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Abstract

We consider a kinetic model for a system of two species of particles interacting
through a long range repulsive potential and a reservoir at given temperature. The
model is described by a set of two coupled Vlasov-Fokker-Plank equations. The
important front solution, which represents the phase transition, is a one-dimensional
stationary solution on the real line with given asymptotic values at infinity. We prove
the asymptotic stability of the front for small symmetric perturbations.
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1 Introduction and Notation

The dynamical study of phase transitions has been tackled, among the others, with an
approach based on kinetic equations modeling short range and long range interactions
which are responsible of critical behaviors. An example of such models has been proposed
in [BL] where the authors study a system of two species of particles undergoing collisions
regardless of the species and interacting via long range repulsive forces between different
species. A simplification of such model has been considered in [MM] where a kinetic model
has been introduced for a system of two species of particles interacting through a long range
repulsive potential and with a reservoir at a given inverse temperature 3. The interaction
with the reservoir is modeled by a Fokker-Plank operator and the interaction between the
two species by a Vlasov force. The system is described by the one-particle distribution
functions f;(x,v,t), i = 1,2 solutions of the system of two coupled Vlasov-Fokker-Plank
(VEP) equations in a domain €2

Ofi+v-Vufi+F-V,fi=Lf, (1.1)



where
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M is a Maxwellian with mean zero and variance 371,
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and 37! = T is the temperature of the reservoir. The self-consistent Vlasov force is

Fz'——Vx/dx’U(\:c—a:’\)/ dvfi(z',v,t) .
Q R3

The potential function U is smooth, monotone with compact support, and its integral over
the whole space is equal to one. There is a natural Liapunov functional, the free energy
functional, for this dynamics,

G(f1, f2) == /Q y dzdv [(filn fi)(z,v) + (foln fo)(x,v)] + g/ﬁ dodv(fi + fo)v?

xR3

+3 dzdyU(|z — yl) /Rg dv fi(z,v) /RS dv’ fo(y,v') .

QXN

In fact, we have that

—g (f1, f2) = Z/Q Rgdxdv ]{4] <0

i=1,2 fi

and the time derivative is zero if and only if f; are of the form f; = p;M, where p; are
functions only of the position. If we put these expressions back in the equations we get
that the stationary solutions of (1.1) have densities satisfying the equations

np(e) +5 [ AUl —ap) =C w€® ig=12i4] (3
Q

and C; are arbitrary constants, related to the total masses of the components of the mixture.
Moreover, replacing f; by f; = p;M in the functional G and integrating out the velocity
variable we get a functional on the densities p;

Flprp) = [ dotprtups+plnp) + 6 [ dedylU(lo = yhpu(odats) (1)

Qx0N

1
The Euler-Lagrange equations for this functional with the constraints — | A dzp;(x) =n;
are exactly (1.3).



In [CCELM1] it is proved that for n3 < 2, with n = n; + ng, the total mass density,
equations (1.3) in a torus have a unique homogeneous solution, while for n3 > 2 there are
non homogeneous solutions. To explain the physical meaning of these non homogeneous
solutions, we write the functional F(py, p2) in the following equivalent form

p

F(p1,p2) = / dzf(pr,p2) + 5 dzdyU(|lz — yl)|p1(z) = p1(y)][p2(y) — p2(2)]
Q QxQ

where f(p1,p2) is the thermodynamic free energy made of the entropy and the internal

energy

p1log p1 + palog pa + Bpipa
The function f(p1, p2) is not convex and has, for any given temperature T, two symmetric

(under the exchange 1 — 2) minimizers if the total mass [ dz[p; + po] is larger than a

critical value 27T". In other words, this system undergoes a ﬁrs?t order phase transition with
coexistence of two phases, one richer in the presence of species 1 and the other richer in the
presence of species 2. If we look for the minimizers of the functional under the constraints
on the total masses

| donia) =nijo
Q

we get homogeneous minimizers if we fix (ny,n2) equal to one of the two minimizers of
f (nlv 7L2>.

Otherwise, we get non homogeneous minimizers below the critical value. The structure
of the minimizing profiles of density will be as close as possible to one of the two mini-
mizers of f: they will be close to one of the minimizing values in a region B, close to the
other minimizing value in the complement but for a separating interface along which the
minimizing profiles will interpolate smoothly between the two values.

We can conclude then that the minimizers of G in a torus will be Maxwellians times
densities p; of the form discussed above. Since G is a Liapunov functional, we expect that
the minimizers are related to the stable solutions of the equations. In this paper we want
to study the stability of the non homogeneous stationary solutions of the equations (1.1),
which are minimizers of the functional. We restrict ourselves to the one-dimensional case
with

x=(0,0,z) —00<2z< 0.

The reason for this is that in such a situation we know many properties of the minimizers.
In fact, consider the following variational problem. Define the excess free energy functional
in one dimension on the infinite line as

Fpr,p2) = lim [Fx(pr,p2) = Fy(Mp*, Mp~)] (1.5)

where Fy is the free nergy associated to the interval [-N, N] and (p™, p~) is a homogeneous
minimizer of f. Note that Fx(Mp™, Mp~) = Fn(Mp~, MpT). Look for the minimizers
of the excess free energy such that lim, ..o fi(z) = Mp*, lim, 1o fo(z) = MpT. In
[CCELM2] it is proved that



THEOREM 1.1. There exists a unique C* positive minimizer (front) w = [w;(2), wz(2)],
with wy(z) = we(—2), for the one-dimensional excess free energy F, defined in (1.5), in
the class of functions p = (p1, p2) such that

lim py =p™, lim py = p¥.

z—+o00

p~ <wi(z) < p*
for any z € R. Moreover, the front w satisfies the Euler-Lagrange equations (1.83) and its
derivative w' satisfies almost everywhere the equations

AU up)() =0, SEE 4 AU xuf)(e) =0 (1.6

The front w converges to its asymptotic values exponentially fast, in the sense that there
15 o > 0 such that

alz| alz|

\wy(2) — px|e™ — 0 as 2 — Foo, |wa(z) — pile™™ — 0 as z — Foo.
All its derivatives have the same property.

Our main result is the stability of these fronts for the VFP dynamics, under suitable
assumptions on the initial data. To state the result, we write f;, solutions of (1.1), as

fi=wiM +h; .
Then, the perturbation h; satisfies

where the operators GG; are defined by
Gih; = v,0,h; — U % w;-&,zhi + Bu,Mw;U * 0, /]1{3 dvh;(-,v,t) (1.8)

while the force F;(h) due to the perturbation is
F;(h) = —0Z/ dZ'U(z — z')/ dvh; (2, v,t), j#1i. (1.9)
R R3

We define (- ,-) as the L? inner product for two scalar functions (on R or R x R* depending
on the context), while (-, -) denotes the L? the inner product for vector-valued functions,
and we denote || - || as their corresponding L? norms. Furthermore, we define the weighted
L? norms as

(fzvgz)M :/ dZdU fzgza f7 g)m = Z/ dZdU fzgza
RxR3 RxR3

1=1,2



with corresponding weighted L? norms by || - ||;. We also define the dissipation rate as
gl = 111 = P)gllis + VoI = P)glliy, (1.10)

where P is the L? projection on the null space of L = {cM, c € R}, for any given ¢, 2. We
also define the weighted norms as

lgllaey = llzogllar - Nlgllpy = [1249p;
with the notation
2oy = 2.
In the following we will also denote by 0, ,h the couple of derivatives (0;h, 0.h).

THEOREM 1.2. We assume that h = (hy, he) at time zero has the following symmetry
property in z,v
hi(z,v,0) = ho(—2, Rv,0), Rv = (vg, vy, —0,). (1.11)

There is &g small enough such that, if

(1)
[17:(0)[[ar + [10e,zh(0) || as < o

then, there is a unique global solution to (1.7) such that for some K >0

d
a{K[Hh(t)H?w + 00RO} + 1RO + 10,215 < 0. (1.12)
(2) For ~ > 0 sufficiently small, if

1O v + 182,20 [ ar,1.4+ < do

then there is constant C' > 0,

sup [[A()llary + sup [0 h(O)lar g4y < CURO) sy + 10020 lar g4 (113)

0<t<oo

Moreover, we have the decay estimate
t -2
IRO)13s + 10:,:R ()13, < CL + 5] ! [|yh(0)||’fm + Hﬁt,zh(o)llﬁméﬂ]- (1.14)

Since the equation preserves the symmetry property (1.11) we have that h;(z, v, t) have
the same simmetry property (1.11) at any time. The proof of the theorem is based on
energy estimates and takes advantage of the fact that at time zero the perturbation is
small in a norm involving also the spatial and the time derivatives. To close the energy
estimates, we use the spectral gap for the Fokker-Planck operator L to control (I — P)h,
the part of A orthogonal to the null space of L, and the conservation laws to control Ph,
the component of h in the null space of L, in terms of (I — P)h, like the method used in
[Guo].



The key difficulty in our paper is the control of the hydrodynamic part Ph, in the
presence of of the Vlasov force with large amplitude. Because of the presence of the Vlasov
force, the hydrodynamic equations do not give directly the control of Ph but instead of a
norm involving the operator A, the second variation of the free energy F at the front w,
which is given by

(9.49) =3 [ A Aghl) = ToF w4 s9)]

The operator A acts on g = (g1, g2) as

(Agh = i—ll +BU g2, (Ag)2 = i—z +BU * gy . (1.15)

Since w is a minimizer of F the quadratic form on the left hand side is positive and
the first variation gives the Euler-Lagrange equations

6F
0pi

(w) =logw; + BU xw; —C; =0, i#j,

Differentiating with respect to z and using the prime to denote the derivative with respect

to the z variable )

(Aw')i=%+ﬂU*w;=0, i35
1

which shows that w’ is in the null space of A. Indeed, one can show (see Section 2) that w'’
spans the null space of A and that there exists a constant A > 0 such that (spectral gap)

2
1
(9:49) 223 [ deo (1= Plgi?
i=1 YR ¢

where P is the projector on the null space of A.

Hence, by using the spectral gap for A one can control the component of Ph on the
orthogonal to the null space of A, but not the component on the null space of A. Let us
write Ph = Ma and a = aw’ + (I — P)a. What is missing at this stage is the control
of a(t) =[5, gsdzdvPh(z,v,t)w'(2) for large time. We would like to show that «(t)
vanishes asymptotically in time, which amounts to prove that the solution of the Vlasov-
Fokker-Plank equations (VFP) converges to the initial front. The existence of a Liapunov
functional for this dynamics forces the system to relax to one of the stationary points for
the functional, which are of the form Mw”, with w” any translate by = of the symmetric
front w. Then, it is the conservation law, in the form

/R y dzdv[f(z,v,t) — M(v)w(z)] =0

which should select the front the solution has to converge to. But this is a condition on the
Ly norm of the solution while the energy estimates control some Ly norm. In the approach



in [Guo] the conservation law is used in problems in finite domains or in infinite domains
but in dimension greater or equal than 3. The problem we are facing here is analogous
to the one in [CCO] and we refer to it for an exhaustive discussion. One can realize the
connections between the problem discussed here and the one in [CCO] by looking at the
hydrodynamic limit of the model. In [MM] it is proved that the diffusive limit of the VFP

dynamics is
5F 0
p=V-(Mv=) M=p"(" ) 1.16
7 ( 5/3) (o (1.16)

0F
where p = (p1, p2), 55 denotes the functional derivative of F with respect to p = (p1, p2)
p
and M is the 2 x 2 mobility matrix. These equations are in the form of a gradient flow for
the free energy functional as the equation considered in [CCO], which is an equation for a

bounded magnetization m(z,t) € [—1, 1]:

dm =V - la(m) ‘ﬂ

om

where o(m) = $(1—m?) and F is a suitable non local free energy functional. In [CCO] the
stability result is obtained by using suitable weighted L? norms, with a weight z, which
allow to control the tails of the distribution and hence a control of the L' norm. This is
possible essentially because the equation is of diffusive type.

Unfortunately, we cannot use directly the approach in [CCO] since the dissipation in
the kinetic model is given by the Fokker-Plank operator and does not produces directly
diffusion on the space variable. In fact, we are able to use, as explained above, weighted
norms (in space) with a weight % o < 1, which are not enough to control the L' norm.
Hence, to overcome the difficulty, we consider a special initial datum. We assume, as
explained before, that h is symmetric at initial time. It is easy to see that this property
is conserved by the dynamics so that h is symmetric at any later time. We note that also
wM is symmetric while w’ is antisymmetric in the z variable. This implies the vanishing
of 27, Jpgs dzdvh;(z,v,t) M (v)wj(z), the component of a on the null space of A, which
consequently is zero at any later time.

Even with such a symmetry assumption (1.11), the estimate for the hydrodynamic part
Ph is delicate. Based on the precise spectral information of A, we need to further study

%Ag = (Ag)".

To this end, we employ a crucial decompostion (2.6) for each component of g and a con-
tradiction argument to establish the important lower bound for %Ag (Theorem 2.4). Fur-
thermore, in order to get the decay rate, we use polynomial additional weight function in
z and a trick of interpolation to carefully derive the corresponding energy estimate in a
bootstrap fashion. Once again, Theorem 2.4 is crucial to control local L? norm of Ph in
terms of its z-derivative.



It is worth to stress that our result does not rely on a smallness assumption on the
potential, like for example in [Vi], where it is proved the stability in L' of the constant
stationary state for a one component VFP equation, on a torus, for general initial data.
The assumption of small U in [Vi] guarantees the uniqueness of the stationary state, namely
it means not to be in the phase transition region. On the contrary, we are working with
values of the parameters (temperature and asymptotic values of densities, p*) in the phase
transition region. For values of the parameters p* = p~, 26p" < 2 the minimizer is unique
and we can prove that the constant solution is stable, by a simplified version of the proof
given here. The critical value Sp™ = 2 is selected by the fact that the analogous of the
operator A, that comes out from the linearization around the constant solution, is positive
and has spectral gap for 3p™ < 2 (it coincides with the operator called Lg in Theorem 2.2).
We expect also that the constant solution will become unstable above this critical value.

Finally, we want to return to the kinetic model by [BL], mentioned at the beginning of
this section and studied in a series of papers [BELM], in which the Fokker-Planck term is
replaced by a Boltzmann kernel to model species blind collisions between the particles. The
dynamics is described by a set of two Vlasov-Boltzmann equations, coupled through the
Boltzmann collisions and the Vlasov terms and conserve not only the total masses but also
energy and momentum. The stationary solutions are the same as in the previous model,
Maxwellians times densities p; satisfying (1.3), so that one could study the stability of these
solutions with respect to the Vlasov-Boltzmann dynamics. This result is more difficult to
get due to the non linearity of the Boltzmann terms. The first results on the stability of
the Maxwellian are due to [Uk], [Ma]. Recently, it has been proved by energy methods
in a finite domain or in R?® by [Guo] ([SG] for soft potentials) who has also extended
the method to cover other models involving self-consistent forces and singular potentials
[Guol] and in R? by [LY], who also proved the stability of a 1 — d shock. The stability of
the non homogeneous solution for a Boltzmann equation with a given small potential force
has been proved in [UYZ]. We are not aware of analogous results for non small force, but
a very recent one [As]. Our method is in principle suited to prove stability under Vlasov-
Boltzmann dynamics on a finite interval, but what is still lacking is a detailed study of
stationary solutions in a bounded domain. We plan to report on that in the future.

The paper is organized as follows. In Section 2 we collect the properties of the operators
L and A and the properties of the fronts. In Section 3 we prove some Lemmas that allow
to control some z-derivative of Ph in terms of (I — P)h. In Section 4 we give the energy
estimates for the function, the time derivative and the z-derivative.

2 Spectral Gaps of L and A

In this section we collect all the relevant properties of the operators L and A and also the
properties of the fronts.

LEMMA 2.1. There is a vy > 0 such that for all g = (g1, 92),
(9, Lg)ur < —wo||(I — P)gll. (2.1)

8



Proof. Since w; is bounded from below for i = 1,2, we only need consider the case
when ¢ is a scalar.

Recall (1.2), the null space of L is clearly made of constants (in v) times M. Moreover,
Lg is orthogonal to the null space of L in the inner product (-, - ). We denote by P the
projector on the null space of L. Finally, the spectral gap property holds [LB]: for any g

(9, Lg)m < —v((I = P)g,(I = P)g)y

On the other hand, a direct computation yields

(0:Lo)as = = [ Qv M VAT = Plgl 38 | dv b [(T = Plal”

We thus conclude our lemma by splitting (Lg, g) = (1 —€)(Lg, g) + €(Lg, g) and applying
above two estimates respectively, for e sufficiently small. ]

By (1.15), it is immediate to check that
F(w+ eu) — F(w) = (Au, u) + o(e?).
THEOREM 2.2. There exist v > 0 such that
(u, Au) > v{(I = PYu, (I — P)u),
where P is the projector on (Null A):

Null A = {u € L*(R) x L*(R) |u = cw', c € R}.

Proof. We first characterize Null A. We note that(1.6) imply

u? u\” u3 uy \”
1 2

L =_ (—) pwiU *wh, —2 = — (—) BwyU  w.
w wo

w1 1 wh

From (1.15), (Au,u) takes the from

/{ul() }dz+2ﬁ//u1 V(U (e — Fydeds —

-5//{ Z,)} Uz — ! () ()dzds (2.2)

But, by the monotonicity properties of w; it follows that —w|(z)w)(z")dzdz’ is a positive
measure on R x R. Therefore the quadratic form is non negative and vanishes if and only
if h is parallel to w’. In particular, this identifies the null space of the operator A.




To establish the spectral gap of A, it is sufficient to prove the lower bound for the
normalized operator A: L*(R) x L*(R) — L?(R) x L*(R) such that

(Au); = Vwi(A(uv/w));,
with the abuse of notation uy/w = (u;,/w1, uz /ws). The explicit form is

(Au)y = uy + By/wilU * (Vwgus), (Au)y = ug + fr/wal * (ywiuy).

The corresponding associated quadratic form is
(u, Auy = /(u% +ud) + 26/ Vwiu U * (ug/ws).
R R

The operator A is a bounded symmetric operator on H = L2*(R) x L*(R). From the
previous considerations it is also non negative and positive on the orthogonal complement
of its null space. The spectral gap for A is established in [CCELM2]. For completeness,
we give a sketch of the proof below.

We decompose the operator as A = A° + K where

(Aou)l =uy + B ptp~U * uy, (AOU)Z =up + B/ ptp~U*uy

(Ku) = Byl * (viigus) — Bv/o 0 U * s (2.3)
- 5 / a2 [y (2)yima() — Vorp | Ullz — 2 ua(2),

(Ku)y = [BywU * (yJwiuy) — B/ pTp~U *uy (2.4)
= 5 [ 4t [VEREWVEE) - Vo Ul - # ().

The operator A° has the spectral gap property. Consider the equation
A% = \u + f. (2.5)

Denote by u(§), f(€) and U(€) the Fourier transforms of u, f and U. For A in the resolvent
set of A we can find a solution to (2.5) if the determinant of the matrix

( 1—X  BUpp )
BUVPTp~  1-A

is different from zero for any £ € R. This happens if A is such that for all £ € R
(1=A)?=B%(U(€)p p~ #0.

10



Moreover, by the positivity of U, U(£)| < U(0) = 1. As a consequence, the spectrum of

L is in the interval
(1= 8vptp=, 1+ By ptp7].

Now, for 3 > f3, it is immediate to check that 3/pTp~ < 1 and hence the spectrum is
contained in (k,4o00) for some positive k.

We claim that K is compact on H. Indeed, uniformly for ||u||., <1, K satisfies

(1) Ve >0 3Z.>0:

/ |Kul’dz <e, Z> Z.
|z|>Z
(2) Ve >0 3. >0:

/ |[Ku(z +0) — Ku(2)|’dz < e, >4, .
|z|>Z

These proofs follow trivially from the regularity of the convolution, the fact that U has
compact support and the fact that lim, , 1o \/wi(z)wa(y) = /ptp—. For the property
(2) the boundedness of w; and the regularity of U are used. Hence, by Weyl’s theorem we
have that the spectral gap holds also for A. O

We are also interested into a lower bound on the norm of (Au)’. To this purpose,
consider v = (up,up) € L*(R) x L*(R) with derivative ' € L*(R) x L*(R). Assume u
orthogonal to w" = (w}, w}): (u,w’y = 0.

We now make orthogonal decomposition of each component of u with respect to the
corresponding w’ = (w},w}) in the scalar L? inner product. In terms of the vector inner
product, by a direct computation, such a process leads to

u=auw +1u (2.6)

/dzﬂlw'l =0= /dzagwg

while @' = (w}, —w}) is orthogonal to w' in the inner product (-, -) (note that wjy(z) =
—w)(—z)) with the coefficient o computed as

where 4 is such that

N = (0, w')=2[dz(w))? =2 [ dz(w})?. We first prove a Lemma for @.
LEMMA 2.3. There is a constant C such that
I(Aa)'||* > CllQu'||* . (2.7)

where Q is the orthogonal projection on the orthogonal complement of w”.

11



Proof. We follow the proof in [CCOJ]. We have

5 d u; ﬂ'; ~ U)g U w; u
(A0); = Gl + Ul = [+ U 8] = g = (A = G

By integrating over Z after multiplication by w/ the equation

a;(2) = u;(2) + / w;(s)ds

i(z) = Gl / m dzw!(3) / il (s)ds |

(p+ - p_) —o0

we get

We have used [ dza,w} = 0.
From above, we can write (Aw)} in terms of an operator A+ K acting on L*(R) x L*(R)
such that, if h = @’ then
(Aa); = (Ah); + (Kh); ,

(Kh)y(z) = T /_ " () / ha(s)ds |

(p - p_) w; [e'¢) /
We prove first that

The operator K is compact on L?. Indeed, we show that

eVe>0 3Z.>0:
/ |[K:h|*dz <e, Z>Z.,
|z|>Z

e Ve>0 . >0:
|[Kh(z+0) — Kh(2)]? <e, (<. .

The second is true because of the continuity of the integral. To prove the first, note that

400 z +o0
[ [T <l [ ashlOVE=T < carlinl - (2s)

so that
+oo z
/ dz’w/(z’)/ hi(s)ds

Then, by the rapid decay property of w;,

2

2 2

(14 21)* -

4z <l [

|z|>Z

—(2)

w;

w'’
Y (2)
K2

/ |(Kh);|?dz — 0, Z — +oo,
|z|>Z

12



which proves (2). Now,
/ [(Ad)'|?dz = / dzt’ (A* + K*A+ AK* + K*K) @'dx .
R R

The operator K*A + AK* + K*K is compact because A is bounded and K compact and
its null space is spanned by w”, because by definition of A + K

0=(Auv") = (A+ K)uw" .

But, A% has a strictly positive essential spectrum, hence the result follows from Weyl’s
theorem. Moreover

/ (AT = 6 > 0,
R

because W' is orthogonal to the null space of A.

THEOREM 2.4. For any u € L*(R) x L*(R),u’ € L*(R) x L*(R) such that (u,w') = 0,
there exists a positive constant B such that

I(Aw)(I* = B(jaf* + [|Qu'||*). (2.9)

where Q is the projection on the orthogonal complement of w”. Furthermore, if u' = Qu’,
then there is a constant k > 0 such that

1(Aw)I* = k(lof® + [1a']]*)*. (2.10)

Proof. First, we prove that there is a constant C' such that, if v = (1 —P)u # 0 and
(u,w") =0,
I(Aw)|[* = C(6a® + [|(Aa)'|]*) - (2.11)

We introduce the normalized vector w and its decomposition along w’ and the orthogonal
complement by setting:

u
YT S 1| (Aay |

w=nw+w,

so that equation (2.11) reads as
|(Aw)|]* > C. (2.12)

By the decomposition of w we have
I(Aw)[I* = [(AD)Y'[I* + on* + 2 ((AD)', n(A@")') .

By definition, w is such that
I(AD)'||* + on* = 1,

13



hence
1(Aw)'[|* = 1+ 2((A)', n(A@')) .

Suppose now that the inequality (2.12) is not true. Then, for any n we can find ©,, and
N, such that

1(Al@n + nat]) 1> = 14 2((AD)}, ma(Ad')') < %

By weak compactness, up to subsequences, there are wy and 7y such that @, converges
weakly to wq., 1, — n9. By weak convergence,

((An)', mn(AW)') — ((A2o)', mo(Ad’)')

and
liminf[|| (A, |12 4+ 0n2] + 2((AZo)’, no(Aw')') = 0

By lower semicontinuity,
1(Ao)'|1? + g < liminf [[|(A©,)'[|* + on7] =1
Hence,

0 < [|(Awo)'[* = [[(AD0)'II* + 015 + 2((Ado)", 1o (Aw')') < 1+ 2{(Ao)’, 1o(Aw')') <0 .
(2.13)
As a consequence,

1(Awo)'||* =0

which implies wy = 0: indeed (wp, w’) = lim,, o {w,,w’) = 0 because w, is a sequence of
vectors orthogonal to w’. Furthermore, since w, — wy = 0 weakly, 1, — n9 = 0. Then,
((A@o)',mo(A + @')") = 0 in contradiction with last inequality in (2.13). Therefore (2.12)
is true and, together with (2.7), implies (2.9).

Finally, to prove (2.9), we notice that if «' = Qu/, then by (2.6),

o+ =u = Qu = a0uw” + Q.

This implies that @' is bounded by « and Qu’, which completes the proof. ]

3 Estimates of the hydrodynamic part Pf.

Decompose the solution of (1.7) in the component in the null space of L and in the one
orthogonal to the null space: h; = Ph; + (I — P)h;. Denote by a;M the components in the
null space of L: Ph; = [, dvh;M = a;M, so that
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By using this decomposition in (1.7) we have

M [(?tai +v,0,a; — a;U % w}M’lﬁsz + Bu,w;U * 8Zaj}
= —0y(I — P)h; — G;(I — P)h; — F;(h)d, h; + L(I — P)h; (3.1)

Define w
i = — + U x a; := (Aa);

)

so that

1 w)
az/% = _azai - ai_; + /BU * azaj
Ww; Wy

(2

By using the equation for the front (1.6) we can write the equation (3.1) as
M [0a; + v,w;0, 1] (3.2)

By integrating (3.2) over the velocity, since — [, dvd,(I — P)h; = 0, we have
R3
and, by the definition of G;,
oa; = —8Z/ dvv, (I — P)h; (3.3)
R3

By integrating (3.2) over the velocity after multiplication by v,

Tw;0,p; = —/dvvzat(I—P)hi—/

R3

dUUZGZ(I—P)hz—/

R3

dvszi(h)@Uzhi—i-/ dvv, L(I—P)h; .

R3
Moreover, by integrating by parts,

/ dvv,G;(I — P)h; :/ dvv?d, (I — P)h; + U*w;/
R3 R3

]R3

dv(I — P)h; = az/ dvv?(I — P)h;.

]R3

Hence

Tw;0,p; = — /R3 dvv,0y(I — P)h; — 0, /]R3 dvv?(I — P)h; +/ dvv, L(I — P)h; + F(h;)a; .

R3
(3.4)
Define

gg:/ dvv,(I — P)h;, Ef:/ dvv?(I — P)h,, mz:/ dov, L(I — P)h; .
R3 R3 R3

By integrating twice by parts we get the identity:

e — _/ dwlMo,, (ﬂ) _ 8 [ dvv.(T—P)hi = 5e° .
R3 M R3

15



The following estimates are an easy consequence of (3.3) and (3.4).
1Brasll = [0:£7]]
10: sl < 10651 + 110511 + llmall + 19z [laa|
From the definition, we have
7 |<I—P>hi|2r
(= | dov, M—I—PhigC/dv— .
/]R3 \/M( ) { M

This and the fact that w is bounded from above and below give
a||2 + 1 a |2
11" <p dz— 07"
R Wi

Hence,

2
D11 < ClIT = P)hllar.

i=1
We will often use the notation ¢ instead of d;g for the t-derivative of a function g(t, z, v)
and ¢’ instead of 0,¢g for its z-derivative. Set

Tw; | Jrs R3
+0 ! / dv v2(I — P)h;
? Twz R3 i b
@ _ 1 27 _ PV
o.ut? = —o, (Twi /R dvol(1 P)hz) (3.6)

so that u” + 1l? = p;. Define a by setting i = (Aa®);, 1'® = (Aa®),. Since the

null space of A is given by aw’ = (aw], aw)) for a € R, the equation

pi = Ag;

has solutions iff )
Z / dzwip; =0
i=1 /R

and they are of the form
g9i = (A7 )i + o

where (A1) is the unique solution orthogonal to the null space of A. Therefore, we need
to show that ;) are orthogonal to the null space of A. We shall prove it at the end of this
section. Moreover, we can always choose o = 0 since a = a(!) + a® and @ does not have
component on the null space of A. In fact, a has by assumption at time zero the same

16



symmetry property of w and it is preserved in time. This implies that at any time a is
orthogonal to w’ and hence has no component in the null space of A. This is one of the
crucial points where we use the symmetry assumption on the initial perturbation.

We now estimate the L2 norm ||0,a||. To this end, we first prove that 99,a!”) = 8,a"
which is equivalent to show that 37 [ azagl)w;-’ = 0.

LEMMA 3.1. Assume hy(z,v,t) = hao(—2, Rv,t) is valid. Then (0,a,w") = 0.

Proof: We notice that this property is true for 0.a because of the simmetry properties of
the solution. In fact, 0,a1(z) = —0.,as(—2) and w}(z) = wi(—z). We are left with proving
that the same symmetry property hold for each a¥). It is enough to prove that for a(®.

We have that .
a® = A1 { / dv v*(I — P)h}
TU}Z' R3

and since A does not change the symmetry properties we are done if we prove that

By using the properties of h we have that the left hand side is equal to

L 2 — v, 2 v, —%2
i Ly @ P 2) o)

with R? the set of velocities with v, > 0, and the right hand side to

! /R dv v2(I — P)[h1(v, 2) + ha(v, —2)] .

wy(—2) 3
The simmetry properties of w; imply the result. The same argument also shows that ;(?

is orthogonal to the kernel of A and hence ™ has the same property since p = Aa is
orthogonal to the kernel of A by definition. ]

THEOREM 3.2. We have
2
2
> |l < I = P)hllar < |[Bllp

i=1

Moreover, if |h||pm < do

2
> 0.0 < C[IIT = P)hllar + (1 = P)3shl|u]

i=1

17



Proof: From (3.6), by integration over z, since pu; — 0 as z — +o0,

éb

1
,ul@) = — / dvv?(I — P)h; =

Twl- Twz

which implies

ZHM I < CI( = P)hllm

Moreover, u = (Aa®); so that we have also, by Theorem 2.2,

2
> || < CIIT — P)hlfar -

i=1

From (3.5) we get

2
Z 1021711 < CIIT = P)ORIar + CI(T = P)hllar + Sup [|F (7). > lall -

=1

Now,

2 1 2
IF(hi)l|1 = IU *8.(al + al?)|r. < Cl0.alV) + Cl1al?))

To apply Theorem 2.4 we need to show that a is orthogonal to w’. We notice that the front
w is symmetric under the exchange 1 — 2 while the derivatives w; are antisymmetric. On
the other hand, as already observed, a has at time zero the same symmetry properties as
w and this implies that the component of a on the null space of A is zero at any time. In
addition, by Lemma 3.1, we can apply Lemma 2.4 to get

10:aV[| < C I = P)Ochllar + 11 = P)hllar + | Phllar[[|0:a ] + [|a™]]

< C [T = Pyhllas + 12 = PYhlla + [l 1002 4 17— P)hlad]

To conclude the proof, using that property and the hypothesis we have that for ¢y small
enough
18.aW|| < C[II(I = P);h|la + CI(I = P)hllas + Sol|(I = P)hl[m

which proves Theorem 3.2. O

As a consequence of the proof we have also

EJW iz < CIT = PYORI+ (= P)hl] (3.7)

From now on we use the more explicit notation a, M = Ph. Moreover we use the previous
o 1 2
decomposition: a; = aé) + ag ),

18



LEMMA 3.3. Let 0 <~ < § and ||h||a be sufficiently small, then we have

lai?ll, < Clhllpa, (3.8)
10.a" ], < C{Ihllps + |10hllpa},
2
z
/(1+22)2—2y|ah|2d7‘ < C{lInlp,, + 105, }- (3.10)

Proof: We introduce the commutator:
2 2 2
[Z’V,A]aé) = Z’YAGI('L) - A(Z’Yagl ))7

Notice that

/dvvf([ — P)h,.

2
szag ) — —Zy
W;

which implies
2
Iz, Aa? || < Cllhl|py, -

The commutator can be estimated by taking into account the property of the convolution
and the fact that U is of finite range. We have, for a suitable z,,

o Alaf?() = [ a0z = (e, - )
- /dz'U(|z —Z)2y2 {14 22} (2 — z')af)(z’)

< ¢ [a20(jz - 2z - 2y yal()

gl
It follows, for 0 <~ < %,
Ilz5, Al ||, < Cllz,-103 |, < ClAID.
The last two estimates together imply
[AGa?)I| < Cllllp,, -

Since 27a22) has the same symmetry properties of a,(f), it is orthogonal to w’ as well and
we can use Theorem 2.2 to deduce (3.8).

)

To estimate azagl , using the decomposition (2.6) we write

al) = ap’ +a

Then the argument leading to (2.8) provides the estimate

+o00 2
el [ dw) [ aa o)< 0o

o0

19



By Theorem 2.4,
o] < [[(AaVY|| < Cl|o.al |

and therefore
lay) (2)] < C(1 + |2])]|0.a”].

Hence, by Theorem 3.2, we obtain
()] < (1L + [2]) (12l o + 19ehlp)

But 8Z(Aag))i = A{ﬁzag)}i - w—g(ag))i. Therefore

2
w;

z.

175 (giD),. (3.11)

Zw(Aazagzl))i = ZvaZ(Aag)% * w?

Clearly, since w} decays exponentially, we have the following estimate for the second term
in (3.11)

1= @y ill < LIkl + 000}

We examine now the first term in (3.11). We deduce from equation (3.5)

/
2y Wy
2
w;

1
12,0-(Aai))| < C (Il by + CllOAI Do + |25 F (an) |1 llan]) -
We further split ||z, F (ap)||.. in the last term as
2 1 2 2
25 F (@) | + 1250 % (00 1 < 1F (2 (@) e + [z Flag? |z
1 1
HIU # (50:08) 1w + 124, U020}V I 1.
2 1 1
< O (110l + 1200 1) < € (Ihllpa + 12,0012, -

The commutators are estimated as before, by using 0 < v < 2, and we have used (3.8) in
the last inequality. We hence conclude that, for ||a|| small,

2, A{0.a\ Y| 1, + |2y, AlDoal|| 1,
C (1Pl + 18Py + 120208 | s @l ,) -

1
1A(z,0.a )12, <
<

Therefore, by decomposing along the null space of A, we have by the spectral gap for the
operator A: Denote by 7 = w'||w'||;} the unit vector in the direction w’. We have

< zdial) — (20,0, )7 + (2,020 )7 |1,
< C|A(z8.0) |, + C{lIhlp + |0:h] 0}
< C{lhllpy + 10:8] 0y} + Clizy0.ai ||, lall 2,

1
I2,0.a5" |1,

In conclusion, for ||a||;, small, we deduce (3.9).
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To prove (3.10), since [|0.a\" |z, < C{||kllp + |8:hlp} as well as ||a\” L, < C||A|lp,
e

with x(z) = 1 for |z| > k, for k large and x(z) = 0 for |z] < k — 1. We have for the

contribution due to |z| < k,

the key is to estimate for z large. In fact, let x(z) be a smooth cutoff function

2
< 1 1 1
| e < P < / _,10:0 1 < Gl kIl + 05
z|< z|<
We now consider the contribution for |z| large. Since
21,12
pea ol / d 1 12

/(1+z2)“v ‘ dz \ 2(1 — 29)(1 + 22)1- 27 aX|ay|dz
- 1 1,12 / 1
B /2(1—7)(1+z2>1—2ﬂx SRR I

1 ()5 (1)
| o o

1
a2

Therefore,

/ G — L |a(1)|2dz
1+ 2222 2(1— 29)(1 1 22)i2r ) X%
1

. 1 n . (1)2 /
- / 201 — 29)(1 + 222 X Jan " + (1—29)(1 + 22)1—2

For v < § and |z| > £,

Xag)azag).

22 1 z

— > .
(14222720 2(1—29)(1+ 22127 = 4(1 + 22)2- 2

2

We thus have (x' =0 for |z| > k)

2 2
z W2y, < C/ (12 1/ z (12
T Y e T e L

+C| 20,08V |12,

We thus deduce from (3.9):

2
2
/ 1+ Z2>2_27xaidz <C (Hathn%,y + ||h||%fy) :

It is important to control 8,[z,0.aM]. To this end, we have
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LEMMA 3.4. Define <a23),w’) =0 and

(Aa), = _Tl / .01 — P)hs.

wy

Then, for 0 <~ < 5 and ||ap| L, + [|0:an L, < 0o sufficiently small,

12,80.0 | < C(|0:-h]psy+ |hlIn), (3.12)
2,0l < Cllh] by (3.13)
10:[0:01" = 20T Ne < € (110l + [hllp-y ) - (3.14)

Proof. For notational simplicity, we denote
ag = 2,0,ay,.

We need to estimate ||a(gg)||L2, ||a§2)||,;2 and ||8za§1)||L2. First of all, we prove (3.13).

3 3 3
1Az,a . < o Aa? ], + 1A, 2)al 1
3
< [@hlps + Cllzy-rai? |,
3
< 0hllps + ClAaY| 1,
< C|oh] . -

To get the third inequality we have used v < 1/2 and Theorem 2.2 while in the last
inequality comes from the definition of Aaf’). We thus deduce, again by Theorem 2.2,

3
|zyai |2, < Cl|OR] b -

and hence (3.13) is proved.
We now turn to (3.12). Note that

AaéQ) = A(zwazaf))
= 2 A{0.a} — [z, A]0.q)”

2 w; (o 2
= zﬂ,@ZA{ag)} + zvﬁag) — [y, U]@zaé).

)

Clearly, ||zvz—éa22)||L2 < C||h||p. Since

1
2,0.A{a"} = ~20:{ / dvv?(I — P)h;}

it follows that

12,0.A{a}? Yz, < Cl|0.h] .
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And an integration by part in [z,, U] Gza,(f) yields:

2 2
|| / U(lz = £Dlz = 2)0:0, ()1, < Cllzy 3.
We therefore can decompose (remind that 7 = w'||w’||~!)

af) = (aéz), T + {af) — <a§2), T)T}.

Clearly,
(2

1@, 772, < a2, < ClR]lp-

But H{aéz) — <a§2)T>THL2 is bounded by using the spectral gap of A :

CllAaP |, < C{lIhllp + [10:hll b4},

Collecting terms, we deduce (3.12).

Finally, to estimate (‘L(CL_S,I) - z,yaf’)), we use the commutation relation

(Ad.ap); = 0,(Aap); + %ah to get

2

(Aa); = (A(z0.0"))
szgag)
A

w;

= 2,0.(Ad"); = (12, A10.aV); +

By equation (3.5) and the definition of Aaf’)
ZvaZ(Aag))i =

1
Zy(AaS’))i + z, {Tw- [/R?) dvv, L(I — P)h; + Fi(h)az}

1 2
+0. (Twi) /}R3 dv v (I — P)hl] :

Therefore,
1
(Aa(l))i - Z~/<Aa§?))i = 2y / dvv. L(I — P)h; + F(h;)a;
9 Tw; R3
| 2 wi(ay);
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/

i
—sa;, we find
w;

Using again the commutation relation (Ad,a); = 0,(Aa); +

(A@z(a(gl) — Zva,(lg)))i
/
= 0, (Aaél) - (A(zyaf’)))i - %{a ) — 2 ay )}

= 0. [(4), — =, (Aa), — (2. Ale®) ] — La(al) — 2,0,

_ { Tl<R£w¢U—mm+mmmmO+@(f;>/dmmf_mﬂ
—<v7~4ﬁaa551—-szigsj” (2, AJ0.aM),
I N 0

i

The terms involving the commutator can be estimated by putting the z-derivative on the

z
TZU~ Fi(h)(ah)i> . We expand

2

potential U in the convolution. We only need to estimate 0,

it as

9.

2y Zry
) _
T/LUZ' X Z(h‘)(a'h)'b Twl

The first term is bounded by

[(OEU * 0 (an);)(an); — (0.U * az(ah)j)az(ah)i]

(1,302 s + U2, 30-08 1) Nlandlo
We modify the second term above (up to the factor (Tw;)™!) as follows:
(O2U * 2,0, (an);)(an)s — (8:U * 2,0.(an);)d- (an);
02U, 2,)0.(an) ;) (an)i + [0.U, 2,]0:(an);)0-(an )i
The L, norms of the last two terms are bounded by
(12,232l + 122,008 5. ) (lanlz, + s 2.)

< o(lhp -1l +110chp ,-1ll)

The last inequality follows from Lemma 3.2 and the assumption. We write the first two
terms as

(0:U % 0. ((a); = 2(af);) + 02U w2, () + 0.U % 2,0.(af2); ) 0-(an),

+ (U0 () = 5(af);) + 0.0 5 24(af2); + U 5 2,0.(a2);) (o)
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Finally, we get

z
0. (T—;Fi(hxawi) s < Gl 1l + 196kl s |

2
+ (19:(a) = 20 llsa + 2702 + 12,0071
X ([lan||zy + [|0zan]|L,) -
We use (3.12) and (3.13) to get
3 2
|zya|| + 1|2,0.a2]| < |Bllp + 10::hllp,y -
We therefore conclude
1A(0.a) — 2 a1, < C(110::hllpy
3
Il pa-s + 10:(a) = 20,7 L) (lanl 2, + 19-an]l1,). (3.15)
We then split ||8Z(a,(; - zwah )||L2 into

3
100.4aP — 2,07}, )7 ||y + 10:{alY — 2,00} — (D.(alY — 2,a8”), 771,

The first term is bounded by ||h|| p, while the second can be absorbed in the left hand side

for {||a||||z, + ||0-al| L, } small, by using the spectral gap for A. This concludes the proof of
(3.14).

4 Energy Estimates and Decay

LEMMA 4.1. Let
09 + Gigi — Lg; =T, (4.1)

{/RdzagAag + Z/dz/Rde = P)gl|2}

1
;/M@ oI = PelI = P)g

= (AagM,T)pr + (I = P)g,T)ur

then

N | —
SIS

Proof: Decompose the solution of (4.1) in the component orthogonal to the null space
of L and in the one in the null space: ¢g; = Pg; + (I — P)g;. Denote by a,M the component
in the null space of L: Pg = fR3 dvgM = ay,M, so that

g=a,M + (I —P)g.
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We shall denote a = a, in the proof of this lemma. Repeating the same computation as in
Section 3, we have

Take the scalar product (-, - )y of (4.1) with M (Aa); +w; ' (I — P)g; to get:

2
1 d 1
5 o dzdvMa;(Aa); dzd I — P)g|?
2;:1(#{/&%3 zdvMa;( a)+/ 2dvr—|( )il

RxR3 i

2

= —Z/ dzdvMw;(Aa);v,0,(Aa); —/ dzdv(I — P)gv,0.(Aa);
i—1 Y RxR3

RxR3
2

1
- dzdv(Aa);G;(I — P)g; — / dzdv
/RXR3 ( ) ( ) Z RxR3 M

i=1

(I - P)giGi([_ P)gi

(2

1 9 .
+ /qu@ dZdUMwi (I — P)g;L(I — P)g; + (I, Aa) + Z(M

=1

(I = P)gi, Ty).

()

The first term on the right hand side vanishes since (Aa);0,(Aa); are functions of z, ¢ only.
By recalling the definition of G, (1.8),

Gi(I = P)g; = v.0.(I — P)g; + U x w0, (I — P)g;,

we have for the third term

—/ dzdv(Aa);G;(I — P)g; = —/ dzdv(Aa);v.0.(I — P)g;
RxR3 RxR3
= / dzdvd, Aa;v,(I — P)g;
RXR3

which exactly cancels with the second term (— [, ps dzdv(I — P)giv.0.(Aa);) in the right
hand side. By using the definition of ; we get for the fourth term

1
- dzd [ — P)g;Gi(I — P)g;
/RX]RS 2dvor—( )9:Gi( )g

(2

= —/ dzdv L [UZ(?Z((I — P)gi)?* + U x w0, ((I — P)gi)Q]
]RX]R3 M 2 J

w

v w(
= - dzd [ (T — PYa)? —
/RX]R3 - U2Mwi[wi +ﬁU*wj](( )9:) 0

by using the equation for the front.

LEMMA 4.2. Let v > 0 be sufficiently small. Then if ||h(t)|| s, < do
1d
2dt

with vy given in Lemma 2.1.

1A 131 + vl < Cly + doHlIOh D, + IME)1D4 (4.2)
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Proof. Note that g = z,h satisfies

2 z K
Ogi + Gigi — Lg; = 12179 + Ghi + Fy(h)d,.9; = T.
where
Gh; = szwzﬂ/U’(z — W2y = 2}y (2 v, t)d dv. (4.3)

We now apply Lemma 4.1. We first treat F;(h)0,.g;. Notice that (F;(h)0,.9:;, M(Ag):)n =
0, and
2

S (F0)0. g1 7 = Pl

1=1

CUIFE (M) Lo Nagllz, + I1F (M) |z 110 (1 = P)gllas HII = P)glla
C{llochllp + 1kl gl gllo + Nl lglln

Coo{llbllp + |0kl p}* + Cdollgll D

Next we estimate Gh;. Note (Gh, Aay) = 0. Since
|2y — z;| < Cylz — 7|
(2)

IA AN A

(1)

for v small, recalling a) = a;,’ + a;’, we deduce that

(Ghiy 5T = Pg)

_ 5/ (/U’z—z)[%—z;]ahj(z',v,t)dz'dv) (- P)g

ﬂ/vz (/ Uz -2z, — zé]aé?(z',v,t)]dz'dv) (I — P)y;
+ﬂ/vz (/ Uz — 2)0x(2, — #)a (2, v,t)]dz’dv) (I — P)g;
e
h

2aP
T+ 220

)!

IN

2 1
Cr{lla]] + [10.a8” || + [|U * {

IN

H = P)gllar

< vl

220,79

We have used (3.10) and 3.8 in Lemma 3.3. For the third term e
z

estimate (3.10) to get

S(EES L (- pg,

1"—22 ’Mwi

we use again

i=1

2
2zv,7(I — P)g; 1 221)27Pg2 1

_ (I - P)g, [— P)g

;( 1+22  Muy )9 +Z T+ 22w P9

C{l19uglln + llglln}-

IA
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On the other hand,

2zv,v(I — P)g
< 14 22 Adg)

< Oyl - Pgla{lAG——

ag)|| + 1A,

c Ja,|
—\a .
1+ [

Since A is bounded in L,
A

ay)|| < Cllirm7z%ll < CUIGA] A+ [[P]D)

1+H” 1+H2

where the last inequality is true because of (3.10). The commutator term

1A, Jag|l

zZ VA zZ
_ U/ _ )
1+]z |2]agH | (1+|zy2 1+ |z, 2

can be estimated as in the previous computation as C(||0;h||p + ||h|lp). Therefore

2zvy(I — P)g :
<T’ Aay) is bounded by

Cllgllp - (0:hl[py + [[2lID,n)-
This concludes the proof of the lemma.

LEMMA 4.3. Recall vy in Lemma 2.1. If |0, .h(t)|| s~ + ||R(2) || a1,y < 00, then
thHat Ol + wlldh(OND, < C{y+ 80k, s + ClIAOIG,, 1 (44)
Proof. Let g = {1+ 22}0;h, we have

220, ¢;
00+ Gi — Llgi = = J; + GOh; + Fi(h)0y.g; + F;(0,h)0,.g; :=T;.

By Lemma 4.1 we need to estimate
(AagM,T)ar +((I = P)g, )

2v20,0.9;

We first estimate
1+ 22

. Notice that g = a,M + (I — P)g,

2yzv,(I — P)g
14 22

2v20,9 2yzva,M
{ o = (7

— = A
14 227 1422 7 ag) +

The first term above vanishes. For the second term above, by an integration by part with
the kernel, we have

RERT)
Il < A+ 1 [ =)
< O+ PP 40l < CIT = P)ORar -y

,Aag).
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The last inequality is due to (3.3). We therefore have
272v.9
<m,A o) <elonlb,, + CﬂHazhH%ﬁ_%
Now by an integration by part in the v—variable, we turn to
2

1 20,79
S (< (1 - P)g,
: |(Mwi( )9 72|

< Sl (1~ Pg 2= D00y

T = Muw; 1+ 22
2
1 2v,9{1 + |2|?}7 PO h;
Yl (1 - pg, LR,
i=1 v
< CVH1+| |(1—P)9-VW(I—P)9HM

+CH[(I = P)glf3 + Col[{1 + [z}~ 28,
é CPY||8t,ZhH2D7fy—%

Now turn to the third term G&;h; in I'. Since Y7, (vGd;hy, (Aa,);) = 0,

L G{oan})|

(I = P)g.. Gorhiw)| = |Z
< eug||D+cwuazh||D,%;

Now for the fifth term F(h)d,.g;, we note that 3> (F;(h)d,. g, (Aa,);) = 0, and

2

S (Ee.gis 3 (1 = Plg)

2
1 1
- [ P) (I —P)g;,——(I — P)g;
ClIEMR) oo [|agll - I I—P)g,-||M + ||3UZ(I—P)9||M)

Cllozanll (lagll - lgllo + llglln) -

Now for the sixth term z,F;(0;ap)0,, hi, we note

IA A

/zwﬂ(ﬁtah)ﬁvzhiflagdv = 0.

Since by (3.3),
120 Ex(Guan) || = [ Ex(zyhan)l| + |[F5, 24]0han]| < ClI(I = P)3h|py
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we have, by using the assumption and integrating by part on v,

2

1
S (1 F(0hm) Do 5o (T = Phgi) < Cooll0:hllp s x [0l

i=1 ‘
LEMMA 4.4. Let 0 <y < 5+ 5. If |0,.h(t)||ary + | R(8) |ary < 0o, then

5 dtH@ h(®)l[ar, + voll:AID

Cy (IR, + 1R,y + B3 + 10kl + dollorhl3, ) - (45)

whith vy given in Lemma 2.1. .
Proof. We define g = 2,0.h to get

w
1+ 22
+GO.h; + .U % w0, (2,h;) — Fi(h),. g; — 2, Fy(0.a1)0,,h; = L.

Ogi + Gigi — Lg; = + 2,0.U * w0y, h

2
where (' is defined in (4.3). By Lemma 4.1 we need to estimate (I, Aa,) —i—Z

(I —P)g;,Ty).

[

2 ZJl
We first estimate the first term 17_’_ ‘g . Since that g = a,M + (I — P)g,
z
27204 2vzv,a,M 2yzv,(I — P)g
( )= (5 Aag) +{( , Aag).

14227 1+ 22 1+ 22

The first term above vanishes. For the second term above, we notice that by the splittng

ap = al(ll) +a§?), and by an integration by part with the kernel for ag), we have from Lemma

3.3,

1
1+||

< C(HZ iy !+Hl+|Z,H)

1
C (Il oy + Cllz, 300 ) |

1oy + 10l -) -

I Al

y|l2l = lyly

IN

ag(y)dyl|

IN

IN
Q
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Now by an integration by part in the v—variable, we turn to

2

1 20,79
S |(~—(I - P)g,
: |<Mwi( )9 72|

1 zv:(I — P)g;
< ZKMM_(I—P)%T”

7

1 20,72, PO, h;
+ 3 (57— = P)gi, ———"7)]

— Muw; 1422
1
< C I—-—P)g-V,(I—P
< Crlly (= Plg 9l = Pl
+el| (I = P)glli; + Corll 2, 0anlf?
< el = Pyl

+CAAIPNG, s + 10=4hl5, s + 1D + [10:4h115}-

In the last inequality we have used Lemma 3.3 and Lemma 3.4.
We now estimate the second term z,0.U * w};0,.h;. Notice that

2
> (240U * w}d,. Phy, (Aay);) = 0,
=1

and z,0.U * wj decays fast as |z — oo, by (3.10). We thus split a, = al’ + af’

Lemma 3.3 and Lemma 3.4 to get

and use

2
D (20.U 5wy (1 — P)hi, (Aag):)|

=1

1 2
Cllz,- 10, (I = P)hill3; + 12,100 + |12, 10,7}
C{lIrlp + 10bllo + [1Bllp\-y + 10kl p s }-

2

<
<

Notice that we are applying Lemma 3.3 for a bound on a norm with index v — % For that
we need v < % + %. On the other hand,

2

1
;(ZyazU*w;-avzhi,M—Mu - P)g;)

2
, 1
= > (2,0.U # w}d,.(I — P)h;, M—w(l — P)g))

i=1 v
2

1
+ Z(%@U * w;avzphia m(—f — P)gi).

i=1 v
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The first term is clearly bounded by ¢||(I — P)g||3; + C.||h||%. For the second term,

Mwi
LH?
1L+ 2|V
< ellgllp + CAIRID + 18R]3},

2
1

Z(zyazU w0y, Phi, —— (I — P)g;)

=1

(]

IN

ell(I = P)glli; + Cc|

by (3.10) for some large N. ) A
Now turn to the third term Gh; in I'. Since (Gh;, Aay) = 0,

>l

i=1

< el — PYgllds + Collanl,,y + CeRIE, .

(I = P)gs, GO.ay)]

)

We now estimate the fourth term 0,U % w;-ﬁvz(zﬁ,hi). Since
Z?:ﬂazU * wé‘avz(z'yhi); (Aag)i) = 0, we have

2
(1 = Pl 0.0 w300, (2:1)
Zzl 1
i=12
(Mw-([ — P)g;, 0.U w0y, (I — P)(2yh;))
i=1 ¢

1 2
< (= P)gli + C- (10-a P + a2 + )3
To get the last inequality we have used an argument similar to the one in the proof of
(3.10) in Lemma 3.3. Since w’ decays exponentially fast, we can divide the integration
over z of the term involving ag) in two pieces: for z small we can use Poincare’ inequality
to bound in terms of the z derivative. For z large we use the decay of w’. Then, by using

Theorem 3.2 we get the final bound

ANz = PYglids + Ce (10:af212 + a1 + 10113) < ll( = P)glly + C (I9Whlh + I1Al)
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Now for the fifth term Fj(h)d,.g;, we note that > (F;(h)d,.gi, Aag) = 0 and

2

1
Fi(h)0,,gi, —— (I — P)g;
;( i(h)0s. 9i, Mwi( )9:)
: 1 1
= ;(Fi(mavngz, (= P)g) +Z 0u.(I = P)gis 3 (I = P)gy)

ClIE (M) lloof lagll - II(I — P)gillm + IIVU(I — P)gliis}
Cllo:anll{llagl - I(I = P)gillas + VoI = P)gllis}
Coofllglp + IRlID + |0ehlID}-

IA AN A

Now for the sixth term z,F;(0.a;)0,, h;, we note
/zyFi(ﬁzah)@vzhiAagdv =0.

We need to employ Lemma 3.4 to treat the last term as

[\

1
Z(%E(@%)&ﬁnm(l — P)gi)

i=1 i
2

= Z(E(ag)avzh“]\/[lw (I =P)g)+ Y ([z9, F})(0:01)0,. 1 le (I - P)g:)

i=1 i=1 !
(a1l lanl + lagll - I101lp) (T = P)glar

+ (U0-{ag? = 20} + 1,01 - Hlanll + lagl - 110 ) 112 = P)glas
+ (I, 30021 -l ) 1T = P)gllas

< Coofllgly + I10l15 + 10u=hliD, + 10113,y + BRI, s}

[\

IN

We deduce our lemma by letting € small and using dy small.

Proof of Theorem 1.2: To prove the first part, we start with v = 0 in all three
Lemmas 4.2, 4.3 and 4.4. We multiply by a positive number K (4.2) and (4.4) and add
both to (4.5):

1d

52 (100 I3, + KRR, + 10k(0)R0) ) + Koo (IR, + 1) 13) + wollo-h(2) 3

< KC (o{ll0:h()I15 + MBI} + dollOe (I + [R)ID) + ClIRIL + Clloehl,

C
By choosing K > e and dy < 416/‘—0[(’ we obtain that

5 dt{H@ Rl + K (1913, + 1205, } + {H@ b+ K (19415 + [RI3)} < 0. (4.6)
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A standard continuity argument completes the first part.
To prove the second part, we first prove an inequality like (??) for the weighted norms
with weight z,. Once again, we multiply (4.2) and (4.3) by K and add them to (4.4)

1d
52 (KR gy 10RO 1) HI O ) +E v (IO o B, )+l OB  ,

< KC{no + o H{IIOAOD -, + IBOND - + 100:RONT, -1} + KCTRONE -1,

+Co (101303 + 1002l s + 1013 + ORI + Sollanl?,, ) -

For 7y small enough and also 79 < 1/2, for §p small enough and K sufficiently large we get

1
52 (KU 1RO 310, FNOE 0, )+ Ko (B o, + 0O, ) Frol0:R D[,

SR

< KC([|0.:h0 1[5} + [(DI5),

Finally, we let v = v sufficiently small in Lemma 4.2, while let v = % + 7o in both
Lemmas 4.3 and 4.4, while multiplying the first two by K. We get

1d

S IO + KBy < KC oo+ o IOM 3, + 1B, )
1d 1
S KNORO, s K lOh(O, 3 < KO0+ 5+00}10,h(0) [, + K CIIA
1d 9 9
S ORI, +wll IR,

< Cy (10113, + 19011, + 1515 + 100011 + dollhll, )

Then, there is a large constant K such that

d
Z10-Rllag 3o KOG 3 o H KRR 3010l a1 3 g H0 KOG, 3 o+l D 5}

< KC{[101.:h015 + 101D} + KA{NR(0) 350 + 10:.70) 131 5 }-

Using the first part and a standard continuity argument, we obtain:

S {[1a()llaro + 1100 B)lar 400} < CLURONar0 + (100 P(Olar 4503 (A7)
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We now turn back to (4.6). We want to control ||h|[a + ||0:.h||a but up to now we
only have a uniform bound on ||h||p + ||0:.h||p. What is missing is a bound on ||ay||. But
from (4.7) and an interpolation,

2
e <1+ 1220000 < L+ o) E 0.0l | 755 x 0.0 | =50
1 270

C{Hh(O)Hwo + ||at7zh(0)||%+70}1+2q0 HhHB_mo-

IA

As for ag), and 0, ,ay, by Lemma 3.2, we conclude that they satisfy the same inequality
above with 7o = 0. Therefore, let E,, = {||h(0)[2, + Hat,zh(o)ﬂiﬂo}
2

1+2v9
0

(IRl + 110e:Rlp} = CEy 7 {IIR]* + [18:.:h]1%} =

We thus conclude that:
d & L
aﬂlazhll?u + K (I3, + 10:k]130)} + CEy 7 {1013, + K ([R5, + [9:k]13,)} 50 < 0.
Denoting y(t) = ||0,.h|3, + K| k|3, we have

1 _ 1
y/yiliﬁ < —CEO 20

Integrating over 0 and ¢, we deduce

1 _ 1 1 _1 —
—Jy(0)} 20 — —{y(t)} 0 < —CE, 7°t.
O} — {0} < ~CE,
Hence from y(0) < E,
1 1 C = 1
_ t 20 > t—F o 4 0 270
2%{3;( )} 27y b {y(0)}
C ~ %9
> {t— + 1} E, >,
> A 27 + 1} E,
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