6y < 6. Similarly it follows from Cauchy’s
inequalities that
108V (2)| < C(1 +2)**, 2 € D(R,6).
Applying then [Ya2, Thm. 7], we obtain the lemma. O
{i1t}

Lemma B.13 The functions ni(x, k) are uniformly bounded for |x| < R, |k| < 1.
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Proof. We consider only the case of ny(x, k). Let ¢o(x, k), ¢1(z, k) the two regular solutions
of (E) with boundary conditions:

¢0(Oak) = 1’ ¢6(Oak) = 07 ¢1(Oak) = 07 d),l(ovk) =1

Clearly ¢i(x, k), ¢,(x, k) are uniformly bounded and continuous in {(z, k)| |z| < R, |k| < C}.
We have

77+('7k) = al(k)¢0('7k) + aO(k)¢1('7k)7 for al(k) = W(n+(7k)7¢’b(7k))
By Lemma B.12, a;(k) converges to a;(0) when k£ — 0. O

Proposition B.14 Assume that V € S™* for 0 < p < 2 satisfies the hypotheses of Lemma
B.12 and has no zero energy resonance. Then for each R > 0 condition (BM2) is satisfied for

M(z) 1 for |z| < R,
xTr) =
+o0 for |x| > R,

We refer the reader to Remark 4.1 for the meaning of (BM2) if M takes its values in [0, +00].
Proof. The uniform boundedness of 74 (z, k) and hence of 04 (x, k) for || < R and |k| <1 is
shown in Lemma B.13. We have to show that limy_,om(k) =: m(0) # 0. The limit exists and
equals ¢cW (n4(-,0),n-(-,0)) for some ¢ # 0 by Lemma B.12. By Lemma B.11 m(0) = 0 iff 4 has
a zero energy resonance. O

C Appendix C

C.1 Proof of Prop. 2.10

We forget the superscript w to simplify notation. We recall the following caracterization of
Op(SP™) known as the Beals criterion:
M € Op(SP™) iff M : S(RY) — S(RY) and

<D>—p+|a\<x>—m+|ﬁ|adg‘ad%M is bounded on L*(R?), for all o, 8 € N°. (C.21)

The topology given by the norms of the multicommutators with Op(m) in (C.21) is the same
as the original topology on SP".

We will need also similar objects for symbols and operators depending on a real parameter
s > 0. We say that m(s,z,&) belongs to SP™* if

0207 m(s, 2, k)| < Cap((k)? + (s))F (k) PHel(z)=m+8) o, 5 e N,

uniformly for s > 0. By the result recalled above, we see that M (s) € Op(SP™F) iff M(s) :
S(R%) — S(R%) and

((D)? + <8>)_k<D>_p+|a‘<x>_m+|ﬁladg‘adﬁDM(s) is bounded on L%(RY), (C.22)

uniformly for s > 0.
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Let us now prove Prop. 2.10. By elliptic regularity, we know that h is selfadjoint and bounded
below on H2(R%) and (h+s)~! preserves S(R%). Computing multicommutators adgad%(h—ks)_l
on S(R?), we first see by induction on «, 8 that ((D)24-(s))(z)*(D)?(h+s) " (z)~*(D)~# € O(1),
uniformly in s > 0.

The same computations show then that ((D)2+ (s))(D)lel <x>|ﬂ|adgad%(h+ 5)~ ! is uniformly
bounded on L?(R?), which by the Beals criterion show that

(h+s)~! € Op(S*0~2). (C.23)

Using the formula
+o00
AT = ca/ 57N+ s)"lds, for A >0, «a€]0,1] (C.24)
0

we obtain that =% € Op(S—2*9) for a €]0, 1[. Using also that h™ € Op(S?™?) for integer n, we
obtain i).
C.2 Proof of Prop. 2.11

Let us first prove 4). We use the notation in Subsect. C.1. Set T'(s) = Op((b+ s)~!). By pdo
calculus and (C.23), we get that

(h+ s)T(s) — 1 € Op(SO——r2)

hence
(h+s)"' = T(s) € Op(SO—1—Hm=3/2),

Using (C.24) for e = 3 this implies that

h™2 — Op(b~7) € Op(S~271H).
Next we write using again pdo calculus:

h® = hh~% = hOp(b~2) + Op(S™~*~#) = Op(b2) + Op(S* '),

which proves i). Let us now prove ii). By Prop. 2.10, we know that

w = O0p(c), for ¢ — b2 € SO—1-n
where b is defined in Prop. 2.10. By pseudodifferential calculus, we obtain that:

[w,i[w,i(z)]] = Op({e, {e, (x)}}) + Op($*72).
Since ¢ — (k) € SH7F we get:
£ (Ea)?

{e.{e (@)}} = {(k). {(k), (@) }} + 877 = (x>_1(<k>2 ~ )t SHT.
We pick 0 < € < 1 and write:
2 )2 2 )2 1
( 6 . (5‘ ) 2) :d2($,€) _ <x>7267 for d($,£) :( 5 _ (§| ) - + <x>726)§'

(k)2 (k)*(x) (k)2 (k)*(x)
0

_1
Using that d2 € S0 and d? > (z)~2, we see easily that d € S, hence <x)7%d €S 2.
Using again (2.6), we get:

Op((z)~'d?) = Op({z)~2d)? + Op(S>~3+4€).

Choosing € > 0 small enough and setting v = <m>_%d, we obtain the proposition. O
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C.3 A technical lemma
Lemma C.1 Let h = Da(z)D + c(z) for a,c as in (3.1), hoo = D?> +m?%. Set w = h2,

1
Woo = h&. Let x € Cg°(R) and F' € C*°(R) with F =0 near 0 and F =1 near co. Then for C
large enough

w
Y e € O(1).

x( Or

Proof. We know from Prop. 2.10 ii) that w and w, and hence [w,ws] belong to Op™ (S10).
Using formula (2.1), we deduce from this fact that for x € C°(R):

[X(%)awoo] c O(1). (C.25)

We take x1 € C§°(R) with x1x = x and set

- w w
Woo = Xl(E)woo)ﬂ(;)'

We first see that

() (oo = B0) = () wocl (1= x1)(5) € O(1), (C.26)
by (C.25). We claim also that for F' € C§°(R):
(EFEE) - F22)) € o) (c.27)

X(2)(F (%) — F(%=))
= & [e0zF(2)x(£)(z — =) T (weo — Doo) (2 — 22)7Mdz A dZ
= £ [e0F(2)x(2)(z — 22) LTI (2) (Woo — Boo) (2 — 22) Iz A dZ
o [o02F(2) (2 — 222) L X (2), woo) (2 — 222) LT (weo — @00) (2 — 222)Tldz AdZ

This is easily seen to be O(k~!) using the fact that (z —a)™!, a(z — a)~! are O(|Imz|~!) for
z € supp F.
We note then that
Weo < C1K,

for some ¢1 > 0 since weo < cow. Hence if G(s) = F(C~!s) for F as in the lemma and C is large
enough, we have G(“=) = 0. Applying then (C.27) to F' = 1 — G, we obtain that
NG (L

X(—)G(

K K

)€ O(k™Y). (C.28)
We write:
X(2)G(522)woo = wooX(2)G(%22) + X(%), weo|G(%22)
= woow WX (2)G(92) + (%), W] G(422).

The first term in the last line is O(1) using (C.28), the second also using (C.25). This completes
the proof of the Lemma. O
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