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Abstract

A Feynman-Kac-type formula for a Lévy and an infinite dimensional Gaussian
random process associated with a quantized radiation field is derived. In partic-
ular, a functional integral representation of e *PF generated by the Pauli-Fierz
Hamiltonian with spin 1/2 in non-relativistic quantum electrodynamics is con-
structed. When no external potential is applied Hpr turns translation invariant
and it is decomposed as a direct integral Hpp = fﬂg Hpp(P)dP. The functional
integral representation of e *Pr(P) ig also given. Although all these Hamilto-
nians include spin, nevertheless the kernels obtained for the path measures are
scalar rather than matrix expressions. As an application of the functional integral
representations energy comparison inequalities are derived.
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1 Introduction

Functional integration proved to be a useful approach in various applications to quan-
tum field theory. For the case of a quantum particle linearly coupled to a scalar boson
field, the so called Nelson model, it gives a tool to proving existence or absence of a
ground state in Fock space [Spo98, LMS02a]. Furthermore, ground state properties can
be derived in terms of path measure expectations [BHLMS02], and the question how the
model Hamiltonian and its ground state behave under lifting the so called infrared and
ultraviolet cutoffs can also be treated by the same method [LMS02b, GL07a, GLO7b].
Another problem studied by this approach is that of the effective mass [BS05, Spo87].
Some of these results have been obtained by functional integration only, so sometimes
it offers a complementary method rather than a mere alternative.

In contrast with Nelson’s model, the Pauli-Fierz model describes a minimal cou-
pling of a particle to the quantized radiation field. The spectrum of the Pauli-Fierz
Hamiltonian has been extensively studied by a number of authors also using analytic
methods. In particular, the bottom of the spectrum of the Pauli-Fierz Hamiltonian
is contained in the absolutely continuous spectrum, no matter how small the coupling
constant is. Nevertheless, a ground state exists for arbitrary values of the coupling con-
stant without any infrared cutoff [BFS99, GLLO01, LL03|. Functional integration is also
useful in studying the spectrum of the Pauli-Fierz Hamiltonian which was addressed
in the spinless case so far [BH07, Hir00a, Hir07, HLO7].

The spinless Pauli-Fierz Hamiltonian is written as

. 1
Hpp = 5(—N—eA)2+v+Hmd (1.1)

on L?(R%) ® L?(Q), where the former is the particle state space and the latter is the
state space of the quantum field, A stands for the vector potential, H,,q for the photon
field, and V is an external potential acting on the electron. These objects will be
explained in the following section in detail. The Cy-semigroup e~tHer is defined through
spectral calculus. A functional integral representation of the semigroup e~tAPr can be
constructed on the space C([0, 00); R?) x Qg, involving a process consisting of Brownian
motion for the particle, and an infinite dimensional Ornstein-Uhlenbeck process on a
function space Qg for the field [FFG97, Hab98, Hir97]. One immediate corollary for
the functional integral representation is the diamagnetic inequality [AHS78, Hir0Oa]

inf o(—(1/2)A +V + Hyoa) < inf o(Hpr). (1.2)
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Using the fact that a path measure exists was also applied to proving self-adjointness
of Hpp for arbitrary values of the coupling constant e [Hir0Ob, Hir02]. Furthermore,
whenever Hpp has a ground state, the path measure can be used to prove its uniqueness
[Hir00a] as an alternative to the methods making use of ergodic properties of the
semigroup in [Gro72, GJ68]. Other applications for the study of the ground state
include [BHO7, HLOT].

The path measure of the coupled Brownian motion and Ornstein-Uhlenbeck process
can be written in terms of a mixture of two measures as the specific form of the
coupling between particle and field allows an explicit calculation of the Gaussian part.
The so obtained marginal over the particle is a Gibbs measure on Brownian paths
with densities dependent on the twice iterated Ito integral of a pair potential function
describing the effective field resulting from the Gaussian integration [Spo87, Hir0Oa,
BHO07, GL07a].

Previous applications of rigorous functional integration to quantum field theory
covered, as far as we know, only cases when no spin was present in the model. In
this paper our main concern is to study by means of a Feynman-Kac-type formula the

Pauli-Fierz operator with spin 1/2. (1.1) is in this case replaced by
1
Hpp = 5(0— (_iv_eA))2+V+Hrada (13)

where o = (01,09, 03) are the Pauli matrices standing for the spin (see details in the
next section). The random process of the particle modifies to a 3+ 1 dimensional joint
Wiener and jump process (&)i>0 = (B, 0¢)t>0, Where the effect of the spin appears in
the process 0; = o(—1)M jumping between the two possible values of the spin variable
o, driven by a Poisson process (Ny);>o. Our approach owes a debt to the ideas in
[ALS83], where a path integral representation of a Cy-semigroup generated by Pauli
operators in quantum mechanics was obtained by making use of an R® X Zy-valued
process, with Zy the additive group of order two. As we will see in the next subsection,
the Pauli operator is of a similar form as Hpr, in fact both operators describe minimal
interactions. While in [ALS83] only a path integral representation of operators with
non-vanishing off-diagonal elements was constructed, we improve on this here since this
part of the spin interaction in general may have zeroes.

Another model considered in the present paper is the so called translation invariant
Pauli-Fierz Hamiltonian which is the case of Hpr above with zero external potential

V. Translation invariance yields to a fibred decomposition Hpp = fﬂgﬁ, Hpp(P)dP with
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respect to total momentum P** where the fiber Hamiltonian is given by

1
Hpp(P) =5 (0 (P = P = eA(0))* + Hpaq, P €R. (1.4)
Here P; denotes the momentum operator of the field. While the translation invari-
ant Hamiltonian has no point spectrum, Hpp(P) under some conditions does [Fro74,

tHpp(P)

Che01]. In [Hir07] the functional integral representation of e~ for the spinless

fiber Hamiltonian is constructed, where

Fop(P) = ; (P = Pr— eA(0))® + Hua, P € R, (1.5)

Then the uniqueness of the ground state of I:[pp(O) as well as the energy comparison
inequality

A~ ~

are shown.
Our main purpose in this paper is to extend the results on the spinless Hamiltonians

mentioned above to those with spin, i.e.,

—tHpr(P)

(1) construct a functional integral representation of e /P and e with a scalar

kernel,;
(2) derive some energy comparison inequalities for Hpp and Hpg(P).

We stress that Hpp and Hpp(P) include spin 1/2, nevertheless the kernels of their
functional integrals obtained here are scalar. (1) is achieved in Theorems 4.11 and 5.2,
and (2) in Corollaries 4.13 and 5.4 below.

Here is an outline of the key steps of proving (1) and (2). First we assume that the
form factor ¢ is a sufficiently smooth function of compact support. Then we will see
that there exists a Pauli operator Hpp(¢), ¢ € Q, on L?(R*xZ;) which can be used to
define

@
Hyy = [ Hye(0)du(o). (1.7)
As it will turn out, for arbitrary values of the coupling constant e,

HPF = ngF + Hrad (18)

holds as an equality of self-adjoint operators (4+ denotes quadratic form sum). Al-

though for weak couplings this results by the Kato-Rellich Theorem, it is non-trivial
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for arbitrary values of e. Thus it will suffice to construct a functional integral rep-
resentation of the right hand side of (1.8). However, as was mentioned before, the
off-diagonal part of H3p(¢) may have in general zeroes or a compact support. In order
to prevent the off-diagonal part vanish we change H3p(¢) for H3% () by adding a term

controlled by a small parameter € > 0. Then we work with

HfiF = ng% + Hrad (19)

tHE

and obtain the original Hamiltonian by lim. .q e "#fr = e~ HPF where in fact HY 1=

[5 HY.(6)du(¢). In particular, instead of for the semigroup e *°% we construct the

tHE

functional integral representation of e *"pr. By the Trotter-Kato product formula we

write

e Hrr = s—JLngo(e’(t/")HggFe’(t/")Hmd)" (1.10)
and derive the functional integral of the Pauli-operator 2 by using that the
form factor ¢ is chosen to be bounded and sufficiently smooth, with non-zero off-
diagonals. By making use of a hypercontractivity argument for second quantization
and the Markov property of projections, we are able to construct the functional integral

tHE

representation of e”*"rr. An approximation argument on ¢ leads us then to our main

Theorem 4.11 for reasonable form factors.

—tHer(P) is further obtained by a combi-

The functional integral representation of e
nation of that of e”*#*F and [Hir07]. Since the functional integral kernels are scalar,
we can estimate |(F,e "#PrG)| and |(F, e #Pr(P)G)| directly, and derive some energy

comparison inequalities.

Our paper is organized as follows. In Section 2 we discuss the Fock space re-
spectively Euclidean representations of the Pauli-Fierz Hamiltonian with spin 1/2 in
detail. Section 3 is devoted to discussing Lévy processes and functional integral rep-
resentations of Pauli operators. In Section 4 by using results of the previous section
and hypercontractivity properties of second quantization we construct the functional
integral representation of e *#** and derive comparison inequalities for ground state

—tHer(P) and obtain energy

energies. In Section 5 we derive the functional integral of e
inequalities for this case. In Section 6 we comment on the multiplicity of ground states
of a model with spin. Section 7 is an appendix containing details on Poisson point

processes and a related Ito formula adapted to our context.
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2 Function space representation of the Pauli-Fierz
model with spin

2.1 Pauli-Fierz model with spin 1/2 in Fock space

We begin by defining the Pauli-Fierz Hamiltonian as a self-adjoint operator.

Fock space  Let hy, := L*(R*x{—1,1}) be the Hilbert space of a single photon, where
R®* x {—1,1} 3 (k,j) are its momentum and polarization, respectively. Denote n-fold

symmetric tensor product by Q= , with ®°,_ hy, := C. The Fock space describing the

sym? sym
full photon field is defined then as the Hilbert space F := @;2, ®gym hy, with scalar
product
(U, ®) 5 =Y (™, @M)gp (2.1)
n=0

and U = @, ™ & = @> &M, Alternatively, F can be identified as the set of
ly-sequences {¥™M}2 | with U™ € @ hy. The vector Q = {1,0,0,...} € F is called
Fock vacuum. The finite particle subspace Fg, is defined by

Fow = {{¥M}2 € FIIM en: 9" =0, ¥m > M}.

Field operators ~ With each f € hy, a photon creation and annihilation operator is

associated. The creation operator aT( f): F — F is defined by
(a" (W)™ = VnS,(fev™), n>1,

where S, (f1®---® f) = (1/n!) Xren, fr1)® - ® fr(n) is the symmetrizer with respect
to the permutation group II,, of degree n. The domain of af(f) is maximally defined
by

D(a(f)) = {{‘I'("’}Zoo

S nllSa(f & WD) 2 < oo} .

n=1

The annihilation operator a(f) is introduced as the adjoint a(f) = (af(f))* of a’(f)
with respect to scalar product (2.1). af(f) and a(f) are closable operators, their closed
extensions will be denoted by the same symbols. Also, they leave Fg, invariant and

obey the canonical commutation relations on Fj,:
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Second quantization and free field Hamiltonian — Although the free field Hamiltonian
HE, = Y [ Iklal (k. fa(k, j)dk
j=%1
is usually given in terms of formal kernels of creation and annihilation operators, we
define it as the infinitesimal generator of a one-parameter unitary group since this
definition has advantages in studying functional integral representations. We use the
label F for objects defined in Fock space. This unitary group is constructed through a
functor I'. Let C(X — Y') denote the set of contraction operators from X to Y. Then
I':C(hy, — hy) — C(F — F) is defined as

o0

D(T) .= P T]

n=0
for T" € C(hy, — hy,), where the tensor product for n = 0 is the identity operator. For a
self-adjoint operator h on hy, I'(e®"), t € R, is a strongly continuous one-parameter uni-
tary group on F. Then by Stone’s Theorem there exists a unique self-adjoint operator
dT'(h) on F such that ['(e") = (") ¢ ¢ R. dI'(h) is called the second quantization
of h. The second quantization of the identity operator, N := dI'(1) gives the photon
number operator. Let wy, be the multiplication operator f +— wy(k)f(k,7) = |k|f(k, j),

k € R®, j = £1 on hy,. The operator HE ; := dI'(wy,) is then the free field Hamiltonian.

ra

Polarization vectors — Two vectors e(k,+1) and e(k,—1), k # 0, are polarization
vectors whenever e(k, —1),e(k,+1),k/|k| form a right-handed system in R® with (1)
e(k,—1) x e(k,+1) = k/|k|, (2) e(k,j) - e(k,j") =65, (3) e(k,j) - k/|k] = 0. We have
S eulh. ek, ) = b — R
= 14
independently of the specific choice of these vectors. One can choose the polarization
vectors at convenience since the Hamiltonians Hop defined below are unitary equivalent

up to this choice [Sas06].

Quantized radiation field Note that a*(f) is linear in f, where a* = a, af, thus formally
at(f) = a1 ) f(k, 7)a*(k, j)dk. The quantized radiation field with ultraviolet cutoff

function (form factor) ¢ is defined through the vector potentials

Ay(x) = —= eu(k, a'(k,j)e a(k,j)e dk.
<>N@;/<w<%w<3> )

Here ¢ is Fourier transform of ¢. A standing assumption in this paper is
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Assumption 2.1 We take ¢(k) = p(—k) = p(k) and \/wpp, ¢/wy, € L*(R?).

Under Assumption 2.1 A,,(z) is a well-defined symmetric operator in F. By k-e(k,j) =

0, the Coulomb gauge condition

3
Z O,y Au()] =0,

holds on Fg,. By the fact that Y07 ||A.(x)"®||/n! < oo for & € Fy,, and Nelson’s
analytic vector theorem [RS75, Th.X.39] it follows that A, (x)[z,, is essentially self-
adjoint. We denote its closure A,(z)[z,, by the same symbol A, (z).

Electron state space and Schrodinger Hamiltonian — The Hilbert space describing the

electron is L?(R3;C?). Let 01, 09,03 be the 2 x 2 Pauli matrices

101 R (e 10
0'1.—1 0l ’ 0'2.—1: 0l 0’3.—0 _ .

We have 0,05 = 0a3 + iZizl o, where €%V is the totally antisymmetric tensor
with €'?® = 1. Then the electron Hamiltonian on L?*(R?;C?) with external potential V'
is given by ,
H, = ; Z (Uu(_ivu))Q + V.
pn=1
V' acts as a multiplication operator and in some statements below it will be required

to satisfy one or both of the following conditions:

Assumption 2.2 Let V be
(1) relatively bounded with respect to (—1/2)A with a bound strictly less than 1;
(2) sup,cgs E {e_Qfot V(Bs)ds] < 00, for allt € (0,00).

(1) above is a usual ingredient for self-adjointness of Schrodinger operators. In (2)
the expectation E* is meant under Wiener measure for 3-dimensional Brownian motion
(Bs)s>o starting at . It is in particular satisfied by Kato-class potentials which includes

Coulomb potential.

Pauli-Fierz Hamiltonian — The state space of the joint electron-field system is

HY = LR C?) @ F. (2.2)
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The non-interacting system is described by the total free Hamiltonian H,®1+1® HE ;.
To define the quantized radiation field A we identify HY with the set of C? ® F-
valued L? functions on R®, ie., HY = [§(C? ® F)dz. Then we have by definition
A, = [$(1® Au(x))dr. Hence (A, F)(z) = A,(z)F(x) for F(z) € D(A,(z)) and A,
is self-adjoint. Taking into account the minimal interaction —iV, — —iV, —eA,, we

obtain the Pauli-Fierz Hamiltonian

2
1 3
Hip =~ (Z 0, (=iV,®1— eA#)) +Ve1+1® HE, (2.3)

2\ =

with coupling constant e € R, i.e.,
F I 2 F e
p=1

where we omit the tensor product for convenience and write

i . p(k -\ —ik-x -\ _ik-x
Bu(x) = —ﬂj;/(k < ek, ), i()l{) (al (b, f)e™® — alk, 1)) ds

In fact, B,(z) = (V x A(x)),, however, we regard A and B as independent operators
in this paper.

A first natural question is whether HEp is a self-adjoint operator.

Proposition 2.3 Under Assumption 2.1 Hby is self-adjoint on D(—A)N D(HE,

rad

) and

bounded from below. Moreover, it is essentially self-adjoint on any core of Hy, + HE,.

PROOF: See [Hir00b, Hir02]. qed

A special case considered in this paper is the translation invariant Pauli-Fierz Hamil-

tonian obtained under V' = 0. Then
M HEeT M T = HE. teR, p=1,23,
where P! denotes the total electron-field momentum
PPt i=—iV,®©1+1® P,

and Pf}; = dI'(k,) is the momentum of the field. By translation invariance the Hilbert

space HY and the Hamiltonian Hy, can both be decomposed with respect to the
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spectrum of P*t as [ HF(P)dP and HEp = [ K(P)dP, with a self-adjoint operator
K(P) labeled by P on H¥(P). It is seen that K(P) and H¥(P) are isomorphic with
a self-adjoint operator resp. a Hilbert space. Define thus on C? ® F the Pauli-Fierz

operator at total momentum P € R? by

1 e
HEL(P) = 5(P = BY = eA(0)* + HEy — £ 0,B,(0). (25)
pn=1

Then we have

Proposition 2.4 Under Assumption 2.1 H5z(P), P € R3, is self-adjoint on the do-
main D(HE,) M=y D((PF)?), and essentially self-adjoint on any core of the self-adjoint
operator 3 0y (PF,)?+ HEy. Moreover, HY = [i5C*@ FdP and Hpp = g5 Hip(P)dP

hold.
PROOF: See [Hir06, LMS06]. qed

Here is an incomplete list of results on the spectral properties on the Pauli-Fierz
Hamiltonian. The existence of the ground state of Hpp is established in [BFS99,
GLLO01, LL03] and that of Hpp(P) in [Fro74, Che0l, HaHe06]. The multiplicity of
the ground state is estimated in [Hir00a, HSO1, BFP05, Hir06], a spectral scattering
theory and relaxation to ground states are studied in [Ara83a, Spo97, FGS01]. The
perturbation of embedded eigenvalues is reduced to investigate resonances, which is
done in [BFS98a, BFS98b]. Energy estimates are obtained [Fef96, FFG97, LL00] and
the effective mass is studied in [Spo87, CH04, HS05, Che06, BCFS06, HI07]. Related
works on particle systems interacting with quantum fields include [Ger00, BDGO04,
AGG04, LMS06, Sas06].

2.2 Stochastic representation and spin variables in function
space

2.2.1 Stochastic representation

In this section we prepare the necessary items for a Q-space representation of Hy, and
explain how to accomodate spin in this framework.
To introduce a Q-space representation, we define a bilinear form and construct the

Gaussian random process with mean zero and covariance given in terms of this form.

A

Define the field operator A,(f) by

AP = 5 3 [ eulhd) (F9al(h.5) + F(-Rja(k. ) b

j=+1
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and the 3 x 3 matrix D(k), k # 0, by

k. k
D(k) = (0, — += )
( ) ( : ‘kP >1§,LL,1/§3

Consider the bilinear form ¢y : &3 L*(R3) x &3L*(R?) — C given by the scalar product

3

w(f,9) = D (AuN) A(9)Q)F :; . F(k) - D(k)g(k)dk.

pr=1

Similarly to the representation of a Fuclidean free field in terms of path integrals over
the free Minkowski field in constructive quantum field theory [Sim74, Th.II1.6], we
introduce another bilinear form ¢; to define an additional Gaussian random process.
Let ¢q; : @3 L2 (R*™) x @3L2(R*™) — C be

1 . .
@(F,G) == [  F(k ko) - D(k)G(k, ko)dlkdk.

2 Jr3+1

Note that D(k) is independent of ky in the definition of ¢;. Use the label g for 0
or 1, let S(R3**?) be the set of real-valued Schwartz test functions on R*™? and put
Sp = &’S(R**). The properties (1) 27— Ziz; exp(—qa(fi — f;. fi — f;)) > 0 for
arbitrary z; € Cand i =1,...,n, Vn = 1,2, ...; (2) exp(—qgp(g, g)) is strongly continuous
in g € ®L*(R3>*P); (3) exp(—qs(0,0)) = 1 can be checked directly.

Let Qp := Sj, where Sj is the dual space of Sz, and denote the pairing between
elements of Q3 and Sg by (¢, f)s € R. By the three properties listed above and the
Bochner-Minlos Theorem there exists a probability space (Qg, Bo,, f1) such that Bg,
is the smallest o-field generated by {(¢, f)s, f € Sg} and (¢, f)s is a Gaussian random

variable with mean zero and covariance given by
[ (o) =D, f e, (2:6)
s

Although (¢, @Zéw f)p is a Q-representation of the quantized radiation field with the
ultraviolet cutoff function f € S(R?), we have to extend f € S to a more general class

since our cutoff is (¢/y/w)Y € L?(R?). This can be done in the following way. For any

f = fre +ifim € S*S(R*P) we set (§, f)5 1= (9, fre)s + 4(¢, fim)p. Since S(R*F) is
dense in L?*(R3*7) and the inequality

o, 10 P0aPdis(8) < 11 zaquoss
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holds by (2.6), we can define (g, f)s for f € GSL2(R*) by (6, f)s = sAim o(, fu)s
in L*(Qg), where {f,}>°, C @3S(R3*P) is any sequence such that s—lim, ., f, = f in
@3 L2(R**?). Thus we define the multiplication operator

(AP(F)F) () = (¢, F)sF(9), ¢ € Qp,
labeled by f € @3L*(R3"F) in L*(Qg), with domain
D) = { F € (o) [, 100 f1oF(@)Fds(o) < o0

Denote the identity function in L*(Qg) by 1g, and the function A°(f)lg, by A”(f)
unless confusion may arise. It is known that L*(Qg) = @5°, L2(Qp), with

L2(Qp) = LH.LAB(f1) - - AB(f,):| f; € ®PL2(R3*P), j =1,2,...,n}.

Here L§(Qp) = {alg,|a € C} and :X: denotes Wick product recursively defined by

AN A (fr) - AP (f): = AP(F) AP (1) - AP (f):

n

_Zqﬁ(fy fj):AB(fﬂ"'AfB/ij)~~~A6(fn);,

=1

where X denotes removing X.

Next we define the second quantization I'gg in Q-representation as the functor
gy : C (L2(R*F) — L2®*Y)) — € (L%(Qp) — L*(Qw))-
With 7' € C(LA(R3+P) — L2(R37)), T4s/(T) € C(L*(Qp) — L*(Qp)) is defined by
Do (T)lg, = 1o, Ta(T):AP(fr) - A%(fo): = -AT(Thr) - A7 (Tfy):

For notational simplicity we use I'g for I'3s. For each self-adjoint operator L in
L2(R3*8), Ts(e™) is a one-parameter unitary group. Then [g(e?h) = s ¢ ¢ R,
for the unique self-adjoint operator dl's(h) in L?(Qgs). We write

Q:=0Qy, Op:=0i, wp:=n, pp:=m, A=A4A" A=A (2.7)

in what follows, using the label E for “Euclidean” objects to distinguish from Fock space
objects. Thus it is seen that F, A,(f) and dT'(h) are isomorphic to L*(Q), A(®3_,0,,f)
and dI'y(h), respectively, where h = FhF~! and F denotes Fourier transform on L2(R3).
That is, there exists a unitary operator U : F — L*(Q) such that
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<1> U = 1Q7

A

(2) UAu(f)U’l = A(@izla/wf)a
(3) Udl(h)U™* = dly(h).
The isomorphism U := 1 ®@ U : HY — L?(R% C?) ® L?(Q) maps Hip to a self-adjoint
operator on L?(R3;C?) ® L*(Q). Let
A= (GIVE)", 2.9

where f denotes inverse Fourier transform of f. Set A,(A(-—x)) := A(®3_,0,,A(- — 1))
and Hrad = dro(djb) on L2(Q)
Finally we define Hpp, the main object in this paper by

1 3
Her = 5 (=i = AP +V + Hoa = 5 3" 0,B,, (2.9)
pn=1

where A, = [5 A, (A(- — 2))dx and B, = [3 B,(\(- — z))dz, with
Bu(A(- = 2)) = A(@)-105u(Ve X A = 2))y).

Here the self-adjoint operator Hpp is the Q-representation of Hyp, obtained through the
map UHEU ™' = Hpp. In this representation A, and B, turn into the multiplication

operators A, and B,, respectively.

2.2.2 Spin variables in function space

In order to reduce (2.9) to a scalar operator, we introduce a two-valued variable o.
Let Zy := Z/2Z and [z]y denote the equivalence class of z € Z. Use the affine map
x +— 2x — 1 to arrive at the conventional variables {—1,+1} = Zy. Addition modulo 2
gives (+1) Bz, (+1) = 41, (+1) By, (1) = =1, (—1) Bz, (—1) = +1. Define

L*(R° % 2) := {f 1R X Zy = C| | flli2@oas) = D (o) lf2@s) < OO} :

OEZy
The isomorphism between L*(R?;C?) and L*(R® x Zj) is given by

L2(R3; (CQ) =) [u(x? +1)

u(z, _1)] — u(z,0) € L}(R® X Z,).
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€ H" with F(+1) € L*(R*) ® L*(Q). Then since

€ 83 Bl — ZBQ

1, )
HPF—§<—’LV—€A) +V+Hrad_§ Bl—i-’iBQ —Bg s

our Hamiltonian can be regarded as the self-adjoint operator on
H = L*(R*xZy) ® L*(Q) (2.10)
defined by
(HopF)(0) = (§(~1V = AP 4V + Hoa + Ha) F(0) + HoaF(-0) (211

for o € Zy, where Hy and H,q denote the diagonal resp. off-diagonal parts of the spin

interaction explicitly given by

Hy = Hy(z,0) := —gazsg(x(- —2)),

Hog == Hoa(r, —0) = =5 (Bu(A(- — 2)) — ioBa(A(- — 2))).

e
2
To investigate the translation invariant case let P; := dl'g(—iV). The transla-
tion invariant Pauli-Fierz Hamiltonian HE,(P) can also be mapped into a self-adjoint

operator on l9(Zy) ® L*(Q) defined by
1
(Hor(PYF)(0) = (5(P = P = A(0)? + Haa + Ha(0)) F(o)+ Hoa(O)F(~0), (2.12)
where F(£1) € L*(Q), A,(0) := A,(\(- = 0)), Ha(0) = H4(0,0) and Hyq(0) =
Ho4(0,—0). In the following we will construct functional integral representations for
(2.11) and (2.12).

3 A Feynman-Kac-type formula for jump processes

3.1 Pauli operators

In this section we consider the functional integral representation of the Pauli operator
in the context of quantum mechanics. The spin will be described in terms of a Zy-valued
Poisson point process. We start by reconsidering the path integral representation of the
Pauli operator established in [ALS83]. We turn the results of De Angelis, Jona-Lasinio

and Sirugue into precise statements and proofs, and add extensions and comments.
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For a vector potential a we define the Pauli operator on L?(R?;C?) by
1 ) J
h(a,b) := E(—N —a)’+V — 5 > 0,b,. (3.1)
p=1

Usually for Pauli operators b = V x a. However, for the remainder of this section we
treat a and b as not necessarily dependent vectors. We require them to satisfy the

following conditions:

Assumption 3.1 Let a = (a1, az,a3) and b = (b, by, bs) be real valued with a, €
CE(R3) and b, € L>(R?), for p,v =1,2,3.

Under Assumptions 2.2 and 3.1 h(a, b) is self-adjoint on D(A) and bounded from below,
moreover it is essentially self-adjoint on any core of —(1/2)A as a consequence of the
Kato-Rellich Theorem. In a similar manner to the previous section, h(a, b) can also be
reduced to the self-adjoint operator fz(a, b) on L*(R3XZy) to obtain

(h(a,b) f)(0) = (;(—N APV - ;063) o) — ;(b1 o) f(—a).  (3.2)

3.2 A 3+ 1 dimensional jump process

th(ab) in addition to the Brownian

In order to construct a Feynman-Kac formula for e~
motion we need a Poisson point process to take the spin into account. For a summary
of basic definitions and facts as well as notations we refer to the Appendix.

Let (By)i>0 = (BY')>0, 1<u<s be three dimensional Brownian motion on (W, By, Pj,)
with the forward filtration F; = o(Bs, s < t), t > 0, where W = C([0, 00); R?) and P%,
is Wiener measure with P (By = z) = 1. Let, moreover, (5,3, Pp) be a probability
space with a right-continuous increasing family of sub-o-fields (3;);>0, and Ep denote
expectation with respect to Pp. Fix a measurable space (M, By). Let p : (0,00) X
S — M be a stationary (3;)-Poisson point process, and D(p) C (0,00) denote its
domain. Note that #D(p) is finite for each 7 € S. The intensity of p is given by
A(t,U) :=Ep[N,(t,U)] = tn(U) for some measure n on M, where N,, denotes counting

measure on ((0,00) x M, B(g«) X Ba) given by
N,(t,U):=#{s€ D(p)|se€(0,t], p(s) eU}, t>0,U€ Bp,

with N,[0,U] = 0, and B(g,) is the Borel o-field of (0, 00). Then

N
Ep[N,(t,U) = N] = AE\?' e MY,
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Assume that n(M) = 1. Write

dN, = /M N, (dtdm). (3.3)
Hence o
/0 F(s, NJAN, = 3 f(r.N,). (3.4)
reD(p)
0o<r<t

Since #{s € D(p)|0 < s < t} < oo, for each 7 € S there exists N = N(7) € N and
0 < s1=s51(7),....,sy = sny(7) <t such that
t+ N N
| F NN, = 3 f(s5 V) = 3 F(s5):
j=1 '

Jj=1

Since Ep[N;] = t and Ep[N; = N] = t¥e~t/N!, the expectation of (3.4) reduces to

Lebesgue integral:

Ep {/OH f(s, NS)dNS} =Ep [/Otf(s,Ns)ds} = /Ot;f(s,n)i;e_sds.

Write (2, Bq, Po) := (W x S,By X 3, Py ® Pp) and w := w x 7 € W x S. For
w=w X 7, we put By(w) := By(w) and p(s,w) := p(s, 7).

Definition 3.2 The Zy-valued random process oy : 7o X §2 — Zo is defined by
O =0 Dy, [Vi]2 = a(—l)Nt, 0 E Zo.

Here we have the paths [N;|o with values £1 € Z, corresponding to the equivalence
classes. The electron and spin processes together give us finally the (3+ 1)-dimensional

R? X Zy-valued random process
(&)iz0 == (B, [Ni]2),50 = (Bt, 0t)i0
on (2, Bq, Pa). Let Q, = F, x ¥, t > 0. For notational convenience, we write
B (€)= [ S+ B @z, [N)dPy = [ f(o+ Boo)dP

as well as Ba[f] = , fdPa, B[f(B)] = fy f(z + B)PY = oy F(B)APY, E°lg(0)] =
Js9(0.)dPp, and Y, [dx f(x,0) := Y gez, Jes dxf(z,0).
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3.3 Generator and a Feynman-Kac formula for &

17

Next we compute the generator of the process & and derive a version of the Feynman-

Kac formula.

Let o be the fermionic harmonic oscillator defined by

1 , , 1
oF 1= 5(03 +i09) (03 — iog) — 3

Note that op = —oy. A direct computation yields
(f, e t(— (1/2)A+60F) /dem )9 (€)M,
Thus the generator of & is given by
1

_§A + or

and by making use of the two-valued variable o,
1 1
(58 +eom)s) (0) = 3Af(0) - ef(~0)

follows.

Proposition 3.3 [De Angelis, Jona-Lasinio, Sirugue] Suppose

/ ds | (2ms) —3/2
RS

for all (x,t) € R® x [0,00). Then

log — \/bl 2+ by(y e*‘yfﬂz/@s)dy < 00

(c09) (5.0) = =il

Here
t
7z, - —22/ a,(B,) o dB" — /V(Bs)ds
0

—/0t< )asbg ds+/

t
/ a,(Bs) o dBY denoting Stratonovich integral and
0

W(z, —0) = log (;(bl(x) ~iohy(a) )

(3.7)

(3.8)

05— )dNg,
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Remark 3.4 We will prove Proposition 3.3 by making use of the It6 formula. In order
that 1to’s formula applies, however, the integrand in f§+ ...dNg must be predictable
with respect to the given filtration. o, is, though, right continuous in s for each
w € Q, so we define o, = lim¢g0s_.. Then o,_ is left continuous and W (Bs, —05_)
is predictable, i.e., W(Bs, —0s_) is Q5 measurable and left continuous in s for each
w € Q. This allows then an application of It&’s formula to [3+ W (B,, —o,_)dN,, for

more details see the Appendix.

Before turning to the proof of Proposition 3.3, we consider a simplified model. Let
U(-,0) and W(-,—0) be multiplication operators on L*(R>x Zy). Define the operator
K : L2(R®x Zy) — L*(R®xZy) by

(K[f)(x,0) :=Ulw,0)f(x,0) — "™ f(z, ~0). (3.9)

First we construct a functional integral for e =%,

Proposition 3.5 Let U(x,0) and W (x,—0) be continuous bounded functions in x €

R, for each o = +1, such that U(x,0) = U(z,0), W(z,—0) = W(x,+0). Then K is
self-adjoint and

(7K g)(z,0) = 'E™ [9(1:, oi)e” Jo Uosds+ [ W(m’_JS)dNS} : (3.10)
PrROOF: The proof of the self-adjointness of K is trivial. Write

Kig(z,0) :=E*°

g(x, at)e_ fot U(ac,as)ds+f;+ W(l‘,—a’s)dNS:| .

Note that for each (x,w) € R? x Q,

t+ t
/ W(z, —a,_)dN,| < M/ dN, = MN;, (3.11)
0 0
where M = sup,cgs ,ez, |W(z,—0)|. Then
I1Kigll < llgl ™ B»7[MN] = ||g|| e e,

t
where M’ = Sup,cgs 5z, B € Jo U@oa)ds] "and K, is bounded. For each (z,w) € R3x
it is seen that fOH W (z, —0os_)dNy is continuous in a neighborhood of ¢ = 0, since
#{0 < s <e€|se D(p)} =0 for sufficiently small € > 0, and then

t+
/ Wz, ~0,)dN, = 3 W (2, ~o(~1)") =0
0 s€D(p)

0<s<t
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for small enough ¢. Hence for g € C5°(R? x Zy),
- _ 2
i lg — Kogl

2:()

t t+
< lim S [dwere lg(w,0) = gla,qpe o Voot T

by dominated convergence. Since C5°(R3 x Z5) is dense in L?(R3*xZs), it follows that K
is strongly continuous at ¢ = 0. Also, K; has the following semigroup property. Since

N is a Markov process, for each (z,0) € R® X Zy, we have

(Ksth) ([L’, U)

s s+ t t+
— o Jy U@andrt [T W (@~ )N B o {e_ [ U@odi+ [ W a1 )N g Ut)]

— %O | o™ fos U(w,a7-)dr+f:+ W(z,—or—)dN,

xE*?

s+t (s+t)+
e LT e [T W (a6, ] 2,

|

s s+ . st (s+t)+ .
— oo {6 fo U(w,UT)dT+fO W(z,—or-)dNr fs U(fE,Ul)dl+fS Wiz, sz)leg($’ Us-i—t)

= (Kopt9)(z,0).

K is thus a Cjp-semigroup, hence the Hille-Yoshida Theorem says that there is a closed
operator h in L?(R3xZy) such that K; = e~ ¢t > 0. We show that h = K + 1.

By Ito’s formula, see Proposition 7.7 below, we have do, = [3+(—20,_)dN, and
dg(z,00) = [ (g(x, —0s_) — g(x,0,_)) dN,. Let

t t+
Y, = _/ U(x,as)ds—Ir/ W (z, —0,_)dN,.
0 0
Then it follows that
t t+
de¥t = —/ e U(x,0,)ds +/ eV (W@ =os=) _ 1)dN;.
0 0
By using the product rule we get
d (eytg(x, at)>
t t+
= _/ g(x,05)e"U(x,0,)ds +/ g(z, 0, )V (e @7o-) _ 1)dN;
0 0
t+
+ [ e (gla,—ou) = glw,0, )N,
0
t+
+/ (g(l’, _US—) - g(x, US—))6Y37 <€W(IE,7057) - ]')dNS
0

t t+
= _/ g(l’, O-S)GYSU(xv Os)ds + / ' (g(ff, _Us—)GW($7_087) - g([E, US—)) dNj.
0 0
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Therefore .
E" [Yig(x,00) — €0g(x,0(0))] = / E“7[G(s)]ds, (3.12)
0
where G(s) = G(z, 0, s) is defined by

—e¥og(z,00)U(x,05) + ¥ (g(x, —as_)ew(x’*"s—) —g(x,05_)), s>0,
G(s) :=
—g(.fE,(T)U(il?,U) +g(x7_a)eW(m7_U) —g(l',U), s=0.

Thus for each (z,w) € R* x Q, G(s) is continuous in s at s = 0 and is bounded as
|G(s)] < eMN:M'|g(x,0)|, with constants M and M’. Dominated convergence gives
then

sl—i>%l+ ;/dx E*7[G(s)] = ;/dx E*?[G(0

Hence

= hm /dxf (z,0)E>? [V g(x, 00) — e¥0g(z, 0)]

t—0 ¢

= hm dS /dxf x,0)E"7[G(s)]

t—0 ¢
= 3" [dx Flz, o= [G(0)]
=3 [dx fla.0) (~U(w, 0)g(r,0) + gla.~0)e &) — g(z, )

Since C§°(R? X Zj) is a core of K, h = K + 1 follows. qed

PROOF OF PROPOSITION 3.3:  We put U(z,0) = —(1/2)obs(x) and W (z, —0) =
log[(1/2)(b1(x) — iobe(x))]. Recall that

t t+
:—zZ/ a,(By) o dBY — /U(Bs,as)der/ W (B, —0,_)dN,.
0 0

W (Bs, —0s-) is predictable and first we have to check that |f§Jr W (Bs, —0s_)dNs| is

finite for almost every w € €2 in order to apply [to’s formula. Indeed,
t+

o [ [ w.. —as)st]
0

gEx,o[/Ot log( \/b1 )2+ ba(B ))

¢ 1
= 2/ ds (27rs)_3/26_‘y_x| /29 llog (\/bl(y)2 + b2<y)2>
0 R3 2

dy
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is finite by the assumption, hence | [ W (B;, —a,_)dN,| < oo, for almost every w € Q.
Define S; : L*(R?x Zy) — L*(R®x Zy) by
Sig(x,0) =E* e Jo VI BdseZe (0, B

It can be seen that
1/2 M
ISigll < Vi 2eM T eI=0172) g

where M’ = sup,cps |b3(2)/2|, M = sup,cps (b3(x) + b3(x))/4 and

Vi := sup E¥[e”? Jo V(Ba)ds) (3.13)

TER3

which is finite by Assumption 2.2. Thus S; is bounded. Since Z; is continuous at ¢t = 0

for each w € (), dominated convergence yields
159 = gll < 3 [ dw B [lg(a, 0) = g(Br, ar)e[] = 0

as t — 0. The semigroup property of S; follows from the Markov property of the
process (By, NV;), which is shown in a similar way as that of K; in Proposition 3.5.
Thus S; is a Cy-semigroup. Denote the generator of S; by the closed operator h. We
will see below that S; = e~ = ¢~ #"a)+1)  From Proposition 7.7 it follows that

3. gt 1 ft
dg(Bi.o) = 3. [ 0,9(Bo o )dBL + 5 [ Aug(B,,0,)ds
=170 0
t+
[ (9B —00) = g(Boyo,)) N,
and
Z/ Z+(“ia, (B )odB“+/ Z(_V/(B,))ds
+= / Zs(—ia(B ds+/ Zs(~U(Bs,04))ds
+/t+ pZa—tW(Bs,—0a-) _ eZS_) dN.,.
0
By the product rule and the two identities above we have

AP g(Bio)) = [ e [5Au(Ben) + (~ia(BL) - (Vag) (oo

+ (S (ia B = V(B) = UBy,0) g(Bar0)] ds
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3

+> /Ot e (axug(BS, 0s) + (—ia,(Bs))g(Bs, 05)> -dB"

+/0t+ eZs— [ (9(Bs, —0s_) — g(Bs, 05_))
+(9(Bs, —0s-) = (Bs,as (W (Bemo) )
+g(By, o) (e Boos 1)]dN

)
)

Take expectation on both sides above. The martingale part vanishes and by (7.3) we

we obtain that
t
5" g(By,00) — g(x,0)] = | E7[G(s)]ds.

where

;Axg(Bs, 0,) + (=ia(B,)) - (Vog)(Bs, o)

4 (;(_Z’a(BS))2 — V(Bs) — U(Bs, 05)) 9(Bs, JS)]
+e% ((9(Byy =0, ) P77 — (B, 0,0))

G(s) = e”

with s > 0, and

G(0) = {Az —ia(z) -V, + ;(—ia(x))2 —V(z) = Uz, 0) — 1} g(z,0)
+eV @) g(z, —0)
—(h(a,b) + 1)g(z,0).

We see that G(s) is continuous at s = 0, for each w € €2, whence

fim (/. (Sc= 1)) = limg [ 53 fdo )]
= Y [dz f(z. 007 (G(0)
— (f.~(h(a,) + D)g)
Since C5°(R? x Z) is a core of h(a,b), (3.8) follows. qed

Note that (3.7) is a sufficient condition making sure that

t+
/ |W(Bs, —0s_)|dNs < 00, a.e.w € . (3.14)
0
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When, however, by () —ioby(x) vanishes for some (z,0), (3.14) is not clear. This case
is relevant and Proposition 3.3 must be improved since we have to construct the path
integral representation of e~th(@b) ipy which the off-diagonal part b; —ioby of ﬁ(a, b) has
zeroes or a compact support. Since the generator of & is —(1/2)A + o, as was seen

above, this then becomes singular. Take ¢ — 0 on both sides of

(f,e” (—(1/2) A+60F) Z/dl‘EmU (&) 1. (3.15)

Then the right hand side of (3.15) converges to 3, [dx E*[f(z, 0)g(B;, o)], see Remark
3.7 below. The off-diagonal part of h(a,b), however, in general may have zeroes. For
instance, a, for all © = 1,2, 3 have compact support, and so does the off-diagonal part
in the case of b = V x a. Therefore, in order to avoid that the diagonal part vanishes,

we introduce
R0 b) o) = (;(—N _aP 4V — ;abg,) f(o) (3.16)
+ (=0~ o)+ e (5 (01— iob))) £ (o),

where 1), is the indicator function

Vo(x) = { (1) }i; ;Z; (3.17)

We define 9. (K) for a self-adjoint operator K by the spectral theorem. In particular,
the identity

V(K) = (2m) 72 [ (k) i

holds. Thus | — (b — ioby) + ethe(—3(b1 — ioba))| > /2, which does not vanish for
any € > 0.

Proposition 3.6 We have

(eftﬁg(a,b)g) (0,2) = e'E*7[e% g(&,)), (3.18)
and
(eftﬁ(a,b)g) (0,2) = lim 'S (% g(&,)], (3.19)
where
zi = =i [(ouB)odny - [ V(B

p=1

t/ o1 t+
—/ (—2) O'sbg(Bs)dS + / Wzs(Bsa _08—)dN5’
0 0
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and

We(x, —0) = log (;(bl(x) iaby(z)) + et (;(bl (z) iabg(:c))>> |

the (a,b)

PROOF: (3.18) is derived as in Proposition 3.3. Since e~ converges strongly to

e~th(@b) a5 ¢ — 0, (3.19) follows. qed

Remark 3.7 We have the following cases.
(1) Let the measure of
0. = {(x,a) € R® x Zy | [(1/2)(by(x) —ioby(z))| < 5/2}
be zero for some ¢ > 0. Then Proposition 3.3 stays valid.

(2) In case when the off-diagonal part identically vanishes, we have

lim B¢ (&)

.3 t t t
— lim etE:LUI:eiZ Zuzl fo au(Bs)ongffo V(Bs)clsff0 (f%)osbg(Bs)dsgth(ét)]

e—0
.3 t t t
— B0[e Lpmt Jo w(BodBE = [V (Bo)ds— [[(=)osbs(B)ds o g )1

7t(%(7ivfa)2+vfédgb3)

=e g(x, o).

Here we used that as ¢ — 0 the functions on K; := {w € Q| N;(w) > 1} vanish
and those on K := {w € Q| Ny(w) = 0} stay different from zero. Note that for
w € Kf, Ny(w) = 0 whenever 0 < s < t, as N; is counting measure. Clearly, then

the right hand side in the expression above describes the diagonal Hamiltonian.

(3) Since the diagonal part —(1/2)obs(x) acts as an external potential up to the sign
o = =, heuristically we have the integral [j(—1/2)o,b3(B,)ds in Z;. This explains
why [ 1log[(1/2)(b1(Bs) — i0sby(Bs))]dN, appears in Z;,. Consider T,F(x,0) =
E*?[F(By, Jt)efot W(Bs,=os-)dN:] - Take, for simplicity, that 7 has no zeroes. Com-

pute the generator —K of T; by Itd’s formula for Lévy processes to obtain

t+

p (e ot W(Bs,—as)st) _ <e o W(Be—0 )JANAW (Bi—o0) _ [, W(Bs,—as)st> in,

= elo WBsma)dNy (W (BL=0) _ 1), (3.20)
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On the other hand, we have

d (e— N V<Bs>d5> — o V@ (v (). (3.21)

t
From this we obtain that e~#-(/28+V) (z) = g=[e~ Jo V(B)% £(B,)]. Comparing
(3.20) and (3.21), it is seen that It6’s formula gives the differential for continuous
processes and the difference for discontinuous ones. From (3.20) it follows that

the generator K of T is given by

Kf(o) = (—;A _ V@) 4 1) f(—0).

t
Thus e X F(z,0) = ¢'B7[F(x, Ut)efo Wiz,=os-)dNs) oiving rise to the special form

of the off-diagonal part.

4 Functional integral representation of e //PF

4.1 Hypercontractivity and Markov property

In this section we discuss hypercontractivity and turn to the functional integral repre-

sentation of e tHPF,

Also, we derive a comparison inequality for ground state energies.

Let || Fll, = (fo, [F(6)Pdus(¢)) " be L-norm on (Qp, us) and (-, -)s the scalar
product on L?(Qg). As explained in Section 2, T'5(T) for ||T|] < 1 is a contraction
on L*(Qp). It has also the strong property of hypercontractivity, i.e., for a bounded
operator K : L(R*) — L?(R**#") such that || K| < 1, T35 (K) is a bounded operator

from L?(Qp) to L*(Qp). Nelson proved the sharper result below.

Proposition 4.1 Let 1 < ¢ <p and [|[T||* < (¢—1)(p—1)"* < 1. Then T's(T) is a
contraction operator from L9(Qpg) to LP(Qg), i.e., for & € LI(Qp), I's(T)P € LP(Qp)
and |IT5(T)®, < [|2],.

PROOF: See [Nel73]. qed

We factorize e *frd as is usually done. Let j; : L?*(R®) — L*(R3*™), ¢ > 0, be
defined by

— - e—itko wb(k;) R
jtf(k, ko) = \/E \l wb(k)Q n ‘kO‘Qf(k), (k, ko) € R X R.
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The range of j;, a <t < b, defines the o-field ¥, of Qp, and the projection Ejqy)
to the set of X, -measurable functions can be represented as the second quantization
of a contraction operator. By using the Markov property of the family of projections
Ej..; and hypercontractivity of EjqpEj.q with [a,b] N [c,d] = 0, it can be shown that
Jog |JaF||1G||®|dpg < oo for F,G € L*(Q) and ® € L'(Qg). We will prove this for
the massless case in Corollary 4.4.

The isometry j; preserves realness and j;j, = e #==lv(=V) 5 + € R follows. Define
Jy:=To(j), Ji:L*(Q)— L*(Qg).

Hence J;J, = e~ lt=slfna on [2(Q). The operator e; := j;j; is the projection from
L2 (R¥™1) to Ranj,. Define

real

Uap = LHAf € L2 ,(R3*!) | f € Ranyj, for some ¢ € [a,b]}

real

and let e,y : L2,
on L*(Qg) by E; := JiJ; =T'1(e;) and Epp) := '1(€fqp). Let Xp,p be the minimal o-
field generated by {A"(f) € L*(Qg) | f € Ul } and denote the set of X, ;-measurable

functions in L*(Qg) by &y The projection Ej,p has the properties below:

(R¥T1) — Ula,y) denote orthogonal projection. Define the projections

Lemma 4.2 Let a < b <t < ¢ < d. Then (1) eqevec = eqle, (2) €lapCi€iea) =
ClapCled), (3) RanEy = Euy), (4) By EiBeq = EanEleq.-

PROOF: See [Sim74, Hir97]. qed

Lemma 4.2 implies that Ej,y is the projection from L?(Qg) onto Elay- The fact
that B,y EiEjcq = ElayEleq is called Markov property of the family E,. Let wy, =
VIk[2 +m? with m > 0. Define Gim o gim) ef:?g], el™, E[(L:Z)], E™ and 8[%)] by ji,
Jt, €lap)s €, Elap, By and &y with wy replaced by wy,,,, respectively. Then Lemma
4.2 stays true for ej,; and Ej, replaced by eEZLg] and E[(;?}, respectively. Note that

LCoi(e7™vm), m > 0, is hypercontractive but it fails to be so for m = 0.

Lemma 4.3 Leta < b <t <c<d, F € 5[%% and G € 5[(;2%. Toke 1 < r < o0,
1<p 1<gq r<pandr < q. Suppose that e”?™=Y < (p/r —1)(q¢/r — 1) < 1
and F € LP(Qg) and G € LY(Qg). Then FG € L"(Qg) and ||FG|, < ||F|,I|Gll,- In
particular, for r such that

2 2
1 T e,m(c,b)] U [1 _ efm(cfb)’

we have || FGl, < [|F[|o[|G]],-

rell 00),
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0, |F|> N, ¥7l0, |Gl >N.

|IGn|" € S[C 4> and it follows that

[, 1P G = (ST ECCAT), = (T TaepicaT),

PROOF: Let Fy = { Then |Fy[" € 5[a o)

Note that T, := efﬁ)]efc (3] satisfies
HTeH2 = ||6[abel()m)e(m)eled)}||2 < ||le ¥ (m ||2

C

= [lelertlnm |2 < e < (p/r — 1)(g/r - 1).
Thus by Holder inequality,
IENGN 7 < NENT (/e T (TGN s, (4.1)

where 1 = i + 7 Since IT.|* < (p/r — V)(q/r — 1) = (p/r —1)(s — 1)t < 1, by
Proposition 4.1 i% is seen that ||I'i(7¢)|Gn|"||s < |||Gn|"|p/r- Together with (4.1) this
yields

IENG NIl < [ENllolGlly < 1E(lo[|Gllp- (4.2)
Taking the limit N — oo on both sides of (4.2), by monotone convergence the lemma
follows. qed

An immediate consequence is

Corollary 4.4 Let ® € L'(Qg) and F,G € L*(Qg). Then, for a # b, (J,F)®(J,G) €
LY(Qg) and

/Q (T F)®(AG) dus < []1F 2] Gl (13)
E
2 1 1
PROOF: Let a < b, and 1™ = ———— and s > 1 be such that +—— =1,
1 — e m(b—a) r( m) S(m)

ie., s =pMm /(M) — 1), Without loss of generality we can assume that ® is a real-

valued function. Truncate ® as

N, & >N,
dy:=<{ @, [P <N,
—N, &< —N.
By Lemma 4.3
BB KM@l < [ || (") dye
< @n e 1T F) G o

1 Lo 1T F Iz | T3 ™ Gl
1[5 [ E 21 G [l
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Since s—lim,,,_q Jt(m) = J; in L*(Qg) by s—lim,, .o jlfm) = j; in L*(R*™), and @y is a

bounded multiplication operator, we have
(L F], [n]1Gl)2 < [ @n[1][Fll2IGll2 < @[] F2]|Gll2- (4.4)

Since |®y| 1 |®| as N — oo, by monotone convergence |J,F||®||J,G| € L'(Qg) and
(4.3) follow. This completes the proof. qed

4.2 Functional integral

As explained in Section 1, a key idea of constructing a functional integral representation

of e "PF ig to use the identity
© o3
M= /Q L2(R® X Zo)dyu(9). (4.5)

We define the Pauli operator Hpp(¢) in (4.7) for each fiber ¢ € Q and set

s
Kpp := Hyaq + /Q Hpp(¢)dp(o), (4.6)

where + denotes quadratic form sum. It is seen that Hpp = Kpp as a self-adjoint
operator. Using the path integral representation of Pauli operators discussed in Section
3, we can construct the functional integral representation of e t#pr(®) for each ¢ € Q.
From this the path integral representation of e *#P¥ can be derived through the identity

Hpr = Kpr and the Trotter product formula for quadratic form sums [KMT78].

Define the Pauli operator H3p(¢) on L*(R®xZy) by

1

S (V= CAWO)? +V + Ha(9)) £(0) + Hoa(0)f (=), (47)

CHONICENE

where

Ha(¢) = Ha(z,0,0) = —=0Bs(g),

2
Hoa(¢) = Hoa(x, =0, ¢) = =5 (Bi(9) — ioBy(0)).

¢
2
To avoid that the off-diagonal part H,q(¢) vanishes, we introduce H%(¢) in the similar

manner as in h¢(a, b) above by

(HE@)1)(0) = (5(—iV = eAW)? +V + Hal9)) /(o) (4.9

2
+ (Hoa(0) + £ve(Hoa(9))) f(—0),
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where 1. is the indicator function given by (3.17). Since |Hq(¢) + etb-(Ha(9))| > €/2
for all (z,0) € R® X Zy, we can define

W;(‘T? _U) = log [_Hod(xa —0, ¢) - 5wa(Hod(xv —0, ¢))] :

Lemma 4.5 Assume that A\ € C°(R®). Then for each ¢ € Q, Hp%(¢) is self-adjoint
on D(—A) ® Zy and for g € L*(R3xZy),

(750 g) (2,0) = =7l VIPIA g )
where
3. gt
Z(6,2) = =iy [ AN - B.),¢)aBY
pn=1
t t+
_/ Hd(BS,JS,¢)d3+/ WE(B,, —0,_)dN,.
0 0
PROOF: Since A € C§°(R?), we have

Au(9) = Au(A( = 2),9) == (6, @)10wA(- — )0 € O (R), € Q.

Then H3%(¢) is the Pauli operator with a sufficiently smooth bounded vector potential
A(¢), and the off-diagonal part is perturbed by the bounded operator ev.(Hoq(¢)).
Hence it is self-adjoint on D(—A)®2Z, and the functional integral representation follows

by Proposition 3.3. qed

Next we define the operator Kip on H through HP%(¢) and the constant fiber direct
integral representation (4.5) of H. Assume that A € C§°(R?). Define the self-adjoint
operator H3% on H by

S
1 = [ HE(6)du(0),

that is, (HRLF)(¢) = HY:(¢)F(¢) with domain

D(HE) = {F e 1| [ IHEF) O du(s) < oo}

Set
Kip = Hp + Hyag. (4.9)

Let L2, (Q) := U_o{®r, L2(Q) D:2.,,.1{0}} and define the dense subspace

n=m+1

Ho 1= C°(R® x Zy) @ L3 (Q), (4.10)



30 The Pauli-Fierz model with spin

where ® denotes algebraic tensor product. Also, define

€ .__ _ E 0 51/)5(81 - ZBQ)
Hie = Hee =5 |0 31 i) A . (4.11)

Lemma 4.6 Let A € C§°(R?). Then
(F,e P @) = lim (F, e Her Q). (4.12)

PROOF: It is seen that Kip = Hpp on Hy, implying that K5y = Hpp as a self-adjoint

operator since Hy is a core of Hpp [Hir00b, Hir02]. Moreover, Hgr — Hpr on Hj as

. . _ £
e — 0 and Hy is a common core of the sequence { Hgp}eso. Thus s—lim,_oe #er =

e PP wwhence (4.12) follows. qed

By (4.12) it suffices to construct a functional integral representation for the expres-

sions at its right hand side and then use a limiting procedure. Set
Hf(x,0,5) = —50BE (A — ).
HE(2,~0,5) = =5 (BI (A = 2)) = i0BE (A — 2))).
Lemma 4.7 As a bounded multiplication operator on L*(Q), for each (x,0) € R3 X Zy
Jtoe(Hoa(w, —0))J; = Eqpo(Hoy(w, —0, ) E,. (4.13)

Proor: Note that ¢.(Hoq(z,—0)) is a function of the Gaussian random variable

¢ = Hoq(z,—0) = By(z) — ioBy(x) of mean zero and covariance

a1 IR () Tl kP
pim [ #dn =[G+ Batopyan = g (20 (2= LR g

(4.14)
since
. . 2 k,uku
> (kxe(k, )ulk x ek, 5))y = k[* {0 — 15 | -
j=%1 k|
In general, for a given function g € L*(R), g(®) is approximated by
9a(®) = (2m) 72 [ Gu(k)e™ dk (4.15)
R

in L?(Q), where g, € S(R) is such that g, — ¢g as n — oo in L*(R). This follows from

l9(®) = gu(@)13 < (2np) ™ [ lg(x) = gu () da. (4.16)
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For the vector
P = /f(kl,...,kn)e_izjzlw’hﬁodkl---dk;n

with f € S(R") and h; € &*L*(R?), we have lim,, . g,(P)F = g(®)F strongly by
(4.16). Since the set of vectors of form F are dense in L?*(Q), as bounded multiplication

operators ¢,(®) strongly converge to g(®) as n — oo. Thus there is a sequence
{m (@)}, such that

v2(@) = (2m) V2 [ (k) (4.17)
with ¢ € S(R) and lim,, ., ¢(®) = ¢ (®) in strong sense. By (4.17)
T (Hoa(w, —0))J* = (2m) 112 /R D (k) e T dk
— (2m) 1/ /R (k) B B dk = Bt (HE (z, —0, 5)) B,

where ®(s) = BE(j A — ) — ioBY(j M- — 7)), and " (HE (2, —0,5)) converges
strongly to v.(HE (x, —0,s)) with n — oo as a bounded multiplication operator on

L*(Qg), yielding (4.13). qged
The next statement is our key lemma.

Lemma 4.8 Let A € C3°(R?), F € £,y and s & [a,b]. Then

(F, Joe M5 5@y = et /dmw [e—f(f VB [ E)e &) B.G(&)dug| . (4.18)

(955}
Here
3t
Xie,s) = —ie Y. [ ASGAC - B)dBY (4.19)
p=1"0
t t+
~ [ HEB o s)dr+ [ WAB, —0, )N,
0 0
and

We(z, —0o,s) :=log (—Hfd(x, —0,5) — e (HE (v, —0, s))) (4.20)

PROOF: First notice that the right hand side of (4.18) is bounded. By Corollary 4.4,
F(z,0) = J,J/F(x,0) for some [ € [a,b] and E;G (B, 0¢) = JsJIG(By, 01). We obtain

Ir.h.s. (4.18)] < Eq

el VS [ | P(a,0) || GB: + o at>||2||eXf<€’s>||1] .
(4.21)

We will prove in Lemma 4.9 below that there exists a random variable ¢ = ¢(w) such
that
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(1) [eXEDNE < ¢, ae we,
(2) cis independent of (z,0) € R® X Z,,
(3) ¢ is independent of Bf', u=1,2,3,
(4) Eq[c'/?] < co.

By (4.21),

r.h.s. (4.18)|

1/2

(Z/dx"(;(Bf”’“f)”Q) (Z/deanuzem o) ]
¢ 1/2
< |Gl [/ (5 a1 2o ]

. 1/2
< Gl Bale? g [(Z JaolFtalge v s) ]

< |Gl |F [l Vai *Eqlc!/?] < oo, (4.22)

where we used (1) above in the second line, (2) in the third line, (3) in the fourth line,
Assumption 2.2 and (4) in the fifth line, where V), is defined in (3.13).
Next we prove (4.18). By Lemma 4.5 we have

(JIF, e e @)
B /ngczﬁ)((J;‘F)(cb),e‘tH“ (J3G)(9)) 12 wsic2)

= [ dn(@) % [dvsm [ VIR G, &)e % (1:G)(6,4)
=2 Jdzere eV [ au(o)(TF) G &) (1:G) 0.6

Here we used Fubini’s Theorem in the fourth line. Put

t+
_ —zeZ/ A, (A(- — By))dB" — / Hy(B,,0,)ds + [ W(B,,—0.,)dN.,

with We(x, —0) :=log (—Hoa(z, —0) — et (Hoa(z, —0))). Pick F,G € Hy. Given that
JIF € L*(Qg) and e#©) J*G(By, 04) € L*(Qg), we rewrite as

(JiF, e e J1G) = > / drE™ [ Jo VB (p(ey), T, @ T2 G(E)) 120m)
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The kernel J,eZ) JI is computed as follows. Divide it up into

JSGZt(E) J: — Jsefie Zi:l f(: AM()‘('fBT))dB# J;" Jse_ fot Hd(B'mU'r)dTJ:

=1 =11
x Jyelo WeBr=ar)dN: px (4.23)
=III

We compute the three factors I, IT, 11T separately. First, by [Hir97]

Js exp (—@62/ A( ))dB“) J;

= F, exp (—ie > /t AE(]’S/\(. — BJ)dBff) E,.
p=1"0

Secondly, for w € Q, there exist N = N(w) € Nand s = s1(w), ..., sy = sy(w) € (0,00)
such that on H,

t+
J, exp ( / We(B,, —ar_)dNr> T
0
N
= Js H (_Hod(BSm _O-Si_> - 5¢€(_H0d(BSN _O-Si—>)> ‘];
N
= FE, H (‘HoEd(Bsia —0s;— S s) — eve(— Hgd( siy —O0si—; 3))) Es

t+
= F exp (/ We(B,,—o,_, s)dN,,> E,,
0

where we used that JoA(f1)- - A(fn)J: = EsAE(of1) - - A%(jsfr) Es as multiplica-
tion operators, and that Jsb.(Hoq(Bs,, —0s,_))J: = Ex.(HE(Bs,, —0s,_,8))Es by
Lemma 4.7. Finally, it can be seen that, similarly to III, factor II is computed on
Hy as

t n
Js exp (—/ Hy(B,, a,«)dr> Ji = nh_)Igo Js H exp (Hd(th/n, Tit/n)— ) J:
i=0

" t
= lim H E,exp <H (Bit/ns Oit/n, s)n> E, = exp (—/0 HY(B,,0o,, s)dr) E,.

n—oo

Putting all this together we get
(F, Je 5 7:G) = Y [dumee {e- Jy v Brydr /Q duEF@o)ext(&s)EsG(&)} (4.24)
[ E

for F,G € Ho. By a limiting argument and the bound (4.22) it is seen that (4.24)
extends for F, G € H, completing the proof. qed
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Lemma 4.9 There exists a random variable ¢ = c(w) satisfying (1)-(4) in the proof of
Lemma 4.8.

Proor: Note that

||€Xt(as ||2 < ||€ fO HE(B,0r,s d7“|| ||6f0 |We(By,—0r—,s |dNT||2

We estimate the right-hand side of this expression. Since

t t
|| HEBroors)ir = B5 (=5 [ o = By)ar)
0 0

and BJ(f) is a Gaussian random variable with mean zero and covariance

kK,

/QE BY(f)B(g)dus = /f )g(k, ko)\k|2< = R ) dlkdk, (4.25)

we have

2
t
e fo HE(B,,0r,s)dr

t B
= <1QE, e Jo M (B""“S’d’"lgE)
2

e (13 (5)'3 o [t o )
< exp <(;) t? k)" || dk’) =¢; < 00. (4.26)

R3 wb( )

c1 is thus independent of (z,0) € R® x Zy. Next consider Hefo (WeBrmor—s)ldNe) 2 - Qo

B} (t) := B(jsA(- — By)) for notational convenience. For each w € €, there exists
N = N(w) € Nand s; = 51(w), ..., sy = sy(w) € (0,00) such that

t 2
efo |We(Br,—0r_,s)|dN;
2

< <1QE, exp <2 /t log w’g\/b’{?(ry + BE(r)2 + e?] dNr> 1QE>
<1QE,eXp <2Zlog[| |\/BE 2 4 BE(s;)2 +52D 1QE>
o)
(

(4.27)

2

2

> z_:o 62(N_m) Z (1QE7 (BE;&)Q o (Bi>2 1QE)2

combyy,

&\E

™

=

m-fold
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‘ ’ 2N N
- (M) S evm s s B el
m=0 N———

combyy,
m-~fold

NN X ey (- /5r2m - om
< (\/5 > e (V2 ml ||/ [k|g )2
m=0

2N N
(& —m m ~ m
- <|¢|§> S V) 192 || SB[ = (), (4.28)
m=0

where >, denotes summation over the 2™ terms in the expansion of the product
1 (BY (s:)? + By (s:)?), B denotes one of By(s;), p=1,2,7=1,..., N, and we used
that |a+ib+e| < V2va? + b2 + €2, a,b, e € R, in the first line, and the basic inequality
1BY (s:) Wl < ﬂHM@HHNé/Z\PHQ in the sixth. Note that cy(w) is independent of

(r,0) € R® X Zy and B}'. Set
c(w) = crea(w). (4.29)

Then

Ly X N N N-m /mplom klo||™
Bole2] < edl Vg 3 (%) 5 . Ve e

N=0 m=0

(4.30)
This completes the proof of claims (1)-(4) above. qed

Next we define the L?(R3*!)-valued stochastic integral [; j,A(- — B,)dB* by a lim-
iting procedure. Let A, (s) be the step function on the interval [0,t] given by

An(s) = fi— 1) Lit(i—1)/n,tifn] (S)- (4.31)

=1 "
Define the sequence of the L?(R3*1)-valued random variable - : Q0 — L?(R3T!) by
= [ dauoAC — BBy, =123
This sequence converges, which is guaranteed by
Ballleh — €417 = o[ [ liauAl = B) = danio ¢ — Bl
= 20 [ [ (I = A = By, e 0-8n0kn(. — )Y as] — 0

as n,m — oo.
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Definition 4.10 We define

/]S ydB" :S—hmf w=1,2,3,

/Ot AE(GGA(- — BL))dBY = </ I dB“)

Now we are in the position to state the main theorem of this section.

and set

Theorem 4.11 For everyt >0 and all F,G € H
(F,e oGy = 'Y / drE™° [e Jy v (Bo)as /Q duEJOF(éweXt(a)JtG(ft)} (4.32)
g E
and
(F, e tHer @) —hmet Z/dx]E”“’[ —Jy VB / dugJoF (&)e*©) J,G (&)] (4.33)
Here
3.t
&) = —ie > [ AFGAC - B.)dB!
p=1"0
t i+
_/0 HY(B,, 04, 5)ds +/O log (—HoEd(BS, —0,_,8) — e (HE (Bs, —0,_, s))) dNj.

PrOOF: Notice that Bf(jsf), f € L*(R®), s € R, p = 1,2,3, is a Gaussian random

variable with mean zero and covariance

kuk,
/ By (js)B, (jeg)dpe = / f(k |/<;|2<  — |;|2 ) o l=slon (k) g,
Qg

Then similarly to (4.22) we obtain |r.h.s.(4.32)| < | F|lx||Gll2 Vi B2 [c"/2] < C, where

tHip _, o—tHpr

c is given by (4.29) and C is a constant independent of . Since e~
strongly as € — 0, (4.33) follows from (4.32).
Now we turn to proving (4.32). Take A = (¢/\/wp)¥ € CC(R?). Then by (4.22)

o [e= Jo VBT Xue9) G (g,)] € H for G € H, and

E%° [6 fo V(Br)dreXt(E,s)G(é-t)]

| = e e

Remember that X;(e,s) was defined in (4.19) and V) in (3.13). Define the bounded
operator
(S;SG)(SIZ,O) — olRTo {6 fo V(Bu)dueXt(S,S)G<€t):| ., H—H.
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Set
3 T
Xsr(e,s) = —z’eZ/ A, A(- = B)dBY
—/ Hd Bl,O'l, dl—l—/ Bl, O'l_,S)le.
By making use of the Markov property of & we get

(54,55,G) (@, 0)

t,r™~s,l

_ es+tE:p,a -6_ fof V(Bu)duengt(e,r)]EBt,Ut |: f V(By)du Xos sl (és):|

- t s+t
= g | Jo VBdupXor(em)gro [6_ J; V(B“)duext’s“(e’l)G(Bs+t, Ostt) | Qt”

_ 65+t]E.1:70' 6 Os+t V(BU)dUGXO’t(87r)+Xt’s+t(E7l)G(Bs+t, Us+t):| . (434)

Note that for s;1 < --- < s,

exp (Xo,t1(5> 51) + Xiy 41, (6,82) + -+ Xyt 1ty et (€5 Sn)) € E[Sl,sn]LQ(QE).
(4.35)
For operators Tj, j = 1,.., N, write [[;_, T; := T1T5---T,. By using the identity
Hip = Hya + J§ Hip(¢)dp(¢), we have

(F e tHer Q) = (F e*t(H%fFJrHrad)G)

=l (5 (e ) G)

= lim < JoF, (H i m€ —(t/mHg g /n> th>
1=0
n—1

= nhj{.lo <J0F; (H zt/nsf/n,it/nEz’t/n> JtG>
1=0

n—1

= ¢' lim Z/d:ﬂEm’” {e_ Jo V(Br) T/ dugJoF (x,0)eXt @ J,G(&)]
n—oo P QE
(4.36)
where we applied the Trotter-Kato product formula [KM78] to the quadratic form sum

in the second line, the equality J7.J;, = e~ lt=slraa ip the third, Lemma 4.8 in the fourth,
(4.35) and the Markov property of the family of projections Ej..; in the fifth, and (4.34)
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in the sixth line. Moreover X/*(¢) = Y;*(1) + Y;*(2) + Y,*(3, ¢), with
AP (e(s—1ynA(- — By))dBY

t
= —ied® (@, [ s, - B)aB),

n ti/n ) t
e = -y Jos, ) HE(Bo st = 1)fm)ds = = [ HE(Bu, 00 8 (3))ds
n ti/n+ i
Y7(3,6) = Zl/t(i_l)/nWE(Bs,—as_,t(i—1)/n)st—/O We(By, —0y_, An(s))dN,,

and with W¢(z, —o,r) defined in (4.20) and step function A, (s) given by (4.31). Fur-
thermore, put

t
V(1) := —ie AP (@221/ GoA(- — Bs)ng) :
0
t
Yi(2) == —/ HE(B,, 0y, 5)ds,
0
t+
Yi(3, 2) ::/ We(B,, —0,_, s)dN,.
0
Then X;(¢) = Yi(1) + Y3(2) + Y;(3,¢). We claim that

vhs. (436) = ¢ 3 [dwEe [e—fé v [ duEJOF(go)eXt@JtG(gt)}. (4.37)

Note that

> [awme [ VO [ () |G e — O dpg
e E

. 1/2
< Gl [(Z Jdw e 2V (o)) X eX*f)n%) ] (439)

and
[ (1QE7 Ieyén@)l?lQE) (1QE, !6”(3’5)|219E) :

We continue by estimating the right-hand side above. It readily follows that
<1QE7 62Ytn(2)191~3)

2t t k)2
— exp <€4/0 ds/o deUT/R [p(k)| e—zk(Bs—Br)(lkIP_i_|k2|2)6—An(s)—An(T)|wb(k)dk>

3 wb(k‘)

e? .
< exp (4252 /]R3 ]cp(k)|2|k;|dk> = ¢y, (4.39)
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t € 2 t € 2

and the estimate of |[eJo W= (Bs=s—An()dNs goes as that of eJo WF(Bro—or—s)dNe |- o
2 2

plained in (4.28), with BY(js,A(- — By,)) replaced by B (ja,(s)A(- — Bs,)). Then, for

toe 2
each w € Q, eJo W (Bs,=os— An(s)dNs || < ca(w), with co(w) given in (4.28). Thus we
2

conclude that ||eXi®)]|? < ¢(w), where c(w) = cicp(w) and E*7[cY/?] < oco. Similarly,
|eX@) |, < C(w) and E*?[C/?] < oo follows for a random variable C'(w). Note that
both ¢ and C' are independent of (z,0) € R® X Zy, B} and n. Thus by (4.38) and
dominated convergence, it suffices to show that for almost every w € €, eX#'(5) — X()

as n — oo in L'(Qg). We have

GXPE) L Xile) YR Y)Y B L V(1) Yi(2) Vi (3e)

— € €

=1
4 N YRR YBE) _ Yil1) Yi(2) Y1 (3.)

=11
4+ V() Ve(2) Y (Be) _ Yel(1) Ye(2) Ye(3) (4.40)

=111

We estimate I, IT and III. Notice that

||I||1 < ||€Ytn(1) — GYt(l)HQ ||€Yt”(2)6ytn(378)”

), (4.41)

By a minor modification of (4.26) and (4.28) it is seen that there is N = N(w) such
that

A\

@G 2 < )| PR )2, (4.42)

4N 2N
< 64(e/2)2t2||\/@6||2 <\|j|§> Z £2N=m o1 92m H /‘k?|@||2m
m=0

e

1=c3

By the expression of Y;(1) in Definition 4.10

2
(eyt"(l)7 6Yt(1))2 = exp <—€2q1(g?7 Q?)) ,

t

with off = @), : (Jan( A = Bs) = JsA(- — By))dBY. Moreover,

x,o n n 3 x,o t N N
B (el @) < SE | [ inuoAC = B) = A - Bo)|Pds

3aa | [ 2 L —An(s)=slon y (. }_,
& UO (22 = 2R — Bo), e A= B.)))ds| — 0

IN
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as n — 0. This implies that there exists a subsequence m such that for almost every

w € Q, lim, oo (X" Y1)y = 1 and thus [|e¥" 1) — V(1

subsequence by n. Then

)H2 — 0. We relabel this

Jim 1), =0 (.43

follows by (4.41) for almost every w € .

Next we estimate II. Since |e¥*(!)

ITT]ly < [le™ ) — €

| = 1, we have

@lz [le" L,

and ||e¥" 39|y < e3(w), see (4.42). A direct computation yields

le" @13

—exp<( > /ds/ dsasar/dk:
—>exp<( ) /ds/ drasar/dk:

= [|le" @3

and

(¥7C) M),

—exp< () /ds/dr”/dk

_zk(Bs—Br)(|k1|2 + |k2|2)6—|An(s)—An(T)Iwb(7€)>

—ik(BS—Br)(|k,1 |2 + |k,2|2)6—|8—7"wb(k)>

BBy + [k )

X (e lsrien®) 4 €—|s—An<r>|wb<k) n €—|r— n(wn(k) €—|An(s>—An(r>wb(k))>

L exp ((;) /ds/ dro, r/dk

el

as n — o0o. Thus

Jim [[IT[F < Tim (e ]J3 — 28 (e,

is obtained.

Finally, we deal with III. Since

||e¥1 (DYt () ¥e" (3e)

otk (Bs—By) (|k; |2+ |k ‘ ) Is—rwb(k)>

@)y + [ F)es = 0 (4.44)

— V1DVt @) V1B < ||V ]|, [|e¥ 3 — X3,
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and [[e"*@) |2 < 64(6/2)1‘/2“@@“2, it is enough to show that e*#"3<) — e¥1(3¢) in [2(Qy).
By the definition of ¥;*(3,¢) we have

e¥i'(32) = H exp (/
i=1 t

(i—-1)/n

ti/n+

We(Bs, —os—, (i — 1)/n)st> :

For each w € Q there exists N = N(w) € N such that D(p) = {sy, ..., sy}, where p is
the point process defining the counting measure Ny, see (3.3). For sufficiently large n
the number of s; contained in the interval (¢(i — 1)/n,ti/n] is at most one. Then by
taking n large enough and putting (n(s;),n(s;) + t/n] for the interval containing s;,
1=1,...,N, we get

N
"0 = [T (= HE(Bs,, =05 n(s1) — eve(H(By,, —0eom(s1))) . (4.45)

i=1
Clearly, n(s;) — s; as n — oo. We want to show that
N

lim rhes. (4.45) = [] (- HE(Ba,, =00, 5:) — eve(HE(By, =00, 51))) . (4.46)

m—oo -
=1

Since HE (B, —0,,_,n(s;)) converges strongly to HZ(B,,,—0,s_,s;) as n — oo in
L?(Qg), we have by Lemma 4.12 below that in L*(Qg)

}E_}r% be(Hoq(Bsiy =05,—,11(54))) = e(Hoq(Bs;, =05, 51)). (4.47)

Set I(n,i) := . (HE(Bs,, —0s,_,n(s:))), 1(00,4) := . (HE(By,, —0s,_,5:)), Aln,i) =
HE\(B,,, —0,,_,n(s;)) and A(c0,i) :== HE/(B,,, —0,,_,s;). Since these are commutative
as operators, the right hand side of (4.45) can be expanded as a finite sum of functions
of the form C(n) := [[1(n,#) [] A(n,#), where # stands for one of 1,...,N. It
suffices to show that (jach C(n)Ncgnverges to C(o0) as n — oo in L*(Qg), where
C(o0) is C(n) with n(s;) replaced by s;, i = 1,...,N. Take, for example Cy(n) :=
I(n,1)---I(n,k)A(n,k+1)--- A(n,N). Then

I(n,1)---I(n,k) (A(n,k+1)---A(n,N) — A(co,k+1)--- A(co, N))
+(I(n,1)---I(n,k) —I(o0,1)---I(00,k)) A(co,k+1)--- A(co, N).

Since I(n,d) is uniformly bounded in n, the first term at the right hand side of (4.48)

goes to zero as n — oo in L*(Qg). The second term can be estimated in this way.
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First note that

| (I(n,i) = I(00,i)) A(co, k + 1) - A(co, N) |3 =
(A(oo, k+1)2- - A(co, N2, I(n, i) — I (oo, z'))2 ,

Since lim,, .o [|(I(n,1) — I(00,))?|| = lim, .« || I(n,i) — I(c0,i)|| = 0 by (4.47), the
second term of the right hand side of (4.48) also converges to zero. Then Cy(n) —
Co(o0) as n — oo in L?(Qg) follows, and hence (4.46). Since the right-hand side of

(4.46) equals ¥t it is seen that lim,, ., ||e¥?" 3% — Y139, = 0, and
lim |11, = 0. (4.49)

A combination of (4.43), (4.44) and (4.49) implies (4.37), and thus (4.32).

Now we extend (4.33) to form factors for which \/w,$, ¢/v/w, € L*(R?), through a
limiting argument. Let ¢, € C§°(R?) satisfy ¢,./vw, — ¢/vw,, and v/w, @ — VW, @
strongly in L?*(R®) as m — oo.For each ¢y, (4.33) holds. Let Hip(m) be Hep with
¢ replaced by ¢,,. Thus Hgp(m) — Hip as m — oo on the common core Hy. Then
e~tHEe(m) s ~tHir gtrongly in H as m — oo. Define X\™(¢), ¥, (1), Y™ (2) and
Y;(m)(?),e) by Xi(e), Yi(1), Yi(2) and Y;(3,¢e) with ¢ replaced by ¢,,, respectively. It
is enough to see that eXi"”©) — X in L1(Qg). We divide eXi" ) — ¢Xt© in the
same way as (4.40) with Y;"(j) replaced by VAR (¢). Then it suffices to show that

B AR ORI A0 strongly in L?(Qg), for almost every w € 2 as m — oo. First, we have

2
(m) €
(e¥e "W ¥y, — exp (—2(11(95”7 an)> ;

t

where 03" = @_; [ (jshm(- — Bs) = jsA(- — By))dBY and Ay, = (&m/v/w,,)". Further-
0

more,

3 b .
7l (e ep)) < S| [ = B = JAC - BYlds]

3. .
< B ||90m/\/"_‘)b - 90/\/ab’| —0

: (
as m — oo. Then there is a subsequence [ such that (¥ (1), Y1), — 1 as | — oo for

almost every w € 2, and hence

lim e M — X, = 0, (4.50)
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We relabel [ as m again. Secondly, we have

X @) 2

(B
— exp (( ) [as [ dmsar/dkw 0 TR+ hal)e Isrlwb(k)>7
() Y2,

_eXp< ( ) /dS/ dmsar/ ail? +9"m(’“)| ik (Bs—By)

% (‘k,l‘Z + |/€2’2)6_|5_T|wb(k)> _

From here
Jim_[[e” ) i)z ~ lim <H€Y( (@2 _oR(e¥ O, MDY, 4 HeYt(z)Hg) —0

(4.51)
follows. Finally we see that for each w € Q, """ G g, — 315 as m — oo in
L*(Qg). There exists N = N(w) €N, s; = s (w ), ..., sn(w) € (0,00) such that

N
eyt( )(3e) _ H (—Hfd(Bsi, —0s;—, SiyM) — € ( Od( i —asi,,si,m)» ,
i=1
where HE (B, —0s,, si,m) is defined by HE (By,, —0,,_,s;) with ¢ replaced by @,,.

Since HE (Bs,, —0s,—,5;,m) converges strongly to HE (B, —0s_,s;) as m — 0 in
L?(Qg), by Lemma 4.12 we obtain

rl,jino be(Hoq(Bs;y =05, 85,m)) = e (Hoy(Bs,, =0, 54)) (4.52)
in L2(Qg). Similarly to the proof of lim,,_. e¥* ) = ¥1(32) we argue that
lim ||eY( Be) _ e't39|, = 0. (4.53)

m—00

From (4.50), (4.51) and (4.53) we finally obtain (4.37), completing the proof. qed
It remains to show (4.47) and (4.52).

Lemma 4.12 We have

lim 9o (Hoy(Bs,, =05, 1(5:))) = e (Hoy(Bs;, =05, 51)) (4.54)

n—oo

hIIlO wE( od( sy T O0s;—5 iy m)) - ¢5(H(])Ed(BSi7 —0s;,— 82)) (455)

strongly in L?(Qg).
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PROOF: We show (4.55), the proof of (4.54) is similar. Put n,, = HE(Bs,, —0,,_, si,m)
and n = HE(B,,, —0s,_, s;). Let g, € S(R) be such that g, — 1. as n — oo in L*(R).
We have

[1=(n) = V() [l < N19e(m) = gn(M + 19 (1) = a0l + 190 (1) — Le () |]-

It is readily seen that

19=(n) = gu()||* = / [o(2) = ga(a)Pe” 1O (2mp) 2 da (4.56)

and

| gn(Nm) — wa(nm)“2 = / Ve () — gn(x)|2€_|$‘2/(2pm)(Qme)_l/QdIa (4.57)

where p is given by (4.14) and p,, is obtained by replacing ¢ by ¢,,. Since p,, — p as
m — 0, the left hand sides of (4.56) and (4.57) are bounded by C||1. — g, ||* with some
constant C' independent of m. Consequently, they both converge to zero uniformly in

m. We also see that

19001) = galm)ll < 27)72 [ |gu(B)] € = e da (458)

Since [|e"™" — " || — 0 as m — 0 for each n, the left hand side of (4.58) converges to

zero as m — (. This gives the lemma. qed

4.3 Energy comparison inequality

Write
iIlf O'(HPF> = E(A, Bl, BQ, 83)

for the bottom of the spectrum of Hpr. Then for the spinless Pauli-Fierz Hamiltonian
Hpr we have inf J(F[pF) = F(A,0,0,0) and the diamagnetic inequality F(0,0,0,0) <
E(A,0,0,0) is well-known [AHS78, Hir97]. In this subsection we extend this inequality

to the case of the Hamiltonian with spin.

Define y
$Bs S/ B + B3
2 2 : (4.59)
dB+B;  —iBs

Furthermore, to avoid zeroes of the off-diagonal part occur we also define

0 e, <§|\/B% + B%)
v (15 /BT + B3 0

Hpy = Hy + Hyoq —

Hpg = Hpp — (4.60)
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Since the spin interaction is infinitesimally small with respect to the free Hamiltonian
Hy, + Hyaa, Hpp and Hpg are self-adjoint on D(—A) N D(H,aq) and bounded from

below. Note that |Hea| = 191/B2 + B% and ¢.(Heq) = ¢o(|Hoa|) = ¢-(12/B} + B3).

The functional integral representation of e *##r is given by
(F,e e @) = lim(F", e e)
—umzfmwa[fV& [ dus T @) G|

where

t

X (e) = —/ Hy(Bs, 04, 8)ds
0
t+ . .
+ /0 log [|HE (B, ~0,-, )| + et HE(By, ~0u—., 5)])] dN..

Corollary 4.13 For allt > 0 and F,G € 'H we have

|(Fye e @)| < (|F e Mor|GY ) (4.61)
and
E(0,\/B? + B3,0,B)
max E(O, Bg + B%,O,Bg) < E(A, 81,82,63). (462)

E(0, /B2 + B2,0,By)

PROOF: Since Hpy, is unitary equivalent with the Hamiltonian obtained on replacing e
by —e, we may assume that e > 0 without loss of generality. By the functional integral

representation of e *#PF we have
|(F, e G)| = lim | (F, e™"r @)
<l 3 fare e hvEE [ gl F ()G )
(%))
<M§jﬂwﬂ<ﬁ&médw%W@WMﬂ®D ),
E
= lim(|F|,e” " |G|) = (|F|,e”"ov |G,

where we used [eX()| < ¢Xi() and the fact that |G| < J|G| as J; is positivity
preserving. Thus (4.61) follows. From this, E(0, /B? 4+ B3,0,8;) < E(A, By, Bs, Bs) is
obtained. Since E(A, By, By, Bs) = E(A, Bs, B1,By) = E(A, Bz, B3, 1) by symmetry,
(4.62) follows. qed
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5 Translation invariant Hamiltonians

In this section we assume that V' = 0. In the previous section we derived the functional

tH

integral representation of e *fPF and e~*ffr. By using them we can construct the

functional integral representation of the translation invariant Hamiltonian
1 9 e
HPF(P) = §<P — Pf — 6./4(0)) + Hrad — 5 Z O'“BH<O).
pn=1

Before going to do this, we show translation invariance of the operator Hgp defined in
(4.11).

Lemma 5.1 Hiy is translation invariant and it follows that
®
Hip = [ | Hip(P)aP,
R
where

Hip(P) = Hop(P) — = 0 ee(B1(0) — 1'32(0))] |

2 LzﬁE(Bl(O) +iBy(0)) 0 (5.1)

PRrROOF: Let & = ®(z) = By(A(- — 2) — iBy(A(- — x)). Note that

. e 0 et (D)
HPF - HPF - 5 [€¢5(§)) 0 ] )

where ® denotes the complex conjugate of ®. The term Hpp is translation invariant,
therefore we only show that so is 1. (®). We already know that there exists 7 € S(R)
such that 7 (®) — 1.(P) strongly as a bounded multiplication operator when n — oo,
where ¢ (®) = (2m)"1/2 [, " (k)e*®dk. Thus ¢ is translation invariant, since ® is.
Hence 1. (®) is also a translation invariant bounded multiplication operator. The proof
for 1. (®) is similar.

Furthermore, Hpp + ¢2(®) is decomposed as

Hre Lﬂ??@) ‘”?8@1 -/ (HPF(P” st&m)) i (O))de‘

Since ¥"(®(0)) and ¥ (®(0)) converge strongly to ¥.(®(0)) and .(®(0)), respectively,
(5.1) follows. qed
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Theorem 5.2 Fort >0 and ®,V € Z, @ L*(Q) we have

((I)’e—tHf,F(P)‘I/) — et Z EO,G

OEZL>

P s To®()e N O e TP u(e)] (52)
(5

and

(@, e HPr(P)g) = lim € > E™ [eiP'Bf/ Joq)(a)ext(‘g)Jte_in'Bt‘If(at)duE} . (5.3)
Ok

e=0 [ASYA)

Proor: It suffices to show (5.2). The idea of proof is similar to that of Theo-
rem 3.3 in [Hir06]. Set Fy(o) = ps @ ®(0) and G,(0) = p, ® ¥(o), where ps(z) =
(2ms) 32 exp(—|x[?/(25)), s > 0, is the heat kernel, and ®(c), V(o) € L2 (Q). We
have by Lemma 5.1, for £ € R3,

(Foe™Mire™ PGy = [ dP(UR)(P). e i (UG,)(P)) sy
where the unitary operator U : H — H is defined by

(UF)(P) = (2%)_3/2/ e" TPl p (2)W(0)d.

R3

Hence we have

lim(F, e i e G )y = (2m)792 [ dP(W, e P P (UG, (P))syer. (5.4)

R3

On the other hand, we have through the functional integral representation (4.33),
(F,, e Hre P G ), = /ps(w)T(x)dx,
where
T(z)=> E™ {pr(Bt - f)/ JoW(o)eX® Jte_if'Pfq)(at)d,uE} .
o Or
In Lemma 5.3 below we show that T is bounded and is continuous at z = 0. Thus
further we obtain that

tim [ p(2) X (2)dz = 1(0) = 36 [pr(Bt _¢) /Q E Wext<€>Jtei€-Pf¢(at)dﬂE] .

s—0
g

Hence, together with (5.4) we have

(2m) %% | dPe P (U, e e PN (UG, ) (P)) pysr

= Y E"[p.(B; — &) SV (0)eX @ Je (). (5.5)

OEZL
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Since (¥, e~#erO(UG,) (1)) 207 € L*(R?), by taking inverse Fourier transform on both

sides of (5.5) we arrive at

(v, e P/(UG,)(P)) (5.6)

Zo®F
= (2m) %% 3 B |:/]R3 dge* " p, (B, — €) /Q Jo¥(0)eX ) Je D (o) dpury
E

OEZs

for almost every P € R®. Since both sides of (5.6) are continuous in P, the equality
holds for all P € R3. Taking r — 0 on both sides of (5.6), we get the desired result.
qed

We conclude by showing the lemma used above.
Lemma 5.3 T is bounded and is continuous at x = 0.

PrROOF: The boundedness is trivial, we proceed to show the continuity. We have
o T(e 0(e
T(@) - T(0)] < B [[9(0) o[ @(00)lo @ — # O] (5.7)
with

3 ¢ t
Zi(e) = —ie } / AB(j (- — B, — x))dB" —/ Ha(B, + 1,04, s)ds
=10 0

=z2(1) =203

t+
+/ log [—Hoq(Bs + x,—0s_,8) — exe(Bs + x,05_,5)] dNj .
0

=77 (3,¢)

By (5.7) it is enough to show that
lim 7 ][] — Z ] =0, (5.8)
similarly to the proof of Theorem 4.11. We estimate I, I, ITI below:

JTEE) _ 7)o GZE () ZE2) ZE () | G221 () 7 (3e)

=1
4 AW ZE () ZEBE) _ H00) D) 75 (3.)

=11
4 AW 2D ZEGE) _ 2R (1) 22 20 3) (5.9)

=III
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We have [|eZ@eZiGe)||, < 64(6/2)2t2||\/m¢”203(w) = ¢4(w), where c3(w) is given in
(4.42), and

2

e T T
5(]1(@3, 93)> ,

||ezf(1) _ 62?(1)“3 S QgR(eZZ”(l)’ 629(1)) =2—2exp <_

t

where g5 = @221 ; Js(A\(- — By — ) — M\(- — By))dB*. Moreover,

“7[q1 (5, 03)] 2 V A = Bs —x) — A(-—BS)H2ds}—>O

as © — 0. Thus

IN

lir% EO,UHIHI lim IE:O,UHer(l) . 6Zto(l) ||2||62f(2)€Zf(3,s) ||2
T—

IN

. 0,0, 25(1) _ _Z9%1)|| w0,07,.1/2
lim B o7 ) — 20,0 )

lim EO’U[l — e*(62/2)ql(@(x),w(x))]EO,o [01/2]
x—0 A

lim E*7[(¢*/2)an (io(w), () ) JE>[€}*] = 0.

x—)

IA

IN

Next we estimate II. We have

(%@ Z@),

—exp( /ds/ drog r/dk’

23

—zk Bs—B,—1) (‘k |2 + ’kg’ ) —|8—T‘|‘Ub(k’)>
— e

as x — 0. Then from [e%® — eZ'()|2 = 2||eZ'?)||2 — 2R(e% P, %)) - 0 follows

Z§(2)

— A2 =

lim [[IT]|] < e3lim ||e
z—0 z—0

for almost every w € ). Finally we estimate III. For each w € 2, there exist N =
N(w) € N and s7 = s1(w), ..., sy(w) € (0,00) such that

er(?)’E) = ﬁ (_Hfd(x + Bsw —O0s;—» Si) - 5% (}I(})Ed(aj + Bsiv —O0s;—» 32))) .

i=1

Since HE (z + Bs,,—0,._,s;) converges strongly to HE(B,,, —0o,,_,s;) as * — 0 in
L*(Qg), we see that lim, .o¢.(HE (z + By, —0s,—, 8i)) = Y(HE(Bs,, —0s,—,8:)) in
L*(Qg). This can be proven in the same way as Lemma 4.12. Hence

lim H ( HE(z + By, —0,,_, 8i) — €. (HOEd(x + B, —0s,—, 51)))

:EHO

::12

( H(])Sd siv — Osi—) Si) - 51/16 (HoEd(BSU —O0si—) Sl))) (51())

=1
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ZZ(3,e) Z2(3¢) ||

follows. Thus we obtain limxHO lle o = 0 as well as lim, o ||IIT]|; <

Z2(3,e) Z°35H He

— €

lim, g [|e* —e 2|5 = 0 for almost every w € Q, proving (5.8).  qed

From (5.3), we can derive energy inequalities in a similar manner to Corollary 4.13.
Write
inf U(HPF(P>> == E(P, A, Bl, BQ, 83),

and define
1 5B3(0 Ll /B, (0)2 + B, (0)2
Hip(P) = MP Rt | IO SO B
) 3 \/Bi(0) + Ba(0 —3B5(0)
Corollary 5.4 Fort >0
(@, e~ HrrPNg)| < (@], e e p)) (5.11)

and

E(07 07 \/ B% + B%? 07 63)

max E(O, 0, \/Bg -+ B%, 0, 82) < E(P, .A, Bl, BQ, 83) (512)

E<07 OJ \/ B% + B?2n 07 Bl)

PROOF: Clearly, |e" " Btl| < e~ Bt| @], Therefore

(@ Ow) <l 35| [ (o)) O (o) | dy
O

8—)

OEZy

=rhs. (5.11).

(5.12) is immediate from (5.11). qged

6 Concluding remarks

It is known that Hpp has degenerate ground states for weak enough couplings [HSO01,
Hir06]. In this subsection we comment on the breaking of ground state degeneracy of
a toy model by using the functional integral obtained in Theorem 4.11.

Consider the self-adjoint operator on ‘H with the spin interaction replaced by the

fermion harmonic oscillator (3.5) in Hpp:

H(e) =+

5 (=iV — eA)* +V + Hyaq + €0p.
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Whenever € = 0, the ground state of H(0) is degenerate at any coupling. In this case

—tH(0) _ ty: x,0
(F,e G) = elli%za:/da:E

= etZ/dm]E"

We show, however, that the ground state of H(e) becomes unique for arbitrary values

e fff V(BS)dS(JoF(fo)a e JtG(ft))}

e fUt V(Bs)ds<J0F<x7 0)7 eiiAJtG(Bta U)):| ’

of coupling constants as soon as ¢ # 0. Since the fermion harmonic oscillator o is
identical to —oy, the off-diagonal part of H(e) is the non-zero constant —e. Then we
have the functional integral representation of e *#(9) with the exponent X,(0) in (4.33)

replaced by .
—ieA +/ log ed N,
0

where A = A®(@3_, [§ jsA(- — B,)dBY). Thus
(F,e 10G) = ¢t 37 [dwmneete™h VI P(g), e 4 1,G(&)]

Take the unitary operator 6 = e~*"/2N_ In [Hir00a] it was seen that T} := J;0~'e=40.J,
is positivity improving. This implies

Corollary 6.1 01§ is positivity improving for € > 0 and, in particular, the

ground state of H(€), € # 0, is unique whenever it exists.

PrOOF: Note that H(e) and H(—e¢) are isomorphic, therefore we only take € > 0. By

a direct computation and the definition of T}, we have
(F, 0~ e tHO9q)
= ¢l Z/dm E” [e fot V(Bs)ds
x ((F(z,0), T;G(By,0)) coshet + (F(x,0), T;G(B;, —0)) sinh et) | .

Then for non-zero 0 < F,G € L*(R3 x Zy x Q) we see that the right-hand side above
is strictly positive, i.e., (F,0 e " (@) > 0. This means that e (<) is positivity
improving. The uniqueness of the ground state follows by an application of the Perron-
Frobenius theorem [GJ68, Gro72]. qed

The translation invariant version of the model is given by

1
H(e, P) = 5(P — P —eA(0))* + Hyaa + €0p.
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The ground state of H (0, P) is degenerate, whenever it exists, however in this case too
the degeneracy is broken. By Theorem 5.2, the functional integral representation of

e t(P) ig given by

(U, e N P) = et 37 5 [NieP P (o (o), e A Se P (0y))] (6.1)
O0EZ>

If P = 0, the phase 7Bt vanishes. Then, since e */t'5 is positivity preserving in O-
representation, similarly to Corollary 6.1 we see that for P = 0 and € > 0, §~ e #(<0)g

is positivity improving. This yields

Corollary 6.2 Let P = 0 and € # 0. Then 0~ 'e (00 is positivity improving and

the ground state of H(e,0) is unique, whenever it exists.
Remark 6.3 The spin-boson model is defined by
Hgp :O'1®1+1®Hf+040'3®¢(f), a € R,

on C? ® F(L*(R?)), where H; is the free field Hamiltonian of F(L?*(R?)) and ¢(f) is
the field operator labeled by f € L*(R?). We can also construct the functional integral
representation of e 58 by making use of the Zy-valued jump process o;. The functional

integral can then be used to prove uniqueness of the ground state whenever it exists
[Spo89, Hik99, Hik01, HHOT].

7 Appendix: It6 formula for Lévy processes

In this appendix we recall and discuss some basic facts on Poisson processes and related
It6 formulas to make this paper sufficiently self-contained. A general reference on this
subject is [IW81, DVO07].

Let (5,3, Pp) be a complete probability space with a right-continuous increasing
family of sub-o-fields (3;):>0, where each ¥; contains all Pp-null sets. Also, let (X', By)
be a measurable space and w the set of Z, U{oo}-valued measures on (X, By). Denote
by B, be the smallest o-field on w such that @ > u — u(B), B € By, are measurable.

We define a class of measure-valued random variables.

Definition 7.1 The (w, By)-valued random variable N on (S, X, Pp) is a Poisson ran-

dom measure on (X, By) whenever the conditions below are satisfied:

(1) P(N(A) =n) =e MA(A)"/n!, A € By, where A(A) := Ep[N(A)],
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(2) if A1, ..., An € By are pairwise disjoint, then N(A;), ..., N(A,) are independent.

A(A) is called the intensity of N(A), and Eple= N )] = A1) holds.

Fix a measurable space (M, By). By an M-valued point function p we mean a
map p : D(p) — M, where the domain D(p) is a countable subset of (0,00). Define
the counting measure N,(dtdm) on the measure space ((0,00) x M, Bgo) X Bat) by

N,(t,U) := N, ((0,¢] x U) = #{s € D(p) | s € (0,t],p(s) e U}, t>0,U € B,

where Boo) is the Borel o-field on (0,00). Let II(M) denote the set of all point
functions on M, and B be the smallest o-field on II(M) with respect to which
pr— Ny(t,U), t >0, U € B, are measurable.

Definition 7.2 A (II(M), Brm))-valued random variable p on (S, ¥, Pp) is called an
M-valued point process on (S,%, Pp).

The point process p is called a stationary point process if and only if p(-) and p(s + -)
have the same law for all s > 0, with D(p(s+-)) = {t € (0,00) |s+t € D(p)}.

Definition 7.3 An M-valued point process p on (S,%, Pp) is called a Poisson point
process if and only if the counting measure N,(dtdm) is a Poisson random measure on
((0,00) x M, Bg,00) X Bu)-

It is known that a Poisson point process p is stationary if and only if its intensity

measure is of the form

Ep[N,(dtdm)| = dtn(dm) (7.1)

for some measure n on (M, Bpg). An M-valued point process p on (S, %, Pp) is called
(X¢)-adapted if for every t > 0 and U € By, N,(t,U) is ¥, measurable for all ¢ > 0.
It is called o-finite if there exists U, € Bay, n = 1,2,..., such that U, T M and
Ep[N,(t,U,)] < oo, forallt > 0 and n = 1,2, ... Let p be a (¥;)-adapted, o-finite point
process. When Ep[N,(t,U)] < oo, Vt > 0, there exists a natural integrable increasing

~

process (N,(t,U))>0 on (S, X, Pp) such that
N, (t,U) — N,(t,U) := N,(t,U)

is a martingale. Np(t, U) is called the compensator of point process p.
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Definition 7.4 An M-valued point process p on (S, %, Pp) is called a (3;)-Poisson
point process if it is an (3;)-adapted, o-finite Poisson point process such that the
mcrements

(Nt +hU) = N,(t,U) : h>0,U € By}
are independent of ¥;.
Let p be a (X;)-Poisson point process. Then if ¢ — Ep[N, (¢, U)] is continuous, it holds
that N,(t,U) = Ep[N,(t, U)]. In particular, a stationary (3,)-Poisson point process has

the compensator N, (t,U) = tn(U), where n is that of (7.1), and for a disjoint family
of Uyin¥,i=1,.., N,

Ep |6 Ziv=1 a; Np((s,t]xU;)

— e (=9 (e - 1alth)).

i=1

Fix a stationary (X;)-Poisson point process p on (5,3, Pp) with values in M. In
Section 3 we set (2, Bo, Po) := (W xS, By x %, Py, ®@P) and w :=wx1 € WxS =Q.
Let IT be the smallest o-field on [0, 00) X M x Q such that all g having the properties

below are measurable:
(1) for each t > 0, (m,w) — g(t,m,w) is By x §2; measurable,

(2) for each (m,w), t — g(t,m,w) is left continuous.

Definition 7.5 A II-measurable function h : [0,00) x M x  — R is called (§%)-
predictable and their set is denoted by (preq.

Write
t+
F = {f € Qpred | / / |f(s,m,w)|Ny(dsdm) < oo for t > 0, a.e. w},
0 Jm
t ~
F? = {f € Qpred | Eq [/ / | f(s,m,w)|*N,(dsdm)| < oo for t > 0}
0 JM
and
F31o° .= {f € Qprea | 37, () —stopping times : 7, T oo and 1., () f(t, m,w) € IF2} .

Let fi(t,w) and ¢'(s,w) be adapted with respect to (€;), Eq[/y | (s, -)|?ds] < oo and
g'(,w) € LL (R) for a.e. w € Q. Furthermore, take hi € F and hi € F>°°. Define the
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semi-martingale X; = (X}, ..., X¢) on (Q, Bq, Py) by
) t . ) t
Xi= [ fi(s,w)dBi+ [ g'(s.w)ds (7.2)
0 0
ok N,(dsd o n N, (dsd
+/0 /M 1(s,m,w)N,(ds m)+/0 /M 5(s, m, w)N,(dsdm).
Here N,(dsdm) = N,(dsdm) — dsn(dm).

Proposition 7.6 Let ' € C*(RY) and X; = (X}, ..., X2) be given by (7.2). Suppose
hi € F, b} € ¢, and hih = 0 fori,j = 1,...,d. Then F(X;) is a semimartingale
and the following Ito formula holds:

Fe =3y [0

i=1 p=1
tOF(Xs) tO’F 2
+ZZ:1/0 o, 9'(s,w) / (s,w))"ds

+ /Ot+ /M (F(Xs— + ha(s, m,w)) — F(X,_) Ny(dsdm)

tOF (X

,w)dB"

+ a [ (P has,m,w)) = F(X,)) Ny(dsdm)

—l—//( (X5 + ha(s,m,w)) — ihésmwaF(X)>Np(dem)’

where N,(dsdm) = dsn(dm).

PROOF: See, e.g., [IW81, Theorem 5.1]. qed

Write (7.2) as dX* = fidB' + g'dt + [ hidN + [ hdN in concise notation. Let
d=1, B} = B; and

47 = uydt + vydB + / FdN + / 92dN,
M X

dY = uydt + vydB + / FrdN + / gydN
M X

with fz92 =0, fzgy =0, fygy = 0 and fygz = 0. Then by Proposition 7.6 we have
the product rule

d(ZY) = Zsuyds + ZsvydBs +/ Zs_ fy Np(dsdm) —I—/ Z_gy N,y(dsdm)
+Ysuzds + Y (s)vzdBs +/ Ys— fzNp(dsdm) +/ —)gzN,(dsdm)

+vzvyds + //vl fzfy + 9z9v)Ny(dsdm).
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This formula is written as d(ZY) =dZ-Y + Z -dY +dZ - dY in the concise notation.
Suppose n(M) = 1 and set N, := N,((0,t] x M) and dN; = [, N,(dtdm) a
mentioned in Section 3.2. Then the compensator of p is given by Np(t, M) =t and

Eqle~®Nt] = ef¢™ =Y. Moreover,

Eq [/OH /M f(s,w,m)Np(dsdm)] = Eq Uot /M f(s,w,m)dsn(dm)} :

Hence we have for f = f(s,w) independent of m € M,

Eq

t+ t
f(s,w)st} _— { / f(s,w)ds} . (7.3)
0
Furthermore, Proposition 7.6 gives

Proposition 7.7 Suppose h' € F, i = 1, ...,d, are independent of m € M. Let dX' =
fldB" +g'dt + h'dN, i =1,...,d, and F € C*(R?). Then

tOF(X

d 3
,w)dB"
- o[
ta2

4t oF( 1
+Z/ aaxl swds+§Z/ fi(s,w))?ds

0

+ /Ot+ (F(X,_ + h(s,w)) — F(X,_))dN,.
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