POISSON BRACKETS OF ORTHOGONAL
POLYNOMIALS

MARIA JOSE CANTERO! AND BARRY SIMON?2

ABSTRACT. For the standard symplectic forms on Jacobi and
CMYV matrices, we compute Poisson brackets of OPRL and OPUC,
and relate these to other basic Poisson brackets and to Jacobians
of basic changes of variable.

1. INTRODUCTION

It has been known since the discoveries of Flaschka [14] and Moser
[29] concerning the finite Toda lattice as a completely integrable system
that finite Jacobi matrices of fixed trace support a natural symplectic
form. Explicitly, if

by a

a; by a2

J = (1.1)

an—1 by

N
d bi=c (1.2)
j=1

the nonzero Poisson brackets of the a’s and b’s are

{bk,ak}:—iak ]le,...,N—l (13)
{bk,ak_l} = iak_l k‘ZQ,...,N (14)

For the basic definitions of symplectic manifolds and Poisson brackets,
see Deift [8].

on the manifold where
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The nonzero pairings are neighboring elements in J. As one would
guess, there are differing conventions, so that sometimes the i in (1.3)
and (1.4) are 3 and sometimes one takes { , } to be the negative of
our choice.

It is easy to check that Z;VZI b; commutes with all a’s and b’s as
is necessary for this to define a bracket on the manifold where (1.2)
holds. It is also easy to see that the form defined by (1.3)/(1.4) is
nondegenerate and closed so there is an underlying symplectic form;
see the end of Section 3.

If one takes

N N—-1
H=2Te(J?)=2) 0?+4) a (1.5)
j=1 j=1
then the Hamiltonian flow,
i)k = {H, bk} = 2(&2 — ai_l) (16)
dk = {H, CLk} = ak(ka - bk) (17)

is the Toda flow in Flaschka form [14]. It is completely integrable;
indeed, (see (1.11) below)
{Tr(J"), Te(J™)} =0 (1.8)

for all n, m.
If dp is the spectral measure for J and (1,0,...,0)" then

N
dp = pids, (1.9)
j=1

The {p;}}=, and {z;};_, are not independent; indeed, by (1.2),

N N
Zatj =c ijzl (1.10)
j=1 j=1

Fundamental to developments are the following Poisson brackets:

{zjoze} =0 {ay, o} = 3 [0k0; — pipa] (1.11)

The analog of {z;, x;} = 0 for periodic Toda chains is due to Flaschka
[14] and (1.11) appeared (implicitly) first in Moser [29].

Our original motivation was to understand the analog of this for
CMV matrices. Along the way, we realized that Poisson brackets of
orthogonal polynomials were not previously studied, even in the Jacobi
case, so we decided to discuss both cases.

We also felt that the centrality of (1.11), which is partly known to
experts, was not always so clear, so we also decided to say something
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about that. Indeed, one of our initial goals was to prove the analog
of {z;,z;} = 0 for the periodic case of OPUC whose previous proofs
[37, Section 11.11] and [31, 32] were involved. Hence one application
of (1.11) we discuss is going from (1.11) to the periodic case.

Since Z;VZI x; and Z;VZI p;j are constant, {z;, pr} must sum to zero

over j or k, as can be checked in (1.11) since Z;VZI pj = 1.
We note one curiosity of (1.11), namely, {x;, p;} is symmetric in j
and k. We will eventually also find

(i = 0 37 PP o 37 PP (1L1g)
7 k mtj X Tm mtk Tk Tm
but will make no use of this complicated formula here. It is needed if
one wants to find angle variables for the Toda flows (see [27, 16]).
Simultaneous to our work, Gekhtman-Nenciu [16] were studying
Poisson brackets of Carathéodory functions, which we will see is closely
related to our work. Indeed, a key to our progress was learning of this
work and the earlier paper of Faybusovich-Gekhtman [13].
For the monic orthogonal polynomials on the real line (OPRL),
P,(x), our basic result is that forn =1,2,..., N,

{Palx), Puly)} = {Pa-1(2), Paca(y)} = 0 (1.13)
2{P,(z), Pioi(y)} = P”(x>P”_1(y; — 5”@)]3"‘1(:5) — Poo1(2)Pai(y)
(1.14)

Notice the occurrence of the Bezoutian (see [20]) of P, and P,_; in
the first term on the right of (1.14). (1.13) and (1.14) will follow by a
direct induction in n.

There is a symmetry between P,, P,_; and P,,Q, (where @, is the
second kind polynomial (of degree n—1) for P,), for P, is a determinant
of z—J and P,_; (resp. @) are the determinants obtained by removing
the last and rightmost row and column (resp. first and leftmost row and
column). This will immediately lead to

(Pu(2), Pay)} = {Qula), Qu(9)} =0 (1.15)
2{Pa(0), Quly)} = - | LB 6, (1),
(1.16)

The sign changes because inverting order changes the sign of { , }.
All these calculations appear in Section 2. In [13], several different
Poisson brackets on polynomials are considered, including one that is
essentially equivalent to (1.16).



4 M. J. CANTERO AND B. SIMON

In Section 3, we derive {x;, 2} = 0 from {P,(z), P,(y)} = 0, {z;, pi }

from {P,(x), Qn(y)} and {p;, pr} from {Qn(x), Qn(y)} = 0.

Looked at carefully, if we argued directly for P, by induction, we,

in essence, use coefficient stripping to relate Py, Qy for {aj}j-vz_ll U

{b;}7, to Py_1,Qn—1 for {aj}ﬁ-v:_zlu{bj }ﬁ-vz_zl. The analog for orthogonal
polynomials on the unit circle (OPUC) is a new coefficient stripping
relation of first and second kind paraorthogonal polynomials, which is
new. We present this in Section 4, denoting these first and second kind
OPUC by PN and QN-

In Section 5, we use the natural symplectic form for OPUC: in terms

of Verblunsky coefficients,

{aj, a0} =0 {aj,a} = —ipio, (1.17)
This was introduced by Nenciu—-Simon [33]. We will find
{Pu(2), Po(w)} = 0 = {Qn(2), @n(w)} (1.18)
(P21 @ulw)} = 5 [ (B)Quw) — Patw)a(e) (12

(2 Qn(w) + Pn<z>Pn<w>] (1.19)

using induction and the coefficient stripping of Section 4. P,, @, will
depend on a parameter . {q; ;‘:_g — {—aj}g‘:_g which preserves
OPUC Poisson brackets and § — —( interchanges P, and @,, so
the right side of (1.20) has to be antisymmetric under interchange of
P, and @, as it is.

In Section 6, we derive the analogs of (1.11). In (1.11), the 2’s and p’s
are global variables fixed by 1 < x5 < .... For OPUC, the eigenvalues
are only locally well defined, namely,

N
dp =y, (1.20)
j=1
where
zj = €' (1.21)
The analogs of (1.10) are
N N
> Oi=c > =1 (1.22)
j=1 j=1

and of (1.11),
{0;,0,} =0 {0, e} = 1050 — 1110 (1.23)
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The analog of {6, 6;} = 0 for the periodic case appeared first in [33],
and {60;,0,} = 0 is from [31, 32]. The formula for {6;, u;} is due to
Killip—Nenciu [27].

In Sections 7-11, we discuss three applications of the fundamental
relations (1.11) and (1.23): to computations of Jacobians of the maps
(a,b) — (x,p) and (o) — (0, ), to the exact solution of the flows
generated by G(x) or G(#), and to the periodic case. In Sections 9 and
10, we discuss the differential equations induced on the monic OPRL
and OPUC. Sections 12 and 13 compute more Poisson brackets for
OPRL and OPUC, respectively.

It is a pleasure to thank Rafael Hernandez Heredero and Irina Nen-
ciu for useful discussions. M. J. Cantero would like to thank Tom
Tombrello and Gary Lorden for the hospitality of Caltech.

2. Po1ssoN BRACKETS OF FIRST AND SECOND KiIND OPRL
Our goal in this section is to prove (1.13) through (1.16).
Proposition 2.1. (1.13) and (1.14) holds for n = 1.

Proof. For n = 1, by = ¢, Po(x) = 1, Pi(x) = x — ¢, and all Poisson
brackets are zero. Thus, we need only show the RHS of (1.14) is zero,

that is,
G-0--9_,_,
T —y
which is obvious. U
Lemma 2.2.
{a2, Po(w)} = —5 a2 Poy(w) (2.1)

Proof. Since

Pii(x) = (z — bj1) Pj(x) — af P (x) (2.2)

we have inductively that P; is a function of {b;},_, U{a,}_| as also fol-
lows from (2.8) below. Thus, we have {a2, P,_1(w)} = {a2, Py_s(w)} =
0 so, using (2.2) for j + 1 =n,
{an, Pa(w)} = {az, —ba} P (w)
= —1a’P,1(w) O

Theorem 2.3. (1.13) and (1.14) hold for all n.

Proof. Proposition 2.1 is the result for n = 1. So, by induction, we
can suppose (1.13) and (1.14) for 7 < n and need only prove it for
n+ 1. By (2.2) for j = n and the facts that {P,_1(x), P,-1(y)} =
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{P,(z), P,(y)} = 0 and P, independent of a,, a,.; and P,_; indepen-
dent of b, and b, 1, only the cross terms enter and

P (2), i ()} = {(z = buy1) Pa(2), a5 Pa (9)} — (2 2 )

where (x < y) is like the first term but x and y are reversed.
This is a sum of three terms: t1, ¢y, t3 where

2ty = 2(z = bu1)ap { Pa(2), Paca ()} — (2 < )

— (LL’ . y)ai (Pn(l') - Pn—l(y) — Pn(y)Pn—l(l’)) o Pn—l(x>Pn—1(y>:|

T —y
(2.3)

by the induction hypothesis and the symmetry of { P, (y), P,_1(y)} un-
der x < y. Next,

2ty = 2{aPy(), az } Paci(y) — (v < )
= ap(x — y) Pu1(2) Paa(y) (2.4)
by Lemma 2.2. Finally,
2ty = —2busr, a2} (Pal) Py (y) — (2 — 1)
= —ay (Po(2) Paei(y) = Puly) Paca(@)) (2.5)

There is a fourth term involving {b,+1, P,,—1(y)}, but this is zero.
Clearly, t1 4ty +t3 = 0 since (2.5) cancels the first term in (2.3), and
(2.4) the second term. This proves that {P,1(x), Pry1(y)} = 0.
Since {P,(x), P,(y)} = 0 and {b,+1, P.(y)} = 0 (since P,(y) only
depends on {a; ?:_01), (2.2) implies

{Posi(@), Pa(y)} = {—an Pu-s(@), Pa(y)}
= —a,{Po1(2), Pu(y)} — Pocr(2){ay, Paly)} (2:6)
The first term is evaluated by induction and the second by Lemma 2.2.

The Lemma 2.2 term is +3a2P,_;(2)P,_1(y) which cancels one term
in {P,_1(x), P,(y)}. Thus

2 [ Ba(y) Pra(x) = Bo(x) Poa (y)
| |

Poi(9) Pa(y) — Posa ()P
r—y
proving the required formula for n 4 1. In the above, (2.7) comes from
(2.2). O
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The monic second kind polynomials, @),, can be defined as follows:
We note that if J(by,...,by;aq,...,a, 1) is the matrix (1.1) with N =
n, then

P,(z) = det(x — J(b1,....bp;a1,. .., an-1)) (2.8)
as is well known. @), is then defined by removing the top row and left
column, that is,

Qn(z) =det(x — J(ba,...,by;a9,...,a0,-1)) (2.9)
Notice that J(by, .. bgyar, .o an_1) and
J(bp,bp_1,...,b1;a0_1,...,a1) are unitarily equivalent under the

unitary Ud; = 0p41—5, j = 1,...,n. This shows making the a, b depen-
dence explicit (we include redundant variables; @),, is independent of
by and ay):
Pn(x;bl,...,bn;al,...,an_l) = Pn(x;bn,...,bl;an_l,...,al)
Qn(w;b1, .. bgsar, .. 1) = Pya (50, .- D130, an)
Taking into account that reversing order changes the signs in (1.14) and

(1.16), we see that { , } changes sign, that is, (1.14) implies (1.16), and
we have

Theorem 2.4. (1.15) and (1.16) hold for all n.

Instead of using induction from P,, P, 1 to P,,1, P, and the above
reversal argument, we can directly use induction from P,,Q, to
Pn+1> Qn—i—l using

Qni1(T; b1, .. bparsar, ... a,) = Po(x;be, . byaras, ... a,) (2.10)
and
Pn—l—l(x; b17 .. ’7bn+1;a17 .. '7an)

= (z —b)Pu(x;bo, ... bprryan, ... a,) — a%Qn(aj; bay .. bpyt;ag, ...,
(2.11)

that is, coefficient stripping.

3. FUNDAMENTAL POISSON BRACKETS FOR OPRL

Our goal in this section is to prove (1.12) and, most importantly,
(1.11). In the calculations below, we will compute Poisson brackets
of functions of a, b and free parameter(s), x (e.g., P, (x)) and then set
x to a value that is a function, h, of a,b. The order of operations is
important, that is, {-, -} first, only then evaluation. We will denote this

by {fv g}‘m:h'

an)
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Proposition 3.1.
{Pa(@), Pa)Hoca, yoa = Lo} [[ (o5 — 20) [T (e —2)  (3.1)
0] £k
In particular,
{P.(x), P(y)} =0={zj, 24} =0 for all 5,k (3.2)
Proof. Since P is monic and its zeros are simple and (2.8) holds,
Pu@) = [~ ) (3.3
J
Thus, by Leibnitz’s rule,
{Pol(2), Pu(y)} = Z{l"p,ifq} [T -2 [T —=) (3.4)
t#p t#q

Setting © = z;, y = x4, all terms with p # j or ¢ # k vanish and we
obtain (3.1). (3.1) trivially implies (3.2). O

Proposition 3.2. We have that

Z pj H T — Tg) (3.5)

Jj=1  k#j

Proof. The m-function is defined by

Z — P - (3.6)

which is just
mn(z) = <(51, (J(bl, ey bn, A1y ...y an_1> - Z)_1(51> (37)
which, by Cramer’s rule and (2.8)/(2.9), implies

Q)
my(z) = — P.02)

Thus, by (3.3),
Qn(2) = —mn(2) Pa(2)
Pj Hk z — )
N Z (z — ;)
which is (3.5). O
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Proposition 3.3.
{Pn(x)?Qn(y)}|x:xj7y=Z‘k - {x]?pk}H j _ze H k? _ze) (39)
(£j £k
This implies that

(1.16) = {j, p} = 5 [0j805 — pipn] (3.10)

Proof. Since we have proven that {z;, zx} = 0, (3.3) and (3.5) imply
that

(B Qu) ==X tem i [T =0 [T =2 11
L#£p l#q

which immediately implies (3.9).
In (1.16), we have, by (3.5), that

Qu(@)Qn(Y)|oes;, ysp = PiPE @ =20 [ [z — o) (3.12)

(4] £k

The Bezoutian term in (1.16) is 0 if j # k, but is slightly subtle if j = &
because then the formal expression is 0/0. We thus take limits since,

of course, {P,(x),Q,(y)}, as a polynomial in x and y, is continuous.
Since P, (xy) = 0, for x # x4,

Po(@)@n (k) — Pa(ar)Qn(z) _ {H(x _ w)} P {H(x — w)} (3.13)

r — Tk

Ok Ak
Thus
2
vz, Uk
Thus (1.16) implies the right side of (3.10). O

Remark. The symmetry of {z;, p} under j < k is equivalent to the
symmetry of the right side of (1.16) under = < y.

Proposition 3.4. Let j # k. Then

{0j, pr} = Z Pil®m, Pr} + prmi), pr} Z Pk ZTm, P} + pmizr, pi}

o Tj— Ty ik Tk — T
(3.15)

P;jPk PjPkPm PjPePm
= — 3.16
S(Zj—l’k ZLL’j—LL’m Z L — Ty ( )
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Proof. (3.15) comes from {Q,(z), Qn(y)} = 0. Explicitly,
{Qn(z), Qn(y)}xzxj, y=z}
HZ;&]’(IJ — ) Hz;ﬁk(zk — )

by a straightforward but tedious calculation. (3.16) then follows by
using (1.11) for {z,, p,}- O

Remark. There is a sense in which (1.11) implies (1.12) since (1.11)

implies { P,(x), P,(y)} = 0 which means {Q,(x), @.(y)} = 0 (since @,
is a P, for suitable Jacobi parameters), and this yields (3.15).

= {pj, pr} — RHS of (3.15)

Finally, we want to translate the basic Poisson brackets relations
(1.14)/(1.15) and (1.11) into assertions about the two-form which de-
fines the symplectic structure underlying the Poisson brackets. Recall
a symplectic structure is defined by a two-form, w, that is, an anti-
symmetric functional on tangent vectors with the requirement that w
is closed (which is equivalent to the Jacobi identity for the Poisson
bracket; see, e.g., Deift [8]) and which is nondegenerate; that is, for
all tangent vectors v # 0 at p € M, there is 0 at p so w(v,0) # 0.
Nondegeneracy implies d = dim(M) is even.

Given such a two-form and function, f, the Hamiltonian vector field
Hy is defined by

w(Hyp,v) = (df,v) (3.17)

for all tangent vectors v. Here df is the one-form Zle %dmi as usual,

and (-, -) is the linear algebra pairing of vectors and their duals.
The Poisson bracket associated to w is then

{f,9} = Hy(9) (3.18)

Proposition 3.5. Let M be a symplectic manifold of dimension d = 20
and suppose there is a local coordinate system {x;}_,, {y;}i_,, so that

i=1
¢ ¢
w = Z VVU dl’Z AN dyj + Z Uij dl’Z VAN d!L’j (319)
ij=1 ij=1
(i.e., no dy; N\ dy; terms) with U antisymmetric. Then
(i) Nondegeneracy of w is equivalent to invertibility of the { x { matrix
(Wij)i<ij<e- We will denote its inverse by (W=1),;.
(i)
w' =0 det(W)dxy Ady; Adazg A -+ A dy, (3.20)
(i)
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(iv)
{zi,y5} = W)y (3.22)
Moreover, {y;,y;} =0 for alli,j if and only if U = 0.
Conversely, if a symplectic manifold has a Poisson bracket obeying
(3.21) and (3.22), then w has the form (3.19).

Remarks. 1. In (3.20), w* means the (-fold wedge product w A - - - A w.
2. W and U can be functions of z,y.

Proof. Write

l
0 0
U_Z(rka—%+tka—%)

k=1
If £ # 0, pick § = W't and & = Yy Sz I =0, 7 # 0,
and with § = W~r, we can take & = SF_ §k%. Thus, invertibility

implies nondegeneracy. If W is not invertible, then det(1#) = 0 and
the calculation of (ii) shows w is degenerate.

(ii) is an easy calculation: using the distributive law to expand w?,
any term with a dz; Adx; term has at least £+ 1 dx’s, and so is zero by
antisymmetry. The only products of ¢ dx; A dy; that are nonzero are of
the form [dzra) A dys)) A+ - Adaze) A dys] with 7,0 permutations,
and this is (—1)”71dx1 Adyy N -+ Ady,. The sum over o for fixed 7
yields det(V) and then the sum over 7 gives ¢l

(iii), (iv). We begin by noting that if {¢;}?, is any coordinate
system, if 2 is a 2¢ x 2¢ antisymmetric real matrix, and

2/
w=Y_ Qd(; Adg, (3.23)

j,k=1

is a symplectic form, then for

¢
0
H, = — 24
6= 2 g (3.24)
we have
5 ¢
w(HCj, G—Ck) = 5jk = mz::l Qi = 5kj
or (since Qg = —Qgm)
ap = [(=Q) 71 ,]k = —(Q ")y (3.25)
so that

{¢5, G} = He, (Gr) = —(7 )y (3.26)
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For our case if ( = (x1,...,Z¢, Y1, ..., Ye), Q has the £ x £ block form

U W
0= (3.27)
—Wt|l 0
for which
0 ‘ - Wt_l

Q= (3.28)

W | wouw,

so (3.21) and (3.22) follow from (3.26).

For {y;,y;} = 0 if and only if U = 0, we note {y;,y;} = 0 if and only
if WIUW ™! =0 by (3.18).

For the converse, we note that (3.21) and (3.22) plus antisymmetry
imply Q7' has the form (3.28) for some U, and then (3.23) implies
(3.19). O

From this proposition, we can find the basic symplectic two-form in
both (a,b) and (i, z) coordinates:

Theorem 3.6. The symplectic form defined by (1.3)/(1.4) has the
form:

4> a7 dag Adby (3.29)
1<e<k<N-1
Proof. Since (1.3)/(1.4) say
{ar, be} = —{ar, bea} = T
Proposition 3.5 says that (recall that by,...,by_1;a1,...,ay_1 are a
set of coordinates)
N-1
w=Y_ Wida; Adb; (3.30)
ij=1

where (W™1)! has the form

a1 —iCh
1
0 Zag —

—
. Bl=

a ...| =Da-mN (3.31)

where D is the diagonal matrix iakékg and N = ( 001 ) is the stan-
dard rank N — 2 nilpotent on R¥~!. Thus

W=[(D1-N)N =D 1+N+ (N +-- -+ (N)") (3.32)
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4a;t 0 0

| 4a7t 4ayt O
4a7t dayt daz? (3.33)
o (3.30) is (3.29). O

Theorem 3.7. The symplectic form defined by (1.3)/(1.4) has the
form:

N
2 Z dx; N ,oj_l dp; + Z Uijdz; N\ dx; (3.34)
Jj=1 0,
for some U.
Remarks. 1. By Zjvzl z; = ¢ and Zjvzl p; =1, the z’s and p’s are not
independent, but they still define functions.
2. One could compute U from (1.12).

Proof. Define for k =1,..., N — 1,

— log [ P ] (3.35)
PN
Then for j =1,...,N — 1,
{zj, 00} = 0k (3.36)

since, by (1.11),
{zj, e} = {x;,log pr} — {z;,10g pu}
= (% djk = pi) — (=p;5)
{z;} = Ly e ' are local (indeed, global) coordinates since
> i1 pj = 1 lets us invert (3.35),

evi

p; = 3.37
o+ Ze | ev] (337
PN = (3.38)
[1+ Zz ' eve]
so {z;,x;} = 0 and (3.26) plus Proposition 3.5 imply
N-1
Jj=1 4,3

(3.34) follows if we note that
dy; = p;" dp; — py' dpy
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and
N-1
Z dx; Ndpy = —dzn N dpy
j=1
since Z;VZI dzj = 0. O

4. COEFFICIENT STRIPPING FOR PARAORTHOGONAL POLYNOMIALS

Paraorthogonal polynomials are defined [22] by

Py (2 {0 }50% B) = 2@n-1(2) — BPy_4(2) (4.1)
where § € JD. Second kind polynomials by
Qn (2 {ay} 5% B) = 2¥n-1(2) + BTN (2) (4.2)

where U are the second kind polynomials. These polynomials have
been extensively studied recently [4, 5, 18, 40, 44] and, in particular,
the second kind polynomials are introduced in [40, 44]. The symbols P
and () are new but quite natural. These are relevant for the following
reason:

Proposition 4.1. Let
N
dp = 6, (4.3)
j=1

be a pure point probability measure on OD with each p; > 0. Let
Dy, &y, ..., Py be the monic OPUC where, in particular,

N

dy(z) = H(z — %) (4.4)

J=1

Then the recursion relations define parameters {aj}éy:_oz and an_1 =
G € 0D where

= (—1)N¥! H Z; (4.5)

Here
Dy (z,dp) = Py (2 {oy} 550, B) (4.6)
Moreover,

e+ 2
Pz dp) = / o du(2)

Z 5 e (4.7)
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Qn (2 {a}57, B)

T Pz {2 B) 4
In particular,
N
Qn(2) = iz +2) [ [z — =) (4.9)
=1 0

Remarks. 1. Parts of this proof are close to results of Jones, Njastad,
and Thron [22] as presented in Theorem 2.2.12 of [36].

2. (4.9) is, of course, the analog of (3.5).

3. It is known that Im F'(e) is strictly monotone and pure imaginary
between poles, so there is a single zero between poles. Thus, (4.8) shows
the zeros of P, and @, interlace, a result of [40, 44] obtained by other
means.

Proof. If du has the form (4.3), then L?(0D,du) is N-dimensional, so
{®, ;_\/:—01 span the whole space so ®y(e?) = 0 for du a.e. 6. It follows
that ® must obey (we use Py for later purposes, even though we have
not yet proven that ®y is a Py)
N
Py(z) =[]z = %) (4.10)

7=1
In particular, ay_; = —®y(0) is given by (4.5) and so is a § € ID.

Szegé recursion thus says (4.1) holds.
Using * for degree N-polynomials, (4.1)/(4.2) imply

Py =—-pPy  Qy=p0Qn (4.11)
SO Q N
N _ %N

b (4.12)

and (4.8) is just (3.2.19) of [36] (this is proven for (ag, ..., an-1,0,0...)
with |ay_1| < 1, but by taking ay_1 — JID, one gets F' = Q§/Py).
(4.7), (4.8), and (4.10) imply (4.9). O

Since we are about to consider changes in N, we shift nota-
tion from N to n. Since P,, (@, are defined via a boundary con-
dition on «,_;, if we want to prove something inductively, we
need to “strip from the front,” that is, remove «ap. In [36, 37|
we called this coefficient stripping. For OPUC, this involves the
formula for @, (z; {a; ;.‘;01) and @} (z;{a; ;‘;&) in terms of oy and
@1z {1 }8) and @5 (25 {a;11})=7). Quite remarkably (and
conveniently for use in Sections 5 and 6), coefficient stripping for P,, @,
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involves another P, Q pair even though P, @ are (®, ¥) mixed! It turns
out simpler to state things in terms of

Cules oy ) = Lot Go) (113)
Sulz oy, ) = @) (4.14)

which we name analogously to cosh and sinh.

Theorem 4.2. Let 3 € D be fized and {a;}'=¢ € D" 1. Let C,

7=0
denote Cy(z; { 7;3, ), and similarly for S,. Define C,,_1 by
Chr1 = Coa(z: {1 Y125, B) (4.15)
(with oy removed), and similarly for S,—1. Then
Ch(2) = 2(Ch—1(2) — apzSn-1(2)) (4.16)
Sn(Z) = —O_éocn_l(Z) + Sn_l(z) (417)
(4.18)
Proof. As usual, let
z —Q
Ao, z) = (—az 1 ) (4.19)
so with 6, = (|) € C?, 6_ = (}) € C?, Szegd recursion says
D,
(q)* 1) = A2, 2) ... Mag, 2)(64 +6_) (4.20)
n—1
\Iln—l
T = AN ap—2,2) ... Aag, 2)(d4 —9-) (4.21)
T Fn—1

Let B(8) = (§ %) and conclude
Py = ((0+ +0-), (B(B)An—2(an-—2,2) ... AMag, 2))(0+ +5-)) (4.22)

(), is similar with the rightmost (64 +d_) replaced by (64 —d_). Thus,
Ch, Sy, correspond to using 6, and J_, and we have that

(Cn) = Ao, 2)'A(ar, 2)" ... Aan-1, 2)' B(B)" G) (4.23)

Sn
which implies
Cn - t On—l
(Sn) = A, 2) <Sn—1) (4.24)
which is (4.16)—(4.17). O
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Remark. One might think the transposes in (4.23) should be adjoints,
but the shift of 6 from the right to the left side of the inner product
introduces a complex conjugate.

While we won'’t need it, we note the induced formula for P,, Q,:
Theorem 4.3. If P,(z) = P,(z; {aj};‘:_g, ) and P,_1(z) =
P,(z; {ozj+1}?:_g,ﬁ), and similarly for Q,, Qn_1, then

P, = (z —ap+1—ap2)P,_1+ % (z—a— 14+ apz)@Qn_1 (4.25)

Qn=30E+a+14+0a2)Qu1+35(z+0a—1—wz)P,m1  (4.26)

Proof. This is immediate from (4.24), together with
(0)=(1 1))
Qn 1 -1 S,
n—1
()= () (o)
and a calculation of

(o) Meen (1) :

The algebraic simplicity of the recursion of (C,,S,) relative to
(P, Qr) is reminiscent of Schur vs. Carathéodory functions (see Sec-
tion 3.4 of [36]). This is not a coincidence. Note that by (4.8)

Co Bt Qn 1-[(=CQn)/P]

1—-F
1+ F
SO
2710,
fz) = ——¢ (4.28)

Note that S,, is a polynomial of degree n — 1 and (), is a polyno-
mial of degree n vanishing at zero, so (4.28) is a ratio of polynomials
of degree n — 1. —S,, and 271C,, are thus essentially para-versions of
the Wall polynomials. Indeed, by the Pinter—Nevai formula [36, Theo-
rem 3.2.10],

27'CL(2) = 2BE_,(2 )+5 —2(2)
Sn(2) = =245 _5(2) — BBn-s(2)
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5. Po1ssoN BRACKETS OF FIRST AND SECOND KIND OPUC

Our goal in this section is to prove (1.18) and (1.19). Once we
translate to C, S, the induction will be even simpler than in the OPRL
because C,,_1, S,,_1 are only dependent on {aj+1}?:_03 and so have zero
Poisson bracket with «g, so there are no analogs of terms like (2.1).
Since we are varying the index, we use n in place of N. We will begin
by showing (1.18)/(1.19) is equivalent to

{Ca(2), Cu(w)} = 0= {5,(2), S (w)} (5.1)
(Cul2), Sulw)} = —i(CW)wS"(“Q_‘ wC"W)ZS"(Z)) (5.2)

Proposition 5.1. (1.18) and the symmetry of {P,(z), Q.(w)} under
z < w implies (5.1) and
{Cu(2), Su(w)} = =3 {Pu(2), @n(w)} (5.3)
Similarly, (5.1) and the symmetry of {C,(2),S,(w)} under z < w
implies (1.18) and (5.3).
Proof. Given the antisymmetry of the Poisson bracket, the symmetry
of {P,(2),Qn(w)} can be written
{Pn(2), Qu(w)} +{Qn(2), Po(w)} =0
from which (1.18) implies (5.1), and conversely, (5.1) and the symmetry
of {Cn(2),Sp(w)} implies (1.18).
The antisymmetry plus (1.18) also shows
{Cu(2), Su(w)} = 1 2{Qu(2), Pu(w)}
which is (5.3), and the converse is similar. O
Next, we do a calculation showing the equality of the left side of
(5.2) and of (1.19) using P, = C,, + S,, and Q,, = C,, — Sy:
RHS of (1.19)
S KZ il “’) [~2C,0(2) Sy () + 2C; (w) S, (2)]

Z—w

+ 20, (2) S (w) + 20, (w )S(z)}

) o ()

_ {QCn(z)an( w) — 2C,(

zZ — W

—2[RHS of (5.2)] (5.4)
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consistent with (5.1).

Thus, (1.18)/(1.19) is equivalent to (5.1)/(5.2), which we proceed to
prove inductively, starting with n = 1. We let G, (z,w) denote the
right side of (5.2).

Proposition 5.2. We have that
Ci(z) =z Si(z) = —p3 (5.5)
Thus, G1(z,w) =0 and (5.1), (5.2) hold for n = 1.

Proof. Since )
P(z)=z2-0 Qi(z)=2+p (5.6)

(5.5) is immediate, and thus,

G (2 w) = g(u) _ 0

Z—Ww

Since (4, S; are independent of {«;}, all Poisson brackets are zero and
(5.1), (5.2) hold for n = 1. O

Remark. 1t is an interesting exercise to prove
(A(2)Q1(w) = Piw)Q1()) 2 — Qu(2)Qu(w) + Pr(2) Py (w)

is 0 from (5.6), and explain why —QQ appears with a minus sign.

Z—Ww

Lemma 5.3. G,, and G,_1 are related by
G(z,w) = 205G (2,w) = ipgzSp-1(2)Cpr (W) (5.7)

Proof. By (4.16), (4.17), and the fact that
2)g(w) — f(w)g(z
B o) — 12)80) = Fw)g()

Z—w

(5.8)

is zero if f = g:
Gn(z,w) = —iB(Cy, X S,)(z,w)

= —iB(XCp1 — X S,_1, -0 XC_ 1+ XS, 1)

= —i[B(XCph_1, XSp_1) + |ao|*B(XS,_1, XCp_1)]

= —iptB(XC, 1, XS, 1) (5.9)
where we use X f for the function

(XP)() = 2£(2)

and (5.9) using antisymmetry of B in f and g and 1 — |ag|? = p2.

Next, note

B(Xf,q)(zw) = 2f(2)g(w) — wf(w)g(z)

Z—Ww
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_ Z(f(Z)g(w) - f(w)g(Z)) L)

Z— W

=zB(f,9)(z,w) + g(z) f(w)

to conclude

—iB(XCpho1, XSn-1) = 2Gp_1(z,w) —i2S,-1(2)Cp_r(w)  (5.10)
(5.9) and (5.10) imply (5.7). O
Theorem 5.4. (5.1)~(5.2) hold for all n. (1.18)—(1.19) hold for all n.

Proof. As noted after Proposition 5.1 and (5.4), (1.18), (1.19) is equiv-
alent to (5.1) and (5.2). So, by Proposition 5.2 and induction, we need
only prove

(5.1)-(5.2) for n — 1 = (5.1)-(5.2) for n (5.11)

By (4.16) and (4.17), {ao, a0} = {@p, @} = 0 the symmetry of
Gn_1(z,w) in z < w, and the independence of S,_1,C,_1 on «ayg, ayp,
we have

(5.1)-(5.2) forn — 1= (5.1) for n

(Notice how much simpler this is than the analog for OPRL!)
On the other hand, by (4.16) and (4.17),

{Cn(2), Sn(w)} = 2{Cp1(2) — @ Sn-1(2), =@ Cp—1(w) + Sy—1(w) }
= 2p8Gn_1(z,w) + {ag, @} 28, _1(2)Cp_1 (w)

= 2p8Gp_1(z,w) — ip22S,_1(2)Cp_1(w) (5.12)
= Gn(z,w) (5.13)
(5.12) uses (1.17) and (5.13) follows from (5.7). We have thus proven
(5.2) for n. O

6. FUNDAMENTAL P0O1ssoON BRACKETS FOR OPUC

In this section, we will establish (1.23). Let {2;}%_, be the zeros of
P,(z), 6; given by (1.21) and y; by (1.20). Unlike the OPRL case where
r) < --- <z, allowed global variables, these are only defined locally,
both because of the z’s not having a unique initial z; and because of
27 ambiguities in 6;.

Throughout this section, we fix 8 € 0D and consider the 2n — 2-
dimensional manifold D"~! of Verblunsky coefficients {«; ;‘:_02 and
a,_1 = (8. The associated finite CMV matrix C has

det(C) = (=1)"'p (6.1)
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The associated spectral measure given by (1.21) thus has

[1z=n"'s (6.2)

J=1
or

Ze = arg((—=1)""'p) (6.3)
and, of course,

Z pi =1 (6.4)

so as local coordinates {6;}7=] U {u;}/Z] coordinatizes D"~*. § never
appears explicitly below—thls is not surprising since a rotation can
move 3 to 1.

As usual, one can replace Re o, Ima by “independent” coordinates
o, & with

da =d(Rea) +id(Ima) da = d(Re

0 1 0 1 0 8 1
— = - — — - 6.6
[oJe! 2{8Rea+i 8Ima} 2{8Rea 1 8Ima] (66)
Thus, the Poisson bracket defined by (1.17) can be defined in general

by
N ,(0f 09 Of Oy
_ 2 -
{f.9} = ;Z'OJ (aaj Oa; Doy 3%'> o

We will denote

—id(Ima) (6.5)

d*a; = d(Rea;) A d(Im o) (6.8)
Proposition 6.1. For OPUC,
{Pu(2)s Pa(w)} ey ey = =220k 033 [ [ o = 20) [ (25 = 20)

t#k 0]
(6.10)

In particular,
{0k, 0;} =0 (6.11)

Proof. Since P,(z) = [[,_,(z — z), we have
LHS of (6.10) = {zx, 2} [ [(z — 20) [ [ (2 — 20)

£k 04]
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(6.10) follows if we note

{e, e} = ()%™ {0r, 0;}
(1.18) then implies (6.11). O
Proposition 6.2. For OPUC,

(Pul), Qi) e, = —il85 101252 T[ 5 = 20) [ (e = 20)
. 7 (6.12)

while
lim RHS of (1.19)|
z;ézjj

w=zy

1
= — 5 22nmk0k (25 + 21) — 225220k} TG =20 [z — 20
04 14k
(6.13)

In particular,
{05, 1t = 115050 — i (6.14)

Proof. Given (4.9), setting z = z;, w = 2, picks out the {z;, ux} term,
that is,

LHS of (6.12) = {zj,,uk}{H —zgnzzkﬂzk—zg]

O£ #k
where 2z, is (w + z)],,_, . Since
{=zj, e} = —12;{0;, e}
we obtain (6.12).
Setting w = zj in the right side of (1.19) gives (using P(zx) = 0,
Q(zr) = e(221) [Tosr (21 — 20))
P(z)

Z — Zk

RHS of (1.19)] _ = —3{

W=z D)

1)~ Qe e 21) [ (20

04k

Since P(2)/(z — z1) = [ (2 — 20), the first term is zero as z — 2; if
j # k, and otherwise is [[,;(z; — z¢). This yields (6.13). (6.13) plus
(6.12) yields (6.14). O

From {Q(z), Q(w)} = 0, one can derive the formula for {s;, p}. We
do not provide details.

Finally, for this section, we compute the symplectic form, w, in dao,
and db;, dy; coordinates.
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The da coordinate is especially simple since in those coordinates,
the Poisson bracket is a product structure. By (1.17) and Req; =
30 +a;), Ima; = 5;(a; — a;), we get
P
2
so by the U = 0 case of Proposition 3.5 (and (6.9)):

{Reqj,Imay} =

Proposition 6.3. The symplectic form for OPUC with o,y = € 0D
fized is

N

3

2
w = 2 d(Re o) A d(Im a) (6.15)
i=o Fi
n—2 i
i=o i

The calculation for 6, coordinates is essentially the same as for
OPRL with x, p coordinates since Z;‘:l 6; is constant. Since the % in
(1.11) is missing from (1.23), the 2 in (3.34) is absent and we get

Proposition 6.4. The symplectic form for OPUC in terms of {p;, 6;}
18

N
w=Y _do; Ap;tdp 4+ Uy d; A do, (6.17)
J=1 gk
for some U.

7. APPLICATION 1: JACOBIANS OF COORDINATE CHANGES

This is the first of three sections in which we present applications
of the fundamental Poisson brackets (1.11) for OPRL and (1.23) for
OPUC. Those in this section and the next are not new, but we include
them here because the literature on these issues is not always so clear
nor is it always emphasized that all that is needed are the fundamental
Poisson brackets.

Given two local coordinates x4, ..., z,, and yi, ..., Y, their Jacobian
19%] is defined by
y
—| = |det | =2 7.1
' (y) OYr, (1)
named because
I(x)
d'rx = |=—=|d" 7.2
o= 5| (7.2
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relates the local volume elements. Of course, differential forms are ideal
. oz
for this, dz; = e dy means

d:vl/\---/\dxn:det<%)dy1/\---/\dyk (7.3)
Oy,

Our goal here is to compute the two Jacobians |g((gf)))| for OPRL

and |W\ for OPUC. It appears that these were first found for
OPRL by Dumitriu-Edelman [11], and motivated by that, for OPUC
by Killip—Nenciu [26]. Their argument was indirect and Killip—Nenciu
asked if there weren’t a direct calculation. This was provided by
Forrester-Rains [15] using forms and the continued fraction expan-
sions of resolvents. Their argument is not unrelated to the one be-
low, but is lacking the connection to Poisson brackets and we feel is
more involved. In [27], Killip-Nenciu remark that Deift (unpublished)
explained to them how to go from the symplectic form for Jacobi pa-
rameters rewritten in terms of (z,p) to |3<(3Z)>‘ and they then do the
analogous OPUC calculation. As they remark, this is buried at the end
of a long paper, and the fact that only the form of Poisson brackets
is involved is obscure. We present this idea here to make the OPRL
argument explicit and to present the OPUC argument without a need
for Lie algebra actions.

Theorem 7.1. On the 2N —2-dimensional manifold of Jacobi parame-
ters with Zjvzl bj fized, use {a;, bj}}5" and {x;, p;})5" as coordinates.
Then

(7.4)

el e

oz, p)| HjV:1 Pj

If one considers the 2N — 1-dimensional manifold without Z;VZI b;
fized (equivalently, without Z;VZI x; fized), then (7.4) is still

true, but where the Jacobian is from (ay,...,an_1,b1,...,by) to
(T1,. . TN, P1, -, pPN—1) Tather than from (aq,...,an_1,b1,...,by_1)
to (Tj, ..., TN=1,Pj- -, PN=1)-

Proof. Let w be the symmetric form on the 2N —2-dimensional manifold
determined by (1.3)—(1.4). By (3.29), the (N — 1)-fold wedge product

=2

-1
wh-Aw=4""Y(N=1)! | | ;" day Adby A+ Nday—1 Adby—y (7.5)
1

J
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By (3.34), noting all terms with at least one dxj A dr; must have a
repeated x and so vanish,

WA Aw

i=1 k#j
N

- 2N_1(N - 1)' {Z(Hp;l)]dm VAN dp1 VANRRRIAY de_l A de_1
J=1 Nk#j

(7.6)

N
=2V (v —1)! Hp,;l)d:cl ANdpy A+ Ndxy_y Ndpy—1 (7.7)

k=1
Here (7.6) is obtained from
da:N:—Zda:j de:—dej
J#N J#EN

and (7.7) uses

N N N N
S ITee =11 D ri=11r" (7.8)
J=1 k#j k=1 j=1 k=1
(7.4) is immediate from the equalities of the right side of (7.5) and
(7.7).
To get the results for the 2N — 1-dimensional manifold, we note that
for each fixed Zjvzl x;, we have

RHS of (7.7) = RHS of (7.5) (7.9)

Since Zj.v:lzzj = Zjvzl bj, we can wedge the right side of (7.5) with
dby+---+dby and of (7.7) by dz1+- - -+ dxy and so obtain the analog
of (7.9) but with the extra variable. O

Theorem 7.2. On the 2N — 2-dimensional manifold where an_1 =
6 € 0D is fired and

Q5 :u]"l"l’l}j

(u,v € R), use {u;, v;}1°7 and {0}, 41;}75" as coordinates. Then

_(N— N
R VY (7.10)

N
Hj:l Hj

‘0(u, v)
(0, 1)
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If we consider the 2N — 2-dimensional manifold without fixing 5 and
use coordinates {u;, v;} 1 U{w} where f = €™ and {0, }, U{p; } 15",
then

o(u,v,¥)| )
‘78(9,,@ ’—RHS f (7.10) (7.11)

Proof. By (6.15), the N — 1-fold product
N-2
WA ANw= (N—l)!2N_1< H pj_2) dug Ndvg A - ANduny_o N doy_o
j=1
(7.12)

where, by (6.17) and the same calculation that led to (7.7) (i.e., (7.8)
with p replaced by p),

N
WA= Aw=(N=D)]]n"dor Adps A+~ ANdby_y Adpy—y (7.13)
j=1

(7.10) is immediate and (7.11) then follows from

N
dp =) db;
j—1
on account of (6.4). O
Note that in comparing (7.4) and (7.10) with Forrester-Rains [15]

and Dumitriu-Edelman [11], one needs to bear in mind that their ¢;
are related to p; (and pu;) by

o= (7.14)
and thus
dp; _ 2dg; (7.15)
Pj qj

and therefore

dpi...dpn_1 _ 2N_1i dqy . ..dgn—1
P1---PN gN  q1-..49N

so they have no 2=~ in (7.4) but have a 2= in (7.10). There is
an extra factor of 1/¢y (which is in [15] but missing in [11] due to the
fact that their dV~1q of [11] is the measure on a sphere, not Euclidean
measure).

(7.16)
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8. APPLICATION 2: GENERALIZED TODA AND SCHUR FLOWS

In this section, we want to show how (1.11) allows the explicit so-
lution of flows like (1.6) and (1.7) in the p (resp. p) variables. As
mentioned earlier, these results are not new. Theorem 8.1 appears in
[9] and many times earlier. Theorem 8.3 appears already in [27] as
their Corollary 6.5.

Theorem 8.1. Let f be a real-valued C* function on R and let

N
H=2 flx) (8.1)
j=1
and let a,b solve (with "= d/dt)
for some initial conditions for the Jacobi parameters. Then

{ag(t),be(t)}_, are the Jacobi parameters associated to
1 !
Zk extl o) pk(O)

Remarks. 1. Since all that matters is f at the x;, we can restrict to
polynomials where if f(z) = 2™, then H = Tr(J™).

2. {z, z} = 0 implies all Tr(J™) are constants of the motion.

Example 8.2. The Toda flow (1.6)/(1.7) corresponds to H = 2 Tr(.J?),
so f(z) = 22? and f'(z) = 4z, and (8.3) becomes
e*%ip;(0)

> oy €2 i (0)
which is well known to solve Toda [29, §].

zj(t) = 2;(0)  pi(t) = (8.3)

oi(t) = (8.4)

Proof. The flow is generated by the vector field {H, -} so

iy ={H,2z;}  p;={H p;} (8.5)
Since {z;,z;} = 0, (8.5) implies &; = 0, that is, z;(t) = x,(0).

By (1.11), if j # N,
{xk, &} = P&l{fck,w} - p_2] {xjapN}
PN P

N
N1(5kjpj — PjPr) — %pz_\fl(ékNPj — PiPk)

(Orj — Okw) — L (8.6)
PN

N[ Ml»—n
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Thus
%(57) — L)) — J ) 22 (8.7)

PN
Defining yi(¢) by (3.35), we get
yk(t) = yr(0) + 5 t(f'(z;) — f'(2n))
which by (3.37) yields (8.3). O
Theorem 8.3. Let f be a real-valued C* function on D

H=2 f(e™) (88)

and let o solve

a; =1{H,o;} (8.9)
with some initial conditions |a;(0)| < 1 and boundary conditions a_; =
—1, a1 = B. Then {o;(t) ?;2 U{an-1 = B} are the Verblunsky
parameters associated to the N-point measure with parameters

1) 5 (0)

(1) = 0. (t) = _ 1
0 =00 mi) =l s 810
where g is the function given by
i d i
o(e) = = F(”) (s.11)

Example 8.4. If f(¢") = 2sin6, then H = Tr(C —C™') and (8.9) is
the Schur flow [1, 2, 12, 19, 3§]
& = pj (e — aj1) (8.12)
g is 2cos @ and (8.10) becomes
2tcos( ):uj (0)
Zk e2t cos(0y) ,U/k‘(o)

Proof. As above, {6;,0;} = 0 implies 0;(t) = 0;(0). The calculation of
wi(t)/pn(t) is identical to the one in Theorem 8.1 except there is no
factor of § and df (z)/dx is replaced by df (e?)/db. O

By taking suitable limits, we get that certain measures on R (with
all moments finite) as initial conditions for difference equations on
{a;,b;}132, or {a;}32, can be solved by

@) dﬂt 0( )
fetf/ dpi=o()

See, for example, the discussion in [38] and references therein.

() = (8.13)
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9. DIFFERENTIAL EQUATIONS FOR OPRL

We have just seen that symplectic flows are naturally defined on
Jacobi parameters. On the level of measures, they are solved by (8.3).
Here, we want to consider the differential equations on OPs induced
by these flows. In terms of (8.3), we will suppose f is a polynomial;
explicitly,

k
S =) e (9.1)
j=1
We drop the ¢y term since it drops out of dp;. Here is our main result:
Theorem 9.1. Under the map,
B e%f’(m)tdpo
T R @i,

with ' given by (9.1), the monic orthogonal polynomials P,(x;dp;) =
P,(x;t) obey

LYETEES 35 SCIC/CU NP (i § ) FARET IR

(=1 j=1 j=n—0+1

dps() (9.2)

where J(t) is the Jacobi matriz of dp;.

Remark. The vector indices associated to J start at 1, so

ij = <Pj_1,$Pk_1> (94)
Jij = bj = (Pj_1,2Pj_1) (9.5)
Jijr1 = Sy = a5 = (P, 2P ) (9.6)

Example 9.2. Take 1f'(z) = z (the Toda case). Then J,41, is all
that is relevant, and it is a,, so (9.3) becomes

P, =—d’P,_, (9.7)
This Toda case is known; see, for example, Peherstorfer [34] and
Barrios-Herndndez [3]. O

Example 9.3. Take §f(z) = 22. We have

(J2)n+1,n—l = QpQp—1 (J2)n+l,n - a'n(bn-i-l + bn)
SO '

P, =—a2(bpi1 +by) Py —aa’_ P, (9.8)
U

Remark. Using (P,, P,) = ana,_1...a; and (9.5), one can easily go
from differential equations for P, back to those for a, and b,.
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Proof of Theorem 9.1. Since P, is monic, P, is a polynomial of degree
n — 1. Thus

Pn - Z<Pnapn—é>pn—é

= Z ny 9 fpn V4 pn ¥4 (99)

IR

- — Pn, DPn—r¢ Pn—
Z 3P e

_RES of (9.3)

where (9.9) comes from

d
=— [ Popn_vd
O dt/pzut

= <P7wpn—€>+<Pnapn Z>+< nagfpn é)

= <Pn>pn—€> + < ny g .fpn Z>
since p,,_y is a polynomial of degree n — ¢, and so orthogonal to P,. [

One can also ask about derivatives of p,, = P, /|| P,||. Since
. _ B Do | 1Pl
Dn = — (9.10)
1Pl {HP H} 1Pl

we clearly need only find £ log ||P,||. Following [37, Sec. 9.10],
Proposition 9.4. Under the map,

ezl @tgp,

T T

with f" given by (9.1), the monic orthogonal polynomials P,(z;dp;) =
P,(x;t) obey

dpy(x) =

k
d
5 los |l = 2 Gl nsrnar — (P14 (9.11)

Jj=1

Proof. Let
:/e2f Y dpy (9.12)

Since P, is orthogonal to P,,

AT AR _(

\

2(L f dpt) (9.13)
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_ {i o n+1} PPN, (9.14)

j=1
since

[ P25 o= 1P, (37 00) (9.15
and we have (9.4). Similarly,

iNt:Nt/(%f)dpt

dt
=(9.14) forn =0 (9.16)
Since
d L[4 Lo d
G togllP = & | 5 Yol PPN — 5 o
(9.14) and (9.16) imply (9.11), 0

By (9.3), (9.10), and (9.11), we immediately have

Theorem 9.5. Under the map,
= _eéf/(x)tdpo
[ ez /' @idp,
with ' given by (9.1), the orthonormal polynomials p, = P, /|| P,|| obey

= S e et (), 1) 5 {Z STES e

j=1 =1L j=1
(9.17)

dpi(z)

10. DIFFERENTIAL EQUATIONS FOR OPUC

For OPUC, one looks at flows generated by Laurent polynomials,
f(2), real on OD. If

g(e?) = 9 (e?) = ﬁ: b’ (10.1)
o0 !

j=—t
where b_; = I_yj, then

e’ (ew)dﬂo(e )
dp(0) = - 10.2
/’l’t( ) fetg(eze)dluo(e) ( )
The analog of the P,’s are the unnormalized CMV and alternate CMV
bases

Y, =po... Prn1Xn (10.3)
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Xn =pP0---Pn-1Tp (104)

where {x,}22, and {x, }22 , are the CMV and alternate CMV bases (see
[36, Sec. 4.2]). Then the exact same argument as led to Theorem 9.1
leads to

Theorem 10.1. Let du, be given by (10.2) with g given by (10.1).

n— l n—1

Y, = —mz > bk(Ck)mn( gnpj) Yo (10.5)

=0 k=—t
with the same equation for X,, except the (C¥), is replaced by (C*)pm.
Remark. These are analogs of Proposition 9.4 and Theorem 9.5.
Example 10.2 (Schur Flow). We have

g(z) =2+ 27" (10.6)

Ismail [21] (see also Golinskii [19]) obtained the following differential
equation for the monic OPUC:

(i)n = q)n-l—l - (Z + dnan_l)q)n - pi_lén_l (107)

We want to show this is equivalent to (10.5). From our point of view,
(10.7) is unusual since our arguments show that ®, is a linear con-
tinuation of {®;}"~) while (10.7) has ®,.1 and ®,. (Since there is a
2®,,, in fact, one can hope—and it happens—that RHS of (10.7) is
>0 %)

Since &, = 2®,, — @, D},

RHS of (10.7) = —a,(®} + a,_1®,) — 2 Pry (10.8)
Since (see (1.5.41) of [36]) ®f + 1Py, = p2_ P14,
RHS of (10.7) = —ap?_ @, —p2_ P, 1 (10.9)

verifying that RHS of (10.7) is indeed a polynomial of degree at most
n— 1.
(10.9) mixes Y’s and X's, so we use (see (1.5.40) of [36]) ®,_; =

RHS of (10.7) = —pi_1 (G — @n2) Py — pr_1p_o(2Pp2)

which one can see is exactly (10.7) or its X,, analog (depending on
whether n in ®,, is even or odd). O
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11. APPLICATION 3: P0I1SSON COMMUTATION FOR PERIODIC
JACOBI AND CMV MATRICES

In this section, we want to show how the fundamental relations
(1.11)/(1.23) on finite Jacobi and CMV matrices yield a proof of the
basic Poisson bracket relations for the periodic case. For OPUC, the
original proofs of this relation by Flaschka [14] via direct calculation
of Poisson brackets of eigenvalues is simple, but for OPUC, the two
existing proofs by Nenciu-Simon [33] and Nenciu [31, 32] are compu-
tationally involved.

Given {a;,b;}/_, € RP or {ozj}?;(l] € C? (in the OPUC case, we
assume p is even for reasons discussed in Chapter 11 of [37]), we define
periodic Jacobi and CMV matrices by first extending the parameters
periodically to Z, that is

Ajtp = a; bjtp = b; Qjtp = @ (11.1)

and then letting J, C act on ¢*(Z) as two-sided matrices with these peri-
odic parameters (two-sided CMV matrices are discussed on pp. 589-590
of [37]).

In each case, J,C act on ¢*(Z) and commute with S”: {u,} —
{tnyp}. For each e € 9D, J,C leave invariant the p-dimensional space

oo ={u| Su = eu}

and so define J(#),C(0) as operators on £3°. In terms of the natural
basis {67}

=1
(69 = {gm Z ;f‘i:oé , (11.2)
J(0) has a matrix of the form
by a 0 ... €',
a b.g as ... 0 (11.3)
e‘iéap 0 0 .. b;,,

of a Jacobi matrix with an extra term in the corners. The C(f) are
described on pp. 719-720 of [37].

In each case, there is a natural transfer or monodromy matrix, 7,(2)
on C?, so if u € C* solves (J — z)u = 0 (resp. (C — z)v = 0), then

T,(2) (Z;) = (uzzl) (11.4)
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Constancy of Wronskians implies

det (T} () = {ip Egiﬁé)) (11.5)
One defines the discriminant, A(z), by
[TT(:))  (OPRL)
Alz) = {z_p/2Tr(Tp(z)) (OPUC) (11.6)

(recall p is even in the OPUC case). z is clearly an eigenvalue of J(6)
(resp. C(0)) if and only if e is an eigenvalue of T,(2) (resp. 277/%T,(z2);
see [37, p. 722]). So, by (11.5),

z is an eigenvalue of J(#) or C(0) < A(z) = 2 cos(0) (OPRL)
(11.7)
For later purposes, we want to note that in neither case is A(z)
automatically monic. Rather,

L_ 2P + lower order (OPRL)
Alz) =" 0 . (11.8)
Er—s (2P/2 + 27P/2 + orders in between) (OPUC)
(see [41] and Chapter 11 of [37]).
RP (resp. CP) are given Poisson brackets by
{br, an} = — 1 ay, k=1,2,....p (11.9)
{br,an—1} = Tar1  k=2,...,p (11.10)
{br,0,} = 1 a, (11.11)

and
{aj, a1} =0 {aj,@k}:—ipiéjk jk=0,....,p—1

One big difference between OPRL and OPUC is that in the OPUC
case, the center of the Poisson bracket (i.e., the functions that Poisson
commute with all functions) is trivial, that is, {-, -} defines a symplectic
form. But in the OPRL case,

p p
> b and J]a (11.12)
j=1 j=1

are easily seen to have zero Poisson brackets with all a’s and 0’s, so the
two-form defined by {-, -} is degenerate, but on the subspace where

p p
ij = and Haj =a (11.13)
j=1 j=1
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the form is nondegenerate and the Poisson bracket defines a symplectic
form.
Our main results in this section are:

Theorem 11.1 (Flaschka [14]). For OPRL:

{A(z),A(y)} =0 (11.14)
If X\;(8) are the simple eigenvalues of J(6), then
{X(0), A\(0)} =0 (11.15)

Remarks. 1. (11.15) is normally only stated for § = ', but we will see
it is immediate from (11.14) and (11.7).

2. For 6 # 0, m, all eigenvalues are simple and \;(#) are global non-
singular functions. For # = 0, 7, there are subvarieties of codimension
3 where some eigenvalues are degenerate. \A;(#) are smooth away from
this subvariety and (11.15) only holds there.

Theorem 11.2 (Nenciu-Simon [33]). For OPUC:

{A(z),A(w)} =0 (11.16)
If X;(8) are the simple eigenvalues of C(), then
{Ai(0), Au(6)} =0 (11.17)

and
{Zii[:pk,Aj(e)} —0 (11.18)

Remarks. 1. As in the OPRL case, A;(6) are simple if § # 0, 7 and off
a closed subvariety of codimension 3 if # =0 or 6 = 7.

2. Hz;é pr 1s the inverse leading term in A(z) for OPUC. The analog
for OPRL is [[7_; ax. Of course, {[[7_; ar, A;(0)} = 0, but we don’t
say it explicitly since for OPRL, [[_, a; Poisson commutes with any
function!

We note two general related aspects of these theorems. First, there
are no variables analogous to the p’s and u’s allowing a simple exact
solution. The natural complementary variables are the Dirichlet data
which are defined specially on each isospectral set rather than as a local
function. The proper angle variables for this situation are discussed in
terms of the theory of Abelian integrals on a suitable hyperelliptic
surface [6, 10, 17, 23, 24, 25, 28, 30, 42, 43].

Second, there is a sense in which the periodic situation is more subtle
and interesting than the finite NV structure. For finite N, the isospec-
tral manifolds are open simplexes parametrized by {p;}I_, (or 11;) with
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Z;.Vzlpjzl. Topologically this is RV~!. For the periodic case, the
isospectral manifolds are compact because H§:1 a; or H§:1 p; const.
prevents a; or p; from going to zero. By the general theory of com-
pletely integrable systems, these isospectral sets are tori generically of
dimension one-half the dimension of the symplectic manifold (p — 1 for
OPRL, p for OPUC).

The idea of the proofs of these theorems is to cut off the periodic
matrix to a finite matrix and take limits of Poisson brackets. The limits
of finite traces (normalized) will be the moments of the density of states,
not the periodic eigenvalues—but we will see they are related. It will
be useful to go back and forth between the two sets of fundamental
symmetric functions:

NN, Ay ZAk (11.19)

sM, . Ay Z NN, 1<k<N (11.20)

11 <<l

where we will need the following well-known combinatorial result:

Proposition 11.3. For k < N, we have
1

M, ) = Et,iN)(Al,...,)\N)er (11.21)

where r is a polynomial in {th) f;ll and also a polynomial in {S§N) f;ll

Proof. Here is a simple proof. Let A be the diagonal matrix with
eigenvalues A, ..., \y. Let AF(CY) be the k-fold antisymmetric prod-
uct and ®*(CY) the tensor product (see, e.g., Appendix A of [35]). Let
7 € ¥, the symmetric group in k-objects, act as V, on ®@F(CY) via
Va(21 ® -+ @ x1) = Tp(1) ® -+ - @ Tr(ry. Then

’ TEX
is the projection of @*C" to AF(CY). Thus,
S s Aw) = Trakem (A5(A))
= Tr®k((cN)(Pk ®k A)

=4 Z D™ Tr(V, @F A) (11.22)

TEX
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It is easy to see [35, Appendix A] that if 7’s disjoint cycle decomposition
has ¢; one-cycles, f5 two-cycles, etc., then

Tr(V, @F A) = Tr(A)2Tr(A%)%2 .. Tr(A*)%
k
=T8O, )Y (11.23)
j=1

Since there are (k — 1)! permutations with one k-cycle, (11.22) and
(11.23) imply (11.21) with  a polynomial in ¢’s. An easy induction then
shows any tj is a polynomial in {s; ;‘?:1 and so r is also a polynomial
in the s’s. U

The density of states of a periodic Jacobi or CMV matrix can be
defined as the unique measure, dv, (on R or dD) so that for all & €
{0,1,2,...},

/Akdw) :/Ozﬂ[%éxj(e)k}g (11.24)

Moreover, it is easy to see [41] that if J,,,({ar}o_y, {bk}o—y) is the cutoff
Jacobi matrix obtained by taking the two-sided infinite Jacobi matrix

and projecting onto the span of {J;}7L_,,, then for any k € {0,1,2,...},
1 k k
() — / M dy(\) (11.25)

Similarly in the CMV case [37], if C,, is defined by taking a_,, — —1
and «,, —  (for any f3), then
1
Tr(C* b 11.2
S T = [Ny (11.26)
The key to the proof of Theorem 11.1 is the following. Define for
{aj, b}, fixed,

te(0) = Tr(J(0)F) (11.27)
se(@) = > Ay(0)... N, (0)  k=0,1,....p (11.28)

Theorem 11.4. Consider OPRL of period p.
(i) Fork <p—1, sg(0) is independent of 0.
(ii) For k <p—1, tx(0) is independent of 6.

(i)

sp(0) = 5,(0) + (—1)1’(1"[@]-) (2 — 2cos ) (11.29)

Jj=1
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(iv)

t,(0) = t,(0) + (—1)pp(H aj) (2 —2cosb) (11.30)
In particular, for k < p, "

te(0) = [ 1)P+(2 ﬁaj] Skp + /Ak dy(\) (11.31)

Remark. Directly from the form of the matrix (11.3), one can see (ii)
easily, and (iv) with a little more work.

Proof. By (11.8) and (11.7), we see that

ﬁ< (H%) — 2cos0) (11.32)

j=1
which, expanding the products as
p
| J [ERRI _xp+z 0)aP (11.33)
j=1

immediately implies (i) and (iii). (ii) and (iv) then follow from (11.21),
and (11.31) then follows from (11.24). O

For OPUC we have:

Theorem 11.5. Consider OPUC of even period p.

(i) Fork=1,2,...,5 =1, 541,...,p—1, 5:(0) is independent of 6.
(ii) Fork=1,2,...,5 -1, tk(Q) is mdependent of 0.
(i)

sa(6) =520+ (17T )= 2e0st) (1030
(iv)
bl =t + 07 BT )2 2e0s0) (1139

In particular, for k < p/2,

14(0) = <—1>P/2+1p(Hpj)5kp/2 o ESCCRGIED

J=0

Remark. It will suffice to have control of t; and ¢; for 0 < |j] < p/2
since s,_; = 5;, as we will see.
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Proof. By (11.8) and (11.7) and the fact that 2?/2A(z) is a polynomial
nonvanishing at z = 0, we have that

P
H(z - <Hp ) P2A(2) — 2cos()2P/?) (11.37)
j=1

which, via (11.33), implies (i) and (iii). (ii) and (iv) then follow from

(11.21), and (11.36) from (11.24). O

Proof of Theorem 11.1. Let

T (a5, 0iY0) = Tr(Um({on dg)) - (1139)
and
™ (fay b} ) = Te([ (fan, b} jes,)1) (11.39)
So T,gm) is just T,g ™ restricted to periodic sequences.
Let
il b)) = [N dry) (11.40)

As noted in (11.25), 2m+1T(m) — tg. This can be seen by noting
diagonal matrix elements of (J,,)* are uniformly bounded in m for k
fixed and equal to those of the infinite matrix so long as their index jg
obeys [jo| < m — 2k — 1.

This same equality and polynomial nature show for 1 < j <p,

a (m
G ( )aj:a;o) _ ({ aj ’ ] B (11.41)
r b;=b'"
where {a] ,bgo } is periodic, and similarly for b derivatives. (11.41)
holds so long as as |j + ¢p| < m — 2k — 1. It follows that
b (m) p(m
Lyam, 1 ’}‘a:a(o) = et} (11.42)
b=b(0)

Since {T}™, Tj(m)} = 0, we conclude
{te,t} =0 (11.43)
for all k,¢. By (11.31)
{t(0),:(0)} =0 (11.44)
for all k, ¢. Thus by (11.21), we see for 1 < k, ¢ < p,
{sk, 80} =0 (11.45)
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Since A(z)—2 = (a1 ...a,) ' [[_,(z = X;(0)) and (11.33) holds and

7=1

(ar...a,)"! is in the Poisson center, we see that
{A(z),Aly)} =0 (11.46)
Thus
{A(x) — 2cos(h), A(y) —2cos(f')} =0 (11.47)

Evaluating this at x = \;(0), y = A\ (6'), we get (11.15) as usual. O

Proof of Theorem 11.2. By repeating the arguments from the last
proof, we see that (11.44) holds and that

{tx(0),:(0)} = {tx(0),2(0)} = 0 (11.48)
From this and Theorem 11.5, we see for 1 < k, ¢ < p/2,
{51(0),50(0)} = {sx(0),5,(0)} =0 (11.49)

By (11.8), the product of the roots is 1, that is,

[1x60) =

j=1
Since A\;\; = 1 also, we see
p
Sp—i HAJ sp—5(0) = 5;(0) (11.50)
7=1
sofor 1 <k, (<p-1,
{5£(0),5,(0)} =0 (11.51)

This, (11.37), and (11.8) imply that

{(ﬁ)m)A(z), (Epj>A(w)} =0 (11.52)

By a simple calculation if o; = |j|e?%, then
p—1 - p—1 ag

{ 1T pi,g} Hpj (11.53)
hj=0 7=0

so — log( ?;é p?) generates the Hamiltonian flow

a; — aje” (11.54)
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This transformation is implementable by a periodic unitary (see, e.g.,
39]), and so it leaves the \;(6) fixed. Thus, (11.18) holds, which implies

p—1 p—1
(e (100 )20} =0 (11.55)
=0 =0
o (11.52) implies (11.16), which in turn implies (11.17). O

Remark. Unlike OPRL where [[/_, a; is in the Poisson center, [[/_, '
generates a nontrivial flow, but one that leaves \;(#) invariant.

12. MORE Po0IssON BRACKETS FOR OPRL

In this section, we will discuss some additional Poisson brackets for
OPRL and related functions as a way of illuminating and extending
the major results that we proved earlier. We want to begin by show-
ing that one can go backwards from (1.11) to (1.15)/(1.16) (or, more
precisely, to the Poisson brackets (1.16) and {P,(z), P.(y)} = 0; that
{Qn(z),Qn(y)} = 0 is then a consequence of (2.10)).

Clearly,
{Pulx), Fuly)} = 0 = {;, 2%} = 0 (12.1)
To see that
{5, o1} = 5 00 — pipr] < (1.16) (12.2)
we compute using (3.5) and {z;, 2t} =0
2{P,(z) —22 {x}, pi ( @) Puly)
—T; Y~ Yk
) Puly) - Bu(@)Pa(y)
_ij %?J—fck ;p](fc—%‘)(y—%‘)
(12.3)

The first sum gives Q,(z)@Q,(y) by (2.10) and the second sum is (x —
Y) P (2)Qn(y) — Pu(y)Qn(x)] if we note that

(a;_lxj) (y_lxj):xiy{y_lxj—x_lxj} (12.4)

This establishes (12.2).
By (2.11) (with n replaced by n — 1) used in the first factor

{P,(z), P,(y)}, we get a relation among {P,_1(x), P,(v)}, {b1, Pu(y)},
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{a? P,(y)}, and {Q,_1(z), P,(y)}. Since the first three are computed
earlier, we get a formula for {Q,_1(x), P,(y)}, namely,

{Quar (&) Pu(u)} = 2P (z) — 200 ()
_bmf<PM¢V%4@)—R%N@RKw

- Pea@)Poa())

r—y
(12.5)
Next, we want to discuss Poisson brackets with
@Qn ()
() = — 12.6
ma(a) = 2 (12.6)

both to link to earlier work of Faybusovich—Gekhtman [13] and because
one can then take n — oo.

Theorem 12.1. We have that

mmmmmzﬁ@@m@_am%@;%M} .

(@) )} = 1 -@uleym)? 5 ) [P )]
r—=y

(12.8)

Proof. We have, since {P,(x), P,(y)} = 0, that

{Pa(@), ma(y)} = —Puly) " {Pu(2), Qu(y)} (12.9)
The second term on the right of (1.16) leads to

_% Pn(y)_lQn($)Qn(y) = % Qn($)mn(y)
The first term on the right leads to
3 Pa(y) 7 Pu(2)Qn(y) — Qu(2) Pa(y))(z — y) ™
= (=3 Pu(@)ma(y) — 5 Qu(2))(z —y) ™"

proving (12.7).
On the other hand, since {Q,(z), Qn(y)} =0,

{Qu(x), mn(y)} = Quy){Qn(x), —Pu(y) ™'}
= mu(y) Pu(y) " {Pu(y), Qu(z)}
= m(y) Pu(y) " {Pul), Qn(y)} (12.10)
= my(Y){LPulx), mn(y)} (12.11)

so (12.7) implies (12.8). (12.10) follows from the symmetry of
{P.(z),Qn(y)} under x < y, and (12.11) from (12.9). O



POISSON BRACKETS OF ORTHOGONAL POLYNOMIALS 43

Theorem 12.2 ([13]). We have that

mn(2) — mp(w)

{ma(2), ma(w)} = 5 (mn(2) = (w) | = === === () mn (w)
(12.12)
Proof.  Since {P,(2),P,(w)} = 0 = {Qu(2),Qn(w)} and

{P,(2),Qn(w)} is symmetric under z < w and { f, g} is antisymmetric
under f < g,

my(2), my,(w :_Q"—(z) z W)y —\z—w
{mn(2), mn(w)} P (w)Qn(2)? (). @t} = | (12.13)
which is (12.12). -

As n — 00, m,, has a limit so long as {a;, b;}52 are bounded (actu-
ally so long as the moment problem is determinate), so (12.12) holds
if m,(2) is replaced by m(z) for semi-infinite Jacobi matrices.

The unnormalized transfer matrix has the form

( Py Qn )
Pn—l Qn—l

Of the sixteen Poisson brackets for these four functions, we have com-
puted fourteen. It would be interesting to know {Q,(z), P,—1(w)}.
Similarly, it would be interesting to know the Poisson brackets for the
periodic transfer matrix and use them to prove (11.14).

13. MORE P01ssoON BRACKETS FOrR OPUC

We begin by showing that one can go backwards from (1.23) to
(1.18)/(1.19) (or, more precisely, to (1.19) and {P,(z), P,(w)} = 0;
{Q.(2), Qn(w)} then follows from the symmetry discussed after (1.19)).

Clearly,

{Pu(2), Pa(w)} = 0 < {0;,6,} = 0 (13.1)
To see that

105, i} = pi05 — pyp = (1.19) (13.2)
we first need

Lemma 13.1. For any distinct, z,w € C and ¢ € D,
e’ +ze? 4w z+w<ei9+z ew+w)+1

(13.3)

el —ze —w z—w\e? —z e?—yw
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Proof. Consider first ¢? = 1. Then

I+2z1+w - 2(z+w)

l—z1-w S (1-2)(1-w)
and

l+z 1+w  2(z-w)

-2z 1-w (1-2)(1-w)

which implies (13.3) for ¢? = 1.
In that formula, replace z by ez and w by e ®w and thereby

obtain the formula for general e?. O
Now we compute using (4.9) with z; = ¢¥%
{Pa(2),Qn(w)}
P,(2) W+ 2
>~} T P ) (13.)
j,k
P,(2) w + 2y
= — P,
ZZ 2j10jkbty — ] s — 2 (W) w— 2
29 0
I+ z e’ +w
! Z s = ol (G2 ) (S ) e Pt
(13.5)
— RHS of (1.19) (13.6)
verifying (13.2). In the above, we get (13.5) by using
Z; 112+ %
== -1 13.7
z-z [Zj —F } (3.1

and noting that the —1 term has j dependence only from [d;514; — p¢; fu]
which sums to zero for each fixed k. To get (13.6), we note that (4.9)

says
6i9j +z
— . P, 13.
;uk(ewj S0 (138)

and use Lemma 13.1 on the d;,p; term. The first term in (13.3) gives
HUIP(2)Qn(w) — Qn(z)Py(w)] by (13.8). The second term in (13.3)
gives P, (2) P, (w) if we note that >, p;0 = > p; = 1. The pjpy,
term in (13.5) gives the —Q,(2)Q,(w) by (13.8).

Next, we consider Poisson brackets with F,(z) given by (4.8) and

fulz) = 21 Eele)
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Theorem 13.2. We have
{Pal2), Falw)} = =5 | (Pa(2)mn(w) + Qu(2)) ( = w)

Z—w

— P,(2) — Qn(z)mn(w)} (13.9

)

{Qn(2), Fy(w)} = —F,(w)(RHS of (13.9)) (13.10)

{Pu(z), fu(w)} = (1 —wf(w))Wa(z,w) (13.11)

{Qn(2), fu(w)) = (L +wf(w))Wy(z,w) (13.12)
where

Wi (2, w) = _E {(Pn(Z) + Qn(2)) —ZZEPZJ(z) — Qn(2)) fr(w)

2
Proof. (12.9) is valid with m,, replaced by F},. Thus

(R Falw)y = = |=Pu) | (F52 ) ()@ ) ~ Pu(w)Qu(2)

] (13.13)

zZ+w

Z—w

 P(2)Paw) — Qn<z>c2n<w>H (13.14)
— RHS of (13.9)

(12.11) is also valid with m,, replaced by F},, so (13.10) follows from
(13.9).
For the formula involving f,, we use (4.28). Analogous to (12.11),

e {Cn(2), fu(w)} = —wf(w){Sn(z), f(w)} (13.15)
and, by (5.2),

{Sn(2), fu(w)} = —w 'S, (w) " {S(2), Cu(w)} (13.16)

_ ;| Gul2) + 28u(2) fu(w) (13.17)

= W(w,z2) o (13.18)

by (4.13)/(4.14).
We then get (13.11), (13.12) using P, = C,, + Sy, @, = C,, — S,, and
(13.15), (13.18). O

Theorem 13.3 (Gekhtman—Nenciu [16]). We have that

(R ) = =5 ()~ (225

(Fu(2) — Fo(w)) + 1 — Fn(z)Fn(w)] (13.19)
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f(z) = f(w)

z —

{/n(2), fr(w)} = —i (2f(2) —wf(w)) (13.20)

Remarks. 1. [16] has —i and —2i where we have —3 and —i because
their {-,-} is twice ours since, following [27], they dropped the normal-
ization of [33] which we keep.

2. While we will separately derive (13.19) and (13.20), it is an
illuminating calculation to go from one to the other using F(z) =
(14 2f(2))/(1 = 2f(2)).

Proof. By the same calculation that led to (12.13),

(B Fuw)} = 5 B (P2 Qulw)} = (- w) (1321
=5 )| (FE2 ) o) - P

+1-— Fn(z)Fn(w)] —(z > w) (13.22)

= RHS of (13.19)

where (13.22) follows from (1.19).
Similarly, by (4.28) and the same calculation that led to (12.13),

{fa(2), faw)} = —(zw) ™

O - L] - o w
=R ) )~ e w
— RHS of (13.20) 0

Finally, we want to note that one can compute {®,(z), ¥, (2)},
{®5(2), P (w)}, and {P,(2), DX (w), {¥,(2), ¥ (w)}. We do not know
{®,(2), Vi (2)} or {¥,(2),P%(2)}. It would be interesting to get for-
mulae for them and so provide a proof of (11.16) along the lines of
[33], but with more explicit calculations. Irina Nenciu has informed us
that using the formulae from Section 11.11 of [37], she can compute
these missing brackets. With her formulae, one can get formulae for
the brackets of the elements of the transfer matrix.



POISSON BRACKETS OF ORTHOGONAL POLYNOMIALS 47
Theorem 13.4. We have

{Pn(2), Pul(w)} = {Vn(2), Un(w)} = {P}(2), D (w)}
= (T (2), U% (w)} = 0 (13.24)

(
(
(@5(2), W5 (w {cb* W (w) — W (2) 0 (w))

l\DIN

(ifZ) = ;,(2)@;,(w) +@:<Z>‘I’Z<w>]
(13.25)

N | .

{On(2), Un(w)} = - [(q)n(Z)‘I’n(w) — U, (2) @ (w))

(F25) + ot )]
(13.26)

Proof. (1.18) and (1.19) depend on 3 and are quadratic polynomials in
(. Equality for all 3 € 0D implies equality for all 3, and so equality
of the coefficients of the terms multiplying 53, 3, and 1. The 87 yield
the three &, U* Poisson brackets and the terms with no 3 yield the
three ®,,, ¥,, Poisson brackets. O

Remarks. 1. The no [ terms involve z®,(z) and wW¥,(w), but zw
factors outs. The change of sign between (13.25) and (13.26) comes
from the minus sign in (4.1) vs. the plus sign in (4.2).

2. It is an interesting exercise to use ®*(z) = 2" ®,,(1/2) to go from
(13.26) to (13.25). Since Poisson brackets of real functions are real,
{f,g} = {f,g}. We get a minus sign from —i/2 = i/2, explaining the

sign changes in the second and third terms. Because (%?j;g) ==

the first term does not change.

Theorem 13.5. We have that
(8a(2), 85 )} = v (BLD = BLIBEY g3,

Z— W

Remarks. 1. The same formula holds it ®,,, @} is replaced by ¥,,, ¥
(since a,, — —av, preserves {-,-}).
2. The proof provides another proof of {®,(z),®,(w)} =
{07.(2), @7, (w)} = 0.
Proof. Define
Co(2) = 20, (2) Sn(z) = @ (2) (13.28)

n
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Then Szeg6 recursion becomes

Crs1(2) = 2C,(2) — @n25,(2) (13.29)

Sni1(2) = 5 (2) — anCh(2) (13.30)
which has the same structure as (4.16), (4.17) except that ag, o, ...
is replaced by ag, a1, ..., a,. Moreover, at n = 0,

Cr(2)wSp(w) — Cp(w)2S,(2) = 2w — 2w = 0

So we can start the induction. Thus, by induction as in Section 5 (—i
becomes the +i because of the complex conjugate change which flips
signs of {a,, a,} to {a,, a,}),

{Cul2), Bulw)} = z-(Cn<Z>w5n<w> - Cn<w>zsn<z>)

z—w
which is equivalent to (13.27). O

Using the recursion relations for ®,, in terms of ®,,_;, one obtains

Theorem 13.6. We have

{P,-1(2), Pp(w)} = —id,_w

<<I>n—1(2)<1>2_1(w) - (I)n—l(w)q);—l(z))

o (13.31)
{@n(2), P51 (w)} = —izw<q)"_1(z) ;;_1(112 :;Ijn—l(w) no1(2)
(13.32)
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