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Abstract

We consider the Navier-Stokes equations in the thin 3D domain T? x (0,¢), where
T? is a two-dimensional torus. The equation is perturbed by a non-degenerate random
kick-force. We establish that, firstly, when ¢ < 1 the equation has a unique stationary
measure and, secondly, after averaging in the thin direction this measure converges (as
¢ — 0) to a unique stationary measure for the Navier-Stokes equation on T2. Thus,
the 2D Navier-Stokes equations on surfaces describe asymptotic in time and limiting
in € statistical properties of 3D solutions in thin 3D domains.
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1 Introduction

In this paper we study statistical properties of the Navier-Stokes equations (NSE) perturbed
by a random force in a thin three-dimensional domain. For the sake of definiteness and
for simplicity we consider the case of the free—periodic boundary conditions. Namely, let
0. = T? x(0,¢), where T? is the torus T? = R?/(11Z x lsZ) and € € (0,1]. Let z = (2/,x3) =
(z1,22,23) € O, and let

u(x) = (ur(x), ug(2), us(x)), @€ O,

stands for a vector field on O,. We consider the NSE in O,:

3
Oru — VAu—l—Zuj@ju—I—Vp =f in O x(0,+00), (1.1)
j=1
divu=0 in O x (0,400) and / ujde =0, j=1,2, (1.2)
O,
uw(z,0) =up(z) in O. (1.3)
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For the second assumption in (1.2) to hold we assume that the force f satisfies the same
relation: fo fijdr = 0, j = 1,2. The equations are supplemented with the following
boundary conditions:

' €T? (ie., uis (I1,ls)-periodic with respect to (x1,z2)),

and
usly,—. =0, Osuyl, _ =0, j=12, (1.4)
u3|z3:0 = O, 83uj|r3:0 = 07 j = 1, 2.

(free boundary conditions in the thin direction)

The force f = f¥(x,t) is assumed to be a bounded random kick-force:
F=Y m@)sr(t), (1.5)
k=0

where T > 0 is a fixed number, dpr(t) is the d-function in ¢, concentrated at kT, and the
kicks ;“, k > 0, are independent identically distributed bounded random variables in V.
Here and below V. is the space of divergence-free H!-smooth vector fields on O,, satisfying
(1.2) and (1.4) (see Section 2.1 for the exact definition).

The random kick-forced 2D NSE and similar to them equations, perturbed by random
kick-forces or white in time forces, have been studied recently by many authors, see [8, 14, 2,
7,13, 15, 16, 17] and references therein. Under suitable hypotheses, concerning the random
force, the existence of a unique stationary measure for the corresponding Markov process
has been established and properties of this measure have been studied. The results obtained
allow to study ergodic properties of this equation and make it possible to justify rigorously
basic hypotheses in the theory of 2D space-periodic turbulence (we refer to the survey in
[13] for details). However all these results deal with two-dimensional models only.

Our main goal in this paper is to extend some of results, available for the 2D case, to
the three-dimensional NSE, much more realistic from the applied point of view. By many
well-known reasons we cannot do it in full generality. Our main restriction is the so-called
“thin domain hypothesis” which allows us to profit from the recent developments in the
theory of PDE in thin domains.

The study of global existence of smooth solutions for the NSE in thin three-dimensional
domains began with the papers of Raugel and Sell [20, 21], who proved global existence
of strong solutions for large initial data and forcing terms in the case of periodic condi-
tions (PP) or mixed conditions (PD), i.e. periodic conditions in the vertical thin direction
and homogeneous Dirichlet conditions on the lateral boundary. After these publications a
number of papers by various authors followed, where the results for (PP) were sharpened
[10, 18, 19] and extended to the cases of Dirichlet [1], and other boundary conditions [22],
as well as to thin spherical domains [23] and thin two-layer domains [4]. See also [11] for
some improvements of all these results for the (PP), (PD) and even for free (FF) boundary
conditions. All these results deal with the force f which is Lo, in time.

In Section 5.1 we use the results from [22] to show that there exist a large set B. of
admissible initial data ug in V. and a large class of admissible kicks 1, for which problem
(1.1)-(1.5) possesses a global unique strong solution u® (x,t;ug, ) for all € small enough®.

Problem (1.1)—(1.5) is closely related to the 2D NSE on T? (see, e.g., [11] or [22]). To
describe this relation, for any integrable vector-field u(z) we define its averaging in the thin

1We speak about “large” data in the sense, standard for the theory of the 3D NSE in a thin domain (see,
e.g., [20] or [22]). Namely, initial data uo and kicks n;’*’ are admissible if for any C > 0 there exists g9 > 0
such that Z Z
g1 |Vugl?de < C and e ! |Vng“Pde < C for €< ep.
O¢ O¢

In particular, initial data and kicks with finite C'-norms are admissible.



direction z3 by the formula

(MEu)j(x) = i/os Uj(i’?/an) dn, j=1,2, (MEU)B(SU) =0, (16)

where x = (2/,z3) € O.. The operator M. defines an orthogonal projector in V. So
Ve=MV.® N V., where N.=1— M. (1.7)

Since M u is an x3-independent vector function with trivial third component, then it may
be identified with a 2D vector-field on T2. Accordingly, we identify M.V, with the space

V/:{ueﬂl(ﬂr?;R?): divu =0, / udsz}. (1.8)
’]1‘2

Using the result from [22] (see Theorem 2.2 below for the exact statement) one can show
that if up and 7’ are admissible and M.ug — Vg, Mcn” — 1§ as € — 0 for each k and w,
then

M.u®”(z,t;ug,e) — v (2',t) as e > 0.

Here u¥(x,t;up,€) is a strong solution to (1.1)-(1.5) and v* is a solution for the 2D NSE:

2

o —vA'v+ Zvjajv +Vp=f in T2 x(0,400), (1.9)
j=1
div'o=0 in T? x (0,400); / v(a' t)da’ =0, (1.10)
T2
v(a’,0) = Vp(a’) in T2, (1.11)

where fis the 2D kick-force
F= k@) e (t) . (1.12)
k

Here and below the prime indicates that we regard the differential operator as an operator
with respect to the variable 2’ = (z1, x2).

In this paper we are concerned with asymptotical in ¢ statistical properties of solutions
for the 3D NSE (1.1)-(1.5) with initial data in the admissible set B. and with their relations
to statistical properties of solutions for the corresponding 2D problem (1.9)-(1.12).

In our first main result (see Theorem 5.1 and Corollary 5.4) we assume that the kicks
satisfy some non-degeneracy conditions and the estimates 2

|M67716c|\7 < C(log 571)‘7’ |VN57]}2‘0,5 <Ce7,

where o < %, v < % and |- |o.¢ is the Lo-norm on O, with respect to the normalised measure
e~ tdx. We prove that for any 0 < 7 < T on the set B, of admissible initial data there exists
a unique Borel measure p7 which attracts exponentially fast distribution of all (admissible)
solutions for the 3D NSE (1.1)-(1.5), evaluated at time t = kT + 7, k — oo. The measure
ul is called the stationary measure for the process k — wu(-, kT + 7). This result is an 3D
analogy of the corresponding assertion for the 2D NSE.? Its proof is based on application
of the abstract theorem from [15, 16] (theorem’s statement is given in Section 3). The main
difficulty in applying the theorem is to check that the flow-maps of the free 3D NSE possess

?Note that the second estimate means that the ‘non-2D component’ Nenj (x) of a k-th kick is such that
its gradient may be as big as e~7, but the function itself is small and is bounded by € - e~ =l =7,

3The 2D result is first proved in [14], apart from the fact that the rate of convergence is exponential. The
exponential rate of convergence was established in [15, 16] and [17]. Detailed discussion and more references
see in [13].



the ‘squeezing property’ with respect to a finite number of leading modes, see Theorem 4.2
below.
Theorem 5.1 means that any solution u(x,t) of the 3D NSE defines the exponentially
mixing processes
k—u(kT'+71)eV., k=0,1,...,

parameterized by 7 € [0, T]. The mixing property implies that each solution u satisfies the
Strong Law of Large Numbers:

N-1

f(u(- kT + 7)) :/f(u)ug(du) a.s.,

and
t

T

Jim ¢ [ futoyds = [ f@dn as., )= [z
—oo Tt Jo T J

Here f is a locally Lipschitz functional on V. (or on a higher order Sobolev space if the kicks

are sufficiently smooth). The second convergence follows from the first one. Concerning the

first convergence we note that it follows from Theorem 5.1 by exactly the same argument

as in [13], Section 8.

Thus, for flows in a 3D domains O, stirred by a non-degenerate kick-force (1.5), our re-
sults justify two basic hypothesis of the statistical hydrodynamics: firstly, statistical proper-
ties of any flow u(t, z) fast approach a unique statistical equilibrium, described by a station-
ary measure, secondly, time-averages of observable quantities coincide with their averages
in ensemble. In particular, the correlation tensor of any flow converges to the correlation
tensor of the stationary measure:

E (uz(x, kT + T)uj (y, kT + T)) — /B (ul(x)uf(y)) ‘u;(du) as k — oo, (1.13)

for any 7 €1[0,7Y, i,5 € {1,2,3}, =,y € O,

and to calculate the correlation tensor of the measure one can replace the average in ensemble
by average in time.

We also note that the mixing, established in Theorem 5.1, implies that for any functional
f as above the processes N3 k — f(u(-,kT + 7)) and R 3 t — f(u(-,t)) satisfy the Central
Limit Theorem, cf. [13], Section 9. This result justifies for the 3D flows which we consider
the well known property of the 3D turbulence, stating that on large time-scales observable
quantities behave as Gaussian random variables.

Our second result (see Theorem 5.5 and Corollary 5.7) deals with limiting in € properties
of the stationary measures p7. There we assume that the kicks are nondegenerate and satisfy
the estimates

|M€ni|\~/ <C, |VN€77;|07€ <,

where C'is a fixed constant. Let us set Y7 = M, o pI (this is a Borel measure on the space
V, defined by the relations 97 (Q) = puZ (M 1(Q)). We show that if M.177* converge to ny
as € — 0 sufficiently fast, then the measures Y7 converge to the measures ¥7. Here Y7 is the
unique stationary measure for the process k — v(-, kT + 1) € V, where v(2’,1) is a solution
for the kick-forced 2D NSE (1.9), (1.10) with f as in (1.12).

As a consequence of these two results we obtain in Theorem 5.8 that for any admissible
solution u(x,t) of the 3D NSE the distributions of (M u)(z’,t) in V converges uniformly in
t to the distribution of v(a’,t), where v(a’,t) solves the 2D problem (1.9)—(1.12). This result
is much stronger than its deterministic counterpart (recalled in Section 2.1 as Theorem 2.2),
where the convergence is uniform only on finite time-intervals.



The assertions of Theorems 5.1 and 5.5 jointly show that under the iterated limit first
t — oo then € — 0 the statistical properties of solutions for the 3D NSE (1.1)-(1.5) converge
to those, described by the (unique) stationary measures 97 for the 2D NSE (1.9)-(1.10).
For example, applying first Theorem 5.1 and next Theorem 5.5 to the energy functional
1 [ |u(z)|? dz we can prove that

é11_r)r(1) kIHEOTEZ/ / e xg,kT—i-T)dxg) dx’ = / |U|2 V7 (dv)

for any solution w of (1.1)-(1.5) with initial data up = u§ from the admissible set B.. This
means that the long-time limit of the averaged energy of the horizontal component of the
3D Navier-Stokes flow in O, can be asymptotically calculated from the corresponding 2D
model by means of the ensemble averaging. Similar relations hold for full 3D energy and
enstrophy. See discussion in Section 7; also see there for more examples.

Finally we note that assertions, similar to Theorems 5.1 and 5.5, remain true with the
same proofs for the randomly kicked NSE in the thin spherical layer S x (0,¢) (see [23] for
corresponding deterministic results). This boundary-value problem may be used to model
statistical behaviour a planet’s atmosphere: the free boundary condition on the ‘sky’ S% x {e}
models the effect of gravity which keeps the atmosphere close to the planet, and the free
boundary condition on S? x {0} models interaction with the surface?.

The paper is organised as follows. In Section 2 we firstly recall the deterministic results
for the 3D NSE (1.1)-(1.4) with a regular force f which we use in the further considerations.
Then we define the kick-forced model, and describe our main hypotheses concerning the
kicks in Assumption (D). In Section 3 we quote an abstract result (see Theorem 3.2) on
random kick-forced evolutions, established in [15, 16]. Section 4 contains the statement of
several assertions which constitute the main ingredients in the application of Theorem 3.2 to
problem (1.1)—(1.5). The proofs are rather technical and defer to Section 6. Our main results
(Theorem 5.1 and Theorem 5.5) are formulated and proved in Section 5. In Section 7 we
discuss some hydrodynamical consequences of our results. In Appendix we briefly describe
spectral properties of the 3D Stokes operator with the boundary conditions (1.4).

Notation. We denote the integral of a function f against a measure p as [ f(u) p(du), or
as (f,p), or as {u, f). The symbol — indicates the weak convergence of Borel measures.
D¢ stands for the distribution of a random variable £&. A map between Banach spaces is
called locally Lipschitz if its restriction to any bounded subset of the domain of definition
is Lipschitz.

Acknowledgement. We are thankful to the London Mathematical Society for the financial
support of the visit of the first author to Edinburgh, when our research started.

2 The model

Our main goal in this section is to describe the random kick-forced 3D model. We start
with a short survey of known deterministic results.

2.1 Deterministic 3D Navier-Stokes equations
on a thin domain

In this subsection we introduce the main functional spaces and collect several known results
concerning the 3D NSE (1.1)-(1.4) with a regular force f. We mainly follow the approach
presented in [22].

4If we replace the free boundary condition on S2 x {0} by the non-slip condition ug2 x{0} = 0, then the
analog of Theorem 5.1 remains true, while the limit in Theorem 5.5 trivialises since now the solution goes
to zero with € in an appropriate norm (by the same argument as in Theorem 5.1 in [22]).



Let W, be the space of divergence-free vector fields v = (u;);=1,23 on O, such that

u € [HQ(OE)]?’, / ujdr =0, j=1,2,
O,

and condition (1.4) is satisfied. Let V; (respectively, H.) be the closure of W, in [Hl(Os)]3

(respectively, in [LQ((’)E)]B). We denote by |- |. the Lo-norm in H, and provide V; with the

norm
lulle = [Vl = [ac(u,w)]?

where s
ae(u,v) = Z/ Vu; - Vu; da.
j=170

We denote by A, the Stokes operator, defined as an isomorphism from V. onto its dual V.
by the relation
(Acu,v)vyr = as(u,v), u,veV;.

This operator extends to H. as a linear unbounded operator with the domain D(A.) = W..
Let II. be the Leray projector on H in (L?(0,))3. Then

(Acu)(z) = (- Au)(z), =€ O,
for every u € D(A4.) = W..
Now we consider the trilinear form
3
be(u, v, w) = Z / u; Ojuwydr, u,v € D(AL), we (L*(0.))>.

=170

It defines the bilinear operator B. : V. — V.’ by the formula
(Be(u,v),w)v. v: = be(u,v,w), wu,v,we V..

Now the system (1.1)—(1.4) can be written in the form

u +vAcu+ Be(u,u) = f,  u(0) = up. (2.1)
The following result concerning this system is known.

Theorem 2.1 ([22]) Assume that ug € V;, f € L®(Ry; H.) and

luolle +sup [ (2, )]s < Re), (2.2)
where R(e) satisfies
lin}) e%R(e) =0 (2.3)

with some Oy € (0,1/2). Then there exists a positive constant €9 = €o(R), depending on
the parameters of problem (1.1)—(1.4), such that for e € (0,eq], problem (1.1)-(1.4) has a
strong solution

ue C([0,T); Vo) N L*((0,T); W), VT > 0.

This solution is unique in the class of weak Leray solutions.



Let us consider the 2D NSE (1.9)-(1.11). Clearly

if v(z,t) is a solution of (1.9)-(1.11), then u(x’,x3,t) = (vi,ve,0)" (', 1) o4
satisfies (1.1)-(1.4), where f = (f,0) and uy = (Tp,0). 24

On the contrary, let u(x,t) be a solution of (1.1)-(1.3). Then the 2D vector-field M.u (see
(1.6)) converges to a solution of (1.9)-(1.10) when ¢ — 0. To state the corresponding result

we define the space V as in the Introduction (see (1.8)) and define the space H as the
Ly-space of divergence-free vector functions on T? with zero mean-value.

Theorem 2.2 ([22]) Let the hypotheses of Theorem 2.1 be in force. Assume in addition
that || M. u0||g and SUDcr M. f(t)|g are bounded uniformly in e and that there exist f €
L>®(Ry; H) and Ty € V such that

lirr(1) M. f(t) = f(t) for a.e. t, and lirr%) M.ug = vg
£e— e—s

in the sense of weak convergence in H. Then for any T > 0 we have

lim Mou(-) =v(-) in C(0,T); H) N L*((0,T); V), (2.5)

e—0

where v(t) solves the 2D NSE (1.9)—(1.11).
Theorem 2.1 allows to define the flow-maps S, T > 0:
SE A{lluoll: < R(e)y — Ve, STug = u(T),

where u(t) solves the NSE (1.1)—(1.4) with f = 0. Well known properties of the NSE (see
[5]) imply that for any T'> 0 and k € N

the map ST : {||lugll < R(e)} — V. N H*(O.;R?) is Lipschitz. (2.6)

We denote by {SO ; T > 0} the flow-maps of the 2D NSE (1.9)-(1.11) with f=0. They
are continuous in V and extend to continuous transformations of H. Due to (2.4),

ST e=S5 VT, Ve.
Similar to (2.6), for any T > 0 and k € N we have

the map Sg : H — H N H*(T?;R?) is locally Lipschitz. (2.7)

2.2 Random kick-forced 3D NS model

In this subsection we describe our model. We consider problem (1.1)—(1.4) with a random
external force which is a generalised vector-function of the form

=> ni(@)okr(t), m € H: Yk, (2.8)
k=1

where T > 0 is fixed and 7 (t) is a d-function concentrated at kT. Forces of this form
are called kick-forces, and the functions 7 (x) are called kicks. Corresponding solutions of
(1.1)—(1.4) are discontinuous in ¢. We normalise them to be continuous from the right. Then
the solution w of the problem (1.1)-(1.4) is

e a solution of the free (unforced) NSE for ¢ # kT, k € Z,



e at t = kT it has the jump 7% (z).

So the dynamics of the kick-forced NS model can be described by the following relations:

u(z,0) = uo(x),
u(x,(k+1)T) = STu(x,kT)+n5, (x) fork=0,1,2,..., (2.9)
w(z, kT +71) = STu(z,kT) if 0<7<T,k=0,1,2,....

We refer to [13, Sect.2.6] for some details concerning description of a kick model, based on
the 2D NS equations.
Our main hypothesis concerning the kicks {n%} is the following:

(D) The kicks n5,n5,... depend on ¢ and are V;-valued random variables, independent
and identically distributed, defined on a probability space (2, F,P). Using the basis
{ex;, ens, Jj = 1} (see Appendiz) we write them in the form

np =" = Z bj{jkw ex, (r) + Z l;j éj.,’ewe,\j (). (2.10)
J J

€ 1e : . e (e : .
Here 05, b5 are non-negative real numbers and &5, &5, are independent (scalar) random

variables such that
’ng‘k = P; (z)dz, Déj‘k = ﬁ;(f) dz
(D¢ stands for the distribution of a random variable ¢). The random variables and
the densities satisfy the following properties:
e p5(x) = pj(z) =0 for all [z| > 1 and for every € and j;
e cach pj and p5 is a function of bounded total variation;

e for each 7 > 0 and every j and £ we have

¥ ¥
/ p;(z)dz >0, / p;(z)dx > 0.

- -

Ezample: each &, (each éjk) is a random variable, uniformly distributed on a segment
[aj,bj} (on [CAlj,IA)jD, where —1 < a; < 0< b]’ <land —1< flj <0< (;j <1.

Remark 2.3 For a fixed € the hypotheses, imposed on the kicks, are exactly the same as
in Condition (D) in [15, 16] but written with respect to the basis {ex;,eas, j = 1}

Due to the first assumption in (D), concerning the densities p; and p5, without loss of

generality we can assume that the random variables [¢%, | and \€§k| are bounded by 1 for all
w. Therefore relations (8.2) and (8.4) imply that

IMenf 2 < e Y (b5)° =:eB°,  |Nerfill? < e D (05)° =: e B, (2.11)

for every e,k and w, where M, is defined by (1.6) and N, = I — M..

Our main goal in this paper is to show that the kick evolution in (2.9) is well defined on
some large subset of V. and to study its statistical properties.



3 Preliminaries on random kick models

Let H be a separable Hilbert space with a norm || - || and an orthogonal basis {e;}. Assume
that B is a closed bounded subset of H containing the origin, and S : B — B is a mapping,
satisfying the following conditions:

(A) There exists positive constants v < 1 and C such that
[Sull <Aflull and  [|Sur = Sus| < C[|Sur — Suz||
for all u,uq,us € B.

(B) There exists a sequence {b;} of nonnegative numbers such that

S Blley 2 < oo
j=1
and SB+ K C B, where

K= U:Zujej Dy <b; forallj>1
j=1

(C) The set SB is compact and there exists NV € N such that
1
||(I — PN)(Su1 - SUQ>|| < §H’U,1 — UQH for all wuq,us € B,

where Py is the orthogonal projector on the space Span {ey,...,en}.

Remark 3.1 Assumption (A) is a bit stronger than (A) in [15, 16]. However it is formulated
on a bounded subset of the space H. The invariance property in our version of (B) is different
from the corresponding requirement in [15, 16], where some kind of dissipativity is assumed.
We do not need any dissipativity hypotheses because we consider dynamics in the bounded
invariant set B. As for (C), the papers [15, 16] assume that this relation holds with the
factor 1/2 replaced by gy, where gy — 0 as N — oo. In this form the assumption also
implies the compactness of the set SB which is needed for the existence of an invariant
measure. However the analysis in [15, 16] shows that if we already know the existence of an
invariant measure, then for its uniqueness it suffices to require (C) with gn = 1/2 (see the
proof of Lemma 3.2 in [15]).

Now we consider a sequence {n;} of i.i.d. random variables in H, defined on a probability
space (2, F,P), having the form

me=nF =Y bi&he, k=12, (3.1)
J

The coefficients b; > 0 are the same as in Assumption (B) and ;i are independent random
variables, possessing the same properties as the random variables &5, and é‘;k appearing in
Assumption (D) in Subsect. 2.2.

Hypotheses (A)—(C) and the properties of {n;} allow to define a discrete-time random
dynamical system (RDS) on B by the relation

uF=SuF 4, k=1,2,..., wuo€B. (3.2)



Let us denote by M(B) the set of probability Borel measures on B, given the Lipschitz-dual
distance

diSt(:u‘7 19) = dlStM(B) (.ua 19) = Jscu8<:u - 197 f> 5 (33)
€

where

L=LB)={f:B—R: Lip(f) <1 and |f] <1}.

With this norm the set M(B) becomes a complete metric space, where the convergence in
the norm is equivalent to the x-weak convergence of measures, see [6] and [13]. This fact
holds for any set B which is a complete separable metric space. Since in our case B is
bounded, then, equivalently, £ may be replaced by the bigger (and more convenient) set Lo,
formed by all functions f on B such that Lip f < 1.

The RDS (3.2) defines transformations {¥y, k > 0} of the set M(B):

Ty(u) =9, Q) = / P{u" (ug) € Q} ju(dun) (3.4)

where the sequence u* = u*(ug) is calculated according to (3.2). Clearly they can be
extended to linear transformations of the space of signed Borel measures, and it is easy
to see that Wy = (U;)*. A measure yu is called a stationary measure for the RDS (3.2) if
Wi = p for each k.

The arguments, given in the proof of Theorem 1.1 from [16], lead to the following result:

Theorem 3.2 Let Assumptions (A)-(C) be in force and the kicks ni be given by (3.1) with
4. satisfying conditions in (D), and

bj#0 for 1<j<N,

where N < oo depends on the parameters of the equation and the kicks. Then the RDS (3.2)
has a unique stationary measure p and

dist(p, Up(9)) < Ce™* V0 € M(B),
with some C,c > 0.

We will apply this theorem to the evolution in (2.9). To do this we need to study further
the properties of solutions to problem (1.1)—(1.4) in order to verify the conditions (A)—(C)
above. We do this in the next section.

4 Flow-maps

We recall that {S?, T > 0} stand for the flow-maps of the NSE (1.1)—(1.4) =0, and introduce
the set
Be ={ueV.: |Mule <a(e), ||[Noull: <b(e)}. (4.1)

Here a(e), b(e) are positive real numbers such that R.(¢) = a(e) + b(e) satisfy (2.3), so
Theorem 2.1 insures that the flow-maps S are well-defined on B.. The following assertion
is proved in Section 6, as well as Theorem 4.2 and Proposition 4.4 below.

Proposition 4.1 For any To > 0 we can find g > 0 and k., € (0,1) such that if n € V.
satisfies
[Menlle < ksa(e), |Nenlle < kib(e),

where

lim
e—0 ale



and (2.3) holds with R, = a+Db, then for any T > Ty and € < g¢ the set B. is invariant for
the mapping
u— STu+n.

Besides,
15T ulle <Allulle for any ue B.. (4.3)

Let {ex,,Ax} be the eigenfunctions and eigenvalues of the operator A., corresponding
to the 2D Stokes operator (see Appendiz). We denote by Py the projector of V. on the
subspace Span{ey,,...,exy -

Theorem 4.2 Assume that a(e) and b(e) satisfy (4.2) and

a(e) < Chv/z {log ﬂ T e <o {log J " (4.4)

where 0 < o < 1/2. Take any uy,us € B.. Then for each T > 0 we have

e if o > 0, then there exists ey € (0,1] and for every § > 0 there is Cs > 0 such that for
e € (0,e9] we have

1

5
v
(57w = STl < Cs (2) ¥ T - wal. (45)

If 0 = 0, then this estimate holds with 6 = 0.

e For any q < 1 there exists eg > 0, and for € € (0,e¢] there exists N = N(e,T) such
that R
I(Z = Pv)(STur — STun)ll < qllur — sl (4.6)

Moreover, if 0 =0, then N may be chosen independent of €.

Remark 4.3 The assumptions in Theorem 4.2 allow the initial data and the vectors n to
be large. For instance, if both ug = (uo1,uo2, uo3) and n = (11, n2,73) are restrictions on O,
of C1(O1)-functions, then

[ Mcuo |2 + [[Neuo||2 < ecoluol|Zn o)

and
M2 + [ Nenl2 < ecollnllEn o,y

Therefore choosing a?(g) = coe (log %)3/4 and b?(e) = ¢ (log %)1/4 satisfying (4.2) and (4.4)
we can see that large values of uy and 7 are possible, when ¢ is small. In general, with this
choice of a?(g) and b*(¢), C*-norms of ug and 7 may be of order (log %)3/4.

The following assertion is useful in the study of limit behaviour as ¢ — 0 of random kick
evolution in (2.9).

Proposition 4.4 Under the conditions of Theorem 4.2 the set AESETBG is bounded in H.
for every €. Moreover, if gg is sufficiently small, then for any p > 0 there exist C(p) such
that for all0 <e <eg and 0 < 7 < T we have

sup {|A4257ul. 5 we B Jull < pvE} <€) (14 2 ) vE- (47)

W
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5 Main results

Now we are in position to state and prove our main results.

5.1 Well-definiteness of RDS

We return to the formal evolutions described in (2.9) and assume that the quantities B*
and B¢, defined in (2.11), satisfy the inequalities

VeBe < a,(e) and VeBe < by (5.1)
where a.(g) and b, (g) meet (4.2) and (4.4) with some o € [0,1/2). Let us set
a(e) = Cax(e), ble) = Cb.(e).

Choosing C sufficiently large we achieve that a(e) and b(e) satisfy assumptions of Proposi-
tion 4.1 and Theorem 4.2. In particular, the set B, (see (4.1)) is invariant for the RDS (3.2)
with S = ST and ny, = 0

ub = ST (W g, k=1,2,... (5.2)

Accordingly, the dynamics in (2.9) is globally well-defined for T > T and € < g, where
g0 = €0(Tp) is the same as in Proposition 4.1.
Thus, equations (1.1)—(1.4), where f is the random kick-force given by (2.8), defines in
B: the dynamics
ug — u(k;ug), k>0,

where u(k;up) = u(-, kT) and u(x,t) is calculated according to (2.9) (that is, according to
(5.2) with u® = ug).

Let us take any 7 € [0, T]. If u(z,t) is calculated using (2.9), then w7 := u(kT + T, -),
k> 0,5 is a trajectory of the RDS

= SI(SI7T (W) + ) (5.3)

(for 7 = 0 it coincides with the system (5.2)). For the same reasons as before (see also the
argument given in the proof of Proposition 4.1 in Section 6), the set B, is invariant for this
system for any 7 if ¢ < 1.

Our goal is to study asymptotical properties of the RDS’s (5.3) with 0 < 7 < T as
k — oo and their limiting properties as € — 0. We pay the main attention to the case 7 = 0,
i.e., to RDS (5.2).

5.2 Asymptotical behaviour of solutions

For the purposes of this subsection and of the next one it is convenient to provide the space
V. with the scaled norm
—1/2
I llo.e =21 - e -

Note that the basis {ex,, ez, j > 1} is a Hilbert basis of the space (Vz, || [|o,c) and that the

projection M, : (V.,|| - |lo..) — V has unit norm. We furnish the set B. with the distance,
corresponding to this norm. As in Section 3 we denote by M(B.) the set of probability
Borel measures on B, given the Lipschitz-dual distance (3.3) (with B := B.). The RDS
(5.2) defines transformations {¥5, k > 0} of the set M(B.) (see (3.4)). Due to the relation

(W5(9), g) = /B Eg (u(k; uo)) (duo)

5For 7 = T we define by continuity «*7T = lim, p_qu(kT + 7, -).
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it follows from (4.5) that the transformations ¥$ are continuous in the s-weak topology. We
note that U5 (J) = Du(-, kT), where u(z,t) is a solution (in the sense (2.9)) for the problem
(1.1)—(1.4) with f = f© given by (2.8), and g is a random vector, independent of the kicks
n,, k> 1, and such that D(ug) = 9.

The main result in this subsection is the following assertion.

Theorem 5.1 Let Assumption (D) and condition (5.1) be in force. Then for any Ty > 0
there exist eg € (0,1) and ¢y > 0 such that for T > Ty and 0 < € < g9 we have:
1) the set
B. ={u€V.: ||Mcullc <coas(e), || Neulle < cobs(e)}

is tnvariant with respect to the RDS (5.2).
2) There ezists N = N(e) € N such that under the condition

B5>0 VI<j<N, (5.4)

imposed on the kicks amplitudes in (2.10), the system (5.2), interpreted as an RDS in B,
has a unique stationary measure e, and

dist pq vy (e, Uep (09)) < Coecek 5.5
(Ve)

for every ¥ € M(B.), with some C¢,c. > 0.
3) Under the condition

C'"'<B.<C', B.<C' foralle and for some C' > 1, (5.6)

where the values B* and B¢ defined in (2.11), the number N in (5.4) does not depend on ¢.
Moreover, if, in addition, the random variables &y, and fjk do not depend on ¢, and (5.4)
strengthens as inf.~omini<j<n bj > 0, then the constants C. and c. in (5.5) can be chosen
independent of €, provided the initial measure ¥ satisfies the relation

supp? C B.nN{u e V; : |ulloe <c1}.
In this case the stationary measure p. is supported by the set
B ={u€eV.: ||Maulo-<C, | Neullo. < C} (5.7)
for some constant C > 0.

We recall that estimates (5.5) means the following: if u®(x,t), t > 0, is a random solution
of the kick-forced NSE (1.1)-(1.4) such that ug = uf € B. for every w and g € Lo(B:) (see
the notations in Section 3), then

|E g(u(-, kT)) — (g, pe)| < Cee™F for k>0. (5.8)

Proof. The invariance of the set B, follows from argument given in Subsection 5.1. To
prove the existence of a stationary measure for (5.2) we note that due to (2.6) SI'(B.) is a
compact subset in B, and we can use the standard Krylov-Bogolyubov procedure to prove
that a stationary measure exists (see, e.g., [13, Section 3.3] for some details).

The uniqueness of a stationary measure follows from Theorem 3.2 since the assumption
(5.4) with a suitable N = N(e) jointly with the established properties of the system (5.2)
imply that it satisfies the assumptions (A)-(C) from Section 3 and (D) from Subsection 2.2,
so Theorem 3.2 applies. Indeed, in the assumption (A) the first relation follows from (4.3)
and the second one follows from (4.5). Assumption (B) holds trivially by the statement of
Proposition 4.1. As for Assumption (C), the compactness of the set ST (13.) is established
above and the squeezing relation follows from (4.6). Finally, (D) is the set of assumptions
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which we have imposed on the densities p§ and pj. Consequently Theorem 3.2 implies the
uniqueness of a stationary measure and relation (5.5).

Under condition (5.6) we can assume that a.(¢) and b, (¢) in (5.1) satisfy (4.2) and (4.4)
with ¢ = 0. Then the set B, has a diameter of order one (with respect to the norm || - ||oc)
uniformly in € and the r.h.s. in (4.5) is independent of ¢, as well as the constant N in (4.6).
Moreover, the Lipschitz constant C' in (A) is e-independent. That is, all the data, needed
to apply Theorem 3.2, are independent from e. Thus N (), C. and ¢, in Theorem 5.1 can
be chosen independent of . °

Remark 5.2 Since the set B, supporting all relevant measures, is bounded, then the con-
vergence holds for locally Lipschitz functions g on V. (i.e., for functions, which are Lipschitz
on bounded subsets of V).

Remark 5.3 If g is a locally Lipschitz function on a Sobolev space H"(O.), n > 1, then
the convergence still holds, provided that the b-coefficients b5 and b5 decay with j sufficiently

fast. Indeed, if
5 (o gl + [
J

for some n > 1, then ||nj |+, (0.) < CL for each w € 2, where

b

2) <C: < (5.9)

Hn(O.) := D(AV?) ¢ H™(O,).

Since [|ST (u)|3,, (0.) < CL by (2.6), then now the stationary measure s is supported by
a bounded set in H,(O.). Due to the arguments in [13], Section 6.4, we have that under
the condition in (5.9) the convergence in (5.8) holds for any measurable function g which
is a locally Lipschitz function on H,,_1(O:). The corresponding constant C. depends on
g. In particular, if (5.9) holds with n = 3, then we can take g(u) = u'(x)u’(y), where
i,j € {1,2,3} and any z,y € O, are fixed. Since H*(O.) C C(O.), then g is a locally
Lipschitz function on H?(O.). Thus we obtain relation (1.13) claimed in the Introduction.

Corollary 5.4 Let the assumptions of Theorem 5.1 be in force and h be a locally Lipschitz
function on the space H'(O-;R3) for some | € N. Then for any 0 < 7 < T we have

|Eh(u(-, kT + 7)) — (h, u)| < Cepre™ % for k=0,1,.... (5.10)

Here pI = ST o p. and u is a solution of (1.1)-(1.3), where ug = uf € B for every w.
Moreover, if the assumptions of item 38) of Theorem 5.1 are in force and h € L(B.), then
the constants C' and ¢ may be chosen independent from £, 7 and h. So in this case

dist pq(ve) (12, Du(- kT + 7)) < Ce™ % Vi (5.11)
for every T € [0, T] and every e < &g provided that u(-,0) € BY.

Proof. Due to (2.9) the Lh.s. of (5.10) equals the Lh.s. of (5.8) with g = h o ST. Since
u € Be, then by (2.6) (h o ST)(u) is a bounded Lipschitz function on B.. Now the estimate
(5.10) follows from (5.8).

Under the assumptions of the second assertion, we use (4.5) to get that the function
C7tho ST € L(B?) for some C, independent from e, h and 7. Therefore the desired result
follows from item 3) of Theorem 5.1. .

Since {u(kT + 7,-),k > 0} is a trajectory of the RDS (5.3) in B., then by (5.10) the
latter has the unique stationary measure p] which attracts exponentially fast distributions
of all trajectories of the system.
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Let the initial condition uy in (1.1)-(1.3) be such that D(ug) = pe, and u(z,t) be a
corresponding solution. Then

Du(kT +7)=pl V7el[0,T], k=0,1,....

€

Abusing language, we call such solutions stationary (in fact, they are T-periodic in distri-
bution).

5.3 Limit ¢ — 0.

Theorem 2.2 suggests that statistical properties of solutions u(zx, t), averaged in 3, are close
to those of solutions for the 2D NSE. To prove corresponding results we have to strengthen
assumption (5.1) on the kicks nf. Namely, we assume the following:

(L) e The random variables §;, = &5, and éjk = fjk in (2.10) are independent of ¢;

° b§ — b;j as € — 0 in the sense that

1
1570 —bex, g = A7(1)5 —b;)? =0 as £— 0; (5.12)

J
e relations (5.6) are in force.

Let us define 2D kicks 7x = > b;{;rex, (2’) and consider the 2D kick-force
F=2 " 0ur(®)ii (). (5.13)

Clearly f = lim M. f¢, where f = f¢ is given by (2.8). Similar to the 3D case, the cor-
responding kick-forced 2D NSE (1.9)-(1.10) defines a continuous discrete-time RDS in the
space IN/, and defines the semigroup {W¥, k > 0} of continuous transformations of the space
of Borel measures on V. Moreover, this system extends to a continuous RDS in the space H ,
and the transformations ¥y extend to continuous (in the x-weak topology) transformations
of the space of Borel measures in H, see [13]. If

b; >0 Vj<N (5.14)

with a suitable N < oo, then by the same reasons as above this system has a unique
stationary measure 9. This is a Borel measure in V', supported by a ball of finite radius.

Due to (5.12), assumption (5.14) implies (5.4) if 0 < ¢ < go < 1, and Theorem 5.1
applies. For such ¢ let us denote ¥, = M, o ., i.e.

(Q) =p{ueB. : MueQ}.

Theorem 5.5 Let Assumptions (D) and (L) be in force and (5.14) holds with a sufficiently
large N. Then
Y. =19 as —0, (5.15)

where — stands for the x-weak convergence of measures in H and ¥ is the unique stationary
measure of the kick-forced 2D NSE (1.9)-(1.10) with f defined in (5.13). Moreover, if in

addition we assume that )
> s <c, (5.16)
J
then the convergence in (5.15) holds true in *-weak sense of measures on the space H>~% :=
H2=5(T2) NV, for every 6 > 0. In particular, if g is a continuous functional on C(T?;R?),

then
(9,9¢) — (9,9) as e = 0. (5.17)
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Proof. By Theorem 5.1 under condition (5.6) the stationary measure p. has its support
in the set B? given by (5.7). Hence, suppd. C {[|v||¢ < C} for each e. So by the Prokhorov
theorem the family of measures {J.,0 < & < g9} is precompact in the set of measures in H ,
given the x-weak topology. It remains to prove that any limiting measure ¥ of this family
equals ). Let us take a sequence €; — 0 such that J., — 0. By the Skorokhod representation
theorem (e.g., see [12]), on a probability space, for which we take the segment [0,1] given the
Borel sigma-algebra and Lebesgue measure, we can construct V-valued random variables ©
and {v, }, such that

D(ve,;) = Ve, , D(v) = ¥ and Ve, — U in V as.

We view them as random variables on the probability space Qpnew = [0, 1] % [0, 1], depending
only on the first factor, and for each j find a B.,-valued random variable uc; on ey such
that M.u., = ve; and D(u.;) = p.,, see below Lemma 5.9.

Next we construct on ),y random variables i new etc, distributed as &, etc and
independent from the previously constructed random variables. We define the random
vectors iy new and 7%, .,,, using these “new” random variables. Then

\Ijij (:uéj) = ID(SEJ;UEJ + Tﬁjnew) and \111(1951') = D(ngfj + ﬁl ne’w) .
Let ¢ be any continuous function on H such that Lip (9) <1and |g|] <1. Then

|<ga \1/1(7953'» - <97M€j ° \I]ij (ij»‘
= |E(g(Sg(v6J) + m new) - g(M&‘j (Sg; (ué‘j)) + ME]‘ (nijnew))|
< E(|Sg(vej) - Msj (Sg; (UEJ))| A 2) + E[n1new — Mej (nijnew)‘ .

Since Mcue, = v.; — 0 a.s., then by Theorem 2.2 the random variable in the first expectation
in the r.h.s. goes to zero with ¢; for each w. By (5.12) the random variable in the second
expectation goes to zero with ¢; uniformly in w. So the r.h.s. goes to zero with €; and the
rate of convergence is independent of g as above. Since M, o \I/ij (Maj) = M, o pe; = Ve,
then we have seen that

distM(H)(ﬂsj,\Ifl(ﬁaj)) —0 as ¢;, —0. (5.18)

As the transformation ¥y is continuous in M(H), then by (5.18) ¥ is a stationary measure
of the 2D NSE. So it equals .
To prove the second part of the theorem, we note that

1 1
[ Voo =2 [ (A = 2B [ JAML(STut ) i)

2 2
<2 [ IASTuReldn) + 2B [ AN Puc(du),
B: Be

€

where the second equality holds since . is a stationary measure. Since M.nf =Y b5€71en,
(see (8.2)), then due to (5.16) and (8.4) the second term in the r.h.s. is bounded by
Z(bj)%\? < (4. Since p. is supported by (5.7), due to Proposition 4.4 the first term is
< Cy. Hence, [g \Aou\fqﬁg(du) < (Cj for all &, and by Prokhorov’s theorem we conclude
that the family {¥.} is precompact in the %-weak topology of the space of measures on
H?~%_ This implies the desired convergence.

The convergence in (5.17) holds since for § < 1/2 the space H?~? is continuously em-
bedded in C(T?;R?). .

Remark 5.6 Note that the proof implies that the measures 9. and ¢ are supported by the
same ball {[jv|l¢ < C}.
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The following assertion shows that the convergence of M. opu? in the space H27° takes place
for 7 > 0 without condition (5.16).

Corollary 5.7 Let the assumptions of the first assertion of Theorem 5.5 be in force. Then
forany T >0

M.opl = Sfod =9 as e —0 (5.19)
in Borel measures in the space H>=% = H*79(T?) N 1% for every 6 > 0. Moreover, the rate
of convergence (5.19) in the space of measures in H is independent from T € [0,T].

Proof. Recall that uI = ST o p. is the unique stationary measure of the RDS (5.3).
Similarly, 97 is the unique stationary measure for the 2D RDS

obT = (ST ).

Arguing as in the proof of Theorem 5.5 we see that the convergence (5.19) holds in the space
H , and its rate is independent from 7. Since the measures y. with € < 1 are supported by
the ball (5.7), then by Proposition 4.4 the measures M, o ul are supported by a ball in the
space H2(T2) NV with the radius independent of . So they form a precompact family of
Borel measures on H279, and the assertion follows. .

In our last theorem we obtain an analogy of the assertion of Theorem 2.2 for distributions
of solutions to the random NSE. In difference with the deterministic situation, now an
analogy of convergence (2.5) holds uniformly in t > 0.

Theorem 5.8 Let us assume that condition (5.1) and Assumptions (D) and (L) hold. Let
T > T, and N € N (independent of €) be as in Theorem 5.1, and b; > 0 for j < N.
Let u®¥(t,x) be a solution of the random kick-forced NSE (1.1)-(1.3), where ug = ugy® is

a random vector independent of the kicks and such that ug” € B for each w. Assume

that Muy® — vg € V weakly in H for each w, and denote by v*(t, ') a solution of the
2D NSE(1.9), (1.10), (5.13), equal v at t =0. Then

dist gy (DM:u®(t), Do(t)) — 0 as € =0, (5.20)
uniformly in t > 0. Moreover, if (5.16) holds, then also
dist vq(gr2-5) (DMou® (KT), Dv(kT)) — 0 as € — 0
for any § > 0, uniformly in k > 1, where as above H>~% = H?>~°(T?) N V.

Proof. Let us fix any © > 1. Applying iteratively Theorem 2.2 on the time-segments
[0,T], [T,2T], ...we get that

sup |Mu™“(t) —v“(t)| g =: %”(c,0) =0 as € = 0 (5.21)
0<t<©

for each w. Accordingly, for any g € E(ﬁ ) we have

02115156 |E g(M:u®(t)) —Eg(v(t))] < Emin (2,3 (g,0)) =: (¢, 0),

where s1(¢,0) — 0 as € — 0, for each ©. So

dist (DM.us(t), Du(t)) < »1(,0) for0<t<O. (5.22)

M(RH)
If t = kT + 7 > O, then using (5.11) we get

dist g g (DMeu (1), M o p) < Ce /T,
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Similarly the solution v(t) satisfies

dist (Du(t),97) < Ce=®/T

M(B)
(see [13] and the beginning of this subsection). Using Corollary 5.7 we get from the last two
estimates that

dist ) (DM.u®(t),Du(t)) < 52(0) + se3() for t > ©

where 35 — 0 as © — oo and s3 — 0 as € — 0. Jointly with (5.22) this relation implies the
first assertion of the theorem.

Let us assume (5.16). Then due to relation (4.7) applied to each interval [kT, (k + 1)T1,
for t > T, e < ¢ and all w we have |[M.A.u®(t)|g < C. Similar using (2.7) we find that
|Agv(t)| g < C1. Interpolating these inequalities with (5.21) we get

sup |Mous“(t) — v¥(t)|g2-s =: 55(¢,0) = 0 as € > 0
0<t<®
for each w. Now arguing as above and using the second assertion of Theorem 5.5 we complete
the proof. .

In the lemma below the segment [0,1] is given the Borel sigma algebra and Lebesgue
measure.

Lemma 5.9 Let A and B be complete metric spaces (infinite and non-countable), given
Borel o-algebras, u be a Borel measure on A x B and & be a measurable map [0,1] — A
such that D(§) = p1, where py is the projection of the measure p to A. Then there exists a
measurable map n : [0,1]?> — B such that the distribution of the map &€ x n:[0,1]> — A x B
is pu. Here we extended € to a function on [0,1]2, depending on the first factor only.

Proof. Since both spaces A and B are measurably isomorphic to the segment [0,1], given
the Borel o-algebra ([6], Section 13.1), then without loss of generality we may assume that
A = B =10,1]. By the theorem on the conditional distribution ([6], Section 10.2) we can
write v as p(dadb) = py(da)us(a; db). Here ug is measurable in the sense that the function
F(a;b) = p(a;[0,b]) is measurable both in a and b. Since F' as a function of b is continuous
from the right, then it is measurable as a map of Borel spaces [0,1]? — [0, 1]. Let us define
the function p(a,y) : [0,1]2 — [0,1] by the relation

pla,y) = inf{7: F(a,7) > y}.

It is measurable, monotonic in y and continuous from the right. The mapping [0,1] 2 y —
pla,y) transforms the Lebesgue measure dy to the measure p(a; db) ([6], Section 9.1). Now
we set n(x,y) = p(&(z),y). The mapping & x n : [0,1]2> — A x B possesses the desired
properties. °

6 Proofs of results stated in Section 4.

6.1 Preliminaries

The following properties established in [22] are important in the further considerations.
(i) M.V'=V'M, and N.V’' = V'N,, where V' = (0,,,0x,,0).
(ii) For all u,v € Hl((’)g)3 we have [, VN.uVM.vdx =0 and

ul2 = [NeulZ + [MeulZ,  |ull? = [ Neull? + | Meul2. (6.1)
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(iii) For all u,w,v € V. we have
be (u, w, Mov) = be(Meu, Mew, Mcv) 4 b (New, New, Mov) (6.2)

and
be (u, w, Nov) = be (New, w, Nov) + be (Meu, New, Nov). (6.3)

(iv) If u € D(A.), then M.u € D(A;) and
AN.u= N.Au, AM.u= M.Au.
(v) If u e D(A.), then

be(Mou, Mou, A M v) = bo(Mou, Mou, AgM.v) =0, (6.4)
where 90 is the 2D trilinear form and Ag is the 2D Stokes operator on T? (i.e., in the
space H).

(vi) If u € D(Ae), then A,u = —Au and (see Lemma 2.5 [22])
3 2
82u 2
< JAcul} oy, Vu€D(A). (6.5)
Zz,j: 6%‘1633] L2(0.) 2(0¢)

As in [22] we also use the “thin domain” analogues of the classical Poincaré, Agmon and
Ladyzhenskaya inequalities given in the following assertion.

Lemma 6.1 ([22]) There exist positive constants ¢ and ¢q, 2 < q < 6, such that for all
e € (0,1] the following inequalities hold true:

|Ncu|. < e|03Nou|,, for allu €V, (6.6)
(Poincaré’s inequality);
3 2 3/4
2
1/4 8 N u
|N5u\(Lm(@E))3 S C|NEU‘(L2(OE))3 Z 8.%'8; (67)
i,j z J1L2(0:)

for all uw € D(A;) (Agmon’s inequality);
|Nsu‘%m(oe))3 < e O "D/ Now||? for allu e V., 2<q<6, (6.8)
(Ladyzhenskaya’s inequality).

We will also use the following version of Lemmas 3.1 and 3.2 of [22] (in the case when the
external force is absent, f = 0).

Lemma 6.2 ([22]) Let the hypotheses of Theorem 2.1 be in force and u(t) be a solution to
(1.1)—(1.4) with f =0. Assume that

[Meuolle < ale), [|Neuolle < b(e),

where Ry (g) = a(e) + b(e) satisfy (2.3). Then there exists T'(e) > 0 such that T(g) — +o0
and for all 0 < t < T(g) the following inequalities hold:

IVl < e em {75 | (6.9)
/t |A.Nou(s)|?ds < 2 V2 (¢), (6.10)
0 v
| Mou(t)||? < a®(g) exp {—vAit} + c1(v)eb*(e), (6.11)
/ | A M_u(s)|2ds < ga2(<€) + c1(v)eb?(e). (6.12)
0 v

Here above Ay is the first eigenvalue of 2D Stokes operator Ag.
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6.2 Estimates for the trilinear form

The following estimates are proved in [22] in the case when u = w. The proof given below
is a slight modification of the argument from [22].

Lemma 6.3 For every 0 < 1/2, there exist positive constants €g, ¢ such that for all € €
(0,€0), u,w € D(A.), v € (L*(0.))3, we have

|be (Mou, Now, v)| < ce?||Mou). - |Ac Now. - |v].c; (6.13)
|be (N, w,v)| < ce™?|A-Noul. - |wl|e - [v]e; (6.14)
b.(Nou, Now,v)| < ce'/?||Noulle - |AcNew)e - vle. (6.15)

Proof. ESTIMATE (6.13): Since (M.u)s = 0, we obviously have that

3
|be(Mu, New, v)| < ZZ/@ |(Mew);| (85 New)i [vr] da.

Applying Hoélder’s inequality, we obtain

|be (Meu, New,v)| < Z Z |(Mau)j‘Lp1(oE) (9, NEUJ)1|LP2(OE) |Ul|L2(o£) )
=11=1

where p; ! +py ! =1/2, 2 < p2 < 6. Since 9;New = N.9jw for all w € D(A.) and j = 1,2,
we can use (6.5) and (6.8) to write

105 (New)il prago,y < ¢ 2 95 Newll, < 5 |AcNowl, .
for any [ = 1, 2, 3. One can also see that
|(Mzu) = et/m |(Mcw);] e, (12) S cet/m |(M5u)j|H1(T2)
< eV (Meu)y). -
Therefore inequality (6.13) with 6 = 2/py — 1/2 follows.
ESTIMATE (6.14): Using (6.7) we get that

/| @0 ] da
O

((New)jl oo 0,y [O5w)il L2 0, V1] 200,

J |LP1 (0.)

NE
N

|b5(N5U,w,’U)| S

.

Il
-
~

w
o

<

N

11

< c|Neul J AN |w]), o], .

<.
Il
Il

-

1/2

By (6.6) we have that |[Nou|, <€ ‘A Neu‘ < e?|A.N.u|_, and (6.14) follows.
€

ESTIMATE (6.15): We obviously have that

b (Now, Now, v)] < ZZ/|Nu (8, New)| v da

J=li=1g,
3
< YD Nl s oo 1O Newhil ooy 101l 120,y
j=11=1
3
< c|Naufps o, Z |8jN5w|L6(OE) [v]. .
j=1
Thus by (6.8) we obtain (6.15). o
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6.3 Proof of Proposition 4.1.

Applying (6.9) and (6.11) with a(e) = ||[Meue(t)||e and b(e) = ||[Nouc(t)|. instead of a(e)
and b(e) yields

||u5(t)H? = ||M5u5(t)||§+||N5u5(t)Hg

62(5) exp {—v\it} + 01554(5) + 52(5) exp {_V;}

IN

IN

[a?(e) + 52(5)] max {exp {—vAit}, c1eb?(€) + exp {2”;2}} :

Thus T
HSETuOH2 < ||u0|\g max {exp{—l/)\lTo} , 015R2(8) + exp {—;63}} .

for all T' > Ty. Therefore we can find g and 0 < v < 1 such that (4.3) holds.
Now we prove the invariance of the set B.. From (6.9) and (6.11) we have that

|AY2N_[u(T) + n]|. < b(e) exp {—ZgTZ} + ki b(e)

and
AVMLIT) ol < ale)exp {251 4 1B (E) + (o),

Thus the set B. given by (4.1) is invariant with respect mapping u — STu + 7 if

T
exp{—zgg} +he <1

and

c1yV/Eb3(E) < ale) [1 — exp {_”;TO} _ k} .

Now we can choose k, = 5 [1 — exp {—%31Ty }] and, due to (4.2), find &9 = £o(Tp) such that
the inequalities above hold for all € € (0, ¢eg).

6.4 Proof of Theorem 4.2.

Let uy(t) and uz(t) be two strong solutions to 3D Navier-Stokes problem (2.1) with f = 0.
Then the difference u(t) = uq(t) — u2(t) satisfies the equation

v + vAcu + Be(u,u1) + Be(ug,u) = 0. (6.16)
Step 1: Preliminary estimate for N.-component.
Multiplying (6.16) in H. by A.N.u we get

Ld

5 3 |AY2N u|? + v|AcNoul? + be (u, ur, AcNouw) + be(ug, u, AcNow) = 0. (6.17)

Now we estimate the trilinear terms in (6.17). By (6.3) we have
be(u, uy, Ac Nou) = bo(New, uy, Ae Now) + be (Meu, Neuy, Ac Neow)
By (6.14) and (6.13) we obtain

|be (New, ur, Ac Neu)| < cet/? [ ||| A Newl 2
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and
C
|be (Mo, Nouy, AcNou)| < 6| AcNou|? + 3 20| Mou||?| Ac Nouy |

for any 0 > 0, where 0 < 6 < 1/2 can be chosen in arbitrary way.
Similarly

be (u27 U, AENEU) = be(Nsu27 U, AENEU’) + b, (Msu2a N:u, AENEU)7

where c
|be (Noug, u, Ac Now)| < 6| AcNoul? + 5 ellul|?| A Noug)?

for any § > 0, and

|be (Meug, Neu, AcNew)| < 659\|M5uz||5|Astu|g < cse||uQ||s|A5N€u\§.

Using in (6.17) these inequalities with suitable 6 > 0 we get that

1d
S INeull? + (v = co [/ 2 sl + lusll. ] ) A Neul?
< creflul|2|AcNeuso |2 + coe || Moul|Z| A News |2 (6.18)

for every 6 € [0,1/2). Under the hypotheses concerning a(e) and b(e), we have from relations
(6.9) and (6.11) in Lemma 6.2 that
2 lur(t)]e +€lluz(t)]s < e (loge™)”,

for any pair of initial data u1(0) and u2(0) from B.. Choosing 0 < g9 < 1 we get that

d
a||Ngu||§ + v|A.Noul? (6.19)
< 015||N€qu |A6NEU2|3 + C2529||M€”H3¢N(tv uy, uz),
for all 0 < € < g¢, where

Yt ur, uz) = [AcNeug ()2 + [A-Noua (1)[2. (6.20)

Step 2: Preliminary estimate for M.-component.
Multiplying (6.16) in H. by A.M.u we get

%%M;/?MEU@ + V\A€M€u|§ + b (u, ur, AcMeu) + be (ug, u, AcMou) = 0. (6.21)
As above, we estimate trilinear terms in (6.21). By (6.2) we have

be(u, uy, AcMou) = b (Meu, Meuy, Ac Mow) + be(New, Nouy, Ac Mow).
It is clear that

|be(Meu, Meuy, AcMew)| < cv/e|Meul|pacrey Y 105 Meus || pa(r) | Ac Mzul e

j=1,2

< evel|Meull gy | Meua || 2 (r2y | Ae Mol
C

< %”MEUHE|A6M6U1|5‘AsMsU|s

<

c
5‘A8Meu|g + EHMEu”aAeMeul@
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for every § > 0. As for the second term, by (6.15) we have that
|bo (Nott, Neu, Ac Mott)| < 6] AcMoul? + %||N€u||§|A8N€u1|§

for every § > 0.
Now we estimate the term b (ug,u, Ac M.u). As above we have that

be(ug, uy, AcMou) = b.(Meug, Mou, Ac Mou) + be(Neug, Nou, Ac Mow).

It is obvious that

|bE(MEu27MEu7AEMEu)| < c||M€u2||L°°(']l'2)||M6U||6|A5MEU|E
C
< %|A6M€u2|€||MEUHE|AEMEU‘E
<

S AMeuf? + | Mo A My
for every d > 0. It also follows from (6.14) that
[bo (N, Now, A-Mew)| < 8] AMeuf?2 4+ 5 [ Noul 2] AcNowol2, V0 >0,
Using in (6.21) the inequalities above with appropriate § > 0 we get
d 2 2
o 1 Meullz +v]A-Meul: (6.22)
< exel| Neul 2w (6w, ) + 2 [ Mo 2o (1,01, ),
where ¢y (t,u1,us) is defined above in (6.20) and
Yar(t,ur, ug) = |AcMouy (8)|? + |Ac Mous (t).

Step 3: Proof of (4.5).
It follows from (6.19) and (6.22) that

d
%HUI@ +Avul? < cllullZ9pe (¢, u, u2) (6.23)

where . (¢, u1,us) = €29 N (¢, u1, us) + e pr(t, ur,uz). By Lemma 6.2 we have that

a?(e)

t 20
1
/ Ve (T, uy, ug)dr < coe?®b%(e) + 017 +eabt(e) < ezt ey {log J
0

for all 0 < € < gg. Thus by Gronwall’s lemma from (6.23) we have that

t
lu@)? < ||U(0)||§exp{—)\thrC/0 ws(T,uhuQ)dT}

IN

20
1
[|lu(0)]|? exp {—Alut +c1+ce [log J } . (6.24)

Since 0 < o < 1/2, we have that ¢y [log %]26 < cs + 2510g%. Hence we arrived at the
relation

112
u(t)]2 < Cs L] w(0)|2e= ¥t ¢ € [0,T], ¥ > 0, (6.25)

which implies (4.5). If o = 0, then we recover from (6.24) estimate (4.5) with § = 0.
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Step 4: Main estimate for N.-component.
Since ||u(t)||? = || Nou||? + || M.ul|?, inserting estimate (6.25) in (6.19) yields
d _
T INeull2 + v ANeul2 < e =0 [u(O) [2n (£ w1, ua),
where ¥y (t,u1, us) is given by (6.20). Since by (6.6)
A Neuf2 > e | A2 Neuf2 = 72| Neu 2,

we obtain that
N < [N exp { =25} + s (o) 2 [ )
Now application of estimate (6.10) yields
IN-u(®)]2 < [ Neu(0) [ exp { - 5 ¢} + s =0 () [u0) 2
Thus under the hypotheses of Theorem 4.2 we have that
INcu()]le < [Nw(@)exp {555 ¢} + o lu(O)]le, 0<EST,  (6.26)
for every 0 < ¢ < 1/2, provided that u1(0), u2(0) € Be.

Step 5: Estimate for (I — Py)M_.-component.

Let 1/6 < v < 1/2 and Py be the (spectral) orthonormal projector on the first N eigen-
vectors of the 2D Stokes operator Ag and 0 < A; < Ao, ... be the eigenvalues of Ay. Let
w = (I — Py)M.u. Then w solves the following 2D problem in T?:

w' +vAow + (I — Py)M. [Be(u,uy) + Be(uz,u)] = 0.

Therefore
¢
w(t) = e_”AOtw(O) — / e~ VAo(t=7) (I — Pn)M, [Be(u,u1) + Be(ug,u)]dr.
0

Thus

2 2 —v 1
142wt g < (1A w(0)] ge ¥+t

t
—|-\I/,Y(t,u1,uQ) / ||A[1)/2+767qu(t——r) (I _ PN)HL(H)dT’
0

where

U (t,ur, ug) = Sel[lopﬂ | Ag " M. [Be(u(), u1 (1)) + Be(uz (1), u(7))]| g -

It is well-known (see, e.g. [3, Chap.2] that a positive operator Ag with a compact resolvent
satisfies

t
-l re
0 B AN 11
for every 0 < 3 < 1. Therefore,
1/2 1/2 _u C
145" *w(t)l g < 146" w(0)] ge™ ¥+ + T (¢, un, ua) (6.27)

N+1
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Now we estimate W, (t,u1,u2). We obviously have that
HA(;’YMSBs(uvul)Hg = Sup {(MsBs(uvul)vA(;%U)g Ve ﬁa ||v||g = 1}

1 _
= gsup{bg(u,ul,MEAavv) cveH, ||’UHH=1} : (6.28)
It is clear that
be(u,ur, Mo Ay "v) = be(u, Meuy, M. Ay "v) + be(Neu, Neug, Mo Ay "v).

To estimate the first term we note that
3

1/2
|be (u, Mouy, Mo Ay "v)| < C’||Mgu1||52[/ |Uj|2|(A07”)z|2d4

j,l=1

IN

1/3
CHME’UJ1H5|U|L6(OE) |:€ /2 |(Aa’7v)|3 dx:| .
T

Since H'/3(T?) C L3(T?) and v > 1/6, we have that

3
[ < U e < ol
We also haveS that |u|r,o.) < Ce™/3||ul|.. Therefore, applying (6.11) to the term || M.u |-,
we have that
[be (1, Meuy, MeAg"0)| < Cllul|Meus || ||vll g < C (ale) + vEb?(e)) lullllv]l g (6.29)
As for the second term, we obviously have that
|be (Neut, Neuy, McAGv)| < C'/P2 || Noug ||| Neulz, (0| MeAg "]z, (12),

where p; ' +py ! =1/2, 2 < p; < 6. Since H'~2/P2(T?) C L,,(T?), from (6.8) we obtain
that
b (Now, Ny, M. Ay "0)| < C°|| Nows | | Newllo | A5/ 770 g,

where 0 = 1/ps + (6 — p1)/(2p1) = 2/p1. We can choose p; = v~ and apply (6.9) to
||Ncu || to obtain that

[be (Net, Neur, Me Ay )| < Ce®Vb(e) [ Neulle||v]l g-
Using this estimate and also (6.29) in (6.28) we find that
HA "M B (u,uy Hﬁ < Cetd(e)|ul.,

where
d(e) = a(e) + Veb*(e) + 27b(e) (6.30)

for every 1/6 < < 1/2. A similar argument yields
|Ag " M. B (uz,u)|| g < Ce™td(e)]|ull- .
Therefore using (6.25) we obtain that
146
) o

Since || 4y *w(t)| g = /2 |[w(t)]., then now (6.27) yields the estimate

\I/A/(t,ul,UQ) < C[sd(ff) (

™ | =

1/2+46
Ol fwO)ee 4+ Coi@) () IO 631

where w(t) = (I — Py)M_.u(t), d(e) is given by (6.30), and 6 =0 if o = 0 in (4.4).

6The estimate follows from the Ladyzhenskaya inequality in the domain T2 x (0, 1) which transforms to
Oc¢ by the scaling transformation (z’,z3) — (2, ex3).
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Concluding step: Proof of (4.6).
Since (I — Py)u(t) = (I — Pyx)M.u(t) + Nou(t), we get from (6.26) and (6.31) that

I = Py)u(®)]s < a(N, e 6)][u(0)], (6.32)

where

3

v Csd(e) (1\ Y2+
q(N757t):exp{fﬁt}+6Xp{7V)\N+1t}+CQEQ+ )\1/2(_3 < ) .
N+1

Clearly for any T > 0 we can choose g9 > 0 and for ¢ < gy find N = N(e,T) such that
q(N,e,T) < q. Therefore (6.32) implies (4.6).

If o = 0 in relations (4.4), then 6 = 0 and, after choosing v = 1/4, we have d(¢) < C/e.
Thus the coeflicient in the last term of the expression for ¢(V,e,t) does not depend on &
and hence N may be chosen independent of .

The proof of Theorem 4.2 is complete.

6.5 Proof of Proposition 4.4

The first part follows from (2.6). To prove estimate (4.7) we start with an assertion which is
well-known for every fixed ¢ (see, e.g., [5]). We repeat the corresponding argument because
we need to control dependence of the constants on e.

Lemma 6.4 There exist positive constants €, ¢ such that for all ¢ € (0,e0), u € Vg,
w € D(Ae), v € He, we have

1B (u, w, 0)| < e 2 |uld 4 |u| 2w )| 2 Acw ]2 - ol (6.33)

Proof. We obviously have that

3 3
b (u, w,v)| < ZZ ‘“j|L4(oa) |8jwl|L4(oE) ‘vl|L2(OE) :
j=11=1

/

Transforming O, into O; by the scaling transformation (2, 23) — (z’,e 'x3) and applying

the well-known estimates for Ls-norm, we obtain that
il o,y < Ce 4 ul /4 |ul/4. (6.34)

Using a similar estimate for \8jwl|L4(OE) we arrive at (6.33). °

To continue with the proof of Proposition 4.4 we note that application of Lemma 6.2
with a(e) = b(e) = py/e yields

lu(®)]12 +/ | Acu(s)|2ds < c(p)e, t€[0,T]. (6.35)
0

It follows from (6.33) that
|B.(u,u)|e < ce ™2 ||ul|2/Acul2* < e8| Auft, te0,T).
Since u(t) satisfies (2.1) with f = 0, then

W+ vAcu|. < ce'/®|Aul?/* < 5|Acul. + Csv/e, tel0,T). (6.36)

26



for any ¢ > 0. This inequality with 6 = 1 and (6.35) give us that

/075 [u'(s)|?ds < c(p)e, t€0,T). (6.37)

The equation for w := v’
w' +vA.w+ Be(w,u) + Be(u,w) =0

implies that

1d
5@@@ + w2 < [be (w, u, ). (6.38)

Since ) )
b= (w, u, w)| < Cllulls [w]7ae,) < CVEW[iao,) -

then it follows from (6.34) that
b (w, u, w)| < Clwl?[lw|2? < vwl? + Clw]2.

Consequently (6.38) yields
t
WO < R +C [ )i 0<s<t<T
Integration of this relation with respect to s over the interval [0, ¢] yields
t
Huw()? < O(1+t)/ ho(r)2dr, 0<t<T
0

Since w = v/, then evoking (6.37) we get that
W) <C(1+t7Ye, 0<t<T,

which, due to (6.36) with 6 = v/2 implies (4.7). Thus the proof of Proposition 4.4 is
complete.

7 Some hydrodynamical consequences

In this section we use our results to study asymptotic properties of some quantities, charac-
terising fluid’s motion. We assume that the hypotheses of the first assertion in Theorem 5.5
are in force.

1. Energy. Let e(u) be the normalised energy of a flow u in O,:

1 1
clw) = o [ fule) do = 5 ful
O,

(note that e(u) = %\uﬁq if Mcw = w). Then

a) The averaged energy Ee(u(kT + 7)) of any solution u for (1.1)-(1.5) at time kT + 7
(0 < 7 < T) with the initial data from B, converges as k — oo to the energy of the
stationary measure [ e(u)pl(du) (we use Theorem 5.1 and Remark 5.2). Furthermore,
calculating the latter quantity one can replace the average in ensemble by the average in
time (cf. Introduction).

b) The following relation holds

lim e(u)pg (du) :/ e(v) 9" (dv) . (7.1)

e—0 B. g
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To prove (7.1) we note that by (6.1) we have that
1
[ etontan) = 5 [ a2z + 5 / Nzl (du), (7.2)

where BY is given by (5.7). However, under the conditions of Theorem 5.5 by (6.6) we have
that
|Nou|? < 2| Nou|)? < Ce?, we B (7.3)

So when e — 0 the second term in the r.h.s. of (7.2) disappears. Applying Theorem 5.5 to
the first term we get (7.1).

The obtained relation means that under the limit ¢ — 0 the averaged 3D energy per
unit volume of a stationary flow in O, converges to the averaged 2D energy per unit area
of a stationary 2D flow in T2.

c¢) Let the random force satisfies the hypothesis of Theorem 5.8, and u®(z, t) be a solution
of (1.1)-(1.5) such that ug = u§ € B? and Mu§ = vp. Let v(2’,t) be a solution of problem

(1.9)~(1.11) with the force f given by (5.13). Using Theorem 5.8 jointly with (7.3) we find
that the averaged energy of the 3D solution Ee(u(t)) converges to the averaged energy of
the 2D solution Ee(v(t)) as € — 0, uniformly in time ¢.

2. Enstrophy. Consider the normalised enstrophy functional

1 1
Qu) = ZHqu = 2—6/ |curl u(z)|? dz .
O,

a) Let the assumptions of item 2) of Theorem 5.1 hold, as well as (5.9) with n = 2. Then
the averaged enstrophy of any admissible solution u converges to the averaged enstrophy of
the stationary measure: EQ(u(kT + 7)) — [Q(u) pZ(du) as k — oo, for any 7. Assume
now that the kicks have zero mean—value

En;, =0 Vk.

Then E|u(T)|?2 = Elu(T — 0)|? + E[n$|2, so the energy balance relation for a solution u on
the segment [0, T takes the form

T
Elu(T) + 2B [ [u(r)[2dr = Blu(O)} + <D,
0
where

D. =c7'Elil2 = ) (55)°A7 ' E(E)? + ) (05)%(A5) T E(E)? (7.4)

Applying the energy balance relation to a stationary solution u we get that
/ dT/ w) pl (du) ! —D.. (7.5)
T
Accordingly, the enstrophy of any solution satisfies
t+T 1
—/ ds—>4TD as t — 00.

b) Assume assumptions of Theorem 5.8 (including (5.16)). If 7 > 0, then (4.7) implies
that Q(Nu(kT 4+ 7)) < C77'e, so by Theorem 5.8 for any 7 > 0 we have

lim Qu) pl(du) = /H Qv) 97 (dv) . (7.6)

e—0 B.
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Assume that the second term in the r.h.s. of (7.4) goes to zero with e (this is a mild
assumption since (A5)~" < & for each j). Then due to (5.12) D. — Zb?)\j_lEng-l, so by
(7.5) we obtain that

/dr/ w) pul du—>—Zb T'EE

But the r.h.s. of (7.6), integrated in dr over [0, T, also equals to the limiting value above (see
(3.12) in [13]). So the limiting relation (7.6), valid for 7 > 0, remains true after integrating
in dr over [0, T].

3. Correlation tensor. Assume that (5.16) holds. We have from (5.17) in Theorem 5.5
and from Corollary 5.7 that

lim [ () (@) () (o)l (du) = /H oYy (y) 07 (dv), ij e {12}, (T7)

e—0 B.

for any 7 € [0,7]. Here 2',9’ are any points in T?, for a function f(z) on O. we denote
(f)@) = e [ f(a',23)drs and 97 = Sj o¥. So the ‘horizontal’ components of the
correlation tensor for the stationary 3D solution, averaged in the thin direction, converge to
the correlation tensor for the stationary 2D solution.

If 7 > 0, then for the same reasons as above

e—0

i [ iz (dn) = [ ui(al)oy)07(@v) for i € (1,23},
B. B

Here z. € O, is any point of the form z. = (2/,z5(¢)), similar with y., and the r.h.s.
vanishes if : = 3 or j = 3.

3. Enstrophy production. The averaged enstrophy production for a 3D flow u in O,
equals

Eeq(u), where eq(u Z/ wi()w;(z)s;jdz.

Here w = curlu and s;; = %(Bjui + 0;u;) For a 2D flow we have eg = 0. If u is a 3D
flow, satisfying the boundary conditions in (1.4) then integrating by parts we find that
eq(u) = be(u,u, Acu). Therefore

/ dT/BO eq(u)uf (du) / dT/BO ), Acu(7)) pre (du)

However, by the symmetry relation in (6.4) we can write b, (u, u, A-u) as follows

be(u,u, Acu) = be(Meu, New, Ac New) + be (Neu, Meu, Ac New)
+be (Nou, Now, Ac Meou) + be (New, Nou, Ac Neow).

Now we use Lemma 6.3 and estimate (6.35) to obtain that

gl_r)r(l)g/ d’T/BOEQ Yz (du) =0

under condition (5.6), in agreement with the fact that for the limiting 2D flow we have
EQ = 0.
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8 Appendix: spectral problem for the Stokes operator
The spectral boundary value problem which corresponds to operator A, has the form
—Aw = w, divw=0 in O, =T?x (0,¢),

w(z’, x3) is (l1,l2)-periodic with respect to a’,

=0, j=12, (8:1)
0, j=1,2.

= 0, 83wj|
= O, 83wj|

w3 |$3:€ Tr3=¢&
w3|

x3=0 x3=0 =

fog ujde =0, j=1,2.

Using the decomposition (1.7), where the spaces M V. = V and N_V. are invariant for A
by iv) in Section 6.1, we see that the spectrum consists of two branches. Recalling estimate
(6.6) we find that these branches are: (i) the spectrum of the 2D Stokes operator A,
0 < A1 < A2 < ..., and (ii) series of eigenvalues 0 < A; < A§ < ..., depending on € and
greater than £=2 . We denote the corresponding eigenfunctions ex; and eA:- We have

Mse)\j = 6)\j 5 MseAj =0. (82)

2 2
The eigenvalues A; are properly ordered numbers (51 2”) + (52 21—:) , 8= (s1,82) € Z*\{0},

T
and
clj< A; < Cj for all 7, (8.3)
with some C' > 1 (see, e.g., [5]). We normalise the eigenfunctions as follows:

||e>\_7.||5 = ”e/\j”s = ﬁ vi. (8.4)

Then |[ey, ||y = 1 for all j.
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