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Abstract

We derive the equation for the vorticity of the incompressible Oseen problem in a half plane with
homogeneous (no slip) boundary conditions. The resulting equation is a scalar Oseen equation with
certain Dirichlet boundary conditions which are determined by the incompressibility condition and
the boundary conditions of the original problem. We prove existence and uniqueness of solutions
for this equation in function spaces that provide detailed information on the asymptotic behavior
of the solution. We show that, in contrast to the Oseen problem in the whole space where the
vorticity decays exponentially fast outside the wake region, the vorticity only decays algebraically in
the present case. This algebraic decay is however faster than what one would expect for a generic
problem, since the dominant volume and boundary contributions cancel each other as a consequence
of the incompressibility and the no slip boundary conditions of the original problem.
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1 Introduction and main results

This is the first of a series of papers in which we develop the mathematical framework which is necessary
for the precise computation of the hydrodynamic forces that act on a body that moves at constant speed
parallel to a wall in an otherwise unbounded space filled with a fluid.

A very important practical application of such a situation is the description of the motion of bubbles
rising in a liquid parallel to a nearby wall. Interesting recent experimental work is described in [I2] and
in [I6). Numerical studies can be found in [2], [B], [II], and [I4]. The computation of hydrodynamic
forces is reviewed in [I0].

In what follows we consider the situation of a single bubble of fixed shape which rises with constant
velocity in a regime of Reynolds numbers less than about fifty. The resulting fluid flow is then typically
laminar. The Stokes equations provide a good quantitative description (forces determined within an error
of one percent, say) only for Reynolds numbers less than one. For the larger Reynolds numbers under
consideration the Navier-Stokes equations need to be solved. The vertical speed of the bubble depends
on the drag, and the distance from the wall at which the bubble rises requires one to find the position
relative to the wall where the transverse force is zero. Since at low Reynolds numbers the transverse
forces are orders of magnitude smaller than the forces along the flow, this turns out to be a very delicate
problem which needs to be solved numerically with the help of high precision computations. But, if
done by brute force, such computations are excessively costly even with today’s computers. In [3] we
have developed techniques that lead for similar problems to an overall gain of computational efficiency
of typically several orders of magnitude. See also [4] and [I0]. These techniques use as an input a precise
asymptotic description of the flow. In all cases considered so far the basis of such an analysis is a detailed
description of an appropriate linear problem. The goal of the work that we start here is to extend this
technique to the case of motions close to a wall.

In what follows we consider the two dimensional case. In a frame attached to the body the Navier-
Stokes equations are

—u-Vu-9J,u+Au—-Vp=0, (1.1)
V-u=0, (1.2)

which have to be solved in the domain 2 = Ri \ B, subject to the boundary conditions

u(z,0) =0, reR, (1.3)
lim u(x) =0,
ulyp = —e1 . (1.5)

Here, x = (z,y), R = {(z,y) € R?| y > 0}, B C R? is a compact set with smooth boundary 9B, and
e; = (]., 0)

Based on preliminary numerical studies we expect that the relevant linear problem for the asymptotic
analysis of (|1.1)-(1.5) is given by the inhomogeneous stationary Oseen equation,

—0;u+Au—-Vp=1, (1.6)



in the domain Ri, subject to the incompressibility conditions , the boundary conditions and
(L.4), and with f = (fi, f2) a smooth vector field with compact support. Note that for f in appropriate
function spaces the solution of equation can also be used as a starting point for a proof of the
existence of solutions of the Navier-Stokes equations based on the contraction mapping principle.
Solving the Oseen equation turns out to be surprisingly complicated, since there exists no reflection
principle like in the case of the Stokes equation (see for example [7]). We therefore discuss here in a first
step the vorticity of the vector field u, which is crucial for a detailed understanding of the asymptotic
behavior of solutions of . See [1] for an early publication that stresses the importance of analyzing
the vorticity. The reconstruction of the velocity field and the pressure, as well as the analysis of the
original Navier-Stokes problem , is the content of upcoming publications.
Let u = (u,v) and let
w=—0yu + Oyv (1.7)

be the vorticity. If we take the curl of equation (1.6 we see that w has to satisfy the equation
— 0w+ Aw =, (1.8)

with
o =—0yf1 +0zf2. (1.9)

As we will show in Section 2, it follows from the incompressibility condition (|1.2) and the boundary
condition (1.3)), that we have to impose at y = 0 the Dirichlet boundary condition

w(z,0) = wy(z) , (1.10)

with wg a certain function which depends on the data . Let

k= Vk2— ik, (1.11)
and "
e " — eTIFIM
k = 1.12
ma(k,) = == (112
Then, we find (see Section 2), that
wo = Fum ] 5 (1.13)
where F,, is the linear operator which, for a given function m: Ri — C, is formally defined by
Faldl@) = [ 77 Fo)] (o) dn. (114

Here, F and F~! are, respectively, the Fourier transform with respect to the first variable, and its inverse.
Explicitly, we use the following sign and normalization conventions for F,

wwwwzéww@wm, (1.15)

and

7 m Pl (o) = 5 [ EEmlE ) (Fo) ) di (1.16)

The following two theorems summarize our main results.

Theorem 1 For all functions ¢ € C§° (Ri) the equation @ subject to the boundary condition

has a solution w € C*(R2)N C(@) This solution is unique among functions decaying sufficiently rapidly
at infinity.



Theorem 2 Let f € C§° (Ri), and let, for i = 1,2, w; be the solution of equation @ with boundary
condition and data @ = @;, where p1 = 0, f and @2 = 0y f. Then, the functions @; defined by

Gi(z,y) = (L + )" wilz,y)

with di = 4 and dy = 3, are in LP(R%), for all 0 < e <2 and all 3/c < p < co.

The remainder of the paper is organized as follows. In Section 2 we discuss the equation for the
vorticity and compute the function wgy. In Section 3 we construct a solution for data with compact
support and discuss the asymptotic behavior of solutions on a heuristic level, in order to motivate the
choice of function spaces. Since, as has been mentioned earlier, the ultimate goal of the work that we start
here is to solve and analyze in detail the Navier-Stokes equations in the above setting, we are interested
in solving the Oseen problem and to study the properties of the mapping ¢ — w(p] in a well-designed
functional framework. With this in mind we introduce in Section 4 appropriate function spaces, give
precise formulations of the above theorems, formulate a third theorem which describes the behavior of
solutions close to the boundary y = 0, and prove a uniqueness theorem. Section 5 contains the main
technical Lemmas on which the proofs of the theorems in Section 6 to Section 8 are based. As we will
see at the end of Section [£:3] and at the end of Section [£:2] respectively, Theorem [I] is a consequence
of Lemma [4] (existence) and Theorem [15| (uniqueness), and Theorem [I|is a consequence of Theorem
Theorem and Theorem Appendices A and B, finally, contain various technical details.

Notation

Throughout the paper we use the following conventions. First, the subsets Ri and R%r . are defined
by RZ =R x (0,00), and R3 | = Rx (1,00). For most function spaces we use the names that are classical.
Notations that are particular to the present work are introduced in Section 4. Furthermore, given Q C R?,
we define C§°(€2) to be the the set of smooth functions with compact support. Partial differentiations
with respect to the first and second variable are denoted by 0, and 0y, respectively, and LP(£2) and
L? () stand for the usual Lebesgue spaces. Also, to simplify notation, we use the same expressions for
vector and scalar quantities. The norm on L?(2) is denoted by || - and whenever necessary in order to
avoid confusions, we indicate €2 either with a subscript (i.e., ||, o), or if more details on the space are
needed by || Lr(Q)" Throughout the paper, F denotes the Fourier transform with respect to the variable
z. Finally, we will often write ¢ instead of F¢ for the Fourier transform of a function ¢.

2 The vorticity boundary condition
In this section we derive the expression (1.13) for wp on a formal level. Taking partial derivatives of

equation ([1.7])) with respect to x and y, and using the incompressibility condition (1.2)) and the boundary
condition (1.3), one finds that the components of the vector field u = (u, v) have to satisfy the equations

Au = —0yw ,
u(z,0) =0, (2.1)
and
Av = 0w ,
v(z,0) =0 . (2.2)

Once the equation (1.8]) for the vorticity is solved we can therefore a priori reconstruct the vector field

u = (u,v) using (2.1) and (2.2)). But if we solve, for a given function w, the equations (2.1]) and (2.2)) for
u and v, then, in general, the corresponding vector field u = (u,v) will not be divergence free. Indeed,

unless the vorticity w is chosen in a special way, the equations (2.1)), and (2.2)) only imply that
A@u+ 0,0)(w,) = 0, (2.3)

for (x,y) € Ri, and not necessarily (1.2)). However, as we now show, for functions w that are solution of
(1.8), we can enforce the divergence freeness (|1.2) by an appropriate choice of the boundary condition in



(1.10). First, since the Laplace equation in the half plane is well-posed (see for example [6]), (1.2)) follows
from (2.3) provided that
Oyu(z,0) + Oyv(z,0) =0 . (2.4)

Next, since u(z,0) = 0 by (2.1)), it follows that d,u(z,0) = 0, and (2.4)) therefore reduces to d,v(z, 0) = 0.
Taking the Fourier transform with respect to the variable x we get from (L.8)) and (1.10]) the equation

(k,y) , (2.5)
)

85(21(1@, y) — K20k, y) k
o(k) (2.6)

(K, 0)

I
hsY

Il
>

with, @ = Fw, wy = Fwp, and ¢ = Fy, and where « is defined in (1.11]). Similarly, we get from (2.2))
after Fourier transform with respect to x the equation

24 24 T
ayv(kvy) —k ,U(ka y) - _ka(kvy) ) (27)
(k,0) =0 .
The solution of (2.712.8)) is
ok, y) = 7L/ (ef\kuyfm 7ef|k\<y+n>) ik (k) diy | (2.9)
21kl Jo

from which we get that dyv(x,0) = 0 if and only if

oo
9,0 (k,0) = —ik/ e ¥ (k,m) dn =0 . (2.10)
0

Therefore, the vector field u = (u,v) is divergence free if and only if for all k£ € R\ {0},

/ e kMG (kym) dn =0 . (2.11)
0

We now show that (2.11)) implies (1.13]). Equation (2.11)) follows from

oo

/ (e*"” - e*|k|7’> w(k,n) dn = / e "o (k,m) dn . (2.12)
0 0
Multiplying ([2.12)) with x? and using (2.5)) we find that (2.12) is equivalent to
(o) (o)
/ (e_’”’ — e_lkl"’) (8,27(11(1677)) — @(k,n)) dn = / e K20 (k,n) dn . (2.13)
0 0

We now integrate in the term containing 372712) twice by parts. The boundary term of the first
integration by parts is zero. The integral that one obtains after the second integration by parts contains
a term which is equal to zero if is satisfied. The other term simplifies with the right hand side in
(2.13)), and one obtains from the remaining boundary term the following equation for @y,

Gok) = /0 " mo(k.n)@ (k) di | (2.14)

with mg as defined in ([1.12)), and therefore

1 ik
— Yoo (k) dk
271'/Re o (k)

1 —tkx > ~
or [k e [ dy mok)athy) (2.15)
T JRr 0

(F~o)(x)

For functions ¢ of compact support we can exchange the integrals in (2.15) and we get (1.13]). This
completes the formal construction of wy.



3 Solution for data with compact support

For the case where the domain is R? instead of Ri the unique solution @ of the scalar Oseen equation
decaying sufficiently rapidly at infinity is well known. It is given in terms of the Green’s function
K, which is defined for (z,y) € R?\ {(0,0)} in terms of the modified Bessel function Ky of the second
kind of order zero. Namely,

e2 r

/C(x,y) = _%KO(i) 3 (31)

with
r=z2+y?, (3.2)

and
w(z,y) = (K*p)(z,y) = - K(x — 20,y — yo)p(z0,Y0) drodyo - (3.3)

See for example [§], [9]. Properties of the Green’s function K that are needed in subsequent sections are
summarized in Appendix [A] which also contains a proof of the following proposition.

Proposition 3 The function IC defined in has the following properties:
i) KeC*(R*\{(0,0)}),
i1) K is even as a function of y ,

i) (K,VK,AK) € LL_(R?) .

loc

3.1 Construction of a solution w

The solution w of the Oseen problem in the domain Ri can also be written in terms of the Green’s
function K in a standard way. It is the sum of two terms, a “volume term” obtained by the reflection
principle which solves the inhomogeneous problem but is equal to zero at y = 0, and a “boundary term”
which adds a solution of the homogeneous problem satisfying the boundary condition . Namely,

w=wy +ws, (3.4)

with wy = Ty {K}[g] and with wp = T{K}[Fun,[¢]], where

Ty {K}el(z,y) = /]R2 (K(z — 20,y — y0) — K(z — z0,y +10)) ©(20,%0) dzodyo , (3.5)
Tp{K}g)(z,y) = /RKl(szy)g(«T — x0) dzo (3.6)

where K1 = 20,K. From (3.1)) one gets for Ky for (x,y) € R*\ {(0,0)} the following explicit expression,

ye2
2rr

r

oF

(3.7)

Ki(z,y) = Ky (

with r as defined in (3.2) and with K; the modified Bessel function of the second kind of order one.
The following Lemma shows that for smooth data with compact support the function w is well defined
and solves the Oseen equation (1.8) with boundary conditions (1.10]).

Lemma 4 Let ¢ € C°(R2). Let wy be as defined in and let w be as defined in . Then we
have:

(1) wo € C*(R), and wy and all its derivatives converge to zero at infinity.
(i1) we C=(R2)NC(RZ).
(iii) w is a solution of (1.§), (1.10).



Proof. The proof of this lemma follows standard ideas. We first show ). Since ¢ € C°(R2), ¢(z,y) is
in particular in C5°(R) as a function of z and of compact support as a function of y. Its Fourier transform
with respect to the first variable, @(k,y), decreases therefore faster than any polynomial in &, uniformly
in y, and so does m(k,y)p(k,y). Therefore, by the Riemann-Lebesgue lemma, the function wy = Fp, [¢]
as well as all its derivatives are continuous and converge to zero at infinity. This completes the proof of
i). We now prove ii), and 4i7) with appropriate boundary conditions, separately for wy and wp. The
result then follows by the linearity of the equations. We first discuss the volume term wy . Instead of
, we can equivalently write wy as a convolution product over R%2. Namely, if we extend the function
o from R%_ to R? by anti-symmetry, i.e., if we define @ by

s ={ Fo0 R0 (3)

then we have, for (z,y) € R%, that wy = K * ¢. Now, since by Proposition I 3| K € L, .(R?), and since ¢
is smooth, and moreover K is an even function of y and ¢ is by definition an odd function of y it follows
that wy extends to an odd function in C>(R?). This in turn implies in particular that wy € C>°(R2), and
that wy (x,0) = 0. Similarly, since by Proposition [3|9,K € L{ (R?) and AK € L] (R?), it follows that
(=0: + A)wy = ((=0z + A)K) * ¢, which implies that (=9, + A)wy (z,y) = P(x,y) for all (x,y) € R?,
and in particular that (—8, +A)wy (z,y) = ¢(z,y) for (z,y) € RA. This completes the proof of i) and of
191) with homogeneous Dirichlet boundary conditions for the volume term. We now discuss the boundary
term. Standard results on parameter dependent convolutions imply that wg € Co"(R2 ) (see Proposition
. 9| for the uniform domination argument), and furthermore that for (z,y) € R2,

(=0: + A)wp(@,y) = Oy (=02 + A) K] 2 wo) (2,9)

where %, means convolution with respect to the first variable. Since (-0, + A) K(z,y) = 0 for (z,y) in
R?\ {(0,0)}, we get in particular that (—9, + A)wp = 0 for (z,y) in R%. We still need to prove that

wp is continuous at the boundary, i.e., that wg € Cm(@) and that lin%J wp(z,y) = wo(x) for all x € R.
y*)

Since K1(z) = 1/z + o(1), asymptotically as z — 0, and K;(z) = O(e™*/+/2) as z — 400, we find that
there is a constant C1, such that for r < 1 and y € (0, 1),

) ) Y
|’C1($7y)*ﬁ|§01;ﬁclm ) (3.9)

and that there is a non-negative decreasing function Cy, such that, for arbitrary ¢ > 0, r > ¢, and
€ (0,1),

C
K1(z,9)| <y 2( ) | (3.10)
From (3.9) and (3.10) it follows in particular that for arbltrary r>0andy € (0,1),
Y Y
K1 (z,y) — Wl < max{C1, Ca(1) + l/ﬂ}m . (3.11)

The function ICq(+,y) is positive and infinitely differentiable for all y € (0,1). Moreover, (3.11]) implies
that

hm ICl(x y)de =1, (3.12)
y*}
since
Y
hm max{C1, C2(1) + 1/7r}/ 32 dx =0, (3.13)
and ([3.10) implies that, for arbltrary e >0,
. . Y
;136 |K1(z,y)| dz < Ca(e) leli% Y3 dx=0. (3.14)

|z|>e

Consequently, (KC1(-,¥))ye(0,1) is a regularizing sequence, and therefore, since wy = Fin,[¢] is bounded
together with its first derivative we have that lim, .o wp[p](-,¥) = Fm, @] in (C(R), ||-|lec). This completes
the proof of Lemmalfd] m

We close this section with a proof that the boundary term Tp{K}[Fp, [¢]] can be written alternatively
in terms of Fourier transforms.



Lemma 5 Let ¢ € C°(R3) and let  be as defined in . Define E: RZ — C by
Ekyy)=e", (3.15)
and let Tp{K} be as defined in (3.6). Then,
E-F|Fmolel] € L'(R) , (3.16)

and
Te{K}Fmolpll = FHE - F[Fmo[l] ] - (3.17)

Proof. By Proposition 39 9,K(-,y) € L'(R) N L*(R) for all y > 0. Moreover, Fy,,[p] € L*(R) by
arguments similar to the ones given at the beginning of the proof of Lemmald] Therefore, T{K}[Fn,[¢l]
is the convolution with respect to the variable z of 9,K(-,y) € L'(R) with F,,,[¢] € L*(R), and therefore
T{K}HFm,[¢]](,y) € L3(R), for all y > 0. We can therefore take the Fourier transform of equation
and we get that

FIT{HFmo [l (5 9)] = FIO,LC, y)] - F[Fomo ] - (3.18)
From it follows that F[Tp{K}[Fm,[¢]]l(-,y)] € L}(R). Finally, an explicit computation shows that

FloyK (-, y)l(k) = E(k,y) - (3.19)
This completes the proof of Lemmal[5] m

Explicitly we have for (3.17)) the following expression,

Tp{K} [ Fmo L))z, y) = F~ {/OoomB('m,y) Flel(n) dn | (x) . (3.20)

where, for all (k,7n,y) € R x (0,00)2, mp is defined by
mB(ka n, y) = einymﬂ(kv 77) ) (321)

with mg as defined in (1.12). For functions ¢ of compact support we can exchange the integrals in (3.20))
with the integral of the Fourier transform, so that (3.20) can also be written as,

T (K} [Fomo [l ) = / T E s Cony) Flol(on) () di - (3.22)

3.2 Expected asymptotic behavior

In order to motivate the choice of function spaces in the next section we briefly discuss the expected
asymptotic behavior of solutions on a heuristic level. For the Navier-Stokes equation as well as for the
Oseen equation we expect the formation of a parabolic wake in the region downstream of the support
of f. Far enough downstream, this wake will interact with the border at y = 0 which will change its
behavior when compared to the case without boundary. The horizontal component u of the vector field
still satisfies asymptotically the heat equation —0,u + 8§u = 0 (see for example [I0]), but with y in
R, rather than in R, and with Dirichlet boundary conditions at y = 0. One therefore expects that
asymptotically, as ¢ — oo for fixed z = y/xl/ 2

2

1 z 1 P 22
u(z,y) = 0yK(z,y) ~ const .—ze~ T = const .723677 . (3.23)
Z Y

From (3.23)) one concludes using the incompressibility condition, that the vertical component v is negli-
gible asymptotically when compared with u, and concludes that the vorticity w should behave asymptot-
ically, as © — oo for fixed z = y/x!/2, like Oyu, i.e.,

1 52 1 .2
w(z,y) =~ ale(x,y) ~ const 'WG_T = const .Ee_T . (3.24)



The asymptotic term in corresponds to a “volume term” in the terminology of Section 3. Outside
the wake region such a term decays exponentially fast. As the following formal asymptotic expansion
shows there is however a second order term (a “boundary term” in the terminology of Section 3), with
a completely different behavior, and it is this term which dominates the large distance behavior of the
vorticity outside the wake region, and in particular as y — oo for fixed values of x. Namely, if we plug
the Ansatz

w(e,y) = %f(w/yz) 4 ;—49<x/y2> . (3.25)

into equation (|1.8)) and expand in inverse powers of y at fixed values of ¢ = z/y?, we get for f and g the
ordinary differential equations

ACTF(C) + (18 — 1) F(C) +12£(C) = 0., (3.26)
1226"(C) + (22€ ~ 1)g/(¢) + 209(¢) = 0. (3.27)
The equations ([3.26]) and (3.27)) have two parameter families of solutions, but, as we will see later on, the
relevant solution of (3.26) is
61%/22(6_& ¢>0
f() = (3.28)
0 <0

with ¢; # 0. The second solution of (3.26)) is absent from the asymptotics of w due to the no slip boundary
conditions and the incompressibility condition of the original problem. The relevant solution for (3.27) is

cl<771/21_6<e_41<erﬁ( = )—i—é 2)-1-631_6(6_415 ¢>0

296 (772 2(1/2 2 4ck 72
9(Q) =4 c2 ) - 1 . (=0 (3.29)
C2ge (771/2 (_O7/2674i<erfc(72<_01/2) + @ C?’) (<0

with ¢ # 0, with erfi(z) = [ e’ dt, and with erfc(z) = [ e~t"dt. Note that the functions f and g are
continuous at ¢ = 0, that f(¢) ~ ¢(~3/? as ¢ — 400 and that g(¢) ~ (=2 as { — +oo.

From and (3.29)) it is now easy to see that w behaves within the wake, i.e., for /y*> = ¢ = const.,
asymptotically like f(¢)/y?, whereas outside the wake, and in particular for x fixed and y going to infinity,
w behaves asymptotically like g(0)/y* = c2/y*. This implies in particular also that our results in Theorem
are optimal for the norms under consideration.

4 Formulation of results in function spaces

The formal discussion at the end of Section 3 motivates the introduction of the following weighted Sobolev
spaces.

Definition 6 Let p > 1, 0 > 0, and let Q = R?, Ri, or R?H. Then, we define the sets LE(Q2) and
WP (Q) by
13 = { £ € L) fluzioy = [ [0+ )7 £l dody < o0} (1)

where LP(Q) is the usual Lebesque space, and where WYP(Q) is the completion of C§°(Q) with respect to
the norm

| flyreqy = [V FlLe@) - (4.2)
Q)

The following remarks are elementary:

Remark 7 (i) Given f € LP(Q), then f € LE(Y) if and only if there exists f € LP(Q) for which

fl@y) = A+ 1y~ f(2,y) for all (z,y) € Q.

(i3) For allp > 1 and o > 0 the sets LE(Q) and W1P(Q) are Banach spaces when endowed with their
respective norms | » o) and |-|y1.0(q) -



(i33) The set C3°(Q) is dense in LE(Q) and WiP(€).
(iv) For all0 < o < o' the imbeddings LY,(Q) C LE(Q) and W;}p(ﬂ) C WhP(Q) are continuous.

As has already been mentioned in the introduction we use the notation | - |,, as a shorthand for
| - | L2 (), whenever no confusion concerning the domain 2 under consideration is possible. We should
emphasize that in the notation | - |,, the first subscript stands for the exponent of a Lebesgue space
L?(€2) and the second one for the exponent of the weight function (1 + |y|)?. We note that no confusion
arises with the standard notation for Sobolev spaces, since we use here only the homogeneous Sobolev
spaces WO1 . and for these spaces we always denote the norm of a function f by |V f],.

4.1 The space W!?(R?)

In this section we analyze the basic properties of W;’p (RZ). The goal here is not necessarily to prove
optimal results, concerning the imbeddings in particular, but rather to establish with as little effort as
possible those results which are needed in later sections. For the case 2 = Ri, a first important aspect
of the above spaces is that integration with respect to y is well behaved in the following sense:

Lemma 8 Letp € [1,00). Then, the following imbeddings are continuous:
(i) WEP(R%) € LP(R x (0,1)), for allc >1—1/p .
(i1) WEP(RZ) C L2, (R2), forallo >1 and 0 < o’ <o —1 .

Proof. We first prove (i). Given f € C§° (@), we set ¢ = —0, f so that

S = | " o 2) dz (4.3)

since ¢ is also a function with compact support. Denoting by ¢ = (1 —1/p)~! the conjugate exponent of
p, we get, for all a > 0, that

Qs

eyl < ( I (Hl)) / 11+ 2) (@, 2P de (1.4

The first integral in the right-hand side is finite provided @ > 1/¢. For ¢ > 1 — 1/p we set a = ¢ and we
get that

‘f|P7R><(071) < C(U)|ayf|p,a ) (4.5)

which completes the proof of (¢). We now prove (ii). Let « = 0 — ¢’. Using that o0 > 1 and ¢/ < 0 — 1,
we get that

/}RQ {(1+y)”/|f(m,y)|r dady

+

</OOO ([/:o u_:lj)m;]Z/R(/:o {(1—&-y)g/(l—l—z)“w(m,z)qp dz) dx) dy . (4.6)

Because a > 1/¢, and y < z in the z-integral, we get that

[ [0+ 15w)]” dody
R}

< (/OOO my)‘i(yaql)/J (/R (14 2)7|o(z, 2)|]” dxdz) . (4.7)

This completes the proof of (iz), since

e 1
/0 A5 g D7a dy < oo, (4.8)
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fora>1>1/qg. m

Applying the above lemma we find that W2?(R2) ¢ W'?(R x (0,1)) for o > 1 —1/p. Consequently,
provided p > 1 and o > 1 — 1/p, the elements of W[}’p(Ri) have a well defined trace at y = 0. We will
need this property when we discuss the boundary conditions of our problem.

Definition 9 Let (p,0) € R% withp > 1 and o > 1 —1/p. Then, we define DLP(R2) by
DLP(R2) = {u € WP(R2) | u(w,0) =0 for all = € R} . (4.9)

Note that the set C§°(R?%) is dense in DLP(R2) for all p > 1 and o > 0. The spaces DLP(R?)
are inspired by the spaces Dy* (R2) in [8]. In particular, the spaces DLP(R2) imbed continuously in
DyP(R?) for arbitrary values of o > 1 — 1/p. We have:

Lemma 10 Let 1 <p<2,0 >1—1/p and let p* = 2p/(2 — p). Then, DLP(R2) C LP" (R2).

Proof. Since D}P(R?) C D(l)’p(Rﬁ_), Lemmais an immediate consequence of [8, Theorem 5.2], for the
case of functions that have zero trace at y = 0. By definition, this condition is satisfied by elements of
DL (EY). m

Similarly, we have:
Lemma 11 Letp > 1 and o > 1. Then, DLP(RZ) C LP(R?).

Proof. For u € C5°(R%) and p > 1 we have that
[, o+ plul?(e.v) dody =0,
Ry

and therefore

[, Py dody =~ [ (14 )0, ul?@,y) dady
R2 R2

+ +

Applying Holder’s inequality we see that for some constant C < oo,

1
/ lu(z, y)|P dzdy < C / (14 9)dyu(z, y) P dedy + » / (e, y)|P dedy .
RZ RZ 2 Jr2

This completes the proof for ¢ = 1. Since DLP(R?) C Di’p(Ri) for o > 1, the general result follows. m

4.2 Exact formulation of main theorems

Now that the function spaces are introduced, we can formulate our results in detail. Concerning the
behavior of the solution close to the boundary we prove:

Theorem 12 Let f € C3°(R?) and a € R?, and let o = a -V f. Then, for all p € (3/2,00) the solution
w of Theorem[1] is in LP(R x (0,1)), and satisfies, for all ¢ < 3p/(3+p) and all ¢ > 2 —1/p the bound

|w‘p,R><(0’1) S C(a7p7q70)(|f|q + |%0|p,o') I (410)
for a constant C(a, p,q,0) depending only on a and the choice of p, ¢ and o. Similarly, O,w and Oyw are

in LP(R x (0,1)) for all p € (1,00) and satisfy, for all g < p, all 0, > 1 —1/p, and all o, > 2 —1/p the
bounds

‘amw|p,]R><(O,1) S C(a)pa q, O—I)(|f‘q + |(l0|p,o'z + |ay50‘p,R><(0’1)) ) (411)
|ayw|p,R><(O,1) < C(aapa q, Uy)(|f‘q + |(P|p,a'y + |ay‘P|p7R><(o71)) ) (412)

for constants C(a,p,q,0,) and C(a,p,q,0,) depending only on a, and the choice of p, q and o, or oy,
respectively.
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We now formulate our results concerning the asymptotic behavior of w. We recall that ,
is obtained by taking the curl of (1.1). We can therefore restrict the study of the asymptotic behavior
of w to the cases ¢ = 0,f and ¢ = 0, f. Since, as mentioned already in Theorem |Z|, the results are
considerably different in the two cases, we state the two results separately:

Theorem 13 Let f be a smooth function with compact support and let ¢ = 0, f. Let (m,, my) € {0, 1}2
such that my, +m, <1, let (p,o) € [1,00)?, and let myy, = 2m, +m, + 4. Then,

ar=omw € LE(R%,) (4.13)

provided 0 < Mgy and p > 3/(Mgy — ). Moreover we have, for all ¢ with 1 < ¢ < min(qfnm’my, Z]V,‘;mey),
with gy, 4, and (}';‘nz’my as defined in and respectively, and for o' > max(1+ 0,2 —1/q), that

‘a;%a;”yW|p,a7R3_+ S C(pa q7U) (|(p|pyg + ‘f|q7g”) ’ (414)

where the constant C(p,q,c) depends only on p, o and the choice of q.

Theorem 14 Let f be a smooth function with compact support and let ¢ = 0y f. Let (mg, my) € {0, 1}2
such that my +my <1, let (p,0) € [1,00), and let mgy = 2mg +my + 3. Then,

0w € LE(RA ) | (4.15)

provided o < Mg, and p > 3/(mgy — o). Moreover we have, for all ¢ with 1 < g < 1rnin(qfrmmy7 @‘j%’my),

wjth Tmyim, O G, o as defined in and respectively, and all v such that 1 <r <24y, ., /
(@, m, +2), and for all 6’ > 2+ o, thal

\32116;”yw|p707R2++ <C(p,q,r,0,0) (|<,0|p,a + 1 fly0r + 1ol + |f\r71) , (4.16)

where the constant C(p,q,r,0,0") depends only on p, o and the choice for q, r and o’.

Proofs of the preceding three theorems are the content of the remaining sections of this paper. Note
that Theorem |2| follows from the above two theorems with m, = m, = 0, using that a function f is

in L2(€) if and only if there exists a function f in LP(Q) such that f(z,y) = (1 +y)~ f(z,y) for all
(z,y) € Q. See point (i) of Remark [7]

4.3 Uniqueness of solutions

Before going any further we now show that there is at most one solution of our problem in W;’p (Ri),
for all values of (p,0) € [4/3,2] x [1,00). As a consequence, since for the cases ¢ = 0, f and ¢ = 9, f
Theorem [13] and Theorem [I4] imply that the solution w constructed in Section 3 is in each of the function
spaces under consideration, it follows that there is only one solution in the union of all these spaces.

Theorem 15 Given ¢ € C3°(R%) and (p, o) € [4/3,2) x [1,00), there exists at most one solution to @)

and in WhP(RZ).
Proof. Let ¢ € CS"(Ri), p > 4/3 and ¢ > 1, and assume w; and wy are two different solutions of

and in W P(R%). By linearity the difference w = w; — w» is a solution to (L.8),
with ¢ = 0. Therefore, w € DLP(R?), and Aw — d,w = 0 in R2. Applying Lemma [10] we find
that w € LP(R2) N LP (R2), and standard bootstrap techniques then imply that w € C*°(R2). Let
r = v/x2 + 12, and let x be a cut-off function in C*°(R?), i.e., x(x,y) =1 for r < 1/2, and x(z,y) =0
for r > 1, say, and let xg = x((z,y)/R). We now multiply the equation satisfied by w with xrw and
integrate over the half space. We get that (to simplify the notation we drop in what follows the arguments

z and y)
J

Aw - xpw dzdy 7/ Ozw - Xpw dxdy =0 .
=

2
+
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We note that

/ Aw'XRwdzdy:—/

xr|Vw|? dzdy 7/ wVxr - Vw dzdy ,
R R2 R2

+
and that

Ozw - XRpw dxdy = 7/ W20y xr drdy .

R2

2
R +

Since 2 € [p,p*] we have that w € L*(R%), and therefore, since |[Vxgr|oo = |[VX|oo/R, we find that

lim Oyw - Xpw dxdy =0 .
R—o0 R2+

Next, since p > 4/3, we have that 1/p + 1/p* < 1. Therefore, there exists ¢ € [1,00) such that
1/¢=1-(1/p+ 1/p*). Using Holder’s inequality we therefore get that

dzdy < |W|p* IVwlp [Vxrlg

/ wVxR-Vw
R

2
+

and therefore, since |yg|, = RY97!|x|, we find that

lim wVxRr - Vwdzdy =0 .

R—oo 2
R

Finally, let B® = R?\ Bg be the complement of a ball Br of radius R centered at the origin. Since
xr(R?) C [0,1], we have that

/ |Vw|? dody < / Xr|Vw|? dzdy |
BENRE R2

2

and therefore

limsup/ |Vw|? dedy =0 .
BENRZ

R—oo

It follows that Vw is identically zero in Ri and therefore w is also identically zero in Ri? since w is zero
at the boundary y =0. m

5 Technical lemmas

In the following two subsections we prove technical lemmas which will allow us to bound the volume term
and the boundary term , respectively. In order to emphasize that the lemmas do not use the
detailed properties of the Green’s function IC, we state the results for general (Green’s) functions G. See
Appendix A for a proof that the Green’s function K satisfies all the stated properties.

5.1 Volume terms

As has been explained in Section Ty{G} can be rewritten as a convolution product. Namely, let
¢ € C°(R%), and let ¢(z,y) = ¢(z,y) for z € R, and y > 0 and @(z,y) = —p(z, —y) for z € R, and
y < 0. Then, for (z,y) € R? the convolution G * @ is well defined and we can write Ty {G}[¢] as the
restriction of this convolution product to Ri. We have:

Lemma 16 Let (p,q,7) € [1,00)2 such that 1/r+1/q = 1+1/p. Let furthermore G € C*>*(R?\ {(0,0)})N
LY(R?). Then, Ty{G}y] € LP(R?), for all ¢ € L"(R2), and we have the bound

TG}l < Clpig,mG) [l - (5.1)

Proof. Lemma [I6] is an immediate consequence of the Young inequality for convolutions, using that
|Plpr2 = 2‘g0|p’R2+ forallp<oo. m

The next Lemma makes the compensation at large values of y that is inherent in the definition of
Tv{G} explicit:
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Lemma 17 Let o € (0,00), and let (p,q,7) € [1,00)® such that 1/r +1/q = 1+ 1/p. Let furthermore
G € C=(R?\ {0}), with 8,G € LL(R?). Then Tyv{G}p] € LE(RZ) for all ¢ € L., ,(R%), and we have
the bound

|TV{g}[QD]|P70 < C(pa q,7,0, g) |90|T,0+1 : (52)
Proof. The proof relies on the following identity:

Proposition 18 For any smooth function ¢ with compact support in @, we have

TN = [ s | , 250 =0y =) lao, 720 ot (5
Proof. Since
G(r — 20,y — yo) — G(= — 20,y +y0) = —2%0 /01 0yG(z — zo,y — (1 —2t)yo) dt , (5.4)
we get for Ty {G},
Tv{G}Hel(z,y) = - /01 di /R2 20,G(x — 2o,y — (1 = 2t)y0)yo (20, Yo) dzodyo , (5.5)
3

and (|5.3)) follows by a change of variables. m
Using the identity (5.3 we can now prove Lemma We have that

|(1+9) Ty {G}Hel(z,y)| < C(o)(Ti(z,y) + Ta(z,y)) , (5.6)
with T} and T5 defined by

Loodt Yo
T = B E—————— 1 — g — — . - .
1(z,y) /0 (1—20)? /}R2+ |1+ [y = 901)70yG(x — 0,y — o) - [yop(zo, T 2t)| dzodyo ,  (5.7)

and
! dt 1+o Yo
TQ(xay) = 2 |ayg(x — X0,y — y0)| : ‘y0| SD(:C(L )| d.’EOdyO . (58)
o (1—=26)% Jgo 1-

2t

We first bound T;. Let 0 < 2ae < 1 —1/p, and let ¢ > 1 such that 1/p+ 1/q¢ = 1. Then, we have that

1 S
dt a |4 (2, y) [P
T y4 < N e — dt 5'9
\ 1(m,y)| = </0 |1 _ 2t|2aq) A ‘1 _ 2t|2(1—a)p ) ( )

where, for any (z,y) € R and t € [0,1], ®, is defined by

Yo

1_ 2t)‘ dl‘odyo . (510)

@i(ey) = [ 10+ 1y = 00,6 — a0,y — )l - ol

R

Note that the first integral in (5.9) is finite since 2« < 1/q. Hence, by Tonelli’s theorem,

1
1 o, |P P
Ty|, <C B ) (5.11)
! o [1—2t20-ap

Now, since 1 + 1/p =1/q+ 1/r, we can apply Young’s inequality for convolutions. We get

1
yo T i
< _— .
D], < 10,91, 5 (/R; [Z/o@(ﬂﬁm T 2t)] dfﬁody0> : (5.12)
and therefore, using a scaling argument,
/ [yomo, - )} daodyo = |1 = 24" gl (5.13)
R 1—2t :
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Therefore,

1
1 P
Tily 10,01, el ([ 11— 2eptrmssom i) (5.14)

Let p" = p(1/r +1 —2(1 — «)). Then, the integral in is finite, provided p’ > —1. Since 1/r =
14 1/p—1/q, this is equivalent to 2/p > 1/q — 2. Therefore, the integral in is finite, provided 2«
is chosen sufficiently close to 1/q.

We now bound T5.Following exactly the same strategy as for the case of T7 we get that

1
1 D
Tolp < 10,60 [eloso ( [ = apasrernzzoe dt) , (5.15)
0

and the integral in (5.15) is finite, provided p (1/r+o+1-2(1—«)) >p (1/r+1-2(1 —a)) > —1.
The bound on Ty {G} [¢] now follows from the bounds on 7; and T by the triangle inequality. This
completes the proof of Lemma [ ]

5.2 Boundary terms

The following lemma gives bounds on Tp{G} which will be useful for the case y > 1.
Lemma 19 Let (p,q,7,0) € [1,00)% x [0,00), such that 1 + 1/r = 1/p+1/q. Let g € LP(R) and let
G € C>*(R*\ {(0,0)}) with

[y ([ Iogear a) < . (5.16)
1 —00
Then, Tp{G}[g] € L, (R x (1,00)), and we have the bound

Te{G}9llr.0 < Cp,g,7,0,G) lglp - (5.17)
Proof. Since, for fixed y > 0, Ts{G}[g] is a convolution product with respect to the first variable, i.e.,

g *x ayg(vy) ’

we can apply Young’s inequality and the result follows. m

In order to prove detailed bounds for Tp{G}, we use the expressions ((1.13)) and (3.17)) for wg and T
respectively. These expressions are based on the Fourier transform. We proceed in several steps. Our
starting point is the following classical result in Fourier-multiplier theory [15, Theorem 3, p.96]:

Theorem 20 Let 1 < p < oo and let p € CH(R\ {0}) such that |pu|pm < 0o, where

lulm = sup {|u(€)] + €/ (E)I} - (5.18)
£ER\{0}

Then, the application F,,, defined by

Fulfl = FHu FIA] (5.19)

maps LP(R) into LP(R). Moreover, there exists a constant C(p) < oo, depending only on p, such that for
all f € LP(R),
| Fulfllpr < Cp) |1l |flpr - (5.20)

In view of Theorem the expressions and for wg and T can be considered multiplier
transformations, but with a multiplier depending on two or three variables. For our purposes we therefore
now generalize the definition to the case of multipliers p which depend on several variables. The
Fourier transform is however always with respect to the first argument only.

The following lemma will allow us to analyze the function wy:
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Lemma 21 Let (p,r,s) € (1,00) x R?, 0 > 1 —(1/p+s), u € C*((R\ {0}) x (0,00)), and define the
norm | - [m.r.s by

[l a,rs = sup {s"(1 4+ n)*|m(-,n)[m} (5.21)
n=>0
Let F,, be defined by
A= [ F o) F ) | dn. (5.2
0
Then,
(¢) for all f € CF° (@) we have that F,[f] € LP(R), and there exists a constant C(p,o) such that
[ Fulfllp < Clp, o)l flp.o s (5.23)

provided
|t Am,0,5 < 00 . (5.24)

(ii) for all ¢ € C5°(R2) we have that F,[p] € LP(R), and there exists a constant C(p, o) such that

[Fulelly < Clp, o) (10y0lprx01) + |€lpo-1) (5.25)

provided
I m,1,s < 00 (5.26)

Proof. We first prove (i). Let & = s + 0. Applying Hélder’s inequality, we get from ) that

P ([ oim) °°\f-l[u+n)%(-m)ﬂf}(-,n)}(w)!” a,  (520)

with ¢ the conjugate exponent of p, i.e., 1/p+1/q = 1. The first integral on the right-hand side of ([5.27))
is finite because a > 1/¢q. Therefore,

AR < [, 1710 @) s (529)
Using that a = s 4+ o, we get from Theorem that

B <0 [ @em el 0+ s di (529)
and, applying again Hoélder’s inequality we get that

| FulfIlp < C lulamos [0 (5.30)

as required. Wen now prove (i4). Applying the same technique as in the proof of (¢) we get that

) 1 o p
Flelly < C s, [, (AR oy, (5.31)
T

and (i7) now follows using that, by a straightforward generalization of Hardy’s inequality,

1_|_77 o p
L (2 ol des <€ (10058 + ol ) (5.32)
:

This completes the proof of Lemma, [

The following lemma will allow us to analyze the function wg:
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Lemma 22 Let (p,7,s) € (1,00) x R2, 0 > 1 —(1/p+s), p € CH((R\ {0}) x (0,00)?), and define the
norm | : |M,T,s,p by

1
IMIM,T,s,p:/O ey y) s dy (5.33)
Let F,, be defined by
= [ F ) Ffm) L (5.34)

Then,

(¢) for all f € C5°(R2) we have that F,[f] € LP(R x (0,1)), and there exists a constant C(p,0) such

that
|]:u[f]|p,]R><(O,1) < C(pa U)|f|p,a s (5~35)
provided
|1l M.0,5,p < 00 - (5.36)
(i3) for all p € C§°(R2) we have that F,[¢] € LP(R x (0,1)), and there exists a constant C(p, o) such
that
| Fulellprx0,1) < C(P,0) (10y2lprx(0,1) + | Plpo—1) (5.37)
provided
il M1, < 00 - (5.38)

Proof. Proceeding exactly as in the proof of Lemma [21| we obtain for (i),

B o) < C / / (A )Pl ) Bl (L 1) )2 dindy | (5.39)

and equation ([5.36)) follows using Holder’s inequality. To prove (ii) we combine Hoélder’s inequality with
the inequality (5.32). =

6 Proof of Theorem 12

In the following two Lemmas we present our results for wy = Ty {K}[¢] and wp = Tp{K}[Fum,[¢]]. From
these lemmas the Theorem [12] then follows using the triangle inequality.

Lemma 23 Let f be a smooth function with compact support and let ¢ = a -V f, with a € R%2. Then,
(1) wy € LP(R x (0,1)), for all p € (3/2,00), and for all ¢ < 3p/(3 + p),
wvlprx(0,1) < Cla,p,q) (Ielp +1flq) - (6.1)
(it) Vwy € LP(R x (0,1)), for all p € (1,00), and for all ¢ < p,

IVov lprxo.1) < Ca,p,q) ([flq + lelp) - (6.2)

In principle we can establish, instead of , , bounds that only involve the function ¢, instead
of ¢ and f. The price to be paid is that the constants in the bounds then also depend on the support of
. Since the ultimate goal of the work that we start here is to use the present results for a proof of the
existence of solutions to the Navier-Stokes equations, we have chosen to systematically establish bounds
that are independent of the support of ¢, in order to be able to generalize to functions ¢ of non compact
support in a straightforward way.

Lemma 24 Let ¢ be a smooth function with compact support. Then,
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(1) wp € LP(R x (0,1)), for all p € (1,00), and for arbitrary o > 2 —1/p,

lwBlprx0,1) < C[@,0) |@lpo - (6.3)

(17) Vwp € LP(R x (0,1)), for all p € (1,00), and for arbitrary o, >1—1/p and o, > 2 —1/p, and

(pa U:D) [|@|p,(rw + |8y<p|p,R><(0,1)] ’ (64)

|0:wB|prx(0,1) < C
|8wa|p,lR><(O,1) < C(p, Uy) [|€0|p,ay + |8y<p|p,]R><(0,1)} .

In the remainder of this section we give a proof of these two lemmas.

6.1 Proof of Lemma [23l

Let r = y/22 + 92, and let x be a cut-off function in C>*(R?), i.e., x(z,y) = 1 for r < 1/2, and x(z,y) =0
for r > 1, say. We then set,
wy = Ty{K}g] = wy + Wi, (6.6)

with w{, = Ty {xK}[p] and with w{* = Tv{(1 — x)K}[¢]. From Proposition [3| we have that
XK € LY(R?*), and V(xK) € L'(R?). (6.7)
Therefore, we get from Lemma [I6] with ¢ = 1, that
W € LPRE), and V= Ty {V(xK)He] € LP(R2) | (63)

and that
lwylp < Clelp s and  [Vwyl, < C o, . (6.9)

For the second term in we use that ¢ = a -V f, and obtain that
i) = [ 2 Vol(l= 0K ~ 2.y = 30) = (1= X)C(o = 0,5+ 90)] S(z0,30) doody » (610)
R
where Vo = (0z,,0y,). We get that

Ty {(1 = x)K}ep] = Ty {a10:(1 — X)L} f] + Ty, {a20,(1 — x)KC}[f] , (6.11)

where a = (a1, a2) and Ty, 4 is defined as Ty, but with a plus sign instead of a minus sign between the two
terms. Indeed, the integration by parts introduces a change of sign for the yg-derivative. We therefore
do not get any cancellation at large values of y, and it is therefore sufficient to estimate the two terms
separately in a straightforward way. Applying Proposition we get that, for all n > 0,

V(1 —x)K] e L¥>"(R?) , and V31— x)K] e L'*"(R?) . (6.12)

Proceeding as in the proof of Lemma [16] we therefore get that wi¢ € LP(R2) for all p > 2 and ¢ <

3p/(3 + p), and that
wilp < Clp @)l flg - (6.13)

Similarly, we find that Vw}¢ = Ty {V((1 — x)K)}[¢] € LP(R%), for all p > 1 and ¢ < p, and that

IVwiel, < Cp, @)l flp - (6.14)

Combining (6.86.9) and (6.13][6.14), we obtain Lemma [23] This completes the proof of Lemma [23]

6.2 Proof of Lemma [24

In order to study the behavior of wp in the strip 0 < y < 1 we use the representation (3.22)) for wp,
which allows us to apply Lemma [22]in order to bound wp and Vwp. We treat the two cases separately.
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Bounds on wp. For all (k,n) € R x (0,00) we have that
Imo(k, )| < ne”*m (6.15)
and therefore we find that mp, as defined by , satisfies for all (k,n,y) € R x (0,00) x (0, 1),
s (k,m, )| < Cye M) (6.16)
Now, let & = dr/dk = (k —i/2)/k. Then,

Owmp(k,n,y) = —yke”"mq(k,n)
k — sign(k)
Kk — | k|

g {_ ke — sign(k)ek"}

T (6.17)

mo(k,n) +n

Using Lemma [42] we get that there is a constant C,

1 Ui 1 —Ikl(n+y)
oxmp(k,n,y)| <C 1+ + 1+ e . 6.18
|Okmp(k,n,y)| lﬂy< ﬁ|k|> in(1, \/Jk) ( Tkl)] ( )

For a constant C' < co. We therefore find that for all (k,n,y) € R x (0,00) x (0,1),

kDb (e, m,)| < Cn([k] + 1)e#1n (6.19)
and that for all (n,y) € (0,00) x (0, 1),

This shows that the function mp is a multiplier in the sense of Lemma with s = —1, » = 0, and
arbitrary p € (1,00). Thus, applying (i) of Lemma [22] we obtain that wp € LP(R x (0,1)) for arbitrary
p € (1,00), and that, for all 0 > 2 — 1/p,

|wB‘p,R><(0’1) < |<‘0|p’a : (6.21)

Bounds on Vwp. Like wp, the functions d,wp, and d,wp are associated with multipliers mY% and m%
respectively, which are defined by,

m%(kﬂ%y) = _K'mB(kanvy) ) (622)
myg(k,n,y) = —ikmp(k,n,y) . (6.23)

For m%, we apply, for fixed (n,y) € (0,00) x (0, 1), the equation (6.16)), and obtain that
m (k,n,y)| < Clklne™ " . (6.24)

We can therefore use a scaling argument to show that there exists a constant C' < oo such that
|m% (k,n,y)| < C for all (k,n) € R x (0,00). For dym% we get that for all (k,n,y) € R x (0,00) x (0, 1),

kOkmg (k,n,y)| < [kmp(k,n,9)| + [K*Owmp(k,n,y)| , (6.25)
and we can apply (6.16)) and (6.18)) and we get that for all (k,n,y) € R x (0,00) x (0, 1),
ey (k, 1, )] < Clbli(L+ [blye M) (6.26)

Using again a scaling argument we find that for all (n,y) € (0,00) x (0,1),

n 1
sup |kOrm% (k,n,y)| < 1+ ) , 6.27
sup [y )| < 2 (14— (6:27)

and we therefore get that for all (n,y) € (0,00) x (0, 1),

1+n

g (6.28)

Im% (- n,y)|lm < C
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This shows that the function m% satisfies the assumptions of Lemmawith s = —1,r =1 and arbitrary
p € (1,00). Thus, applying (ii) of Lemma [22] we get that O,wp € LP(R x (0, 1)) for arbitrary p > 1, and
forallo > 1—1/p,

|aa:wB|p,r,Rx(o,1) <C (Mp,a + [0y elprx(0,1)) - (6.29)

For mY, we apply, for fixed (n,y) € (0,00) x (0,1), (6.16) and (B.1), and obtain that for fixed (n,y) €
(0,00) x (0,1), and arbitrary k € R,

mp (kym,y)| < C v/ [k[(1+ V/Tk])e™ M. (6.30)
As before, a scaling argument now implies that for all (n,y) € (0,00) x (0,1),
Sup img (k,n,y)| < (14 /1) - (6.31)

Therefore, by definition of x and £, see (B.1) and (B.2)), respectively, we get that for all (k,n,y) €
R % (0,00) x (0,1),

|akm%(k7’r]ay)| <C (\/W(l + \/W)kaB(kﬂ?»yﬂ + (1 + \/1?|> |mB(ka777y)|) : (632)

Using (6.16]) and (6.18)), we therefore get that
Dl (1, )] < C (ny/TEI(L+ V/IRD (L + [kl))eHIer+) (6.33)

and using again a scaling argument we get that for all (n,y) € (0,00) x (0,1),

o

1+4+1)
sup |kOym% (k,n,y)| < C a+m?® 6.34
kegl kg (K, n,y)| < 7 (6.34)
Therefore, we finally get that for all (n,y) € (0,00) x (0,1),

3

1+4n)2
my 51 Y Mgc(ia 6.35
Img ()| 7 (6.35)
and m?Y, therefore satisfies the assumptions of Lemma with s = —2, r = 1 and all p > 1. Thus,

applying (i¢) of this very lemma J,wp € LP(R x (0, 1)) for arbitrary p > 1, and for all ¢ > 2 — 1/p, we
have that
‘awa‘p,r,Rx(oJ) <C (|<P|p,g + ‘6y<P|p,R><(O,1)) . (6~36)

This concludes the proof of Lemma

7 Proof of Theorem [13

In this section we discuss the case of ¢ = 0,.f. We again set

wy = Tv{K}p] = wy +wy, (7.1)
with
wyy = Ty {xKC}e| , (7.2)
wyt = Tv{(1 = x)K}He] , (7.3)
so that
w=wy +wy +ws . (7.4)

We now proceed as in the previous section and estimate all the components in the decomposition (7.4)
independently. Theorem [I3] then follows by the triangle inequality.

Lemma 25 Let f be a smooth function with compact support, and let (p,o) € [1,00) x [0,00). Then,
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(i) w§ € LP(R2,), and there exists a constant C (o) such that
|w€/|p,a,Ri+ < C(U) ‘80|p,a : (75)
(i) Vw§, € LE(RZ), and there exists a constant C(o) such that

|vw€/|p,a‘,]R‘2F+ < C(U) |(10‘p,0 : (76)

Lemma 26 Let f be a smooth function with compact support and let o = O, f. Let (my,m,) € N* and
(p,o) € [1,00) x [0,00), and let myy = 2my +my +4. Then,

(1) 8;”185%’%}‘3 S L{;(R?H), provided 0 < My, and p > 3/(mgyy — 0).

(ii) for all 1 < q < gqy,, with

my7

-1
1 Ty —
40, o = (max{l + - - myU,O}) €[1,00] , (7.7)
x Ty p 3
there exists a constant C(p,q,0) < oo such that

|07 = 0wy <CPa,0) [ flgato (7.8)

\% 2 =
p,oRY L

Lemma 27 Let f be a smooth function with compact support and let o = O, f. Let (my,m,) € N* and
(p,o) € [1,00) x [0,00), and let mgy = 2my +my +4. Then,

(i) Om=0,"wp € LE(R2), provided 0 < my, and p > 3/(my, — o).

(ii) for all 1 < q < qy,, with

my7

-1
(jfnx’my = (1 — min {1’ m”“/_;_?’/p}) c [1’00] , (7.9)

there exists a constant C(p,q,0) < oo such that

o0y swn], e < C.0.0) flyamsg (7.10)

The remainder of this section is devoted to the proof of these lemmas.

7.1 Proof of Lemma [25]

Again we write w{, as a convolution, i.e., w§, = (xK) * ¢, with @(z,y) = ¢(z,y) for x € R, and y > 0
and ¢(x,y) = —¢(z, —y) for © € R, and y < 0. Therefore, there exists a constant C(o) < oo such that

(1 +y)7wi| < Clo) (I(1+y)7XK]* [@] + XKl + |(1+y)7¢l) - (7.11)

Using Proposition |3} we see that YK € LL(R?) for all & € [0,00), and, using Young’s inequality for
convolution, we get that

w§ € L2(R%), and that lwy |, < Clo)lel,, - (7.12)

Similarly, using again Proposition [3| we get that V(xK) € LL(R?) for all o € [0,0), and therefore we
get, using again Young’s inequality, that

Vwy € LZ(R3) , and that |Vwy|,, < C(o)l¢l,, - (7.13)
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7.2 Proof of Lemma [26]

Using that ¢ = 0, f, we find that wi® = Ty {0, [(1 — x)K]}[f], and therefore we have for arbitrary integers
(mg,my) € N2, that
o = Ty {9 o (1~ KIS (714)

Now, given p > 3/(mgy — o), and g7, ,, ~as defined in (7.7), and given g satisfying 1 < ¢ < gy, ,, ., We
define r by the equation 1/r =1/p+ 1 —1/q. Since

- (2(mg + 1)+ (my +1)—0) >3, (7.15)
and since 1 — x truncates away from zero, Proposition [{I] implies that
o= tromv (1 — x)K] € Ly (R?) . (7.16)

We can now apply Lemma (17| with p, ¢, r as defined above and with G =9™=*19,"[(1 — x)K], and we
get that
O oyvwys € LE(RY) , with |97 0)"vwis o SC flgoir - (7.17)

7.3 Proof of Lemma 27

Since ¢ = 0, f, we have the following representation for wy :
Lemma 28 There exists a function g € C*°(R), such that:
(¢) for all 1 < p < oo, there exists a constant C(p) < oo depending only on p such that
1, < CO) 1flya,y - (7.18)
(#) wo = 0.
Proof. Since ¢ = 0, f, we have F[p] = —ikF|[f]. Therefore. we have for all k € R, that
Flool (k) = —ikF[Q](k) . (7.19)
where -
= [ F o) P dn (7.20)

with mg as defined in . Proceeding exactly as in the proof of Lemma 4] we obtain that Qg is
smooth with all derivatives tending to zero at infinity, and implies that wy = 9,€g. The function
Qg satisfies the assumptions of Lemma [21] with multiplier m. Namely, using Proposition 43| for all fixed
n € (0,00), we get that |mq(k,n)| < ne~FI", for all k € R. Therefore, we find that supy, |mo(k,n)| <7 for
7 > 0, and we conclude that, for k # 0,

ke "1 —sign(k)e~ k" i — sign(k
Ouma )y Z R By (7.21)

Therefore we get, using Lemma [12] that
|kdmo(k,m)| < C n(1+ [k[)e 7 (7.22)
from which we get using a scaling argument that

sup |kOymo(k,m)| < C (L+1) . (7.23)
keR\{0}

From (|7.23)) the bound (7.18)) on €y now follows using Theorem 21| with s = —1 and r =0. m
Using Lemma [28| we can now prove Lemma First, we note that for arbitrary integers (mg,m,) €

N2,
wp =Tp {10 K} Q] - (7.24)
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This shows that wp satisfies the assumptions of Lemma Namely, let 0 < mgyy, p > 3/(myy — o), and
g such that 1 < ¢ < (j‘,’,m,,”y, and define r by the equation 1/r = 1/p + 1 — 1/q. By definition of g7,
we have for all ¢ < 'qvfnmmy, that

’H’Ly’

1 1 3
l——-<=-|mgy—0c—-], 7.25
q 2 ( ! p> (72%)
since the definition of p implies that mg, — o — 3/p > 0. Combining the above inequalities, we get that
1 1 1
mmy—0>2<+1—)+, (7.26)
p q p
so that finally
2
P (o—{2(m$+1)+(my+l)+4—r})<—1. (7.27)
Hence, Proposition [40] implies that
oo o0 3
/ (14+y°%)P [/ |07 0" K(z, y)|" dz] dy < oo . (7.28)
1 —00

We can therefore apply Lemma with p, g, 7 as defined above and with G = 97=+19," [(1 — x)K], and
we get that
o0 vwp € LE(RY ) , and that |5§c"*3§lyw3|p,gm = C ], - (7.29)

Since by Lemma Q0l, < C |f[,2-1/4 We get the stated result.

8 Proof of Theorem [14
In this section we treat the case of ¢ = 9, f. We again set
wy =Ty {K}p] = wy +wy”, (8.1)

with w{, and wj* as defined in (7.2), (7.3). The first term on the right-hand side of (8.1)) has compact
support and its properties as a function in Lg(]Ri ) have already been studied in Lemma It is
therefore sufficient to discuss the second term. Using that ¢ = J, f, integration by parts leads to

wy'(z,y) = /}R2 (0y[(1 = x)K](z = 20,y — yo) + Iy[(1 = X)K](z — w0,y +y0)) f(@0,y0) dxodyo . (8.2)
+
When comparing with the case of ¢ = 0, f (see ) we see that the two terms below the integral in
are added and not subtracted and we therefore loose one power of decay in y at large values of y,
when compared to the case of ¢ = 0, f. Moreover, since 9,K already decays one power less fast in y
than 9,K (see Proposition , we expect that wi® decays two powers of y less fast than for the case
of ¢ = 0,f, i.e., only like 1/y? instead of 1/y*. This is in contradiction with our expectations which
were motivated in Section and which stipulated a decay like 1/y3. The reason for this apparent

contradiction is that there is a compensation between wp and wy”, i.e., both terms decay like 1 /y?, and

we therefore have to use a different splitting if we want to prove a decay like 1/y5.

8.1 New splitting

Since the function f is of compact support, we can define a function F' by
Fle) = [ fla2) dz. (83)
Y

and in the remainder of this section we reserve the symbol F' for this function. By definition f = —0,F,

F is of compact support in @, and, in particular, we have that F' € L2(R%). Moreover, by Lemma
we have that for all (p, o) € [1,00) x [0,00), and for all ¢/ > o + 1,

|Flpe <C0,0,0)|flpor - (8.4)

23



We now use that f = —0,F in order to integrate once more by parts in ). Namely, using in addition

that by (L.14) and (8.3),

0= [ 12 de =l (55)
with 1 standing for the function identically equal to one. We get that
Wy =~y +wp (8.6)
where
Wyt = Ty {0yy[(1 = )KI}HF] (8.7)
wi = Te{(1 = )K}HA[f] - (8.8)

The new volume term w}* is now again an expression in terms of Ty for which we have a compensation at
large values of y. Moreover, the corresponding Green’s function B;K behaves at large values of y like the
Green’s function 0,K. Therefore, as we prove below, the new volume term behaves at large values of y
like 1/y*. The term w¥ is the above mentioned term which behaves for large y like 1/y%. We now isolate
the compensating term in wp. Since x(z,y) =0, for all y > 1 and = € R, we have that, for (z,y) € R?H,

Te{(1 = X)C}HF(, 0)] = Tp{L}HF(,0)] . (8.9)
Also, since ¢ = 9, f we have by that wp = Tp{K}[Fm, [0y f]]. Integration by parts gives that
Fmo [0y f] = =Fo,m, [f] - (8.10)
Therefore we have, for (z,y) € R, that wg = —w} + wp, where W = T{K}[Fsm,[f]], with
o (k) = 1 — Bymo(k,m) . (8.11)

In order to analyze the behavior of the new boundary term wp we split it into two parts, an explicit part

cTJeBXp which shows the expected behavior like 1/y® and a remainder @** which decays again like 1/y*.

Explicitly, we set p = 05> + T, with G5P = TB{IC}[fﬁgxpl [f]] and @ = Tp{K}[Fgrest [f]], where

mg P (kyn) = kne ™", (8.12)
Mt (kym) = mo(k,n) — mEP (k,n) . (8.13)

8.2 Formulation of main lemmas
With the above notation, we have that, in Ri T

1 ~
w=wy — 0% +apP + .

We now prove bounds for each of these terms separately. The required result then follows using the
triangle inequality. The term wy, has already been estimated in the previous sections, see Lemma
To bound &}, we use that the bounds in Proposition 41| on 97K are the same as the bounds on 9,K.
Therefore, the proof in Lemma [26] can be repeated, and using Lemma [§] to bound F' we get:

Lemma 29 Let f be a smooth function of compact support and let p = O,f. Let (my,m,) € N
Mgy = 2my +my + 4, and let (p,o) € [1,00) X [0,00). Then,

(i) Om=0," @Y € LE(R%,), provided o < myy and p > 3/(may — o).

(i) for all g, 1 < ¢ < U m, and Tmym, S 1N , and all o' > 2 + o, there exists a constant
C(p,q,0,0") < 0o, such that

‘~nc‘p JR2 < C(p7 q,0,0 ) |f|q ol (814)

The boundary terms &Wi can be dealt with as in the preceding section. We get:
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Lemma 30 Let f be a smooth function of compact support and let p = d,f. Let (mg,m,) € N
Mgy = 2my +my + 4, and let (p,o) € [1,00) x [0,00). Then,

(i) Om=0," @it € L2(R2,), provided 0 < My, and p > 3/(mgy, — o).

(i) forallq, 1 <g< ﬁfnm,my, with Ej:f'nz’my as in , there exists a constant C(p,q,0) < 0o, such that

|w§St|p,o,R1+ S C(pa Q7U) |f|q72—1/q . (815)

~exp

The term wy 1, finally, is the term decaying only like 1/y? at infinity:

Lemma 31 Let f be a smooth function of compact support and let ¢ = O,f. Let (my,m,) € N2,
Mgy = 2my +my, + 4, and let (p,0) € [1,00) X [0,00). Then,
(1) a;?ra;"y&j’;‘pl € L2(R%,), provided 0 < mgy — 1 and p > 3/(mgy, — 1 — o).

(@) forallr, 1 <r <2qp, .. [(@n, m,+2), withqy, ., asin , there exists a constant C(p,q,0) <
o0, such that
&5

vz, <C0,10) (Il +1el,) - (8.16)

The remainder of this section is devoted to the proof of Lemmas [30| and

8.3 Proof of Lemma

We prove that @155 satisfies a lemma equivalent to Lemmathen follows using the same arguments

as in the proof for Lemma With this idea in mind, we define for (k,n) € R x (0,00), the multiplier
M(l)rest by

__ ~rest k

Mt (k) = — 0 1) ZI(C 1) (8.17)
We have the following technical result:

Proposition 32 The multiplier J/\Z(’Jrest satisfies:
(i) Mgt € C'(R\ {0} x (0,00)).

(#) for allm >0
(1+7%)
; :

sup [ Mg (k,n)| + sup |[kdp M5 (k, )| < C (8.18)
k#0 k#0

Proof. We first prove (¢). By definition, we have that

o k(e " — 1) — |k|(e~ kI — 1
moest(k,’n) — ( L||k!|( ) — ke

—Kn

Consequently
K€ = 1+ (s = K)e™7) — [kl(e~¥n — 1)

Mrest k —
0 ( 777) Z'k(l'il— |]€D

Since k is smooth away from k = 0, we find that MS‘S“ € CY(R\ {0} x (0,00)). To prove (ii) we set
MRSt = Mt — MESs*, where

k(e — 1 4 nre™ ")
ik(k — |k|) 7
sign(k)(kne="" 4 (e~ k" — 1))
i(rk — [kI)

Mg* (k,n) =

Mgs* (k,n) =
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and prove (i7) for Méelst and ]\45@2bt separately. For Méelst we obtain by Lemma that for all (k,n) € R?,
) <€ (14— ) e 1 4 gre]
| VIR I = k]

1 1
<C |14+ —=|—— ’e_‘kln—l—knkze_‘kl"
( \/m) = k|{ i

+ ‘e‘”" — ek 4 e — n|k|e‘|k|”‘ } .

Since 1/|k — |k|]| < C (1 + 1/+/|k|) we have that

()= ()

Since furthermore |e~!*1" — 1 + |k|e~¥I"| vanishes like |k|? at k = 0 and is bounded at infinity, we get

that, for all n > 0,
1 1
sup [ 1+ —— e~ 1KIn 1 4 p|k|e~ Ik
k;ﬁo( \/|k|>|ﬂ|k||

Using a scaling argument, we therefore find that there exists a constant C independent of 7 for which for
all n > 0,

< 00 .

1 1 ) —|k
sup [ 1+ — 7‘6 kIn 1 4 p|kle”! ‘") <C(l+n).
k;é()( \/|k|> | — [kl
We also have that

‘e_“" — eIk e n|k|e_|k|”‘ <n?lk — k|| || ek

Therefore we get, using the bound in (B.1)), that

(H 1 ) |k||\ e — M e ke < O (14 [])* e
-

Ik

Using again a scaling argument we find that for all > 0,

1 1
sup (1 + ) TRl ‘67"“7 — e IFIn 4 e — 77|k|67|k|"‘ <C(1+n)?

w20\ VK

As a consequence,

‘a rest(k, 77)‘ |"i — Slgn ‘ I‘ebt ) [2@(6_”7/ -1+ 7’]%6_””) 7]21%;‘626_'”/
k=Rl Ikll Ikl k(k — |k|) k(r — |k|)
By Lemma [12] we have that
—sign(k)| | 1 < . { })
74—* <C (14 min{ k], —
e lell A 7

7’]2:‘%3/'{326_’%”

| < CnPk|(1 + |k|)2e kI
Hoe TRy | < Ok 1)

k|

Therefore, we find that, for all n > 0,

i —sign(k)| 1
k=Kl (K]

VIS5 (k)| < sup [T (k)]
sup k£0
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and that
772/*'6/{26_57]

k(k — |k[)

1+mn)?
n

SC(

k0

Finally, we use that

( kN _ 1 —|—’I7[€€ f'i’r])
k(r — (k)

and get by a scaling argument that

1
=¢ (1+|k:|>| B L

e — 14 yre™)
G — [k

Collecting all the bounds we find that we have proved that

<C((1+n).
k#0

1
sup [k M (k, )| < o+’
k#£0 n

For ]T/.féf’;t, we obtain by Lemma that for all (k,n) € R%,

Mt (k,m)| < C —1 (8.19)

(1 + |k[)e Ik + (1 +

\/1%') eI

The last term in (8.19) is bounded, since e~*I7 — 1 vanishes like |k| at & = 0. Therefore, we find by a
scaling argument, that for all > 0,

Nres 1
sup |V, )| < © [ T \/ﬂ .
k#£0 n
Next,

fne ™" — frmPe " — sign(k)ne~ kI

(r — [K])

— sign(k

K

|0k MES" (K, m)| <

’| I‘ebtk,,r]|+

As before we therefore find that

— sign(k

— [K]

up \ Vg5 k)| < C sup V355

and that

ne=" — frm?e " — sign(k)ne~ I
(5 — |K])

Therefore, using again a scaling argument, we finally get that for all > 0,

< O [n(L+[k]) + 77 (1+ k] e *

sup kOR MES (k)| < C (1 +1n)?
0

]
With these technical results at hand we can now prove the following lemma.

Lemma 33 Let f be a smooth function with compact support and let

aps = [ [N FS )] dn. (8.20)
0
Then,

(i) Q5= € C=(R),
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(i) for allp > 1 there exists a constant C(p) < oo such that Q™| < C(p) flp2—1/p-
(i) Frpens[ ] = D2

Proof. (i) follows because f is a smooth function with compact support, and since by definition
FQ=)(k) = —ikFpest @], for all k € R, we get (i4). To prove (ii) we apply Lemma The multiplier

Mg MEest gatisfies the assumptions of Theorem . with s = 3, = 1 and any p. Therefore, Q' € LP(R),
for all p € (1,00), and

2], < C (Il + 1lpavp) - (8:21)

This completes the proof of Lemma[33] m

The remainder of the proof of Lemma [30]is identical to the proof in Section

8.4 Proof of Lemma [31]

~expl

For wy" the multiplier technique does not give sufficient information. We therefore first find a new

1
representation for wi? .

Lemma 34 Let @ ~eXp1 be as above. Then,

(i) G9® = 8,957 where for x € R,

QP (z) = /R (0:K(x — @o,m) = K( = wo,m)) (w0, 1) dn . (822)

+

(i1) QP e LP(R) for all p > 2.

(#9t) for all p > 2 there exists C(p) < oo such that for r < 2p/(2 +p)

5™, < Ca) (1], + Il ) - (8.23)
Proof. To prove (i) we first note that
e "
FIK](ky) = ——— . (8.24)
Therefore, we have for all z € R,
Q7P (@ / OyyK(z — 0, y) f(x0,y) dzody . (8.25)

But, by definition, we have that away from z =y = 0, 9,y K = 0,K — 0,.K. Substituting this identity
into the integral (8.25)) and using standard properties of convolution and parameter integrals we get the
result. To prove (ii) we set QO%P' = Qf Ly Q05 ! where

Qgi{pl / / a K: — Zo, ) IC($ - Q?o,?’]))f($0, 77) dden ; (826)
055w = [ [ (0ukw ~ 20,1 ~ Ko~ z0,m)f 0, ) daady (5.27)

We have that

exl
o< [ |f

p

\8 K(z — z9,m) — K(x — zo,n)| | f(x0,n)| dxodn| dx . (8.28)
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Since, for all (z,n) € R x (0,0),

102K (2, m) = K(z, )| < \/5%772 , (8.29)
we find that for all0 <n <1 and z € R
0:K(z,n) — K(z,n)| < \/;cfﬁ : (8.30)
Therefore, )
[oheal /_O; ‘( == 1 |f(x$’”) dn’ de> dz . (8.31)

Applying Young’s inequality, with (p, ¢,7) satisfying p > 2, r < 2p/(2+p) and 1/g+ 1/r =1+ 1/p, we
get, since x — 1/vx2 + 1 € LI(R), that

00 1 r %
Qe < ¢ / ( / £z, ml (x’””dn) de| (8.32)
—o0 0 n
where 7 > 1. Therefore, Jensen’s inequality implies that
Qe < C[ ﬂ iy di } . (8.33)

Applying Poincaré’s inequality, and using that f vanishes a y = 0 and that d,f = ¢, we finally obtain
that
xpl
27 1p < Clel,

For QSTQPI we have, for n > 1, that |0,K(z,n) — K(z,n)| < W' Consequently,

|Qexp1|p < /oo ‘<

Therefore, we find as above that

ol < o U_O; (/100 |f(x,n)dn>rdx] " (8.35)

By Holder’s inequality we have

[ irwia < ( I ujw,dn)w ( | aarisenr a dt)w L (830)

with 7/ > 1 such that 1/7' + 1/r = 1. Therefore, we finally get that ’Qe’qﬂ’ < C|f|,.;- This completes
the proof. m

o p

dx . (8.34)

|70, )] dn] i

2+ 1

Using Lemma[34] the proof of Lemma[27) can now be repeated to prove Lemma[31] provided we choose

q such that 2 < ¢ < Ejg“m/ This is possible, provided E]V;'Tlmm! > 2, which is equivalent to requiring that

its conjugate exponent is smaller than two, i.e., that '

2

Mgy —0 —3/p

The condition is satisfied in particular if o < mg, — 1, and if p < (Mgy — 1 — U)/3 Now, given

L<r<2q, . /(2 + Gy, m,) let @ be defined by 1/¢ = 1/r —1/2, hence, 2 < ¢ < qp,, ,, - Therefore,
applying the method of proof of Lemma [27] we get that

0= Oy T { K H@E ™| pe < C 125 (8.38)

<2. (8.37)

and, with the above lemma that
|07 v Tp {5 lp.e < C (| flr1 + [l - (8.39)

This completes the proof.
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A The Green’s function £

We start by recalling some well known properties of the Bessel functions Ky and K7 = — K|, (the prime
denotes the derivative). See for example [I3], sections 5.6 to 5.11, for more details. We have:

(¢) the function Ky is infinitely differentiable on (0, c0),
(#4) for small values of z > 0 we have that Ky(z) = —log(z) + O(1), and K;(z) = 1/z + O(z),

(791) for large values of z > 0 we have that

Ko(z) = \/Ze_z(l +o(l)) and Ki(z) = \/ze_z(l +o0(1)) . (A1)

Let now K be as defined in (3.1). We divide the analysis of K into an analysis of the behavior close
to the origin and an analysis far away from the origin.

A.1 Behavior close to the origin

We first prove the Proposition
Proof. Let Br C R? be the ball of radius R centered at zero and let » = /22 + y2. Using the properties
of Ky we have by definition that X € C>(R?\ {(0,0)}) and that K € L*(Bg) for all R < cc. For 9,K we

have .
ez r

0uK(a.y) = — (KO(Q) - §K1(g)) , (A.2)

and an explicit expression for 0,/C is given in (3.9). Using the properties of the functions Ky and K, we
find that for all R < oo,
Y
10K (z, y)| + [0, K(z, y)| < Cm 5 (A.3)
and therefore 9,K and 9,K are in L'(Bg). Finally, since, by definition of K, AK(z,y) = 8,K(z,y) for
all (z,y) € R?\ {(0,0)}, the bound on 9,K implies the bound on AK. m

A.2 Asymptotic behavior

We analyze separately the pointwise behavior and the behavior in the mean.

A.2.1 Pointwise decay at infinity
In order to state our results we use the following conventions concerning asymptotic expansions:
Definition 35 Given rg > 0 and € € C*((rg,00) X (0,7)) we say that

(1) € admits an asymptotic expansion of order p, as p — oo, if there exist trigonometric polynomials
(Y05 - -+, Vp—1) and a bounded function n € C*((rg,00) x (0, 7)) such that

“(p.0) S w® 00 _ (A4)

(i4) € admits an infinite asymptotic expansion, if it admits asymptotic expansions of arbitrary order
p=>1.

Note that we require in our definition polynomial coefficients ;. This is for technical convenience
only. Some straightforward properties of functions admitting infinite asymptotic expansions are:

(a) the set of functions admitting infinite asymptotic expansions is stable under sum, multiplication
and multiplication by trigonometric polynomials.

(b) if € and 0,e admit infinite asymptotic expansions then, the first order term -y in the asymptotic
expansion of d,e vanishes.
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c¢) if g, d,e, Oye admit infinite asymptotic expansions, and if there is a trigonometric polynomial vy and
o g y Y
a remainder 7, such that for all (p,8) € (9, 00) x (0, 7)

£(p,0) = 70(0) + ”(’; o) (A5)

then (n,0,m,0gn) also admit infinite asymptotic expansions.

For 9'IC we have:

Lemma 36 Let m > 0. Then, there exists rp, > 0, a family (™)p<m € [C(0,7)]™, and functions
em € C®((rm,0) x (0,7)) such that:

(i) a is a trigonometric polynomial for alln € {0,...,m — 1}.

(i3) there exists O, > 0 and () n<m € (0,00) such that ol (0)] < ™02 ™) for all @ € (0,0,,).

(#it) em and all its derivatives admit infinite asymptotic expansions.

)
)
)
(iv)

K.y = SO IR aR0) | emlp:0)

A6
\/ﬁ n=0 pn pm ( )

Proof. We prove the lemma by induction over m. First, we have that Ko(p/2) = e=*/220(p)/\/p, With &g
admitting an infinite asymptotic expansion, and K (p/2) = e"’/ng(p)/\/f), with £ admitting an infinite
asymptotic expansion (see [I3, (5.11.9) p.123]). Therefore, the derivative f, which is given by

eo(p)
2p

c4(6) = 20(p) + 5e0(0) +

)

also admits an infinite asymptotic expansions. We have that K/ (z) = —(Ko(z) + K1(z)/z), and therefore
ey admit infinite asymptotic expansions. Iterating this process, we get that all derivatives of g admit
infinite asymptotic expansion. Consequently.

eP cos(0) % ) ep(cos(@)fl)
o(p/ )—7277\/,5 co(p) »

satisfies the statement for m = 0 with ¢y independent of . Assuming now that the assertion is satisfied
by 07'IC, we have that

’C(p’ 0) -

0y K(z,y) = "2 F (p,0) .

with )
| an(®) | enlp,d)
F(p,0) =e o/ [Z py?+1/2 + pmt1/2 |
n=0

Using polar coordinates, we get that
F(p,0 in(6
a;n-i-llc(x’y) — P cos(8)/2 <(g) + COS(@)ﬁpF(p, 9) _ Slnp()agF(p, 9)) .

Substituting F' yields

9K (2, y) =

ep(cos(9)—1)/2 {ml am+l

\/ﬁ Z

n=0
1 (1 —cos(8))em(p,0)
+ T
pm+§ 2

prts

~ cos(6) (m _ ;) A, (8) — sin(8)dpa™_, (6) + cos(8)dpem (p, 9)}

N [(m+;> cos(@)sm(p,Q)+Sin(9)895m(p,9)]} ,

ptE
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(1 —cos(8))ag ()

Oégl—i_l (0) - 92 )
artie) = U‘”%fNM“@—wn—%ﬁ%waAw)—ﬁmm%amﬂm, VO <n<m

Using now that €, and 0,¢,, admit asymptotic expansions of order one, and applying the above property
(b) to Opem, we find that there exists a trigonometric polynomial v and (€m,€,) € [C*((rm+1,00) X
(0,7))]? (for some 7,41 > 0) such that for all 7 > 7,41,

x~ 1
em<p,e>=w<9>+€’”(,f’0)v and 6pfm<p79>=%(5’0)-

We therefore get that 97K has the form (A.6]) with

e - Ume®)apo)
oprie) = UG 1y cos(@jar,6) - sin@)nar, 6)
aprie) = LN o) (- 3) a1 (6) — sin@)pazs_,(0)
cnn(p.0) = LZOED) | coi(9) (@,(0) — (m+ 1) 2n(p.0)) — sn(@)hen(p.0)

From these expressions, and using that (a*)o<p<m—1 and 7 are trigonometric polynomials, we obtain

that (am™™1)o<,<, are also trigonometric polynomials. This proves (i). Next, we have, applying the
induction hypothesis, that there exists 6,, > 0 for which for all 8 € (0,6,,),

[t (O)] < 11— cos(0)[c),67™ /2 < ¢, , 62

<n—;)a14wﬂ+

Using the induction hypothesis, we can find constants ¢}, | for which for all € (0,6,,)

Then, for n > 1, we have that

sin(6)9pair, (0)
2

I (9)] < ] ;

n

(1— COS(@)O@T(@‘
2

1-— 0))al (0
‘( COS(2 ))Ozn ( )‘ < é%+192(m+17n) ,

and

n—1

‘(n — ;) a (9)‘ < é?n+192(m_("_1)) < éZz+192(m+1_n) )

Finally, since o ; is polynomial in cos(f) and sin(#), it can be written as a a power series in . Using
again the induction hypothesis we find that the first 2(m — (n — 1)) terms in this power series vanish.
Consequently, we get, that there exists a family of coefficients -, for which

Opay 1(0) = Z Y0Pt

p22(m—(n—1))

and therefore there exist cj, | 1, for which, for 6 sufficiently small,

[sin(6)dga 1 (0)| < é:‘n_HQQ(m_("_l)) .

n—1
Combining these inequalities, there exists 0,,,1 sufficiently small for which for all 8 € (0,60,,11)

ot (9)] < g
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Similarly, we obtain that

a1 (0)] < ORI Y € (0,041) -

This proves (ii). Finally, applying the above property (c) to e,,, we get that &,,,&),, e, and their
derivatives admit also infinite asymptotic expansion. Consequently, the above property (a) implies that
em+1 and its derivatives admit infinite asymptotic expansion, and therefore we get (i#4). Finally, (iv)

follows by construction. The stated result now follows by induction. m

Using that €, in (A.6)) admits an asymptotic expansion of order 0, we get that it is bounded and we

have:
Proposition 37 For all m € N, there exists rp, > 0, such that:
() there exists a constant C' > 0, such that

9K ()| < Cer©OD/2 1 (p,6) € (r,00) x (0,7) .

(ii) there exists 0, > 0 and 0 < ¢, < Cpy, < 00, such that

m 02(m7n)
02K, )] < Cone= oY
n=0 P

1 s
n+3

In Lemma [36| we have already shown that 07K (z,y) = e *5)/2F(p, §), with

a'm(e)

(3

pn+1/2 :

F(p,0) = Ce #/* )"

n>0
Using again polar coordinates, we get that

cos(6)

0,0 K(z.3) = Cer 12 (sin)0,F(5.0) + = 0yF(p.0) )

and substituting F' we get that

0,0mK (z,y) = Cerlces®)=1)/2 [Z pﬂ§+(19/)2 N nmffﬁ 39)] .
n=0 P 2

Y (p,0) € (Tm,o0) x (0,0,,) .

(A.10)

(A.11)

It therefore follows from Lemma [36| that there exists 0, > 0 and (¢p)n<m € (0,00) such that |57 (0)| <
c,02(m=)+1 for all § € (0, 6,,),and furthermore that 7,, is uniformly bounded. We have therefore proved

the following proposition:
Proposition 38 For all m € N, there exists r,, > 0, such that:
() there exists a constant C > 0, such that
10,0m K (,y)| < CePcsO=D/2 = v (p 9) € (r,,,00) x (0,7) .

(it) there exists 0,, >0 and 0 < ¢, < Cy, < 00, such that

m 92(7n—n)+1

m —Cyn p0?
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A.2.2 Mean decay at infinity

With the above pointwise informations, we can now analyze the asymptotic decay for fixed y as x goes
to infinity. We have:

Proposition 39 Given integers (m;,m,) € N?, and 0 < y,, < ym < 00, there exists a dominating
function Fy,, m, such that for all z € R and all y € (Ym,yr),

() |00y K (x, )| < Finym, ().
(1) Frm,,m, € LYR) for all q such that

1

_ . A4
My +my +1/2 ( )

q>

Note that it follows in particular that F,, n,, € L'(R) provided m, > 1.

Proof. We begin with the case m, = 0 and we set m, = m. We parametrize lines y = const. by
6 € (0,7), so that
oy _ cos(0)
P= sin(6)’ = ysin(ﬁ) '
Then, we have, for arbitrary y,, < y < yp that y, sin(f) < p < yas sin(f). Replacing in , we get
that, restricting the size of 6,, if needed, there exists 0 < k;, < K,,, < oo for which, for all y € (ym,ynr),
|07 K (z, y)| < Fp0(z), where, in polar coordinates,

(A.15)

K01/ 2e=knt v 6 € (0,0m)
Fro(z)=¢ Kn, Vo€ (Opm,m—0), (A.16)
Kpe km/sin(m=0) = v c (g —0,,T) .

Consequently, we have in polar coordinates, that

6 s
. " do | do
Fooll=K | —F——= 9a(m+1/2) ;—akm0 / —qkm /sin(z—0) %Y
[Fmolg = Kon [(sm(em))2 + /0 c T ameez ), ¢ Sin(r — 6)?

(A.17)
Since the integrand is a bounded function, the last integral is finite. In the first integral we change
variables and set 0 = 1/t. We get that

0 [
m do dt
q(m+1/2) ,—qcm 0
/o ’ ‘ 62 = /1/9m ta(m+1/2) - (A.18)

The last integral is finite provided ¢ > 1/(m + 1/2). This completes the proof for this case.
For m, # 0, we consider two cases. First, if m, is even, we have that m, = 2n,, and, using that
92K + 02K — 9,K = 0 away from {(0,0)} we find that there exists a family of coefficients a;, such that

oK =" oyt tric (A.19)
p=0

Therefore we find that for all (z,y) € R X (Ym,Ynrr),

o 3 K, y)| < Z%Fmﬁnﬁk,o(x) ) (A.20)
p=0

The condition (A.14)) is “decreasing in m, "the most restrictive term being F},, 1,,. Consequently, this
term fixes the condition that ¢ must satisfy in order to get that the dominating function satisfies (A.23)).
At the same time we get that the assertion for even m, is true and it therefore suffices to check the

assertion for m, = 1. We proceed as in the first case. Substituting (A.15) into (A.12} |A.13)), yields, that
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there exists 0 < ky,, < K, < oo for which [07'0,K(z,y)| < Fi1(x) for all y € (Y, yar), where in polar
coordinates,
K, 0m+3/2e=kn0 9 € (0,0,,) ,

Fm,l('r) < K, , Vo e (077177T - em) ) (A21)
Kpe fm/sin(m=0) = v c (x—0,,7).

With the same computation as above, we find the condition ¢ > 1/(m + 3/2), which is the stated result
formy,=1. m

Finally, concerning the asymptotic decay when y goes to infinity, we have:

Proposition 40 Let (m,,m,) € N?, and (r,q,0) € [1,00)? x [0,00). Then,

[T | [ o apctoie ds| " an (A22)
1 —0o0
provided
r<a—<2mx+my+1—2>><—1 and q(mx+my+;>>l. (A.23)
q

Proof. As above, we do only need to check the cases m, € {0,1}. We begin with the case m, = 0 and
we set m, = m. In polar coordinates we have

/OO (1+ )f’/oo K. O ds| | d —/OO (1+ )U/w o (Y g\ o ]"
1 y e xT /0’ X y_ 1 y o xT Sil’l(e)’ Sin(6)2 y .
(A.24)
First, we compute the function I,
™ q
Y y df
= m . A2
) /0 Ok (m(e)’o) sin(6)2 (4.25)

Using the previous lemma we see that we can assume without further restriction that r,, as given by
Proposition [37is less than one. The bounds (A.7)), (A.8) are therefore valid for arbitrary (z,y) € R% .
We now set I(y) = I_(y) + I+ (y), where, with the same notation as in Proposition

I_(y) = /0 ﬂ oMK <Sin 9)’0> ' s{zg; , (A.26)
Ii(y) = /0 " K (Siny( 9),9> ! Sii ('Z:)Q . (A.27)

From (|A.7), we get the bound

™ oaqy(cos(9)—1)/ sin(0) 1 ™ (1 — cos(6)) _
I_ < dl < qy(cos(0)—1)/sin(0) do
W) < C/e sin(0)? Y= cos(0)) /9 sin(0)2 ¢ ;

m m

where we use that

oo

Therefore,
eq(cos(Om)f 1)/ sin(0,,)

I (y) < q(1 — cos(6,,))

For I, the bound (A.8) implies that

0y, ™ 0q(2mfn+%)72
Li(y) < Cy/o Z Wd‘g )
n=0
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and the last integral is finite provided g(m + 1/2) > 1. We therefore get that

By definition we have that

oo

/w<1+y>wu<y>|% dy < /m<1+y>”|f+<y>|% dy+ [ dy
1 1 1

We have that

[ arurinel a<c
1

2m n+1/2)—r/q
dy]

(o+1
/1 " /0 Z 'r (n+1/2)

n=0

(o 2] <

then there exists a < 1 sufficiently large, for which for all n < m,

1 1 1 1
rfo+-—a2Zm—-—n+_-——-|—(n+2 <-1.
q 2 q 2

Note that, provided 6, is smaller than the choice made in Proposition we could even make 6,,, depend
on y in the above arguments without any changes. Consequently, if we set 6,, = y~ for y sufficiently
large, we get that

/00(1 +y)ar|I+(y)|§ dy < C/OO yr(a+1/q—(x[2m—n+1/2—1/q]—(n+1/2) dy .
1 1

If we assume that

[0

This integral is finite because of our choice for a. With the choice 6,, = y~* we also get that

-«

e 1"
y2a
and since a < 1, the y-integral with /_ is also finite. This concludes the case m, = 0.

0y0'KC, we apply the same splitting of I(y) as for 0."KC and use the bound (A.12] |A.13)). Since the
bound outside [0, 6,,,] is the same in all cases, we also get that

I_(y)<C

y a8 Y — 00,

/ L+ o) @) dy < oo |
1

for all ¢, ¢ > 0 and 6, = y~* with o < 1. Finally, we note that the bounds (A.13) imply that we gain
one factor of § when compared with 0'K. Therefore, we have

m eq 2m7n+%)71

Yy q(n+1/2) ?

provided g(m + 3/2) — 1 > 0. Thus, the same analysis as for 97*/C implies that the integral

/1°°<1+y(f>’f|z+<y>|g dy

-2

and if we chose 6, = y~* with « sufficiently close to 1. This completes the proof. m

is finite, provided

Note that for the case ¢ = r we obtain the following result:

Proposition 41 Given (m,,m,) € N2, and (¢,0) € [1,00) x [0,00), we have that 9= d,"* K € L1 (B?),

)
for all R > 0, provided q((2my +my, +1) — o) > 3.
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B Fourier multipliers

In this section we prove some properties of k = k2 — ik, where the square root is always to be taken
with a non negative real part. We denote the differentiation with respect to k& with a dot.

Lemma 42 There exists a constant C' < oo for which, for all k € R\ {0},

Wl < C (VIR +1kl) o Re(r)| = Cmax(k], VKI/2) . [x—|kl| > Cmin(VEL1) . (BY)

1 1 1
k] < C (1 + ) , and |k —sign(k)| < Cmin (, 1) (1 + ) . (B.2)
Vk || vk
Proof. We consider the case k& > 0 only. The case with negative k follows by symmetry. Note that
|k| = (k*+ k2)%. Thus, (B.1) follows from bounds on both terms using the triangle inequality. Similarly,
we find that for all £ > 0

VETERE £ k2 (VE* + k2)/2 = |K|,

[Re(x)| = > (B.3)
2 VVEZ/2 = /TK]]2 .
Next we note that
4 2 _ .2
5~ K > [Tm()|,  where |Tm(x)| = |/ Y20 (B.4)

and |Im(k)| > 0 for arbitrary k > 0. Therefore, there exists a constant C'(g, M) > 0 such that for all &
with |k| € [e, M],
|k — k|| > C(e, M) .

Therefore we have for |k| < 1/2, thatvk* + k2 — k% > |k|/2. Consequently, we get |k — |k|| > +/|k|/2.
For large values of k, i.e., |k| > M, say, we have that

1 1 1
4 2: 2 — > 2 e > 2 — .
VE R =B 14 5 > k <1+3k2>_k +3

Substituting this bound into Im(x) we obtain that |x — |k|| > 1/1/6. For &, we have that

. 2k +1 . VAakZ +1
k=—=——=, andthat |k|=—"—F.
WK — ik 2(k* + k2)1

Using that v4k2 + 1 < 2]k| + 1 and replacing in %, we obtain the stated result. Finally, straightforward
computations, lead to

1
=kl <CO+—=) .

VI

Finally, as for the case of ||, we use that k? — |k|? = ik. Consequently, we have for all k > 0, that
(k —sign(k))(x + |k]) + (5 + sign(k))(k — |k]) = /2 .
Thus,

1
|k — sign(k)| <

1 . ,
S et Tl (2+|l€+81gn(k:)| |m—|k||> )

With this bound we obtain that

1 (1
| — sign(k)| < %] (2 +

1+\/1|?|] Ik — [k |) .

Moreover, there exists a constant C' < oo such that |k — |k|| < C for all k > 0. This is obvious for
k € [0, M], since the function k — |k — |k|| is continuous, and for large values |k| we can use the
asymptotic expansion of Re(x) and Im(x) and find that

Re(k) — |kl = O(1/[k]), and Tm(x) = i +o(1) .
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We

therefore finally have that
C

£ —sign(k)| <
| ]

As an immediate corollary, we get:

Proposition 43 Givent > 0, and k € R, we have that

< te” kIt (B.5)

References

[1]

2]

[10]

[11]

[12]

C.J. Amick.
On the asymptotic form of Navier-Stokes flow past a body in the plane.
Journal of differential equations, 91:149-167, 1991.

Bernard Bunner and Grétar Tryggvason.
Direct numerical simulations of three-dimensional bubbly flows.
Physics of Fluids, 11:1967-1969, 1999.

Sebastian Bonisch, Vincent Heuveline, and Peter Wittwer.
Adabtive boundary conditions for exterior flow problems.
Journal of Mathematical Fluid Mechanics, 7:85—-107, 2005.

Sebastian Bonisch, Vincent Heuveline, and Peter Wittwer.

Second order adaptive boundary conditions for exterior flow problems: non-symmetric stationary
flows in two dimensions.

Journal of mathematical fluid fechanics, 8:1-26, 2006.

Asghar Esmaeeli and Grétar Tryggvason.
A direct numerical simulation study of the buoyant rise of bubbles at 0(100) reynolds number.
Phys. Fluids, 17:093303-093322, 2005.

Lawrence C. Evans.
Partial differential equations, volume 19 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 1998.

Reinhard Farwig.
A note on the reflection principle for the biharmonic equation and the Stokes system.
Acta Applicandae Mathematicae, 37:41-51, 1994.

G.P. Galdi.

An introduction to the mathematical theory of the Navier-Stokes equations: Linearized steady prob-
lems.

Springer Tracts in Natural Philosophy, Vol. 38, Springer-Verlag, 1998.

G.P. Galdi.

An introduction to the mathematical theory of the Navier-Stokes equations: Nonlinear steady prob-
lems.

Springer Tracts in Natural Philosophy, Vol. 39, Springer-Verlag, 1998.

V. Heuveline and P. Wittwer.

Exterior flows at low reynolds numbers: concepts, solutions and applications.
2007.

Jinsong Hua and Jing Lou.

Numerical simulation of bubble rising in viscous liquid.

J. Comput. Phys., 222(2):769-795, 2007.

R. S. Gorelik L. S. Timkin and P. D. Lobanov.

Rise of a single bubble in ascending laminar flow: Slip velocity and wall friction.
Journal of Engineering Physics and Thermophysics, 78:762-768, 2005.

38



[13] N. N. Lebedev.
Special functions and their applications.
Revised English edition. Translated and edited by Richard A. Silverman. Prentice-Hall Inc., Engle-
wood Cliffs; N.J., 1965.

[14] Jiacai Lu and Gretar Tryggvason.
Numerical study of turbulent bubbly downflows in a vertical channel.
Phys. Fluids, 18:103302-103312, 2006.

[15] Elias M. Stein.
Singular integrals and differentiability properties of functions.
Princeton Mathematical series, No. 30. Princeton University Press, Princeton, N.J., 1970.

[16] F. Takemura and J. Magnaudet.
The transverse force on clean and contaminated bubbles rising near a vertical wall at moderate
Reynolds number.
Journal of Fluid Mechanics, 495:235-253, November 2003.

39



	Introduction and main results
	The vorticity boundary condition
	Solution for data with compact support
	Construction of a solution 
	Expected asymptotic behavior

	Formulation of results in function spaces
	The space 1,p(R+2)
	Exact formulation of main theorems
	Uniqueness of solutions

	Technical lemmas
	Volume terms
	Boundary terms

	Proof of Theorem 12
	Proof of Lemma 23.
	Proof of Lemma 24.

	Proof of Theorem 13
	Proof of Lemma 25
	Proof of Lemma 26
	Proof of Lemma 27

	Proof of Theorem 14
	New splitting
	Formulation of main lemmas
	Proof of Lemma 30
	Proof of Lemma 31

	The Green's function K
	Behavior close to the origin
	Asymptotic behavior
	Pointwise decay at infinity
	Mean decay at infinity


	Fourier multipliers

