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Abstract

We pursue the spectral analysis of the model describing a system of one dynamical nu-
cleus and one electron together with the quantized electromagnetic field. We impose an
ultraviolet cutoff and assume that the fine-structure constant is sufficiently small. Then
we prove that the unperturbed eigenvalues turn into resonances when the nucleus and the
electron are coupled to the radiation field. Furthermore, a method to calculate the reso-
nances up to all orders in the coupling parameters is given. This analysis is related to the
Lamb-Dicke effect.

Contents
1 Introduction and statements of results

2 Definition and assumptions on the model
2.1 Definition of HY and notations . . . .. ...... ... ... . ... . ... ...

2.2 Hypotheses on the confining potential . . . . .. ... ... ... ... .. ....

3 Complex scaling and instability of excited states

3.1 Definition and analyticity of H7 () . . . . . . . . ... 10
3.2 The spectrum of H[‘]/ in a neighborhood of Ej +¢e . . . ... ... .. ... ... 15
4 Renormalization group and existence of resonances 18
4.1 Conditions to perform a renormalization group analysis . . . . ... .. ... .. 19
4.2 The smooth Feshbach map applied to H GO 24
4.3 Renormalization in a Banach space of Hamiltonians . . . . . . .. .. ... ... 28



1 Introduction and statements of results

In this paper, we pursue the spectral analysis of the model studied in [AF]. This model describes
a hydrogenoid ion confined by its center of mass, and is used in theoretical physics to explain
the Lamb-Dicke effect (see [CTDRG]). It is also related to the Mossbauer effect (see [CTDRG]).

Our purpose is to present a mathematically rigorous aspect of this phenomenon.

We consider a system of one nucleus and one electron together with the quantized electromag-
netic field. Here the nucleus is dynamical, so that, as compared to a model with fixed nucleus,
the kinetic energy of the atom or ion is modified when it emits or absorbs a photon. If it is
assumed that the center of mass motion of the atomic system is free, this modification is the sum
of a term due to the Doppler effect, and another term that is the "recoil energy” (see [CTDRG]).
Now, if the center of mass of the atomic system is assumed to be confined by a suitable external
potential, the energy associated with the center of mass motion can take only discrete values.
Then, during an emission or absorption process for a photon, the energy of the emitted or ab-
sorbed photon depends on the value of the energy associated with the center of mass motion,
respectively before and after the process. This situation allows to explain the Dicke effect (see
[CTDRG], exercise 11).

In [AF], we obtained the existence of a ground state for the Hamiltonian describing the
present model, for all values of the fine-structure constant. Furthermore, when instead of fixing
the nucleus, one only assume that the center of mass of the atom or ion is confined, new intense
rays appear in the scattering spectrum of the physical system (see [CTDRG]). Thus, some res-
onances depending on the confining potential with a very small imaginary part should appear
in the spectrum of the Hamiltonian. The aim of our paper is to prove this, assuming here that
the fine-structure constant is sufficiently small. In addition, our proof shall provide a method to

localize the resonances up to all orders in the fine-structure constant.

Let us formally write the Hamiltonian that describes the system that we consider as:

1
HY =Y 5 — 4jA())* + Hy + U(R) + V(7). (1)
j=12 7"
Here, x;, q;, p; = —iV;, m; denote respectively the position, the charge, the momentum and

the mass of the particle j (the electron and the nucleus). The position of the center of mass R,

and the variable r are defined by

miTi + Moo
=== r:i=x — Zo. (2)
mi + Mo

Moreover, A is the quantized electromagnetic vector potential in the Coulomb gauge, Hy is the
free photon energy field, U is a confining potential acting on the center of mass of the atomic

system, and V denotes the Coulomb potential. An ultraviolet cutoff at a scale A is imposed on



A for some arbitrary but finite A > 0. Note that the units have been chosen such that h = c =1,
where ¢ stands for the velocity of light. Besides, for the sake of simplicity, the spin of the electron

is not taken into account.

We emphasize that the differences between the model described by Hl‘,/ and a model with a
static nucleus are significant. Since we consider here a dynamical nucleus, we have to impose some
confinement, otherwise the Hamiltonian of the system would be translation invariant. However,
in the model that we study and that is used in [CTDRG] to explain the Dicke effect, U confines
only the center of mass; the nucleus and the electron themselves are not confined. Actually, the
interaction between the nucleus and the electron takes place exclusively through the attractive
Coulomb potential V. Thus, one can imagine some states where the nucleus and the electron
are localized very far from each other, and where, yet, the energy associated with the center of
mass motion is low.

Mathematically, as we shall see below, the method to study the existence of resonances for
HY/ has to be significantly modified as compared to a similar model where the nuclei would be

treated as static.

We denote by Hy the unperturbed Hamiltonian, that is H[‘]/ where the coupling parameters
q1 = q,q2 ‘= —Zq are put to 0. The main result of this paper is theorem 1.2 below which
shows that the eigenvalues of Hy turn into resonances when ¢i, s become # 0. This follows the
strategy developed in [BFS1,2,3] and [BCFS], based on a renormalization group analysis. As
stated above, the main difference between the models studied in these papers and our model is
the presence of the potential U in our model, which confines the center of mass. This confining
potential imposes some modifications of the proofs which are not straightforward. We shall only

reproduce here the new aspects of the proofs and often refer to [BFS1,2,3] or [BCFS].

The assumptions on the confining potential U that we require are stated in subsection 2.2.
We denote by (E;);j>0 the non-decreasing sequence of eigenvalues of p?/2u + V and by (e;);j>0

the non-decreasing sequence of eigenvalues of P?/2M + U, where

mim
M :=mi+mg ,u:zi1 2
my + mo (3)
Pi=pi+p, , 2.=PL_P2
12 mq mo

Our main contributions are the following two points:

+ First, we give a rigorous definition of the family H}/(6) obtained through complex scaling (see
subsection 3.1). Note that the potential U imposes a noticeably different definition of the
family H}/ (6), as compared to the one given is [BFS3]. We shall have to use quadratic forms
in a way related to the one in [AF], and we shall show that H}Y () is an analytic family of type



(B) on a disc D(0,8y), for a sufficiently small 6y, with explicit form domain
QH () = Q(pi +p3) NQU) N Q(Hy). (4)

Together with a result obtained in [BFS3], this shall imply:

Theorem 1.1

Assume that g := (q>A)>/? is sufficiently small, where A denotes the parameter of the ultraviolet
cutoff. Assume moreover that the hypothesis (Hr,, ) related to the Fermi golden rule (see
subsection 3.2) is fulfilled for all (I,n) such that (I,n) # (0,0) and E; + e, < ep.

Then the spectrum of HY; is absolutely continuous in the interval |Eg + e + O(g), e0 — O(g)[.
In particular, the unperturbed eigenvalues E; + e, disappear when the nucleus and the electron

are coupled to the photons.

Next, we prove that the confining potential U allows to perform a renormalization group anal-
ysis. At this point, we have to transform H ,‘J/ through a Power-Zienau-Wooley transformation
(see [CTDRG2]), and to impose, in the resulting interaction term g, a spatial cutoff in the
variable r that restricts the electron position to finite distances from the nucleus position. Note
that in [BFS1], a similar spatial cutoff is imposed, which restricts the electrons positions to
finite distance from the static nuclei. We denote by PNII‘]/ the resulting Hamiltonian, and ﬁo
denotes the operator obtained when the coupling between the two ”particles” (the nucleus and
the electron) and the photons vanish. We shall see that the eigenvalues E; + e, of Hy are
slightly shifted by the transformation: we denote by El + e, the corresponding eigenvalues of
Hy.

To get the result, we follow the strategy of [BFS2] and use the smooth Feshbach map defined in
[BCFS]. However, the proof is not straightforward: we have to modify carefully the hypotheses
2. and 3. stated in [BFS2] in such a way that, on one hand, they are well adapted to tour
model, and on the other hand, they are still sufficient to perform a renormalization group
analysis. More precisely, our requirements about the interacting part of the Hamiltonian are
stated in subsection 4.1; they are denoted by (H_;,2) and (H;/2). In particular, the fact that
U confines the center of mass shall be essential: this is reflected in our choice of hypothesis
(H2) stated in subsection 2.2. We shall prove:

Proposition 1.1

Assume that U fulfills hypotheses (Ho), (H1), (Hz) stated in subsection 2.2. Denote by PNI[‘]/(O)
the analytic family of type (B) obtained from f_j[\]/ through complex scaling. Then ﬁ(‘]/(ﬁ) fulfills
hypotheses (H_1/2) and (Hy/2) stated in subsection 4.1.

Together with the results obtained in [BFS2] and [BCFS], this proposition shall allow us to
prove that we can perform a renormalization group analysis starting from I;T(‘J/ , which shall

yield:



Theorem 1.2
Fiz Ey + e, an eigenvalue of Hy such that (I,n) # 0 and E; + e, < eg. Pick some py > 0
sufficiently small and assume that the coupling parameter g > 0 is also sufficiently small. Let
6 be the distance from E, + ey to the other eigenvalues of Hoy and pick 0 = n+ v in D(0,6p)
such that py < dsin(v/2) < 1.
Then the spectrum of ﬁg(@) in the disc D,y /o := D(E; + ey, po/2) around Ey + e, is located
as follows:

o (HY () 1Dy o © Ern(0) + Kin(0) (5)

where E; ,(0) is an eigenvalue of I;T,‘J/(Q) and where K ,(0) is a complex domain such that, for
someT >1and 0 <C<1:

Kin(0) C {El tenteat+b0<a<l,b| < CaT} . (6)

In particular, E; ,(0) is independent of 6.

The paper is organized as follows: in section 2, we define our model, we precise our notations
and we state the hypotheses that we have to require on the confining potential U. In section
3, we define precisely H}; () and we prove that it is an analytic family of type (B); this yields
theorem 1.1. Finally in section 4, we show how the renormalization group method developed in
[BFS1,2] and [BCFS] can be applied to our model. This gives theorem 1.2.

2 Definition and assumptions on the model

2.1 Definition of HY and notations

Here, we only give a formal definition of the Hamiltonian H}/. We refer the reader to [AF] for a

precise definition using quadratic forms. Let us write our Hamiltonian as

HY =Y o—(pj — ;4 + Hy + U + V. (7)

This operator acts in the Hilbert space L2(R®)®F, ~ L?(R®; F,), where F, denotes the symmetric
Fock space of transversally polarized photons over L2(R?; C?), that is

Fo(LA(R%C%) = Co € S, @p—, L*(R?; C?). (8)

n>1

Here S, denotes the symmetrization of the n components in the tensor product ®Z:1L2(R3; C?).

The vector potential A; in the Coulomb gauge is defined by

®
A= /R A(z;)dX, 9)

6



with X = (x1,22) and

— i X\A(k)g ax e—ik.w a eik.w
Aw) =5 Y /]R ) @R+ D) a (10)

A=1,2

Recall that @} (k) and a@y(k) are the usual creation and annihilation operators satisfying the

Canonical Commutation Rules (in the sense of operator-valued distributions)

[ax(k), % (K')] = daxno(k — k),
[ax(k),ax (k)] = [ax(k),ax (k)] = 0.

e1(k) and e5(k) are the orthonormal polarization vectors that we choose as

Uk 0) ok

Moreover, A is the parameter of the ultraviolet cutoff, and X4 is a real smooth function depending
only on |k|, which is equal to 1 in the ball B(0, Z2¢*A/2) and which vanishes outside the ball
B(0,Z%¢*\), where we have assumed that ¢; = ¢ and gz = —Zq (here ¢ denotes the electron
charge, and Z is the number of protons in the nucleus). Note that we define X on the ball
B(0,Z%¢*\) instead of B(0,A) because of the unitary transformation ; that we shall apply
below.

The free field energy operator Hy is defined by

Hy= 30 /R K[ (0 (k) (12)

A=1,2
Finally, we write the Coulomb potential V' as

Vir):= —Zq2|S. (13)

As in [BFS1], we proceed to a change of units in order to exhibit the perturbative character of
the problem. More precisely, we consider the unitary operator i/; that dilates the electron position
and the photons momenta through (z;,k) — (z;/Zq? Z*q*k). Then we set Hy := Ui H U7,
which leads to:

1 1 9 2.\2 ~
ZTq‘lHl = Z ﬁj(pj_‘Zqu Aj(Zq )) +Hy +V+U.

7j=1,2

A(z) denotes A(z) where Yy is replaced by X (Z22¢*), V(r) := —C/|r|, and U(R) := Z%(#U(R/ZqQ).

We redefine Ya (k) := Xa(Z%¢*k), V(r) := V(r) and U(R) := U(R), so that the new Hamiltonian,
still denoted by H(‘]/ , that we have to consider, is:

1 2
”
Hy =) om, (pj —4;24*Aj(Z4%))" + Hy + U + V.

7j=1,2



Now, we can write Hl‘,/ as H‘U/ = Hy + W, where Hy is the unperturbed Hamiltonian defined

by
r;

2m;
j=1,2 J

Hy = +U+V + Hy, (14)
W, is the coupling between the two particles (the nucleus and the electron) and the photons,
defined by

Wy = Hl‘]/ — Ho, (15)

and g := (qQA)?’/ 2 is the perturbative parameter, that we shall assume to be sufficiently small in

the sequel. Let us describe more precisely the perturbation W,: we write

W, = gW; + g*Wa, (16)
with
W= Z/ [0k X) © 5 K) + Gl (k. ) @ (k)]
j=1,2x=1,27/R?
Waim 3 50 30 [ [tk Ak X) 03 b5 k)
j=12x=1.2x=1,27/R®
‘ (17)
+ Gho(k, N K X)) @ ax(k)a (k)
+G1 (kK N) ® ai(k)ax(k')} dkdk’ + A7,
and
1 1 * iz Xa (k) —iZq%k.z,
Gl,O(kvA) = GO,l(ka/\) = 2m N3/ 9 |k|€ €A(k)-vam (18)

= 72 SC\A(]C) i Zq2
G? (kN = G2 (k,\)* = ! Tk (B). Y,
1,0( ) ) 0,1( ) ) My 3/2 9 \/me 5)\( ) \V4 2

Gho(k, Nk N) = G o(k, A K N)*
Z? SC\A(k)SC\A(k/) —iZq%k —iZq%k
= € e (ke AT ETL T A R T
IS g ] ) )
Gg,o(k, XN EN) = GaQ(k, Ak )
_ z* X\A(k)i/\(k/) (k)ef /(k_l)e—iZqzk.zQe—iZ(fk'.:tg

= 3
2ma A3 dr? J[R[R]

2> Xa(k)xXa(K) —iZPkay iZg*K
1 k Ak’l )\/ _ e k/ 1Zq°k.x1 1 Zq°k".xq1
Gl,l( y Ny vy ) 2m1A3 o2 ‘ka/‘ 5)\( ) A ( )6 e ) (20)

Z4 % X ! ; 2 : 2./
G%)l(k, )\;k/,)\/) _ XA(k')XA(k' )E (k)E ,(kl)e—lzq k.rgezZq k ..'1627

T 2moA® on2 JRR]




and finally

72 Xa(k) A Xa(k)
A} = dk A2 = / dk. 21
0 47r2m1A3 ‘/]Rs |k?| ’ 0 47r2m2A3 R3 |k| ( )

2.2 Hypotheses on the confining potential

Recall that the constants M, pu, the variables R, P of the center of mass and the relative variables
r,p are defined in (2)-(3).

Let us state the assumptions on the confining potential U that we require in this paper. The
first hypothesis, (Ho), insures that U is confining and well behaves; it is needed in [AF] in order
to prove the existence of a ground state for HY . Furthermore, (Hp) insures that C3°(R?) is a
core for P2/2M + U. The second hypothesis, (H;), is related to complex scaling and is needed
to verify that HY (0) is an analytic family of type (B) (see subsection 3.1). Finally, the last one,
(H2), is required in section 4 where we prove the existence of resonances for H [‘]/ . More precisely,

we set:

(Z) U € L120c<R3)’

(i)  inf(U(R)) > —oo and U~ is compactly supported,

(iii) P?/2M + U has a non-degenerate ground state ¢ > 0 with energy ey < 0,
and there exists v such that |¢(R)| < ye IEl/7,

Before stating (H1), we recall that Q(A) denotes the domain of the quadratic form associated
with the self-adjoint operator A. For 6 € D(0,6y) where 6y is sufficiently small, let us define the

quadratic form q__,, p2 on Q(P?/2M + U) by
2M

+U(e?-)

6720

o g sy (00) = i [ PORPOER+ [ UECRERUMEIR (22

Note that henceforth, we assume that U is an analytic function defined on
{z €C® z=ce"x,|v| <Op,xc R3} )

Besides, the fact that g,_,, p2 is well-defined is guaranteed by the following hypothesis:
2M

TU(ef)
(i)  There exists C(fy) € C such that C(6y) 0o 0 and

(Hy) V8o € D(0,6p),VR € R?, [e*U(e’R) — U(R)| < C(60)|U(R)|,
(i) YV e QL +U),0— Qo 22 11000 (U5 ¥) Is analytic on D(0, 6).

Finally we require:

(Ha) U(R) > coR? — ¢, for all R € R, where ¢g,¢; > 0.



Note that hypothesis (Hz) implies that the spectrum of P2/2M + U is purely discrete.

We shall henceforth assume that U fulfills the three hypotheses (Ho), (H1) and (Hz2). For in-
stance, we see that the potential U defined by U(R) = coR? — ¢; (where cg,c; > 0) fulfils these
three hypotheses.

Let us describe the spectrum of the unperturbed Hamiltonian Hy. First, the spectrum of
p?/2u + V consists of an infinity of eigenvalues Eg < By < -+ < E, < --- < 0 and of the
essential spectrum [0; 00[. Next, according to hypothesis (Hs), we can write the spectrum of
P2)2M +U as ey < e; < --- < e, < .... Finally, it is well-known that the spectrum of Hy
consists of the simple eigenvalue 0, and the half-axis [0; oo as absolutely continuous spectrum.

Thus, the equality
o(Ho) = o(p*/2u+ V) + o(P?/2M + U) + o(Hjy) (23)

shows that the continuous spectrum of Hy consists on one hand of the union of branches
[E; 4+ en, 0] where E; + e, are eigenvalues, and on the other hand of the union of branches

[en, 0] (see fig. 1).

Eq+ep Egtey Egtey E+ep Eyte Eytey - €& € &

Figure 1: Spectrum of the unperturbed Hamiltonian H,

3 Complex scaling and instability of excited states

In this section, in the same way as in [BFS3], we shall scale the electron and nucleus positions
through

z; > ez, (24)
and the photons momenta through

k— e O%k. (25)
The scaling parameter § will be assumed to lie in a disc D(0,6y) C C, with a sufficiently small
radius 6p. Yet, we notice that for 6 real, the transformations (24)-(25) determine a unitary

operator Uy such that:

2 2
« U (p + V) Uy =e 0L 4 o0y,

21 21
p? p?
* Z/[@ (W +U) Z/{g :67249% JrU(ee'), (26)

* UngU; = e_er.



Moreover, Uy Wold; is Wy where the operator-valued functions G, ,, are replaced by G, ,,(0); we

get G, ,(0) by adding a factor e~2% and replacing Xa (k) by Xa(e™k) in GJ, ,,. For instance:

iZ_ Xale) izpia,

k).Va, . 27
2myA3/2 op || EA (k). Ve (27)

Gio(k A 0) =Ghy(k, A 0)" =e 2

This complex scaling will allow us to prove theorem 3.1, that is to say that the unperturbed
eigenstates associated with the eigenvalues E; + e, become unstable when the coupling Wy is
added.

In the first subsection, we define precisely the analytic family H} (6).

3.1 Definition and analyticity of H}; (6)

Since the Hamiltonian H}/ is defined in [AF] using quadratic forms, we shall prove here that,
through complex scaling, the family HY (0) is analytic of type (B). Recall that we require hy-
potheses (Hg) and (H;) (hypothesis (Hz) is not necessary in this section); then, we shall get the

result with the help of the following sequence of lemmata.

Lemma 3.1 Define the quadratic form qo on H(R?) by

6—20

2u

10 (6,0 = S—(pop) — e (V) 26, (V) 2p) . (28)

Then, for a sufficiently small 0y, qo is a strictly m-sectorial quadratic form on D(0,6), with
form domain H'(R®). Moreover, 0 — e~2p? /21 + =0V is analytic of type (B) on D(0,6)).

Proof First, the quadratic form gg given in (28) is well-defined since H'(R3) ¢ D((V~)Y/?):

actually, we even know that for all ¢ > 0, there exists b > 0 such that

(V)20 (V)20 < alpes, pu) + (35, ),

for any ¢ in H!(R?). This inequality shows that gg is closed on H!(R?) for all 6 in D(0,6p) since,
picking 1, in H*(R?) such that ¥,, — ¥ and (¢, — Yum, ¥ — PYm) — 0, we have

|e—29‘ -

06 (¥n — Woms n = Yom)| (m a ye—"!) Ip(n = wm)I* = ™" bllvon — ¥om*

Hence, if a is chosen so small that |e*29| /2u—a ’e*(’f > 0 for all 6 in D(0,6y), then ||p(w, —
Ym)|| — 0, so that 1) € HY(R?).
Now, it is easy to see that for all § € D(0,6),

argle??qo(1h,1) + (Eo + 1)(¥,9)]| < 61, with

10



0 < 0y < /2, provided 6§ is chosen sufficiently small.

Thus, g is strictly m-sectorial on D(0,6p), with domain H!(R3), and we denote the strictly

m-sectorial operator associated with this quadratic form by e=2p?/2u + e~V

Finally, since 6 — qg(1),1) is analytic on D(0,6) for all v € H(R3?), we conclude that
e~ 29p2 /24 + e79V is an analytic family of type (B) on D(0, ). O

Remark 3.1 The strictly m-sectorial operator associated with the quadratic form defined in (28)
is €= 29p2 /21 + eV, with domain H?(R3).

Proof To determine the domain of the operator e ~2/p? /2+e~?V defined in the previous lemma,
we note that we could have defined it directly on H? (R3) by

(629 ;u Gv) ’l/) 729p 11)4’679‘/1/}

Next, seeing that this operator is m-sectorial (in the sense that it is closed and R(v, (p?/2u +

e?V)yp) > 0 for all ¢ € H2(R?)), we could have associated with it a strictly m-sectorial quadratic
form Gg. Then H2(R3) is a form core for gy, and it is easy to see that it is also a form core for
qo. Hence we have two closed quadratic form that coincide on a domain that is a form core for
the two of them, so that gs = gy, and in particular D(e=20p?/2u + e~ %V) = H2(R?). O

Lemma 3.2 Pick 0y sufficiently small. Then the quadratic form defined in (22) is strictly m-
sectorial and the family 0 — e=2°P2/2M + U(€%-) is analytic of type (B) on D(0,6y) with form
domain Q(P?/2M + U).

Proof First, we have to show that g__,, P2 L (e.) is closed on Q(P?/2M +U). To this end, pick

¥y, in Q(P?/2M + U) such that v, — w and qe,zepinrU(ee.)(wn — Yy Un, — ) — 0. Then we
2M

have

1 -
/R3 mp(ﬂfn — Um)(R)P(¥n, — ¥m)(R)dAR

(U= CO0) [ U (R D) (R — ) (VIR

— (14 C(60)) inf(U)|¢on — ¥ ®
‘ 729%4_[](69,)(7/% — Ym, Y — Pm) — 0,

n,m— o0

where C'(6p) is defined in hypothesis (Hy).

Thus, v € Q(P?/2M + U) and the quadratic form q,—20 P2
2M

Now, we note that for all ¢ € Q(P?/2M + U),

LU ) is closed.

arg €270, p2 gy oy (000) + (14 20nf (U)) (6, 9)| < B,

11



with 0 < 0 < 7/2 provided 6y is chosen sufficiently small.

Hence, q,_, p2 is a strictly m-sectorial quadratic form for any 6 € D(0,6y). We denote by
2M

+U(e?)
e=20P2/2M + U(e’-) the m-sectorial operator associated with it. Then, the hypothesis (M) (i)
shows that 6 +— e=20P2/2M + U(e%-) is an analytic family of type (B) on D(0,6), with form

domain Q(P?/2M + U). O

Now, we want to define Hy(0) := (e72'p?/2u+ e V) @ I + I @ (e72°P2/2M + U(e?")) in
such a way that o(H.4(0)) = o(e=2p?/2u+e7 V) +0(e 20 P2/2M + U (€?-)). Tt suffices to apply

Ichinose’s lemma (see [RS4]), which we do now:

Lemma 3.3 Let Hy.(0) denote the closure of (e=2°p* /2p + e~V )@I+I®(e =2 P?/2M + U(e?"))
on D(e=2p?/2u + e7%V) @ D(e=2°P2/2M + U(e’-)) c L3(R3) ® L2(R?). Then, for a suf-
ficiently small 6y, Ha(0) is an analytic family of type (B) on D(0,600) with form domain
Q(p? +p2) NQUT). Moreover, o(Ha(0)) = o(e™20p? /2 + e V) + a(e20 P2 /2M + U(e?")).

Proof In order to apply Ichinose’s lemma, we have to verify that we can suitably choose the
sectors associated with the m-sectorial operators e=2p%/2u + e =%V and e 20 P2/2M + U(e?.).

More precisely, it is easy to see that
S,E0,1;721m9;91 = {Z, —2Imé — 91 < arg (Z — E(] — 1) < —2Imé + 91}

is a sector for e=29p? /2 + eV,

Similarly, using hypothesis (H1), we can see that
S_2inf (U)—1;—2Im6:05 ‘= 12, —2Imf — O < arg (z —2inf (U) — 1) < —2Im0 + 0}

is a sector for e 20 P2 /2M + U (e?-).
Thus, we can apply Ichinose’s lemma, which yields

o(Hat(0)) = o(e*p*/2u+ V) + a(e 2 P?)2M + U(e")).
Now, we define the quadratic form gz, ) on QP +p3)NQUT) by

6—29

c000) = S [ GO R0 RydraR + e [ V()0 Ryl Byardr
(29)
(Po)(r, R)(P)(r, R)drdR—i—/ U(eeR)a(r7 R)y(r, R)drdR.

R6

2m R6

6_29

oM Jgo

+

Using hypotheses (Hp) and (Hp), we can see that qH,,0) is well defined, that it is closed on
QP +p3)NQ(U™T), that CF(RO) is a form core for g, (p), and finally that g, (g) is a strictly m-

sectorial quadratic form. Thus, there is a unique operator H,; () associated with this quadratic

form such that

a) ﬁadé’) is closed , N N
b D(Ha(8)) C Qan, (6)) and for all ¢, € D(Har(8)), s o)) = (6, Hur(8)0),
C) D(Hat(e)*) - Q(qHu.t (9)) and for all (baw € D(Hat(e)*)7QHat(9)(¢a 1/}) = (Hat(e)*¢71/})

12



(see [RS1], theorem VIIL.16). But, using the fact that H,:(0)* = Hga(6), one can verify
that Hg.(f) fulfills these three properties, so that we have Hy(6) = Hgu(); in particular,

Q(Hat(9)) = Q(pt +p3) NQUT).
To conclude, with the help of the hypothesis (H;)(i7), we get that H,:(0) is an analytic family
of type (B) on D(0,6y) with form domain Q(p? + p3) N Q(U™T). O

Remark 3.2 We note here an inclusion that will be useful in the sequel:
D(Hat) C D(Hat(0))- (30)
Proof Pick ¢ in D(Hg,), ||¢]| = 1. Then for all ¢ in D(Hy:(0)*), we have
|(Hat(0)* 0, 0)| = |qm,,0) (¥, )|

o—20 L _
/]R6 (po)(r, R)(py)(r, R)drdR + e ? . V(r)p(r, R)y(r, R)drdR

<

2m
6729 L
Yaar | PO RPE)r RydrdR + /R 6

+C0) gl
e—20 e—20
= '%@%,w + e (Vo,9) + 77 (P, PY) + (U7 6,9) + (UF) %, (U*)”%)‘

2M
+ CGo)l Il
< Cstel|¢[],

U(R)p(r, R)(r, R)drdR‘

so that ¢ € D(H(9)). O

The next step in the definition of H}; (9) is the construction of Hy(0) := Ha(0)@I+I®e % Hy,
in such a way that o(Ho(0)) = 0(Hg:(0)) + o(e " Hy). The method to do this is similar to what

was done to define H,;(0) in lemma 3.3, so we do not reproduce the proof.

Lemma 3.4 Let Ho(6) denote the closure of Ha (0)@1+I®e Y Hy on D(H,(0))®@D(e Hy) C
L2(R®)®F,. Then, for a sufficiently small 0, Hy(0) is an analytic family of type (B) on D(0,6))
with form domain Q(p? + p3) N QUY) NQ(Hy). Moreover, a(Ho(0)) = o(Hui(0)) + o(e Hy).

Proof Note that we have Q(e™"H;) = Q(H;) and for all ¢ € Q(Hy),
qe*SHf (1/1»1/1) = 679(]Hf (wﬂb) S 679R+.

Thus, it is easy to follow the proof of lemma 3.3 in order to define Hy(#) with the properties
stated above. O

13



Finally, we have to define the perturbative part Wy(#). We recall from [AF] that W, is given
as a quadratic form, that we denote by gw,, defined on Q(p? +p3) NQ(Hy) by
Gw, (2, 0) == >~ ¢;[(p;®, 4;0) + (4,0, ;W) + Y ¢7(A;®, A;1). (31)
Jj=1,2 j=1,2

Moreover, we have

(in ((I)a (I))| < C(Q)QHS ((I)v (b) + b(q)v (I))a (32)

for all ® € Q(p? + p3) N Q(Hy), where C(g),b > 0 and C(g) — 0 as g — 0. Note that we have
written H{ for HY where we have made U = V = 0 (see the proof of lemma 2.1 in [AF]).

Now, we recall that, when § is real, W (8) := U Wyl is obtained by adding some factors e=20

and replacing X (k) by Ya(e~?k) in W,. Henceforth, we assume that the following assumption
on X is fulfilled:

(o) { XA is an analytic function defined on {z €C3z=c¢"a, |v| < 0y,x € R3}
XA

and supported on some compact Kjy.

Then, there is a natural definition for W, (), when 6 is complex, as a quadratic form gy, g)(®, ¥)
defined on Q(p? +p3) NQ(Hf)NQ(U™). For instance, the term associated with G1 o(k, A; 0) (see
(27)) is given by

e T2 (2 (k). V,, @, (K) V) d. (33)

-0},
ge 2m1A3/2 Z /R3 o /|k
Then, in the same way as for (32)7 it is easy to show:

Lemma 3.5 qw,(g) is relatively bounded with respect to qr,p) with relative bound strictly less

than 1 provided that g is sufficiently small.
Proof We want to show that there exists 0 < a < 1 and 0 < b such that

law, 0)(®, ®)| < a|qmy o) (P, ®)| + (D, @). (34)
We write the proof for the term given in (33); the terms associated with the other functions

GJ

Jo.n can be treated in the same way. Using hypothesis (Hg, ), we have:

0
- e T2k (o (£).V,, ®, 3% (k)®) dk
g p3 /R = CYORA XHGL)
Cste 1
(Vy,®,Vy,® “(k)®, a% (k)®)] dk,
Ve Z/KA% U7V, + G 3 9)

Then, in the same way as in (32), the last expression is bounded by C’(g)qpo (@, @) + ' (2, ®),
with C’(g),b" > 0 and C'(g) — 0 as g — 0. From there, we easily conclude that

-~ A )/(\A(efek) o2 =N

e 2 / A _CeTiZa kT (o)\(k).V,, ®, a3 (k) @) dk
9 7 2 e am /T (67 (k)- V2, @,5,(5) )
<a ’(JHo(e)((I>7 (I))’ + b//(q)v (I))7
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with b’ > 0 and 0 < a < 1 provided g is sufficiently small. O

Remark 3.3 The previous lemma does not give a meaning to the operator Wy (). Yet, we will
have to work with it in the sequel so that we have to precise here what we call Wy(8). Recalling
the expression (16)-(21) of Wy, we define W,(8) on the domain D(p} + p3) N D(Hy) by

Wy(0) := e~ gW1(0) + e~ g>W2(0), (35)

where W1(0) and W5(0) denote respectively W1 and Wa where the function Xa is replaced by
Xa(e™%). Note that it is easy to verify that W,(0) is well defined on D(p? + p3) N D(Hy).

To conclude, as a corollary of lemmata 3.1-3.5, we write the result stated at the beginning of

this subsection:

Proposition 3.1 Assume that 0y and g are sufficiently small. Define HY (0) as the strictly

m-sectorial operator associated with the quadratic form

qmy (o) *= QHo(0) T W, (6)- (36)

Then, HY (0) is an analytic family of type (B) on D(0, 0y) with form domain Q(p3+p3)NQ(UT)N
Q(Hy).

Proof With our definitions of U and Ya, it is easy to see that for all ® in Q(p? +p3) NQUT)N
Q(Hy), 0 — apy ) (P, ®) is analytic on D(0, 6p).
We conclude with lemmata 3.1-3.5. O

3.2 The spectrum of H}/ in a neighborhood of E; + ¢,

In this subsection, we shall show that the spectrum of H g in a neighborhood of the unperturbed
eigenvalues E; + ey, is absolutely continuous. The proof follows the one in [BFS3], so we shall
not reproduce all the details here. In lemma 3.6, we derive a useful estimate. Next we describe
precisely the spectrum of the unperturbed Hamiltonian Hy(6), and we state the main result of
this section. We refer the reader to [BFS3] for the detail of the proof.

Let us begin with a lemma whose proof differs from the one in [BFS3] because of our use of

quadratic forms:

Lemma 3.6 For 6 € D(0,60y), define AHq(0) := Hy(0) — Hor. Then there exists a positive
constant b(0) such that b(0) — 0 as § — 0 and

| AHt(0)(Hae £ 1) 1|| < b(6). (37)
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Proof First, we note that, by remark 3.2, the operator AH,;(0)(Hy; £4)~! is well defined on
L2(R®). Then we have

|AHu(0)(Hae £6) 71| = sup (¢ AH ot (0)(Har 1)~ ')
$EQ(Hay),eL? (RS)
Tl v ll=1

= sup |arr,,0) (0 (Har £1) ") — qu, (¢, (Hae 1) 1) .

EQ(Hay), v L2 (RO)
el llyl=1

Next, using (29) and hypothesis (H1), we get
1,00 (0, (Har 1)) — qu, (¢, (Har £14) ")

2 2
< ol | [l =115+ ) + 17 = UV + () = U (o )

< @)l
where b(f) is a positive constant which goes to 0 as § — 0. This yields (37). O

Let us now describe the spectrum of Hgy(6). Well-known results about complex scaling show

that the spectrum of e=2¢p? /21 + e =%V is given by
o(ep?2u+e V) = 0, (p? /21 + V) U {e~* plp € [0, 00[} . (38)

Besides, assuming hypothesis (Hz) and using the fact that e=20 P2/2M + U(e’-) is analytic of

type (B), we have
o(e”2P?)2M + U(%-)) = o(P?/2M + U). (39)

Thus, by lemma 3.3, we get the spectrum of H,.(6) (see fig. 2).

@ @ @ @ @ @ i i i
Ey+ey Egte Eg+e, - E +ey E|+e; E|+e,

-2Im6

Figure 2: Spectrum of the complex dilated atomic Hamiltonian H,;(0)

We want to investigate the spectrum of H, l‘; in a neighborhood of the isolated eigenvalues of
Hy. Fix 1> 0, n >0 with (I,n) # (0,0) and consider the eigenvalue E; + e, of Hy(6). We

assume moreover that E; + e, < eg.

We set Ry, := dist(E; + ey, 0(Ha)\{Ei + e, }); then, we shall use the projection Py, (6)
onto the eigenspace of H,¢(#) corresponding to E; + e,,, defined by

) dz —
Pot1.n(0) :=1— Pgy 1 n(0). (40)

Pa,,l,n(g) = 7/ ¥r /N -
! 27 J\o—(Biten)| =R, 0 /2 Hat(0) — 2
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As in [BFS3], we define the matrices

Zlc:i = Z Pat,l,nGO,l(ka /\)ﬁat,l,n [Hat - (El + en) + |k| - iO]_l
R3

A=1,2
Fat,l,nGl,O(ka )‘)Pat,l,ndkv (41)
d dk
Zl,n = Z PatJ,’ﬂGO,l(kja A)F)at,l,nc;’l,o(ka )\)Pat,l,n?7
A=1,2/R? |K|
where G, (K, A) := Zj:1,2 Gﬁ'n’n(k‘, A).
For 6 € D(0,0q), we set
Zpo(0) :=Up ZPally ", Z8,(0) =Us Z] Uyt Zin(0) = Z,(0) — 275 (). (42)

Let I'; 5, := min {U(Im(Zﬁi))}; then for the needs of the proof, we have to require the following

hypothesis, related to the Fermi golden rule:

(Mr,,) Tuin >0is a simple eigenvalue of Im(Zp5).

Let ¢ n,0 be the normalized eigenvector corresponding to the eigenvalue I';,, of Im(Zl‘ffL); we
define
AEjl,n = Re [(¢l,n0a Zl,n¢l,n,0)] . (43)
Let S;n(e,C), Rin(e,C) denote the following sets:
Sl,n(57 C) =E +e,+ QZ(AEl,n - Z.Fl,n) - in,n (44)

Rin(e,C) = Sin(e,C) + e "Ry + D(0,Cg*te),

where ¢ is a small positive constant, C € Ry and Q,,, := {z € C| — u < arg(z) < u} (for some
0 < p < m/2) is such that

{(¢,Z1n9), ¢l = 1} C AEn — il1p — Q1. (45)
Finally, the set A; ,(¢) is defined by
Ain(e) =T n(Ryn/2) — i[—g° ¢, 00, (46)

where Z; ,,(R;,,,/2) is the interval |E} + e, — Ry /2; E; + e, + Ry /2] (see fig. 3).

Now, we state the main result of this subsection, derived from [BFS3]:

Theorem 3.1 Let 0 < ¢ < 1/3 and fiz 0 = iv in D(0,00) with v > 0. Assume that g > 0 is
sufficiently small. Assume moreover that (Hr, ) is fulfilled. Then there exists C in Ry such
that

Arn()\Rin(e,C) C p(H (8)), (47)
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n

E, +e,
@

S,n Rl,n

Figure 3: The resolvent set of HY (0) : A;,,\Rin C p(HY (0)) (see theorem 3.1)

where p(HY (0)) denotes the resolvent set of HY (6).
Since we have showed that the family HY (0) is analytic of type (B) on D(0,6), (47) implies
that, for g sufficiently small, the spectrum of H‘U/ is absolutely continuous in Zj (R n/2).

Proof The proof of this theorem follows step by step the one in [BFS3]. The main difficulty is
to prove the existence of the Feshbach operator fp(g)(H[‘J/ () — 2) defined by

Fpio) (HY (6) — 2) :==P(8) [HY (6) - 2] P(6)
— P(O)W,(0)P(0) (P(0)HY, (0)P(6) — 2)

1 —
P(0)W,(0)P(0),
where P(0) := Pat,1.n(0) @ 1, <py, P(0) :=1— P(f), and pg := g*>~ 2.

We refer to proposition 4.2 where we give an outline of the proof leading to the existence of
Fpoy(HY (0) — ) (we shall work with the smooth Feshbach map (see [BCFS]) in proposition 4.2,
but the same proof would hold for Fpg) (HY (6) — z)). O

4 Renormalization group and existence of resonances

In the previous section, we showed that the spectrum of the Hamiltonian Hg is absolutely
continuous in each interval |E; + e, — Ryn/2; Ei + e, + Rin/2[ such that (I,n) # (0,0) and
E; + e, < eg (under the condition that (Hr, ) is fulfilled). More generally, the same arguments
imply that the spectrum of Hy; is absolutely continuous in the interval | Eg +eq+O(g), eo — O(g)[.
In this section, under the same assumptions (Hr, ), we shall show that the eigenvalues of Hy

turn into resonances when the perturbation W is added. In other words, we shall prove that

18



there exists complex eigenvalues Ej ,, 1 (g) (with 1 <k < p) of the complex dilated Hamiltonian
H} (6) such that

El,n,k(Q) gjO £+ eq. (49)

Here, p denotes the multiplicity of E; + e,, as an eigenvalue of H.

In order to get this result, we shall apply the renormalization group method developed in
[BFS1,2]. Note that here, we appeal to the method developed in [BCFS] based on the smooth Fes-
hbach map. Our aim is to define some conditions that are fulfilled by our model, and which allow
to perform the renormalization group method. We emphasize that this point is not straightfor-
ward because the hypotheses stated in [BFS2] are not fulfilled in our case; we have to use carefully
the fact that U confines the center of mass of the atomic system (hypothesis (Hz)). Yet, we only
give here the modifications that we have to bring and refer to [BFS1,2] or [BCFS] for the rest of
the proof.

In the first subsection, we state the hypotheses that we require and verify that they are ful-
filled by the Hamiltonian describing our model. We need to proceed to a Power-Zienau-Woolley
transformation on H, (‘J/ , and to impose, in a way similar to [BFS1], a spatial cutoff in the variable

7 in the resulting interaction term Wg.

In the second subsection, we prove that we can apply the smooth Feshbach map defined in
[BCFS] to the transformed Hamiltonian H 5 (0).

Finally, in the last subsection, we show that the hypotheses stated in the first subsection
allow to obtain, thanks to a renormalization group transformation, the existence of resonances
for H (‘J/ .

4.1 Conditions to perform a renormalization group analysis

Recall the definition of the dilated operator-valued functions G}, ,(k, A;0) given in (16)-(21),
(27) and (33). In particular, Gfmn(k,/\;e) is well defined as a quadratic form G, . (kap) OO
Q(p? + p3) N Q(UT), but we have not yet defined G, ,,(k, X;0) as an operator. However, it
is easy to see that, for m +n = 1, G{mn(k,)\;ﬂ) is a well defined operator on the domain
D([p? + p3]'/?), and that, for m +n =2, GJ, , (k,\; k', X'; 6) is well defined on L(R°).

Besides, with the help of the assumption (Hg, ), we note that the map 6 — chnyﬂ’(ky)\;e)(qb, @) is
analytic on D(0,6p) for all ¢ € Q(p? + p3) NQU™).

Now, for the needs of the proof, we require the following hypotheses:
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There exists a non-negative function J_; /5(k) such that:
(i) sup |[|Hat + |7 Y4Go i ((k, A); 0) | Hay + i 7Y/4| < J_yjo(k) for m+n =1,
101<00

Har2) () sup (G (ke N)s (RN )| < T o ()T jo () for m 41 = 2,
[0]<60

(i) [foo (L [KI1) oo (k)R]

1/2 = A,l/g < 00.

There exists a non-negative function .J; j2(k) such that:

(i) |s‘up | Hae + |7 2Gn (ke N); 0) [ Hag + i) ~/2|] < Ty o (k) for m+n =1,
0)<6o

(01 sup [ Har 4 1717265, 05 (0 X)) o 41170 < a8 a8,
H >bo

Par2) up. [ Fat -+ 114G (6, ): (8, N3 6) Ho 14 < Ty ()1 (),
[0] <60

for m +n =2, where J_;/, is defined in hypothesis (H_12),

(#43) sup {\kﬁ(l_ﬁ)Jl/Q(kz)} = Ag < oo for some (> 0.
keR3

Note that we have used the notation G, ,, := Zj:1,2 ann Besides, in hypothesis (H; /2)(ii), it
is assumed that Gy, , is symmetric under the permutation of the variables (k, A) and (k', \).

The first hypothesis, (H_1/2), is sufficient to get the existence of the Feshbach operator Fpg)
that we define below. However, we have to require the second hypothesis (H;/;) in order to

prove that all the parts of the perturbation W, are irrelevant under renormalization.

Now, it is easy to see that H} fulfills hypothesis (H_1/2) with
J_1/2(k) < Cstelx, (k)|k|7*/2,

where 1k, denotes the characteristic function of the compact K defined in hypothesis (Hg, )-
However, because of the fact that G, , behaves like |k|~1/2 near 0, we can see that hypothesis
(Hi,2) is not fulfilled by H}.

To face this problem, we begin with performing the Power-Zienau-Woolley transformation on
HY};. More precisely, we define a unitary operator 7 by

@ 2
T=[ T(X)dX with T(X)=e 2i=12u62025-A0) (50)
RG

Then we have /b\)\(k,X) =T (X)ax(k)T*(X) =ax(k) —iwx(k, X), with

1 xalk
wy(k, X) = — f 35A(k). > 4z, (51)
27 |k|Y/ P
and the unitary equivalent Hamiltonian H Y is
~ 1 ~ ~
Vo._ Vs 2T 7 22
HY =TH T = o (pi — G Z4°A;(Zq*))* + Hy + U+ V, (52)

7j=1,2
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with A; = [io A;(X)dX, Hf = [ Hp(X)dX, and
LX) = Aw) =4O Bi(X) = 3 [ BEXRE X (63
A=1,2

Developing (52), we can write

ﬁ(‘J/ = ﬁat +Hf +9W1 +92W27

with
~ ZQ X\A(k)z
_ 2 )
Hat —Hat+g F Z /Rs ) (EA(]C)?) dk
. A=1,2 ) 50
z X\A(k) L.y 2 Z .4 9
20" 2q°k.x1/2 sin?(Z¢k.a /2
+ QA:»,/]R3 72| k| 2mlsm( Qkf1‘1/)+2m251n( °k.x2/2)| dk,
and
Wy = Z/ [Gro(k, 3) @ a5(k) + Go. (k, \) @ (k)] d, (55)
A=1,27R?
where
Gro(k,A) = Goa(k,A)*
iz )A(A(k) —iZg?k
- wake 1) ex(k).V,
2mqA3/2 o k] (6 )EA( )V,
i22 _ Xa(k) (56)

_ —iZq%k.xo -1 k
2m2A3/2 ot |k‘ <6 )6/\( )'VI2

2 AR

A3/2 Tg)\(k).’r.

Note that we have set 7 := 21 — Zzo. Moreover, Ws is Wy where the terms e¥124°%-%; are replaced
by etiZad’ka; 1 ip C?'m)n, form+n =2.

We can see that the new atomic Hamiltonian ﬁat is well defined as a closed quadratic form on
QI +p3)NQUT)NQ(T?)NQ(Hy) provided hypothesis (Hz) is fulfilled. In particular, we can

use the fact that
Z¢? Z¢?
sin®(Zq%k.;/2) < -kl < (§|k> (17 + az R?),

where a1 and ag are positive constants, in order to show that the last term in (54) is relatively
bounded with respect to the first two terms.

Then, in the same way as for HY (f), we can see that the complex dilated Hamiltonian H G (0) is
an analytic family of type (B) on D(0, 6p), with form domain Q(p?+p3)NQUT)NQ(F*)NQ(Hy).
In particular, the quadratic form @i, (o) is well defined on Q(f[g (9)); as an operator, we can

define W, () on the domain D(p? + p2) N D(a2 + 23) N D(Hy).
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Now, the behavior of ém’n(k7 A) is better than the one of G, ,,(k, A) near 0, since we have
‘e:tiZq2k,gcj _ 1’ < Zq2|k||xj|.

However, we only have:

for m +m = 1, because of the last term in (56) which is relatively bounded with respect to

—1/4 -

- —1/4
G (ks A; 0) ‘Hat +i

Cste
<

o+ Licy (R) 4] 2,

|ﬁat +i|/2/g only. This appears to be a problem, because we require that all the terms of
the perturbation Wg = ng + g2W2 are small as compared to the unperturbed Hamiltonian
ﬁo = ﬁat + Hy, when g is small.

To avoid this difficulty, in a way similar to what is done in [BFS1], we consider the simplified
model where a spatial cutoff is imposed on Ww which restricts the position of the electron to

finite distances from the position of the nucleus. More precisely, we replace Wg by Wg;mg where

Woireg 1= X, (1) Wy (57)
Here x;, is a smooth function which is equal to 1 in the ball B(0,79/2) and which vanishes
outside the ball B(0,ry). ro is arbitrary large but finite.
Then, we define the Hamiltonian H (‘]/;reg by

ﬁg;reg = ﬁ[{) + Wg;regv (58)
and we can verify that:

Proposition 4.1 Assume that hypothesis (Ha) holds. Then ﬁ[‘j;reg fulfills hypotheses (H_1/2)
and (Hy2) (where Hoy and Gy are replaced respectively by Har and G nireg = XroGmn)s
with

J_19(k) := Cstelg, (k)|[k|7/2 | Jya(k) == Cstelx, (k)|k|*/?, (59)

where 1k, denotes the characteristic function of the compact Ky defined in hypothesis (Hg, ).

Proof We write the proof for él,O;reg; the other terms ém”n;reg can be treated in the same way.
Notice that

él,();reg(ka >\5 0) = éO,l;reg(ka )\,5)*
VA )?A(e_ekz)

2miA%2 2m/[k]

g 1Z°  Xal(e’k)
2maA3/2 2r /IK]

_ o0 1Z_|k['2Xa(e”"k)
Xl gem o

= Xro(r)e ™ (770 — 1) ea(h) Vo,

— Xro(T)e (e‘izqzk“772 — 1) ex(k).Va,

€>\(k)).?7.
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First, using the fact that ’eﬂzq%“’”ﬂ' — 1’ < 2, we get

~ —-1/4
at +Z

—20 iz X\A(eiek) —iZq%k.x
. t—1 k).V
Xro() [e 2miA%/2 2m\/1k| (e )gk( Ve

oo 072 Rale™k)
2maA32 o /K]

< Cstelg, (k)|k|71/2.

| _ —1/4
(eﬂz‘f’m? — 1) €A(k)-v$2] ‘Hat + Z‘

Moreover, using that x,,(r)|7] < Cste(1 + |R|) and hypothesis (Hz2), we get

Thus, we see that hypothesis (H_; /5) is fulfilled with

4 o0 _1Z_|k['?Xa(e”"k) —4

S AL

k:).F‘fIat —H" < Cstelg, (k)|k|/2.

J_1/2(k) = Cstelx, (k)|k|~'/2.

Next, we use the fact that ‘eﬂzqzk'”ﬂ’ - 1‘ < Zq|k||z;| together with x,, (r)]z;| < Cste(1 +|R))
and hypothesis (Hz), which yields

-1/ iZ  Xale %)

2m1A3/2 2 /K]

(efizq%,xl _ 1) ex(k).Vy,

|‘ﬁat —|—z" Xro(T) [620

g 1Z°  Xal(e”’k)
2maA3/2 21, /[

~1/2

. (et 1) @ [

< Cstelg, (k)|k|*2.
We have again

2y iZ YRa(eR) -2

Xro(T)e S e ex(k).r

< Cstely, (k)|k[*/2.

at"’i

H‘f[at+i

Hence (H;7) is fulfilled with
J1 o (k) = Cstelx, (k)|k|*/2,

and 0 = 1. O
Henceforth, we redefine Wg = Wg;reg and I;’[‘J/ = ﬁ(‘]/;reg.

To conclude with this subsection, we describe the spectrum of the unperturbed Hamiltonian
I;fo(@). We assume for the sake of simplicity that we are dealing with the hydrogen atom, that
is Z = 1. Then (54) implies

2

2
~ p P
H, =

(61)
+2g QL / — sin®(¢%k.x1 /2) + 1 sin?(¢?k.xzo/2) | dk
R3 772|k| 2m1 2ma
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where C is positive.
We can see that the spectrum of p?/2u + V + Cg?r? is discrete: the eigenvalues Ej of p?/2u+V
are slightly shifted to become El, and the continuous spectrum of p?/2u + V turns into a non-
decreasing sequence of discrete eigenvalues EZC (9), I > 1, such that

Ef(9) — E[_1(9) — 0.

g*)O

Thus the spectrum of p?/2u + V + Cg?r? + P?/2M + U is purely discrete, and the same holds
for ﬁat: its eigenvalues are El + e, and E{ + ey, slightly perturbed by the last term of (61). We
still denote by El + e, and Ef + e, the eigenvalues of ﬁat.

To conclude, we obtain the spectrum of PNIat as described in figure 4.

—o—o —o——o L — o
C... C... C...
Eqtey E g, E,te, E;te; €ytEf - e +E§ - e,+Ej

Figure 4: Spectrum of the new atomic Hamiltonian Hy for Z =1

We notice that, if Z > 1, we can not use the same argument to say that the essential spectrum
of p?/2u + V turns into discrete spectrum. However, we still see that the eigenvalues Fj + e, of
H,; are slightly shifted to become eigenvalues of I;fat. They are still denoted by El + e,. Since
we only study such eigenvalues in the sequel (we shall not study the behavior of E‘f + en), the

case Z > 1 can be treated in the same way as the case Z = 1.

4.2 The smooth Feshbach map applied to ﬁ[,‘f(@)

Let us fix (I,n) # (0,0) such that E; + e, < ep; by a translation, we can assume that E, +en
is located at 0, and for the sake of simplicity, we assume moreover that this eigenvalue is non-
degenerate. The case of a degenerate eigenvalue with finite multiplicity could be treated in a
similar manner. Note however that the results of this subsection does not hold for Elc +eq
(obtained in the case Z = 1) because these eigenvalues are separated from each other only by a
distance O(g).
Now, pick 8 := v, with v > 0. Then we begin with some definitions.

Let & := dist(0,0(Hy)\{0}) > 0. As in (40), we define the projection onto the subspace
spanned by 0 by:

i dz —

Par(6) = o /Zl_m o Por(0) := 1 — Poy(0). (62)
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The numbers Z§¢ and Z¢ are defined as in (41):
~ I~ -1 -
7= Y / PasGio,1 (O, N Pag [Hag + k] = 0] PuyGiro(k, A) Paadlh,
r=1,27R?

Zgd=y" /w PaiGo1(ky \) Pur Gy o(k, A Py
A=1,27 K

e (63)

tma

where we used the notations P, := P,;(0), Pas := Pat(0).
Setting Iy := Im(Z§%), we note that we shall require in the sequel the following hypothesis in

order to prove that 0 turns into a resonance when Wg is added:

(HFU) I'g>0.

Assume that v is sufficiently small. Then, for any 0 < pg < dsin(v/2) < 1, we define the
functions of Hy, x,,(Hy) and X, (Hy), by

Xoo(H) = sin | ZO(H  /po)| o X (Hy) = \/1 = X3, (Hy) = cos [ZO(H  /p0)],  (64)

where © € C5°([0, oo[; [0, 1]) is such that ® =1 on [0,3/4] and © = 0 on [1, oo].
Next we use (62) and (64) to define:

P(0) := Put(0) ® Xpo(Hy) , P(0) := Par(0) @ X, (Hf) + Par(0) ® 1. (65)

Note that (65) implies P(6)? + P(6)? = 1.

As a first step of our analysis, we want to decimate the degrees of freedom corresponding
to the photons of energy > po. To this end, we apply the smooth Feshbach map Fp(g) to the
Feshbach pair (H) (0) — z, Hy(0) — z) (see [BCFS]), where z is a spectral parameter that we
assume to lie in the disc D, /5 := {z € C, |z| < po/2}:

Fp)(HY (0) — 2, Ho(0) — 2) := (Ho(0) — 2) + P(B)W,(0)P(6)

— POYW,(0)P(0) [(Fo(0) — =) + PO, (0)P0)] PO)T,(0)P(0).

This operator is well-defined provided that (Ho(6)—z)+P(6)W,(0)P(0) is invertible on RanP(6),
and that

(Hol0) - =)+ POW,0)P0)| U= POV, 0)P (),
PO, (0)P(0) | (Ho(0) - =) + POW, (0)P(0)| v
extend to bounded operators on L?(R®) @ F, and Ran(P()) respectively. Here
(Ho(0) — 2) + P(O)W,(0)P(0) = U |(Ho(0) — 2) + P(0)W,(0)P(6) (68)
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denotes the polar decomposition of (Ho(6) — z) + ?(9)’1479(9)?(9) on Ran(P(9)).

The key property of the Feshbach map is that it is isospectral in the following sense: H g 0)—z
is invertible if and only if fp(g)(flg(ﬁ) — 2, Hy(8) — 2) is invertible on Ran(P(6)); moreover, 0
is an eigenvalue of H, Y (0) — z with multiplicity k if and only if 0 is an eigenvalue of

Fpoy(HY(0) — 2, Hy(0) —
poy(Hpr (0) — 2z, Ho(0) — 2) Ran(P(6))

with the same multiplicity &k (see [BCFS]).
The following proposition shows that Fpg) (FNI(‘]/(H) — 2, Ho(0)—z) is well-defined for all z € D, /2

Proposition 4.2 Pick z in D,,/, with 0 < pg < dsin(v/2) < 1, and assume that gpo~ Y% is
sufficiently small: gpo~—/? < V2.
Then (Ho(0) — 2) Jrﬁ(G)AW/g(Q)P(H) is invertible on Ran(P(0)), and the operators given in (67)

extend to bounded operators on L2(R®) @ Fy and Ran(P(0)) respectively.

Proof The proof follows the one in [BFS3] with some slight modifications. We sketch the proof
and give some intermediate results.

First, using the assumption that |z| < po/2 < §sin(v/2)/2, we easily see that

B0 H
HE® = LRan®(0)) (Ho(0) — 2)1ganB0) (09

is invertible on Ran(P(6)). We denote by H, P(e P)

on Ran(P(9)).
Then we write

1Ran(P(0)) {(ffow) —2)+ P(9)V~Vg(9)ﬁ(9)] 1Ran(P(0))

)H P ’ the polar decomposition of H

“uspow, o0 (a7 T 7o), (70)

— U ‘Hf(")‘ {1 + g

Thus, to prove that (Ho(6) — z) + P(0)W,(0)P(0) is invertible on Ran(P(6)), it is sufficient to
show that

H‘H f’)‘ 2 LB, (0)P(0) (Hf“’)]_w <1. (71)
To this end, we write:
(A T A Ol
< || [ s P a2 < oo ) BaGo 72
()2 P(o) |7 @) |
where By(po) is defined by
By(po) := Ho(60) + ¢’ po = Har(6) + e~ (Hy + po)- (73)

26



Using the fact that U is an isometry which commutes with Hoﬁ ©) (since HO? @ s invertible), we
get:
POy Y2, 15 — By~ /? o Cste
P(6 - 1/2 1/2 P9
T Py B0 = 1B P 7| < S5
Here, we used a result similar to what we derived in lemma 3.6:
HAHat Ho i)~ H <b(6 (75)

where b(6) is a positive constant that goes to 0 as § — 0, and where AH,, is defined by
A.ﬁat = .ﬁat(e) — ﬁat.

Furthermore, as in [BFS3], we can see that

Cste  _
——9pP0 172,

| 1Batoo)] /2 W, (6) 1o o) ||| < (76)

Let us make a few remarks about this last estimate. There is a difficulty because, with our
definition using quadratic forms, Wg(é’) is not defined a priori as an operator on D(|Bg(po)|'/?).
However, the quadratic form 9w, (o) is well defined on this domain. Following the calculus of
[BFS3] and using the fact that ﬁl‘]/ fulfills hypothesis (H_1/2), we can see that

Cste

47,0 (|Bo (o) 2@ |Bo po)| 2 0)| < =T=apo™* 2|21 7] (77)

for all &, ¥ € L*(R%) ® Fs.

Note that we do not need to require the second hypothesis (H;/2) in order to prove the estimate
(77). Actually, (H;/2) is not necessary to obtain the existence of Fp (g (ﬁg(@) — 2z, Ho(0) — 2);
however, it will become essential in the renormalization procedure.

Now |Bs(po)| ™1 /2W,(8)|Bs(po)| /% is clearly well defined on | By (po)|*/2D(W,(6)). But C(R%)®
Ds C D(W,(0)) is a core for | H|'/2 (here we use the fact that U+ € L2 _(R3) in hypothesis (Hy)),
and we can see that it is also a core for |By(po)|'/2. Thus |Be(p0)|1/2D(Wg(9)) is dense; then
(77) shows that |B9(po)|’1/2Wg(0)|Bg(p0)|fl/2 extends to a bounded operator on L?(R%) @ F
that satisfies (76).

Inserting (73) and (76) into (72), we obtain:

—1/2

A e OO OI L

Cste _
< ——9po 1/2,
v

Thus, provided that gpo~/2 < 12, (71) is proved, so that (Hy(6) — z) + P(O)W4(0)P(0) is
invertible on Ran(P(#)).

The proof that the operators given in (67) extend to bounded operators on L2(R®) ® F, and
Ran(P(#)) respectively is similar. O
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Now, inverting (70), we can write:

Lanpion) [(Ho(0) = 2) + POW,OPO)]  Lyauimioy

= |y <9>‘1/2§[_\H§ O U Do, 0P | “”]1/1 oy 78)
= [m] S [—P(&)Wgww(e) L ] '

n>0

Using this, our aim in the next subsection will be to prove that the operator

Fpo)(HY (0) — 2, Ho(0) — 2)

Ran(P(6))
can be identified with an element of a suitably chosen Banach space. The main property of this
Banach space that we shall require is that the operator coming from the interaction is irrelevant

under renormalization.

4.3 Renormalization in a Banach space of Hamiltonians

Our purpose, in this subsection, is to prove that the eigenvalues El + e, of ﬁo, such that
(I,m) # (0,0) and E; + e, < e, turn into resonances when the interaction Wg is added. Recall

that, to simplify, we assume that El + e, is non-degenerate and located at 0.

Let us begin with the definition of the Banach space Wfo. We set:

Wi =CoToWwl =CaTae P Wi (79)
M+N>1
where
T = {f € CH([0,1]), f(0) = 0, || flI 7 == sup. ]If( a)| < oo}, (80)
and
Wi n o= {farv £ 0,1] x (B x {1,2)™ x (By x {1,2})¥ — C such that:

s farn (5 (e, N)OD; (e, VY)Y € €1([0, 1]) for every

((k, NP5 (R, M) € (B x {1,21)M Y,

* far N (s (K, )\)(M (k:7 X)(N)) is totally symmetric with respect to
(k, )™M and (k, \)Y),

* | far w17 = [ farn Il + 100 frr,n ]| < 00}

Here B; denotes the unit ball in R2, 9, fu,n is the partial derivative of fys n with respect to

the first variable, and

|fanll = sup Faw s (s, )M (R, 3)OV) \H\M ”2H|k| V2 (s2)
[0,1]x(B1 x{1,2})M+N
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Note that we have used the notations
(b, VM) = (R, M), - (R, Aa) € (R® x {1,21)M
(/;', :\)(N) = ((‘I}la S‘1)7 ceey (]::Nv 5‘N)) € (]RS X {13 2})N

Next, the space VV>1 ={w:= (wM7N)M+N21} is equipped with the norm

D D el VY L (83)
M+N>1

where 0 < £ < 1 is a parameter that we will precise below.

Defining
Wi = {foo € C'([0,1]), [ fo.ol* := I fo0llee + 0afollc < 00}, (84)

we can see that there is a natural isomorphism between the Banach spaces C @ 7 and ng 0, SO
that we identify C & 7 and W,.

Thus, we can write an element of W;EO as w = (Wm,N)M+N>0, and we equip W;) with the
norm
lwllf = > &M fwp || #. (85)
M+N>0

Now, we want to identify an element of Wfo with an operator on the Hilbert space

Hred = 1Hf<1~7:s- (86)
To this end, we define for w € W2#0:
> W) =woo(H)lg,er + Y, Wan(w), (87)
M+N>0 M+N>1

where for M + N > 1:

WMN( ) _1Hf<1 Z /BM+N a)\(M)(k(M))wM,N[Hf;(k7)\)(M);(];I,S\)(N)}

AM) g 1,2y M
AN eq1,2}N

(88)
s (KN d M AN 15 .
Note that in the last equation, we have used the notations:
MM = (A, ), A = (A, A,
M N
ai(m(k’(M)) = Haiﬂ\j (ki) 5 azan( (E™) H (89)
=1 =1

dk™M) = dky .. dky . dEYNY) = dky .. dky.

The following proposition is proved in [BCFS]; it shows that any operator of H,eq written as in
(87) can be identified with an element of the Banach space W’;O
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Proposition 4.3 Pick £ such that 0 < £ < 1.
Then, the map H defined in (87) is an injective embedding from W;’EO into B[Hyea|, the set of

bounded operators on Hyeq. Moreover, we have

[1H (w)]

ron < N2, (90)

To control the dependence of the operators that we shall study in the spectral parameter z,

we introduce the Banach space

Wsp 1= {w[] :Dyjg — W;éo,w[-] is analytic}, (91)

where D, /5 denotes the disc {z € C, 2| < 1/2}. Tt is equipped with the norm:

lwl ]l := o lwl])F (92)

Likewise, H(Ws() denotes the Banach space:

HWsq) = {H(QH) : Dyjy — HOWE), H(wl]) is analytic} : (93)
with the norm
IH(w[])]:== sup [[H(w[z])|ly,., - (94)
z2€Dy 2

This is on this Banach space that the renormalization map constructed in [BCFS] acts.

Our first aim is to define an operator H)[z] which is isospectral to H ¢ (0), and which belongs
to H(W>0). In the same way as in [BFS1], we define, for any £ in D, /2,

Heff[g] = eiyle<po <‘7:P(9)(Er(¥(9) - €a ﬁO(G) - g)) + £>at 1Hf<p0

= Hf]'Hf<P0 + eilj<. .. >at,

(95)

where (... )4 denotes:

(PO) [0) = W,0)P0) [(Fo(0) — ) + PO, 0P ®)] " POT0)| PO) . (00

and where, for a bounded operator A on L?(R®) @ F;, the operator (A),; on Fy is defined as the

operator associated with the bounded quadratic form
44y, (B, ¥) = (¢o(0) @ D, Ado(0) © W). (97)

Here, ¢o(#) denotes the normalized eigenstate associated with the non-degenerate eigenvalue 0
of Ha(6).

We see that Ereﬂ‘ [€] defines an operator on 1p,<p,Fs- To obtain an operator on H,eq, we scale
the photons momenta through a unitary transformation U, such that k — pgk. Then we set:

v

1.~ . e .
Hegl€] == %upo Hegl€U, = Hyly, <1 + Eupoa Dald (98)

Po’?
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for all § € D, /2.
Finally, to obtain an analytic family of operators H g [z] with z € D; /5, we map the spectral

parameter through the transformation:

eil/
Zy:Dpyja = Dyjp , & %5 (99)

Thus, we get a family H ) [2] which is well defined as a family of bounded operators on H,eq for
all z S Dl/gi

Hioyl2) = HealZ5)(2)]

(%

e (100)

= %1Hf<1up0 <fp(9) (HY(0) — Zg)(2), Ho(0) — Z(—()§(z)))>at Uy i, <1+ 21, <1

We come now to the main theorem of this section, which, with the help of the results obtained
in [BFS1], [BFS2] and [BCFS], will lead to the existence of resonances:

Theorem 4.1 Let § = iv with v > 0 sufficiently small; pick pg > 0 such that py < dsin(v/2) <
1. Assume in addition that ﬁfl‘; fulfills hypotheses (H_1/2) and (Hi/2). Choose 3,& > 0.

Then, for gpal/2 sufficiently small, Ho)[-] belongs to H(Wso); furthermore, defining H g)[z] :=
H(w)[z]), we have wy[-] € B(B,¢), where

B(B,¢) = {w['] = (E[LTH, (wm,N[D)m+n>1) € Wao,
(101)

sup ||T'[z,a] —all7 < B, sup |[Ez]| <&, sup H('LUM,N[ZDM-szl”? < E}-
2€D; /2 2€Dy /3 2€Dy 2

Note that the parameter £ appearing in the definition of W>¢ is chosen such that & > Cpol/?

where C denotes a positive real number.

Proof We sketch the proof and emphasize the main point which differs from [BFS1,2], [BCFS].
In particular, the requirement to hypothesis (#;/2) shall be essential here.
We begin with the operator Heg [€], defined in (95) for & € D, /o, that we write as

Heqt[€] = 111, <po | Ee[€] + Terr[€; Hy] + Weff[&Hf]} 15, <po (102)
where

Eeff [g] = 7:58{:{) [5? 0],

Tonlé; Hy) == Hy + W& Hy) — @i €, 0], (103)
Weal§; Hyl o= > Willy[& Hy),
M+N>1
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and

eHN[g;Hf] = Z /]RS(M+N) ayan (k ( ))U’MN[f Hy; (k, A)( ); (iﬁ;\)(N)]

AM) gg1,23 M

X(N)e{1,2}N (104)
axon (R dkD g ().,

Then, assuming that g and py are chosen as in proposition 4.2, the Pull-Through formula, Wick’s
theorem and (78) yield (see [BFS2]):

Wi (65 (R, A5 (e, )]

. L
- L my+py o+ q
—e 2(71) Z Onp oM 1m16N7ZzIV=1"l H ( ygi ) ( L >

L=1 m1+m+pl+ql 1,2 =1 (105)

~ my,n (my). (7.. Y.\(n1) L P L=l sy
{DL [5; Hys { W e 2™ (R A) 00 |~ RS R0 } } :
= = M,N
where {f [(k‘, N (k, 5\)(")} }Symm denotes the symmetrization of f with respect to the variables
(k,A)™ and (k, X\)™:
{f [(k, )\)(m)’ (];7 5\)("):| }Symm

m,n

- - - . (106)
= m,n, Z Z f{ (1) Ar(1))s - - 7(k‘n'(m)a)‘ﬂ(m));(k"ﬁ'(l)a)‘ﬂ'(l))v--'v(k%(n)7>\7r(n))]a
TESy, TESH
and
~ o L — L-1
my,m my). n . P .
DL |:€ {Wpl lql l7 (kh)‘l)( l)7 (kl7)‘l>( l)}lzl ) {RO [Hf79]}l:1 :|

=

P1,91

(_g)nlz+nz+pz+qzxpo(a_|_TO) (¢0( ) ® €, Wmhnl[(kl )\1)<m1) (]f1 )\1)(”1)]
1

' (107)

RE[Hy + a + 103 0]W7272 (K, A2)72); (g, Ag)(72)] ..

P2,q2

RY[Hy + o 7 O]Wgr (o, M) ™) (R, An) )00 (8) @ ) X (e + 7).

pi1,9L

We have set:

-1

RU[H ;0] = P(9) [Hf(e)]_lﬁ(o):ﬁ(e) 1Ran(ﬁ(0))(ﬁo(9)fz)1Ran(F(9))} P(6), (108)
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and

Wren (g, \) ™0 (g, A) )] =

pi,q1

} : /3( o éml+pl,nl+ql [(kl, )\l)(mz)7 (y1, ’ul)(pz); (ifh S\l)(m)’ (gbﬂl)(ql); 9
R3(PrTa;
;4,l(m>€{112}pl .

ﬁ§q1)6{1,2}ql

02y a;l(pl) (yl(:ﬂz) )aﬂl(‘“) (gl(qz) )dyl(pz)dgl(qz) )

Besides,
l B L I nj ~ L m;
=Y+ 3 =33+ 3 Skl (110)
j=1 j=1+1 j=1i=1 j=l+1 i=1
We come now to the main point whose proof differs from [BFS2]: it is the purpose of the following

lemma.

Lemma 4.1 Assume that IA{Q‘]/ fulfills hypotheses (H_1,2) and (Hi/2).
Pick (k,\)™ in (R x {1,2})3™ and (k, \)™ in (R x {1,2})3". Let w, @ be two nonnegative real
numbers; let m,n,p,q € N be such that 1 <m+n+p+q < 2. Pick0 < py < 1.Then we have:

H‘Ba(m +w)[ 72wk, N) ™ (B, X)) [Bo (po + @)| 7Y 2”

m n ) (111)
< Cstepo’%’%‘spﬂvO H J1y2(kj) H J1y2(kj),
j=1 J=1

where By(po) is defined in (73).

Proof Recall that § := v is fixed with v > 0 sufficiently small. We note the following two

estimates which can be obtained in the same way as in [BFS3]:

H|Be(/)o)|_1 (ﬁat +z‘) H < Cite <1 + p10> , (112)
[1Ba(po)| " (Hy +w)|| < Cite (1 + ;)) : (113)

for all pg > 0 and w > 0.

We shall distinguish between the different cases m +n = i,p + ¢ = j such that 4,5 € {0, 1,2}
andi+j=1,2.

First, if m +n =0 and p+ ¢ = 1,2, using that fI[‘J/ fulfills hypothesis (H_1/2), in the same way

as in (76), we can see that:

- - Cste _
1Bo(o0 + ) =W 201 Booo + @)|~2|| < = po 112, (114)

14
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Assume now that m 4+n = 1,2 and p 4 ¢ = 0. Using (112) and hypothesis (H;/5), we write:

[ 1Botn + ) /2 W5 Gk, 2) 3 (B, )1 Bo (0o +2)| 72|

—1/2| 17 |12
< |[|Ba(po +w)| ‘Hat+1‘

‘ﬁatﬂ" / G [(k,A)W);(E,X)(");e} ‘f[at—&-i

~1/2
x |

~ 11/2 - l1/2
%[ Hae ] 1Bopo +2)

Cste _ " - 7
< O T ati) TT et
j=1 j=1

Finally, we have to deal with the possibility m +n =1 and p + ¢ = 1. For instance, we assume

that p =m =1 and n = ¢ = 0; the other cases can be treated in the same way. We compute:

[1Boto0 -+ =720, 210k, )™ Bo o +3)1 2

1Bo(po +w)| 72 5 Gao [(k, N); (y, 11): 0] ® @3 (y)dy| By (po + @)| /2
pn=1,2

1 ~ ~ 2 1/2
< |sup [ = |[Bapo+w)|"2Ga0[(k,N); (y, 11): 0] | Bo(po + & + y|)| =2 (Hy + [y)"/?|| dy
R3 |y|

pn=1,2
1/2

=1

2
X sup [Z R G O
pn=1,27%

We can easily see that the second term in the last line is less than 1. As for the first term, using
(112), (113) and the two hypotheses (H_1/2), (H1/2), we have:

1Bo (o0 + ) = 2Cia.0 106 2): (5, 12)56] [ Bolpo + & + DI =2 (Hy + )|
< |[CE + 1) 4 Ba(po + )74 x [|1Bolo + ) 74 Har + il
| 1FLas -+ 174G [, N)s (9, 10)3 6] 1 Flat + 11772

|1t + i1/1Bo o + @ + 1y |74 x [[1Booo + @+ w1~/ CHy + )4

Cste y|) ( 1 ) ( 1 ) ( 1y )]1/4
S LG A G A G 1+ Ty ja(k)J-
v K Po Po po + [yl po + |yl 1/2(k)J-1/2(y)

Cste
< =, po Y21+ [y 201 2 (k) T -1 2 (y).

This yields:

[1Bo (o0 + )72 W0 10k, N1 Bo(po + @)1~

Cste _ 1 12 Cste _
< o Y2015 (k) [/3 (1 + |y|> J—1/2(y)2dy} =—, A_1/9p0 21 2 (k).
-
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Thus the proof of the lemma is complete. O

Back to the proof of theorem 4.1
To finish the proof of theorem 4.1, with the help of lemma 4.1, it suffices to follow [BFS2], with
some simplifications due to the use of the smooth Feshbach map. Namely, using the identity
|Bo(po)|2¢0(0) @ Q = po'/?¢o(0) ® Q together with lemma 4.1 and the bound obtained as in
(74):

Cste

| 1Booo) R [Hy + a4 psf]| < =%, (115)

we get (see [BFS2], lemma 3.7)

1

~ - o~ L
‘DL {f; 7{Wﬁq’l"’,(kz,Al)(m’);(kz,Al)("’)}

=1

{rfmza) |

) (116)
J1y2(k;).-

,’:]z

L
< T[(Cagpot/2ymtmrsnsa =3 050 CAN TT s )]
=1

j=1 1

<.
Il

Here, C1,Cy denote positive real numbers depending respectively on v, A and A.

Inserting (116) into (105), we can obtain:

@5 163 s (6, NOD; (R, N
. s M N _ (117)
< po' T FMHEN) (Cagp 12 MEN M0 H J2(k;) H Jiy2(k;)
i=1 =
for some positive constant Cs.

Next, seeing the definition of the Banach space of Hamiltonians at the beginning of this sub-

section, we have to consider the derivative of l~)L[ ..] with respect to a.. To this end, we notice
that:
o) 5 7 —ivp -1 Ypo (Hf)2
Ro[Hy; 0] = [Pat(e)Hat(e) @1+e Py (0)® (Hy — Z)} +Pat(9)m, (118)
which yields
_ R 2 H:)o H
Ou, RolHy;6) = —e " Ro[Hy; 6] + Por(6) @ Xoo (H7)011, X (1), (119)
e"WHp —z
Using this together with Leibniz’ rule and the bound
Cste _
1Bo (o) | BT TH + 0+ s 0| < =, (120)
we obtain
~ S L-1
0aDs [5; o LWz Gk )00 G A0 Y L RE 01}~ ]
L (121)
H Crgpo~ 1/2 mitni+pita —%(M-i—N)CéWJrN HJ1/2<kj) H‘]l/?(kj)

1=

—

Jj=1
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Hence, inserting (121) into (105), we can get in the same way as in (117):

OuT 1€ (kN0 (R, 2) V)
M

N
< po 2 MHEN) (Cygpg~1/2)MAN+20r im0 H J1/2(k;) H J1/2(k;)
i=1 =
To conclude, we come back to the operator Hg)[z] defined in (98)-(100). The identity

H)l#] = & Uy Hest 200} ()4,

together with (103)-(104) implies that for any z € Dy /;:

H(O)[Z] = le<1 [E(O)[Z] + T(O)[Z;Hf] + W(O)[Z;Hf]] 1Hf<1,

with
0
Eg)[2] = w32, 0],
0 0
Tyl Hy) == Hy + wi [z Hy] = w2, 0],
0
W(O) [Z Hf Z WIE/I)N[Z Hf]
M+N>1
and
0 0 I
Wz(u,)N[Z;Hf] =y / ey (KD )w) [z Hys (k, ) ®D; (k, A) ™))
R3(M+N)

AM) g1,y M
AV eg1,23N

az o (KN dkM g,

furthermore, for all M + N > 0, wg\g) N 1s related to w n through

Wi (25 Hys (6, )03 (R, )|

= po?MFN1gell [ (‘Oi(Z);pon;(pokw\)(M);(pol?:,;\)(N)} :
Thus, (117) and (122) yield

[Tz s (e, ) P05 (o, )]+ |0ty 23 05 (5, )03 (R, )]
M N

< 200 M) (Cagpy /) MANF20m N0 H J12(pok;) H Jiy2(poks)
j=1 j=1

M N
3 _ -
< po2 M (Cygpo~t/2)MENF RO TRy V2 T T 12,
j=1 j=1
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(123)

(124)

(125)

(126)

(127)

(128)



where C4 denotes a positive real number.

In other words, H g [z] = H(Q(O) [2]) with Wy = (E(O),T(o), (w](&)’N)MJerl) and

sup | Eg)[z]| < Cag®po ",

Z€D1//2
sup || Tio)lz; 0] — af|; < 2Cag°p0 ",
2€Dy s H (0) ||T (129)
#
sup (wj(\%N[Z])M-‘rNZlH < Y (Csgpo'P)MIN < Csgpol?,
ZEDl//Q M+N>1

where Cs > 0, and where we have chosen £ > Cstepol/ 2,

Hence, the proof of the theorem is complete, except for the fact that Hg)[z] is analytic on
Dy/3. But since we have 0.Ro[Hy;0] = —Ro[Hy;0)%, one can see, as in (120)-(122), that
Bzwg\g?N[z; a; (k, \) (M) (l::, X)(N)] is bounded, which gives the analyticity of Hg[z]. O

To sum up, we have showed that Hg)[-] belongs to H(B(p/8,p/8)) for any p > 0, provided

1/2

that pp is less than dsinv/2 and that gpy~'/# is sufficiently small. Moreover, by construction,

H[] is isospectral to the initial Hamiltonian H () in the sense that:
2 € o(H)[2]) N Dyj2 < Z(g)(2) € o(HY (8)) N D,y o (130)

Now, we appeal to the results proved in [BFS2] and [BCFS]: the renormalization transformation
R, is defined for any w = (E, T, (wm,~v)m+n>1) in B(p/8,p/8) by:

Ry (H(wle]) — 2 := p™ UpFy,a1y) [H(w[Z 7 (2)]) — Z27(2),
BIZ7N ()] + T[Z7 (2); Hy] = Z71 (=) U

po

(131)

where the map Z is defined by

{616~ B[]l <p/2} = Dijp , & p7 (€~ E[E)). (132)
Then we have (see [BCFS]):

Theorem 4.2 Fiz p := (16Co)~2 and ¢ := (4Cg)~'p'/? where Co > 1 is a constant only
depending on the smooth function © defined in (64). Then,

€ €
R, H(B(3,) = H (B(5+5.5)) (133)
for any 0 < B < ¢ep, 0 < e < eg, where g9 := (8Co) " 1p.

Proof Note that the Banach space W that we have defined in this paper is different from
the one defined in [BCFS]; indeed, we have used a supremum in the definition of the norm (82),
where the authors used a L?-norm in [BCFS]. This modification allows us to simplify some

estimates, but this also requires that the proof of the present theorem to be modified. However,
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the modifications are straightforward, and we do not reproduce the proof here. (I

To conclude, we state a result which provides the existence of resonances for the Hamiltonian
HY/; its proof can be found in [BFS2], [BCFS]. We define for n > 1:

Hiyl]:=H ((E(n)7T(n)7 (w(Mn,)N)MJrNZl)) =R, (Hoyl]), (134)
and, as in (132),
1
Z(ny {Z € Dy, |z — E(n_l)[zH < p/Z} — Do, 2+ 5 (Z — E(n_l)[z]) . (135)

Notice that, choosing p, £, €9, 3, € as in theorem 4.2 and pg such that 0 < pg < min(p, d sin(v/2)),
we obtain from theorems 4.1 and 4.2:
€
Hll € H (B(B+¢,52)). (136)

for any n > 0, provided gp81/2

Then it is proved that:

is sufficiently small.

Theorem 4.3 Fix p and £ as in theorem 4.2. Pick py > 0 sufficiently small and assume that
g > 0 is also sufficiently small. Then, for all 8 =iv € D(0,6)), where v > 0 is chosen such that
po < 0sin(v/2), the spectrum of }NIX(G) is located as follows (see fig. 5):

J(ﬁ[‘;(e)) ﬂDPO/Q CE(oo)+K(oo) (137)

Here, E(so) = lim, . Z(_o; o Z(_S 0---0 Z(_nl) (0) is a simple eigenvalue of ﬁg(@), and K ()

denotes a complex domain contained in:
{e7"a+b0<a<1,|b<Ca’}, (138)

where T > 1 and C is a positive constant which can be chosen strictly less than 1 provided g is
sufficiently small.

Assuming moreover that (Hr,) is fulfilled, this implies that E ) is a resonance for ﬁg

E e,

E() Kio)

Figure 5: The spectrum of I?l‘]/ () around E; + e,

38



References

[AF] L. Amour and J. Faupin. The confined hydrogenoid ion in non-relativistic quantum elec-

trodynamics. preprint mp_arc, 06-78, 2006.

[BCFS] V. Bach, T. Chen, J. Frohlich and I. M. Sigal. Smooth Feshbach map and operator-
theoretic renormalization group methods. J. Funct. Anal., 203:44-92, 2002.

[BFS1] V. Bach, J. Frohlich and I. M. Sigal. Quantum electrodynamics of confined non-
relativistic particles. Adv. in Math., 137:299-395, 1998.

[BFS2] V. Bach, J. Frohlich and I. M. Sigal. Renormalization group analysis of spectral problems
in quantum field theory. Adv. in Math., 137:205-298, 1998.

[BFS3] V. Bach, J. Frohlich and I. M. Sigal. Spectral analysis for systems of atoms and molecules
coupled to the quantized radiation fields. Comm. Math. Phys., 207(2):249-290, 1999.

[CTDRG] C. Cohen-Tannoudji, J. Dupont-Roc and G. Grynberg. Processus d’interaction entre
photons et atomes. Edition du CNRS, 2001.

[CTDRG2] C. Cohen-Tannoudji, J. Dupont-Roc and G. Grynberg. Photons et atomes. Edition
du CNRS, 2001.

[K] T. Kato. Perturbation theory for linear operators. Springer-Verlag, 1966.

[RS1] M. Reed and B. Simon. Methods of modern mathematical physics, vol. I, Functional
Analysis, second edition, Academic Press, New York, 1980.

[RS2] M. Reed and B. Simon. Methods of modern mathematical physics, vol. I, Fourier Analysis,
Self-adjointness, Academic Press, New York, 1975.

[RS4] M. Reed and B. Simon. Methods of modern mathematical physics, vol. IV, Analysis of
operators, Academic Press, New York, 1978.

39



