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Abstract

For a model of atoms and molecules made from static nuclei and non-relativistic elec-
trons coupled to the quantized radiation field (the standard model of non-relativistic QED),
we prove a Mourre estimate and a limiting absorption principle in a neighborhood of the
ground state energy. As corollaries we derive local decay estimates for the photon dynam-
ics, and we prove absence of (excited) eigenvalues and absolute continuity of the energy
spectrum near the ground state energy, a region of the spectrum not understood in previous
investigations.

The conjugate operator in our Mourre estimate is the second quantized generator of

dilatations on Fock space.

1 Introduction

According to Bohr’s well known picture, an atom or molecule has only a discrete set of sta-
tionary states (bound states) at low energies and a continuum of states at energies above the
ionization threshold. Electrons can jump from a stationary state to another such state at lower

energy by emitting photons. These radiative transitions tend to render excited states unstable,
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i.e., convert them into resonances. Exceptions are the ground state and, in some cases, ex-
cited states that remain stable for reasons of symmetry (e.g. ortho-helium). In non-relativistic
QFED, the instability of excited states finds its mathematical expression in the migration of
eigenvalues to the lower complex half-plane (second Riemannian sheet for a weighted resol-
vent) as the interaction between electrons and photons is turned on. Indeed, the spectrum of
the Hamiltonian becomes purely absolutely continuous in a neighborhood of the unperturbed
excited eigenvalues [7, 5]. The ground state, however, remains stable [4, 5, 16]. The methods
used to analyze the spectrum near unperturbed excited eigenvalues have either failed [7], or
not been pushed far enough [5], to yield information on the spectrum of the interacting Hamil-
tonian in a neighborhood of the ground state energy. The purpose of this paper is to close
this gap. We establish a Mourre estimate and a corresponding limiting absorption principle
for a spectral interval at the infimum of the energy spectrum. It follows that the spectrum
is purely absolutely continuous above the ground state energy. As a corollary we prove local
decay estimates for the photon dynamics.

In non-relativistic QED (regularized in the ultraviolet), the Hamiltonian, H, of an atom or
molecule with static nuclei with is a self-adjoint operator on the tensor product, H := Hpart ®F,
of the electronic Hilbert space Hpart = AN, L?(R3; C?) and the symmetric (bosonic) Fock space
F over L?(R3,C?; dk). It is given by

N
H=> (-iV,, +a*?A(az;))* + V + Hy, (1)
=1

where N is the number of electrons and « > 0 is the fine structure constant. The variable

x; € R? denotes the position of the ith electron, and V is the operator of multiplication

by V(z1,...,2n), the potential energy due to the interaction of the electrons and the nuclei
through their electrostatic fields. In our units, V' (z1,...,zy) is independent of & and given by
Vizy,...,x
e =33 A

The operator Hy accounts for the energy of the transversal modes of the electromagnetic field,
and A(z) is the quantized vector potential in the Coulomb gauge with an ultraviolet cutoff. In
terms of creation- and annihilation operators, a3 (k) and ay(k), these operators are
Hy= 3 [ @Hlklai (k)ar(h)
A=1,2

and

= 3 [ + e asm), )

A=1,2
where A\ € {1,2} labels the two possible photon polarizations perpendicular to k € R3. The

corresponding polarization vectors are denoted by e)(k); they are normalized and orthogonal
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to each other. Thus, for each z € R3, A(z) = (A;(x), Aa(x), A3(x)) is a triple of operators
on the Fock space F. The real-valued function k is an ultraviolet cutoff and serves to make
the components of A(x) densely defined self-adjoint operators. We assume that x belongs to
the Schwartz space, although much less smoothness and decay suffice. We emphasize that no

infrared cutoff is used; that is, (physically relevant) choices of k, with

r(0) # 0 3)

are allowed. The spectral analysis of H for such choices of x is the main concern of this paper.
Under the simplifying assumption that |x(k)| < |k|?, for some 3 > 0, the analysis is easier and
some of our results are already known for 3 sufficiently large; see the brief review at the end
of this introduction.

The spectrum of H is the half-line [E, o), with E = info(H). The end point F is an
eigenvalue if N —1 < >, Z; [6, 16, 19], but the rest of the spectrum is expected to be
purely absolutely continuous (with possible exception as explained above). For a large interval
between E and the threshold, 3, of ionization, absolute continuity has been proven in [7, 6]; but
the nature of the spectrum in small neighborhoods of E and ¥ has not been analyzed. There
are further results on absolute continuity of the spectrum for simplified variants of H, and we
shall comment on them below. Our main goal, in this paper, is to analyze the spectrum of H
in a neighborhood of E. Under the assumption that e; = inf o(Hpart) is a simple and isolated
eigenvalue of Hpary = — Zf\i 1Ay, +V, we show that o(H) is purely absolutely continuous in
(E, E+egap/2), where eg,p, = €2 —eq and ey is the first point in the spectrum of Hpart above e;.
It follows, in particular, that H has no eigenvalues near F other than E, and, as a byproduct
of our proofs, a local decay estimate is obtained for the photon dynamics.

Our approach to the spectral analysis of H is based on Conjugate Operator Theory in its
standard form with a self-adjoint conjugate operator. Our choice for the conjugate operator,

B, is the second quantized dilatation generator on Fock space, that is,
1
B=dr(h),  b=g(k-y+y-k), (4)

where y = iV} denotes the “position operator” for photons. The hypotheses of conjugate
operator theory are a regularity assumption on H and a positive commutator estimate, called
Mourre estimate. Concerning the first assumption we show that s — e =5 f(H)e!B%q is twice
continuously differentiable, for all ¢ € H and for all f of class C5° on the interval (—oo, )

below the ionization threshold . Our Mourre estimate says that, if « is small enough, then
Ea(H — E)[H,iBIEA(H ~ E) > {- Ba(H — B), (5)

for arbitrary o < egap/2 and A = [0/3,20/3]. As a result we obtain all the standard conse-

quences of conjugate operator theory on the interval (E, E+egap/2) [21], in particular, absence



of eigenvalues (Virial Theorem), absolute continuity of the spectrum, existence of the boundary
values

(B)™*(H — A%i0)"1(B)"* (6)

for A € (E,E + egap/3), s € (1/2,1) (Limiting Absorption Principle), and their Holder conti-
nuity of degree s — 1/2 with respect to A. This Holder continuity implies the following local
decay estimate: if f € Cj°(R) with supp(f) C (E, E + €gap/3), then

1

I(B) e F(H)(B) ™| = O(=75),

(t — 00),

which is a statement about the growth of (B) := (1 + B?)Y/2 under the time evolution of
states in the range of f(H)(B) °. Such estimates are useful in scattering theory. See [13] for
a discussion of this point.

The idea to use conjugate operator theory with (4) as the conjugate operator is not new

and has been used for instance in [7]. It is based on the property that
[Hy,iB] = Hy

and that H; is positive on the orthogonal complement of the vacuum sector. There is an
obvious problem, however, with the implementation of this idea that discouraged people from
using it in the analysis of the spectrum close to E: if o/2W = H — (Hpart + Hy) denotes the
interaction part of H, then

[H,iB] = Hy + 3/*[W,iB], (7)

and the commutator [W,iB] has no definite sign. It can be compensated for by part of the
field energy Hy so that Hy + o/ 2[W, iB] becomes positive, but only so on spectral subspaces
corresponding to energy intervals separated from E by a distance of order o? [7]. For fixed
a > 0 no positive commutator, and thus no information on the spectrum is obtained near
E =info(H). For this reason, Hiibner and Spohn and, later, Skibsted, Dereziriski and Jaksi¢,

and Georgescu et al. chose the operator

B= %dF(/%-ery-/%), k= ‘Z

or a variant thereof, as conjugate operator; see [18, 22, 9, 14]. It has the advantage that,
formally, [Hy, ZB] = N, the number operator, which is bounded below by the identity operator
on the orthogonal complement of the vacuum sector. It follows that [H, ZB] > %N , for a > 0
small enough, and one may hope to prove absolute continuity of the energy spectrum all the
way down to inf o(H). The drawback of B is that it is only symmetric, but not self-adjoint,
and hence not admissible as a conjugate operator. Therefore Skibsted, and, later, Georgescu,

Gérard, and Mgller developed suitable extensions of conjugate operator theory that allow for

non-selfajoint conjugate operators [22, 14]. Skibsted applied his conjugate operator theory
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to (1) and obtained absolute continuity of the energy spectrum away from thresholds and
eigenvalues under an infrared (IR) regularization, but not for (3). For the spectral results of
Georgescu et al. see the review below. Given this background, the main achievement of the
present paper is the discovery of the Mourre estimate (5). We now sketch the main elements
of its proof.

1. As an auxiliary operator we introduce an IR-cutoff Hamiltonian H, in which the inter-
action of electrons with photons of energy w < o is turned off. It follows that H, is of the

form

H, =H°®1+1® Hy,,

with respect to H = H° ® F,, where F, is the symmetric Fock space over L(|k| < o;C?)
and Hy, is dI'(w) restricted to F,. We show that the reduced Hamiltonian H? does not
have spectrum in the interval (E,, E, 4+ o) above the ground state energy E, = info(H,) =
info(H7). It follows that, for any A C (0,0),

EA(HU —Eg) :PJ®EA(vag), (8)

where P? is the ground state projection of H?.

2. We split B into two pieces B = B, + B? where B, and B? are the second quantizations
of the generators associated with the vector fields n2(k)k and n?(k)%k, respectively. Here
Ne,n° € C®(R3) is a partition of unity, n2 + (n°)? = 1, with n,(k) = 1 for |k| < 20 and
n?(k) =1 for |k| > 4o0. It follows that B® = B ® 1 with respect to H = H? ® F,, and that
[H,B°] = [H?,B?] ® 1. Thus (8) and the virial theorem, P°[H?, B°]P° = 0, imply that

Ea(H, — E;)[H,iB°|En(Hy — E;) = 0. (9)
3. The first key estimate in our proof of (5) is the operator inequality
‘ o
Ex(Hy — Ey)[H,iBs|Ea(Hy — Ey) > gEA<Ha — Ey) (10)

valid for the interval A = [0/3,20/3] and a < 1, with « independent of . This inequality
follows from
[Hy,iB,] = d(njw) > Hy, (11)

and from
Ea(H, — Ey)[0®?Hp 4 o*/*W,iB,|Ea(H, — E,) > O(a®/%0). (12)

Indeed, by writing H; = (1 — a*?)H; + a3/?Hy, combining (11) and (12), and using (8) we

obtain
EA(Hy, — E,)[H,iB,)Ea(Hy — Ey) > ((1 — a*?)inf A + O(0*?0))Ea(H, — E,).  (13)

For A = [0/3,20/3] and « small enough this proves (10).



4. The second key estimate in our proof of (5) is the norm bound
Ifa(H = E) = fa(Ho — Ey)| = O(a*?0) (14)

valid for smoothed characteristic functions fa of the interval A = [0/3,20/3]. The Mourre
estimate (5) follows from (9), (10), from B = B, + B? and from (14) if « < 1, with «
independent of o.

We conclude this introduction with a review of previous work closely related to this paper.
Absolute continuity of (part of) the spectrum of Hamiltonians of the form (1), or caricatures
thereof, was previously established in [18, 2, 22, 14, 4, 6, 7]. Arai considers the explicitly
solvable case of a harmonically bound particle coupled to the quantized radiation field in the
dipole approximation. Hiibner and Spohn study the spin-boson model with massive bosons
or with a photon number cutoff imposed. Their work inspired [22] and [14], where better
results were obtained: Skibsted analyzed (1) and assumed that |x(k)| < |k|?/2, while, in [14],
lk(k)] < |k|?, with 8 > 1/2, is sufficient for a Nelson-type model with scalar bosons; (see
Section 2 of the present article). The main achievement of [14] is that no bound on the
coupling strength is required. Papers [6] and [7] do not introduce an infrared regularization
but establish the spectral properties mentioned above only away from O(a?)-neighborhoods of

the particle ground state energy and the ionization threshold.

2 Non-relativistic Matter and Scalar Bosons

To illustrate the main ideas on which this work is based we first derive results for a sim-
plified model of matter and radiation with only one electron and scalar bosons, rather than
transversal photons. We suppress proofs of technical details that are similar and easier than
the corresponding proofs of results on non-relativistic QED, in the next section.

The Hamiltonian, in this section, is the operator
H:Hpart®1+1®Hf +g¢(G) (15)

on the Hilbert space L?(R%) ® F, with F being the symmetric Fock space over L?(R?;dk).

We assume that Hpay = —A + V, where V denotes the operator of multiplication with a

2

2 (R3) that is A-bounded with bound zero. Moreover we assume

real-valued function V € L
that ey = inf o(Hpare) is an isolated simple eigenvalue. The number ey > e denotes the first
point in the spectrum of Hp.¢ above e and egap = €2 — e1. The parameter g > 0 measures
the strength of interaction between the electron and the bosons.

The field energy Hy and the interaction term g¢(G) are given in terms of creation and

annihilation operators a*(k) and a(k), as

Hy— / w(k)a* (R)a(k) &k, w(k) = [k,
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and
/{G k) + G(k) ® a*(k)} d°k,

where, for each k € R3, G(k) is a multiplication operator given by a function x — G (k) on the
electronic Hilbert space L?(R3;dx). We assume that G (k) is twice continuously differentiable
with respect to k and that
2
sup [ [(@) k0 G| (K + )%k < o0 (16)
z€R3

for n € {0,1,2}, where (z) = (1 + 22)'/2. Moreover, we assume that

|Ga(R)[ < [K[",  for [k] < 2egap (17)

() K ' )' <[, for K] < 2equp, (18)

aIkl
uniformly in # € R3, for a suitably chosen p € R. The main theorem of this section holds for
w>1/2.

Assumption (16) with n = 0 implies that ¢(G) is Ho-bounded, Hy = Hpary @ 1 + 1 ® Hy,
with relative bound zero. It follows from the Kato-Rellich Theorem, that H is self-adjoint on
the domain of Hy, essentially self-adjoint on any core of Hp, and bounded from below. We use

E =info(H) to denote the lowest point of the spectrum of H and ¥ to denote the ionization

threshold
Y= lim inf ,H , 19
oo (%DR, ot @) (19)
where D := {¢ € D(H)|x(|z| < R)y = 0}.

Our conjugate operator is the second quantized dilatation generator
1

B =dI'(b), bzi(hy—ky-k) (20)
where y = iVj. By the methods of Section 4 one can show, using (16), that H is locally of

class C%(B) on Q := (—o0,¥). That is, the mapping
s e B f(H)ePoyp (21)
is twice continuously differentiable, for every ¢ € ‘H and every f € C§°(£2). This makes the
conjugate operator theory in the variant of Sahbani [21] applicable, and, in particular, it allows
one to define the commutator [H,iB] as a sesquilinear form on Ux Ex (H)H, the union being

taken over all compact subsets K of 2.

We are now ready to state our main results on the Hamiltonian (15).

Theorem 1 (Mourre estimate). Suppose that Hypotheses (16), (17), and (18) hold with
pw>1/2. If g <1 and o < egap,/2 then

En(H — E)[H,iB|Ex(H — E) > %EA(H —E),

where A = [0/3,20/3].



This theorem verifies the second hypothesis of Conjugate Operator Theory, see Section B
of the appendix, and it has all the standard implications of this theory: In (E,E + egap/3),
the spectrum of H is absolutely continuous, the boundary values (B) *(H — X\ £+ i0)(B)"*
are Holder continuous of degree s — 1/2, and (B) Se "' f(H)(B)™® = O(t'/?7%), for f €
CS(E,E + egap/3) and s € (1/2,1); see Theorems 31, 32, and 33. For the more important
standard model of nonrelativistic QED, these properties are spelled out explicitly in the next
section.

The proof of Theorem 1 depends, of course, on an explicit expression for the commutator

[H,iB]. By Lemma 37 and an analog of Proposition 18, we know that for f € C§°(E, E+egap/3)

eiBs_l
pniBl) = ) |1 )
—  FH)(Ar () - g0(ibG.)) F(H), (22)

where the limit is taken in the strong operator topology. Therefore we may identify [H,iB]
with the operator (dI'(w) — g¢(ibGy)), which is defined on D(|z]) N D(Hy). One of our main
tools for estimating (22) from below is an infrared cutoff Hamiltonian H,, o as in Theorem 1,
whose spectral subspaces for energies close to inf o(H,) are explicitly known (see Lemma 2).
A second key tool is the decomposition of B into two pieces, B, and B?. We now define these
operators along with some other auxiliary operators and Hilbert spaces. As a general rule,
we will place the index o downstairs if only low-energy photons are involved, and upstairs for
high-energy photons. The fact that this rule does not cover all cases should not lead to any
confusion.

Let X0, Xoo € C®(R, [0,1]), with xo = 1 on (—00,1], Yoo = 1 on [2,00), and x& + x%, = 1.
For a given o > 0, we define x,(k) = xo(|k|/0), X7 (k) = xeo(|k|/0), X7 (k) =1 — xs(k), and a
Hamiltonian H, by

Hy = Hpart @ 1 + 1@ Hy + gp(X° Q). (23)

Let F, and F° denote the bosonic Fock spaces over L?(|k| < o) and L?(|k| > o), respectively,
and let H° = L*(R3) ® F°. Then H is isomorphic to H° ® F,, and, in the sense of this
isomorphism,

HU:HU®1+1®HJ"70'. (24)

Here H° = H, | H? and Hy, = Hy [ Fo.

Next, we split the operator B into two pieces depending on ¢. To this end we define new
cutoff functions 1, = Y2, 7° = x?° and cut-off dilatation generators b, = 1,bn,, b% = n°bn°.
Since 12 + (n°)? = 1 and [, s, b]] = 0 = [, [n°,b]] it follows from the IMS-formula that
b=bs+b%. Let B, =dI'(by) and B = dI'(b”). Then

B =B, + B°.
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An analog of Theorem 16 implies that H is locally of class C?(B), C?(B,) and C?(B?) on
(=00, ). Since E < e; and ¥ > e3 — Ag?, by Equation (44), we have that ¥ — E > (2/3)egap,
for g sufficiently small. It follows that (—oo,X) D (—00, £+ 2/3egap) and hence, arguing as in
(22), that

[H,iB,] = dT (1) — g6 (iby Ga), (25)
[H,iB7] = dT((n”)*w) — g¢(ib”Gu), (26)
in the sense of quadratic forms on the range of x(H < E + egap/2). Equally, H? is of class
CY(B?) and
[H7,iB%) = dT((17)*w) — go(ibX" G) (27)
on x(H? < E + egap/2)H°.

As a last piece of preparation we introduce smooth versions of the energy cutoffs Fa(H —E)
and Ea(H, — E,). We choose f € C{°(R;[0,1]) with f = 1 on [1/3,2/3] and supp(f) C
[1/4,3/4], so that fa(s) := f(s/o) is a smoothed characteristic function of the interval A =
[0/3,20/3]. We define

Fa=fa(H-E),  Fao= fa(Ho— Eo). (28)
Lemma 2. Suppose that Hypothesis (16) holds. If g < 1 and o < egap/2, then
Fao=P°Q fa(Hyp), w.rt. H=H" @ F,, (29)
where P? denotes the ground state projection of HC.

Proof. For g sufficiently small, depending on es —e; —o, the operator H? has the gap (E,, Ey+
o) in the spectrum above E, = info(H?) by Theorem 23 of [11] (see also Appendix A,
Theorem 26). Since the support of fa is a subset of (0,0), the assertion of the lemma follows.

O

Proposition 3. Suppose that Hypothesis (16) holds, and let [H,iB?| be defined by (26). If
g <1 and o < egap/2, then

Fa,[H,iB%]|Fa, = 0.
Proof. From n%x, = 0 and x, + x° = 1 it follows that b = b7 x?. Comparing (26) with (27)
we see that [H,iB?] = [H?,iB°] ® 1 with respect to H = H? ® F,. The proposition now
follows from Lemma 2 and the Virial Theorem P?[H?,iB?|P? = 0, Proposition 34. O

Proposition 4. Suppose that Hypotheses (16), (17), and (18) hold, and let [H,iB,] be defined
by (25). If g < 1 and 0 < egap/2, then

FAolH,iByJFa, > |(1—g)o/4— Cgo*+?|FR
> (0/8)FR 4

Nea
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where p > —1/2 is assumed in the second inequality and C' is independent of g and o.

Remark. The fact that this Proposition only assumes that g > —1/2, unlike Theorem 1, will

be important in our analysis of QED in the next section.

Proof. We write

AT (72w) = g6(ib,Gur) = (1 = g)AT (n2w) + g [AT(12w) — (b, G|

and first estimate the term in brackets from below. Using that dI'(n2w) is quadratic in n,a* (k)

while ¢(ib,G) is linear, we complete the square and find

7 - w

b g X 2
AU (2w) — d(ibyGy) > _/ 015 Gal” 3y,
Ik <do
> —const (z)20?+2

because |bn,| < const, |G (k)| < |k|*, and |bG4(k)| < const(z)|k|* for |k| < 40 < 2egap, by
assumptions (17) and (18). This proves that

AL (n2w) — gd(ibsGy) > (1 — g)dD(nw) — const g(z)?c 2. (30)

It remains to estimate FA,UdF(n?,w)FA,U from below and FA,0<:L‘2>FA,U from above. Using that
Fano = P°® fa(Hys), by Lemma 2, and

o
dl'(nZw) > Hy,q, fa(Hpo)Hfofa(Hyf) > Zfi(pr)’

we obtain
Faodl(w)Fag > TF o (31)
Furthermore, by Lemma 6,
sup 2% Ejg 0 (Hs — Eo)|| < oc. (32)
Since Ejg4)(Hs — E5)FA s = Fa o the proposition follows from (30), (31), and (32). O

Proposition 5. Suppose Hypotheses (16), (17) and (18) hold with pn > —1/2. Then there

exists a constant Cy,, such that
| fa(H = E) = fa(Hy — E,)|| < gCpo™ it t/2:24
forall g <1 and o < egap/2.

Remark. Our proof of Theorem 1 requires that HfA(H — FE)— fa(Hy — EU)H = O(0). To

achieve this using Proposition 5, we are forced to assume that p > 1/2.
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Proof. Let j € C3°(]0,1],R) with j = 1 on [1/4,3/4] and supp(j) C [1/5,4/5]. Let ja(s) =
j(s/o), so that faja = fa, and let Jao = ja(H — E) and Ja » = ja(Hs — Ey). We will show
that, for up > —1/2,

|Fa — Faell < Crga® (33)
|(Fa = Fap)Jaol < Cogot /2, (34)

and, likewise, with F' and J interchanged, where the constants C1,C depend on g but not on

g or 0. These estimates prove the proposition, because

FA — Fao = FAJA — FAaodAg
=Fao(Ja —Jae) + (FA = Fag)Jae + (Fae — FA)(JA — Jas).

To prove (33) and (34) we use the functional calculus based on the representation

! df(z) == —lg(z)dxdy, (35)

T 0z

f6) = [ af(z)

z—s
for an almost analytic extension f of f that satisfies |8z f(z + iy)| < const y? [8]. From (28)

and (35) we obtain

1 1
H_E]/O_)(H—HU_E+EU)(Z_[HU_EO_]/O.)

Frn—Fpap =01 /df(z) o (36)

where, by Lemma 8§,

|B — ;| = O(g°0*?). (37)

Hence the contribution of E— E, to (36) is O(g?0?**1), which, for 4 > —1/2, may be neglected
for both (33) and (34). By Lemma 22 and Hypothesis (17)

I(H — Ho)(Hp + )72 = gllo(xoGa)(Hy + 1)1
2 G 2 e potl 38
< <
= gsngXU wa_ g(u+1ﬂ—>0_ ’ ( )
while
1
|y + 112 — 1, - Bolfo) | < const|y+, & (39)

by an analog of Lemma 23. Since /1 + |z|/|y] is integrable with respect to |9 f|dzdy, bound
(33) follows from (36), (37), (38), and (39).
By (36) and (37), with obvious notations for the resolvents,

(Fa = Fag)Jay = o / AF(2)R()(H — Hy)JagRo(2) + 0202, (40)
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Lemma 7 and Lemma 28 yield

I(H = Ho)Jaoll = gllo(XoGa)Iasll
< 2llalxoGa)Jasl + 9lixoGall
< Cug(02u+2 + O_,u+3/2).
Combined with (40) this proves (34). O

Proof of Theorem 1. Since (7°)%2 + 72 = 1 and b, + b° = b, it follows from (25) and (26)
that dI'(w) — g¢(ibGy) = [H,iBs| + [H,1B?]. Thus Propositions 3 and 4 imply that

Fa o (dT(w) — g¢(ibGy)) Fa e > %Fg,a.

We next replace Fa , by Fa, using Proposition 5 with x4 > 1/2 and noticing that (d['(w) —
go(ibGy))Fa » and Fa(dI'(w)—g¢(ibG;)) are bounded, uniformly in o. Since, by (22), (dI'(w)—
g9(ibGy)) = [H,iB] on the range of Fa we arrive at

FA[H,iB]Fa > %Fﬁ +0(go).

After multiplying this operator inequality from both sides with Ex(H — E), the theorem
follows. m

Ground state properties and localization of the electron
In this section we collect some technical auxiliaries for the proof of Theorem 1.

Lemma 6. Suppose that Hypothesis (16) holds. Then for every A < eg there exists a constant
g > 0 such that for all n € N

sup o] Ex(H,)]| < oo.
>0, 9<gx

Proof. From Theorem 1 of [15] we know that ||efl*| E\(H,)|| < oo if A 4 &% < ¥, where %, is
the ionization threshold of H,. From the proof of that theorem we see that

sup || Ex(H,)|| < oo,
>0, 9<gx

provided R > 0 and § > 0 can be found such that

C
Yy p:=  inf Hyp) > N+ e2 4+ 6+ — 41
" peDg, llel=1 e, Hop) Rr? (4D

uniformly in o > 0 and g < g». Here C is a constant that is independent of H,. It remains to

prove (41). To this end we note that, by a standard estimate,

Ha Z Hpart X 1- g2A (42)
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where A = sup,, [ |G4(k)|?/|k| dk < co due to Hypothesis (16), and, moreover, that

inf (@, Hpart @ 1) > inf oess(Hpart) + 0o(1), (R — o0), (43)
©EDR, |l¢ll=1

by Persson’s characterization of inf o(Hpar); see, e.g., [15]. Since inf oess(Hpart) > €2 we

conclude from (42), (43), and the definition of ¥, g, that
Yor > €2+ o(1) — g%A, (44)

with o(1) — 0, as R — oo, uniformly in o,g. Since e; > \ we may indeed find €,0, R, gy > 0
so that (41) holds for all o > 0 and all g < gj. O

The following two Lemmas assume the existence of a ground state for H,, ¢ > 0. This
assumption is justified under our assumptions on Hpay if > —1/2, at least for g sufficiently

small (see, e.g.,[23]).

Lemma 7. Let Hypotheses (16) and (17) be satisfied and suppose that ¢ € H is a normalized
ground state of H,, where 0 >0, g > 0, and H,—o := H. Then

la(k)ell < gk, for [k] < 2egup.
Proof. Use the usual pull through trick (see the proof of Lemma 29) and assumption (17). O

Lemma 8. Let Hypotheses (16) and (17) with ;1 > —1 be satisfied, suppose that o < egap,
g >0, and that E = info(H) and E, = inf 0(H,) are eigenvalues of H and H,, respectively.

Then there exists a constant C\, such that

|E — E,| < C,g°c* 2.

Proof. Let ¢ and ¢, be normalized ground state vectors of H and H, respectively. Then by
Rayleigh-Ritz

E, —E < (¢, (Ho—H)p) (45)
E—-E;, < (¢o,(H—Hgs)ps). (46)

From (45), Hypothesis (17), and Lemma 7 it follows that

E; — E < —g(p, d(xoGa)p) < 29|lalxsGa)ell| ¢l

<2 [ 1Ga®llathygl % < (W w) o2,
N |k|<20 T \ptl

The corresponding estimate for E — E, is a copy of the one above with ¢ replaced by ¢,. O
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3 Non-relativistic Matter and Quantized Radiation

We now come to the main part of this paper, the spectral analysis of atoms and molecules in the
standard model of non-relativistic QED. The methods and results of this section are analogous
to the ones presented in the previous section for matter and scalar bosons. For notational
simplicity again a one-electron model is presented and spin is neglected; our analysis can easily
be extended to many-electron systems with spin.

The Hilbert space of our systems is the tensor product
H=L*R3, dz)® F,

where F denotes the bosonic Fock space over L?(R3; C?). The Hamiltonian H : D(H) C H —
‘H is given by
H=T2+V+H;, T=—-iV,+a*?A(ax) (47)

where V', as in the previous section, denotes multiplication with a real-valued function V €
L% (R3?). We assume that V' is A—bounded with relative bound zero and that e; = inf o(—A+
V) is an isolated eigenvalue with multiplicity one. The first point in o(—A + V') above e; is
denoted by ey and eg,p 1= e2 — e1. The field energy Hy and the quantized vector potential
have already been introduced, formally, in the introduction. More proper definitions are Hy :=
dI'(w), the second quantization of multiplication with w(k) = |k|, and A;(ax) = a(G;) +
a*(Gg,j) where

I:/(%Q(k)e_iwk’

and €y (k), A € {1, 2}, are two polarization vectors that, for each k # 0, are perpendicular to k
and to one another. We assume that €)(k) = €)(k/|k|). The ultraviolet cutoff x : R® — C is

Gk, ) =

assumed to be a Schwartz-function that depends on |k| only. It follows that

(Ga(k, A) = Go(k, M)
9
Ol

IN

ol k['2[] |k (k)| (48)

A

< afa)|kI 72 f (k) (49)

rk\\ Gmuc,A)\

with some Schwartz-function function f that depends on x and V.

The Hamiltonian (47) is self-adjoint on D(H) = D(—A + Hy) and bounded from below
[17]. We use E = info(H) to denote the least point of the spectrum of H and ¥ to denote
the ionization threshold. On the set Q := (—oo, ) the operator H is locally of class C%(B),
where B denotes the second quantized dilatation generator (20); see Section 4. The remarks
in the previous section concerning this property apply here as well. Thus we are prepared to

state the main results of this paper.
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Theorem 9. Suppose that o < 1. Then for any 0 < egap/2
Ea(H — E)H,iB|Ex(H ~ E) > --Ea(H - E),
where A = [0/3,20/3].

Given Theorem 9, the remark preceding it, and the fact that, by Lemma 24, ¥ > E+eg,,/3
for o small enough, we see that both Hypotheses of Conjugate Operator Theory (Appendix B)
are satisfied for Q = (E, E + egap/3). This implies that the consequences, Theorems 32 and
Theorem 33, of the general theory hold for the system under investigation, and, thus, it proves
Theorem 10 and Theorem 11 below. Alternatively, the first part of Theorem 10 can also be
derived from Theorem 9 using Theorem A.1 of [7].

Theorem 10 (Limiting absorption principle). Let o < 1. Then for every s > 1/2 and
all o, € H the limits

lim (¢, (B)™*(H — A+ ie) 1 (B)"v)) (50)

exist uniformly in A in any compact subset of (E, E + egap/3). For s € (1/2,1) the map
A= (B)"°(H — A +1i0)"1(B)~* (51)
is (locally) Holder continuous of degree s —1/2 in (E,E + egap/3).

As a corollary from the finiteness of (50) one can show that (B) ™ °f(H)(H—z)"1f(H)(B)*
is bounded on Cy for all f € C°(R) with support in (E, E + egap/3). This implies H-
smoothness of (B) ™ °f(H) and local decay

/R I(B) ™ f(H)e |2t < O]

See [20], Theorem XIII.25 and its Corollary. From the Holder continuity of (51) we obtain in

addition a pointwise decay in time (c.f. Theorem 33).

Theorem 11. Let o« < 1 and suppose s € (1/2,1) and f € C§°(R) with supp(f) C (E,E +

€gap/3). Then .

(B) e F(H)(B) || = O(=75),

(t — 00).

3.1 Proof of the Mourre estimate

This section describes the main steps of the proof of Theorem 9. Technical auxiliaries such
as the existence of a spectral gap, soft boson bounds, and the localization of the electron are

collected in Appendix A. We follow closely the line of arguments in the proof of Theorem 1, and
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we take over many notations of the previous section. This applies in particular to x,, x%, X%,

b,b,, b7, and B, B,, B°. To simplify notations we set

/dk:: Z/d%

A=1,2

and we suppress the index A in ay(k), a}(k), and G (k, \).

The IR-cutoff Hamitonian, corresponding to (23), is now given by
Hy = (p+ a2 A% ()2 + V + Hy (52)
where p = —iV, and A%(ax) = ¢(x°G,). Again we have that
Hy=H°®1+1® Hy,

with respect to H = H’ ® F,. By Theorem 16, the Hamiltonian H is locally of class C?(B),
C?(By) and C?(B?) on (—o0, ). By Lemma 37 and Proposition 18,

[H,iB] = dT'(w) — a*/2¢(ibG,) - TT — o*/*11 - $(ibG.,) (53)
[H,iB,| = dT'(nw) — o®2¢(ib,G) - TT — /11 - ¢(ib, Gy (54)
[H,iB%] = dL((n°)2w) — a®2¢(ib" Gy) - I — o*/?11 - ¢(ib” G) (55)

in the sense of quadratic forms on the range of x(H < E + egap/2), if o < 1. Also H? is of
class C1(B?) and

[H?,iB%] = dD((n°)w) — &*2¢(ib" X7 G,) - T — /211 - ¢(ib” X G) (56)

Let fa € C3°(R) be defined as in Section 2, and let Fa := faA(H—E), Fay := fa(Hs—E5),

as in the previous section.
Lemma 12. If a < 1 and 0 < egap/2, then

Fpao =P’ ® fa(Hy,), w.r.t. H="H’ ® Fy,
where P? denotes the ground state projection of HC.

Proof. By Theorem 26 of Appendix A, H? has the gap (Ey, E, + o) in its spectrum if o < 1.

Since the support of fa is a subset of (0,0), the assertion follows. O
Proposition 13. Let [H,iB?] be defined by (55). If « < 1 and 0 < egap/2, then
Fao[H,iB°|Fp, = 0.

Proof. The proof is a copy of the proof of Proposition 3: From b7 = b”x?, Equations (55) and
(56) it follows that [H,iB?] = [H?,iB?]®1 with respect to H = H? ® F,. The statement now
follows from Lemma 2 and the Virial Theorem P?[H?,iB°|P° = 0, Proposition 34. O
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Proposition 14. Let [H,iB;] be defined by (54). If a« < 1 and 0 < egap/2, then
. 0 9
FAJ[H, ZBU]FA’U > gFA""

Proof. On the right hand side of (54) we move the creation operators a*(ib,G) to the left of

IT and the annihilation operators a(ib,G) to the right of II. Since

3
(I, @*(ibo Gir )] + [a(ibo Girg), 1] ) = 0

=1

J

we arrive at
[H,iB,] = dT'(n2w) — 2% 2a* (iby Gy ) - IT — 20211 - a(ibs Gy ). (57)

Next, we estimate (57) from below using only the fraction 20%/2dT(n2w) of dT'(n2w) at first.
By completing the square we get, using (48) and (49),

dF(ng) - a’*(ibUGar) I —1I- a(ibaGar)
= w[xaa* —w I (ibXUGx)*} [Xaa — w Y (ibxoGy) - H] dk
3 *
_ Z /Hn (bXa'Ga:,n) (on-nym)Hm e

w

n,m=1
3
> —const o Z IL, (x)?IL,,. (58)
n=1
From (57) and (58) it follows that

[H,iB,] > (1 - 20%?)dl(nw) — const o®20 Y I, (x)°II,,.

This estimate and Lemma 12 imply the statement of the proposition along the line of arguments
following estimate (30) in the proof of Proposition 4. Note that (z)I1E|q ,(H, — E) is bounded

uniformly in o, thanks to Lemmas 25 and 23. O
Proposition 15. There exists a constant C such that for a« < 1 and 0 < egap/2,
|fa(H — E) — fa(H, — E,)|| < Ca®/?0.

Proof. The idea is to apply a Pauli-Fierz transformation H(,) = U,HU; affecting only the
photons with [k| < o, so that H(, — H, has an improved IR behavior corresponding to

i =1/2. Then we can proceed as in the proof of Lemma 5, Section 2. Let

U, = exp(ia®?z - 4,(0)),  As(az) :== ¢(xoGy).



Hgy = U;HU;

2
= (p + ag/QA(")(ax)> +V A+ Hy+ %z E,(0) + goaSwQHXUmHZ

where
A (az) := Aaz) — A,(0)
E5(0) := —i[Hy, As(0)].
We compute, dropping the argument ax temporarily,
Hgy— Hy = 205/%p . (A9) — A7)
+ (A 4+ A7) . (AL0) — A%)
+0¥25- By(0) + 2 o* 2 xon®
where (A(9)2 — (A7)2 = (A@) 4+ A7) . (A(9) — A%) was used. Based on the equations
A (az) — A7 (ax) = Ag(ax) — As(0) = ¢(xo(Gx — Go))
- E5(0) = ¢(iwxsGo - x),
estimate (48), and Proposition 5, with © = 1/2, we expect that
|FA (o) — Fael = O(a*?0),
where Fa (5) = fa(H ) — E) = U;FAU;. Suppose (62) holds true, and moreover that
I(U; = DFaol = O(a*?0);
then the proposition will follow from
FA = Fpao =UsFA0)Us — FAg
= (Us = )Fag + UsFao(Us = 1) + Uz (Fa (o) = Fao ) Us.
It thus remains to prove (62) and (63). We begin with (63). By the spectral theorem
IU; = DFacll < a2 A5(0)Fa,l
"2z p(xoGo)Fae|
< 20*2||z - a(xoGo)Faoll + 0| xeGoll - |2 Fall-

The second term is of order a®/20 as o — 0, because, by assumption on Gy, ||xoGoll = O(0),

and because sup,~g ||2Fa o] < 0o by Lemma 25. The first term is of order a®/%¢ as well, by

Lemma 28 and Lemma 29 . To prove (62) it suffices to show that
1Fa (o) = Faoll = O(a*?0"/?),
I(Fa, o) = Fae)Jacl = O(*?0),
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as we have seen in the proof of Proposition 5. Here the operators Ja s, Ja (5), and Ja are
defined in terms of ja like FaA 5, Fa (5), and Fa are defined through fa, the function ja being
given in the proof of Proposition 5. The equations (64) and (65), with F' and J interchanged,
hold likewise. We begin with the proof of (65). By the functional calculus

(Fa0) = Fao)Jae
:al/df(z) ! (H)~ Hy ~ E+ E,)Ja ! . (66)
2 (Hipy — E)fo \ "0 e 7) A —(H, — E,)/o

Since, by Lemma 30, |E — E,| = O(a*?¢?), it remains to estimate the contributions of the

various terms due to H(,) — H, as given by (59). To begin with, we note that

(A — A%)Ja.ll = O(ac?) (67)
|z Es(0)Jaoll = O(c?). (68)

This follows from (60), (61), (48), Lemma 28 and Lemma 29, as far as the annihilation operators

in (67) and (68) are concerned. For the term due to the creation operator in (67) we use

Ha*(XU(Gx - GO))JA,UH < Jla(xo(Ge — GO))JA,U | + HHXU(GJE - Go)|| JA,UH

and [|xo(Gz — Go)|| = O(|z|ac?), as well as sup,~g |/|z|Jas| < co. The operators p and
A®) 4 A% stemming from the first and second terms of (59) are combined with the first
resolvent of (66): using U*pU, = p + a*/?A,(0) and Lemma 23 we obtain

Iz = (H@p) = E)/0)"'pl = (== (H = E)/0) " (p + o™ A4, (0))]|
1+ ||

< const
Y

which is integrable with respect to d f (z). This proves that the first, second and third terms of
(59) give contributions to (66) of order a®/?¢, a’*c, and a®/%0, respectively. Since ||xq|? =
O(03), (65) follows.

The proof of (64) is more involved than the corresponding estimate in the scalar case, due

to factors of z. We begin with

Fa o) = Fae = Fa(0)Ia0) — Facdae
= (FA,(O') - FA,U)JA,J + FA,(O’)(JA,(U) - JA,U)

The first term is of order a®/2¢ by (65). The second one can be written as

-1 / df(2)Ro)(2) Fa (o) (H(U) _H,— E+ E(,> Ro(2), (69)
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with obvious notations for the resolvents. We recall that, by Lemma 30, |E — E,| = O(a3/20?).
As in the proof of (65) we need to estimate the contributions due to the four terms of H,)— H,
given by (59). We do this exemplarily for the second one and begin with the estimate
1Fa (o) (A + A7) - (A — A7) R, (2)|
< 1Ea (o) (@) (A + A7) [ {2) T (A — A7) (Hy + )72l (Hf + 1) Re ()]l (70)

For the second factor of (70) we use

[2) ™ (A = A7) (Hy + )T = l@) T 6o (G = Go))(Hy + 1)1
< sup(2) X (Go = Go)ll
= 0(ac™?),

which is of the desired order. In the first factor of (70) we use that U, commutes with (x),

A and A7, as well as Lemma 22, Lemma 23 and Lemma 25. We obtain the bound

1Fa (o) (@) (A@ + A%)|| = [ Falx)(A©) + A7)
< ”FA<x>(Hf + 1)1/2HH(Hf + 1)*1/2(14(0) + A%)||
< const |[Fa((z)” + Hy + 1)|| < oo

Finally, for the last factor of (70), Lemma 23 implies the bound

1+ ||
lyl
which is integrable with respect to df(z). In a similar way the contributions of the other terms

of (59) are estimated. It follows that (69) is of order O(a®/20/2) which proves (64). This
completes the proof of Proposition 15. 0

|(Hf + DY2R,(2)|| < const

Proof of Theorem 9. Since (n°)?+n2 = 1 and b, +b° = b, it follows from (54) and (55) that
C = dl'(w) — a®2¢(ibG,) - TT — /211 - ¢(ibG,) = [H,iB,] + [H,iB°]. Thus Propositions 13
and 14 imply that

(o
FaoCFaq > SFX o

We next replace Fa s by Fa, using Proposition 15 and noticing that CFa , and FAC are
bounded, uniformly in o. Since, by (53), C' = [H,iB] on the range of Fa we arrive at

FA[H,iB]Fa > %Fﬁ +0(go).

After multiplying this operator inequality from both sides with Ex(H — E), the theorem
follows. O
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4 Local regularity of H with respect to B

The purpose of this section is to prove that H is locally of class C?(B) in (—o0,Y), where
Y. is the ionization threshold of H, and B is any of the three operators dI'(b),dI'(bs),dI"(b7)
defined in Section 3. Some background on the concept of local regularity of a Hamiltonian
with respect to a conjugate operator and basic criteria for this property to hold are collected
in Appendix B. To prove a result that covers the three aforementioned operators we consider
a class of operators B that contains all of them and is defined as follows.

Let k — v(k) be a C*®-vector field on R? of the form v(k) = h(|k|)k where h € C®(R)
such that s"9"h(s) is bounded for n € {0, 1,2}. It follows

lv(k)| < Blk|,  forall k € R3, (71)

for some 8 > 0, and that partial derivatives of v times a Schwartz-function, such as k, are
bounded. We remark that the assumption that v is parallel to & is not needed if a representation
of H free of polarization vectors is chosen.

Let ¢, : R? — R3 be the flow generated by v, that is,

d
25 0s(k) = v(es(k)), Po(k) = k. (72)
Then ¢4(k) is of class C°° with respect to s and k, and by Gronwall’s lemma and (71)
e Ak] < [6s(K)| < ™|, fors € R. (73)

Induced by the flow ¢ on R? there is a one-parameter group of unitary transformations on
L?(R3) defined by

fs(k) = f(¢s(k)) \% det DQZ)S('IC) (74)
Since these transformations leave C§° (R3) invariant, their generator b is essentially self-adjoint
on this space. From bf = id/ds fs|s—=o we obtain

1
b=g(-y+y-v) (75)

where y = iVy. Let B = dI'(b). The main result of this section is:

Theorem 16. Let H be the Hamiltonian defined by (47) and let ¥ be its ionization threshold.
Under the assumptions above on the vector-field v, the operator H is locally of class C*(B) in
Q = (—00,X) for all values of a.

The proof, of course, depends on the explicit knowledge of the unitary group generated by

B, and in particular on the formulas

e B Hpe'Ps = AT (e we®) = dl'(w o ¢s) (76)
efiBsA@:)eiBs — (b(efibst) _ ¢(Gx,s) (77)
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with G s given by (74). Another essential ingredient is that, by [15], Theorem 1,

()2 (H)|| < o0 (78)
for every f € C3°(€2). We begin with four auxiliary results, Propositions 17, 18, 19, and 20.
Proposition 17. (a) For all s € R, e'B*D(Hy) C D(Hy) and

| Hye'™* (Hy + 1)) <

(b) For all s € R, eB*D(H) C D(H) and
|He'Ps(H + i)7Y|| < const €9l
Proof. From e "BsHe'Bs = dT'(e7"w) = dT'(w o ¢,) and (73) it follows that
f
H iBs — |ldT < Bls| H
[Hye™ ¢l = [[dT(w o ¢s)e|| < e[ H o]

for all p € Fy(C§°), which is a core of Hy. This proves, first, that e®*D(H;) C D(Hy), and
next, that the estimate above extends to D(Hy), proving (a).

The Hamiltonian H is self-adjoint on the domain of H® = —A + H 7. Therefore the
operators HO(H + i)' and H(H® +i)~! are bounded and it suffices to prove (b) for H©)
in place of H. The subspace D(A) ® D(Hy) is a core of H(®). By (a) it is invariant w.r. to
e'Bs and

IHO P o] < | Apl| + || Hpplle”™h < V2 HO g

As in the proof of (a), it now follows that ¢!2* D(H®)) ¢ D(H®)) and then the estimate above
extends to D(H). O

Let By := (e'B% — 1)/is. Then, by Proposition 17, [Bs, H] is well defined, as a linear
operator on D(H ). The main ingredients for the proof of Theorem 16 are Propositions 18 and

20 below.
Proposition 18. (a) For all ¢ € D(H)

i lim (@)~ [H, BJJp = (@)~ (d0(Vwo - v) — a*/26(ibG,) - 1T~ 11+ 6(ibGr)a*/? ) .
(b)

sup ||(z) ' [By, H](H + )" < oo
0<|s|<1

Proof. Part (b) follows from (a) and the uniform boundedness principle. Part (a) is equivalent
to the limit

1. . .
i -1+ —zBsH iBs _ H
i lim () . (e e )@
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being equal to the expression on the right hand side of (a). By (76), for all ¢ € D(Hy)

lli%é (eiiBsteiBS —Hyf)p= lli% %df(w o ¢ps —w)p =dl'(Vw - v)p,
where the last step is easily established using Lebesgue’s dominated convergence Theorem.
The necessary dominants are obtained from |s~!(w o ¢ — w)| < ||~ (¥l — 1)w, by (73), and
from the assumption ¢ € D(dI'(w)).

It remains to consider the contribution due to Hiy = 20%/2A(az) - p + o®A(ax)?. Let

AGy s := Gy s — Gy By (77),
e—iBsHinteiBs . Hint
= 2043/2¢(AG9078) P+ oz3q§(AGx73) : ¢(Gz) + a3¢(Gx,s) ’ ¢(AGx,s)a (79)

a sum of three operators, each of which contains AG, . By Lemma 21 at the end of this

section, for each = € R3

1 1
;AG%S = (Ggs — Gy) = —ibGy, (s —0) (80)

in the norm || - ||, of L, (R3) (see Appendix A), and

sup (z) " H[bGyllw < 0o (81)
z€R3

by the assumptions on G. Since the operators p(Hy + 1)"/2(H +4)~' and Hp(H +i)~" are
bounded by Lemma 22 and since, by Lemma 23, ||¢(f)(H+1)"2| < || f|lo and ||¢(f)d(g) (H s+
D7 < 8] fllwllgllw for all f,g € L3(R3), it follows from (79), (80), and (81) that

. —11 —iBsrr. _iBs _ 7.
lim ()™ = (7" Hiage™ — Hint)
= (20%26(=ibGy) - p + @*9(=ibGa) - $(Ga) + 0 H(Ga) - H(—ibGr) ) o
— a3 (qb(z’be) T+ qS(ibe)) o
for all ¢ € D(H). O
Proposition 19. For all f € C§°(Q),

sup |[|[Bs, f(H)]|| < oo.
0<|s|<1

Remark. By Proposition 35 this Proposition implies that f(H) is of class C'(B) for all f €
C§°(2), that is, H is locally of class C1(B) in Q.

Proof. Let F' = f(H) and let adp, (F) = [Bs, F|. If g € C§°(€2) is such that g = 1 on supp(f)
and G = g(H), then F' = GF and hence

adp, (F) = (adp, (F) + adp, (G)F



24

The norm of adp,(G)F is equal to the norm of its adjoint which is —F*adp__(G*) where
F* = f(H) and G* = g(H). It therefore suffices to prove that

sup ||Gadp,(F)| < oo (82)
0<|s|<1
for all f,g € C§°(R2). To this end we use the representation f = [df(z ) where

R(z) = (z— H)™! and f is an almost analytic extension of f Wlth |8 f(x + 1y)| § const|y|2,
c.f. (35). It follows that

Gadp, (F) = / Af(=)R()G[B,, H|R(2),

which is well-defined by Proposition 17, part (b). Upon writing [Bs, H] = (z)(z) " *[Bs, H|R(i)(i—
H) we can estimate the norm of the resulting expression for Gadp, (F') with 0 < |s| <1, by

IGadp, (F)| < sup |[(2)”'[By, HIR()|l|g(H II/df IIEEIIG = H)R(2)]

0<|s|<1

Since

(i — H)R(z)|| < const (1 + |Im1(z)|> , (83)

the integral is finite by choice of f . The factors in front of the integral are finite by Proposi-
tion 18 and by (78). O

Proposition 20.

oS () 7 [Bs[Bs, HI)(H +0)~"|| < oo

Proof. By Definition of H,

[B,, B, H]| = [Bs,|Bs, Hyl] + o*?[By, [Bs,p- ¢(Gy)]
+0[Bs, [Bs, (Gy)?].

We estimate the contributions of these terms one by one in Steps 1-3 below. As a preparation

we note that

adp, = e’ (W(s)~ 1) (84)
1] |
adp, =~ GW(s) ~1)F =~ 5 (W(2s) ~2W(s) + W(0),  (85)

Where W (s) maps an operator 1" to e *PTe?B%. In view of Equations (76), (77), we will need
that for every twice differentiable function f : [0,2s] — C

S17(28) ~2£(5) + FO) < _sup |£(1)]. (56)

[t]<2]s]|
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Step 1.

sp ladZ, (Hy)(Hp +1)7 < oo.
s_

By (85) and (76)
e 1
ad2Bs (Hf) = _SZZBS?dF(W 0 25 — 2w o P + w)' (87)
Thus in view of (86) we estimate the second derivative of s — w o ¢5(k) = |¢s(k)|. For k # 0,

o(64(K)
(6(k), w0 (kD) + 255

Z¢s 7 z,] ¢s ))¢S(k)]

ZA7

2 1

Zbl(k)| =

o2 Wl =~y
1

Tlea®)
By assumption on v, v;; € L and |v(¢s(k))| < Blos(k)| < eI4l|k|. Tt follows that
1
?‘ (wo ¢as — 2w o ¢ + w) (k:)| < const e”*lw(k),

which implies

1 —
?dF(w 0 o5 — 2w o g5 +w)(Hy+ 1)1 < const edlsl,

By (87) this establishes Step 1.

Step 2.

sup sup (z)~[ladg, (4(Ga) - p)(H +14) || < oo,
|s|<1z€eR3

Since p(H; + 1)Y/2(H +i)~! is bounded, it suffices to show that

up (@) 2 [ladk, (¢(Ga)) (Hy + 1) 72| < oc. (88)
By Equation (77)
1 1
?(W(S) - 1)2(¢(G1’)) = ?¢(G$,25 - 2G$,s + Gw)v (89)
and by (86)
<JI> (Gx,2s - 2G:c,s + Gx)(Hf + 1)71/2H
1 L 8
< <:73> ?||G$,2s - QGx,s —I—Gwa < <5L'> @Gz,s }

For k # 0 the function s — G (k) is arbitrarily often differentiable by assumption on v and

LG = (0 ViG(h) + 5 (dv()E). k) (90)

2
Gk = (0 VRPPC),(B) + ([div(o)o - V4G, (91)
3 3 (000505)G), + 7 (div(0)G) (92)
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By part (a) of Lemma 21 below, it suffices to estimate the L?-norm of these four contributions
with s = 0. By our assumptions on v, div(v) and v;0;0;v; are bounded functions. This and
the bound ||G|| < ||Gol|l. < oo account for the contributions of (92), and for the factor div(v)

in front of the second term of (91). It remains to show that the L2-norms of
(@) '(v-Vi)Ge and (z) *(v- Vi)*Ga

are bounded uniformly in z. But this is easily seen by applying v - Vi to each factor of
Go(k,\) = ex(k)e %k (k)|k|~Y/? and using that v-Vey(k) = 0, v- Ve #** = —jp.ze~** and
that v - V|k|~1/2 is again of order |k|~'/2 by assumption on v.

Step 3.

o ()~ |ladd, (6(G2)*)(Hy +1) 71| < co.

By the Leibniz-rule for adp.,

adp (4(G:)?) = adp (6(Gr)) - d(Ge) + ¢(Ge) - adB (0(Ge)) (93)
+2adp, (¢(Gz))adp, (¢(Gy)).

For the contribution of the first term we have

()% |adR, (8(Gx)) - ¢(Ga) (Hy + 1)
< () ?|ad%, (¢(G2)) (Hy + 1)7V2|||6(Go) (Hf + 1)V

which is bounded uniformly in |s| < 1 and x € R3 by (88) in the proof of Step 2. For the

second term of (93) we first note that

(Ga)add, (6(Ga)) = B(Ca)eP L (W(s) — 12((C)

€2iBs¢(G$7S);12(W(S) — 1)2(¢(Gx))

and hence, by the estimates in Step 2, we obtain a bound similar to the one for the first term
of (93) with an additional factor of 225l coming from the use of Lemma 21. Finally, by (84)
and (77)

adp, (6(Ga)adp, (9(Gy)) = %6 (G_G> ’ (G_G>

which implies that

(z) " ladg, (#(Gr))adg, (B(G))(Hy + )7 < sup (@) 105G slw)

|s|<2,z€R3

This is finite by (90) and the assumptions on v and G. O
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Proof of Theorem 16. By Proposition 19 and 36 it suffices to show that

sup_[Jadg, (f(H))| < oo (94)

0<s<1

for all f € C§°(2). Let g € C§°(2) with gf = f and let G = g(H), FF = f(H). Then F = GF

and hence
ady_(F) = ad} (GF) = ad} (G)F + 2adp, (G)adp, (F) + Gadg_(F).

From Proposition 19 we know that supy_s<; [[adp, (G)|| < oo, and similarly with F' in place of

G. Moreover

(adQBS(G)F>* — F*ad% (GY).

s

Thus it suffices to show that for all g, f € C§°(Q2)

sup [|Gad, (F)|| < <. (95)
0<|s|<1

To this end we use F = [d f(2)R(z) with an almost analytic extension f of f such that
|0z f (z + iy)| < const |y|*. We obtain

Gady, (F) = 2 [ df(:)RG)GIB., HIR(:)(B., HIR(2) (96)
+ [ AFREGIB., (B, HIRG), (97)

Since, by (78), ||G(z)?|| < co the norm of the second term is bounded uniformly in s € {0 <
|s| <1} by Proposition 20. In view of Proposition 18 we rewrite (96) (times 1/2) as

[ A @REG B HIRE) @) B HIR)
- [ 4FREG( (@), (B HIRE) | (2) (B, HIRG).
For the norm of the first integral we get the bound
JIAFEIRENIGE @) (Ba RGP~ HRE)P,

which is bounded uniformly in s, by Lemma 18, the exponential decay on the range of G = g(H)

and by construction of f . The norm of the second term is bounded by

/\df(Z)IHR(z)H lg(H) ()| [I{) ™ [(2), [Bs, HIR()] || I[{z) ™" [Bs, HIR(z)]|- (98)

The last factor is bounded by ||(i — H)R(2)||, uniformly in s € (0, 1], by Proposition 18. For
the term in the third norm we find, using the Jacobi identity and [Bs, (z)] = 0, that

()" [(2), [Bs, HIR(2)] = (@)~ [Bs, [{a), H]|R(2) + (z) " [Bs, HIR(2)[(), HR(2) ~ (99)
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where

T 2 1
[(z), H| = 2z®(p+A) + @ + W

Since (100) is bounded w.r.to H, the norm of the second term of (99), by Proposition 18, is
bounded by [|(i — H)R(2)||* uniformly in s. As for the first term of (99), in view of (100), its
norm is estimated like the norm of (x)~'[B,, H]R(z) in Lemma 18, which leads to a bound of
the form const||(i — H)R(z)|. By (83) and by construction of f it follows that (98) is bounded
uniformly in |s| € (0, 1]. O

(100)

We conclude this section with a lemma used in the proofs of Propositions 18 and 20 above.

For the definition of L2 (R?) and its norm see Appendix A.
Lemma 21. Let f +— f, = e~ f on L2(R3) be defined by (71), (72) and (74). Then

(a) The transformation f +— fs maps L2 (R3) into itself and, for all s € R,

1fsllo < €#172] £]|o-

(b) The mapping R — L2(R3), s+ fs is continuous.
(¢) For all f € L2(R3) with f € CY(R3\{0}) and k -V f,wf € L?,

Lz,—liml(fs—f) :”U-Vf—i-%div(v)f.

s—0 8

Remark. Statement (c) shows, in particular, that f € D(b) and that —ibf = v - Vf +
(1/2)div(v) f for the class of functions f considered there.

Proof. (a) Making the substitution ¢ = ¢5(k), dg = det D¢s(k)dk and using (73) we get

12 = / (K™ + 1) (65 (k) ? det Do (k) di
= [0+ VIs@Pdr < A

(b) For functions f € L2 (R3) that are continuous and have compact support || fs — fl» — 0
follows from lims .o fs(k) = f(k), for all & € R3 by an application of Lebesgue’s dominated
convergence theorem. From here, (b) follows by an approximation argument using (a).

(c) By assumption on f,
F L. 2 (@3
f=v-Vf+ idlv(v)f e L (R?).

Using that .
falk) — F(k) = / Adt, k20
0
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and Jensen’s inequality we get

2

70 =71 = [ase e 0|5 [1w - Fola

_ 1[5 INE
< [+ 0 [ i - o)
= — | Ife—fl"at
§Jo
which vanishes in the limit s — 0 by (b). O

A Operator Estimates and Spectrum

Let L2(R3,C?) denote the linear space of measurable functions f : R® — C? with

1712 = 3 / F06 VIR + 1)k < o

A=1,2

Lemma 22. For all f,g € L?(R3,C?)

la*(f) (Hy + 1)~ £l
la*(Na* (@) (Hy + D)7 < 20 fllwllgllo,

IN

N

where o may be a creation or an annihilation operator.

The first estimate of Lemma 22 is well known, see e.g., [4]. For a proof of the second one see
[10].

Lemma 23 (Operator Estimates). Let c,(k) = [ |r(k)[*|k|" 3 d3k for n > 1. Then

Q A)? < 8e1 (1) Hy + dea(r),
(i) —gcl(ﬂ)a?’p? < 2p- A(az)a®? + Hy,

(ii7) p? < 211% 4 208 A(ax)?.

If £V < ep? +b. for alle > 0, and if € € (0,1/2) is so small that 16ea3c (k) < 1, then

1

j 2 <
(iv) =192

(H + b + 8ca’ca(k)),

1
Hi < —————(H 2
(v) FSTT 165a2cl(l<a)( + be + 8ea’ca(k)),

(vi) Ay < —alr)

_saWw. g 9 A |
-1 16504201(,%)( + b: + 8aca(k)) + dea (k)
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Proof. Estimate (i) is proved in [16]. (ii) is easily derived by completing the square in creation
and annihilation operators, and (iii) follows from 2a3p - A(az) > —(1/2)p? — 2a3A(ax)?.

From the assumption on V' and statements (i) and (iii) it follows that

H > I?—¢ep® —b. + Hy
> (1—2e)1% — 2e®A(x) + Hy — b
> (1 —2e)1? + (1 — 16ea’cy (k) Hy — 8ca®ca(k) — b,
which proves (iv) and (v). Statement (vi) follows from (i) and (v). O

Let Ey = info(H,) and let ¥, = limp_,o X5 g be the ionization threshold for H,, that is,

Yor = inf w, Hyp
R i (O HoP)

where D = {¢ € D(H,)|x(|z| < R)p = 0}.
Lemma 24 (Estimates for E, and X,). With the above definitions

1. For all a > 0,
E,<e +4Cg(li)a3.

2. If c1(k)a® < 1/8 then
Yor > €2 —op(l) — c1(k)a®C, (R — 0),
where C' and or(1) depend on properties of Hpare only. In particular
Yo > eg — cl(ﬂ)a?’C
uniformly in o > 0.

Proof. Let 11 be a normalized ground state vector of Hpart, so that Hparitp1 = e11)1, and let

Q) € F denote the vacuum. Then

E, < (1 ®Q Hethp1 ® Q)
= e+ (h1 ® Q, A(az) ) ®@ Q)

< e + 402(/<c)a3

by Lemma 23. To prove Statement 2 we first estimate H, from below in terms of Hpart. By
Lemma 23,
Hy, = Hpui+2p- Alaz)o®? + A(az)?a® + Hy

8
Hpare — gcl(/ﬁ)a?’pQ.

\Y
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Since p? < 3(Hpart + D) for some constant D, it follows that
Hy > Hpart(1 — 8c1(k)a®) — 8e1 (k) Da®.

By Perrson’s theorem, (¢, (Hpart ® 1)¢) > ea —og(1), as R — oo, for normalized ¢ € Dg, with

¢l = 1, and by assumption 1 — 8c1(x)a?® > 0. Hence we obtain

Yro > (ez —or(1))(1 —8ci(k)a?) — 8¢ (k) Da?

5 jti

= ey —ogr(1)(1 —8ci(k)a?) — 8ci(k)a(eg + D),
which proves the lemma. ]

Lemma 25 (Electron localization). For every \ < eg there exists ay > 0 such that for all
a<ayandalln € N

sup [||z|" Ex(Hy )| < oo.

>0

Proof. From [15, Theorem 1] we know that ||e?l®l E\(H,)|| < oo if A+&2 < ¥,. Moreover, from

the proof of that theorem we see that
sup ||l B\ (H,)|| < o0
>0

if R >0 and 6 > 0 can be found so that

¢ 2
Son— g 2 Atel+0 (101)

)

holds uniformly in o. Here C is a constant that is independent of the system. Given \ < eg,
pick a > 0 so small that ez — c1(k)a3C > X with C as in Lemma 24. It then follows from
Lemma 24 that (101) holds true for some § > 0 if R is large enough. O

Theorem 26 (Spectral gap). If a < 1 then
o(Hy [H)N(Es,Ey +0) =10
forall o < (ex —e1)/2.

Remark. Variants of this results are already known [12, 3]. We therefore content ourselves

with a proof that is partly formal in the sense that domain questions are ignored.
Proof. From [16] we know that

inf oess(Hy [ H?) > min(Ey + 0, 3,).
On the other hand, by Lemma 24,

Yo —FEy>e9—e1 — a3(8cl(/<c) +4ca(k)) >0
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under our assumptions on « and o. This proves that
infoess(Hy | H) > Ey + 0

and it remains to verify that H, has no eigenvalues in (E,, E, + ). This follows from Propo-

sition 27 and the Virial Theorem. O
The following proposition is part of the proof of Theorem 26.

Proposition 27. Let B = d['(b) + a3/2z - ¢(ibx’ Go) where b= (k-y+y-k)/2 and k = k/|k|.
Then for o < 1 and 0 < egap/2,

A 1
E(O,a) (Hy — Ea)[HavZB]E(O,a)(Ha - Ey) > §E(O,a)(Ha — Ey).

Remark. The reason for the contribution o?/?z - gb(iI;)Z"Go) to the operator B is that in
Equation (102) it leads to ¢(ibx° AG,) with AG, = G, — G rather then ¢(ibx°G,).

Proof. Let T, = p + a’/2A%(ax) so that H, =112 +V + H;. We compute

|H,,iB] = ,[l,,iB] + [[I,,iB|, + [H;,iB]

where
[H;,iB) = N — o2z - p(wbx®Go)
and
0,,iB] = [I,,id0(b)] + [I,,ia*z - ¢(ibx*Go)]
= —a®2(ibx"Gy) + o®2¢(ibX" Go) — 20° Re (X G, 2b7 Go)
= —a®2¢(ibx? AG,) — 20° Re (X7 Gy, 2bx° Gy). (102)

We first show that [H,,iB] — N between spectral projections E.q)(Hs — E;) is 0(a®/?) as
a — 0. To this end we set A = (1/4)e; + (3/4)e2 and prove Steps 1-3 below. Note that, by
Lemma 24, E, + 0 < X for 0 < egap/2 and 2c2(k)a® < egap/4.

Step 1

sup | Ex(H, )z - p(wbX? Go)Ex(Hy)|| < oo.
o>

One has the estimate
| Ex(Ho )z - p(wbX” Go) Ex(Hy)|| < || Ex(Hq )z |||wbX Gollw|| (Hy + 1) E\(H,)||

where each factor is bounded uniformly in o > 0. For the first one this follows from Lemma 25,
for the second one from |wbx?Go(k)| = O(|k|~'/2) and for the third one from sup, |(Hf +
DY2(H, +1)7Y| < oo, by Lemma 23.
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Step 2.

sup | Ex(H )y - ¢(ibX°AG)Ex(H,)| < oc.
o>

This time we use

1EA(Ho), - $(ibX AG,) Ex(H,) |

< [[EA(Ho)Ls || (sgp <ar>_1H5>~<"AGwa) [(z)(Hy + 1)'/*Ex(H,)||- (103)
Since
bXTAGL(k,N) = i (O + k7Y X7 (e7F T 1) (k) ex(k)
) || \/m

= O({@k™?),  (k—0),
while, as k — oo, it decays like a Schwartz-function, it follows that

sup () " H[bYTAG, || < oo
x,o

The first factor of (103) is bounded uniformly in ¢ > 0 thanks to Lemma 23, and for the last

one we have
() (Hy + 1) Ex(Hy )| < |[(2)* Ex(Ho) || + [|(Hf + 1) Ex(Ho )|,

which, by Lemma 25 and Lemma 23, is also bounded uniformly in o.
Step 3.
sup || Ex(Hy ), - Re (X7 Gy, - bX7Go) Ex(Hy)|| < oo.
g

This follows from estimates in the proof of Step 2.
From Steps 1, 2, 3 and N > 1 — Py it follows that

E\(H,)[H,,iB)E\(H,) > Ex(H,)(1 — Pq)Ex(H,) + O(a?®?). (104)

In Steps 4, 5, and 6 below we will show that E ,(Hy, — Eo) PaE( o) (He — E;) = O(a3/2) as
well. Hence the proposition will follow from (104).
Step 4.

(P

part

® Po)Ex(H,)| = O(a®?).

Let H® denote the Hamiltonian H with o = 0 and let f € C$°(R) with supp(f) C (—oc, e2)
and f =1 on [info<c,,, Es,Al. Then E\(H,) = f(Hy)Ex(Hy), (Poag, ® Po)f(H®) =0 and
1

() = £ = [ 47(2) L (0¥ 4 (a0) + 0P A7 (@) — g = O
It follows that
|(Pare ® Po)EX(H,)|| = |[(Prbey ® Po) [f(Hy) — f(HO)] Ex(H, )|

I (Ho) = f(HD)|| = O(a™/?).

IN
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Step 5. Let P, denote the ground state projection of H,. Then
| Poart © P — Py || = O(a3/?).
Since 1 — P < N1/2 we have

1_Ppart®Pﬂ = 1_PQ+P;_rt®PQ

a;

< NY24+PL,®Py

— a.

where ||(PpLart ® Po)P,|| = O(a®/?) by Step 4 and |[N'/2P,|| = O(a?*?) by Lemma 29. Tt
follows that ||(1 — Ppart ® Po)Py|| = O(a®/?). Hence, for a small enough, P, is of rank one and
the assertion of Step 5 follows.
Step 6.

E(O,a)(Ha - Ea)(l X PQ)E(O,O‘) (Ho - EU) = O(ag/Q)'

Since PyE g4 (Hy — E;) = 0, it follows from Step 4 and Step 5 that

1(1® Pa)Eo.0)(Ho — Eo)ll = (1 ® Poy — Po)Eo.0)(Ho — Eo)|
< [(Poart ® Pa = Po)E(o o) (Ho — Eo)| 4 | (Piane ® Po) Eqo o) (Ho — Er)

= 0(a’?).
O

The following Lemma is formulated in a way which makes it applicable to the scalar field

model of Section 2 as well as to QED.

Lemma 28 (overlap estimates). Let P° ® fa(Hy) on H? @ F, be defined as in Section 2
or Section 3.1, and suppose |xoGz(k)| = 0 if |k| > 20 while |xoGz (k)| < |k|* for some p > —1
if |k| <20. Then

la(xoGa)P? @ falHypo)l < / [kl la(k) P | dk + Co 572,
o<|k|<20
llcla(xnGa) P7 @ fa(Hz )| < [ kP lfala(0)P7] b+ Cljal P75,
o<|k|<20
where C' = /27 /(u + 1).
Proof. Let ¢ € H® ® F, with ||¢|| = 1. By assumption on x,Gy,

(o Ga)P” @ fa(Hpo)p — / xo (K) G (R)a(k)P* © f(Hy ) dk

o<|k|<20

Go(k)
[ a0 S o a0y o
k| <o |k|
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Using |xoGz (k)| < |k|*, |fa(Hfo)|| < 1, and the Cauchy-Schwarz inequality applied to the

second integral
la(xoGz)P” @ fa(Hyo)el

1/2
/ Ik¥lla(k) P | dk + / R ak | HY2 ()
o<|k|<20 k| <o ’

9r \ /2
< / k| [|a(k) P || dk + ( > o2,
o<|k|<20 p+1

IN

A

where ||H 16 f(Hyo)| < o'/? was used in the last step. The proof of the second assertion is a

copy of the proof above with P? replaced by |z|P?. O
The integrands in Lemma 28 are estimated in the following lemma.

Lemma 29 (ground state photons). Suppose H,P, = E, P, where 0 > 0, E, = inf o(H,),
and P, is the ground state projection of H,. Here Hy—g = H. Let Ry(w) = (Hy — Ey 4+ w) 1.
Then

(i) a(k)P, = —ia’/? [1 — WRy(w) — 2R, (w) (I, - k) 4+ aRy (w)k? |z - G (k)* P,
—20%2 Ry (w)k - Gow(k)* P,.

There are constants C, D independent of o, € [0, 1] such that

C
(ZZ) Ha‘(k)PUH S « ‘k|1/2?
D
3/2
(7i1) ||za(k)Py|| < « TR

Proof. We suppress the subindex ¢ for notational simplicity. By the usual pull-through trick

(H— E+w(k))a(k)P [H,a(k)]e + w(k)a(k)P

—a/?201 - G, (k)*P.
Since 211 = i[H,z] = i[H — E,x], and (H — E)p = 0 we can rewrite this as

ia”3a(k)p = RW)[(H - E)x —x(H — E)]Gax(k)*P
= (1-wRW))(z Gz(k)")P — R(w)x[H, Gax(k)*|P (105)

For the commutator we get

[H,G(k)"] = (I k)Gy(k)” + Gag(k)*(IL- k)
= 2(IT- k)Gy(k)* — ak*G.(k)*
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and hence, using z(II- k) = (IT - k)z + ik,
z[H, G, (k)] = [2(I1 - k) — ak?|x - Gau(k)* + 2ik - G (k)*. (106)
From (105) and (106) we conclude that

ia 3 a(k)P = [l —-wR(w)—2Rw)(II- k) + aR(w)k?|z - Gy (k)*P
—2iR(w)k - G (k)*P.

(ii) First of all sup,q [|zP|| < co by Lemma 25 and |G (k)| < const|k|~1/2 by definition of
G.(k). Since |R(w)|| < |k|7! and ||R(w)TI|| < const(1 + |k|~!) we find that

H [1 —wR(w) = 2R(w)(IT - k) + aR(w)k‘Q} H <const  fora,lk| <1

This proves (ii). To estimate the norm of za(k)P we use (i) and commute x with all operators

in front of P so that we can apply Lemma 25 to the operator z2P. Since
[z, R(w)] = —2iR(w)IIR(w)

the resulting estimate for ||za(k)P|| is worse by one power of |k| than our estimate (i) for
la(k) Pl O

Lemma 30. There exists a constant C such that
|E — E,| = Ca’/?0?
for all o >0 and a € [0,1].

Proof. Let i and ¢, be normalized ground states of H and H, respectively. Then, by Rayleigh-
Ritz,

E— Ea < <1/}t77 (H - HO’)I/)O'> (107)
Ey — E < (¢, (Ho — H)Y) (108)
where H — H, = II? — 12 and
M —112 = 2a%?%p. (A(ax) — A%(ax))
+a?[A(azx) + A% (ax)] - [A(az) — A% (az)]. (109)
To estimate the contribution due to (109) we note that

[A(a2) + A7 (aa)] - [Alaz) — A7(aa)] = [A(aw) + A%(a)] - a(xoGa)
10" (0o Gy) - [A(az) + A%(az)]  (110)
42 [ 16, 0PAG a.



Frohlich/Griesemer/Sigal, 6/November/06—Mourre for QED 37

The last term in (110) is of order o2 and from Lemma 29 it follows that

la(XoGz)Yoll, lla(xoGa)dll < Ca?’/Q/ Galk)|—r=dk = 0(@*%0?)  (111)

k| <20 VK|

Moreover, by Lemma 23,

lptsl, |[A(ax) + Ay (ax)]tbs|| < const.

It follows that the contributions of (109) to (107) and (108) are of order a3/2¢2 and o?c?. [

B Conjugate Operator Method

In this section we describe the conjugate operator method in the version of Amrein, Boutet
de Monvel, Georgescu, and Sahbani [1, 21]. In the paper of Sahbani the theory of Amrein et
al. is generalized in a way that is crucial for our paper. For simplicity, we present a weaker
form of the results of Sahbani with comparatively stronger assumptions that are satisfied by
our Hamiltonians.

The conjugate operator method to analyze the spectrum of a self-adjoint operator H :
D(H) C H — 'H assumes the existence of another self-adjoint operator A on H, the conjugate
operator, with certain properties. The results below yield information on the spectrum of H

in an open subset 2 C R, provided the following assumptions hold:

(i) H is locally of class C%(A) in Q. This assumption means that the mapping
S — e_iASf(H)eiASQO
is twice continuously differentiable, for all f € C§°(Q2) and all ¢ € H.

(ii) For every A € , there exists a neighborhood A of A with A C 2, and a constant a > 0
such that
EA(H)[H,iA|EA(H) > aEA(H).

Remarks: By (i), the commutator [H,iA] is well defined as a sesquilinear form on the
intersection of D(A) and Ux Ex(H)H, where the union is taken over all compact subsets K
of Q. By continuity it can be extended to Ux Fx (H)H.

The following two theorems follow from Theorems 0.1 and 0.2 in [21] and assumptions (i)

and (ii), above.
Theorem 31. For all s > 1/2 and all p,¢ € H, the limit

lim (i, (A) " RO\ % i€) (4)0)
e—0+
exists uniformly for A in any compact subset of Q2. In particular, the spectrum of H is purely

absolutely continuous in Q.
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This theorem allows one to define operators (A) *R(A£i0)(A)° in terms of the sesquilinear

forms

(9, (A) RO\ i0)(4) =) = lim (o, (A)*R(A = ie)(4) ~*4).
By the uniform boundedness principle these operators are bounded.

Theorem 32. If1/2 < s <1 then
A= (A)PR(N+40)(A)~°
is locally Holder continuous of degree s — 1/2 in Q.

Theorem 33. Suppose s € (1/2,1) and f € C3°(). Then

)y A =0 (). (=0

Proof. For every f € C3°(R) and all ¢ € H
. 1 .
et f(H)p = hﬁ? ~ / e” M FN) Im(H — X —ie) Lo dA (112)
elo

by the spectral theorem. Now suppose f € C§°(Q2) and set F(z) = 7~ 1(A)~* Im(H—z)"1(A4) ",
Then (112) and Theorem 31 imply

AR A) e = [N VPO io)p (113)
This equation with H — 7/t in place of H becomes
(AY e HEf(H — 1 /t)(A) S = — / e M FA)VF(\ + 7/t +1i0)p dA. (114)
We take the sum of (113) and (114) and use || f(H) — f(H — 7/t)|| = O(t~1) to get

20| (A)~eH F(H) ()] + Ot
< [UOIIEG+i0) ~ FO /-4 i0)r = 001/,

where the Hélder continuity from Theorem 32 was used in the last step. O

For completeness we also include the Virial Theorem (Proposition 3.2 of [21]):

Proposition 34. If A € Q is an eigenvalue of H and E{,\}(H) denotes the projection onto the

corresponding eigenspace, then

By (H)[H,iA]Eqyy (H) = 0.
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In the remainder of this section we introduce tools that will help us to verify assumption
(i). To begin with we recall, from [1, 21], that a bounded operator T' on H is said to be of

class C*(A) if the mapping

S — efiAsTeiAs

2

is k times continuously differentiable for every ¢ € H. The following propositions summarize

results in Lemma 6.2.9 and Lemma 6.2.3 of [1].

Proposition 35. Let T be a bounded operator on H and let A= A*: D(A) CH — H. Then

the following are equivalent.
(i) T is of class C1(A).
(i) There is a constant ¢ such that for all v, € D(A)
(A, Tp) — (0, TAY)| < cllll[[ ¥
(#4i) liminf,_ o4 %He‘iAsTeiAs - TH < 00.

Proof. If T is of class C'(A) then SUp;g s~ (e7#5Tei4s — T)|| < co by the uniform bound-
edness principle. Thus statement (i) implies statement (iii). To prove the remaining assertions

we use that, for all ¢, € D(A),

1 ) ) —1 [f ) ) . .
S lemtorete gy = = a4 ap Teiry) - (@ et A (s)
0

Since the integrand is a continuous function of 7, its value at 7 = 0, (Ap, T¥) — (p, TAY), is
the limit of 115 as s — 0. It follows that

(A, T) = (o, TAG) | = Tim 57" (, (7 4TeiAs — T)y)

< liminf s~ [le=“*Te™* — T|[||o||[|1)].
s—0+

(116)

Therefore (iii) implies (ii).
Next we assume (ii). Then T'D(A) C D(A) and [A,T] : D(A) C ‘H — H has a unique

extension to a bounded operator ad (7)) on H. The mapping
T — e MTad, (T)e 7y
is continuous, and hence (115) implies that
eSSy — T = —i /05 e~ ATady (T)e A dr (117)

for each ¢ € H. Since the r.h.s is continuously differentiable in s, so is the lL.h.s, and thus
T € CL(A). O
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Let Ay = (€% —1)/is, which is a bounded approximation of A. Then

[V

(e_iASTeiAs -T) = —ie"ady (T). (118)

Hence, by Proposition 35, a bounded operator T is of class C*(A) if and only if liminfs .oy ||ada, (T)| <

0o. The following proposition gives an analogous characterization of the class C%(A).

Proposition 36. Let A = A* : D(A) C H — H and let T be a bounded operator of class
CY(A). Then T is of class C*(A) if and only if

liminf |lad?_(T)|| < oc. (119)
s—0+ s

Remark. This is a special case of [1, Lemma 6.2.3] on the class C*(A4). We include the

proof for the convenience of the reader.

Proof. Since T is of class C1(A) the commutator [A, T] extends to a bounded operator ad 4(7T')
on ‘H and

idie_iAsTeiAsw = e Wad 4 (T)e (120)
s

for all ¢ € H. By Proposition 35 the right hand side is continuously differentiable if and only
if
(A, ada(T)9) — (p,ada(T)Ap)| < cllell[[¢ll,  for ¢, ¢ € D(A) (121)
with some finite constant c. To prove that (121) is equivalent to (119), it is useful to introduce
the homomorphism W (s) : T + e~ 4$Te?4% on the algebra of bounded operators. By (117)
S
(W(s)—1)T = —z’/ driW(r)ada(T)
0

and therefore

;12(W(s) -1’7 = ;—; Osdn(W(s) — D)W (ry)ada(T)
= ;21/08 dr /Os droW(m + m2)[A, ad4(T)] (122)

in the sense of quadratic forms on D(A), that is,
(o, W(r1 + m2)[A, ada(T)]¥) := (Ap, W (11 + 72)ada(T)¥) — (o, W (71 + 72)ada(T)AY)

for p,1 € D(A). Since the right hand side is continuous as a function of 7 + 72, it follows

from (122), as in the proof of Proposition 35, that

1

[(Ap,ada(T)9) — (p,ada(T)AY)| = lim — (e, (W(s) = 1)*T¢)]

| 2
< lérgéﬁf?||(w(s) =Tl 1l-
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Since, by (118),

1 —2iAs

S (W(s) = 1)°T = —e™*"ad} (T),
condition (119) implies (121). Conversely, by (122) condition (121) implies that s=2||(W (s) —
1)2T|| < ¢ for all s > 0, which proves (119). O

Lemma 37. Suppose that H is locally of class C*(A) in Q C R and that ¢4*D(H) C D(H)
for all s € R. Then, for all f € C§°(?) and all p € H

eiAs -1
FUDIH. 1A (1) = tny (07) | 11,5 =2 7o)
Proof. By Equation 2.2 of [21],
F(H)[H,iA|f(H) = [Hf*(H),iA] — Hf(H)[f(H),iA] - [f(H),iAJH f(H), (123)

where, by assumption, f(H) and H f?(H) are of class C1(A). Since, by (118)

[T,iA]e = —ilimada, (T)p

s—0

for every bounded operator T of class C1(A), it follows from (123), the Leibniz-rule for ad,
and the domain assumption AsD(H) C D(H), that

FCH)[H, Al f(H)p
— —itim (ada, (Hf2(H)) — Hf(H)ada, (f(H)) — ada, (f () H[(H) )
— —ilim f(H)ad, (H)(H)g.
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