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Abstract

We prove weighted-L>° and pointwise space-time decay estimates for weak solutions of a class of
wave equations with time-independent potentials and subject to initial data, both of low regularity,
satisfying given decay bounds at infinity. The rate of their decay depends on the asymptotic
behaviour of the potential and of the data. The technique is robust enough to treat also more
regular solutions and provides decay estimates for arbitrary derivatives, provided the potential and
the data have sufficient regularity, but it is restricted to potentials of bounded strength (such that
—A — |V| has no negative eigenvalues).

I. INTRODUCTION

We study a class of wave equations of the form
Ou+ Vu =0 — Au+V(z)u=0 (1)

where u := u(t,r) : R, x R® — R and V() is a real potential which does not depend on
time. We are interested in weak solutions to the initial value problem

w(0,2) = f(x),  Gu(0,z) = g(x) (2)

with data (f, g) of low regularity satisfying either some weighted-L> or pointwise bounds.
We prove a decay estimate in two versions: in stronger, we show a pointwise decay

C
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u(t, z)| < Y(t,z) € R, x R3 (3)

with some p > 2 provided the potential V' and the initial data f, V f, g are continuous and
satisfy pointwise bounds

Vo
V <—— k>2 4
V()| < 15 2l (4)
with V| < O + (the value of C,; will be specified later) and
Jo fi 9o
f@ < sy V@IS 5 9@ < 5 m>3 (5)
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In the weaker version, all pointwise bounds need to hold only almost everywhere and so we
prove a weighted-L*>° space-time decay estimate

1L+ [+ 2 )L+ [ = f )P ault, @) || o, ey < 00 (6)



with some p > 2 provided
Vo i= (14 [ )V llw@s) < Cpp <00, k>2 (7)
(the value of C, j will be specified later) and

for= A+ D"l <00, fr=l1+] )"Vl < oo,
go = A+ 1-1)"gllreqs) <00, m>3. (8)

For both kinds of initial data, u € L{_(R'™) represents a weak solution of the wave

equation (1) in the following sense: for any test function p € C®(R!*3)

[t [ @0 @+ vplta) uten) = = [ #r0e0.0) f@) + [ pl0.0) gl ©)

The initial data f,Vf and g have just sufficient spatial decay to have finite energy
and we show by functional analytic methods (sec. IV) that this energy stays finite during
the evolution what guarantees uniqueness of the weak solutions. It follows that the first
derivatives dyu, Vu € L* C Lj . and hence exist in the weak sense. The second derivatives
exist only as distributions, although Ou = —Vu € L* C L. Therefore, we work in a
subset of the energy space.

There is, in principle, no essential problem with rising the regularity of the solution u
provided f,g and V' are more regular and their derivatives have proper decay at infinity.
Indeed, for (f,g) € C"™(R3) x C"(R3) and V € C"(R3) the solution u € C"(@f?’) and for
n > 2 it becomes classical. In a separate section (sec. VI) we demonstrate robustness of our
technique and show how to obtain estimates for derivatives, provided more assumptions on
the initial data and the potential are given. We also easily reproduce the result of Strauss
and Tsutaya [1] in the case n = 2.

The technique of proving these estimates relies essentially on the Duhamel integral rep-
resentation formula for solutions of the free wave equation with a source and non-vanishing
initial data. In order for the Duhamel formula to be applicable we need that the functions
f,Vf and g are Lebesgue integrable over all or almost all spheres in R3. Therefore, we
first choose continuous data and potential, which guarantee the integrability over spheres
everywhere. Next, we switch to less regular L*-spaces where we have integrability over
spheres only almost everywhere what, with some additional work regarding the measures of
(null) space and space-time subsets, is still sufficient to complete the proof. It seems to be
difficult to further generalize the decay theorem by weakening the assumptions and still use
the same technique of proof based on the Duhamel representation.

Our motivation for proving these estimates comes mainly from the analysis of nonlinear
wave equations, where decay proofs rely on the corresponding results for the linearized
equations. We have been also inspired by several nonrigorous approaches to the problem
of long-time decay and by numerical observations which consistently show that initial data
of compact support (or of enough rapid decay) in presence of a potential V(z) ~ |z|7*
(Jz| > 1) evolve to late-time tails of the form wu(t,z) ~ t~* for big ¢ and fixed x. This has
been first explained by Ching et al. [2, 3] who approximated the Green’s function or later by
Hod [4] who used some series expansion, while both arguments were non-rigorous. Strauss
and Tsutaya gave in [1] a rigorous proof of the decay estimate for classical solutions, i.e.
which are twice continuously differentiable, using the Duhamel representation formula. We
found the regularity conditions not crucial for controlling the decay of the solution itself and



dropped the differentiability conditions for both the data and the potential, thus extending
the technique to weak solutions. By a careful analysis of well-posedness and uniqueness of
solutions in the weighted L* space, involving proofs of measurability and local integrability
combined with functional analytic approach to uniqueness, we were able to prove the same
decay estimates (without or with control of the derivatives) and energy conservation for
rough solutions. This setting covers various cases of cut-off potentials or cut-off initial data
often discussed in the context of specific approximations or in numerical calculations which
were not covered by the existing literature.

Strategy of proof

We introduce the following notation for solutions of the wave equations. Let Iy be a
linear map from the space of initial data to the space of solutions of the wave equation
(1)-(2), so that u = Iy (f, g). For wave equations with a source term and null initial data

Ou+ Vu = F, u(0,z) =0, Owu(0,x) =0, (10)

let’s denote the solutions by u = Ly (F), where Ly is a linear map from the space of source
functions to the space of solutions to the above problem. Due to linearity, the solution u
of a wave equation with source F' and non-vanishing initial data f, ¢ is a sum of these two
contributions

u=Ly(F)+Iv(f,9) (11)

The method we use for proving decay of solutions in presence of a potential is to treat the
potential term as a source term. If we put the term Vu in (1) on the r.h.s

Ou = —Vu, (12)
we get a pseudo-free wave equation with a source term F' = —Vu. Hence, the solution must
satisfy

where the difficulty is that u appears on both sides. By introducing a weighted space-time
norm ||x-|| (either standard or essential supremum), with some weight x (¢, z) (to be specified
later), we are able to bound the terms containing u on both sides of the previous equation
in such a way that

Ixull < 80Vl + O ). (14
Then if §(V) < 1 we arrive at
C ~
el < {250 = Efa V), (19

In the case of pointwise bounds the ||x - || norm is a standard weighted supremum norm,
which implies a pointwise decay estimate

ju(t,2) < L 9V), (16)

Ix(t, )]

In the case of L* norms, this inequality holds almost everywhere.



The condition §(V') < 1 presents a bound on the strength of the potential |V| and is
a necessary assumption restricting the theorem. Although such a bound is not expected
for non-negative potentials® the reason for the restriction of |V| is that the technique of
proof does not distinguish between negative and positive potentials. Therefore, everything
what can be proved, must hold for negative potentials of the given strength [V|. Yet,
negative potentials may have bound states (i.e. eigenfunctions of —A + V') which may grow
exponentially in time, thus destroying the decay. Hence, the condition |V (z)| < Vi /(z)* with
k > 2 and V; small enough must in fact avoid bound states. Indeed, this can be observed
here, at least for spherically symmetric potentials where several bounds on the number of
bound states are well-known [6, Th. XIII.9], e.g. the Bargmann’s bound

Vo
(k—1)(k—2)

N < / T Vn)ldr < (17)

or the Calogero’s bound

Ve [Ty < 208 {0

Weget N=0if N <1l ie if V< (k—1)k—2)or ;< 7{—2(1{3 — 2)%. The bound, which
appears in our proofs Vj < C’; ,i, although far from optimal, guarantees these conditions.
We make an effort to estimate the numerical value of the constant C),; since in some
applications the potential appears with a given value of 1 which is not (arbitrarily) small,
e.g. waves propagating in the Schwarzschild geometry give rise to an effective potential.
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II. MAIN RESULTS

Definitions

We denote by R, := (0,00) and its closure by R, := [0, 00). Analogously, we denote by
R =R, x R® and by R, :=R, x R3.

We denote by S(z,t) a sphere in R® with the center z and radius ¢, i.e. S(z,t) :={y €
R3 : |y — x| = t}, and by K(x,t) a (past-)cone in R with the center at point (¢, z), i.e.
K(z,t) == {(s,y) € RI"®: |[y— x| =t —s}. The corresponding Lebesgue measures on S(z,t)

! There still does not exist an analogous decay theorem, there is only strong numerical evidence. In [5]

some weaker decay is proved for arbitrarily strong positive potentials.



and K (z,t) we denote by do(y) with y € S(z,t) and dk(s,y) with (s,y) € Rx R3N K (z,1),
respectively.
We introduce a frequently used short hand

() =1+ |a]. (19)

We remind that the space L>(R™) consists of Lebesgue measurable functions on R™ having
finite L* norm which is defined as

|h|| L := ess-sup |h(z)| = inf{M : |h(z)| < M a.e. on R"}. (20)
TE€R?

Here a.e. on R™ means almost everywhere on R” in the sense that it does not hold at most
on a set of measure zero in R™ with the standard Lebesgue measure on R". For bounded
functions h(x) and H(t,x) we will use the notation

[Pllo := sup [A(z)]  and  [[Hllw:= sup [H(t z)] (21)

R3 w1+3
z€ (t,x)eR

identical in both cases if it does not lead to confusion (otherwise we will use the symbol sup
explicitly). We define weighted-L> spaces for measurable functions defined on space (R?)

or space-time (Efg)

hely < HhHL;;O = || ()P oo msy < 00, (22)

Hely, < [[Hllwx, = I+ = 2P HE )| oy ppo ey < 000 (23)

The content of the last definition is that H(t,z) decays like 1/¢" along the lightcone and
like 1/t* or 1/|z|P at timelike or spatial infinity, respectively. We will mainly consider spaces
L5, We define some constants used throughout the article

6= 1/2(p—2), (24)
(1 — max 9 (2).— max 3
= (2(1?—2)’4)’ G (p—1’5>’ (25)
Crn := max(CV, C?)) = max (ﬁ, 5) : (26)
3 697!
pq §m max(2/(p —1),3). (27)

Theorems

First, existence and uniqueness of weak solutions is proved together with conservation
of the energy. The theorem provides also L?>~bounds on Vu(t) and d,u(t) which are not
contained in the following decay theorems (because the derivatives there are considered only
to exist in the distributional sense) and implies that in fact the first derivatives exist in the
weak sense.



Theorem 1 (Existence and uniqueness). With the assumptions of either Theorem 2a
or 2b the (weak) solution u of the wave equation (1)-(2) is unique, belongs to C°(Ry, H') N
CY (R4, L?) and gives rise to a conserved energy
Elu(t)] := (Vu(t), Vu(t)) + (u(t), Vu(t)) + (ul(t), du(t))
= E[u(0)] =(V[, V) + (f,V )+ (9. 9).

Moreover, Vu(t),u(t) € L? for all t € R, what implies that the first derivatives ezist in a
weak sense, i.e. Vu(t),u(t) € L}, for allt € R,.

(28)

The case when additionally V' > 0 is somewhat simpler to treat and Thoe [7] has given a
complete spectral theory including explicit representation of the evolution operator in action
on the generalized eigenfunctions. It provides conservation of energy, but it does not seem
to be of a big advantage when proving decay estimates of the type we are interested in.

It is important to note that for continuous potentials there is no need of using such
sophisticated tools like functional analysis for proving uniqueness of classical solutions. In
this case the standard energy inequality is sufficient. Indeed, note first that V' € C? is enough
to guarantee the regularity of classical solutions u € C? and by differentiation of the free
energy Eo(t) := || Vul]3. + ||4]|3. with respect to time one obtains easily

Eo®) 5y, 5 (1), (29)

dt

what implies Ey(t) < Ey(0) exp(2Vpt). This, together with the bound ||u(t)||z2 < ||u(0)]|z2 +
f; |a(t)||r2 dt’, gives bounds on (u(t),u(t)) € H' x L? in terms of the initial data. By the
density argument these bounds remain true in case V,u € C° (with weak derivatives and finite
energy initial data), what guarantees uniqueness of solutions in C°(R,, H') N C'(R,, L?).
Unfortunately, this technique cannot be extended to the case of weighted L spaces, because
C™ are not dense in L.

We state the results regarding the continuous pointwise and weighted-L> estimates sep-
arately. The first theorem contains a pointwise estimate for weak solutions which are only
continuous and presents a generalization of the theorem of Strauss et al. [1] for classical
solutions (twice continuously differentiable).

Theorem 2a (Decay in C°). Let (f,g) € CH(R?) x C°(R?) and V € C°(R®). If for some
k> 2

V(z)| < o VeeR®  with Vp<C i <oo (30)
and for some m > 3
F@I < e VIO P el < S weR @)

then the wave equation (1) with the initial data (2) has a unique weak solution u € CO(@?B)

which satisfies
C =143
V(t R 32
e = %

Ju(t, )| <

with p := min(k,m — 1) and
Cn(fo + f1 + 90)
1-CoxVo

C:= (33)



The condition |f(z)| < fo/{xz)™ ! can be replaced by a weaker |f(z)| — 0 as |z| — oo.
The pointwise estimate follows then from integration of |V f(x)| < fi/(z)™ from infinity to
x along the radial direction. Therefore, it holds fy < f1/(m2™).

The second theorem generalizes the estimate further to weak solutions which belong only
to a weighted-L>° space. This seems to be the widest space compatible with the assumptions
of spatial decay of the initial data and the potential.

Theorem 2b (Decay in L{9). If for some k > 2
Vo = HVHL? < CI;; < 00, (34)
and for some m > 3
Jor=1flleg, <oo  fir=|[V [y <oo  go=|gllLy < oo (35)

then the wave equation (1) with the initial data (2) has a unique weak solution which satisfies

Jullrse, < C, (36)
with p := min(k,m — 1) and
Co(fo+ f1+ 90)
C:= . 37
Note that the estimates of Theorem 2a or 2b
lu(t,z)] < ¢ < cl) ae. forz e R®, VteR, (38)

(t+ |2} {t = lz[)p=t = (z)»

for p > 2 and some C(t) < oo for all t € R imply u(t) € L? for all t > 0.
Then, in a straightforward way we can prove the following, useful for further applications,

Corollary 1 (Decay in presence of a source). Let the initial data satisfy
Jor=Ifllzg, <00, fr= V[l <00, go:=llgllrg < oo (39)
with m > 3, the potential satisfy

Vo= Vlle < Cppp <0 (40)
with k > 2 and the source F' € LT, satisfy for some ¢ >2 and 1 <r <gq
Fy = ||<I>qF||L¢1>oT < 00. (41)

Then there exists a weak solution u(t,x) of the wave equation with potential and source terms
and initial data u(0,z) = f(x), Ou(0,z) = g(x) which satisfies

Cm(fO + fl + gO) + C'r,qu
1-CiVo '

[l Lge, < (43)
for p:=min(k,m —1,r).
If additionally (f, ) € CY(R*)NCO(R3), V € C°(R®) and F € C*(R,"") then u € C'(R,")

and the same estimates hold pointwise?.

2 i.e. everywhere, instead of almost everywhere.



Corollary 2 (Decay of derivatives). The weak solution of the wave equation (1) with the
initial data (2) satisfies

u, |Vul, |V?ul, Opu, Ofu € L, (44)

with p := min(k, m — 1) provided
LIVELIVEELIVEfL g, |Vl V2] € Ly, m >3 (45)
VIVV[IV?V]e L, k>2 and |V]= <C,, <oo. (46)

If additionally (f,g) € C3(R?*)NC*(R3) and V € C*(R?) then u € CQ(E1++3) and the estimates

hold pointwise?.

.....

(in the u € C? case) which was obtained by Strauss and Tsutaya in [1].

III. BASIC ESTIMATES

The first lemma estimates an integral appearing in the Duhamel representation formula
containing initial data. It was proved in somewhat different form by many authors [1, 8, 9],
but here we prove only a simplified version, which is needed for our goals. Actually, this
estimate can be still improved by one power of (¢t — |z|), what better applies to long range
initial data, which are not of our main interest.

Lemma 1. Fort >0, p > 2 and

7. 1 do(y) (47)
A Js@e (Y)P
it holds ;
A — (48)
"l (t — |x])p2
Moreover, for p > 2
1 d (1)
o O-(y) S Op — (49)
ATt Js@ry (W)P (A [z)(t — [])?
and for p > 3
1 d (2)
L / "@1 < Cr . (50)
ATE S5y (Y)P {t + |z]){t — |af)?

The next lemma estimates an integral appearing in the representation formula containing
a source term. We follow the proof of Georgiev et al. [5]. Similar calculation has been done
by Strauss et al. in [1] and earlier by John [9].

Lemma 2. Fort >0, x € R? and

1 drk(s,y)

AT S (= 5) ()2 (s + [yl (s — [yl
forq>2 and ¢ > p > 1 it holds

I: (51)

vaq
< T man i — e (52



Next, we prove the general representation formula for distributional and weak solutions.

Lemma 3. For any distributions f,g € D'(R3) and F € D'(R*3) supported on @?3 the
formula

( ) a (t—lSC—yl) ( )d3y+/IRs 5(t_|x_y|)g(y)d3y

47t

/R+ ds /R diy B0 t__lxs)_ WD s, )

defines a distribution v € D'(R'3) supported on ng which satisfies the wave equation

Ov = F, v(0,2) = f(x), 0w(0,2) = g(x) (54)

(53)

in the weak sense, i.e. for any test function ¢ € C3°(R'*?)

/dt/d% Oo(t,z) v(t,r) = — /de drp(0,2) f(z) +/d3x ©(0, ) g(z)

+/dt/d3x o(t,z) F(t,).

If f, g, F are ordinary funct@ons (i.e. regular distributions) or in L}

(55)

and v € Lj,, is defined

oc
almost everywhere in R+ by the Duhamel’s formula

1 9(y) 1 (y—x)-Vfy) + fy)
U(t’ x) B E /S(:E,t) ot da(y) E /S'(x,t)

t2

do(y)
(56)

then v is a weak solution, in the sense specified above, of the wave equation (54).

The following lemma, an estimate for solutions to the free wave equation with prescribed

initial data, has been proved by Strauss et al. [1] for classical solutions, i.e. for (f,g) €

C3(R3) x C*(R3) leading to u € C2(Ei+3). We weaken the assumptions to (f,g) € C(R3) x

C°(R3) and obtain u € CO(Efg).
Lemma 4a. Let the data (f,g) € C*(R?) x C°(R®) and satisfy

fo h
(z)ym=1’ (z)m” (z)m’

for some m > 3. Then there exists a unique weak solution v(t,z) = Iy(f,g) of the free wave
equation

Vr € R? (57)

[f(2)] < [V f(x)] < l9(x)] <

Cv =0, v(0,2) = f(x), Ow(0,x) = g(x). (58)
Moreover, it is continuous in (t,z) € @Tg and satisfies

C(f.9)
DS T — el

where C(f,q) = Cpn - (90 + f1+ fo)-

V(t,z) e R, (59)




As next, we further weaken the assumptions to Vf,g € L° and f € L° |, ie. to
weighted L°°(R?) spaces.

Lemma 4b. Let the data (f,g) € L | X L with m > 3 satisfy

Jo = |fllze_, < oo, fi =V fllze < oo, 9o = [|gllzee < 00 (60)

m—1

Then there ezists a unique weak solution v(t,x) = Io(f,g) of the free wave equation
v =0, v(0,2) = f(x), 0w(0,z) = g(x) (61)

which satisfies

[0llLgs,_, < C(f,9) = Cm - (90 + f1 + fo). (62)

The following lemma, an estimate for solutions to the wave equation with source, has been
proved by Strauss et al. [1] and Asakura [8] for classical solutions, i.e. for F' € C2(@f3)

leading to u € CQ(@iﬁ). We weaken the assumption to F € CO(RTS) and obtain u €
05143

CO(R, ).

Lemma 5a. Let the source F € CO(R?S) and satisfy for some ¢ >2 and 1 <p <gq

Fy —1+3

P00 < ey Y60 € R (63)

Then there ezists a weak solution v(t,x) = Lo(F) of the free wave equation with source

Ov = F, (64)

and null initial data v(0,x) = 0, Ow(0,2) = 0. Moreover, it is continuous in (t,x) € @fg
and satisfies
Cp,qFO =143

lo(t,z)| < TNt = ) V(t,z) e R . (65)

As next, we weaken the assumption to F' € (x)"9L5°, i.e. a weighted L°°(]Ri+3) space.

1p>
Lemma 5b. Let the source F' satisfy for some ¢ > 2 and 1 <p <gq
Fy = [(z)"F |15, < o0. (66)
Then there ezists a weak solution v(t,x) = Lo(F) of the free wave equation with source
v =F, (67)

and null initial data v(0,x) =0, Ow(0,x) = 0. Moreover, it satisfies

[0l g, < CpgFo- (68)

10



IV. EXISTENCE AND UNIQUENESS IN THE ENERGY SPACE

For the free wave equation with V' = 0 it is well known that the homogeneous Sobolev
spaces H*(R?) x H* !(R?) have the property that the evolution operator W (t) generating
the solution (u(t), du(t)) = W (t)(f,g) of the free wave equation is unitary and the norm
defines a naturally conserved energy

Eyu(t)] == [Jull%. + |05, (69)
with the case s = 1 of our special interest
Eolu(t)] := / (|Vul® + |0pul?) d’a. (70)

This is no more true in presence of the potential V. Yet, if the potential satisfies some
weakness conditions we show that there exist perturbed homogeneous Sobolev spaces
H#(R?) x H*~!(R?) in which the evolution is unitary.

We start from the observation that initial data (f, g) satisfying the decay bounds (31) or
(35) of Theorem 2a or 2b, respectively,

Jo fi
(xym=t’ {x)™’ (x)™’
holding either everywhere or almost everywhere in R3, belong to the following spaces: X, :=
H' x L? (the free energy space), X; := H' x L? and Xg := H* x H*"! (defined below) with
s = 1, which we will call the (true) energy space for the problem at hand. In the following
we will prove that if the potential satisfies the bound (30) or (34) of Theorem 2a or 2b,
respectively,

()] <

V()] <

lg(x)] < m >3, (71)

V() < ~2 k> 2 (72)

again everywhere or almost everywhere in R?, then there always exists a unique solution
(u,u) € C(Ry, Xp),C(Ry, X;) or C(Ry, Xg) of the wave equation (1) for any initial data
(f,9) € Xo, X1 or Xg, respectively, but only in the true energy space Xp the evolution is
unitary and the corresponding energy conserved when V' # 0.

In dimension n = 3 the bounds (71) and (72) imply

f,Vf,geL* and VeI (73)

Moreover, from (72) with k > 2 follows

Viz) < —0 < 10

<
(14 fa])? = [=f?

(74)
and with (-, -), being the standard scalar product in L?, we have for any h € H'

h 2
<V [h(2)] S d <4V/\Vh|2d3x—4Vo||Vh||L2 (75)

[

(b, Vh)| = / V() |h(z) Pl

by Hardy’s inequality for n = 3. For any h € L? we have

th|_'/ ()| d*x

11

< IVl lIAl7: < Vo llRlIZ-. (76)




=143
)

For the classical solutions u € C*(R, ") we know that the energy, defined by

Elu(t)] == / (1Vuf? + [0uf? + V]uf?) d*z, (77)
is conserved in evolution, what can be proved by differentiation with respect to time. This

technique does not work for weak solutions, for which the derivatives exist only as distribu-
tions. For our rough data (f,g) we have from (76)

|E[u(0)]] = ‘/ (VI + gl + VIf?) x| < V1L + gl + Vol fll: < 00 (T8)

This energy is positive definite for potentials which are weak enough?® and satisfy 1 < i,

what follows from (75) and
IVAIZ + LV > IV Z — 4Vo/|Vf|2d393 = (1 - 4W)[IVfl- 20 (79)

In this section we will show that there is a unique evolution in the space of solutions with
finite energy.

First, consider A := —A + V defined on C°(R?). For V € L>* N L?, what is guaranteed
by (72), the operator A is essentially self-adjoint on C5°(R*) and has a unique self-adjoint
extension (which we denote for simplicity again by A) to D(A) = D(—-A)={f € L*: Af €
L?*} = H? (see e.g. [10, Th. X.15]).

For f € H? we can partially integrate and find as in (79) that

(LAS) = (f,=AH + (V) = IV + (£ V) = (1= 4V) [V fIIZ> > 0. (80)

Moreover, we have, again by Hardy’s inequality,

L AS) = IVFI2 + (fV F) = ’f|( I as [ s
(81)
1 |f (@)
> [ [ - i oo e [ 5
where § := + — V5 > 0. Then, (f, Af) = 0 implies [ || E d*z = 0 and hence |f(z)| =0

(a.e. on R3). This shows that A is positive definite. Then, according to [11], A has a unique
positive definite self-adjoint square root B := AY? with D(B) = {f € L? : Bf € L?} D
D(A). In spirit of the spectral theorem we can define positive self-adjoint A%/2 for any s > 0.

We recall that the homogeneous H® and inhomogeneous H?® Sobolev spaces are defined
as completions of C§® w.r.t the norms

i = |(=A)?hll2 and 4]

fre= ) Il = Y I(=2)2h]5.,  (82)
k=0 k=0

respectively, and have the property H°NH* = H5. In order to use the standard construction
of a unitary evolution given by the self-adjoint generator A we define perturbed homogeneous

3 It is also positive for all V(z) > 0, but here we are interested only in bounds of the form (72)

12



H* and inhomogeneous H*® Sobolev spaces as completions of C§° w.r.t the norms (in case A
is positive but not positive definite || - ||,;. are only seminorms)

feo= D Al = Y 1A% 2. (83)
k=0 k=0

hllye = 1A2hl2 - and  |lA|

for s € N. In our situation A is positive definite, so || - ||z, and || - |5+ are norms and H?
and H* are (complete) Banach spaces.
Now we relate H! to energy. Consider any f € C5°(R3) for that we can partially integrate

1F130 = (A2 F A2 F) = (f. Af)

The last expression defines what we will call “partial energy” norm (its norm properties
are inherited from || - |[;1). If we define the “partial energy” space Yy by completion of
Ce°(R?) w.r.t. this norm then the spaces Yz and H! are identical, because both are defined
as completions of Cg°(R?) w.r.t. to the norms which coincide! on the whole C5°(R?). Hence,
Ye = H' (see also [12] for similar considerations). .

We can now define the energy space® as Xp := Yy x L? = H! x L? or equivalently as a
completion of C§°(R?) w.r.t. the norm

()5 = IVFIZe + (V) + llallze = 11150 + Nlgllz:- (85)

X is a Hilbert space with the scalar product

((fr901(fas 92)) xp = (AP LAYV )+ g1s92), (fin9) € HE x L2, (86)

(84)

what follows from the fact that every Banach space H* can be made to a Hilbert space
equipped with the scalar product

<.7 '>H5 — <AS/2',AS/2'>L2~ (87)

We enhance the facts that A and B are self-adjoint on L* with the domains D(A) = H* C L?
and D(B) = H' C L?, respectively, by the observation that B defined on H' is self-adjoint
with D, (B) = H' N'H? C H'.

For more flexibility in the applications we also relate the homogeneous and inhomogeneous
Sobolev spaces. For s = 0 we trivially have H® = H°. From (75) and (79) it follows

0 < (1 =4V VAL < [IVAIL: + (h, Vh) < (1+4V)|[ VAL, (88)

4 More precisely, the completions are defined by Cauchy sequences in C§°(R?) w.r.t. the given norms. Since

both norms are equal on C§°(R?), the Cauchy sequences w.r.t. to the two norms are identical.
5 We choose Cartesian products instead of direct sums in order to avoid confusion with norms. A direct

sum of Banach spaces induces a norm and a direct sum of Hilbert spaces induces an inner product, which
in turn induces a norm, but these two norms are different. Since we treat the same spaces as Banach
and Hilbert we use rather Cartesian products and specify the norms explicitly every time we define a new

space.
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what means that there exist constants Cy, Cy > 0 such that Cy||hl| g < ||hllvy < Collb| g1,
hence the norms in H' and Yr are equivalent and H' = YEr as sets. Since Yy = H we
have H! = H' as sets with equivalent norms. The same is also true for the inhomogeneous
spaces, namely H' = H! as sets with equivalent norms. .

Furthermore, since ||V k|2 < Vo||h||r2 we have on the one hand that h € L* N H? implies
|AR|| 2 < || — Ahl|r2 + Vo||hl|2 < oo and hence h € H?. On the other hand, h € L* N'H?
implies || — Ahl|z2 < ||Ah||z2 4+ Vo||h|lz2 < oo and hence h € H?. That gives H? = H?.

Now, we are ready to formulate and prove global existence, uniqueness and energy con-
servation for solutions of the wave equation in the energy space Xg.

Theorem 1. Assume the potential V satisfies the bound (72) with Vo < ;.

a) For all initial data (f, g) € H' x L? there ezists a unique weak solutionu € C°(Ry, H')N
CYHR,, L?) of the wave equation (1). Moreover, the energy defined by the norm in Xg is
constant in time

I(u(®), du(t) I,

(Vu(t), Vu(t)) + (u(t), Vu(t)) + (9rult), dru(t))
(VENV + V) +{9,9)-
b) Initial data (f,g) € H' x L? or H' x L? give rise to a unique solution u € CO(R,, H')N

C'(Ry, L?) or C°(Ry, HY) N C' (R4, L?), respectively, but the corresponding norms are not
conserved in evolution.

(89)

Proof. a) In order to prove existence of a unique (weak) solution in Xp = H' x L? we take
advantage of the functional analysis in Hilbert spaces. We show that the evolution in Xg
is generated by a self-adjoint operator M and use the famous theorem of Stone to show
that there exists a unique strongly continuous group of unitary operators W (t) defining the
evolution of u. Unitarity of W (t) guarantees conservation of the norm in X, which represents
the energy of u(t).
First, we write the wave equation (1) as
d2
U= Au = (—A+V(x))u. (90)
A with D(A) = H? is self-adjoint on the Hilbert space Z := L? and positive definite when
the bound (72) is satisfied with Vy < § (cf. (79)). Its unique positive definite square root
B := A% s self-adjoint with Dz(B) = H' C Z on the same Hilbert space Z = L. On the
Hilbert space Y := H' with the scalar product (-,-)y := (B-, B-); the operator B is again
self-adjoint with Dy (B) = H'NH?> C Y.
Next, the wave equation (90) can be written as a system of first order differential
equations in time on Xzz = Dz(B) x Z = H' x L* with ((f1,01), (f2,92))x,,
<f17 f2>Z + <Bf17 Bf2>Z + <glu 92>Z

d

: f
ZUWM) = —iMU),  U©) = ( ; ) (91)

with



M generates a strongly continuous semigroup Wyz(t) on Xz which solves the above ini-
tial value problem, but M is not self-adjoint on Xz, (not even symmetric) and hence
Wyz(t) is not unitary on Xzz. Therefore, we consider now a completion Xy of Xz in the
norm [|(f1, 9013y, = IBAIE + 911 = A2 + lg1l|3 equipped with the scalar product
((f1:91): (f2:92)) xy, = (Bf1, Bf2)z + (91, 92) 2 = ([f1, f2)v + (91,92)z. It turns out that
Xyz =Y x Z =H' x L* = Xg. Then the closure of M with D(M) = D(A) x Dz(B) =
H? x H! is self-adjoint on Xz (see [13, Lem.7.7] for a general proof or [7] for the case V' > 0
treated more explicitly) and generates a strongly continuous unitary group W(t) on Xg
given by the unique extension of

cos(tB) B~ 'sin(tB) ) (93)

W(t) := ( —Bsin(tB) cos(tB)

to Xg (see also [10, sec. X.13] or [14, sec. 6.2] for similar considerations). Such W (¢) defines
a strongly continuous evolution in Xg

U(t) = W(HU(0) = W(t) ( / ) . (94)

Thus, we have U = (u, 1) € CO(R, H' x L?) or, in other words, u € C°(R, H')NC (R, L?).
From the unitarity of W (t) we get ||U(¢)||x, = ||[U(0)||x, what expressed in u(t) reads

lu@l7 + @2 = 111 + llgllza- (95)

Since the above norm in H! x L? is equal to the energy norm || - [|%, we get the energy
conservation (89).

b) Conservation of energy in Xg implies that the solution also belongs to the free energy
space Xy = H' x L?

Eou(t)] = [IVu(®)|I72 + 10u(®) 17> < C1E[u(t)] = C1E[u(0)] < oo (96)

with C} := (1 —4V)~ > 1 what follows from (79) and Vy < 1 (for V' > 0 the same holds
with C; = 1). Moreover, by (75),

Eolu(t)] < C1E[u(0)] < CoEo[u(0)]. (97)
Summarizing this, there is a continuous (but not unitary) evolution (f,g) € H' x L? —

(u(t), Byu(t)) € H' x L? for all t > 0. B
In case when additionally f € L? we get u(t) € L* for all t € R, , because

t
[ 2 = < [Ifll2 +/0 1O (t)]| L2t

u(0) + /t Oyu(t')dt!
<l + [ VER@I < e+ VRO <00 V>0,

and a continuous evolution (f,g) € H' x L* — (u(t), du(t)) € H' x L? for all ¢ > 0. O

(98)
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Theorem 1

Proof. In (73)-(78) we have shown that the assumptions of Theorem 2a or 2b imply finiteness
of the energy of initial data F[u(0)] < co. Since by (85)

113 + lgllZ2 = Elu(0)] < oo, (99)

we have (f,g) € H! x L2. The condition V, < C’pj,i implies Vj < %1 for any p > 1,k > 2. So

we can apply Theorem 1’ a) and obtain a unique solution u € CO(R,, H') NC*(R,, L?) with
conserved energy

Elu(t)] = | (u(t), 0u®)x, = (VL V) + {£,V ) + {9, 9) = E[u(0)]. (100)

Since the assumptions of Theorem 2a or 2b imply also (f, g) € H' x L? we have by Theorem
1’ b) that u € CO(Ry, H') NCY(Ry, L?).

This gives u(t), Vu(t),dyu(t) € L? for all t € R, what implies u(t), Vu(t), dyu(t) € L,
for all t € R,, i.e. existence of the first derivatives in the weak sense, because for any

compact set Q C R? and h = u(t), Vu(t) or dyu(t) Holder’s inequality gives

1/2 1/2
Jdas ([ran) - ([uran) <u@ e <. o

The last step is to show that such constructed v € C°(R,, H') N C' (R, L?) really solves
the equation (1). Indeed, it solves the equation in the distributional sense (see [15, Th. 3.2]

for a more detailed discussion). Since additionally u € L{ _ it solves (1) in the weak sense

(9). 0

V. PROOFS OF THE ESTIMATES
Lemma 1

Proof. For t > 0 we have

1 do(y) 1 t2do(w) t2 do(w)
[ = — - N7 N\
17 Jsun FQy) ~ = /m,l) e+ tw) ~ 4m /m,n A I

Using the fact that |w| = 1 and introducing the angle 6 between = and w we get
|z + tw|? = |z|* + ?w|* + 2t(zw) = |z* + t* + 2t|x| cos § (103)
hence in polar coordinates (6, ¢)

t2 T 2w
I=— df sin 6 / do
0

:47r0

1
f(\/]x]? + 2 + 2t|z] cos 0)

(104)

2 [ 1
- _/ dX )
2 ), f(\/\x]2+t2+2t|w|x)
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where we substituted y := cosf. Now, changing variables \? := |z]?> + > + 2t|z|y and

AdX = t|z|dy we get

I_¢a/mw DY) N Y Al I V)
el HE[FON) 20w Sy fON)

2
Next, choosing f(\) = (2)? = (1 4+ A)? and p > 2 we have

t [l g
C2lz] Sy AP

This simple integral can be evaluated exactly for p — 2 > 0 and then estimated

P 1 b9 jt-+]z]

"= - T [l BRI AJ -

ot 1 1

=3l (G2 e -2 T+ el

. 1 - 1 }
e

-~

<0
t 1

= 2= 2)fel {t— bl

It gives the estimate (48) with ¢, := 1/2(p — 2).

We proceed further in two ways: for ¢ > 2, on the one hand we have from (107)

1 / do(y) Cp
_ < —.
At Js@y ()7~ |ol{t =[]

and the other hand, taking the supremum out of the integral, we find

1 do(y) < 1 1 / do(y) 1 4rt? t
— < — | sup — oly) = — = :
At Jo@n W9 T At \ y—aj= (N ) s Amt (t — |z|)e (¢t — |z[)2

Combining both inequalities (108), (109) for ¢ = p > 2 we get

1 do(y) 1 . (2¢ t
— < — min , 5 |-
drt Js@n WP~ {E—|z))? 20| (t = |x)

By little algebra it can be shown that
2¢p 9¢p 1
for |x|>—, |z| > -
2] = Tt Jal) =g =
t 4 t
< for |z|<—,t>1
{t —l=)* = (t + ) 4
t g 1
5 < for |z|<-,t<1
{t —lz)* = (E+[z]) 4
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Therefore, for p > 2

1 / do(y) cM
S < —
At Jown WP = (E+ 2yt — [2])?

where
9

9
Clgl) = Imax (9 Cp,4, Z) = max (W,ZL) .

Now, combining inequalities (108), (109) for ¢ = p — 1 > 2 we get
1

1 / do(y < , (20p_1 1 )
— < min , _
At? Sy ()=t = (6= fa)r? 20|t (¢ — |z)?

By some more algebra it can be shown that

1 2¢,_ 6c,_
for—§M§2and|$|,t21: Cpl_ i ;
27t 2lzft = (¢t — |z[){t + |2])
ol el _1 1 5
for — >2o0r — < = < )
t t =2 (t—|z)? = (t = [=])(t + |=])
1 5
for |z],t <2

=D = =+ )

So we have

in (202,1’ 1 2) < max(ﬁcp,1,5,5)‘
20l (¢ — |z]) {t — [z}t + |2)

So we finally get for p > 3

1 / do(y) _ c?
ATt? Jg(eny (P71 T (E+ [2){E = [z[)P?
where 5
ngz) := max(6¢,_1,5) = max (—, 5) :
p—1
Lemma 2

For completeness we cite the proof after Georgiev et al. [5].

(114)

(115)

(116)

(117)
(118)

(119)

(120)

(121)

(122)

Proof. For t > 0 and the continuous integrand in I we use a version of Fubini’s theorem and
split the integration over the cone K(x,t) into integrations over time and over spheres

1 [t 1
=) * /su,t_S) ) S s ¥ gl (s~ Ty
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For integration over the spheres S(z,t — s) we use lemma 1 and obtain

=l . ”Zl G

t— s+|x\ 1
d
2|33| / $/| \93” +)\)q71(1+5+)\)(1+ ’S—)\’)pfl

One can estimate the integrand for ¢ > p

(124)

1 391 1 1
<
T+ X1+ s+ XA+ [s = AP 7 (IT+s+A)7 ((1 Tl AT (T A)‘”)
(125)
because for 0 < s < 2\ it is smaller than the first term and for s > 2\ smaller than the
second one (see [5] or [1] for more details). Now, changing variables a := A+s and 5 := A—s,
we get for ¢ > 2

3a-1 t+|x| d +o0 1 1
I < @ / dg —+ —
el oo Tl o | AT (7 ey

3q—1 2 q—1 t+|z| d
< (1+21 q)/ —a
ﬂﬂq—2~—7—4|tmﬂl+®

(126)

The last integral can be estimated either by taking supremum of the integrand or by inte-
grating it explicitly

1 [t go { (L+ [t — |z|)) Pt 1 { {t —fz[)~"
" < =

" 2] Sy e S L Qe = D) T A [ fal) T = [l | 2 D))
(127)
It can be easily shown that
1 2/(p—1
<UD o>t 2] > 1 (128)
2ple| — (t+ |z[)
1
<3 for 2| <t t>1 (129)
{t —lzl) = ¢+ [a])
1
<3 for t|a] <1 (130)
{t —lzl) = ¢+ [a])
and hence 5 1.3
{t +[z[) (t = |=])
Finally, we obtain
C
1< P4 (132)
{t + |2[)(t — [z}~
with
3 6971
pa =5 TE) max(2/(p —1),3). O
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Lemma 3

Proof. For any distributions f,g € D'(R?) and F € D'(R'™3) with support on @?3 the
representation formula (53) can be written as

-a dS/RSd?’ St‘Z)j 0+ [as [ a0
/ is [ty St WPy

= o | =D st sen] @+ [Tl D st o)

ot .

47T't

+

= [l i + oot + 00 )
(133)

i.e. a sum of R*3-convolutions of distributions §(t)f(z),d(t)g(z),0(t)F(¢t,xz) € D'(R'*3)
with 6(t — |z|)/(4nt) € D'(R'3), all supported on Eifs. The formula defines again a

distribution v € D'(R'*?) [16] supported on Rf?). In order to show that v solves weakly the

wave equation (54), i.e. v satisfies (55), we transform the Lh.s. of (55) for any test function
¥ € C(RT)

/dt/d% v(t,z) Op(t, x) =
= [at [ {M IS +8)aC) + (O] (6.0 Dple. o)
= [a [ @D s +ataatn +00F) 0 it
= [a [ B (D) wtasen +stgt) + 6om] (@0 ott.n)

where we have first used the definition of differentiation of distributions (corresponding to
partial integration) and then the theorem on differentiation of convolutions [16]. Now, with
the well-known distributional identity

(134)

0 (W) — §(1)6(x), (135)
we arrive at
/ dt / &z o(t, ) Op(t, z) =
= [t [ @2 5@ + 8096 + 60 F(t2)) o(t.2) (136)
= —/d% f(z) 0pp(0, ) +/d3x g(x) ¢(0,z) Jr/R+ dt/de F(t,z) o(t, ).
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In case when f,g and F are ordinary functions or in Ll _, then they are also (regular)
distributions with, in general, distributional derivatives. For them the statements above
remain untouched. If additionally v € Lj_ is defined almost everywhere as a function

on Elj?) by the Duhamel’s formula (56), which is equivalent to (53) with only alternative
notation for the measures (§(...)d*y — do(y)), then it also solves weakly the same wave
equation, i.e. its derivatives exist in the distributional sense and v € L]  satisfies (136). [

Lemma 4a

Proof. Let v(t,z) for t > 0, z € R? be given by the formula
1 1 —x)-V +
oft,2) / Mda(y) N / (y —=)-Vf(y) f(y)dg(y)
S(z,t) S(,t)

T 4 t 4 2
t t
= — g(x + tw) do(w) + —/ w-Vf(z+tw) do(w) (137)
4 Js0,1) 4 Jso,1)
1
+ — flx +tw) do(w).
i L S ) i)

Since g, f, Vf € C° these integrals exist for all (¢,2) € R1*® and are finite. Moreover, since
all three above integrands are continuous functions of (¢,z) and are uniformly bounded by
9os f1, fo € L*(S(0,1)) for all (¢,), from continuity of Lebesgue integrals, we obtain that v
is also continuous in (¢,x) € R}JB. The first two integrals are bounded by 4mgg and 47 f;,

respectively, hence lim; o+ v(t,z) = f(z) = v(0,2), so we have v € Co(ﬁ}jg). Then also

v € L} . and from lemma 3 it follows that v solves weakly the wave equation (58).

Therefore, we are able to apply the pointwise estimates

1 gl V@I, I
et < o [ (et Rl T oy

t t 12
A\m o . mv ~ d A\m—1 o d
< " Glleo + )™V 1 / O(i) LI 2fH / Uiyl (138)
amt S(zt) (Y) 4t S(at) (Y)
_ Gt h / do(y) n Jo / do(y)
Art Jg@e W)™ ATt Jon (y)m Tt
From lemma 1, eq. (49) and (50), for m > 3, we finally obtain
Cin - (90 + f1 + o) 143
lo(t,x)| < V(t,z) € RLF (139)
(4 fa])(t — fa])m2 i
with 9
Cm = maX(Cﬁ%), Cr(r?)> = Imax (m, 5) . (140)
The inclusion of the boundary ¢ = 0 is trivial, because from the bounds on the initial data
we have i o ft )
m - (go+ J1+ Jo 3
0(0,2)] = |f(z)] < —— < Vo € R3. (141)
(lym=t = {0 + [2[) (0 — |a|)m=2
O
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Lemma 4b

Proof. We start again, as in proof of lemma 4a, with the formula

1

drt? [(y—2)-V(y)+ f(y)] do(y) (142)
T J S (a,t)

o(t,x) = 4%5/3( t)g(y) do(y) +

for t > 0,z € R3, but now we cannot use the pointwise estimates on f and g. We must show
that the integrals over the spheres make sense almost everywhere and that the resulting v
belongs to L5, ;.

For the moment let’s forget the function f and concentrate on the first integral only.

We can cover R?® with spheres S(x,t) of same origin z and various radii ¢ € R, i.e.
R3 = S(x,-) x R, up to one point x € R, which itself plays no role in integration and
measurability. Since g € L3? and ||g||zec = [[{-)™gllz~ = go < 00 we have [g(z)| < go/(x)™
a.e. on R3. The set

A=Az :[g(x)] > go/(x)"} (143)

has therefore measure zero in R3. From a variation of Fubini’s theorem® for sets it follows
that for almost all £ € Ry the measure (on the spheres S(x,t)) of Alg(,) is zero. In other
words, for almost all ¢ € R, and all # € R? it holds

lg(y)| < g0/ {y)™ (144)

for almost all y € S(x,t), what can be written as [|{-)™g|| L&, )L~ (S(2,0)) < o-

Since g € L then also g € L™(R?) and ¢ € Li..(R?). From R® = S(z,-) x R} and a
variation of Fubini’s theorem® it follows that for almost all ¢ € R, and all 2 € R? we have
9ls@s € L'(S(x,1)) (we skip "local” because S(,t) is compact in R?), i.e. [q ., |9(y)do(y)

exists and is finite. Therefore, for these (¢, x), using (144), we can estimate

do(y)
/S W)g(y) da(y)‘ < /S - 19(y)| do(y) < g0 /S s ()" (145)

Using the estimate (49) proved in lemma 1, with m > 3, we obtain a bound for the first
term in (142)

oy
t+ ) {t = faf)m2

1
47t

(146)

/ o) do<y>\ < -

for almost all t € R, and all z € R3.
We proceed analogously with the second term in (142), with m > 3, using the estimate
(50) from lemma 1 for the term containing f, and obtain

ciy
(t+ Tyt — Jel) -2
(147)

1
42

1
/S (m)(y —z) - Vf(y) da(y)‘ . /S » \Vf(y)|do(y) < fi

6 By “variation of Fubini’s theorem” we mean here the non-standard decomposition of R? 2 S(x, ) x Ry. It
is equivalent to introduction of g;(w,t) := g(z + wt) defined on S(0,1) x R, where the standard Fubini’s
theorem holds.
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1 2
= W da<y>) < o (148)

for almost all t € R, and all z € R®. The last three estimates lead to

Crn - (90 + f1 + fo)
(t + [x])(t — |z[)m—2

with C,, defined in (140), for almost all ¢ € R, and all x € R3. The inclusion of the
boundary ¢ = 0 is trivial, because v(0, z) = 0, although not necessary, since the set {0} x R3

[o(t, z)] <

(149)

} . =143
is of measure zero in R + - Thus

lo(t, )|l g

I,m—1

= [t + L)t — )™ 20(t, )] o gres, < Cin (150)

It remains to show that v is measurable on Kf?’. A product of two measurable functions
is measurable, hence g(y) as well as (y — 2)Vf and f are measurable on R3. The solution
v(t, z), given by (142), can be rewritten as

v(t,a:):/ tg(a:+tw)+tw'V£(x+tw)+f(x+tw)
5(0,1) a

do(w) (151)

where we have changed variables so that we integrate over a unit sphere around the origin.
Define h(t,z,w) = [tg(x + tw) + tw - Vf(z + tw) + f(x + tw)]/4m, which is measurable on
R, x R x S(0,1), because it involves only sums, products and compositions of measurable
functions. Then,

v(t,z) = /5(0,1) h(t,z,w)do(w), (152)

according to the theorem of Tonelli, is a measurable function of (¢,2) € R, x R? defined
almost everywhere. Together with boundedness almost everywhere, shown in (150), we
conclude that v € L5, ;.

Since v is defined by (142) almost everywhere and v € L{ , by lemma 3, v solves weakly
the free wave equation (61). O

Lemma 5a

Proof. v(t, ), given for t > 0,z € R? by the formula

_ 1 F(s,y)
v(t,x) = ym /K(m) P dr(s,y) (153)

for F' € CO(E??’), is well-defined everywhere in (t,2) € Ry xR? = ng, because the integral

—1+3 : . : P .
over a compact set K(x,t) € R ++ of a continuous integrand exists and is finite. Then, using
a variation of Fubini’s theorem, we split the integration

1 [t F
v(t,x) = —/ ds/ da(y)—(s’y)
4m 0 S(z,t—s) l—s

e (154)
= i dt /3(0,1) do(w) (t — s)F(s,x + (t — s)w).
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Now, H(t,z,s,w) := (t —s)F(s,z+ (t — s)w)/(4m) is continuous in all variables ¢, z, s, w and
for all (s,w) € [0,T] xS(0,1) is uniformly bounded on (¢, z) € [0,T] x R3 by |H(t, z, s,w)| <
TFy, € L'([0,T] x S(0,1)) for any T > 0. Then, by a standard theorem on Lebesgue
integration of continuous functions, the integral

v(t, x) :/0 ds /5(071) do(w) H(t,z,s,w) (155)

is continuous on (t,z) € [0,7] x R? for any 7" > 0 and hence on (¢,z) € ng. (The case

t = 0 is trivially included, because lim, .o+ v(t,z) = 0 = v(0,x).)

Since v is defined everywhere in R}f?’ and hence almost everywhere in Ef?’ by the above
formula, and v € Lj ., then by lemma 3 it solves weakly the wave equation (64).

Now, knowing that v(¢, z) is continuous and hence finite everywhere, we can estimate

ey LAGE) A

< FO dl€<87y)
T AT iy W)9(s + lyl) (s = |y[)p~1(t — s)

(156)

Lemma 2 gives an estimate for this double integral (integral over a cone) and we obtain a
bound

Cpq - Fo
{t+ |z|)(t — [z}~

which is valid for all (¢,z) € R}™. This bound is also satisfied for ¢ = 0, because v(0, x) =
0. [

lu(t, z)| < (157)

Lemma 5b

Proof. We have (z)9F € L$°, then also F € L“(ﬁ?g) and hence F € Llloc(@rrs). The

whole space-time @iﬁ can be covered by the set of cones {K(z,t) : t € R, }, up to one
point (0,z) € Ry x R3 which itself plays no role in integration and measurability, i.e.
R ++ >~ C(x,-) x Ry. Then, from a variation of Fubini’s theorem? it follows that F|x .+ €
LY(K(x,t)) (we skip "local” because K (x,t) is compact in R}jg) for almost all t € R, and

all z € R3. Then, of course, F(s,y) and hence F(s,y)/(t — s) is measurable on the same
cones, so the following integral over the cone

T 4r

v(t,z) = 1 F(sy) dr(s 158
(t,2) /K . (5,9) (158)

exists for almost all t € R, and all x € R3.

7 By “variation of Fubini’s theorem” we mean here the non-standard decomposition of R} = C(x, ) x Ry.
It is equivalent to introduction of }N'},w(w, s) := F(t—s,x+ws)) defined on S(0, 1) x [0, t], where the standard

Fubini’s theorem holds.
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As next, its value can be estimated. The condition [(z)?F(¢,2)|13: = Fo < 0o means
that |F(t, :U)] < Fo/({x) 4t + |z|)(t — |z|)P~!) for all (t,z) € @1% except a set A of measure

Z€ero in R . From a variation of Fubini’s theorem” for measurable sets and the decompo-

sition R, n e (z,-) x Ry it follows that for almost all ¢ € R, the measure (on the cone
K(z,t)) of Alg(ss is zero. It means that for almost all ¢ € Ry and all 2 € R? it holds
|F(s,9)| < Fo/({y)9(s+ |y|){s — |y|)P~") almost everywhere on the cone (s,y) € K(z,t). For
these (t,x) we can estimate

1 F
o(t,2)] < = / F 69 (s, )
At Jk@e |t — s

159
FO dﬁ(‘sv y) ( )
=i Ky (W)1(s + lyl) (s — |y[)p~1(t — s)
Lemma 2 gives an estimate for this integral over the cone and we obtain a bound
Cpq - Fi
u(t, z)] < pa__J (160)

{t + [a])(t = |z~

which is valid for almost all + € R, and all z € R®. (This bound is also trivially valid for
t =0, because v(0,z) = 0.) Finally, it gives

HU“L‘f?p < Cpqfo. (161)
In order to have v € LY, it remains to show that v(, z) is measurable on Efg. To this end

we use again a Varlatlon of Fubini’s theorem with K(x,t) = S(x,t —-) x R, for (158) and
those (¢,x) where this integral exists and is finite, and write

v(t, ) 47r/ alt/01 ) (t—5)F(s,z+ (t — s)w) (162)

Since (x)?F(t, ) € L{, the function F(t,r) is measurable on R, xR3 Then H(t,z,s,w) =
(t — 8)F (s, + (t — s)w)/(47) is measurable on (¢,z,s,w) € Ry x R* x Ry x S(0,1). From
Tonelli’s theorem we get

v(t,x) = /0 dt /5(0,1) do(w) H(t,z,s,w) (163)

measurable on Ry x R? = @?3. Finally, v € L{ . and is defined almost everywhere by (158),
hence by Lemma 3 v solves weakly the wave equation (67). [

Theorem 2b

Proof. Consider the following iteration scheme

Unt1 = Io(f,9) — Lo(Vu,), n=0,1,2,... and wu_;:=0. (164)
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For g, Vf € Ly and f € LY | with m > 3 from lemma 4b we get uo = Io(f, 9) € LT, ;.
Next, observe that if u, € L{, with some p > 1 then

K2) Vs, < 1)V [l llunllzse, = Volluallzes, < oo (165)

and from lemma 5b with F' = Vu,, we get Lo(Vu,) € LgS, when p < k. Because L, C LY,

when p; > py, we get u, 1 € LTS, with p < min(m —1,k). By induction we obtain u,, € Lg%,
for every n = 0,1,2, ... with the optimal value p := min(m — 1, k). Then, we have

1 = wnllzss, = 1Lo(=V (un — tn-1)llz55, < Coll{@)"V (un — un-1) 155, (166)
< Coll (@) Ve tn — tn-allzge, = CpaVollun — un-rllge,

again making use of lemma 5b with F' = —V (u, —uy—1) € () "L$°,. For § := Cp;,Vp < 1 the
iteration is a contraction in Banach space L5, A simple argument shows that the sequence
u, is Cauchy. We have

s = unllzge, < 8 Hluo — uallngs, = 6" Lo (f, )l ge, (167)

and for n > m

n—m—1 n—m—1
[t = tmllzge < D7 Ntmgrsr = gl < D T Io(f, 9) |z,
k=0 k=0

6m+1
<
—1-9

(168)

11o(f, ),

and this expression can be made arbitrarily small (< €) for all n,m > M(e) when § < 1.
Since L7, is a Banach space the Cauchy sequence u, has a limit v € LS, with the property

u = Io(f,9) — Lo(Vu) (169)
and hence
[ullzse, < [Lo(fs 9)llLse, + [ Lo(Vu)|lze, < Cin(fo + fi + g0) + CpiVollullrge - (170)
Then

Con(fo+ f1+90)
1—-CyxVo

Moreover, equation (169) together with lemmas 4a and 5a imply

Jullpge, < =C. (171)
/dt/d% Oe(t,x) u(t,z) = — /dgx Orp(0,z) f(x) + /d3x ©(0,z) g(z)

(172)
—/Rdt/d?’x o(t,z) V(x) u(t, z),

what gives equation (9). Since u € L{_ it is a weak solution to the wave equation (1).

Uniqueness is guaranteed by theorem 1. O]
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Theorem 2a

Proof. The condition |u(t,z)| < C/((t + |z|)(t + |z[)?~') implies v € Lg%, and together

with u € CO(Eifs) these two conditions are equivalent. Therefore, proof of this theorem is
analogous to the proof of theorem 2b with the only difference that continuity must be shown
separately in the iteration.

Analogously, for iteration defined by

tuny1 = Io(f,9) — Lo(Vu,), n=0,1,2,... and wu_;:=0. (173)

and (f,g) € C*(R?) x C°(R3) satisfying the bounds (31), hence g,V f € L%, by lemma 4a,
we get uo = Io(f,9) € LT, 4 ﬁCO(RT?)). Next, if u,, € Lj’?pﬂCO(Riﬁ) for some p > 2, hence
also Vu, € CO(ET“S), because V' € C°(R?), then analogously, by lemma 5a with F' = Vu,,
we get Lo(Vuy,) € L5, N Co(ﬁfg) when p < k. It implies that u,,; € L35, N CO(@T?’) with
p < min(m—1,k). By induction we obtain u,, € LS, ﬂCO(K?S) for every n = 0,1, 2,... with
the optimal value p := min(m—1, k). Analogously, using lemma 5a with F' =V (u, —u,_1) €

(z) "L, NCP (Efg) we show
[ttn1 — tnlLge, < CppVolltn — tn1lLge) (174)

what presents a contraction in Banach space L9, N CO(@iﬁ). Again by full analogy, for V;

small enough, we show that the sequence u,, is Cauchy in Banach space L{° N CO(RTS),

P
hence u, has a limit v € L3, N C° (@T?’) with the property

u=1Io(f,9) = Lo(Vu). (175)
Then Colfot | )
m(Jo+ J1+ go
o < =C. 1
lullzee, < =7 AT C (176)
Since u € C° (Err?)) the last condition implies
C —
u(t, z)| < V(t,z) e R, (177)

And also analogously, equation (175) together with lemmas 4b and 5b imply

/dt/d% Op(t, x) u(t,r) = — /d%: 0y0(0,2) f(x) +/d3x ©(0,z) g(x)

(178)
_ /Rdt/d?’a: o(t,r) V(z) u(t, z),

what gives equation (9). Since u € L _ it is a weak solution to the wave equation (1).
Uniqueness is guaranteed by theorem 1. O]
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Corollary 1

Proof. Analogously as in proofs of the theorems above we define an iteration

Upt1 = Io(f, g) — LQ(VUn) — L()(F), n = 0, 1, 2, ... and U_q 1= 0. (179)
From lemma 4b we get ug = Io(f,g) € L35, ;. From lemma 5b we get Lo(F) € LS.

By same argument as in previous theorems we have Ly(Vu,) € LY, with p < k provided
u, € LTS, with some p > 1. Then, by induction we obtain w, € L7, for every n =0,1,2, ...
with the optimal value p := min(m — 1, k,r). Then, we find

linss = nllags, = I Zo(=V tn = n 1)z, < Copll @)V (1t = )1z

k (180)
< Corl(@)* Voo l|un — un—1llrge, = CppVollun — tn-1ll e,

again making use of lemma 5b with F' = =V (up,—up—1) € (x) FL{,. For § := C, Vo < 1 the
iteration is a contraction in Banach space L7, and the sequence u,, is Cauchy. It converges
to the limit u € L{, (Banach space) which satisfies

u=Io(f,9) — Lo(Vu) — Lo(F) (181)
and hence
[ullzse, < [1o(f, 9)llegs, + 1 Lo(Vu)|lnss, + | Lo(F)ll Lge, (182)
< Cp(fo+ fi+90) + CppVollullge, + CrgFo.
Then
lullzz, < Cm(fo + f1 4 g0) + Crglo _c (183)

11— Op,k%

To prove the continuous case one needs only to use the lemmas 4a and 5a instead of the
lemmas 4b and 5b and repeat the convergence argument from the proof of theorem 2a. [

VI. DECAY ESTIMATES FOR THE DERIVATIVES

One can state the estimate given in theorem 2a or 2b in a more detailed form, namely
that the solution of (1) satisfies
Cr - ([ fllzze_, + IVl + llgllege)

m

L= Cpp- Ve

Jul[pge < (184)
when k > 2, m > 3, p := min(k,m — 1), the norms || f|[z=_, [V fllre, |g9]lze are finite and
||V||Lzo < C};’i < OQ.

If u is a classical solution one can differentiate the wave equation (1) with respect to time

and obtain

If u is a weak solution of (1) then this equation is also satisfied in the weak sense. The
existence of the weak solution will be guaranteed by the theorems below. It can be treated
again as equation (1) for a new variable v := dyu with the initial data

v(0,2) = g(x), (0, 7) = ?u(0,z) = —Af, (186)
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where A := —A + V(z). Then, theorem 2a or 2b gives existence of the solution du €
C° (@Tg) or yu € L3°,, respectively, and the estimate

1,p
Cr - (lgllzee, | + 1Vl + [[Af] )
- 1= Cpp - Vg

(187)

lorullzs,

The term ||Af||z> can be bounded by ||Af| 1> + ||V f|lz~,. Analogously, one can obtain
existence and an estimate for 9?u

) Con - A llzze, , + IVAS L, + [1AglLs,)
107 ull e '

y < (188)
1= Gy - [Vl

The term [[V(Af)re, can be bounded by [[VAfl[rec, + [[VV f[[ree, + [[(VV) f[|1ec,. The

three estimates can be put together when the constants m,m’,m” and p,p’,p” are related
to each other. Using the following property of the weighted L norms ||hy - hol| L=, <

hil|lre - [|hal|| = we get for m =m/ = m” > 3
17l g o We g

Corollary 2a.

u, Oyu, Ofu € LS, (189)

with p := min(k, m — 1) provided
[NVIAFNVAS g, Vg, Age Ly, (190)
||V||Lzo < Cp_’; < 00, ||VV||L00 < 0. (191)

Alternatively, choosing m = m’ —1 = m” — 2 > 3 we get for classical solutions especially
simple form of the assumptions

Corollary 2a’.
lull e, 19wl e, 107wl 250, < o0, (192)

1;17//
with p := min(k,m — 1), p' := min(k,m), p” := min(k,m + 1) provided (f,g) € C3(R?) x
C?(R?) with
IVPfl e Livss, IVl € Ly (193)
and V € CH(R?) with

HVHLZO < I’Illn(Cpili, ng,lkﬂ C;;”l,k) < 00, HVV||L§° < Q. (194)

Here, we introduced a simplified notation®

3
V"Bl = > |0ay--0a,hl. (195)

ai,...,an=1
Because of the regularity, the bounds on |V?f| and |V?g| can be integrated to give
I g IV g, IAf e, IVA S| Lee,, < o0, (196)

m—+1 ) m—+2

8 This notation simplifies the assumptions, but looses information about the decay of directional derivatives,

which is however rarely used.
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and
lgllzse: [IVgllzze, s 1Aglle, , < oo (197)

The control of spatial derivatives is more difficult, since V' depends on x. Again, by
differentiation of the wave equation (1) with respect to ' we get (for weak solutions the
equation holds as well by the same argument as above)

This equation can be handled with Corollary 1 for v = d;u and F' = —(9;V')u with the initial
data v(0,z) = 0;f(z) and 0yw(0,z) = 0;9(x). Then,

Cor(10:f 2, + IV fllnse, 4+ 110ig £,) + Cope[[{2)*¥ (8 V )ul| 50
B 1= Cp |V g '

10;ul| ee , (199)

for p’ := min(k,m’ — 1,p) and m’ > 3, k, k' > 2, k' > p > 1. The last term in the nominator
can be bounded by |[(0;V)|| e [[ull Lz . Analogously, an estimate for 0;0u reads

10:0kull s, < | Cor (1060 fl| ez, + IV OOk f L, + [|0i0kgl L, )

1,p — m! —1

+ Cp i (006 V)| s, lull e, + 2Cpf,k/||8VHL;<;||8u||L;fp,]/[1 = CyrilVllzge]  (200)

for p” := min(k,m” — 1,p,p’) and m” > 3k, k', k" > 2)k" > p > 1,k > p' > 1. We can
combine these estimates for m =m’ =m” >3 and k = k' = k” > 2 and get

Corollary 2b.

u, |Vul, |[V?u| € LY, (201)

with p := min(k, m — 1) provided
felyy,  IVILIVLIV L g.1Val VPl € LT, (202)
VIVVIVV] e Ly and ||V]|x < Cop < o0, (203)

Finally, combining corollary 2a with 2b we get corollary 2.

The same reasoning can be repeated for (f, g) € C3(R*) N C*(R?) and V' € C*(R?) which

give the classical solution u € CZ(@}jS). The only difference is that one needs to use theorem

2a instead of 2b and the continuous version of corollary 1.
Higher derivatives can be treated in an analogous way.
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