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Abstract

We prove that finitely differentiable diffeomorphisms preserving a geometric struc-
ture can be quantitatively approximated by analytic diffeomorphisms preserving the
same geometric structure. More precisely, we show that finitely differentiable dif-
feomorphisms which are either symplectic, volume-preserving, or contact can be ap-
proximated with analytic diffeomorphisms that are, respectively, symplectic, volume-
preserving or contact. We prove that the approximating functions are uniformly
bounded on some complex domains and that the rate of convergence of the approxi-
mation can be estimated in terms of the size of such complex domains and the order
of differentiability of the approximated function. As an application to this result, we
give a proof of the existence, local uniqueness and bootstrap of regularity of KAM
tori for finitely differentiable symplectic maps. The symplectic maps considered here
are not assumed to be written either in action-angle variables or as perturbations of
integrable ones.

Keywords: smoothing, symplectic maps, volume-preserving maps, contact maps, KAM
tori, uniqueness, bootstrap of reqularity.

1 Introduction

It is known that finitely differentiable functions can be approximated by C* or analytic
ones, in such a way that the quantitative properties of the approximation are related to
the order of differentiability of the approximated function [Kra83| [Mos66, [Ste70l [Zeh75].
In view of applications to KAM theory, it is natural to ask whether it is possible to approx-
imate finitely differentiable diffeomorphisms preserving a symplectic or volume form with
C® or analytic diffeomorphisms preserving the same form. Here we show that finitely dif-
ferentiable diffeomorphisms which are either symplectic, volume-preserving, or contact can
be approximated with analytic diffeomorphisms that are, respectively, symplectic, volume-
preserving or contact. We prove that the approximating functions are uniformly bounded
on some complex domains and give quantitative relations between: the rate of conver-
gence, the degree of regularity of the approximated function, and the size of the complex
domains where the approximating functions are uniformly bounded. As an application we
give a proof of the existence, local uniqueness and bootstrap of regularity of KAM tori for
finitely differentiable symplectic diffeomorphism. The novelty of these KAM-results is that
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the symplectic diffeomorphisms considered here are not assumed to be written either in
action-angle variables or as perturbations of integrable ones. Besides the just mentioned
results, in this work we also develop several results which may be of independent interest.
We present a detailed study of the relation between an analytic linear smoothing operator
(c.f. [ZehT5], see also Definition [5)) and the nonlinear operators: composition and pull-back.

The case of approximating finitely differentiable symplectic or volume-preserving diffeo-
morphisms on a compact manifold with symplectic, respectively volume-preserving, C>°-
diffeomorphisms has been considered in [Zeh77], where it was proved that: i) symplectic
C*-diffeomorphisms, with k > 1, can be approzimated in the C*-norms with symplectic
C>-diffeomorphisms and i) volume-preserving C*+*-diffeomorphisms, with k > 1 an inte-
ger and 0 < a < 1, can be approximated by volume-preserving C°°-diffeomorphisms in the
C*-norms.  The method used in the present work differs from that in [Zeh77], because
we avoid the use of generating functions. As it is well known, generating functions may
fail to be globally defined for some maps. One advantage of not using generating functions
is that the result given here can be applied directly to non-twist maps. We are currently
working on such application [GEHAIL].

Even though the proofs of our results involve many technicalities, the main ideas are
rather simple. Let us explain briefly the methodology used in this work. First, we define
an analytic linear smoothing operator S, taking differentiable functions into analytic ones.
The definition of S; depends on the domain of definition of the functions we wish to
smooth. We consider three situations: i) the d-dimensional torus T*=R?/Z%; i) U C R
satisfying certain conditions, specified in Section that guarantee the existence of a
bounded linear extension operator [Kra83] (see Definition[9) and the validity of the Mean
Value Theorem; and i) T" x U with U C R4™ as in ii). Following [Zeh75] we smooth
functions defined on R? by an operator S; defined by the convolution operator with an
analytic kernel (see Section . By defining S; in this way, we obtain a linear operator
which takes periodic functions into periodic functions. Hence, by considering lifts to RY,
the universal covering of T", S; can be applied to differentiable functions defined on the
torus T?: this is important in applications to KAM theory. It is known [Kra83, [Ste70] that if
U C R? has smooth boundary then there exists a bounded linear extension operator taking
differentiable functions defined on U into differentiable functions defined on R?. Hence, for
functions defined on U C R? with smooth boundary, we define an analytic linear smoothing
operator by taking extensions and then applying the operator S; described above. It is
easy to check that if U C R?™" has smooth boundary then R"” x U C R? also has smooth
boundary. Hence functions defined on T" x U are smoothed by considering the universal
covering R™ x U and using a linear extension operator (see Section .

Given a finite differentiable diffeomorphism f that preserves a form €2, it is not nec-
essarily true that S;[f] preserves Q). More generally, the form S;[f]*Q2 is not necessarily
equal to f*Q. So we use Moser’s deformation method [Mos65| to prove that, for ¢ suffi-
ciently large, there is a diffeomorphism ¢; such that ¢} (Si[f]*Q?) = f*Q. Hence, given a
finitely differentiable diffeomorphism f which is either symplectic, volume-preserving, or
contact, for ¢ sufficiently large, T;[f] = Si[f] o ¢ gives a symplectic, respectively, volume-
preserving, or contact diffeomorphism approximating f. Furthermore, using the calculus
of deformations |[dILMMS6], we prove that that if f is exact symplectic, then it is possible
to construct analytic approximating functions T;[f] which are also exact. The method
used in the present work produces quantitative properties of the nonlinear operators 7T} in
terms of the degree of differentiability of f. More precisely, for ¢ sufficiently large, T3[f] is
bounded uniformly, with respect to ¢, on some complex domains and the rate of conver-



gence of T;[f] to f is given in terms of ¢ and the degree of differentiability of f. Obtaining
such quantitative properties involves estimates on complex domains of the difference be-
tween: 1) smoothing a composition of two functions and composing their smoothings, and
i) smoothing the pulled-back form f*a« and pulling-back the form o with the smoothed func-
tion Sy[f], for a k-form «. Estimating these differences on complex domains requires many
technicalities but, once this is done, proving the quantitative properties of T; is rather easy
as we show in Section 2.4, An estimate, on complex domains, of the difference between
smoothing a composition of two functions and composing their smoothings was previously
obtained in [GEV].

We emphasize that the geometric form €2 is assumed to be analytic. This is important
because in this case, if f is symplectic, respectively, volume-preserving or contact, we have
that both f*Q and S[f]*Q? are analytic so that Moser’s deformation method produces,
for ¢ sufficiently large, an analytic diffeomorphism ¢, such that: ¢} S;[f]*Q = f*Q. The
analyticity assumption on €2 is of particular importance in the volume case because the
existence of a diffeomorphism ¢ such that p*a = (8 for two arbitrary volume forms depends
on the regularity of the forms and on their domain of definition. The existence of such
diffeomorphism for volume forms has been studied under different hypotheses in [Ban74,
DMO90,, [GS79, Mos65, [Zeh77]. Nevertheless, to the best knowledge of the authors the
question proposed in [Zeh77] whether C'-volume forms can be approximated in C'-norm
by C'*°-volume forms on d-dimensional manifolds, with d > 3, is still open.

As an application we prove existence, local uniqueness and bootstrap of regularity of
KAM tori for finitely differentiable symplectic diffeomorphisms that are not necessarily written in
either action-angle variables or as a perturbation of an integrable symplectic diffeomorphism. The
existence, formulated in Theorem [f] is a finitely differentiable version of Theorem 1 in [dILGJV05]
(the latter is reported as Theorem {4 in the present work). Roughly, Theorem |4 establishes the
existence of a maximal dimensional invariant torus K* with Diophantine rotation vector w for
a given analytic exact symplectic map f. The main hypotheses of Theorem [4] are the existence
of an analytic parameterization of an n-dimensional torus K such that i) certain non-degeneracy
conditions are satisfied and i) K is approzimately invariant, in the sense that the sup norm of
the error function fo K — K o R, on a complex set {x € C™ : |Im (z)| < p}, for some p > 0, is
‘sufficiently small’, where R, represents the translation by w. Theorem [ also gives an estimate
of the distance between the initial, approximately invariant torus K and the invariant torus K*
in terms of the size of the initial error. Theorem [j]is a finitely differentiable version of Theorem [}
the analyticity hypotheses for f and K are replaced by ‘sufficiently large’ differentiability of both
f and K and by asking the norm, in suitable spaces of differentiable functions, of fo K — KoR,, to
be ‘sufficiently small’. In Theorem [6] we prove that finitely differentiable invariant tori for finitely
differentiable symplectic diffeormophisms are locally unique. Theorem [6]is a finitely differentiable
version of Theorem 2 in [dILGJV05].

We emphasize that in the KAM-results of the present work, as well as in those given in
[dILGJVO05], the symplectic diffeomorphisms are not assumed to be written either in action-
angle variables or as a perturbation of an integrable map. One application of these results is
the wvalidation of numerical computations of invariant tori, because our results give an explicit
condition on the size of the error f o K — K o R, in analytic (Theorem []) or differentiable
(Theorem norms that guarantee the existence of a true invariant torus near a numerically
computed approximately invariant torus. For such application, it is important that we do not
assume that the system is close to integrable or written in action-angle variables, because in this
way we do not have to compute local coordinates before the verification of the size of the error.
Having a condition on the size of the error f o K — K o R, in finitely differentiable norms is
also useful because for some numerical methods it is easier to estimate the finitely differentiable
norms than the analytic ones, for example when using splines. Another application of this result



is when studying invariant tori restricted to normally hyperbolic manifolds — which are only
finitely differentiable. This analysis occurs in some mechanisms for the study of instability. In
particular, in [DdILS03, [DLS06] it is shown that secondary tori close to resonances play an
important role. The present result is particularly useful for this study since for these tori, the
action-angle coordinates are singular and their construction and their estimates require extra
work and extra assumptions, see [DLS06, 8.5.4]. The present work allows to simplify the proof
of some of the results in [DLS06] and lowers the regularity assumptions of the main result of
[DLS06]. This improvements are crucial in the higher dimensional extensions of the model.

Moser’s smoothing technique [Jac72l, [Mos66), [Zeh75] provides a method to obtain finitely
differentiable versions of Generalized Implicit Function theorems from the corresponding analytic
ones. Briefly, Moser’s method goes as follows: Let F' be defined on Banach spaces of analytic
functions and assume that a Generalized Implicit Function Theorem holds in these Banach spaces.
Assume that the functional equation F'(f, K') = 0 has an analytic solution ( fy, K¢), and that there
exists an analytic smoothing operator. Then one finds, using the analytic smoothing operator,
a solution (f,®(f)) for f in a small neighbourhood of fy in a space of finitely differentiable
functions. One important hypothesis of Moser’s technique is the existence of an approximate
right inverse of the linear operator Do F'(f, K). The approximate right-invertibility yields a loss
of differentiability: in KAM theory this is related to the so called ‘small denominators’. At this
point it becomes crucial to have quantitative properties of the smoothing in terms of the degree
of differentiability of the smoothed functions. For a more detailed explanation of Moser’s method
see for example [JacT2, Mos66, [Sal04, Zeh75].

To prove the existence of finitely differentiable solutions of the equation fo K = K o R,
we use the following ‘modified’ smoothing technique: Rather than assuming the existence of
an analytic initial solution of the functional equation we just assume the existence of a finitely
differentiable approximate solution and find conditions under which there is an analytic solution
nearby. The analytic Generalized Implicit Function Theorem for the functional f o K — K o R,,
is provided by Theorem |4 which only holds for exact symplectic maps. Hence, to apply the
smoothing technique we use the nonlinear operator T;, described above, to smooth the exact
symplectic map f. Parameterizations of approximately invariant tori are smoothed using the
operator Sy described at the beginning of this introduction. Then, given a finitely differentiable
approximate solution (f, K) of f o K = K o R, the existence of an analytic solution close to
(f, K) is guaranteed by: i) a non-degeneracy condition on K and ii) a ‘smallness’ condition on
the sup norm on complex domains of the difference T;[f] o Si[K] — Si[f o K| in terms of the the
size of the initial error f o K — K o R, in a finite differentiable norm.

In Section 7.1 of [Van02] a Generalised Implicit Function Theorem in spaces of finitely dif-
ferentiable functions has been proved using the modified smoothing technique in which, rather
than assuming the existence of a solution in analytic spaces, one assumes the existence of an
approximate solution in finitely differentiable spaces of the equation F'(f, K) = 0. The condition
used in [Van02] to guarantee the existence of an analytic solution near a given finitely differen-
tiable approximate solution is stated on page 71 of [Van02] and it requires that the norm — in
suitable spaces — of the difference F(S:[f], S¢[K]) — Si[F(f, K)] is ‘sufficiently small’. In [Van02]
the verification of this was left open for the composition operator, which is customary used in
KAM theory. Reference [GEV] contains this verification.

As a consequence of the fact that, under certain general conditions, near a finitely differentiable
solution (f,K) of the equation fo K = K o R, there is an analytic solution, we obtain the
bootstrap of regularity of invariant tori with Diophantine rotation vector for exact symplectic
maps that are either finitely differentiable or analytic. The bootstrap of regularity is stated in
Theorem [7] To prove Theorem [7] first in Theorem [6] we prove a finitely differentiable version
of the local uniqueness of invariant tori for symplectic maps. Theorem [6] and Theorem [7] are
similar to Theorem 4 and Theorem 5 in [SZ89]. However, while the results in [SZ89] are stated
and proved for Hamiltonian vector fields written in the Lagrangian formalism, Theorem [6] and
Theorem [7] in the present work are stated and proved for exact symplectic maps that are not
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necessarily written either in action-angle variables or as perturbation of integrable ones.

This paper is divided into two parts. In Section [2| we show how to approximate finitely differ-
entiable functions that preserve a geometric structure (exact symplectic, volume or contact) with
analytic functions preserving the same geometric structure. In Section [3| we give an application
of the symplectic smoothing result to KAM theory, proving of the existence, local uniqueness and
bootstrap of regularity of Diophantine invariant tori for finitely differentiable symplectic maps.
In Section |3| we also prove the bootstrap of regularity of KAM tori for analytic exact symplectic
maps. That is, we prove that given an analytic exact symplectic map and an invariant torus
with Diophantine frequency vector, if the invariant torus is sufficiently differentiable, then it is
analytic.

2 Smoothing geometric diffeomorphisms

In this section we show that finitely differentiable diffeomorphisms which are either symplectic,
volume-preserving or contact can be approximated by analytic diffeomorphisms having the same
geometric property. We give quantitative properties of the approximation in terms of the degree
of differentiability of the approximated functions.

Since obtaining such geometric approximating functions involves many technicalities, we have
divided the present section as follows. In Section [2.1] we define the norms used and set the
conditions on the domain of definition of the diffeomorphism to be smoothed. In Section [2.2] the
geometric smoothing results are stated. The technical part of the proofs is given in Section [2.3
and the proofs are concluded in Sections [2.4] and [2.5]

2.1 Setting

Informally, the method we use to smooth symplectic, volume-preserving or contact diffeomor-
phism with analytic diffeomorphism having the same geometric property is the following. First,
for t > 1, we define a linear operator Sy that takes finitely differentiable functions into analytic
ones and such that S;[f] tends to f when ¢ goes to infinity. Then, if f is a finitely differentiable
symplectic, volume-preserving, or contact diffeomorphism we find, for ¢ sufficiently large, a dif-
feomorphism ¢, such that ¢} (S;[f]*Q) = f*Q. The analytic approximating functions satisfying
the same geometric property of f are then defined by S;[f] o ¢;. In view of the applications we
are interested in symplectic, volume-preserving or contact diffeomorphisms defined on either T,
U c R% or T x U, with U C R% ™. First, by using the convolution operator with an analytic
kernel, we define S; for continuous and bounded functions defined on R%. It turns out that, if f
is a Z-periodic (or partially periodic) continuous and bounded function defined on R then S;[f]
is also Z%periodic (respectively, partially periodic). Hence to extend the definition of S; to torus
maps we use lifts of torus maps to R? (the universal covering of T¢). To define S; on functions
with domain U C R? we use a linear bounded extension operator. Then, by taking lifts, the
definition of S; is extended to functions defined on the annulus T" x U, with U C R4". Before
making these definitions explicit, let us introduce the Banach spaces of functions we work with.

Definition 1. Let Z, denote the set of positive integers. Given U C C? an open set, Co(U)
denotes the space of continuous functions f : U — R, such that

| fleown Zsup | f(x)] < oo
zelU

For ¢ € N, CY(U) denotes the space of functions f : U — R with continuous derivatives up to
order £ such that

def k
= D .
Floewy 2 sup {ID*(@)] } < o

|k|<e



Let £ = p+a, withp € Z, and 0 < o < 1. Define the Hélder space C*(U) to be the set of all
functions f: U — R with continuous derivatives up to order p for which

D) = DY

|z — y|*

| fleew) = |flep +  sup {

z,y€U,x#y
|k|=p

For p > 0, and U C R? let U + p denote the complex strip:
U+tp={z+iycCl:zecl,lyl <p}

Definition 2. Let £ > 0. Given U C R? open, define the Banach space A(U + p,Ct) to be the
set of all holomorphic functions f : U + p — C which are real valued on U (i.e. f(x)= f(z) for
all z € U) and such that |f|cey ) < 0o

For a matrix or vector-valued function G with components G;; in either C*(U) or in
A(U + p,C*) we use the norm, respectively,

def def
Cloew) = max|Gijleewy  or [Glorwsp = max|Gigleewyy) -

The space of all functions ¢ = (g1,...,94) : V € C* — U C C% such that g; € CYU), for
i =1,...,d, is denoted by C*(U,V). Since it will not lead to confusion, A(U + p, C*) will also
denote the set of functions g = (g1, ..., gq) with components in AU + p, C*).

Definition 3. Let U C R™. A lift of a continuous map f, defined on the annulus T" x U, to
R™ x U (the universal cover of T x U) is a continuous map f defined on R™ x U such that:

1. f(z,y) = f(z mod Z",y), if f takes values in R.
2. f(ac,y) mod Z = f(x mod Z",y) for (z,y) € R" x U, if f takes values in T.

It is well known that given a continuous map f defined on T" x U, with U C R™, any lift
f :R™ x U has the following form

flx,y) = Pz +u(z,y), (z,y) e R" x U (1)
where u € CY (R x U, R?) is Z-periodic in the first n-variables and P is an (n x 1)-matrix with
components in Z. Furthermore, if f takes values in R then P = 0. Moreover, if f has additional
regularity, the corresponding function w has the same regularity. Even though lifts of continuous
annulus maps are not unique, they differ by a constant vector in Z. This, together with the
fact that any map of the form defines an annulus map, enable us to work with lifts of torus
and annulus maps (considering torus maps as particular cases of annulus maps). For notational
reasons we use the same symbol to denote the annulus (torus) map and a lift of it.

Definition 4. For ¢ > 0, denote by CY(T™ x U, V), and A(T" x U + p,C*) the set of annulus
maps with lift of the form with u € C*R™ x U, V) (respectively in AR™ x U + p,C*)) 7Z-
periodic in the first n-variables. The corresponding norms are defined as follows:

def def

|f|cé(1rde) = |P|+ |“|06(Rde) and |f|C¢(deU+p) =P+ \U|c@(Rde+p) :

In the case of torus maps, denote by C*(T?, V), and A(T? + p, C%) the set of torus maps with lift
of the following form:
f(z) = P +u(z), (2)
where P is a matriz with components in Z and u € C*(R%, V) (respectively u € A (R? + p,C"))
is Z%-periodic. The corresponding norms are defined as follows:
def def

| floeeray = [P+ |ulce(ray and |floerasp) = [P+ [ulceray ) -

Moreover, for r > 0 denote by Diff "(U) the set of C"-diffeomorphisms of U, where U is either
U C R? open, T?, or T" x U.



For U C R? open, denote by A¥(U) the space of real analytic k-forms in U. Let Q € A*(U)
have the following form:

Qx) = Z Qi(x) dxy

1< <<, <d

where i represents the multi-index (i1, ..., i) and da; = dag, A - Adaxg, . I Qe < oo for
all 1 <y < - <ik§d, define

def
\Q\CZ(U) = lgilg}?}i{ikgdmi\cew) :

Definition 5. Let U be either U C R% open, T¢, T™ x U, with U C R*™ an open set. We say
that the linear operator Sy : CY(U) — A(U +t~1,C%) is an analytic smoothing operator if the
following properties hold for any f € C*(U):

1. |St[f”CO(IU+t71) <c ‘f‘C[(U) fO?" allt > 1.

3. |St — ST[f”CO(U-i-T*l) S (& |f|CZ(U) t_g, fO’I" T Z t Z 1.
for some constant c depending on ¢ and U, but independent of t.
Now we define the smoothing operator S; we work with. First we define S;[f] for f € CO(R?).

Definition 6. Let u : R? — R be C™, even, identically equal to 1 in a neighbourhood of the origin,
and with support contained in the ball with center in the origin and radius 1. Let 4 : R — R be
the Fourier transform of u and denote by s the holomorphic continuation of 4. Define the linear
operator Sy as

Sif1(2) ¢ / S(t(y — ) (W)dy for f e CORY). (3)

Rd

Applying obvious modifications, Definition |§| can be extended to functions in C°(R",R%). In
the sequel these latter operators are denoted by the same symbol S;. We now summarize some
elementary properties of S; that follow from Definition [6]

Remark 7.
1. Sy transforms functions in C°(R?) into entire functions on C%.

2. Using the change of variables ¢ = tRe (y — z) = ty — t Re (z), one has for f € CO(R?)
SIAG) = [ o6 = itTm () (Re (2) + €/ (@

8. Sy commutes with constant coefficient differential operators.
4. St acts as the identity on polynomials.

5. From one has that Sy takes (partially) periodic functions into (partially) periodic func-
tions.

6. From we have that Si[f](x) € R for all x € RZ.



Remark 8. In the applications of Moser’s smoothing method to KAM theory it is of particular
importance to know how to define Sy for functions defined on the d-dimensional torus T¢ as well
as functions defined on T™ x R™. Notice that since Sy in Definition [ acts as the identity on
polynomials and it takes partially periodic functions into partially periodic functions, we have
that for any annulus map f, with lift of the form St[f] 1s also of the form :

A

Silf1(z,y) = P+ Siful(z, y) .

Hence to extend the definition of S; to torus maps as well as to maps defined on T™ x R™, we
apply Sy in Definition [0 to any lift of it. This is well-defined because two lifts of the same torus
map (respectively annulus map) differ by a constant vector with components in Z.

Definition 9. Let ¢ > 0 be not an integer. A bounded linear extension operator is a linear
operator &y : C*(U) — CHR?) such that &y(f)|y = f for all f € C*(U) and | &u(Hlorray <
cu ‘f|cé(U) :

In order to extend the definition of the linear operator S; to functions defined on U C R?% and
to the annulus T” x U, it suffices to have a linear bounded linear extension operator from C*(U)
to C*(R?). The sufficient condition we adopt here to have such extension operator is that given
in Theorem 14.9 in [Kra83|. It amounts to the regularity of the boundary of U.

Definition 10. Let o : R* — R be a function with continuous derivatives up to order m, for
some m € N, and assume that grad o(x) # 0 for all x € {x : o(x) = 0}. The set U = {x €
R? : o(x) < 0} is called a closed domain with C™-boundary. An open domain is defined by
{x € R%: o(z) < 0}.

The following result guarantees the existence of a bounded extension operator for functions
with domain of definition U C R? provided that U has smooth boundary. For a proof we refer
the reader to [Kra83, [Ste70].

Theorem 1. If0 < ¢ <m € N with £ ¢ N, and U C R? has C™-boundary, then there is a linear
extension operator &4 : CH(U) — C*(R?) such that

|65(5)

Ry < e |fleey - (5)

for some constant cy, depending on U.

Hence, for functions that are defined on a subset of R? with regular boundary we have the
following

Definition 11. Let 0 < £ < m, with m € N and £ ¢ N. Let U C R? be an open domain with
C™-boundary and @@5 a linear extension operator as in Theorem . For f € CY(U) and for any
x € C* we define

Silf)@) = S &5 (N)](), (6)
where S; is as in (@

The following remark is related to Remark

Remark 12. Notice that the operator Sy, defined in Deﬁm’tz’onfor functions in C*(U), satisfies
the following properties:

1. S; is linear.

2. S, transforms functions in C*(U) into entire functions on CC.



Remark 13. Notice that if U C R is an open domain with C™-boundary then U = R™ x
U c R? also is an open domain with C™-boundary. Moreover, it follows from Remark @ and
Deﬁnition that, if u(x,y) is defined for (z,y) € U=R" x U and Z"-periodic on the x-variable
and Sy is as in Definition then S’t[u] s also Z"-periodic on the z-variable. Indeed, since
E(u)(z,y) = u(x,y) for all (z,y) € R" x U, we have that &5(u) is Z"-periodic in the z-variable,
where é"[g is as in Theorem . Therefore, any map defined on the annulus T™ x U with U as in
Theorem and lift given by (1)), is smoothed by

Silf)(z,y) = P+ Si&f(w)](z, ),
where Sy is as Deﬁm’tion@ and é"é s as in Theorem .

Since it will not lead to confusion, the operator S, defined in @ will be denoted (dropping
the hat) as the operator S; in (3).

Remark 14. Summarizing, a function f is smoothed, depending on its domain of definition as
follows:

1. If f € CO(RY), Sy[f] is given by (@
2. If f € CY(U), with U C R? an open domain with C™-boundary, we define

Silf) = S,
where & is as in Theorem and Sy on the right hand side is defined by (@

3. If f € CO(TY), with lift as in (@, where u € CO(R?) is Z-periodic, and P an (d x 1)-matriz

with components in 7, then
def

Silfl(x) = Px + Siful(z),
where Sy on the right hand side is defined by (@

4. For U C R¥™ an open domain with C™-boundary and f € C*(T™ x U), with lift given
by where u € C*(R™ x U) Z-periodic on the first n-variables, and P an (n x 1)-matriz
with components in Z, we define

Silf)(w,y) = P + S5 (w)(=,y) ,
where U =R" x U, éﬁf s as in Theorem and S; on the right hand side is defined by (@

To define an analytic smoothing operator such that it takes finitely diffeomorphisms preserving
either an exact symplectic, volume or contact form into analytic diffeomorphisms preserving the
same structure, we set more conditions on the domain of definition of the maps. We assume the
following.

Definition 15. Given U C C", for z,y € U denote by dy(z,y) the minimum length of arcs
inside U joining x and y. We say that U is compensated if there exists a constant cy such that
dy(z,y) < cy |z —yl, for all z,y € U.

It turns out that on compensated domains it is possible to apply the Mean Value Theorem
to obtain estimates of the C*-norm of the composition of two functions in terms of the C*-norms
of the composed functions (see [dILO99] and Lemma 29| in the present paper). We finish this
section recalling some geometric definitions.

Definition 16. 1. Given a k-form Q on a d-dimensional manifold, denote by Zq the appli-
cation X — ix Q, sending the vector field X into the inner product ixQ= Q(z) (X (x),-).
A k-form Q is non-degenerate if o is an isomorphism.



2. A volume element on a d-dimensional manifold is a d-form which is non-degenerate.
3. A symplectic form on a 2n-dimensional manifold is a non-degenerate closed 2-form.

4. A contact form on a (2n + 1)-dimensional manifold is a 1-form §, such that Q A (d2)™ is
a volume element.

5. A diffeomorphism f of a contact manifold (M, Q) is a contact diffeomorphism if there exists
a nowhere zero function X\ : M — R such that f*Q = \Q.

6. Let Q = da be an exact symplectic form on a symplectic manifold. The diffeomorphism f
is exact symplectic if f*a — « is an exact 1-form.

2.2 Statement of results

In this section we formulate the results guaranteeing the existence of an analytic smoothing
operator that preserves the prescribed geometric structure. In Theorem [2[ the symplectic and
volume cases are considered; the contact case is considered in Theorem

Theorem 2. Let2 < { < m, withm € Nand ¢ ¢ N, and let C, >0 and 1 < p < —1 be given.
Assume that the following hypotheses hold:

Hi. U is either: i) T, i) a compensated bounded open domain in R? with C™-boundary (see
deﬁm’tz’ons and , or i) T" x U, with U C R 4 compensated bounded open domain
with C"™-boundary and n < d.

H2. 'V is C™-diffeomorphic to U and such that U C V. Q = da is either a real analytic symplectic
form (with d = 2n) or a real analytic volume element on V such that |Q ¢y, < oo for
some p > 0.

H3. Let o be as in Deﬁnition and let f§1 denote the inverse of Sq. Let k =2 if Q is a
symplectic form, and k = d if Q is a volume form and assume that for any 0 € A*~1(U),
satisfying |0‘CO(U+p’) < 0o, with p’ >0, the following holds

-1
‘jﬁ 0|CO(U+p/) < Mg |0|CO(U+p’) )

Then, there exists two constants t* = t*(d, ¢, V,C, u, 5, Mq , \Q]OZ(UJFP)), and

k= r(d,?,C, B, 1, k, Mq) and a family of nonlinear operators {T;},~,«, taking functions belonging
to {f € Dift* (U) : [floeqy < B, f7 = Q, closure of f(U) € V} into real analytic functions.
Moreover, if Uy is defined as follows:

¢, U =T¢
U, {xeU: Bzt ) cU}, U c R (7)
T x{zeU:B(x,t ) cU}, U=T"xU

where B(x,t™') represents the closed ball with center at x and radius t~', then the following
properties hold:

T0. T;[f] is a diffeomorphism on Uy.

T1. T,[f]*Q = f*Q.

T2. |Ty[f] ’Cl(UtJrCt—l) <k Mjy.

T3. | T f] = Self] oo, o1y < K MptHHL,

T4. If2 <p <=1, then | Ti[f] o2, 101y < K My
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T5. |(Ty = Id)[f] [cry,) < £ My t=w=r=D for all 0 <r < pu—1.
T6. |(Tr = T2) [flcoq,4+ce-1) < & My t=rL for all T >t > 1.
T7. If f is exact symplectic so is Ti[f].

where My depends on ¢, k, ’Q|Cg(U+p), and (3, but it is independent of t.

Remark 17. We remark that, in hypothesis H2 of Theorem@ if U =T then V can be chosen to
be also T?. Actually, we asked Q to be defined on a neighbourhood of U that contains the closure
of f(U), to guarantee that Si[f](U) is contained in the domain of definition of Q, fort sufficiently
large. And so Si[f]*Q is defined on U. If Q is defined only on U and it cannot be extended to
a neighbourhood of U, then Si[f]*) is defined on Si[f]~*(U). By modifying the definition of Uy
n @, the proof of Theorem |9 given in Section also works in this latter case. However this
just yields a more complicated notation and does not change the proof of Theorem[3. To avoid
this notational complication we assume that ) is defined on a neighbourhood of U as in H2 in
Theorem [4.

Theorem 3. Let m,{, V, and U be as in Theorem[3. Let Q be a contact form on V such that
Qceip)  [dQcepyspy < 00, for some p > 0. Assume that for any 6 € Fqo(Ker(R)), satisfying
|0|00(U+p,) < 00, the following holds:

< Mo 0oy -

’ (fdQ|Ker(Q)> h 6 CO(U+p)

Then, given N,C,3 >0 and 1 < p < ¢ — 1, there exist two constants k' = k'(d, ¢, C, B, u, Mq),
and t** = t**(d, ¢, V,C, 3, u, Mg, ‘Q’C/»’(Uer) , ]dQ\Cg(U+p)), and a family of — nonlinear — operators
{Ti} >4, taking contact diffeomorphisms belonging to the set of diffeomorphisms f € Diff’ (U)
such that: i) |f|cz(U) < B and ii) V contains the closure of f(U), into real analytic functions such
that properties TO-T6 in Theorem 9 hold.

2.3 Analytic smoothing

This section contains the technical part of our proof of Theorem [2] and Theorem [3] We begin
by collecting the properties of the operator Sy defined in Section (see Remark . First we
prove that S; is a linear smoothing operator (see Definition |5)) and then, using the fact that S; is
a linear smoothing operator, we show that given a k-form €2, the C°%-norm of the k-form given by

Sl = fQ (8)

goes to zero as t goes to infinity. However, to prove Theorem 2| we need more accurate estimates.
Actually, as we will see in Section we need an estimate for the C%-norm of (8)) on complex
strips, which is given in Proposition To obtain such an estimate we extend the definition of
S; to k-forms and prove several analytic estimates which are given in Section 2:3.1] Estimates of
particular importance are those given in Proposition and in Proposition Proposition
contains an estimate of the norm of S;[f]*Q — Si[f*Q2] on complex strips of width C't+~! for
arbitrary C' > 0. In Proposition we give an estimate of the difference between smoothing a
composition of two functions and composing their smoothings.

To describe the behaviour of S; we found very useful to write Si[f] in terms of the Taylor
expansion of f, for f € C*(R%). This is done in the following:

Lemma 18. For any f € CY(RY), with ¢ not an integer, we have

Silf1(z) = Pre(Re (2) i Im (2)) + Rpe(2.t), (9)
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where

. 1
Pro(w,y)= D 1 D" f(@)y"
lkli<t

and R
’Rf,e(z,t) ‘ <é ‘ﬂC‘(Rd) tff et|Im(z)‘, (10)

where ¢ = ¢(¢,d).

Proof. Following [Sal04, [Zeh75], we apply Taylor’s theorem to f:

flx+y) = Pro(z,y) + Ryo(z;y)

where Ry, is the remainder. Then, using and since S; acts as the identity on polynomials, we
have @D with

Rpo(z ) / S(€—itTm(2)) Rypo(Re(2): /) dE.

We note that from the properties of s in Definition [6] for any 7, N > 0 there exists a constant
¢ = c(r,N) > 0 such that for all k& € N¢ with |k|; < r then

|D"s(2)| < ¢ (1+|Re(z)]) N el

Then, from Taylor’s Theorem we have

Breleit)] < et lengusy [ 16 =it Im ()] 1€l de

€1

d
L A N ®

<4t | Floe e celt ()]

<& | flougpay t0 e I,

where we have fixed N > ¢+ d. O

Remark 19. The constants appearing in our estimates depend on certain quantities. In particular
if f e C’E(U), with U an open domain with smooth boundary, these constants also depend on U.
In what follows we do not write explicitly this dependence and represent a generic constant by k.

The following result ensures that S; is an analytic linear smoothing operator in the sense
of [ZehT5]. The case in which S; is applied to functions in CO(R?) is proved in [Zeh75].

Proposition 20. Let 1 < ¢ < m with £ ¢ N, m € N and let U be either R? or as in H1 in
Theorem [4  Assume that Sy is as in Remark[1{l Then, for any C > 0, there exists a constant
k= r(d, ¢, C) such that for allt > 1 and f € C*(U) the following holds:

1. |(St — Id) [ﬂ |CT(U) S K ’f‘cf(tu) t_€+r, 0 S r< 6
2. |Si[f] ‘CO(IU-i-Ct*l) < "5|f’c*0(U)’

3. 1(Sr = S)f]| coary < K | fleeqy ¢, for all 7 > t.
4o I (S[Dloowscery <HCE fleew)

Proof. We first prove Proposition [20| for functions in C*(U), with U € R? a compensated open
domain with C™-boundary. In this case S; is defined by equation (6)). The linearity of Sy
follows from the linearity of the extension operator @@5 in Theorem and from the linearity
of the convolution operator. To prove part |1, first notice that if f € C*(U) and = € U then
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&EE(f) (@) = f(x), then using the fact that part |1 holds for functions in C°(R?) and estimate

we have:

[(Se =T loro) = | (S~ IO, < #6607

—l+r —l+r
ct ) ¢ <#[floewy 77

To prove part [2| we use and Theorem (1| to obtain

<K
CO(Rd)

0<n<C JR4 |f|CO(U) '

St lengasern < ( sup [ Js(e—in) d&) 5(8)

Part [3] is a consequence of Lemma [I§ and Theorem [Il To prove part [ we use the Mean Value
Theorem and the fact that the convolution commutes with the derivative to obtain

|Im(St[f])|CO(]Rd+Ct*1) < Ct! ’DSt[f”CO(RdJrCt*l)
<ct™ |DEk()

CO(R4)
<ct! &)

ClRA)

To prove Proposition for f € CYT9) we use a lift of f. Let f € CYT?) with lift (see
Definition [3)) given by P z+u(z), where P is a d x 1 matrix with components in Z and u € C*(R%)
is a Z%periodic function. Then (see part [3|in Remark :

(Se —1d) [f](z) = Pz + Si[u](z) — (Px + u(z)) = (5; — Id) [u] . (11)
Moreover from Definition 4] one has
|Se[f] |CO(’]I‘d+Ct*1) <|P|+ ’St[u”CO(Rd—l—Ct*l) ,
(St = S7) [f] = (St — 57) [u],
[ (Sl fDloo(rarcery < 1P O+ Im(SifuDloo(garce-1) -
where S; on the right hand side is given by . Hence properties 1-4 of Proposition follow
from the same properties for u € C*(R?) and the fact that S;[u] is Z%-periodic. The annulus case

U=T"xU, with U € R¥™ a bounded compensated open domain with C™-boundary, is proved
in a similar way. O

Remark 21. From we have that in the case that U= T?, a better estimate holds than that
giwven in part[1] of Proposition 20

(S — 1) [lcowy < # lulcoga £

where u is the periodic part of a lift of f. A similar result holds for f € C*(T" x U), with U a
compensated open domain in R with C™-boundary for some £ < m € N.

Remark 22. From the proof of Proposition one notices that, if U C R? is an open domain
with C™-boundary, then the estimates in parts [3, [3, and [{] in Proposition [20 also hold if one
replaces U+ Ct~ with R + C't71.

Remark 23. Let U be either R® or as in H1 in Theorem@ and let V C RP be open, and assume
that f € CY(U,V). Then for any Q € A¥(V) one has f*Q € A¥(U). Notice that since the domain
of definition of 2o Si[f] is Si[f]~H(V), and since we know an estimate of |S;[f](x) — f(z)| only
when x € U, to estimate the norm of the difference between Si[f]*Q(x) and f*Q(x) we have to
restrict x to be in S;[f]71(V)NU C U. It is not difficult to see that

U= (s V)nD).

t>1

Furthermore,

S{fU) VvV — SfITH(V)nU="U.
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We consider functions f : U — V, with U either R? or as in H1 in Theorem [2, and V either
RP or H2 in Theorem [2| In Lemma [24| we prove that if moreover V contains the closure of f(U)
then, for ¢ sufficiently large, S;[f]*Q € AF(U).

Lemma 24. Let 1 < £ < m with{ ¢ N andm € N. Let U be either R? or as in Theorem@ let'V be
either V. C RP an open subset, or TP, or TS x V, with V' C RP™* an open subset. Let f € CZ(U, V),
and assume that V contains the closure of f(U). Then there exists t = t(¢,d, |fleewy » V) such
that for all t >t the following holds:

1. Si[f](U) C V.
2. SfI(U+Ct ) CV+(CBr) .

Proof. To prove part [I] of Lemma [24] first, notice that from Remark [I4) and part [6] of Remark
one has that S¢[f](x) is real if = is real. Hence, if V. = RP, or V = TP, we have S;[f](U) C V.
Now, assume that V C R? is open. Then from part [1] in Proposition [20| we have that for ¢ > 1,
the following holds:

&umnc{yewﬂgyy—ﬂmhgwﬂmwwf}- (12)

Hence, if V € R? is open and the closure of f(U) is contained in V, one has from that for
t sufficiently large S;[f](U) C V. By taking coordinate functions, the case V.= T¢ x V, with
V' C RP™% an open subset, follows from the previous two cases.

Part [2] of Lemma [24] follows from part [I] of Lemma [24] and part [4] of Proposition O

A consequence of Proposition [20] is the following.

Proposition 25. Let 1 < ¢ ¢ N and let U be either R? or as in H1 in Theorem @ Let'V be as in
Lemma and let Q € A*(V) be such that | Qe vy, < 00, for some p > 0. Let f € CY(U,V),
and assume that V contains the closure of f(U). Then there exist two positive constants k =
K(d £ Ky | Qi vy ) and £ =H(d, €, p, | fleeq » V) such that for all t > T the following holds:

L ASUIPR = FRlongy < 1 (Y flewy + £ o) -

2. |St[f]*9 |C°(1U+t*1) <K |f|l(€jl(U) :
Proof. Assume that ) has the following form:
Q(x) = Z Ql(a:) d.%‘i .
1<i1 <+ <ip< p

Since V contains the closure of f(U), we have that part [1| of Lemma [24] implies that, for index
i=(i1,...,0%) with 1 <iy <--- <ip < p, Q5 05[f] is defined on U for all ¢t > ¢, where  is as in
Lemma Hence for ¢t > ¢ the following holds:

ST @)= Y uSl@) Sl des,  VeeU. (13)

1<i1 <<, <p

Then part [1] follows from Proposition [20| and the following equality

Sl = roy@= > [(f@){Sdf - £} da

1<y <<ip<p

+ {50 Si[f] — Qio f} () Se[f1* di |,

for € U, where we have used the equality { f* — ¢* } dz; = { f — g }" dx;, which is true because
the k-form dx; does not depend on the base point.
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Let us prove part [2| of Proposition From part [] of Proposition 20| and Lemma [24) we have
that
ST (U4 t71) C Sy (U) + mt™ |floew) € V+ rt! |fleey -

Hence, if ¢+ > t is sufficiently large so that ¢t~ 'x|f ]CZ(U) < p, then for any multi-index i =
(i1,...,%) with 1 <4y < --- < i < p, the following holds:

|50 Se[fTlcows 1) < 1% leogs, w1y < Qi lcovspy » (14)
Hence, part [2| of Proposition [25( follows from and . ]

To prove Theorem [2| and Theorem [3| we need more accurate estimates than those given in
Proposition Actually (see Section and Section [2.5) we need an estimate for

1S [T = Qoo »

with C' > 0, in the case that both  and f*() are real analytic k-forms. This is given in the
following.

Proposition 26. Let 1 < ¢ < m, with ¢ ¢ N and m € N. Let U be either R? or as in HI in
Theorem @ and let V be either RP, TP or T x V, V . C RP™* a compensated open domain with

C™-boundary, or VC RP ¢ compensated open domain with C™-boundary.

Assume that Q € AF(V) and Q € A*¥(U) are two real analytic k-forms such that ‘Q|C’Z(V+p) ,

‘Q CUp) < 00, for some p > 0. Then, for each C > 0,8 >0, and 0 < p < £ — 1, there exist
(Utp

two constants k = k(d,p,0,C, B, k) and t = t(d,p,£,V,C, 3, ) such that for all f € C%U,V)

satisfying: i) the closure of f(U) is contained in V, i) |floeq) < B, and i) f*Q = Q, the
following holds:

< kMgt Vot>t,

Sif]Q — Q
‘ tl/] COU+Ct=1) —

, and (3, but is independent of t.
Ct(U+p) & b f

where Mf depends on k, \Q|C¢(U+p), Q

To prove Proposition [26] we extend the definition of the analytic smoothing operator St to
k-forms in the following way. Let U be either R? or as in H1 in Theorem [2 Let Q € A*(U) be of
the form:

Q)= > Quw)da,

1< <<, <d
with Q; € CY(U) for all 1 < iy < --- < iy < d, define the k-form S;[Q] € A¥(U) by
SIAE > S das. (15)
1< <<, <d

Notice that . .
ST = Q={SfI"Q = S[f*Ql } + (S —1d)[Q], (16)

so to prove Proposition it suffices to estimate the norm of the differences on the right hand
side of . An estimate of the norm of the second difference on the right hand side of
follows from the following lemma and .

Lemma 27. Let 1 < £ ¢ N and let U be either R? or as in H1 in Theorem @ Then, there exists
a constant r = r(d,{,C) such that if g € AU+ Ct~1,C%) then the following holds:

|(Se = 1D)g] lcocim1y < & lglorwrcery t5 (17)
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Proof. First one proves Lemmain the case that U C R? is either R? or a compensated open do-
main with C™-boundary. Then the cases g € A(T? + Ct~1,C%) and g € A(T" x U + Ct~1, CY),
with U a compensated open domain in R with C™-boundary, follow by taking a lift of g and
using that holds for the periodic (respectively partially periodic) part of the lift of g (see
Remarks and .

We prove Lemma in the case that U C R? is a compensated open domain with C™-
boundary. The case U = R? is proved in the same way. From Lemma |18 and Theorem [1| we have
that if z € U+ Ct~! then

|Sug1(2) = Pye(Re (2) i Im (2))] < ¥ ey lglor t- (18)

Moreover, from the Taylor Theorem we have for all z € U+ Ct~!

19(2) = Pye(Re(2),iIm (2)) | < élgloeqoiy |Tm(2) [ (19)
for some constant ¢. Therefore Lemma follows from and . O

Giving an estimate for the norm of the first difference on the right hand side of is more
intricate. In Section we give several results from which the following proposition follows
easily (see Section [2.3.2]).

Proposition 28. Assume that {,m, U, V and Q € A*(V) are as in Proposition . Then, for
each each C > 0,8 >0, and 0 < u < ¢ — 1, there exist two constants k = k(d,p, ¢, C, 3, u, k) and
t =1t(d,p,L,V,C, B, 1) such that for all f € C*(U,V) satisfying i) and i) in Proposz'tz'on and
for all t > t, the following holds:

|St [f*Q] - St [f]*Q |CO(U+Ct71) S K/Mf ti'u,

where Mf depends on |Q’CZ(V+p)f and |f|Cz(U), but is independent of t.

2.3.1 Analytic estimates

In this section we give analytic estimates of certain quantities that enable us to estimate the norm
on complex strips of the difference between S;[f]*Q2 and S;[f*€2]: Since the pull-back involves the
composition and the multiplication of functions, the quantities to be estimated depend on the
norm of the difference between:

i) Smoothing a multiplication of two functions and multiplying their smoothings (Lemma,

ii) Smoothing a composition of two functions and composing their smoothings (Proposi-
tion .

Let us start by estimating the C*-norms on complex strips of the product and composition of
functions in terms of the C-norms of the original functions.

Lemma 29. 1. Let U be either R% or as in Theorem @ Assume that g1,...,g9;x € C"(U+ p),
for some p > 0. Then, the following holds:

| g1 92 \cr(Uer) <K (fglfcr(Uer) ‘g2‘CO(U+p) + ’91’00(U+p) \92\cr(1u+p)> (20)
and
k
(9192 -kl <8 D | oilorwip  IT 1oileowrn |- (21)
=1 ]E{l.;.:,k}
JF

2. Let W C C"™ and Z C CP be compensated domains (Definition , s,0 >0, and h €
A(Z,C®). Assume that, f € A(W,C7) is such that f(W) C Z, then:
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(a) If max(s,0) <1, then ho f € A(W,C*?) and
[ho flosewy < Blasiz) [flee ) + 1hlcoz) -

(b) If max(s,o) > 1, then ho f € A(W,C*), with £ = min(s, o). Moreover
i. If 0<s<1<ao, then

[ho flos awy < & [hlesz) [fleawy + 1hleogz) -

. If 0<o<1<s, then

1ho fleo wy < K [hle1zy [fleow) + 1hleoz) -

iii. If £ =min(s,o) > 1, then

[ho floewy < 5 [hlgez) (1 + |f’éé(w>) :

Proof. To prove estimate use the Leibniz’s rule to write the derivative of the product function
h = g1 g2 in terms of the derivatives of g; and g2 and use the interpolation estimates [dILO99,
ZehT5). Estimate follows from (20)). Part [2] follows from Theorem 4.3 in [dILO99]. O

In the following lemma we give an estimate for the norm of the difference between smoothing
a multiplication of two functions and multiplying their smoothings.

Lemma 30. Let 1 < ¢ < m, with m € N and £ ¢ N, and let U be either R? or as in HI in
Theorem @ Then for each C > 0,0 < pu < € andr € (0,1), with 0 < r 4+ u < £, there exists a
constant k = k(d,€,C , pu,r), such that for all t > e'/" satisfying

t~H(C +rlog(t) <1, (22)
the following holds:
1. | Silg] |CH(U+Ct—1) <K \Q‘CE(U) ,  forge CYU).

2. For g1, g2 € CY(U)
[Silon] Sulg2] lonsor-y < & (Iloow lo2loroy + 191lerw) 192loo ) -
3. For g1, g2 € CY{(U)
| St[g192] = Stlg1] Selgal cowici1) < & (|91|CO(IU) |92]cewy +191lceq) |92|C’0(U)> .

Proof. To prove part |1 of Lemma one first proves that it holds for g € C*(U), when U is either
R? or an open domain with C™-boundary. That part [1| of Lemma [30| holds for g € C*(U), when
U is either T¢ or T" x U, with U € R an open domain with C™-boundary, follows by taking
a lift of g, applying part [1| of Lemma [30| to the periodic (respectively, partially periodic) part of
the lift of g, and using the norms introduced in Definition [4| (see Remarks and .

We only prove part [T] of Lemma [30] in the case that U is an open domain with C"™-boundary.
The case U = R? is proved in the same way. For ¢ > 1, define p(t) = t~! (C + r log(t)) and let k
be such that 2¥ < ¢ < 281, Using Lemma |18/ and Theorem [1| one proves that if g € C*(U) then
the following estimates hold:

|(S2t = 50) 9] [comay panyy < & l9loeqy

(St — Sa) [9] |CO(Rd+p(t)) Sk |9|CE(U) 27"

)
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Then part |1 of Lemma [30| in the case that U is an open subset of R? with C"™-boundary, follows
using Cauchy’s estimates and the following inequality:

|St[9]lcn a1 oy < (St = Sor) (9]l onmati-1 o) +
k
+ ) 1(S2s = Soi-1) (9]l cumari1 o)+
j=1

+ |S11g] ’cu(Rd-s-t*l c) -

Part [2| of Lemma, follows from estimate , and part (1| of Lemma To prove part [3| of
Lemma [3Q] write

St (9192 — Stlg1] Stlga] = S¢ [(1d — St) (1] g2 ] +
+ St [Stlg1] (Id — St) [g2]] + (23)
+ (St — 1) [ Selg1] St [92] | -

Part [2] and part [T] of Proposition 20| imply
|5 [(1=8) [l g2 lcoquroery < & 1(1 = 51) [91] 92 ooy

< kg2 leowy [ (1= 88) [g1]lcouy (24)

¢
< K g2lcowy [91loey t

and

IN

15 [Selgr] (1= 5) [g2]l [cowyce1y < # [Silgr] (1= St) [g2] [y
< & [Stlgr] loquy (1 = 5) [92] | oy (25)

,
< klgileowy 92 1oy £

A

Moreover, because of part [2| of Lemma [30| we have Si[g1] Si[g1] € A(R?+Ct~1 CH), then
Lemma [27] and part [2] of Lemma [30] imply

| (St = 1) [Stlg1] Selge]l lcowr o1y < w1 Silgr] Selgal lonmar oy 78

_, [(26)
<k (|91|00(1U) 92l ey + |91l e ’92’00(1[})) e

Hence part [3| of Lemma (30| follows from equality and estimates , , and . O

We emphasize that the proof of Lemma [30] is based on the linearity of S;. As a consequence
of Lemma [30] we have the following.

Lemma 31. Let £ and U be as in Lemma[30. Let k,n be two non-negative integers such that
0<n+k<d Forech0O<pu<4tC2>0andr € (0,1), with0 < r+ pu < ¥, there ezists a
constant k = r(d, £, C, p,r,k,n), such that for all ¥ € A™(U) and a € A*(U) with

[Vl geqy < o0, and |l ey < 00,
and for all t > V" satisfying the following holds:
| Se[9] A Sile] = S9N a]lcowici-1y S kK (|79|00(U) lal ey + 1P cequ) |Oé|coau))f“-
Proof. Let ¥ € A"(U) and o € A¥(U) be given by

I(x) = Z Vi(x) dxy a(z) = Z aj(z) dxy,

1<ii << in<d 1<j1<<gp<d
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with ¥;, a5 € C4(U) for all i = (i1,...,in), with 1 < iy < iy < -+ < i, < d, and j = (j1,..., k),
with 1 < j; < -+ < jr < d. Then, performing some simple computations one obtains
Si[d] A Sila] = Se[d Aa)(@) (€1 Emtn) =
= Z Z ¢33 (@) dxs (E51)s -+ - Eon)) AT5(Eo(nt1)s - - - Eontk))

o€S(n k) 1<i1<-<in<d
1<j1 << jp<d

where S(n, k) represents the set of all permutations o of {1,2,...,n+k} such that (1) < 0(2) <
- <o(m)and o(n+1) <--- <o(n+k), and

ci (@) = (Se[0i] Sila) — Se[ i ay]) (x) -
Hence the proof is finished applying part [3] of Lemma [30] O

The following lemma is the same result as Proposition applied to the components of A* (V)
with respect to the basis: dzj = dxi; A--- Adx;,, with 1 <1y <--- <1 < p.

Lemma 32. . Let £, U and V be as in Lemma . For each natural number 1 < k < p, and all
real numbers 0 < p < —1, C >0, and r € (0,1), satisfying: 0 < r+ p < € —1, there exist two
constants k = k(d, 0, C, p,r, k) and ty = to(d, ¢, 3,V,r) such that for any f € C*(U,V) satisfying
i) the closure of f(U) is contained in V, it) |f|ceqyy < B, and any multi-index i = (i1, ..., i),
with 1 <41 < -+ < i, < p, the following holds for all t > ty satisfying (@

‘St [f*d$1] - St [f]* d-'Ei |C°(U+Ct*1) <k |f|lé«e(U) =+,

Proof. Let i = (i1,...,i;) be a multi-index with 1 <i; < --- < i < p, and let f € C*(U,V) be
such that the closure of f(U) is contained in V and |f].e () < B Performing some computations
and using the linearity of S; one obtains

k—1
Sy [f*dxl] — S [f]* dzr; = Zan N n, (27)
n=1

where, for n € {1,...,k — 1},

wr [ Stlffdmi I AN S, ], nefl,... k—2}
Pn =
1, n=k—1

and
def

Qp = St [’19” A f*dxin+1 ] - St[’lgn] A St[f*d$in+1] ) (28)

where
def

U= f*(daiy A -+ N dxy,) . (29)

Notice that, because of part |2| of Proposition for all n € {1,...,k — 2} the following estimate
holds:

k—(n+1) k—(n+1)
[enlcoici-1y < K <\ Se[Df] |CO(U+Ct—1)) <K (’Df‘CO(U)> :
Hence using one has
k—2 . X
|Se [f*das) = Si [f]" di | oo 1) < | @r—1loowromty + 5 Y | anlcowyor ]Df\CE((S;F !
n=1
(30)
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where we assumed, without loss of generality, that k > 1. Moreover, from and we have
forallme {1,...,k—1}
-1
[Unlce-1p) < K1 ’Df\goau) 1D flee-rqy < oo,
and
’f*dxin.H ’CZ*1(U) <K ‘Df|02*1([[j) < 0,

for some constant k. Hence, using and Lemma we have that given 0 < u<£—1,C >0,
and r € (0,1), with 0 < r < £ — 1 — pu, there exists a constant x = k(d, ¢, u,r,C), such that

|Oén ‘CO(]U+CI‘,_1) S K (‘ 7’9” ‘CO(IU) ‘f*d‘rinJrl ‘Cé—l(]U) + ”1977, |C£—1(U) ‘ f*dl'in+1 ‘CO(U)) t_u (
< k(n+1) [Df|¢ow) IDflgerw)

Hence Lemma follows from and . O

In order to prove Proposition [28| for an arbitrary k-form we need an estimate for the norm of
the difference between the composition of the smoothing and the smoothing of the composition.
This was considered in [GEV] for functions in C*(R%). We use the following.

31)

Lemma 33. Let ¢, m, U and V be as in Proposition[26. Given 0 < pu < ¢ and C >0, 8 > 0 there
exist two constants k = k(d,p,{,C, u,B) andt; = t1(p,¢,V,C, 3, 1) such that for each h € C*(V)
and f € CY(U,V), satisfying i) the closure of f(U) is contained in V and ii) \flery < B, the
following holds for all t > ty:

|Sul) o Sulfllenurcity < 8 hlorery (14 /e (32)

where
T is any number in  (u,1), if O0<pu<l</,

T=U, if 1<pu<dt.

Proof. Let 0 < s,0 </, fix ri,r9 € (0,1) in such a way that 0 < s+ r;1 <, and 0 <o+ ro < /¢
(eg. m = min(1/2,({ — s)/2), r = min(1/2,(¢ — 0)/2)). Let k be as in Proposition [20| and
assume that ¢ > max (el/ et/ 7"2) is sufficiently large such that

t~1 max (C + rq log(t) ,C kB +ry log(t)) < 1.

Then Lemma [30| implies for h € C*(V) and f € C* (U, V),

| Se[f] ‘CU(UJrCt—l) < k(d,(,C,0,12) ‘f‘oe(m) ) 0<o<{ (33)
|St[h]| Cs(VH(CBr)t—1) < K‘(pa g? C,S,T’l) |h|Cf(V) ) 0<s< E?
Hence for all 0 < s,0 < £ there exists t; = t1(p, ¢, C, 3, s,0) such that, for all t > #1,
Silh] € A(V+(CBr) 1, 0%),
(34)

Sif] € AU+ Ctt,C).

Inclusions in and part [2| of Lemma enable us to apply part [2| of Lemma to the
composition Si[h] o S[f] as follows. If 1 < p < ¢, estimate follows from estimates (33,
and part of Lemma 29 Finally, if 0 < p < 1 < ¢, write p = o5 with s € (,1) C [0,¢)
and o0 = pu/s € (0,1) C [0,£), then estimate follows from estimates (33), and part [2a] of
Lemma 29 with

tl(p7 Ea Cv ﬂ? M) dzaffl(p7 Ea Cv ﬂv S(:U‘)’ O-(:u)) :
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Proposition 34. Let ¢, m, U and V be as in Proposition |20 Given the real numbers C' >
0, >0, and 0 < p < ¢, there exist two positive constants Kk = k(p,d,l,C ,pu,3) and to =
ta(p, £, V,C, i, B) such that for every h € CYV) and f € C*(U,V), satisfying i) the closure of
f(U) is contained in V and i) ]f\cg(U) < [, the following holds for all t > ty:

| Se[h] 0 Se[f] = Stlho fllcoici-1y < K Mt (35)

where and
def

My = |hlcey) (1 + ’f’Tce(U)> + |hloeeyy ey -

and
T is any number in  (u,1), if O0<pu<l</,

T=U, if 1<u<dt.

Proof. That the composition ho f belongs to C*(U) follows from part [2| of Lemma [29| ( the torus
and annulus cases this is obtained by using lifts). To prove estimate , first write

Si[h] 0 Self] = Silho f] = (1= S;) [Se[h] o Si[f]] +
+ S [Se[h] o Si[f]] = Se[Selh] o f] + (36)
+ S¢[ Selh]lo f —ho f].

Let us estimate the first term on the right hand side of . Let C>0,8>0,and 0 < pu < £ be
given and let k¥ and t; be as in Lemma Then from Lemma [33] and Lemma. [27] one obtains for
all ¢ Z tl

|(1d = 80) [Sih] 0 Sl eoqwyci-1) < % [Sih] © Sl Allonqiorty ¢
< L hlory (1+1/18eqwy) £,

where 7 is as in Lemma Now we consider the third term on the right hand side of . Using
again part [2] of Proposition [20] we have

| Se[ Se[h] o f —ho [ ] ’CO(U—i-Ct—l) < K| Sifh]of—hof |CO(U))
< & (S = 1) [A] |cogwy (38)
< & |hlgeeyy t

(37)

A

where in the last inequality we have used part [1] of Proposition To estimate the second term
on the right hand side of (36]), we first consider the case U C R? is a compensated open domain
with C"-boundary. Notice that from Remark [14] one has

Sc[Silh] o SiLf)] — Sy[Silh] o £] = S0 [ Skl o SiLf] — &5 (Silk] o £) (39)

Moreover, if z € U, then
EG(Selh] o f)(x) = (Se[h] o f)(z). (40)
Then, from Proposition and equalities and we have
|5t [Se[R] o Se[f]] = Se[Se[h] o fllcowsce-1y < K |hleewy [ floew - (41)

In the same way, one proves that estimate also holds in the case U = R%. Indeed, if U = R¢
then (compare with (39))

St [St[h] o Se[f]] — St [Stlh] o f] = St [Se[h] o Si[f] — Si[h]o f] .

Furthermore, taking lifts, using the norms introduced in Definition 4 and using that holds
when U is either R? or a compensated open domain in R? with C™-boundary, one proves that
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estimate also holds in the following cases: i) U =T V = TP, 4i) U = T¢ and V C R? is
a compensated open domain with C™-boundary, iii) U = T x U, with U € R? a compensated
open domain with C™-boundary, and V = T?, iv) U = T" x U, with U C R? a compensated open
domain with C"™-boundary, and V is a compensated open domain with C"™-boundary. Hence,
estimate holds for U and V as in the hypotheses of Proposition

Proposition |34 follows from equality taking to sufficiently large such that estimates ,
(138)), and , holds for all ¢ > 5. O

2.3.2 Smoothing and pull-back (Proof of Proposition

We now have all the ingredients to prove Proposition Let U, V, and Q € A¥(V) be as in
Proposition 26 Throughout this section we assume that C' > 0, 6 > 0, and 0 < u < £ —1
are given. Fix r € (0,1) in terms of ¢ and g in such a way that 0 < p+ r < £ —1 ( eg.
r=min(1/2, ({ —1— u)/2)) so that the constants depending on r will actually depend on p and
¢. Let f € C*(U,V) be such that the closure of f(U) is contained in V, then Lemma [24] implies
Si[f]*Q2 € AF(U) for t > . Hence, to have S;[f]*Q defined on U we assume from now on that
t > t. To prove Proposition [28| we first write

Self17Q =S¢ [7Q] = { Sl 172 = Sel£17 (Se[2]) } + { Sel 17 (Se[Q]) — St [£ } (42)

Let us estimate the first term in brackets on the right hand side:

(Self Q=S (Sl () = Y (L= 50) (U] (Self)(x)) Self]*das. (43)

1<ij<<ip<d
From Lemma B4 we have
SfI(U+Ct ) CV+(CBr)tH CV+p, vt > max (p 'BCkE).

Assume that Q € AV + p,CY), then for all i = (iy,...,i), with 1 < 4; < --- < i, < p and
t > max (pflﬁC/ﬁ,ﬂ, Lemma implies

|(Id = S¢) (4] o Selfll o1y < [T =So) (U] lcovyp)
< (Fﬂ |Qi|C"(V+p)) £,

for all 0 < o < /4. Hence, part [2[ of Proposition estimate , and equality , yield for all
t > max (pflﬁC/ﬁ,ﬂ,

ST = S (S ooy < 5 1w [l 17, (45)
where k = k(p,d, l,C, u, 3, k).

(44)

Now write the second term on the right hand side of in the following way:

S (S) = Se[f Q)= D { (Se[$h] 0 Si[f] = Se[€% o f1) Silf]"daws +

1<i; << <d

Sl 0 f1 (Sl f) das — Sy [f*dxi]) + (46)
Sl o 18] frdas) — S (0 f) frday) }

In what follows we give estimates for the three terms on the right hand side of (46]). The first
term is estimated as follows: Let to be as in Proposition [34] then Proposition [34] and part [2] of
Proposition [20] yield for all ¢ > to:

| (Se[) o Sef] = Sel€ o f]) Self]"di |comatroe-1y <

] ) (47)
5 1 ey {19lony (1 e ) + 9lonw) Weew | 47
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where k = k(p,d, ¢,C, u, 3, k) and 7 is as in Proposition
An estimate for the second term on the right hand side of follows from part [2| of Propo-
sition 20] and Lemma,

| Si{Qu 0 ] (Silf]*dwi — S (f*dai) N eowyor-1) < & [Kleoyy [fleew) ¢ (48)

where ¢ > tg, with ¢y as in Lemma [32] and x = x(d, ¢, C, u, k).
Finally, applying Lemma [31] to the 0-form ;o f and the k-form f*dz; and using Lemm
22)),

one has that there exists a constant x = k(d, £, C, i, k) such that, for all t > e!/" satisfying (22
the following holds:

1Se[ 0 f] Sel frdwi] — Se[ (Qi o f) frdas] [coici1) <
Sk (\Qi °© f|cO(U \f*dxi|cf—l(m) + [0 f’cé—l(U) \f*dwi’m(m)) e (49)
< 1 {9ulcor) 1Dty Heew + 198lcen (1+ 1f1eew) 1P o } £

where we have used the inequality \Qi o f‘cg_l(U) < |90 f‘cg(U) and part of Lemma
Define

7% max (Cﬁmp_l, et/ tg,t_) ,
where k = k(d, C) is as in Proposmon t is as in Lemma and t2 is as in Proposition
Let t > ¢ satisfy (22)), then equality (4 and estimates ., 48)) and (49) imply

1S 17 (Se€]) = Se [f* Ul oy 1) < KMz 17, (50)
where £ is a constant depending on d, ¢, k, r, 4, and C, and Ms is defined by

def | o1k L
M = |fleew Qe {1 +1f1eeq) + oy + |f’C@(IU)} :
Hence Proposition [28| follows from estimates and .

2.4 The symplectic and volume cases (Proof of Theorem [2))

Let ¢ and U be as in Theorem [2| and let f € Diff’(U). We prove Theorem [2| in several lemmas.
First in Lemma [36] we prove that if €2 is a non-degenerate form, then for sufficiently large t, the
form defined by

VU =Q+e(S[f]Q—Q), (51)

is also non-degenerate for all € € [0,1]. We also give explicit estimates for the norm of st 0 on
complex strips in terms of the corresponding norm of #. In Lemma [38] we use the deformation
method [Mos65] to prove that, for ¢ sufficiently large, there exists a diffeomorphism such that
(¢5)* Q5 = Q. Moreover, in Lemma [38 we also give quantitative properties of ¢5. More precisely,
using Lemma [36] we prove that the diffeomorphism ¢f is real analytic, close to the identity and
with first and second derivatives bounded on the complex strips U, + Ct~ !, with U; defined
in (7). In Lemma [39| we prove that if o, < ¢, then Ti[f] < Si[f] o o; satisfies properties T1-T6
of Theorem 2l Property T7 is proved in Section

Remark 35. Notice that if f € Diffe(U) then from part of Proposition we have that, for t
sufficiently large, Si[f] is a diffeomorphism on U.

Lemma 36. Let ¢, U, V, Q and Fq satisfy the hypotheses of Theorem [3. Then, given C' > 0
and 3 > 0 there exists a constant ts = t3(d,?,V,C, 3, Mq, ]Q|Cz(U+p)), such that for all t > t3
and for all f € Diff"(U) satisfying i) |floeqy < B, i) V contains the closure of f(U), and iti)
f*Q = Q, the k-from defined by (51 (.) s non- degenemte for all € € [0,1]. Furthermore, for any
real analytic € A*=1(U), satisfying 0] oy < 00, and any t > 3, the application taking (e, )
into ﬂ&;(@)(x) is continuous on (¢,z) € [0,1] x U+ Ct~! and real analytic with respect to x.
Moreover

‘jﬂ_fl( 2 Mq ’9|CO(U+Ct 1y s Ve e [0, 1].

CoO(U+Ct— 1)
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Proof. This follows from Proposition Indeed, first notice that for all ¢ > 1 and e € [0, 1] the
following equality holds:

Sao: = Ja + eI (s, r0-0) = (Id + € s, 7 0-0) © ijl) o4, (52)

where Id represents the identity map on AFNU). Let & = k(d,d, £,C,3,(f —1)/2,k), t =
t(d,d, £, V,C, 3, (£ —1)/2), and M be as in Proposition then for all t > max(f,C') and for any
0 € A*~1(U), satisfying |0]0 (U+p) < 00, the following estimate holds:

-1 o —(6=1)/2
“ﬁ(St[ﬂ*Q—Q)(fQ 0)‘CO(U+Ct—1) < KMft ( )/ MQ |9|CO(U+Ct—1) . (53)
Assume that t3 is sufficiently large so that for all ¢ > t3 estimate holds and moreover
t_(e_l)/QHMf Mg < 1/2.

Then for all t > t3, e € [0,1], the application (Id — eI, 10— ° I 1) is an isomorphism on
A*=1(U), and moreover the following holds for any § € A¥~1(U), satisfying |60 (Utp) < 0O

—_1\—1
‘(Id—&‘fst[ﬂ*g_g OfQ 1) 0 <2 |9|CO(U+Ct*1) .

CO(U+Ct-1)

Hence from we have that for all ¢ > 3, and ¢ € [0, 1], the application oe is invertible with
inverse given by

-1 -1 —1\—1
from which Lemma [36] follows. O

Lemma 37. Let ¢, U, V, Q and Jq satisfy the hypotheses of Theorem[3. Then, given C > 0,
B>0and 1< p<l—1, there exist two constants k = k(d, ¢, C, 3, u, k, Mq) and

ty = t4(d, 0, V,C, 3, u, Mg, |Q|CZ(U+p))’ such that for all t >ty and for all f € Diff*(U) satisfying
i) [floeqy < B, i) V contains the closure of f(U), and iti) f*Q = €0, there exists a vector field
uy satisfying

diy; () = = (ST = Q) (54)

where d represents the exterior derivative and €5 is defined in . Furthermore, the vector field
vector field u§ is continuous on (g,x) € [0,1] x U+2Ct~!, real analytic with respect to x on
U +2Ct™Y, and it satisfies the following estimates:

U | goquyaci-1y < B Myt Veelo,1], (55)
where M ¢ 18 as in Proposition .

Proof. First notice that since €2 = da is exact and analytic, then the right hand side of is
also exact and analytic. Then, the Poincaré’s formula implies the existence of an analytic 1-form
v such that: dy = Si[f]*Q — Q and

|’7t|1U+QC’t*1 <R ST~ Q’U—&-Ct*l < Kk My e,

where we have used Proposition 26] and the fact that U is bounded. Lemma [37] follows from
Lemma |36 by solving the following equation:

O

Lemma 38. Let ¢, U, V, Q and Yo satisfy the hypotheses of Theorem[3. Then, given C' > 0,
B>0and 1< pu<tl—1, there exist two constants k = k(d,¢,C, 3, u, k, Mq) and

ts = t5(d, 0, V,C, 3, u, Mg, ’Q|Cf(U+p)); such that for any f € Diff®(U) satisfying i) ‘f|cz(U) < 0,
ii) V contains the closure of f(U), and i) f*Q = Q, any t > t5, and any € € [0, 1], there exists
an analytic diffeomorphism ¢7 on Uy, with U defined in (@, such that the following hold:
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1. (¢5)" Qs = Q.

2. ¢¥ =id.

3. ‘qﬁ% — id‘CO(Ut-&-C’t*l) < an t=#  where id represents the identity map.
4- ‘D¢t1‘00(mt+0t—l) < exp (C_l K My t_“H) .

. ‘D2¢t1 ’CO(Ut+Ct_1) < 0_2 HMf t_u+2 exp (3 C_l IiMft_M+1>

Proof. Following the proof of Theorem 2 in [Mos65], we determine ¢ by solving the differential
equation

d
£¢§:U§O¢i, Oggglv (56)

with ¢Y the identity mapping, where the vector field u§ is as in Lemma Notice that, in the
case U = T?, the properties of u; given in Lemma |37 imply the existence of a unique solution ¢§
of for all € € [0,1] and all z in the closure of T¢ 4 C't~!. To guarantee a solution of for
all € € [0, 1] in the non-compact cases: i) U C R? a compensated bounded open domain with C"™-
boundary, and ii) U = T" x U with U C R*™ a compensated bounded open domain with C™-
boundary, we solve for initial conditions in the closure of U; + C't~ !, with U; C U defined
in . Notice that if 4 as in Lemma (37| and ¢ > ¢4 is sufficiently large so that

kMt <1, (57)

which is possible because 1 < pu < £ — 1, then and imply the existence of a unique
solution ¢; of for all € € [0,1] and all z in the closure of U; + C't~!, with U; C U defined
in .

Hence, if U and U; are as in Theorem [2| and ¢ > t4 satisfies , then equation has a
unique solution ¢f(x), defined for ¢ € [0,1], and = in the closure of U; + C't~!. Moreover, the
following holds:

/ up (61 () ds

1 .
!qﬁt —1d| o = sup
CWACED 401

< sup | uf|cowrcr)
s€[0,1]
< kMt ™+,
from which part [3| of Lemma [38] follows.
Part [1] follows from (54)), and the E. Cartan’s formula for the Lie derivatives (c.f. [Ste64]):

d * O)E £\ * : € : € d €
L ()" 90) = 600" {a (0 90) + i 09) + 95 | =0

Parts 4| and [5| follow from the Gronwall’s and Cauchy’s estimates, and and as follows:
From ([56) we have for ¢t > t4 satisfying and z in the closure of U; + C't~!

[Di(x)] <1 +/0 [Dufl oy D97 ()l ds, €€ [0,1],

then the Gronwall’s and Cauchy’s estimates and imply

Dol o, +ci-1) < exp ( SE)PH |Duf|00(tu+0t—1)>
se|0,

< exp(C'_lf-@Mft_“"‘l).
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Similarly
1
241 2 2
’D qbt‘CO(UtJrCt—l) S/0 |D “ﬂcwmm—l)|D¢§|C°(Ut+crl) ds+

1
+/0 |Duf|CO(U+Crl) |D2¢f’oowt+0t—1) ds

sup [ug|e2(usci-1) €XP (2 O 1k Mf t—u+1>
€€[0,1]

1
+ |U§|01(U+Ctl)/0 |D2¢f‘00(mt+0t—1) ds

kC™2 Mf tH2 exp (2 c! ﬁMft_“H)

IN

IN

1
S | 2
+KrC MptH /0 |D ¢f\cowt+0t—1) ds
from which part [5] of Lemma [38] follows. O

Lemma 39. Assume that the hypotheses of Theorem@ hold. Let ts and ¢} be as in Lemma
define fort > ts

def

L= @y -

Then, given given C >0, 5> 0 and 1 < pu < £ —1, there exist two constants k = k(d, ¢, C, 3, u, k,
Mgq) and t* = t*(d,¢,V,C, u, 3, Mq, |Q|05(U+p)), such that if the elements of the family of — non-

linear — operators {T};}1>¢+ are defined for f € Diff!(U) satisfying i) |f|cz(U) < B, #)V contains
the closure of f(U), and iii) f*Q =, by:

Ti[f)(z) = Silf)(¢e(2)), = €Uy,

where Uy is as in Theorem@, then Ti[f] satisfies TO-T1-T2-T4 of Theorem@ and the following
properties:

13" |ﬂ[f] - St[f] ‘CO(Ut+Ct_1) < KMf ti'u’,
75 [(Tp = Id)[f] [or(y,) < £ My t=W=) | for all 0 < r < p.
T6". | (Tr — T) [f] lcoguacety < K Mpt=h, for all 7>t > t*.

Proof. That T;[f] is a diffeomorphism on U; follows from Remark and Lemma Notice
that property T1 of Theorem [2] follows from part [I] of Lemma Now, assume that t* > t5 is
sufficiently large so that for all t > t* the following holds:

k Mpt=H=D < C log(2), (58)

which is possible because 1 < y < £ —1. Then using and parts [3| and {4 of Lemma one has
for all t > t5

|(10t _id’CO(Ut+Ct71) S /‘{aMft_“ < Ct_l’ (59)
and
| Dot o, +ot-1) < exp(C™H e Myt~ WD) < 2. (60)

Notice that if 2 < p < £ — 1 then it is possible to choose t* sufficiently large such that (compare

with (58)) R
K Mpt=H=2 < min(C? C log(2)), ¥V t>t*.

Then parl Of Lemma 1mphes fOI' SUCh t tha(
‘ l) @) | < 23 (6])
t Co (Ut+Ct 1) :
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A consequence of is that we can control the domain of the composition S;[f] o ¢; on complex
strips because of the following estimate:

T (1) | oy, 00-1) < Ct 1 D@t cow, 401y

<20t !,

From which we have

o (U+Ct™") cU+20t! (62)

Now property T2 of Theorem 2| follow easily. First, using and part |2| of Proposition [20[ one
has:

| T f] oo, +ce-1) = |Stlf] 0 @tlcow, +o -1
< 1S lecowrecry)
<K ’f’CO(U) :

Now, using , part (1) of Lemma and estimate one has:

| DT3[ f] |CO(Ut+Ct*1) < |St[f]|Cl(U+2Ct*1) |D80t($)yco(rut+cfl)
S K ‘f‘cl(U) :

To prove T3’ use , and part |1| of Lemma [30[ to obtain:

| (Tt - St) [f] |CO(Ut+crl) < | St[f] |Cl(U+2Ct*1) ’Spt —id |CO(1Ut+Ct*1)
< &My |floe) £

Furthermore, if 2 < 4 < ¢ — 1, then the chain rule, , part |1| of Lemma and estimates
and imply

| D* T[] \CO(Ut+Ct—1) <22 |Si{f] le2izce-1y +2° 1S ooy
< | fleey) -

This proves property T4 of Theorem

Finally, properties T5” and T6’ of Lemma follow from Proposition property T3’ of
Lemma and the following inequalities

(T = 1) [ lerny < T = S0 [lerwy + 1 Se= DI ey »
and for 7 > ¢
| (T = T) [ f] |00(Ut+()r—1) < |(Tr = 57) [f] ‘CO(U#CT*) t

+ (St = T1) [f] |l coqw,+c-1) +
+[(S- =S¢ [f] |CO(1U+CT*1) :

2.4.1 Exactness considerations

In this section we show that in the case that the diffeomorphism f is exact symplectic, then it is
possible to construct analytic approximating functions T;[f] which are also exact symplectic, as
claimed in part T7 of Theorem [2 Here use the calculus of deformations, similar constructions
are obtained in [dILMMSG].
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Let U be as in Theorem [2 Of course, exactness is a problem only in the case that U= T" x U.
In the other cases, Poincaré’s Lemma shows that all symplectic maps are exact. Hence, throughout
this section we assume that U =T" x U.

Let T;[f] be as in Lemma we show that for ¢ sufficiently large, there exists a diffeomorphism
hy such that hy o T;[f] is exact and satisfies properties T1-T6 of Theorem Notice that since
Ti[f]*Q = Q we have that the form (T;[f]*a — «) is closed. Recall that if Q = da, then h; o T;[f]
is exact if and only if the form (h; o T3[f])" o — v is exact. Equivalently

[T (hia — )| = = [T = ] (63)

where [ 3] represents the de Rham cohomology class of the closed form (3. The existence of a
diffeomorphism h; satisfying is proved in the following lemma where, moreover, we estimate
the distance between h; and the identity.

Lemma 40. Let Q = da be an exact symplectic form and 2 < { ¢ Z. Assume that the hypotheses
of Theorem@ hold. Let Uy be defined by @ Then, given C' >0, >0 and 1 < p < —1, there
exist two constants k = k(d,{,C, 3, u, Mq) and t* = t*(d,¢,V,C, u, 3, Mq , |Q’04(U+p))’ such that
for any t > t* and any f € Diff(U) satisfying i) |f’cz(U) < B3, 1) V contains the closure of f(U),
and i) f is exact, there exists a diffeomorphism hy satisfying equality @ and such that the
following holds:

| he —id | oy, < K Mpt#t (64)

| ht‘cl(Uer) <K (65)

Proof. Let H'(M,R) denote the first de Rham cohomology group of the manifold M. Let V be
as in Theorem [2[ and let U; be as in . We note that if U =T" x U, and if V diffeomorphic to
U, then H!(U;, R) = R™ and H'(V,R) = R™. For ¢t sufficiently large, let T;[f] be as in Lemma

Consider
Tilfl4: H'(V,R) — H'(U;,R)

(v —  [TfI"v]

Notice that since Ti[f] is a diffeomorphism on U; and since the pull-back commutes with the
exterior derivative one has: a) Ti[f]4 is well defined, b) Ti[f]4 at zero is equal to zero, and c)
Ti[fl4 is differentiable with invertible derivative at zero. If moreover, f is exact we have

[ THfT e —al| = [[THfT e — ffa]]
<A (T = 1d) [f] o1y
< kMpt L

where we have used the fact that Ti[f]| satisfies property T5’ of Lemma Hence a finite
dimensional version of the Implicit Function Theorem implies that, for ¢ sufficiently large, there
exists [v:] € H'(V,R) such that

Tilfly (e ]) = = LT e — o], (66)

and
[[ye] | <k Mpt=rtt (67)

Let 41, ..., be closed forms, analytic on V + p, and such that { [v;]}_; is a basis of H'(V,R).
For t sufficiently large, let n; = (n},...,n") € R™ be such that

n) =3 [l

Then estimate (67)) implies
|| < R MptrtL (68)
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Following [Ban78§|, we construct, for ¢ sufficiently large, a diffeomorphism h; satisfying
n .
[hja—a]=> nf [v]. (69)
j=1

The non-degeneracy of €2 implies the existence of a vector field X; such that

n

ix, ()= "l (70)
j=1
From and we have
[ Xilgoyipy <& Inl <k Mpt=h+ (71)
Let hj be the flow generated by X;:
d € € 0 :
£ht = X; o h§ hy =1id. (72)

The existence of hf for all ¢ € [0,1] is obtained by assuming that ¢ is sufficiently large and
using (70). Using Proposition I.1.3. in [Ban78] we have

* ‘ d S\ * -
(i) a—a= [ L0 ads =<3 n s (73)
j=1

with

€ s n €
5= [ [ onr i (S ) ar | as+ [ 00 e as

j=1

where we have used the Cartan’s formula and the fact that the right hand side of is closed.
From one has that, for all for ¢ € [0,1], hf preserves the exact symplectic form Q = da.

Define hy dZth%, then considering the first cohomology class in |D we have that h; satisfies .
Finally notice that and imply
Estimate follows from and . Now taking ¢ sufficiently large, using , ,
and Gronwall’s inequality we obtain, for ¢ sufficiently large, the following estimate:
[ Dhtl o) <25
from which and estimate follows, for ¢ sufficiently large. O

It is clear from Lemma [40| that the composition T;[f] ChioT, t[f] is exact symplectic on Uy
The verification of properties T1-T6 of Theorem 2| for the diffeomorphism T;[f] is performed by
using Lemma [40] Lemma [39] and the following estimates

| b o Ty f] v, +00-1) < 8 el orugp) (1 + ’ﬂ{fﬂcl(Ut—&-Ct*l)) :
he o T[] = Stlfllcow,+cv-1) < B el orpy ITELS] = Stlfllcowerci1y + 5 The = id]cowyp)

[he o Ti[fl o, +ce-1) < 8 [hel 2y (1 * ’Tt[f”CQ(Ut+Ct—1)> )

|he o Te[f] = fleoy) < & [he —id|coy + & T2 f] = fleow,) -
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2.5 The contact case (Proof of Theorem [3))

Theorem [3] is proved following the same steps of the proof of Theorem [2] given in Section
Here we just mention the necessary modifications. Let ¢, U, V, and U; be as in Theorem [2| Let
Q) be a contact form on V, f € Diff (U) a contact diffeomorphism, and let A\ be a nowhere zero
function such that f*Q = AQ. Define for ¢t > 1 and € € [0, 1]

QENQ+ e (S [f]F Q2 —2Q) .

Notice that, since the 2-form d 2 is a symplectic form on the fibres of the 2n-dimensional sub-
bundle Ker(2) C T (U), with the obvious modifications, Lemma [36| holds for the isomorphism
Fial Ker(Q)- Roughly speaking, this means that, for ¢ sufficiently large, Zyq: ‘ Ker(95)) is also an
isomorphism. Hence, for ¢ sufficiently large and ¢ € [0, 1], there exists a vector field u$ satisfying

f=— (s (g F e Ker (9
U = — < de’K@T(Q%)) % t ’ Uy € GT( t) ’
equivalently,
s (d05) = — (SUfIFQ = AQ)

Applying Proposition [26] to the 1-forms Q and A2 we obtain, for ¢ sufficiently large,
| St[f]*Q - >\Q|CO(U+(2Ct71)) S K/Mf t_u .

Then, following the same steps of the proof of Lemma[36] we obtain that the solution u§(z) of (74)),
is continuous on (g,z) € [0,1] x U+ 2Ct~!, real analytic with respect to z € U+2Ct~!, and
moreover

Ui lcouiaci-1y < 2Ma | Se[fT"Q = AQcoia o1y 75)
< K M f tH.

Now, for ¢ sufficiently large, let ¢; be the solution of the following differential equation

d :

%Qﬁ:U%, Cb?:ld,

then and the Cartan’s formula for the Lie derivative imply

d « . . . d
dfe((qﬁi) Q) = (¢7)" |d (us QF) + s (dQ§)+deQ§ = 0.

Hence
()" QG =AQ,  Veelo1].

Moreover, following the proof of Lemma and using one obtains that ¢, satisfies esti-
mates and [5| of Lemma The proof of Theorem [3]is finished by following the same steps
in the proof of Lemma

3 An application: KAM theory without action-angle
variables for finitely differentiable symplectic maps

Let (U, Q = da) be a 2n-dimensional analytic exact symplectic manifold and let f € Diff*(U)
be an exact symplectic map. The study of the existence of n-dimensional invariant tori with
quasi-periodic motion is based on the study of the equation

F(f,K)=0, (76)
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where

F(f, K)(0)= (fo K)(6) — K(6+w), (77)

K : T" — U is the function to be determined, and w € T" satisfies a Diophantine condition.
In [dILGJVO05] it is proved that if f is a real analytic diffecomorphism and if there exists a real
analytic parameterization of an n-dimensional torus K, satisfying a non-degeneracy condition,
such that (f, K) is an approximate solution of in the sense that |F'(f, K) |co(qn,) is ‘suffi-
ciently small’, with respect to the non-degeneracy conditions, then there exists a true real analytic
solution of , which moreover is close to the approximate solution. In Theorem 4| we give the
rigorous formulation of this result. We emphasize that in Theorem {4] we do not assume the
symplectic map is written either in action-angle variables or as perturbation of an integrable
one. Moreover, the proof of Theorem [ produces a algorithm to compute invariant tori for exact
symplectic maps.

In this section we show that a finitely differentiable version of Theorem [ also holds, see
Theorem [5] for the formulation. The proof of Theorem [5| we present here is a slightly modified
Moser’s analytic smoothing method. We remark that, since Theorem [ holds for exact symplectic
maps, then the symplectic map f is smoothed using the operator T; of Theorem Moreover,
rather than assuming the existence of an analytic solution of we assume the existence of a
finitely differentiable initial approximate solution of and give conditions guaranteeing the
existence of an analytic solution, which is close to the approximated one in finitely differentiable
norms. This is achieved by using the estimates given in Theorem [2| and Proposition

In this section we also prove the bootstrap of regularity of invariant tori with Diophantine
rotation vector for exact symplectic diffeomorphisms. To obtain the bootstrap of regularity first,
we prove the local uniqueness of finitely differentiable invariant tori for finitely differentiable
symplectic maps. We remark that the uniqueness result stated in Theorem [f] is the finitely
differentiable version of Theorem 2 in [dILGJV05].

The local uniqueness and the bootstrap of regularity are stated in Theorem [6] and Theorem 7],
respectively. Theorem |§| and Theorem m are similar to Theorem 4 and Theorem 5 in [SZ89),
respectively. However, while the latter are stated and proved for Hamiltonian vector fields written
in a Lagrangian formalism, Theorem [6] and Theorem [7] are stated for symplectic maps that are
not neither written in action-angle variables nor perturbation of integrable ones, and proved using
the symplectic formalism rather than the Lagrangian one.

The existence of the operator T; in Theorem [2] in the exact symplectic case, enables us to
obtain analytic approximate solutions of equation close to a given finitely differentiable one.
This together with the uniqueness argument yield the bootstrap of regularity for solutions of .

Let U be either an open subset of R?® or T x U, with U C R”. In addition to the notation
introduced in Section we use the following notation. For each z € U let J(z) : T, U — T, U
be linear isomorphism satisfying

Q) (&m) =€ - J(@)n, (78)

where - is the Euclidean scalar product on R?". The average of a mapping K € C°(T",U) is
defined by

avg {K}, d:f/w K(0)df.

Definition 41. Given v > 0 and o > n, we define D(~y,0) as the set of frequency vectors w € T™
satisfying the Diophantine condition:

[0-w—m|>~y|(]° Ve e Z"\ {0}, m € Z,
where [C)1 = [01] + - - + |6y

Definition 42. Given a symplectic diffeomorphism f € Diff}(U) and w € D(v,0), let N denote
the set of functions in K € C1(T", U) satisfying the following conditions:
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N1 There exists an n x n matriz-valued function N(0) such that
N(6) (DK(@)T DK(G)) = I,

where I, is the n-dimensional identity matrix.

N2 The average of the matriz-valued function
AO)ZEPO+w) [DFK0)J(K(0) " PO) — J(K(O+w)'PO+w)], (79)

with J defined in (@ and
P(0)= DK () N(9),

is non-singular.

By the Rank Theorem, Condition N1 guarantees that dim K (T") = n. For the KAM theo-
rems 4] and o the main non-degeneracy condition is N2, which is a twist condition. Note that
N1 only depends on K whereas N2 depends on both K and f.

From now on we assume that 2 = da is analytic exact symplectic form as in Theorem [2| Let
J be the isomorphism defined by , and let J~! denote its inverse. The following Theorem
is the main theorem from [dILGJV05].

Theorem 4. Let U be either a compensated open domain in R*™ or T" x U, with U C R" a
compensated open domain. Let f be an exact symplectic diffeomorphism on U and w € D(v,0),
for some v > 0 and 0 > n. Assume that the following hypotheses hold:

Al. KeNNA (T” + p, C’l) (see Definition and Definition .

A2. The map f is real analytic and it can be holomorphically extended to B, a complex neighbour-
hood of K (T" + p), such that dist (K (T" + p) ,08) > n > 0. Furthermore, |f|c2(g) < oo.

AS. |J|Cl(3) 5 ‘ J_l ‘01(3) 5 |C¥’02(B) < o0

Then, there exists a constant ¢ > 0 depending on o, n, \f\CQ(B), \04\02(3), \chl(B), ‘J*I‘Cl(B),

(avg {A}o)_l‘ (where N and A are as in Deﬁm’tz’on such that, if

|DK|CO(']1‘n+p); |N‘CO(']1‘n+p);
ey p R (f, K)oy < min(1, ),
then there exists K* € NN A(T" + p/2,C") such that F(f, K*) =0. Moreover,

|K* = Kooy < Y 20727 | F(f, K) ooy ) » (80)

and
‘DK* - DK’CO(T7L+p/2) < 0772 /07(2o-+1) ‘ F(fa K) ’CO(T"er) :

The finitely differentiable version of Theorem [4] we present here is the following.

Theorem 5. Let w € D(v,0), for some vy > 0 and 0 > n. Let m € N, £ ¢ N be such that
40 +3 <l < m. Let U be either a compensated open domain in R?™ with C™-boundary, or
T" x U, with U C R™ a compensated open domain with C™-boundary. Let f € Diffe(U) be an
exzact symplectic diffeomorphism and let K € C*(T™,U) be a parameterization of an n-dimensional
torus. Assume that the following hypotheses hold:

S1. |DK| oy < B and K(T") C U, with n= 27" dist (K(T"), oU) > 0.
52. K € N (see Definition [{9).
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53. Q= da s real analytic on U+ p, and [J|ceyp - [,y < ¢, and }J_ < Mq.

1}CI(TUJrP)
for some p, ¢ > 0.

Then, given 4042 < p < £—1 there exists two positive constants ¢ and p* < 1, depending on p, n,

t, 0, B, Mg, ‘f|c€(tu); |K|Cl(1rn)} |N|Co(1rn), and ‘(an {A}e)il
if u—20 ¢ 7 and

, such that: given 0 < p1 < p*,

4 —(do+1 .
cry 4101 ( ot ) ‘F(f7 K)’CO(’]I‘TL) S mln(L Hﬁa 77)7 (81)
where k = k(n, ¢, 1) is as in Proposition then there exists a parameterization of an n-dimen-
sional torus, K* € C*=Co+D)(T™ U) such that F(f, K*) =0 and
K = K|y <777 py 27 <P/1kl +[F(f, K)|cO(1rn)> ;o V0sv<p—(20+1),
where F' is as in and ¢ is a constant depending on the same quantities as c.

Remark 43. Let f and K be as in Theorem |3 Notice that since |f|qeqyy and |K|qeny are
bounded we have that |F(f, K)|cerny is also bounded. If moreover assumption holds then
there is a constant k such that

[F(f, K)!ée(w) <k, and [F(f, K)‘CO('JI‘") < HP%UH .
Thus, by using the interpolation estimates [dIL099, |Zeh75)], we have for any 0 < s < ¥
s 1—-s/¢ ~ (4do+1)(1—s/L
E K oy < 7 1E G K oy (K| oty < i D075/

Hence assumption implies that all the intermediate norms |F(f, K)|csiny with 0 < s < £
are also small. We therefore have that hypothesis is equivalent to assume the C®-norms of
the function error to be small, for 0 < s < £.

The local uniqueness is stated in the following

Theorem 6. Let w € D(v,0) for some v >0 and 0 > n. Let £ > 20 be such that {,{ — 20 ¢ 7.
Let f € Diff"*2(U) be a symplectic diffeomorphism. Assume that (f, K1) and (f, K3) satisfy (@,
with Ky, Ky € C**YT™, U) satisfying N1 and N2 in Definition . Then, there exists a constant
k, depending on n, "]_1’00([[})’ [floer2y [ K2loesipnys [Kiloeripny, and [Na|co, with No defined
as in N1 in Definition [{9 by replacing K with Ko, such that if

kY2 K1 — Kalgeeny <1

then Ky o Ré = Ky on T", for some constant 6 c R™.
The bootstrap of regularity is stated in the following

Theorem 7. Let w € D(v,0), for some~y >0 and o >n and let o > 0. Let 4o+ 3 < {1 <m,
with m € N and ¢, ¢ N. Let U be as in Theorem 5, Let (K, f) be a solution of (76]), with
f € Diff"(U) an ezact symplectic diffeomorphism and K € C% (T™, U) satisfying N1 and N2 in
Deﬁmtion. Let £ € [£1,m) be not an integer and assume that f € Diff*(U), and that hypotheses
S1-S3 in Theorem@ hold (replacing p with o in S3). Then, for any 40 +2 < p < £ — 1 satisfying
p— (20 +1) ¢ Z we have that K € C*=Co+D(T™). Moreover if m = oo and f € Diff>(U) then
K € C®(T",U). Furthermore, if f € AU+ o, C%), then K € A(T™,C").
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3.1 Existence (Proof of Theorem [5))

Throughout this section we assume that the hypotheses of Theorem [5] hold. As we already
mentioned, the proof of Theorem [5| given here is based on Moser’s technique of analytic smooth-
ing [Mos66, [Zeh75]. What we do is the following:

Step 1: Obtain an analytic approximate solution (f1, K7) of , with f1 exact symplectic map
and K satisfying properties N1-N2 of Definition 2]

Step 2: Apply Moser’s smoothing technique and Theorem [4] to construct a sequence of analytic
solutions of converging to a finitely differentiable solution (f, K*). More concretely,
starting with (f1, K1), we assume that we have computed (f,,, K;,) an analytic solution
of and verify that, if 7} is as in Theorem [2] then, for a suitable t,,, (T},,[f], Kn) is an the
approximate solution of that satisfies the hypotheses of Theorem |4} so that one obtains
a new analytic solution (fy, 41, K1) of , with fp,+1 = T3, [f]- The convergence of the
method is obtain by using in Theorem

In order perform Step 1 we use pairs of functions of the form (T3[f], S¢[K]), where T} is as in
Theorem 2], and S; is as in Definition [6] Notice that since S; takes periodic functions into periodic

functions then S;[K] € A (T™ + ¢!, C") is an analytic parameterization of an n-dimensional torus
that is close to K (see Remark .

To prove that S;[K] satisfies properties N1-N2 of Definition since condition N2 in Defini-
tion depends on both the parameterization and the map, it is necessary to fix the constants
appearing in Theorem [2| and verify that S;[K] (']I‘” + t_l) belongs to the domain of T3[f]. This is
done in the following

Lemma 44. Let K € C*(T",U) satisfy hypothesis S1 of Theorem @ Let k be as in Proposition
define r g 08, then
| DS K]l co(pnye-1y <7, forall t>1. (82)

Moreover, if Uy is defined by @), then there exists tg > 1, depending on n, £, |K|,, and n such
that for all t > tg, Si[K](T") C Uy, and

1
| SelE] = Klogpny < 57 (83)

Furthermore, if 2 < p < £ — 1 is given, let t* = t*(d,f,V,2r,u,|f|Ce(U)),MQ,C), be as in
Theorem @ then for all t > max(t*,tg), the components of the symplectic map T;[f] belong to
A(U; + 27t~ C?) and properties TO-T7 of Theorem@ hold.

Proof. Part |2 of Proposition [20| implies , from which we have
T (Se[K )| cogpn -1y < 1 [DSHE]|goppn -1y <7t
Let tg > 1 be sufficiently large so that for any ¢t > tg the following holds:
max (/1 |K|C‘-’('Jl‘n) t*, t_1> <271y,

then part |1 of Proposition implies l) So we have S;[K] (']I‘" + til) C U +rt~!. Now apply
Theorem [2/ to the constants C' = 2r, and 8 = [f|qe(y).- O

Now we prove that, for ¢ sufficiently large, S;[K] satisfies N1-N2 of Definition

Lemma 45. Let r and tg be as in Lemma[{{], and let 2 < p < € — 1 be fivzed. Assume that
K € CYT™,U) satisfies the hypothesis of Theorem @ and let N and A be as in Definition .

Then, there exists t7 > tg, depending onn, £, 2r, u, n, Mq, |K|C[(Td), ‘N‘CO(Td)r ‘avg {A};l ,
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|floesy and My, with My as in Theorem@ such that Si[K] € A(T"+t~1,CY) N N, for all
t > t7. Moreover, if

Ni(0) ™ (Ds[K)(0) DS[K)(0))
and
A(0) 2P0 +w)T [DTFI(SIK)0)T(SK)0) T Pil0) = T(SK](0+ )T Pl + )]
where Py(0) % S;[DK](0) Ny(6), then the following hold
[N ogene-ty < 2 [Nl gogeny (145 Mg [N|oogy ) (84)

and
‘avg {At}e_l‘ < ‘avg {A}e_ll <1 + HMK’f ‘avg {A}gllt_“+2> ,

where K is a constant depending on n and ¢ and Mva depends on |K|CZ('En); ]N|CO(Tn), |f|ce(3)
and My.

Proof. Notice that the conditions N1-N2 in Definition deal with invertibility of matrices,
hence Lemma [45|is a consequence of the openness of the invertibility of matrices. In what follows
we obtain explicit estimates for the size of . Performing some simple computations and using
Proposition 20| one has

| DS/ [K)(6)T DSIIK](0) ~ N(6) ™ T

2
CO(T") S k ’K|CZ(Tn)

Hence if t is sufficiently large such that
2 —¢
K |K‘C£(']T”) ’N’CO(Tn)t +1 < 1/27

the Neuman’s series theorem implies that, for all § € R?, the matrix DS;[K](0)" DS;[K](0) is
invertible and its inverse, denoted by Vy, satisfies

[Nt = Nlgogemy < 26 [K[Gepny [N[Gony t™F < [N]gogpny - (85)
Now, let § € R™ + ¢!, then part [1| of Lemma [30| implies, for ¢ sufficiently large,
IDSK)(0) — DSIK]Re ()] < [D*SK]| cogpn sy 11m (0)] < 6 1K oo ¢
K is a constant depending on n, and ¢. So one obtains
|DSIETT(0)DSK)(0) = N7 (Re(0)| < & K [bgpny £
Then, if ¢ is sufficiently large so that
2k |K|%4(T”) |N|CO(’]1‘n) 7! < 1/2

we have from
K |K%€(Tn) ’Nt’CO(Tn)t71 <1/2.

Hence, Neuman’s series theorem implies that the matrix DS;[K](0) " DS;[K](6) is invertible for
all @ € R" + ¢! and

’Nt’CO(Tnthfl) < ‘Nt|CO(Tn) +2 |Nt%0(qrn) K ’K|%Z('H‘n) til,

from which and estimate follows.
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It is clear that, for ¢ sufficiently large, A; is a perturbation of A defined in . In what follows
we give an estimation of the size of [A; — A|co(gn). Let P(6) = DK(0)N(6), then using and
Proposition [20] we have

|Pt - P|CO(’H‘n) < KMK t_“_l )

where x depends on n and ¢, and M is a constant depending on |K|cepay and |N|co(pny.
Moreover, performing some simple computations and using Theorem [2, Proposition and the
Cauchy’s estimates we have

IDLf1(S:K(0)) = DF(E(0)) |cogny < £, (86)
where £ is a generic constant independent of ¢. Finally, using again Proposition [20| we have
|J 0 SiK] = J o K|cony < [ ]crqmy # 1K |geeny tF, (87)

Performing some computations and using (3.1]), , and one gets

’At - A|CO(Tn) < HMf,K t_l/«+2 ’

where & is a constant depending on n, £, C~!, k, &, |J\01(U), and My k is a constant depending
on |K|ceepny, [Nlgoerny, [floes) and My. Hence the proof of Lemma {5 is finished by applying
Neuman’s series theorem and taking ¢ is sufficiently large so that

’avg{A};l‘ K Myt <1/2.

O

From lemmas 44| and 45| we have that, for ¢ sufficiently large, (Ti[f], S¢[K]) is a candidate
for an analytic approximate solution of equation . In the following lemma we summarize the
results of lemmas [44f and {45 and give an estimate of | F(T3[f], S¢[K]) |0 (Tr4t-1)-

Lemma 46. Let t; be as in Lemma and let 2 < p < £ — 1. Assume that K € C*(T"),
f € Diff"(U) and that hypothesis of Theorem@ hold. Then there exists tg > t7, depending on n, £,

B, w, ¢, Ma, n, |K|ceray, ’avg{A}(;l" [Nlcornys [floey, and My, with My as in Theorem
such that for all t > tg the following hold

1. S{K)e A(T"+t71,C"), and |DSi[K]|co(rni-1y <7, 7 =1(n,B) as in Lemma .
3. Tt[f] S A([Ut + 27“15_1,02) with |Tt[f”02(lUt+(2'rt*1)) S K,Mf.

4. Si{K] €N and if Ny and A; are as in Lemma then

DO o

Niloognsiy €3 INlgo , |avg {45 < 5 Javg {47

5. There is a constant k, depending onn, £, C' , u, Mg, and ]Df\CO(U) such that

|F (T[], Se[ K] cogpn -1y < R My gt k| F(f, K)lcogrny

where A
My = max (Mf, e (1 K gy + ymcg(m) ) ,

with My as in Theorem .
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Proof. Parts and [ are stated in Lemma [44] Part [4]is consequence of Lemma Part [fis a
consequence of property T3 in Theorem [2| Proposition and part [2| in Proposition Indeed,
let t5 be as in Proposition and let t* and {7} };>¢ be as in Lemma Then part 5| follows by
taking tg = max(tq,t*, t7) and using the following equality

F(T[f], 5i[K)) = {(Te[f] = Self]) o Sel K} + {Se[f] o Se[K] = Si[f o KT} + Si[F(f, K] .-
O

Now we give the sufficient conditions to have an iterative scheme to construct a sequence of
analytic solutions (fj, Kj*) of equation (76)

Lemma 47. Let r = r(n,3) be as in Lemma . Let 2 < pp < ¢ —1 be given and assume that
for fived m > 1 there is a Ty, > 1 such that (fp, Kin) = (Tr,,[f], S5, [K]), satisfies the following
conditions:

m—1 .
Al(m) K, € A(T" + pp,C'), and | DKoo p,,) < Tms with pom Erand vy =1 Y 279,
5=0

A2(m) Kn(T") C U, with |[Km — K|copny < Nm where ny, Ly S 27
j=1

A3(m) fm € A(Un, + (27m pn), C?) with | fm |cow,, yorm pm) < & Mj.

A4(m) If Ny, and A,, are defined as in Lemma by replacing Si[K| with K,,, then

m
‘Nm|CO(T"+pm) <2 ‘N|00(Tn H 1 +2 J
7=1

‘avg{Am}gl‘ < ‘avg{A}g ‘ ﬁ 1+27 ]
j=1

where N and A are as in Definition [{2

Then there exists two constants A and X, depending on o, n, n, Mg, |f|cz(U), |K]04(Tn), |N|CO(’J1‘”)7
(avg {A},) |, such that, if

A A p Gt B K )‘CO (Tr4pp) < min(l,r, ), (88)

then there exists a parameterization K11 € A (T" + P+, Cl) NN, with ppm+1 = pm/2, such
that F(fm, m+1) 0,

| Km+1 — K, ’CO (T -pmt1) = 7_2)\/)_20 | E(fm K )‘CO (T™+pm) * (89)

and
[DKni1 = DRl oogrny ) <A77 07 [F (fns Kl cogen v, - (90)

Furthermore, if fmi1 dEngTm [f] and
gm+1 (pf,i‘l 2 (o) ,F(fm,Km)yCO(Tn+pm)> < min(1,,7), (91)
then (fm+1, Km+1) satisfies properties A1(m+1)-A4(m+1) and the following estimate holds:
|E(frmsts K1)l comngpp ) < 5 My ol s (92)

where k and My are as in Theorem @
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Proof. Properties Al(m)-A4(m) and Theorem |4|imply the existence of a constant )\, depending
on o, n, v~ € May |fnloz(w,,, 4@ pm) ) 1PEmlcomnsp,ys [Nmloonip,,):
(avg {A,}4) " | such that, if
A p BV | F(fn, K in(1 93
0 m Pm |E'(fns m)’CO(Tnﬂ,m) < min(1,7y,), (93)
then there is a parameterization K11 € A (pm/2, C’l) N N such that F(fm, Km+1) =0,
|Km+l - Km|CU(’H‘n+Pm+1) < Am 7_2 pr_n,zo ‘F(fm’Km)’CO(T"+Pm) ’

and
[DKmi1 = DRl cogrn sy < An ™2 007 1 (fons K)o,

It turns out that \,, depends in a polynomial way of the following quantities (see Remark 15
in [dILGJVO05]):

[fmle2@,, +@rmom)) » PEmlcomnip,) s Nmleonip, ‘(an{Am}e)fl‘- (94)

Let A be the constant obtained by replacing in the definition of A the quantities in 1) respec-
tively, by
KMy, 2r, 2e|N|coqny, e ’(avg {A}e)_1’ .

Assume that }
Ayt o Ut | B Km)|cogngp,,) <min(l,r,n),

then using the estimates in A2(m) and A3(m) and r < r,, < 27, we have that holds. In
particular estimates and hold. Now we prove properties A(m + 1). First from we
have that if

9™ N2 p-(20+1) |E(fons Kom)co(rn gy < 7

then
DEmitlcogme gy < P+ A7 027 F s Kol cozn gy < 7 #2777
Hence A1(m+1) holds. Property A2(m+1) follows from by assuming the following estimate
2" 2N 2 | F (frns K)o oy sy <11
Notice that Al(m+1) and A2(m+1) imply
K1 (T" + pmt1) CUr, +27 i,

so the composition fy,+1 0 K41 is well defined on T" + py,41. Property A3(m+1) follows from
Theorem [2, Now we prove A4(m+1). Using |[DK,,| < ry < 27 and we have

T a1 I -2 —(20+41)
DEia (6) DR (0) = N7, <2 @r 41 Ay 07 | Knlengrns)

.o N def T
then if A= \23%¢ (27 + 1) [Nlco(ny and
2mt1 =2} p- 20t | P ( £, Km)lconip,y <1, (95)
then we have that N,y exist and

[Non1r = Nanleo(enppa) < Nmlcogn sy A7 o7 1B Kon)oogrn g,y » - (96)
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where we have used [Nm/|co(pny ) < 2€ [N|co(pny, which follows from A4(m). Then using
we have

[Nmt1lconppmin) < Wmlcoenppn) + INmit = Nmloo(rn g i)
< Wlooger,y (12707 )

From which the first estimate in A4(m+1) holds, let us now prove the second one. Define

Ppi1= DKy N,
then estimates and imply
Pt = Pl ogrn s puyy <A 072002 F (s Ko (97)
and
T Ko) ™ = T eomnsy ) <N 2002 (s Ko)| (98)
where X depends on r, [N ‘CO('JT")7 ‘J 1 ‘ oW )\ and \. Moreover, using property T6 of Theoreml

we have
[fmt1 = Fmlco@wszr ppen) < KMyl (99)
From estimates and and property T4 of Theorem [2| we have

| Dt (Koms1(8)) = D fon (Kon(0)|cozny < A (08572 772 7V |F (fins Kon)coon ) )
(100)

where we have used the Cauchy’s estimates and

A S (26 My | flooy 27) 7 2.

Performing some computations and using @, , and ([100) we have that there exists a constant
A, depending on o, n, v=4, n, Mq, u, |f]C¢(U), 3, |N|CO(T")7 )avg {A}e_:l’? and My, such that

At = Amlcan < 3 (o7 9757 F (o Ko cocrnny )

From which we have that if A< X ‘avg {A};| e and

PLED (Pm + 772 o7 |F (fony Kl cozn s, )> =h

then, since ‘avg {Am}e_l) < ‘avg {A}e_l) e (which follows from A4(m)), we have that avg { Ap,41}y

is invertible and
Jave {Ams1}7!| < ave {Amsad (142700,

this proves A4(m+1). Finally using the equality F(fp,, Kin+1) = 0 and we have

| F(frnt1s K1) ooy pyay) = | a1 © Kt = fin © Kt leogn g gy < 5 My pl
0

Summarizing, from Lemma [46] we have that for ¢ suﬂiciently large, (T3[f], St[K]) is an analytic
approximate invariant solution of equation (|7 , and Lemma [47| provides the iterative scheme to
construct a sequence of analytic solutions (fj, Kj+1) of of equation (76)). Hence we have all the
ingredients to apply the Moser’s smoothing technique to prove Theorem
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Lemma 48. Assume that the hypothesis of Theorem[d hold. Let 40 +2 < pu < £ —1, with { ¢ N,
then there exist two positive constants ¢ and p* < 1, depending u, n, £, o, ¢, B, M, ’f’ce(U),

|K|ceernys IN|cogpny, and |(avg {AY)) 7Y, such that: such that: given 0 < py < p*, if

ey~ oy Y F(f, K)oy < min(1,rn) (101)

then there exist two sequences of functions {fm}m>1 C AU + 27 ppm, C?), and {Kn}m>1 C
A(T™ + pp, CV), with py =27V 1| satisfying properties A(m) of Lemma and such that
fm =T, [f], with 7, = p..t, and for m > 2

[Km+1 — Kmlcornyp,,, 1) < ey T2 phm@orl) (102)

where ¢ is a constant depending on the same variables as c. Furthermore if p — (20 + 1) ¢ N,
then the sequence { Ky, }m>1 converges to a function K* € C*~27+D(T™ U) such that

F(faK*):Ov

and
% _ —(20+4v —
K — K| oqmy < My~2 pp &7 (p‘f 1+|F(f,K>!co<Tn>) )

forall0 <v < pu— (204 1), where M is a constant depending on the same variables as c.

Proof. Let A, ) be as in Lemma let M; and k be as in Theorem (2| and let x and Mva be as
in part [5] of Lemma [46], define

¢ ™ 2k max(4 A, \) max(1, My p, 5 My). (103)

Let tg be as in Lemma |46/ and let 0 < p* < 1 be sufficiently small such that p* < tg I and such
that following inequality holds:

ey ()T < min(1, 7). (104)

Let 0 < p1 < p* and define 71 = p; !t and f = Ty, [f], and K3 = S, [K], then, because of Lemma
(f1, K1) satisfies properties A1(1)-A4(1) of Lemma Moreover if holds, then part [5] of
Lemma equation , and estimate imply conditions and in Lemma
for m = 1. Therefore, if fo = To,[f], Lemma implies the existence of Ko € A (,02,01),
with py = p1/2, such that (fa, K3) satisfies properties Al(m+1)-A4(m+1) and estimate in
Lemma |47| for m = 1. Moreover, estimate and part [b| of Lemma [46|imply

-2 — -1
K~ Kileogn sy < 7 200 (07 1B ) ooy )

Now assume that, for m > 2 we have (f,,, K,,) satisfying properties Al(m)-A4(m) and esti-
mate (92)) in Lemma |47 for (m — 1). Performing some simple computations and using the defi-

nition of ¢ in (103]), and estimates (101]), (104)) one obtains that estimates and hold for

m. Hence Lemma [47] can be iterated to obtain an analytic invariant torus K,, for f,,. Moreover,

using estimates and one obtains ((102]).

The convergence of the sequence {K,,}n,>1 follows from the Inverse Approzimation Lemma

(see, for example, Lemma 2.2 in [Zeh75] or Lemma 6.14 in [BHS96]). Indeed, define u,, C Kn—Ki,
then the following properties hold:

1. upy, € A(pm,C'l), for all m > 1 and u; = 0.

—p+(20+1) ¢
2. sup pm U1 — Um|00(11‘n+pm+1) =c.

m>2
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3. f 0<v<pu—(20+1), then

m—1
[ml cogny < D i K1 = Kilooap,.y)
j=1
— v —(v+2 -1 N — —(20+4+1)—v
< ey W20 (ﬁ +]F(f,K)|CO(Tn)> B e
oo
where ¢ ¢ 28720 S 9= (n=(20+1)—a)
j=2

The Inverse Approximation Lemma implies the existence of a function u* € C”*(2G+1)(T”,U)
such that
lim [u* = tm|ov ey =0,

m—00

for any v < g — (20 + 1). The proof of Lemma [48|is finished by defining K* EuF + . O

3.2 Local uniqueness (Proof of Theorem [6])

Throughout this section we assume that the hypotheses of Theorem [6] hold. The proof of The-
orem |§| we give here is rather standard, as it is proved in [Zeh75)] it suffices to show that the
operator Do F(f, K), with F' defined in , has a approximate left inverse for each f fixed.
In our context the existence of the approximate left inverse amounts to the uniqueness of the
solutions of the following linear equation

DoF(f, K)A = Df(K(0))A — Ao R, = g(0). (105)

The uniqueness of equation (105 depends on the arithmetic properties of w because the so called
small divisors are involved. The following result is well known in KAM theory, for completeness
we state it here, for a proof see [Riis75, Riis76al, [Ris76b).

Lemma 49. Let w € D(v,0), for some v > 0 and 0 > n and let r > o be not an integer. Let
h € C"(T") be such that avg{h}, = 0, and assume that r — o ¢ Z, then the linear difference
equation

u—uoR,=nh

has a unique zero average solution u € C"~7(T™). Moreover, the following holds:
-1
|U|crfa(1rn) S kY |h|ca(1rn) )
where Kk is a constant depending on n, o, and .
Now we prove the uniqueness of the solution of (105]).

Lemma 50. Letw € D(v,0) for some~y >0 ando > n. Let { > 20 be such that {,{—2c ¢ Z. Let
f € Diff“"(U) be symplectic. Assume that (f, K) is a solution of (@, with K € NNCH1(T", U)
(see Definition . Then, for any g € C*(T™,U) satisfying

avg { DK ()T J(K(8))g(0 — w) }9 —0, (106)

the linear equation has a unique solution A € C*=27(T™), satisfying
avg { T(6)A(6) }, = 0,
where

() N(0)" DE(0)" {1, — J(K)(0)) " DK(9)N(6) DK (6) " J(K(0))} | (107)

41



with N defined as in N1 in Definition[{3. Furthermore, the following estimate holds:
|A|02720(Tn) S "4/7_2 |g|c’€(’]1‘n) 9

where k 1s a constant depending on n, o, £, [N|ceny, [K|gesipny, and ‘avg {A};l

defined by (@

Proof. Let M(0) be the 2n x 2n-matrix valued function which first n-columns are the columns of
DK (0) and the last n-columns are the columns of J(K(0))"*DK(6)N(6):

, with A

M(9) = ( DK(9) | J(K(0) " 'DK(9)N(®) ) .

It is clear that the components of M belong to C*(T™). In Section 4.2 of [dILGIVO0H] it is proved
that if K is a parameterization of an invariant torus for the symplectic map f, then:

1. M is invertible with inverse given by

1 T(0)
M0 = (i oy )
2. If A = M, then in the variable £ the linear equation ((105)) becomes

§1—&oRy, =T(0+w)g(0) — A(0)&2

. (108)
€o— &0 Ry, =DEK(0+w) J(K(0+w))g(h).

Notice that, by Lemma 49| and the assumption ((106]), there exists a unique zero average function

&9 satisfying o
€&~ &0 Ry =DE(0+w) J(K(O+w)g(0).
The proof of Lemma [50|is finished by using Lemma 49| to find a unique solution of the triangular
system ([L08)) satisfying:
avg {&1ty =0
avg {€2}y = avg {4}y ave {T(0+0) g(6) - A(0) &) -

O]

Lemma 51. Let w € D(v,0), for some vy > 0 and o > n. Let f € Diff1(U) be symplectic.
Assume that (f, K1) and (f, K2) satisfy (@, with K1, Ky € NNCYT™, U) (see Deﬁnition.
Then, there exists a constant x, depending on n, £, J‘l‘co(U), |K1|02(Tn), \Kg\cl(Tn) |N2| o,
with Ny defined as in N1 in Definition[4Z by replacing K with Ko, such that if

Kk |K; — K2‘01(T") <1, (109)
then there exists 8y € R™ such that
avg {T2(0) (K1 0 Ry, — K2)}, =0, (110)
where Ty is defined by replacing K with Ko in . Moreover, the following estimate holds:
|K1 0 Ry — Kol ceipny < 7 | K1 — KQ\};O?T”) + 7 | K1 — Kalceppny (111)

where 0 < o < 1 is such that { — a € N and & is a constant depending on the same variables as
K and on |Ki|ceer(pn)
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Proof. Lemma |51]is consequence of the Implicit Function Theorem. Indeed, let M, x,(R) repre-
sent the space of n x n matrices with components in R. Define

®: R*"x CHT") —»  Myxn(R)
(.@,K) — avg{TQ(KoRm—Kg)}o,
where Ty is defined by (107]) by replacing K with Ks. Notice that

3(0, ) = 0
D1®(z, K) Ax = avg { T>(0) DK (0 + z) }, Az.

Moreover, since Ko(T") is Lagrangian [dILGJV05], from the definition of T one easily verifies
that T»(0) DK5(0) = I,,, this implies

D1®(z, K) | k)=(0,/2) = In -

Hence the Implicit Function Theorem guarantees the existence of a constant x as in Lemma
such that if (109)) holds, then there is a 6y € R™ satisfying (110]) and such that

601 < 5 1900, K1) | < 5 [Taloogon) 1Kt — Kalcogen, (112
It is not difficult to prove the following estimate (see [dIL0O99])

K1 0 Ray = K| cepny < RIK | gesi oy [0 (113)
where 0 < a < 1 is such that £ — « € N. Finally, estimate follows from and . O

The proof of Theorem [f] is concluded using Lemma [50, Lemma [51] and Taylor’s Theorem as
follows. Assume that |K; — Kj| ot (T is sufficiently small such that Lemma holds, let 8y be as
in Lemma [51l Define

AO)E K| o Rgy — K.

Using that (f, K1 0 Rp,) and (f, K2) satisfy and Lemma |51 we have

DQF(f, Kg) A = R(Kl (0] RQO,KQ) 5
avg {T2(0) A(0)}, = 0,

where F' is as in , T5 is as in Lemma and
R(K1 0 Rgy, K»)(0) = f o KioRg, — f o Ky(0) — Df(K2(6))A(0).
Then, from the Taylor’s theorem and Lemma [50| we have the following estimate:

| Alge-20 <AY? Rl ce(pny
<Ky |Algeny 1Alge-20 () 5

from which and (111)) we have that if | K1 — Ko cecrny is sufficiently small such that

Ky |Algeny <1,

then A = 0.
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3.3 Bootstrap of regularity (Proof of Theorem [7))

Theorem [7] is a consequence of Theorem [ Theorem [6] and the fact that, near to a finitely
differentiable approximate solution (f, K) of it is possible to obtain an analytic approximate
solution of the same equation by means of the operators S; and T} of Theorem [2 More precisely,
using Theorem [2| and Theorem |4 we prove that, under certain conditions, if (f, K) belongs to
either Diff‘(U) x C1(T", U) or A(U + o, C%) x C(T",U), with £ and ¢; as in Theorem EL then
there exists a finitely differentiable parameterization of an n-dimensional torus K* such that: a)
(f,K) is a solution of (76), b) K* is close to K in certain norms, and ¢) K* has the wished
regularity. Then Theorem [7] follows from the local uniqueness result Theorem [6]

Lemma 52. Let v, o, w, m, £1, and U be as in Theorem @ Let (K, f) be a solution of (@
with f € Diff*(U) an exact symplectic diffeomorphism, and K € C(T",U). Let { € [£1,m) and
let f € CY(U). Assume that hypothesis S1, 52, S8 (replacing p with o in S8) in Theorem@ hold.
Then, for any 40 + 2 < pu < £ — 1, satisfying p — (20 + 1) ¢ N, there is positive constant c,
depending on p, €, l, o, ¢, Mo, |flcewy: (Kot mnys [Nlcorny, and ‘(avg {A}e)*l , such that
for any 0 < p < 1 satisfying

eyt ptm Ut < min(1, 8, n), (114)

there exists K* € CF=20(T™ U) satisfying N1 and N2 in Definition |44 and such that (f, K*) is a
solution of (@) Moreover, for any 0 < v < p— (20 + 1) the following estimate holds:

-2 p—(2041
|K™ — K|cv(1rn) < Kyt (@o+lt)
for some positive constant k.

Proof. The proof of Lemma[52] follows the same steps as the proof of Theorem 5] the only thing one
has to be careful is that f € C*(U) and K € C**(T",U) (and not in C*(T",U)), hence we replace
¢ with ¢; in the estimates of the norms involving the term S;[K]. Moreover, the assumption
F(f,K) =0, with F as in (77)), simplifies many estimates. O

Lemma 53. Let v, 0, w, m, £1, and U be as in Theorem @ Let (K, f) be a solution of (@
with f € A(U + o,C%), an exact symplectic diffeomorphism, and K € C*(T",U). Assume that
hypothesis S1, 52, 83 in Theorem[3 hold. Then, for any 40 < p < €1—1, there is positive constant
¢, depend@ng onn, W, 617 g, C; 0, /87 MQ; |f|C¢1(U+Q); ’K‘Cel (’]I‘”)) |N|CO(T"); and (an {A}G)_l
such that for any 0 < p < 1 satisfying

)

eyt pt 1 < min(1, 0,m), (115)

there exists K* € A(T™ + p/2,C") satisfying N1 and N2 in Definition 44 and such that (f, K*)
is a solution of (@ Moreover, for any 0 < v < u — 20, the following estimate holds:

K" = Klguny <5 (’7_2 prm o) 4 Pél_y) ; (116)
for some positive constant k.

Proof. We prove Lemma [53| applying again the smoothing technique. Since f is already analytic
we only smooth the parameterization K € C*(T",U) by using the smoothing operator S, defined
in Section Let k = k(n,¢1,1) be as in Proposition and assume that t is sufficiently large
so that

R BE K] ooy < min (0/2,7/2) (117)

then Proposition [20] implies S;[K](T™ +t~!) € U + p, so that the composition f o S;[K] is well
defined on T" + t~!. Now, write

foSiK] = Si[K] o Ry = Si[f] o Si[K] = Si[f o K],
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where we have used that (f, K) satisfies equation . Then, using Proposition |34 and Lemma
one has that for any 40 < p < ¢y, there exists a constant ¢, depending on n, £, 3, f, | f|ces (U+0)
and |K|ge (pny such that

|f o Si[K] = Si[K] 0 Ro|go(pniq—1y < ET7H.

Hence for t satisfying (f,S¢[K]) is an approximate solution of equation (76)), with error
bounded in . Moreover, it can be proved, as we did in Lemma that for ¢ sufficiently
large, S;[K| satisfies N1 and N2 in Definition [42| and the estimates given in part 4| of Lemma
Hence, applying Theorem |4 to the analytic approximate solution (f, Si[K]) one has that there is
a positive constant ¢, depending on o, n, 3, u, ]f]cz(MJrQ), ¢, My, |K|qer (pns [ N|co Tn4-1), and

(avg {A}g)_l’ such that, if p = ¢!, with ¢ is sufficiently large so that (115]) and (117)), then there
exists K* € A(T™ + p/2,C?) satisfying such that

K™ — K|gogny < € <772 P+ Ph) )
Estimate (116 follows from the Cauchy’s estimates. O

Now Theorem [7] follows easily from the local uniqueness formulated in Theorem [, Lemma [52]
and Lemma Indeed, in the case that f € Diff’(U) with ¢ € [¢1,m) — Z, let K* be as in
Lemma Fix v € (20,1 — (20 +2)) N (20, {1 — 1) such that v, v — 20 ¢ Z, then f € Diff**2, and
K,K* € C*TY(T™, U)NN. Assume that in p is sufficiently small such that Theorem@holds,
then K = K* o Ty, for some 0* € R and hence K € C*~27(T" , U). The case f € A(U + o,C") is
proved similarly using Lemma [53[instead of Lemma [52| and fixing v € (20, — 20 — 1) such that
v,v — 20 ¢ 7 and applying Lemma [53] and Theorem [6]
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