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Abstract

The proto-neutron star (PNS) is investigated for the first time in the generalized
thermo-statistics. The subextensive entropy for the power-law index ¢ > 1 leads
to much lower temperature in a core of PNS than the Clausius extensive entropy.
Consequently, we can see a clear difference between the mass-radius relation of PNS
in the standard (¢ = 1.0) and generalized (¢ = 1.3) thermo-statistics. The result is
essentially due to the effect of gravitation that is consistent with the subextensivity
of the generalized entropy.

A proto-neutron star (PNS) [1,2] is born during 0.1-1s after the core bounce of successful
supernova explosion. The PNS is a hot and lepton-rich object and so is quite different
from the ordinary neutron star (NS) observed as a radio pulsar. It is composed of a
shocked envelope and an un-shocked core of entropy per baryon S ~ 1. The core is in
quasi-stationary (-equilibrium state because the time scale of weak interaction is much
shorter than the time scale of neutrino diffusion. We can therefore study an equation-of-
state (EOS) of PNS in the nuclear physics of dense baryon matter. So far the EOS of PNS
has been investigated [3-10] within the standard Boltzmann-Gibbs thermo-statistics. To
the contrary the present paper calculates the EOS for the first time within the generalized
thermo-statistics [11-13]. We make use of the relativistic mean-field (RMF) model of PNS
matter developed in Ref. [14]. The RMF model is reasonable because the investigation
of PNS needs the general relativity that is based on the validity of the special relativity

at local space-time, where the microscopic nuclear model is developed.

We extend the thermodynamic potential in Ref. [14] using the ¢-deformed exponential
and logarithm [15]:
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Consequently, the thermodynamic potential €2, in the generalized thermo-statistics is
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where kp is the Boltzmann constant and v is given by the chemical potential ;15 and

the vector potential V5 of baryon as
vp = pip — Vb (4)

The spin degeneracy factor for leptons is v, = {2,2,1} for I = {e~, u~,v}. M}y, = miMp
and Fip = (k* + M 52)1/ ? are the effective mass and the energy of baryon while p, and
e = (K2 + m%)l/ ? are the chemical potential and the energy of lepton.

The scalar mean fields (o), (05) and (c*) are expressed [14] in terms of three indepen-
dent effective masses of p, n and A while the vector mean fields (w,), (py3) and (¢,) are
expressed [14] in terms of three independent vector potentials of p, n and A. Then, M,
My, My, V,, V,, and V) are determined from extremizing the thermodynamic potential

2, in terms of them. The results are
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I5y is the isospin of hyperon. The effective coupling constants ¢} 5, etc. are given in Ref.
[14]. For the free meson-baryon coupling constants gpp, etc. we make use of the EZM-P
model of Table 1 in Ref. [16]. The calculations of the derivatives in Egs. (5)-(10) are

tedious but straightforward tasks and so their explicit expressions are not shown.

The baryon density is defined by [15]
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where the ¢-deformed Fermi-Dirac distribution functions [15] are
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The upper and lower signs are for baryon and anti-baryon, respectively. Similarly, the

lepton density is defined by
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The scalar density of baryon is defined [15] by
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The entropy is calculated [15] as
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Equation (16) is just the thermodynamic relation:
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the power-law index has to satisfy the condition [15]:
1< q<4/3. (20)

For baryons, electron and muon, the deformed Fermi integrals in Egs. (11), (13), (15),
(17) and (19) are transformed to the integrals in finite ranges by converting the variable
k into 1/E}y or 1/e,,. They are calculated in the adaptive automatic integration using
20-points Gaussian quadrature. The condition (20) also guarantees finite values of the
integrals. For neutrinos the deformed Fermi integrals are calculated using the double
exponential formula [17] for an integral in finite range. The upper limit of the variable k

is determined so that the result is converged.

In our model the leptons are treated as the free Fermi gases. They however couple to

baryons through the chemical equilibrium condition
pi = ity = a4 (He- = p0,) (21)

P = My, = P = Ha, (22)

and the charge neutral condition

Z q; LA 0, (23)
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and the lepton number conservation [1]
-+
Yy =P Tl gy, (24)
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Pr
where b, and ¢; are baryon number and charge of each particle and p; is the total baryon
density
Pr = Z PB- (26)
B=pn,A,3T,
o »-,20=2-

Then, for a definite value of p; we solve 11-rank non-linear simultaneous equations
of (5)-(10), (18) and (23)-(26) so that My, My, M3, Vy, Vi, Vi, Hyy fro-s t, Hy, and
T are determined. Using them the energy density (17) and the pressure density (19) are

calculated. The results are the inputs to Tolman-Oppenheimer-Volkov equation [18]:
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P(r), €(r) and Mg (r) are the radial distributions of pressure, energy and gravitational
mass of PNS.

Figure 1 shows the temperature profile in an isentropic core of PNS at the entropy
per baryon S = 1. The black, red, blue and green curves are the results for ¢ = 1.0, 1.1,
1.2 and 1.3, respectively. Because of the subextensivity [11] of the generalized entropy for
q > 1, under a definite local entropy or a definite entropy per baryon, the total entropy
of global system is lower as the power-law index is larger. Because the temperature is
a constant for the global system or the uniform nuclear matter, it is lower as the global
entropy is lower. The temperature therefore decreases as the power-law index increases.
On the other hand, the global system with the long-ranged gravitational potential is
ordered better than the system without gravitation even if we assume the same local
entropy for both the system. The gravitation therefore leads to the subextensivity of the
generalized entropy. Consequently, it is seen that the results in Fig. 1 reflect the effect

of gravitation.

Figure 2 shows the particle fractions in an isentropic core of PNS at S = 1 within
the standard Boltzmann-Gibbs thermo-statistics, while Fig. 3 shows them within the
generalized thermo-statistics of ¢ = 1.3. Among all the hyperons A appears first because
it is the lightest one and because its potential in the saturated nuclear matter is assumed
to be most attractive. (See Eq. (54) in Ref. [16].) Next, Zs appear because their
potential is also assumed to be attractive. The negatively charged =~ appears earlier
than the neutral Z° because of the charge neutrality of PNS. On the other hand, ¥s are
too scarce to be visible in the figures except for ¥+ above p;, = 0.95fm™3 in Fig. 3.
This is because X’s potential in the saturated nuclear matter is assumed to be repulsive.

The leptons p~ and 7, are also too scarce to be visible because of the lepton number

conservation (25). '

The hyperons appear at lower baryon densities in Fig. 3 than Fig. 2. However, the
particle fractions at p; = 1.0fm™ in Fig. 3 are almost the same as those in Fig. 2.
The result suggests that EOS in the core of PNS is weakly dependent on a value of the
power-law index. We can confirm the suggestion in Fig. 4, in which the black solid and
red dashed curves show the EOSs in the standard (¢ = 1.0) and generalized (¢ = 1.3)
thermo-statistics, respectively. There is little difference between the two EOSs. The
result seems to be inconsistent with the result in Fig. 1, where the green curve is much
lower than the black curve. It is however noted that the same local entropy or the same
entropy per baryon leads us to almost the same EOS of PNS irrespective of the internal
temperature. This is because the temperature is a constant inherent in global system

while the EOS of PNS is developed in local micro-canonical nuclear system.

Next, we assume that the PNS has an isentropic core in the region p, > 0.1fm™3
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but a cold crust in the region p; < 1073fm~3. For the former the EOSs in Fig. 4 are
applied while for the latter we make use of the EOSs by Feynman-Metropolis-Teller,
Baym-Pethick-Sutherland and Negele-Vautherin in Ref. [19]. The EOS between the two
regions is obtained from simple linear interpolation. Figure 5 shows the mass-radius
relation of PNS in the standard (¢ = 1.0) and generalized (¢ = 1.3) thermo-statistics.
Because there is little difference between the two EOSs in Fig. 4, the difference between
the black and red curves in Fig. 5 is also small. The most massive PNSs have the
gravitational masses Mg = 1.849M, and 1.845M, respectively. The corresponding radii
are R = 12.78km and 12.69km, respectively. The corresponding central baryon densities
are py = 0.822fm™3 and 0.826fm 3, respectively. However, we still see a clear difference
between the standard and generalized thermo-statistics in Fig. 5. The difference should
be due to much lower temperature of the green curve than the black curve in Fig. 1.
It has been also shown in the analysis of Fig. 1 that the lower temperature is due to
the effect of gravitation. Consequently, Fig. 5 clearly shows the effect of gravitation on
PNS in the generalized thermo-statistics, although an extreme case of ¢ = 1.3 is only a
numerical experiment that is unlikely to be physically realized.

We have calculated PNS for the first time in the generalized thermo-statistics. Because
the EOS of PNS matter is developed in local micro-canonical nuclear system, under a
definite entropy per baryon the dependence of EOS on the power-law index is weak.
However, the subextensive entropy for ¢ > 1 leads to much lower temperature in a core
of PNS than the Clausius extensive entropy. As the result, we can see a small but
clear difference between the mass-radius relation of PNS in an extreme case ¢ = 1.3 and
the standard thermo-statistics. Because the subextensivity is due to gravitation, it is
concluded that the gravitation has an effect on the properties of PNS through the EOS

developed in the generalized thermo-statistics.
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Figure 1: The temperature profile in an isentropic core of PNS at the entropy per baryon
S =1for ¢q=1.0,1.1, 1.2 and 1.3, respectively.
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Figure 2: The particle fractions in an isentropic core of PNS at the entropy per baryon
S =1 in the standard Boltzmann-Gibbs thermo-statistics.
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Figure 3: The particle fractions in an isentropic core of PNS at the entropy per baryon
S =1 in the generalized thermo-statistics of ¢ = 1.3.
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Figure 4: The equation-of-state for the isentropic core of PNS at the entropy per baryon
S =1 in the standard (¢ = 1.0) and generalized (¢ = 1.3) thermo-statistics.
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Figure 5: The mass-radius relation of PNS in the standard (¢ = 1.0) and generalized
(¢ = 1.3) thermo-statistics.
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