LOCALIZATION FOR SCHRODINGER OPERATORS WITH

POISSON RANDOM POTENTIAL
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ABSTRACT. We prove exponential and dynamical localization for the Schroding-
er operator with a nonnegative Poisson random potential at the bottom of the
spectrum in any dimension. We also conclude that the eigenvalues in that
spectral region of localization have finite multiplicity. We prove similar local-
ization results in a prescribed energy interval at the bottom of the spectrum
provided the density of the Poisson process is large enough.
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1. INTRODUCTION AND MAIN RESULTS

Consider an electron moving in an amorphous medium with randomly placed
identical impurities, each impurity creating a local potential. For a fixed config-
uration of the impurities, described by the countable set X C R? giving their
locations, this motion is described by the Schrodinger equation —idpy, = Hxy
with the Hamiltonian

Hy:=-A+Vx on L*R%), (1.1)

where the potential is given by

Vx(z) =Y u(z - ), (1.2)

cexX

with u(z — {) being the single-site potential created by the impurity placed at .
Since the impurities are randomly distributed, the configuration X is a random
countable subset of R%, and hence it is modeled by a point process on R?. Physical
considerations usually dictate that the process is homogeneous and ergodic with
respect to the translations by R?, cf. the discussions in [LiGP, PF]. The canonical
point process with the desired properties is the homogeneous Poisson point process
on R?,

The Poisson Hamiltonian is the random Schrodinger operator Hx in (1.1) with
X a Poisson process on R? with density ¢ > 0. The potential Vx is then a Pois-
son random potential. Poisson Hamiltonians may be the most natural random
Schrédinger operators in the continuum as the distribution of impurities in a vari-
ous samples of material is naturally modeled by a Poisson process. A mathematical
proof of the existence of localization has been a long-standing open problem (cf.
the survey [LMW]). The Poisson Hamiltonian has been long known to have Lif-
shitz tails [DV, CL, PF, Klo3, Sz, KloP, St1], a strong indication of localization at
the bottom of the spectrum. Up to now localization had been shown only in one
dimension [Sto], where it holds at all energies, as expected.

In this article we prove localization for nonnegative Poisson Hamiltonians at the
bottom of the spectrum in arbitrary dimension. We obtain both exponential (or
Anderson) localization and dynamical localization, as well as finite multiplicity of
eigenvalues.

The Poisson Hamiltonian Hx is an R%ergodic family of random self-adjoint
operators. It follows from standard results (cf. [KiM, PF]) that there exists fixed
subsets of R so that the spectrum of Hx, as well as the pure point, absolutely
continuous, and singular continuous components, are equal to these fixed sets with
probability one.

In the multi-dimensional continuum case, there are a wealth of results con-
cerning localization for Anderson-type Hamiltonians. These are Z%ergodic ran-
dom Schrédinger operators as in (1.1) but for which the location of the impu-
rities is fixed at the vertices of the lattice Z¢ (i.e., X = Z%), and the single-
site potentials are multiplied by random variables with bounded densities, e.g.,
[HM, CoH, Klo2, KiSS, Klo4, GK3, AENSS]. Localization was shown for a ZI-
ergodic random displacement model where the displacement probability distribu-
tion has a bounded density [Klo1]. In contrast, a lot less is known about R%-ergodic
random Schrédinger operators (random amorphous media). There are localization
results for a class of Gaussian random potentials [FiLM, U, LMW]. Localization for
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Poisson models where the single-site potentials are multiplied by random variables
with bounded densities has also been studied [MS, CoH]. What all these results
have in common is the availability of random variables with densities which can be
exploited, in an averaging procedure, to produce an a priori Wegner estimate at
all scales (e.g., [HM, CoH, Klo2, CoHM, Ki, FiLM, CoHN, CoHKN, CoHK]).

But if these random variables with densities (or Holder continuous distributions
[CKM, St2]) are not available, as in the case of the Poisson Hamiltonians, it is a
totally different story, and up to recently there were no localization results if d > 2.

This changed with Bourgain and Kenig’s remarkable proof of localization for the
Bernoulli-Anderson Hamiltonian, an Anderson-type Hamiltonian where the coef-
ficients of the single-site potentials are Bernoulli random variables [BoK]. They
established a Wegner estimate by a multiscale analysis using “free sites” and a new
quantitative version of unique continuation which gives a lower bound on eigen-
functions. Since they obtained weak probability estimates and had discrete random
variables, they also introduced a new method to prove Anderson localization from
estimates on the finite-volume resolvents given by a single-energy multiscale analy-
sis. The new method does not use the perturbation of singular spectra method nor
Kotani’s trick as in [CoH, SW], which requires random variables with bounded den-
sities. It is also not an energy-interval multiscale analysis as in [DrK, FrMSS, KI],
which requires better probability estimates.

To prove localization for Poisson Hamiltonians we use the new ideas intro-
duced by Bourgain and Kenig [Bo, BoK]. To apply these ideas, developed for
the Bernoulli-Anderson Hamiltonian, in the case of the Poisson Hamiltonian, we
exploit the probabilistic properties of Poisson point processes.

In this article the single-site potential u is a nonnegative, nonzero L*°-function
on R? with compact support, with

U-XAs5_ (0) S U S UL XA, (0) for some constants u,d+ €]0, 00[ (1.3)

where A7 (z) denotes the box of side L centered at x € RY. Tt follows that o(Hx) =
[0, +-00] with probability one [KiM].

We need to introduce some notation. For a given set B, we denote by xp its
characteristic function, by Py(B) the collection of all countable subsets of B, and
by #B its cardinality. Given X € Py(B) and A C B, we set X, := X N A and
Nx(A) := #X 4. Given a Borel set A C R%, we write |A| for its Lebesgue measure.
We let Ap(z) =2+ (-5, %)d be the box of side L centered at z € R?. By A we
will always denote some box Ar(z) , with Ay denoting a box of side L. We set
Xz = XA, (7), the characteristic function of the box of side 1 centered at z € RY.
We write (z) := /1 + |z|?, T(z) := (x)" for some fixed v > %. By Cap,..., Kap.,...,
etc., will always denote some finite constant depending only on a,b, .. ..

A Poisson process on a Borel set B C R? with density (or intensity) o > 0 is
a map X from a probability space (Q,P) to Py(B), such that for each Borel set
A C B with |A| < oo the random variable Nx(A) has Poisson distribution with
mean g|A|, i.e.,

P{Nx(A) = k} = @Al =0lAl for k= 0,1,2,..., (1.4)

and the random variables { Nx (4;)}_; are independent for disjoint Borel subsets
{4;}j=1 (eg., [K, R]).
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For Poisson random potentials the density ¢ is a measure of the amount of
disorder in the medium. Our first result gives localization at fixed disorder at the
bottom of the spectrum.

Theorem 1.1. Let Hx be a Poisson Hamiltonian on L*(R?) with density o > 0.
Then there exist Ey = Ep(0) > 0 and m = m(p) > 0 for which the following
holds P-a.e.: The operator Hx has pure point spectrum in [0, Eqo] with exponentially
localized eigenfunctions with rate of decay m, i.e., if ¢ is an eigenfunction of Hx
with eigenvalue E € [0, Ey] we have

[xz0ll < Cx. e ™, for all x € RY. (1.5)

Moreover, there exist 7 > 1 and s €]0,1] such that for all eigenfunctions ¥, ¢
(possibly equal) with the same eigenvalue E € [0, Ey] we have

Il Ixy@ll < Cx|IT T ¢ e e 4 for all m,y € 2. (1.6)

In particular, the eigenvalues of Hx in [0, Fo] have finite multiplicity, and Hx
exhibits dynamical localization in [0, Eo], that is, for any p > 0 we have

sup [ ()Pe ™" x10, ) (Hx ) x0[3 < o0 (L.7)

The next theorem gives localization at high disorder in a fixed interval at the
bottom of the spectrum.

Theorem 1.2. Let Hx be a Poisson Hamiltonian on L2(R%) with density o > 0.
Given Eg > 0, there exist g9 = 00(Eo) > 0 and m = m(Ey) > 0 such that the
conclusions of Theorem 1.1 hold in the interval [0, Eg] if 0 > 0o -

Theorems 1.1 and 1.2 are proved by a multiscale analysis as in [Bo, BoK], where
the Wegner estimate, which gives control on the finite volume resolvent, is obtained
by induction on the scale. In contrast, the usual proof of localization by a multi-
scale analysis [FrS, FrMSS, Sp, DrK, CoH, FK, GK1, Kl] uses an a priori Wegner
estimate valid for all scales. Exponential localization will then follow from this new
single-energy multiscale analysis as in [BoK, Section 7]. The decay of eigenfunction
correlations exhibited in (1.6) follows from a detailed analysis of [BoK, Section 7]
given in [GK5], using ideas from [GK4]|. Dynamical localization and finite multi-
plicity of eigenvalues follow from (1.6). That (1.6) implies dynamical localization is
rather immediate. The finite multiplicity of the eigenvalues follows by estimating
Xz x5y (Hx) 31Xy X £y (Hx)||3 from (1.6) and summing over x € Z<.

Bourgain and Kenig’s methods [BoK] were developed for the Bernoulli-Anderson
Hamiltonian. Let ez¢ = {€¢}¢eze denote independent identically distributed Ber-
noulli random variables, e = 0 or 1 with equal probability. The Bernoulli-Anderson
random potential is V(z) = 3 74 €cu(z — (), and the Hamiltonian has the form
(1.1). To see the connection with the Poisson Hamiltonian, let us introduce the
Bernoulli-Poisson Hamiltonian. We consider a configuration Y € Py(R?), and
let ey = {e¢}cey be the corresponding collection of independent identically dis-
tributed Bernoulli random variables. We define the Bernoulli-Poisson Hamiltonian
by Hyeyy = —A+ ZCGY ecu(r — ¢). In this notation, the Bernoulli-Anderson

Hamiltonian is H za If Y is a Poisson process on R? with density 2o, then

1Egd)"
X = {¢ € Y; e = 1} is a Poisson process on R? with density o, and it follows
that Hx = H(y ey)- Thus the Poisson Hamiltonian Hx can be rewritten as the

Bernoulli-Poisson Hamiltonian Hy ¢ )-
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A very important difference between the Bernoulli-Anderson Hamiltonian and
the Bernoulli-Poisson Hamiltonian is that, while for the former the impurities are
placed on the fixed configuration Z¢, for the latter the configuration of the impu-
rities is random, being given by a Poisson process on R%. The randomness of the
configuration must be taken care of in the multiscale analysis. Another difference
is that the probability space for the Bernoulli-Anderson Hamiltonian is defined by
a countable number of independent discrete (Bernoulli) random variables, but the
probability space of a Poisson process is not so simple, leading to measurability
questions absent in the case of the Bernoulli-Anderson Hamiltonian. The latter
are of particular importance in this work as the Bourgain-Kenig multiscale analysis
requires some detailed knowledge about the location of the impurities, as well as
information on “free sites”, and relies on conditional probabilities.

In order to control and keep track of the random location of the impurities, and
also handle the measurability questions that appear for the Poisson process, we
perform a finite volume reduction in each scale as part of the multiscale analysis,
which estimates the probabilities of good boxes. We exploit properties of Poisson
processes to construct, inside a box Ay, a scale dependent class of Ap-acceptable
configurations of high probability for the Poisson process Y (Definition 3.4 and
Lemma 3.5). We introduce an equivalence relation for Aj-acceptable configura-
tions and, showing that we can move an impurity a little bit without spoiling the
goodness of boxes (Lemma 3.3), we conclude that goodness of boxes is a property of
equivalence classes of acceptable configurations (Lemma 3.6). Basic configurations
and events in a given box are introduced in terms of these equivalence classes of
acceptable configurations, and the multiscale analysis is performed for basic events.
Thus we will have a new step in the multiscale analysis: basic configurations and
events in a given box will have to be rewritten in terms of basic configurations and
events in a bigger box (Lemma 3.13). The Wegner estimate at scale L is proved in
Lemma 5.10 using [BoK, Lemma 5.1].

Theorems 1.1 and 1.2 were announced in [GHK1]. Random Schrddinger opera-
tors with an attractive Poisson random potential, i.e., Hx = —A — Vx with Vx a
Poisson random potential as in this paper, so o(Hx) = R with probability one, are
studied in [GHK?2], where we modify the methods of this paper to prove localization
at low energies.

This paper is organized as follows. In Section 2 we describe the construction of a
Poisson process X from a marked Poisson process (Y, ey), and review some useful
deviation estimates for Poisson random variables. Section 3 is devoted to finite
volume considerations and the control of Poisson configurations: We introduce finite
volume operators, perform the finite volume reduction, study the effect of changing
scales, and introduce localizing events. In Section 4 we prove a priori finite volume
estimates that give the starting hypothesis for the multiscale analysis. Section 5
contains the multiscale analysis for Poisson Hamiltonians. Finally, the proofs of
Theorems 1.1 and 1.2 are completed in Section 6.

2. PRELIMINARIES

2.1. Marked Poisson process. We may assume that a Poisson process X on R?
with density p is constructed from a marked Poisson process as follows: Consider a
Poisson process Y on R? with density 20, and to each ¢ € Y associate a Bernoulli
random variable e¢, either 0 or 1 with equal probability, with ey = {e¢}cey
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independent random variables. Then (Y,ey) is a Poisson process with density
2p on the product space R? x {0,1}, the marked Poisson process; its underlying
probability space will still be denoted by (£2,P). (We use the notation (Y,ey) :=
{(¢,e¢); C € Y} € Py(R? x {0,1}). A Poisson process on R? x {0, 1} with density
1 > 0is a map Z from a probability space to Py(R?%x {0, 1}), such that for each Borel
set A € R?x {0,1} with |4] := L(|{z € R%; (2,0) € A}|+|{z € RY (2,1) € A}]) <
00, the random variable N (A) has Poisson distribution with mean p|A|, and the

random variables { Nz (A;)}}_; are independent for disjoint Borel subsets {A; jy

Define maps X, X’: Py(R? x {0,1}) — Py (R?) by
X(Z)={CeRG (N eZ}, X(Z)={CeRG (02},  (21)
for all Z € Po(R% x {0,1}). Then the maps X, X': Q — Py(R%), given by
X:=X(Y,ey), X' :=X'(Y,ey), (2.2)
ie, X(w) = X(Y(w),eyw)(w)), X'(w) = XA'(Y(w),ey(w)(w)), are Poisson pro-
cesses on RY with density o. (See [K, Section 5.2], [R, Example 2.4.2].) In particu-
lar, note that

Nx(A) + Nx:/(A) = Ny(A) for all Borel sets A C R?. (2.3)

If X is a Poisson process on R? with density o, then X4 is a Poisson process
on A with density o for each Borel set A C R?, with {X A; }?:1 being independent
Poisson processes for disjoint Borel subsets {4; }?:1. Similar considerations apply
to X’ and to the marked Poisson process (Y, ey), with X4, X', Y 4, ey, satisfying
(2.2).

2.2. Poisson random variables. For a Poisson random variable N with mean u
we have (e.g., [K, Eq. (1.12)])

© )\krfl \
P{N >k} = d\ —e~ for k=1,2,... 2.4
ek = [fagme k=12 (2.4
and hence also
o] /\kfl N
P{N < k} = dA —e~ for k=1,2,.... 2.5
W)= [ k=12 (25)
From (2.4) we get useful upper and lower bounds:
p p"
T _“<P{N2k}<k—, for k=1,2,.... (2.6)
When &k > ey > 1, we can use a lower bound from Stirling’s formula [Ro] to get
1 ep\k
P{N >k} < (%) 2.7
2k < () (27)
In particular, if ey > 1 and a > e? we get the large deviation estimate
P{N > au} < e™ . (2.8)

From (2.5) we get

e} )\k:fl
ith = d\ —e™
,  wi C}, /0 (k—l)!e

I3
2

N[>

P{N < k} < Cre™ for k=1,2,.... (2.9)
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3. FINITE VOLUME AND POISSON CONFIGURATIONS

From now on Hx will always denote a Poisson Hamiltonian on L2(R?) with
density ¢ > 0, as in (1.1)-(1.3). We recall that (Q2,P) is the underlying probability
space on which the Poisson processes X and X', with density o, and Y, with density
20, are defined, as well as the Bernoulli random variables ey, and we have (2.2).
All events will be defined with respect to this probability space. We will use the
notation LI for disjoint unions: C'= ALl B means C = AU B with AN B = 0.

Given two disjoint configurations X,Y € Py(R9) and ty = {tcdeey €10, 1Y, we
set

Hx (viy) = —A+ Vx (vity), Where Vx (v, (2) := Vx(z) + Z teu(z —¢). (3.1)
cey

In particular, given ey € {0,1}Y we have, recalling (2.1), that
Hx (viey) = Hxux(viey)- (3.2)
We also write Hy,s,) := Hp (v, ) and
Hy = Hx (o) = Hiy (),ev () (@) (3.3)
3.1. Finite volume operators. Finite volume operators are defined as follows:
Given a box A = Az () in R? and a configuration X € Py(RY), we set
Hxa=—-Ar+Vxa on L*(A), (3.4)
where Ay is the Laplacian on A with Dirichlet boundary condition, and
Vxoa :=xaVx, with Vx, asin (1.2). (3.5)

The finite volume resolvent is Ry a(z) := (Hxa — 2)7 "

We have Ay = Vj - Vj, where V, is the gradient with Dirichlet boundary
condition. We sometimes identify L2(A) with x,L?(R%) and, when necessary, will
use subscripts A and R? to distinguish between the norms and inner products of
L2(A) and L?(R%). Note that in general we do not have Vx o = xaVx s for A C A/,
where A’ may be a finite box or R?. But we always have

XaVxa = XxaVxar, (3.6)
where
A=Ap(z):=Ap_s5, (x) with 04 asin (1.3), (3.7
which suffices for the multiscale analysis.
The multiscale analysis estimates probabilities of desired properties of finite vol-
ume resolvents at energies £ € R. (By LP* we mean LP*° for some small § > 0,
fixed independently of the scale.)

Definition 3.1. Consider an energy E € R, a rate of decay m > 0, and a config-
uration X € Po(R?). A box Ay is said to be (X, E,m)-good if

| Ry, (B)]| < et (3.8)
and
IxzeRx A (B)xyll < e ™= for all x,y € Ap, with |z —y| > 1%. (3.9)
The box Ay is (w, E, m)-good if it is (X(w), E, m)-good.
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Note that [BoK, Lemmas 2.14] requires condition (3.9) as stated above for its
proof.

But goodness of boxes does not suffice for the induction step in the multiscale
analysis given in [Bo, BoK], which also needs an adequate supply of free sites to
obtain a Wegner estimate at each scale. Given two disjoint configurations X,Y €
Po(R?) and ty = {tceey €10, 1]¥, we recall (3.1) and define the corresponding
finite volume operators Hx (v, ), as in (3.4) and (3.5) using X4, Ya and ty,, i.e.,

Hx (vity)a = —Ax + Vx (viy),a. - Where Vi vy a = Xa Vi, (v ty, ), (3-10)
with Rx (y,¢,),a(2) being the corresponding finite volume resolvent.

Definition 3.2. Consider an energy E € R, a rate of decay m > 0, and two
configurations X,Y € Po(R?). A box Ay is said to be (X,Y, E,m)-good if XNY =)
and we have (3.8) and (3.9) with Rx (yiy)a, (E) for all ty € [0,1]Y. In this
case Y consists of (X, E)-free sites for the box Ar. (In particular, the box Ay, is
(X UX(Y,ey), E,m)-good for all ey € {0,1}Y.)

3.2. Finite volume reduction of Poisson configurations. The multiscale anal-
ysis will require some detailed knowledge about the location of the impurities, that
is, about the Poisson process configuration, as well as information on “free sites”.
To do so and also handle the measurability questions that appear for the Poisson
process we will perform a finite volume reduction as part of the multiscale analy-
sis. The key is that we can move a Poisson point a little bit without spoiling the
goodness of boxes, using the following lemma.

Lemma 3.3. Let A be a box in R4, 0 < W € LL (A), 0 < w € L*®°(A) with compact

loc
support. Given ( € AW) = {¢ € A; suppw(-—() C A}, let He = —Apy+W+w(-—()
on L2(A), with R¢(z) = (H¢ — 2)~t its resolvent.
(i) Suppose that for some ¢ € A E >0, and v > 1 we have ||R¢(E)|| < v, and
let

0<77<min{(4\/1+7E||w|007>_2,}1}. (3.11)
Then for all ' € A™) with |¢' — ¢| < 1 we have
R (B)|| < vy (3.12)
and

Xz B (E)xyll < IXe B (E)xyll + vy, for all z,y € A (3.13)

(ii) Suppose that for some ¢ € A, E >0, and 8 > 2 we have dist(E,o(H¢)) <
B7L, i.e., ||Re(E)|| > B, and let n be as in (3.11) with 8 substituted for . Then
for all ¢ € A with |¢' — ¢| < 1 we have

|Re(E)|| > e V13, e, dist(E,o(Hy)) <eVTp™h (3.14)

Proof. Weset R = R¢(E), R = Re/(E), u=w(-—(), v =w(-—¢),and { = (' —¢
with |¢] < 7. We let U(a) denote translation by a in L?(R?): (U(a)p)(x) = p(r—a),
and pick ¢ € C°(A) such that 0 < ¢ < 1 and ¢ = 1 in some open subset of A



LOCALIZATION FOR POISSON RANDOM SCHRODINGER OPERATORS 9

which contains the supports of u and u’. It follows from the resolvent identity that
IR A = 1RIly < 1B (v = w)Rl|y = [[XaA R ¢ = u)pRxA|pa
= [IXaR'¢(U(E)uU (§)" — u)pRxAllga (3.15)
< IxaR'o(U(§) = Dul (&) dRxAllga + [xa R ou(U(€)" — 1)¢Rxallga
<0 (VR XA llpe [|9RXAIps + 0RXAllga [uVSRXAllga)
=0 ([[luVa@R'|| s [6R]5 + [0R |5 [luV ARl )
< llullyg VAR5 Rl + IR 5 VAR L)
< 2V1 A+ Elull o nmax{|[ Rl , 1} max{|| B[y , 1},
where we used
IVARY[S < | RY|, + E||R|s < (1+ E) max{||R¥||} , 1} for R* =R, R. (3.16)
To prove part (i), if [|R||, < v with v > 1, it follows from (3.15) and (3.11) that
IRy~ IRl < R (0 — )R], < Syamax{|R]l, . 1}.  (3.17)

To prove (3.12), we may assume that |[R'||y > 1, since otherwise the result is
trivial. The estimate (3.12) now follows immediately from (3.17) and (3.11). Using

the resolvent identity, (3.17), (3.12), and %e% < 1 we get (3.13).

Part (ii) follows from part (i) as follows. Let 8 > 2 and suppose (3.14) does not
hold, i.e., ||[R'||, < e V7j3. Since e V13 > e~22 > 1, we may apply (3.12) to get a
contradiction to ||R|[, > 8, namely ||R||, < eV (e"V713) = 3. O

Lemma 3.3 lets us move one Poisson point a little bit, namely by 7, and maintain
good bounds on the resolvent. Since we will want to preserve the “goodness” of the
box A = Az, we will use Lemma 3.3 with y = %'~ (as in (3.8)), and take n < e~ L.
To fix ideas we set n = e_LmGd. To move all Poisson points in Ay, we will need to
control the number of Poisson points in the box. Moreover, we will have to know
the location of these Poisson points with good precision. That this can be done at

very little cost in probability is the subject of the next lemma.

106
Definition 3.4. Let n, :=e L' " for L > 0. Given a boz A = Ap(x), set

In={j €z +nZ% A, (j) C A}. (3.18)
A configuration X € Po(R?) is said to be A-acceptable if
Nx(A) < 160L, (3.19)
Nx (A, (j)) <1, forall jela, (3.20)
and
Nx (A\ Ujer, Ay (1—np)(d)) = 0; (3.21)
it is A-acceptable’ if it satisfies (3.19),(3.20), and the less restrictive
Nx (A\ Ujer, A, (4)) = 0. (3.22)
We set
Qs\o) :={X € Py(RY); X is A-acceptable}, (3.23)

Q) = {X € Py(RY); X is A-acceptable’}, (3.24)
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and consider the event (recall that Y is the Poisson process with density 20)
Q= (v eoly. (3.25)

Note that QEXO) c{X e QE?)} in view of (2.3) and QE\O) C QEXO/). We require
condition (3.21) for acceptable configurations to avoid ambiguities when changing
scales (cf. Lemma 3.13), but we will then need Lemma 3.6 for acceptable’ config-
urations.

We now impose a condition on ¢ and L that will be always satisfied when we do
the multiscale analysis:

L0 < g < el (3.26)
From now on we assume (3.26).

Lemma 3.5. There ezists a scale L = L(d) < oo, such that if L > L we have

PO} > 1 et (3.27)

Proof. Using (2.8) and (2.6) we get
P{OW} > 1 — 71925 — 4do(L + LYYy, — 20° L3, (3.28)
and hence (3.27) follows for large L using (3.26). O

Lemma 3.5 tells us that inside the box A, outside an event of negligible probabil-
ity in the multiscale analysis, we only need to consider A-acceptable configurations
of the Poisson process Y.

Given a box A = Ay (x), we define an equivalence relation for configurations by

X A Z < Nx(Ay, (j)) = Nz(A,, (j)) forall je Ty (3.29)
This induces an equivalence relation in both QE\O/) and QE?); the equivalence class
of X in Q") will be denoted by [X],. If X € O, then [X], = [X]) N QY is its
equivalence class in QES). Note that [X] = [Xa]}. We also write
[A]A = U [X]a for subsets A C QE\O). (3.30)
XeA

The following lemma is an immediate consequence of Lemma 3.3(i); it tells us
that “goodness” of boxes is a property of equivalence classes of acceptable’ config-
urations: changing configurations inside an equivalence class takes good boxes into
just-as-good (jgood) boxes.

Lemma 3.6. Fiz Ey > 0 and consider an energy E € [0, Ey]. Suppose the box
A = Ay (with L large) is (X, E,m)-good for some X € QXJL/). Then for all Z € [X]'y
the box A is (Z, E, m)-jgood (for just-as-good), that is,

IRz A(B)| < P4 ~ el (3.31)
and

1
IXaRzA(E)xyl < e ™= 4pi ~em™evl 0 for 2.y € A with |z —y| > &.
(3.32)

Moreover, if X,Z,X U Z € Qg?/) and the box A is (X,Z, E,m)-good, then for
all Xy € [X]\ and Zy € [Z], we have X3 U Zy € [X U Z]), and the box A is
(X1, 271, E,m)-jgood as in (3.31) and (3.32).
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Proof. Lemma 3.3(i) gives

|Rxr ()| < b H10eEviE, (3.33)
. L
and, for all x,y € A with |z —y| > {5,
Xz Rxra(E)xyl < e ™=¥l 4 160L%\ /1L el 162l VT (3.34)
Using (3.26), we get (3.31) and (3.32) for large L.
The remaining statement is immediate. O

Remark 3.7. Proceeding as in Lemma 3.6, we find that changing configurations
inside an equivalence class takes jgood boxes into what we may call just-as-just-as-
good (jjgood) bozes, and so on. Since we will only carry this procedure a bounded
number of times, the bound independent of the scale, we will simply call them all
jgood bozes.

Similarly, we get the following consequence of Lemma 3.3(ii).
Lemma 3.8. Fiz Ey > 0 and consider an energy E € [0, Eo] and a box A = Ay,
(with L large). Suppose dist(E,c(Hx p)) < 7, for some X € QS{)L), where /L <
T < % Then
dist(E,0(Hy,)) < e"% 11, forall Y € [X]}. (3.35)
In view of (3.19)-(3.20) we have
OV /A = {[J]a; J € Ta}, where Ja:={J C Ja; #J < 160L%},  (3.36)
and we can write Q5\0) and QX)) as
oV = | | [la and Q) = | | {Y € [J]a}. (3.37)
JEITA JEITA

3.3. Basic events. The multiscale analysis will require “free sites” and sub-events
of {Y S [J]A}.
Definition 3.9. Given A = Ap(z), a A-bconfset (basic configuration set) is a subset
of QE\O) of the form
Cams= || [BUX(Ses)a=|]BUSI, (3.38)
es€{0,1}3 s'csS

where we always implicitly assume BUS € Jr. Cp p,s is a A-dense beconfset if S
satisfies the density condition (cf. (3.7))

#(SN KL17> > L%, for all boxes Api- C Ap. (3.39)
We also set

CA,B = CA,B,Q) = [B]A (340)

Definition 3.10. Given A = A (x), a A-bevent (basic event) is a subset of QE\O) of
the form

Cap,s ={Ye[BUB US\Z}N{XeCrps}N{X' €Crpss} (341)
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where we always implicitly assume BU B’ 1S € Jx. In other words, the A-bevent
Ca.B,B’,s consists of allw € Qﬁ\o) satisfying

Nx(w)(Ag, (7)) =1 if je€B,

Nxiwy (A () =1 if jeB, 6.0)
Ny (A () =1 if j€S, :
Ny (o)A, (7)) =0 if jE€IAN\(BUB'US).

Ca B.B',5 15 a A-dense bevent if S satisfies the density condition (3.39). In addition,
we set

CA,B,B’ = CA,B,B',(Z) = {X S OA7B} N {X/ S CA,Br}. (3.43)

The number of possible bconfsets and bevents in a given box is always finite.
We always have

CA,B,B/,S C {X S CA,B,S} N QE\O), (3.44)
CA,B,B',S C CA,@,@,BHB'HS = {Y 6 [B |_| B, |_| S]A} (345)

Note also that it follows from (3.25), (3.36) and (3.43) that
QE\O) = |_| Ca.B,B (3.46)

{(B,B’); BUB’€Ja}

Moreover, for each S; C S we have

CrBs = |_| CA,BUS,,5\5: 5 (3.47)
S2CS1

CA,B.B',S = |_| CA,BUS,,B/LU(51\52),5\5 - (3.48)
S2CS1

In view of Lemma 3.6, we make the following definition.

Definition 3.11. Consider an energy E € R, m > 0, and a box A = Ap(z). The
A-bevent Ca g s and the A-bconfset Cp p s are (A, E,m)-good if the box A is
(B, S, E,m)-good. (Note that A is then (w, E, m)-jgood for every w € Ca . p’.s-)
Those (A, E,m)-good bevents and bconfsets that are also A-dense will be called
(A, E, m)-adapted.

3.4. Changing scales. Since the finite volume reduction is scale dependent, it
introduces new considerations in the multiscale analysis for Poisson Hamiltonians.
Given Ay C A, the multiscale analysis will require us to redraw A,-bevents and
beonfsets in terms of (A, Ag)-bevents and bconfsets as follows.

Definition 3.12. Given Ay C A, a configuration J € Jy is called Ag-compatible if

JNA e Tyt = || Ia(4) C I, (3.49)
A€,
where
JA(A> = {JCJAHA@;JE[A}AZ} for ACJAE. (350)

If BUS is Ag-compatible, the A-bconfset Cp g s is also called Ag-compatible, and
we define the (A, Ag)-beonfset

Cr' s = {X € Po(RY); Xa, € Caprag,sna,} € QL. (3.51)
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If BUB' S is Ay-compatible, the A-bevent Cx g pr.s is also called Ag-compatible,
and we define the (A, Ay)-bevent
Ch'pps =1Ya, € [(BUB US)NAJa} N {Xa, € Ox'p s} N{X), € Cr'p 5.
(3.52)
Moreover, we say that a Ag-compatible A-bconfset Cp g s or a A-bevent Ca g g/,
is (A, Ap)-dense if SN Ay satisfies the density condition (3.39) in Ag; (A, Ay, E,m)-
jgood if the box Ay is (B, S, E,m)-jgood; (A, Ay, E,m)-adapted if both (A, Ay)-dense
and (A, Ay, E,m)-jgood. (Note that whenever we define a property of a A-bconfset
or bevent on a subbox Ay C A we will always implicitly assume Ay-compatibility.)

Lemma 3.13. Let Ay C A. Then for all Ay-beonfsets Cp, B,s and Ag-bevents
Ca,,B,B’,5 we have

CrpsN QY U C'g, s, (3.53)
B1€JA(B), S1€IA(S)

(0)

Ca,,B,B',5s N, che (3.54)

< ABy,BY, Sy
B1€JA(B),Bi€Ia(B"),S1€JA(S)
Moreover, if Ca, B,s or Ca,,B,B,5 15 Ao-dense, or (A, E,m)-jgood, or (A¢, E,m)-
adapted, then then each C’j\\‘ZBl s, or CQZBI Br.s, 18 (A, Ag)-dense, or (A, Ay, E,m)-
£ k) ) ) 1

jgood, or (A, Ay, E, m)-adapted.

Proof. If Cy, B,s is a Ag-bconfset, then {CII\\fBl’Sl}Bleu]]A(B)’SlGJA(S) form a collec-
tion of (not necessarily disjoint) (A, Ag)-bconfsets, and we have (3.53). The same
argument yields (3.54), but now the (A, Ag)-bevents are disjoint. (There are no
ambiguities since 7y, < /¢ and we have condition (3.21) at both scales.) The rest
follows, using also Lemma 3.6. O

3.5. Localizing events.

Definition 3.14. Consider an energy E € R, a rate of decay m > 0, and a box
A. We call Qp a (A, E,m)-localized event if there exist disjoint (A, E,m)-adapted
bevents {CA)Bi)Bé,Si}i:1,27,,,)I such that

I
Oa = | |Capi.5r.s.- (3.55)
i=1
If Qp is a (A, E,m)-localized event, note that Q) C Qﬁ?) by its definition, and
hence, recalling (3.48) and (3.43) , we can rewrite Q5 in the form
J

Qp = |_| Ca,a;,475 (3.56)
j=1

where the {CA,AJ.7A; }i=12,...s are disjoint (A, E, m)-good bevents.
We will need (A, E, m)-localized events of scale appropriate probability.
Definition 3.15. Fiz p > 0. Given an energy E € R and a rate of decay m > 0,

a scale L is (E,m)-localizing if for some box A = Ap, (and hence for all) we have a
(A, E;m)-localized event Qp such that

P{QA} >1— L. (3.57)

In Section 6 we will also need “just localizing” events and scales.
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Definition 3.16. Consider an energy E € R, a rate of decay m > 0, and a box A.
We call Qp a (A, E, m)-jlocalized event if there exist disjoint (A, E,m)-good bevents
{CA’A].,A; }i=1,2,....0 such that

J
On = | | Canyar- (3.58)

j=1

A scale L is (E, m)-jlocalizing if for some box A = A, (and hence for all) we have
a (A, E,m)-jlocalized event Qa such that

P{Qx} >1— L7 (3.59)

An (E,m)-localizing scale L is (E,m)-jlocalizing in view of (3.56).

4. “A PRIORI” FINITE VOLUME ESTIMATES

Given an energy F, to start the multiscale analysis we will need, as in [Bo, BoK],
an a priori estimate on the probability that a box A is good with an adequate
supply of free sites, for some sufficiently large scale L. The multiscale analysis will
then show that such a probabilistic estimate also holds at all large scales.

4.1. Fixed disorder.

Proposition 4.1. Let Hx be a Poisson Hamiltonian on Lz(Rd)iwithidensity o> 0,
and fix p > 0. Then there exist a constant Cy > 0 and a scale Ly = Lo(d,u, 0,p) <
00, such that for all scales L > Ly we have (3.26), and, setting

51, = 14+((p+d+1)o  og L)7, Ep = o, 2"V and my = 1\/Ep, (4.1)
the scale L is (E, mp)-localizing for all energies E € [0, EL].
The proof will be based on the following lemma.

Lemma 4.2. Let Hx be a Hamiltonian as in (1.1)-(1.3). Given d9 > 0 and
L >+ 04, let A= Ar(z) and set

Ji={jex+00Z°NA; As, (j) CN)}, Jo:i=JN (x+26Z%).  (4.2)

Then there exist constants C,, > 0 and Su > 0_, such that if 69 > Su, then for all
X,V € Po(RY) and ty € [0,1)Y, such that XNY =0 and

Nx(As,(j) =1 forall jeJ., (4.3)

we have
Hx (viyya > 20,502 on L2(A). (4.4)

Setting Ey = Cu662(d+1), it follows that for all E € [0, Eo] we get
[Rx (v, A (B < Byt (4.5)
and

Xy Rox.visy A (B)xy || < 2By e ™VEWYI for y o/ € A with |y — /| > 4Vd.
(4.6)
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Proof. Given configurations X and Y such that X NY = @) and X satisfies (4.3), we
pick (j € Xy, (5 for each j € Je, and set X; := {¢j, je e}, Xo=(X\X1)UY.
We claim that for all ¢tx, we have
Hy, (X5,tx,),0 = Hxya 2 20,80 2D on L2(A), (4.7)
where Cy, > 0. Although the first inequality is obvious, the second is not, since
{Vx, # 0} < L6965 < L if 69 > 6. (4.8)

To overcome this lack of a strictly positive bound from below for Vx, on A, we use
the averaging procedure introduced in [BoK]. Requiring dp > d_, we have

— 1
Vx, (y) = 7(1/ daVx, (y — a) > cu 8o “xa(y) with ¢, >0,  (4.9)
(60) A6y (0)
by the definition of X3 plus the lower bound in (1.3), and hence
Hx, o= —Ar+xaAVx, >cudo™? on L2(A). (4.10)

Thus, if ¢ € C(A) with ||¢|| = 1, we have
<90’ HX1,A90>A = <907HX1,A90>A + <907 (VX1 - VX1) 90>A

> Cuao_d + <§07 (VX1 - VX1) <p>Rd (411)
_ 1
> o™+ (e Vil — Tpa | dafil+ 0, Vil )
(630)% J g5, (0)
_ 1
> eudy = o [ da g Vi) — (ol ), Vil + )
(660)% Jags, (0)

> cubo ™" = 8o [|Vaglly = cudo™ — cido (0, Hx, a0))5 -

where we used

lo(- +a) = ¢llga = [|(6*Y = D¢|lga < lal [Vellga = lal IVaplly.  (412)
It follows that there is &, > 6_, such that for 6y > 5, we have
<L)07 HXl,A<)0>A 2 CZ 6072(d+1)7 (413)

and hence we get (4.7), which implies (4.4).

If we now set Ey = C’uéo_z(d+1), then for all E € [0, Ep] we get (4.5) immediately
from (4.4), and (4.6) follows from (4.4) by the Combes-Thomas estimate (we use
the precise estimate in [GK2, Eq. (19)]). O

Proof of Proposition 4.1. Given ¢ > 0, p > 0, let C, and &, be the constant from

Lemma 4.2, and for scales L > 1 let 1, Er, and my, be as in (4.1). Given a box

A = Ap(x),let J, J be as in Lemma 4.2 with 6y = d1,, and set A©) = {J, ., As, (j).
We require

0 < (p+d+1)6;%og L, which implies 0y > 1+6,, and L >d.+0,. (4.14)

We let ffA denote the collection of all (B, B’,S) € J such that

BUB'USeJy, BUB cA®, SnAl© =g, (4.15)

Np(As, (4)) > 1 forall jeJg; (4.16)

Ng(As,(4)) > 1 forall jeJ\J.. (4.17)
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If (B,B,S) € Ja, it is a consequence of (4.17) that the density condition (3.39)
holds for S in A if

0> cp,dL*(OJr), where ¢, 4 > 0, (4.18)
and then it follows from (4.16) and Lemma 4.2 that Ca g p.s is a (A, E,mg)-
adapted bevent for all £ € [0, Ey] if we also have

0> cpﬁd’ulfd%i’», where ¢p g4 > 0. (4.19)

Moreover, if (B;, B.,S;) € Jr, i = 1,2, and (B1,B},S51) # (B2,B},S2), then
CA,B1,B],5: NCA,By,By,5, = 0. We conclude that

W= || Cisss (4.20)
(B,B’,S)eda
is a (A, E,mp)-localizing event F € [0, E] if (4.14), (4.18) and (4.19) are satisfied,
which can be assured by requiring that L > L;(d,u, 0,p).
To establish (3.57), let &) :=d;, —1 = ((p+d+1)o 'log L), and consider the
event

O = {Nx(As, (j)) 21 forall jeJb. (4.21)
Clearly
PO} 21— () el 21— o, (422)
Since 01, — 67 =1 > nr, we must have
QP ol ca,, (4.23)
and hence (3.57) follows from (4.22) and (3.27) for L > Lo(d,u, 0,p) satisfying
(3.26). O

4.2. Fixed interval at the bottom of the spectrum and high disorder.
Proposition 4.1 can also be formulated for a fixed interval at the bottom of the
spectrum and high disorder.

Proposition 4.3. Let Hx be a Poisson Hamiltonian on L2(RY) with density o > 0,
and fix p > 0. Given Ey > 0, there exist a constant Cqupr, > 0 and a scale
Lo = Lo(d, u, Eg,p) < 00, such that if L > Ly and ¢ > Cyyup 5, log L satisfy (3.26),
setting m = %\/ET), the scale L is (E,m)-localizing for all energies E € [0, Ey].

Proof. Given Ey > 0 and p > 0, let Ky = min{k € N; k& > 2u:1E0}, A =Ap(x),
fix g = éé_, and let J, J., A(®) be as in Proposition 4.1 (with dy instead of &r).
Given X,Y € Py(R?) and ty € [0,1]Y, such that X NY = () and
Nx(As,(j)) > Ko forall jeJ, (4.24)
we have
Hx (viy)n > 2Ey on L*(A), (4.25)

and (4.5) and (4.6) follows as in Lemma 4.2.
To prove (4.25), fix X; C X such that has exactly Ky points in each box As,(j)
for all j € J. and none outside these boxes, that is,

Nx,(As,(j)) = Ko for allj € J. and Ny, (RY\ A©))=0. (4.26)
By our choice of §y and (1.3) we get
Vx, (y) = Kou-xa(y) = 2Eoxa(y), (4.27)
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and hence, setting Xo = X \ X3, for all ty, € [0,1]*2 we have
Hx, (x5,tx,),a = Hx,,a = 2Ey, (4.28)

and (4.25) follows.

We now modify the argument in the proof of Proposition 4.1. Let J, A denote the
collection of all (B, B’,S) € Jj such that

BUB'USeJy, BUB cA®, SnA© = (4.29)
NB(A50 (])) > Ky for all j e Je; (430)
Ns(Asy () >1 forall jeJ\.J.. (4.31)

If (B, B',S) € Ja, the density condition (3.39) for S in A follows from (4.31), and
it follows from (4.30) and (4.25) that Cy g p/,s is a (A, E,m)-adapted bevent with
m = 3\/Ey for all E € [0, Eo) if L > Ly (u, Ey). We conclude that

QA — |_| CA,B,B’,S (432)
(B,B’,S)eTn

is a (A, E, m)-localizing event for all E € [0, Ey].
To establish (3.57), let &1 := 30y and consider the event

OF = {Nx(As,(j)) = Ko forall j e J}. (4.33)
We have, using (2.9),
d
P{OPy > 1 - (i) Crye 29 =1 - Cy gy alle 0 >1 - L7771 (4.34)

for o 2 Cd,u,p,Eo logL if L 2 ZZ(”; E07 da p)
Since g — 01 = %5, > ny, for L > L3(u), for L > Ly(u, Ey, d,p) we must have

QP nal ca,, (4.35)
and hence (3.57) follows from (4.34) and (3.27) for L > Lo(d,u, Eo,p) with o >
Cd,u,p,Eo log L. O

5. THE MULTISCALE ANALYSIS WITH A WEGNER ESTIMATE
We can now state our version of [BoK, Proposition A’] for Poisson Hamiltonians.

Proposition 5.1. Let Hx be a Poisson Hamiltonian on L?(R?) with density o > 0.
3

Fiz an energy Eg > 0. Pick p = %d—, p1 = 3— and pa = 0+, more precisely, pick
D, p1, P2 such that

2 <#’lp <p1 <3, po=p" withny €N and p < d(Z — p2). (5.1)

Let E € (0, Ey], and suppose L is (E,mg)-localizing for all L € [L§'**, L], where

mo > Ly ™ with 19 =0+ < pa, (5.2)

the condition (3.26) is satisfied at scale L5'"?, and the scale Ly is also sufficiently
large (depending on d, Eo,p, p1,p2,70) . Then L is (I, 52 )-localizing for all L > Lg
(actually, for all L > L{'"?).

The proof will require several lemmas and definitions.
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Lemma 5.2. Fiz p’ = p— and let Ay C A = Ay with £ < L. If the scale ¢ is
(E,m)-localizing, then there exists a (A, Ay, E, m)-localized event Qﬁ‘, i.e.,

Ip.e

= | cﬁfBi,B;’Si (5.3)

=1

for some disjoint (A, Ay, E, m)-adapted bevents {C/[thi,B;,S,-}i:L? ,,,,, 1o, such that
P{OA} > 1 — 077, (5.4)

Proof. Given disjoint Ag-bevents, the corresponding (A, Ag)-bevents in (3.54) are
also disjoint events. Since the scale ¢ is (E,m)-localizing, there is a (Ag, E,m)-
localized event Q4, satisfying (3.57). From Lemma 3.13 we get

Qp, NOY c b, (5.5)
where Q)" is as in (5.3). The estimate (5.4) then follows from (3.57) and (3.27). [

Definition 5.3. Given scales ¢ < L, a standard {-covering of a box Ap(x) is a
collection of boxes Ay of the form
©
Iar) = e} o s (5.6)
where

GY) oy = {r+lZY N AL(w) with a€]2,4]n{L=tineN}. (5.7)

Lemma 5.4. If { < L there is always a standard {-covering Q/(i)(:c) of a box Ap(x),
and we have

Ay = |J  Aelr), (5.8)

TEG%L)(I)
for each y € Ap(z) there isr € G%Z(x) with Aze (y) N Ap(x) C Ae(r), (5.9)
A%(T)ﬁ/\g(?‘/) =0 if r#r, (5.10)
#GY) ) < (35 < (3" (5.11)

Moreover we have the following nesting property: Given y € x 4+ olZ®* and n € N
such that Anat1ye(y) C A, it follows that

A(2na+1)é(y) = U AZ(T)v (512)

re{z+alZ?}NA 2nat1)e(y)

and {Ag(T)}Te{ﬁamd}m,\(%wm(y) is a standard {-covering of the box A(2na+1)e(Y)-

Proof. The lemma can be easily checked using (5.7). In particular, > 2 ensures
(5.9), @ < 2 ensures (5.10), and the existence of n € N such that 2nal = L — ¢
ensures the nesting property (5.8). O

In the following we fix E € [0, Fy], assume (5.1), and set A = Ay, ¢, = L,
and fo = LP2. We also assume the induction hypotheses: for each box Ay, C A
with £ € [2, 1] there is a (Ag, E,mp)-localized event Q,, with (3.57), and hence
it follows from Lemma 5.2 that there is a (A, Ay, E, mg)-localized event Qﬁf with
(5.4), and we have (5.2) with mg and L.



LOCALIZATION FOR POISSON RANDOM SCHRODINGER OPERATORS 19

Remark 5.5. The rate of decay m in (3.9), which by hypothesis is mo as in (5.2)
for all scales L € [L5'7*, L5, will vary along the multiscale analysis, i.e., the
construction gives a rate of decay my, at scale L. The control of this variation can
be done as usual, as commented in [BoK]| (but we need a condition like (5.2)), so we
always have mp, > %2, e.g., [DrK, FK, GK1, Kl ). We will ignore this variation
as in [BoK] and simply write m for my. We will omit m from the notation in the
rest of this section. The exponent 1— in (3.8) does not vary.

We now define an event that incorporates [BoK, property (x)].

Definition 5.6. Given a box Ay,, for each n = 0,1,...,ny let L, =: ET? (note
Lo=1t1, Ly, ={3), and let R,, = {AL, () }rer,, be a standard L, -covering of Ay,
as in (5.6). For a given number Ko, a configuration set X is said to be (Ay,, F)-
notsobad if there is Yp = Urer;, Ase,(r), where R, C Ry, with #R,, < Ky,
such that for all x € Ay, \ Y there is an (X, E)-jgood box Ay (r), with r € R,
for some n € {1,...,n1} and A(zx, 2@”) NAy CAL, (r). If Apy, CTA, a (A Agy)-
beconfset C’j\\f]g, or bevent CII\X’%’B, is (A, Ay, , E)-notsobad if the configuration set B
is (Ag, , E)-notsobad.

Lemma 5.7. For sufficiently large Ko, depending only on d, p, p1,n1, for all bozes

Ao, C A, with £y large enough, there exist disjoint (A, Ay, , E)-notsobad bevents
{C//\\%WB/ Ym=1,2,...m such that

M
R S LR R o Y R Cﬁfém,sf 7 (5.13)
m=1
and hence
Q
a0 oo~ e 510
q=1

where {Cx\fﬁq,Fé}qzlﬁw-,Q are disjoint (A, Ay, , E)-notsobad bevents.

Proof. Given Ap, _,(r) € Rp_1, we set

Rn(r):={AL,(s) € Rp; AL, (s)NAp,_,(r) #0} and

Ry (r) :={s € Rn; A, (s) € Ru(r)}. (5.15)

We have Ar,,_,(r) C User,, () AL (s) and, similarly to (5.11), #R,(r) < (LL"*1 )e.

Fix a number K’, and define the event Qﬁ“’(*/) as consisting of w € Q) such that,

forallm=1,...,n; and all r € R,,_1, we have w € QXL"(S) for all s € R,,(r), with
the possible exception of at most K’ disjoint boxes Ap, (s) with s € R,(r). The
probability of its complementary event can be estimated from (5.4) as in [BoK, Eq.
(6.12)]:

ni

P{o\QL) | < 3 () (M) KL K (5.16)

n=1

< 2d3K'dn1€;P1_1(K/(Pl(P/er)*d)er(K/*l)) < 076,

which holds for all large ¢; after choosing K’ sufficiently large using (5.1).
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Given w € QA“’(*/) then for each n = 1,...,ny and » € R,,_1 we can find
S1,82,...,8Kkn € Ry(r), with K" < K’ — 1, such that w € QﬁL"(S) if s € Ry, and
s ¢ Uszﬂl Asr, (sj). (Here we need boxes of side 3L,, because we only ruled out the
existence of K’ disjoint boxes of side L,.) Since each box A3z, (s;) is contained in
the union of at most C”" boxes in R,,, we conclude that for each w € QA“ ™) there
are tl,tg,.. Jtgm € Ry, with K" < Ky = (C"(K' — 1))™, such that , setting
T= UtK Asy, (t5), for allw E Ap, \T we have w € Q) Men () for somen = 1,2, ..., ny

and s € Ry, with and A(z, 2£2) N Ay, C Ap, (s).
Recalling (3.46), we have

Qﬁel,(*/) Q(0) CQAtzl . |_| Cﬁfﬁ7F,. (5.17)
210 (*1)
#0}

It follows from Lemma 3.6 that each Ca rps in the disjoint union must be a
(A, Ay, , E)-notsobad bevent. Thus (5.13) follows from (5.16) and (3.27). We obtain
(5.14) from (5.13) and (3.56). O

Definition 5.8. Let R = {Ay (1) }rer be a standard £i-covering of A and fix
Ky, € N. A A-bevent Ca B pr.s, is called (A, E)-prepared if S satisfies the density
condition

#(SNA)) >0, forall bozes Ay C A with ¢ < (<L, (5.18)

and there is R' C R with #(R\ R') < K1, such that if r € R’ then Cﬁ% B iSa

(A, Ay, (1), E)-adapted bevent, and if r € R\ R’ then SN Ay, (r) =0 and CA%(B), is
a (A, Ay, (1), E)-notsobad bevent.

Lemma 5.9. Let R = {Ay, () }rer be a standard ¢1-covering of A. For sufficiently
large K1, depending only on d,p,p1,n1, if L is taken large enough, there exist
disjoint (A, E)-prepared bevents {Ca B, B! .S, m=1,2,... Ms, Such that

m> IR EREEE)

Agy A
(PP FUFTegy ™, C)"L ey

Mp
PO >1-20-2  with Q) = |_| CA By B!, S (5.19)

Proof. Fix K, recall (5.3) and (5.14), and define the event Qfxl) by the disjoint

union

Qfxl) = |_| QE\I)(R’), where
(.
#(R\R')<K;
(5.20)
Q(1 R' {ﬂ Q/\zl }m ﬂ Qﬁzl(r)’(*\)
reR’ re€R\R’

Using the probability estimates in (5.3) and (5.13), and taking K sufficiently large
(independently of the scale), we get

POV} > 1-207% forall j=1,2,...,2K]. (5.21)
This can be seen as follows. First, from (5.13) and (5.14) we have
P{Qﬁél (r) U Qﬁel (T)7(*\)} > P{QA“( ), (x )} >1— L_5p1d, (5.22)
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and hence

d
Aoy (1) | ey (7),(+\) 2L -
P{[]{QA“ U }}>1(£1> Lo

reR (523)

>1-— 2dL—(6p1—1)d >1— L_2d7

for large L, using also (5.1). On the other hand, letting K; = C'(K’ —1), it follows
from (5.3) and (5.1) that

P {there are K’ disjoint boxes Ay, (1) € R with w ¢ Qﬁ“m} (5.24)
5.24

S (%)dK’g;p/K/ S 2dK/L7K,(p1(pl+d)7d) S L72d

if K1 > % and L is large enough. Here C’ is chosen such that the

complementary has at most K; (not necessarily disjoint) boxes Ay, (1) € R with

wé¢ Qﬁelm. The estimate (5.21) follows from (5.23) and (5.24).
Moreover, it follows from (5.3) and (5.14) that each Q%)(R’) is a disjoint union

of (non-empty) events of the form

Ag, (7 Ay, (7
Dr = { CA%(M}B;,&} NS N ekl g (5.25)
reR/ rER\R/
Agl (’l‘) . / A[{l (’I”)

where Cy'g' B/ 5 is a (A, Ay, (1), E)-adapted bevent for each r € R/, and Cy o'
is a (A, Ay, , E)-notsobad bevent for each r € R\ R'.

It remains to show that Dgs can be written as a disjoint union of (A, E)-prepared
bevents. To do so let, as in [BoK], let

Spi={s€lp;s€A,(r)=reR and s € S,}. (5.26)
Since (5.10) yields
U S: Ay (r) € Sk, (5.27)
reR’ °

and #(R\ R') < K3, it follows as in [BoK, Eq. (6.18)] that Sk satisfies the density
condition (5.18) in A. It follows from (3.48) and (5.26) that we can rewrite the
event Dg/ in (5.25) as a disjoint union

D = | | CA.A; A Sy (5.28)
jeJ
where {CA,AJ,A}SR/ }jes are (A, E)-prepared bevents. O

We can now prove a Wegner estimate at scale L using [BoK, Lemma 5.1'].

Lemma 5.10. Let Cp g p/,s be a (A, E)-prepared bevent, and consider a box Ar, C
A with Ly = (2na+1)¢; for somen € N, {1 < Lo < L, such that A, is constructed
as in (5.12) from a standard ¢1-covering of A. Then, for sufficiently large L there

| RBus, AL, ()| < 1B Mg L o gl i =1,2,...,1, (5.29)
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and we have the conditional probability estimate

P{ QQ?B,B',S‘ Cap.psh > 1 — CoL ™ —r2)t, with
K 1 (5.30)
05 5 = || CaBus, B/LS S5\ S00
=1

where the constants C1,Cy do not depend on the scale L. In particular, we get
'g
P{{HRX,A(E) <Gl logL} n Q(A")} >1-L". (5.31)

Proof. Let Ca B,p',s be a (A, E)-prepared cylinder event, consider Ap, C A as
above, and set By = BNAg,, By = B'NAp,, and So = SNAg,. Let

He, = Hp (ses).A, = HBo(So.e5,)00, = —DAr, + VB, + Z es(W)ulz — ),
SESH

(5.32)
where g, = {€s}ses, are independent Bernoulli random variables, with P, s, denot-
ing the corresponding probability measure. All the hypotheses of [BoK, Lemma 5.1']
are satisfied by the random operator H(eg,) in the box Ar,. In particular it follows
from the density condition (5.18) that Sy is a collection of “free sites ” satisfying
the condition in [BoK, Eq. (5.29)] inside the box Ay,. (The fact that we have a
configuration By U Bj U Sy C Jp instead of a subconfiguration of Z¢ is not impor-
tant; only the density condition [BoK, Eq. (5.29)] and the fact that Ca p, B;.s, is
(AL,, E)-prepared matter, the specific location of the single-site potentials plays no
role in the analysis.)

Thus it follows from [BoK, Lemma 5.1'] that (L large)

3 _d
Pes, {HRESO(E)H < eO1td Wl} >1—Cotde; 2t (5.33)

where the constants C7,Cy do not depend on the scale L. In other words, there is
a subset @ C {0,1}%° such that

_d
Ples, € Q} > 1— Cotd; 27, and
4 (5.34)
C1£3 log £y

HRBUX(SUaESO)7ALO (E)H <e for all €3, € Q

We now conclude from (5.34), recalling the definitions of ¢; and ¢s, that there
exist diSjOth A-bevents {CA,BI_ISi,B/U(Sg\Si),S\Sg }7;:1’27”.’[7 with each S,L - S(), such
that we have (5.29) and (5.30).

Since the event QE\I) in (5.19) is a disjoint union of such (A, E')-prepared bevents,
we have, using also Lemma 3.3 as in the derivation of (3.31) (and changing C;
slightly), that

X
P{ {IIRX,A<E>|| <kt ”°gL} noy

and hence, using the probability estimate in (5.19), we have

Q(A”} >1— Co,L™ %3 =)+ (5.35)

4 1
P{{IIRX,A(E)I <Pt } noy )} > 1-20,L A3 e (5.30)

The desired (5.31) follows using (5.1). O
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We are now ready to finish the proof of Proposition 5.1.

Proof of Proposition 5.1. Fix E € [0, FEp]. It suffices to prove that if L’ is E-
localizing for all L' € [LP2, LP1] = [¢s, £1], and the scale L is sufficiently large, then
L is E-localizing.

Let Ca,p,p’,s be a (A, E)-prepared bevent, so there is R’ C Ry with #(Ro \
R') < Kj, such that if » € R’ then Cﬁfgfg,_’s is a (A, Ay, (1), E)-adapted bevent,

and if r € Ry \ R’ then SN A (r) = 0 and Cﬁféfg, is a (A, Ay, (1), E)-notsobad
bevent. Recalling (5.12), we pick ng € N such that 5 := (2noa + 1)¢; ~ L'~.
By geometrical considerations, we can find boxes AU) = A(Qmjnoa+1)él(8j) C A,
j =1,2,...,J, where J < K, with m; € {1,2,...,2K,} and s; € G%l) for each
j=1,2,...,J, such that dist(A@), AG)Y) > ¢, if j # j/, and for each r € Ry \ R’
there is j, € {1,2,...,J} such that Ay (r)NA C AU,

Since each AU) is of the form givén in (5.12), we can apply Lemma 5.10 to
each AU, Since the AU) are disjoint, we can use independence of events based in
different A)’s; and we may apply Lemma 5.10 (or its proof) to all AY). Setting
So = Uj=1 SNAU and S = S\ Sy, we conclude that there exist disjoint subsets

{Sy}g=12...0 of So, such that for each ¢ = 1,2,...,Q and all tg € [0,1] we have
iP
HRBHSQ’(S%)’A(”(E)H < @C1LEFM gL forall j=1,2....J, (5.37)
and we have the conditional probability estimate

P{Q p pr.s|Capprst > 1—2K,C,L4F =725 with

) Q (5.38)
A,B,B’,S = |_| CA,BI_ISq,B’I_I(So\Sq),S"
i=q
By construction, each configuration in C}y g, 4.8 satisfies the hypotheses of [BoK,
Lemma 2.14] (see also [BoK, (2.22) and (2.23)]), and hence, recalling also (5.1),
we can conclude that CA,Busq,S is a (A, E)-good bconfset. Since it is clear that
S satisfies the density condition (3.39) in A, each CA,BUS,, B/LI(S0\S,),8 15 & (A, E)-
adapted bevent.
Recalling Lemma 5.9 and the event QE\I) in (5.19), we conclude the existence

of disjoint (A, E)-adapted bevents {Cx 5, p/.s, }i=1,2...1, and hence of the (A, E)-
localized event

I
Oa = | |Crm.51.5.5 (5.39)
i=1
such that
P{Q| Q) > 1 — 2K, Co L5 —p2) (5.40)
Using the probability estimate in (5.19) and (5.1), we get that
P{Qx} >1—-L7P, (5.41)

and hence the scale L is E-localizing.
Proposition 5.1 is proven. (]
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6. THE PROOFS OF THEOREMS 1.1 AND 1.2

In view of Propositions 4.1, 4.3, and 5.1, Theorems 1.1 and 1.2 are a conse-
quence of the following proposition, whose hypothesis follows from the conclusion
of Proposition 5.1. We recall Definition 3.16.

Proposition 6.1. Fizp = %d— and an energy Ey > 0, and suppose there is a scale
Lo and m > 0 such that L is (E, m)-jlocalizing for all L > Lo and E € [0, Ey]. Then
the following holds P-a.e.: The operator Hx has pure point spectrum in [0, Eg] with
exponentially localized eigenfunctions (exponential localization) with rate of decay

T, d.e., if ¢ is an eigenfunction of Hx with eigenvalue E € [0, Ey] we have

[x20ll < Cx.pe 217 for all 2 € RY. (6.1)

Moreover, there exist T > 1 and s €]0, 1] such that for eigenfunctions 1, ¢ (possibly
equal) with the same eigenvalue E € [0, Ey] we have

Ixa¥ll xy@ll < CxIT T o) e e for allz,y € 2% (6.2)

In particular, the eigenvalues of Hx in [0, Fo] have finite multiplicity, and Hx
exhibits dynamical localization in [0, Ey], that is, for any p > 0 we have

TN 10,0 (Hx ) X013 < o0, (6.3)

sup || (z)"e
t

Proof. The fact that the hypothesis of Proposition 6.1 imply exponential localiza-
tion in the interval [0, Ey] is proved in [BoK, Section 7]. Although their proof
is written for the Bernoulli-Anderson Hamiltonian, it also applies to the Poisson
Hamiltonian by proceeding as in the proof of Proposition 5.1. When [BoK, Sec-
tion 7] states that a box A is good at energy F, we should interpret it as the
occurrence of the (A, E,m)-jlocalized event Q, as in (3.58), with probability sat-
isfying the estimate (3.59), whose existence is guaranteed by the hypothesis of
Proposition 6.1. We should rewrite such an event as in Lemma 5.2 when necessary,
with p’ = %d— < p. With these modifications, plus the use of Lemmas 3.6 and 3.8
when necessary, the analysis of [BoK, Section 7] yields exponential localization for
Poisson Hamiltonians.

The decay of eigenfunction correlations given in (6.2) follows for the Bernoulli-
Anderson Hamiltonian from a careful analysis of [BoK, Section 7] given in [GK5],
and hence it also holds for the Poisson Hamiltonian by the same considerations as
above. Finite multiplicity and dynamical localization then follow as in [GK5]. O
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