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Abstract

Quantum systems which interact with their environment are often mo-
deled by maximal dissipative operators or so-called Pseudo-Hamiltonians.
In this paper the scattering theory for such open systems is considered.
First it is assumed that a single maximal dissipative operator Ap in a
Hilbert space $) is used to describe an open quantum system. In this case
the minimal self-adjoint dilation K of Ap can be regarded as the Hamil-
tonian of a closed system which contains the open system {Ap, $H}, but
since K is necessarily not semibounded from below, this model is difficult
to interpret from a physical point of view. In the second part of the paper
an open quantum system is modeled with a family {A(u)} of maximal dis-
sipative operators depending on energy u, and it is shown that the open
system can be embedded into a closed system where the Hamiltonian is
semibounded. Surprisingly it turns out that the corresponding scatter-
ing matrix can be completely recovered from scattering matrices of single
Pseudo-Hamiltonians as in the first part of the paper. The general results
are applied to a class of Sturm-Liouville operators arising in dissipative
and quantum transmitting Schrédinger-Poisson systems.
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1 Introduction

Quantum systems which interact with their environment appear naturally in
various physical problems and have been intensively studied in the last decades,
see e.g. the monographes [18, 21, 35]. Such an open quantum system is often
modeled with the help of a maximal dissipative operator, i.e., a closed linear
operator Ap in some Hilbert space $ which satisfies

Sm (Apf,f) <0,  f€dom(Ap),

and does not admit a proper extension in §) with this property. The dynamics in
the open quantum system are described by the contraction semigroup e~ *4p
t > 0. In the physical literature the maximal dissipative operator Ap is usually
called a pseudo-Hamiltonian. It is well known that Ap admits a self-adjoint
dilation K in a Hilbert space & which contains §) as a closed subspace, that is,
K is a self-adjoint operator in £ and

Py(K =) 5= (Ap — )"

holds for all A € C, := {z € C: Sm () > 0}, cf. [36]. Since the operator K is
self-adjoint it can be regarded as the Hamiltonian or so-called quasi-Hamiltonian
of a closed quantum system which contains the open quantum system {Ap, H}
as a subsystem.

In this paper we first assume that an open quantum system is described by
a single pseudo-Hamiltonian Ap in $ and that Ap is an extension of a closed
densely defined symmetric operator A in §) with finite equal deficiency indices.
Then the self-adjoint dilation K can be realized as a self-adjoint extension of the
symmetric operator ASG in & = HSL?(R, Hp), where Hp is finite-dimensional
and G is the symmetric operator in L?(R,Hp) given by

d
Gg = —i

9 dom (G) = {g € W, (R, Hp) : g(0) = 0},

see Section 3.1. If Ag is a self-adjoint extension of A in $) and G denotes the
usual self-adjoint momentum operator in L?(R, Hp),

d
—g, dom(G) =Wy (R, Hp),

Gog = _idx

then the dilation K can be regarded as a singular perturbation (or more precisely
a finite rank perturbation in resolvent sense) of the “unperturbed operator”
Ky := Ao @ Go, cf. [7, 42]. From a physical point of view Kj describes a
situation where both subsystems {Ag, 9} and {Go, L?>(R, Hp)} do not interact
while K takes into account an interaction of the subsystems. Since the spectrum
(Gp) of the momentum operator is the whole real axis, standard perturbation
results yield o(K) = 0(Ky) = R and, in particular, K, and K are necessarily



not semibounded from below. For this reason K and K are often called quasi-
Hamiltonians rather than Hamiltonians.

The pair {K, Ky} is a complete scattering system in & = 9 & L?(R, Hp),
that is, the wave operators

W (K, Kp) = s, lim 6itl~(67itK°Pac(K0)
— =00

exist and are complete, cf. [8, 13, 61, 62]. Here P*(Kj) denotes the orthogonal
projection in & onto the absolutely continuous subspace £%¢(Ky) of K. The
scattering operator

S(K,Kg) := Wy (K, Ko)*W_(K, Ko)

of the scattering system {K, Ky} regarded as an operator in 89¢(Ky) is uni-
tary, commutes with the absolutely continuous part K§¢ of Ky and is unitarily
equivalent to a multiplication operator induced by a (matrix-valued) function
{S(\)}rer in a spectral representation L2(R,dA, Ky) of K& = A% & Gy, cf.
[13]. The family {S(A)} is called the scattering matrix of the scattering system
{I~( , Ko} and is one of the most important quantities in the analysis of scattering
processes. _

In our setting the scattering matrix {S(\)} decomposes into a 2 x 2 block
matrix function in L?(R,d)\, Ky) and it is one of our main goals in Section 3
to show that the left upper corner in this decomposition coincides with the
scattering matrix {Sp(A)} of the dissipative scattering system {Ap, Ap}, cf. [55,
57, 58]. The right lower corner of {S(A)} can be interpreted as the Lax-Phillips
scattering matrix {ST¥(\)} corresponding to the Lax-Phillips scattering system
{I~(7D,,’D+}. Here Dy := L?>(R4,Hp) are so-called incoming and outgoing
subspaces for the dilation K, we refer to [13, 49] for details on Lax-Phillips
scattering theory. The scattering matrices {S(A\)}, {Sp(A\)} and {SEF(A)} are
all explicitely expressed in terms of an ”"abstract” Titchmarsh-Weyl function
M (-) and a dissipative matrix D which corresponds to the maximal dissipative
operator Ap in § and plays the role of an ”abstract” boundary condition. With
the help of this representation of {SL¥()\)} we easily recover the famous relation

SEP(N) = Wa, (A —i0)*

found by Adamyan and Arov in [3, 4, 5, 6] between the Lax-Phillips scattering
matrix and the characteristic function Wy, (-) of the maximal dissipative op-
erator Ap, cf. Corollary 3.11. We point out that M(-) and D are completely
determined by the operators A C Ag and Ap from the inner system. This is
interesting also from the viewpoint of inverse problems, namely, the scatter-
ing matrix {S(\)} of {K, Ko}, in particular, the Lax-Phillips scattering matrix
{SEP(N)} can be recovered having to disposal only the dissipative scattering
system {Ap, Ao}, see Theorem 3.6 and Remark 3.7.

We emphasize that this simple and somehow straightforward embedding
method of an open quantum system into a closed quantum system by choos-
ing a self-adjoint dilation K of the pseudo-Hamiltonian Ap is very convenient



for mathematical scattering theory, but difficult to legitimate from a physical
point of view, since the quasi-Hamiltonians K and K| are necessarily not semi-
bounded from below.

In the second part of the paper we investigate open quantum systems which
are described by an appropriate chosen family of maximal dissipative operators
{A(1)}, 1o € C4, instead of a single pseudo-Hamiltonian Ap. Similarly to the
first part of the paper we assume that the maximal dissipative operators A(u)
are extensions of a fixed symmetric operator A in §) with equal finite deficiency
indices. Under suitable (rather weak) assumptions on the family {A(u)} there
exists a symmetric operator T in a Hilbert space & and a self-adjoint extension
LofL=A®T in £=9H D & such that

Po(L—p) ' Is= (A —p)~",  neCy, (1.1)

holds, see Section 4.2. For example, in one-dimensional models for carrier trans-
port in semiconductors the operators A(u) are regular Sturm-Liouville differ-
ential operators in L?((a,b)) with u-dependent dissipative boundary conditions
and the ”linearization” L is a singular Sturm-Liouville operator in L2(R), cf.
[10, 34, 37, 46] and Section 4.4. We remark that one can regard and interpret
relation (1.1) also from an opposite point of view. Namely, if a self-adjoint op-
erator L in a Hilbert space £ is given, then the compression of the resolvent of
L onto any closed subspace §) of £ defines a family of maximal dissipative op-
erators {A(p)} via (1.1), so that each closed quantum system {L, £} naturally
contains open quantum subsystems {{A(u)}, H} of the type we investigate here.
Nevertheless, since from a purely mathematical point of view both approaches
are equivalent we will not explicitely discuss this second interpretation.

If Ag and Tp are self-adjoint extension of A and T" in §) and &, respectively,
then again L can be regarded as a singular perturbation of the self-adjoint oper-
ator Lo := Ag®Tp in £. As above Lg describes a situation where the subsystems
{Ap, H} and {Tp, &} do not interact while L takes into account a certain inter-
action. We note that if A and T" have finite deficiency indices, then the operator
L is semibounded from below if and only if A and T' are semibounded from
below. Well-known results imply that the pair {L, Lo} is a complete scattering
system in the closed quantum system and again the scattering matrix {S(\)}
decomposes into a 2 x 2 block matrix function which can be calculated in terms
of abstract Titchmarsh-Weyl functions.

On the other hand it can be shown that the family {A(u)}, p € C4, admits
a continuation to R, that is, the limit A(yu + i0) exists for a.e. p € R in the
strong resolvent sense and defines a maximal dissipative operator. The family
A(p +10), p € R, can be regarded as a family of energy dependent pseudo-
Hamiltonians in $) and, in particular, each pseudo-Hamiltonian A(u + i0) gives
rise to a quasi-Hamiltonian K . in 9@ L*(R,H,), a complete scattering system
{IN(H, Ao ® —i-L} and a corresponding scattering matrix {§# (AN} as illustrated
in the first part of the introduction.

One of our main observations in Section 4 is that the scattering matrix



{S(\)} of the scattering system {L, Lo} in $ & & is related to the scattering
matrices {S,,(A)} of the systems {K,,, Ao ® —i-L}, p € R, in H & L2(R, H,,) via

S(p) = gﬂ(p) for a.e. peR. (1.2)

In other words, the scattering matrix {S(A)} of the scattering system {L, Lo}
can be completely recovered from scattering matrices of scattering systems for
single quasi-Hamiltonians. Furthermore, under certain continuity properties of
the abstract Titchmarsh Weyl functions this implies S(X) = S, () for all A in a
sufficiently small neighborhood of the fixed energy pu € R, which legitimizes the
concept of single quasi-Hamiltonians for small energy ranges.

Similarly to_the case of a single pseudo-Hamiltonian the diagonal entries
of {S(n)} or {S, (1)} can be interpreted as scattering matrices corresponding
to energy dependent dissipative scattering systems and energy-dependent Lax-
Phillips scattering systems. Moreover, if {SEP(X)} is the scattering matrix

of the Lax-Phillips scattering system {K,, L*(R4,H,,)} and Wa(u(-) denote
the characteristic functions of the maximal dissipative operators A(u) then an
energy-dependent modification

SEE (1) = Wag (n— i0)*

of the classical Adamyan-Arov result holds for a.e. p € R, cf. Section 4.3.

The paper is organized as follows. In Section 2 we give a brief introduction
into extension and spectral theory of symmetric and self-adjoint operators with
the help of boundary triplets and associated Weyl functions. These concepts will
play an important role throughout the paper. Furthermore, we recall a recent
result on the representation of the scattering matrix of a scattering system con-
sisting of two self-adjoint extensions of a symmetric operator from [14]. Section 3
is devoted to open quantum systems described by a single pseudo-Hamiltonian
Ap in $. In Theorem 3.2 a minimal self-adjoint dilation K in § ® L*(R, Hp)
of the maximal dissipative operator Ap is explicitely constructed. Section 3.2
and Section 3.3 deal with the scattering matrix of {K, Ky} and the interpreta-
tion of the diagonal entries as scattering matrices of the dissipative scattering
system {Ap, Ag} and the Lax-Phillips scattering system {K, L?(Ry,Hp)}. In
Section 3.4 we give an example of a pseudo-Hamiltonian which arises in the
theory of dissipative Schrodinger-Poisson systems, cf. [11, 12, 43]. In Section 4
the family {A(x)} of maximal dissipative operators in §) is introduced and, fol-
lowing ideas of [25], we construct a self-adjoint operator L in a Hilbert space £,
$ C £, such that (1.1) holds. After some preparatory work the relation (1.2) be-
tween the scattering matrices of {Z, Lo} and the scattering systems consisting of
quasi-Hamiltonians is verified in Section 4.3. Finally, in Section 4.4 we consider
a so-called quantum transmitting Schrédinger-Poisson system as an example
for an open quantum system which consists of a family of energy-dependent
pseudo-Hamiltonians, cf. [10, 16, 19, 34, 37, 46].



Acknowledgment. The authors thank Professor Peter Lax for helpful com-
ments and fruitful discussions. Jussi Behrndt gratefully acknowledges support
by DFG, Grant 3765/1; Hagen Neidhardt gratefully acknowledges support by
DFG, Grant 1480/2.

Notations. Throughout this paper (9, (-,-)) and (&,(-,-)) denote separable
Hilbert spaces. The linear space of bounded linear operators defined on $) with
values in & will be denoted by [$), ®]. If $§ = & we simply write [$]. The set
of closed operators in $ is denoted by C(5)). The resolvent set p(S) of a closed
linear operator S € C($)) is the set of all A € C such that (S — \)~! € [9],
the spectrum o(S) of S is the complement of p(S) in C. 0,(5), 0c(S5), 0ac(S)
and o,.(5) stand for the point, continuous, absolutely continuous and residual
spectrum of S, respectively. The domain, kernel and range of a linear operator
are denoted by dom (-), ker(:) and ran (), respectively.

2 Self-adjoint extensions and scattering systems

In this section we briefly review the notion of abstract boundary triplets and
associated Weyl functions in the extension theory of symmetric operators, see
e.g. [27, 28, 30, 39]. For scattering systems consisting of a pair of self-adjoint
extensions of a symmetric operator with finite deficiency indices we recall a
result on the representation of the scattering matrix in terms of a Weyl function
proved in [14].

2.1 Boundary triplets and closed extensions

Let A be a densely defined closed symmetric operator in the separable Hilbert
space $) with equal deficiency indices ny(A) = dimker(A* F i) < co. We use
the concept of boundary triplets for the description of the closed extensions
Ag CT A* of Ain 9.

Definition 2.1 A triplet I = {H,Ty,I'1} is called a boundary triplet for the
adjoint operator A* if H is a Hilbert space and T'g,T'1 : dom (A*) — H are
linear mappings such that the ”abstract Green identity”

(A*fa g) - (fa A*g) = (Flfa POQ) - (Pofarlg)v
holds for all f,g € dom (A*) and the map T := (Iy,T1) T : dom (A*) — H x H

18 surjective.

We refer to [28] and [30] for a detailed study of boundary triplets and recall
only some important facts. First of all a boundary triplet IT = {H, T, 'y} for
A* exists since the deficiency indices ny (A) of A are assumed to be equal. Then
ny(A) =dimH and A = A* | ker(I'g) Nker(I'y) holds. We note that a boundary
triplet for A* is not unique.

In order to describe the closed extensions Ag C A* of A with the help of

a boundary triplet II = {H,¢,I'1} for A* we have to consider the set C(H)



of closed linear relations in H, that is, the set of closed linear subspaces of
H x H. We usually use a column vector notation for the elements in a linear
relation ©. A closed linear operator in H is identified with its graph, so that
the set C(H) of closed linear operators in H is viewed as a subset of C(H), in
particular, a linear relation © is an operator if and only if the multivalued part
mul® = {f’ : (19/) € @} is trivial. For the usual definitions of the linear
operations with linear relations, the inverse, the resolvent set and the spectrum
we refer to [32]. Recall that the adjoint relation ©* € C(H) of a linear relation
O in H is defined as

0" = {(,f) (W k) = (h, k') for all <:) c @}

and O is said to be symmetric (self-adjoint) if © C ©* (resp. © = ©*). Notice
that this definition extends the definition of the adjoint operator. For a self-
adjoint relation ® = ©* in H the multivalued part mul© is the orthogonal
complement of dom © in H. Setting Hyp := dom © and H,, = mul O one verifies
that © can be written as the direct orthogonal sum of a self-adjoint operator
O,y in the Hilbert space H,p and the “pure” relation O, = {(19/) : f € mul @}
in the Hilbert space Hqo.

A linear relation © in H is called dissipative if Sm (h',h) < 0 holds for all
(h, )T € © and O is called mazimal dissipative if it is dissipative and does not

admit proper dissipative extensions in H; then © is necessarily closed, © € C(H).
We remark that a linear relation © is maximal dissipative if and only if © is
dissipative and some A € C; (and hence every A € C) belongs to p(©).

A description of all closed (symmetric, self-adjoint, (maximal) dissipative)
extensions of A is given in the next proposition.

Proposition 2.2 Let A be a densely defined closed symmetric operator in $)
with equal deficiency indices and let I = {H,To,T'1} be a boundary triplet for
A*. Then the mapping

O Ag = A" [TVO = A" [ {f edom (A"): (Iof.[1f)" €0} (2.1)

establishes a bijective correspondence between the set C(H) and the set of closed
extensions Ag C A* of A. Furthermore

(Ae)* = Ao~

holds for any © € CN(H) The extension Ag in (2.1) is symmetric (self-adjoint,
dissipative, mazimal dissipative) if and only if © is symmetric (self-adjoint,
dissipative, maximal dissipative).

It follows immediately from this proposition that if I = {H,To,T'1} is a
boundary triplet for A*, then the extensions

Ap = A" ker(I'g) and A; := A" | ker(I'y)



are self-adjoint. In the sequel usually the extension A corresponding to the
boundary mapping I'g is regarded as a "fixed” self-adjoint extension. We note
that the closed extension Ag in (2.1) is disjoint with Ag, that is dom (Ag) N
dom (Ag) = dom (A), if and only if © € C(H). In this case (2.1) takes the form

A@ = A" F ker(Fl - @Fo) (22)

For simplicity we will often restrict ourselves to simple symmetric operators.
Recall that a symmetric operator is said to be simple if there is no nontrivial
subspace which reduces it to a self-adjoint operator. By [47] each symmetric
operator A in § can be written as the direct orthogonal sum Ao A, of a simple
symmetric operator A in the Hilbert space

H= clospan{ker(4* — X) : A € C\R}

and a self-adjoint operator Ag in $ © ,% Here clospan{-} denotes the closed
linear span. Obviously A is simple if and only if 9 coincides with . Notice
that if IT = {H, T, T'1} is a boundary trlplet for the adJ01nt A* of a non-simple
symmetric operator A = Ao A,, then M= {H, I‘O, I‘l} where

Ty :=Ty | dom ((ﬁ)*) and T;:=T; | dom ((ﬁ)*),

is a boundary triplet for the simple part (A) e (.6) such that the extension
Ao =T(DO, 6 ¢ C( ), in § is given by A@ @ A, A@ =TYe ¢ C(Y))
and the Weyl functions and v-fields of I = {H,T',T';} and = {H,Fo,Fl}
coincide.

We say that a maximal dissipative operator is completely non-self-adjoint if
there is no nontrivial reducing subspace in which it is self-adjoint. Notice that
each maximal dissipative operator decomposes orthogonally into a self-adjoint
part and a completely non-self-adjoint part, see e.g. [36].

2.2  Weyl functions, v-fields and resolvents of extensions

Let, as in Section 2.1, A be a densely defined closed symmetric operator in $
with equal deficiency indices. If A € C is a point of regular type of A, i.e.
(A—X\)"! is bounded, we denote the defect subspace of A by Ny = ker(A* — \).
The following definition can be found in [27, 28, 30].

Definition 2.3 Let Il = {H,To,T'1} be a boundary triplet for A*. The operator
valued functions v(-) : p(Ao) — [H, 9] and M () : p(Ay) — [H] defined by

YA =TT M) and  M(A) :i=Tiy(\), Ae€p(dy),  (2.3)

are called the y-field and the Weyl function, respectively, corresponding to the
boundary triplet II.



It follows from the identity dom (A*) = ker(I'g)+MN, A € p(Ap), where as above
Ay = A* | ker(T'g), that the ~-field v(-) and the Weyl function M(-) in (2.3) are
well defined. Moreover both () and M (-) are holomorphic on p(Ap) and the
relations

YA) = T+ A=) (Ao —N)")y(w), A p € p(Ag),

and
M(A) = M ()" = (A= pm)y() (A, A, 1€ p(Ao), (2.4)

are valid (see [28]). The identity (2.4) yields that M(-) is a Nevanlinna function,
that is, M () is a ([H]-valued) holomorphic function on C\R and

T Sm (M)

M(X) = M()N) and Sm (V) >0 (2.5)
hold for all A € C\R. The union of C\R and the set of all points A € R such
that M can be analytically continued to A and the continuations from C, and
C_ coincide is denoted by h(M). Besides (2.5) it follows also from (2.4) that
the Weyl function M (-) satisfies 0 € p(Sm (M (X)) for all A € C\R; Nevanlinna
functions with this additional property are sometimes called uniformly strict,
cf. [26]. Conversely, each [H]-valued Nevanlinna function 7 with the additional
property 0 € p(Sm (7()))) for some (and hence for all) A € C\R can be realized
as a Weyl function corresponding to some boundary triplet, we refer to [28, 48,
50] for further details.

Let again II = {H,Ty,I"1} be a boundary triplet for A* with corresponding
~-field () and Weyl function M(-). The spectrum and the resolvent set of
the closed (not necessarily self-adjoint) extensions of A can be described with
the help of the function M(-). More precisely, if Ag C A* is the extension
corresponding to © € C(H) via (2.1), then a point A € p(Ag) belongs to p(Ae)
(0i(Ae), i = p,c,r) if and only if 0 € p(© — M (X)) (resp. 0 € 0,(0 — M (X)),
i =p,c,r). Moreover, for A € p(A4g) N p(Ag) the well-known resolvent formula

1

(Ao = A) 7" = (Ao =N +9(N) (O = M(N) (V) (2.6)

holds, cf. [27, 28, 30]. Formula (2.6) is a generalization of the known Krein
formula for canonical resolvents. We emphasize that it is valid for any closed
extension Ag C A* of A with a nonempty resolvent set.

2.3 Self-adjoint extensions and scattering

Let A be a densely defined closed symmetric operator in the separable Hilbert
space $) and assume that the deficiency indices of A coincide and are finite, i.e.,
ny(A) =n_(A) < oo. Let Il = {H, Ty, I'1}, Ag := A* | ker(I'g), be a boundary
triplet for A* and let Ag be a self-adjoint extension of A which corresponds to

a self-adjoint © € C(H). Since here dim H is finite by (2.6)

(Ao = N)7' = (A= N)7" A€ p(de) N p(Ao),



is a finite rank operator and therefore the pair {Ag, Ag} performs a so-called
complete scattering system, that is, the wave operators

Wi (Ao, Ag) = s lim _efAee™"40 Pre(4y),

exist and their ranges coincide with the absolutely continuous subspace $H%¢(Ag)
of Ag, cf. [13, 45, 61, 62]. P?“(Ap) denotes the orthogonal projection onto
the absolutely continuous subspace $*“(Ag) of Ag. The scattering operator
S(Ae, Ag) of the scattering system {Aeo, Ap} is then defined by

S(A@, Ao) = W+ (A@, Ao)*W_ (A@, Ao)

If we regard the scattering operator as an operator in $%°(Ag), then S(Ag, Ag)
is unitary, commutes with the absolutely continuous part

AfC = Ap | dom (Ag) N H*(Ap)

of Ap and it follows that S(Ae, Ap) is unitarily equivalent to a multiplication
operator induced by a family {Se(\)} of unitary operators in a spectral rep-
resentation of AL°, see e.g. [13, Proposition 9.57]. This family is called the
scattering matriz of the scattering system {Ag, Ap} and is one of the most
important quantities in the analysis of scattering processes.

We note that if the symmetric operator A is not simple, then the Hilbert
space $) can be decomposed as § = H B (5")) (cf. the end of Section 2.1) such
that the scattering operator is given by the orthogonal sum S (A@, AO)GBI where
Ag = A@ ® A, and Ay = AO @ A,, and hence it is sufficient to consider simple
symmetric operators A in the following.

Since the deficiency indices of A are finite the Weyl function M(-) corre-
sponding to the boundary triplet IT = {H, T, '1 } is a matrix-valued Nevanlinna
function. By Fatous theorem (see [33, 38]) then the limit

M(A+i0) = lim M(X+ie) (2.7)

from the upper half-plane exists for a.e. A € R. We denote the set of real points
where the limit in (2.7) exits by ™ and we agree to use a similar notation for
arbitrary scalar and matrix-valued Nevanlinna functions. Furthermore we will
make use of the notation

Harn i=ran (Sm (M (X)), AexM, (2.8)

and we will in general regard H () as a subspace of H. The orthogonal projec-
tion and restriction onto Hys(x) will be denoted by Ppr(x) and [y, ,,, respec-
tively. Notice that for A € p(Ag) NR the Hilbert space Hys(y) is trivial by (2.4).
Again we agree to use a notation analogous to (2.8) for arbitrary Nevanlinna
functions. The family {Pps(x)}rexm of orthogonal projections in H onto Hyy(x),
A € M is measurable and defines an orthogonal projection in the Hilbert space
L?(R,d), H); sometimes we write L?(IR, H) instead of L?(R,d), H). The range
of this projection is denoted by L?(R,dA, Hp(x))-

10



Besides the Weyl function M (-) we will also make use of the function

A= No(A) = (©—M(N)™', AeC\R, (2.9)

where © € C~(H) is the self-adjoint relation corresponding to the extension
Ag via (2.1). Since A € p(Ap) N p(Ae) if and only if 0 € p(©® — M(A)) the
function Ng(-) is well defined. It is not difficult to see that Ng(-) is an [H]-
valued Nevanlinna function and hence Ng (A + i0) = lim._,o No (X + i€) exists
for almost every A € R, we denote this set by Ve, We claim that

No(A+i0) = (6 — M(A+i0))"", AexMnxNe, (2.10)

holds. In fact, if © is a self-adjoint matrix then (2.10) follows immediately
from No(A\)(© — M(A\)) = (© — M(A)Ne(A) = I, A € C4. If © € C(H)
has a nontrivial multivalued part we decompose © as © = O, & O, where
Oop is a self-adjoint matrix in Hep, = domO,p and O is a pure relation in
Hoo = H © Hop, cf. Section 2.1, and denote the orthogonal projection and
restriction in H onto H,p, by Pop and [, respectively. Then we have

A= No(A) = (Oop — PosM(N) I31,,) ' Pop, A€ C\R,

(see e.g. [48, page 137]) and from Ng(A+i0) = (Ogp — Pop M (A+i0) [2,,) ' Pop
for all A € M N ¥Ne we conclude (2.10). Notice that the set R\ (XM N xNe)
has Lebesgue measure zero.

The following representation theorem of the scattering matrix {Se(\)}rer
of the scattering system {Ag, Ag} is essential in the following, cf. [14, Theo-
rem 3.8]. Since the scattering matrix is only determined up to a set of Lebesgue

measure zero we choose the representative of the equivalence class defined on
»MxNe,

Theorem 2.4 Let A be a densely defined closed simple symmetric operator with
finite deficiency indices in the separable Hilbert space $), let 11 = {H,To,T'1} be
a boundary triplet for A* with corresponding Weyl function M(-) and define
Harny, A € M as in (2.8). Furthermore, let Ay = A* | ker(Tg) and let

Ao = A* | T(-DE, O € 5(7'[), be a self-adjoint extension of A. Then the
following holds.

(i) Agc is unitarily equivalent to the multiplication operator with the free vari-
able in L*(R, dX\, Hareny)-

(i) In L*(R,dX, Harn)) the scattering matriz {Se(N)} of the complete scat-
tering system {Aeo, Ao} is given by

Se(N) = Iryy iy + 2iParnv/Sm (M () (© — M(X) ™ /Sm (M(N)) 20,5,
for all x € SM N 2Ne where M(X) := M (X + 40).
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In order to show the usefulness of Theorem 2.4 and to make the reader more
familiar with the notion of boundary triplets and associated Weyl functions we
calculate the scattering matrix of the scattering system {fdd—; + 0, 7%} in the
following simple example.

Example 2.5 Let us consider the densely defined closed simple symmetric op-
erator

(Af)(x) == —f"(x), dom(A)={fec WZ(R): f(0)=0},
in L2(R), see e.g. [1]. Clearly A has deficiency indices n; (A) = n_(A) =1 and
it is well-known that the adjoint operator A* is given by (A*f)(z) = —f"(z),
dom (A*) ={f € WF(R\{0}) : f(0+) = f(0—), " € L*(R)}.
It is not difficult to verify that IT = {C, Ty, T}, where
Lof = f'(0+) = f(0—) and Tif:=—f(0+), f€dom(A"),

is a boundary triplet for A* and Ay = A* | ker(T'y) coincides with the usual
self-adjoint second order differential operator defined on WZ(RR). Moreover the
defect space ker(A* — A), A € [0, 00), is spanned by the function

T — eiﬁ“’)@h () + eiiﬁxX]R_ (), A€][0,00),

where the square root is defined on C with a cut along [0,00) and fixed by
Sm (VA) > 0 for A ¢ [0,00) and by vA > 0 for A € [0,00). Therefore we find
that the Weyl function M (-) corresponding to II = {C, T3, } is given by

o Flf)\ o ? *
= Tuh = 2% fr €ker(A* — X)), A€][0,00).

Let o € R\{0} and consider the self-adjoint extension A_,-1 corresponding to
the parameter —a~1, A_, 1 = A* | ker(I'; + a~1Ty), i.e.

(Ao f)(@) = —f"()
dom (A_,-1) = {f € dom (A*) : af (0£) = f'(0+) — f'(0—)}.

M(A)

This self-adjoint operator is often denoted by —dd—; + ad, see [1]. Tt follows im-
mediately from Theorem 2.4 that the scattering matrix {S(X\)} of the scattering
system {A_,-1, Ao} is given by

2V A —ia
2V +ia’

We note that scattering systems of the form {—% +ad’, —j—;}, a € R, can be
investigated in a similar way as above. Other examples can be found in [14].

S(N\) A>0.
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3 Dissipative and Lax-Phillips scattering systems

In this section we regard scattering systems {Ap, Ag} consisting of a maximal
dissipative and a self-adjoint extension of a symmetric operator A with finite
deficiency indices. In the theory of open quantum system the maximal dissi-
pative operator Ap is often called a pseudo-Hamiltonian. We shall explicitely
construct a dilation (or so-called quasi-Hamiltonian) K of Ap and calculate the
scattering matrix of the scattering system {I? , Ao ® Go}, where Gy is a self-
adjoint first order differential operator. The diagonal entries of the scattering
matrix then turn out to be the scattering matrix of the dissipative scattering
system {Ap, Ap} and of a so-called Lax-Phillips scattering system, respectively.

We emphasize that this efficient and somehow straightforward method for
the analysis of scattering processes for open quantum systems has the essential
disadvantage that the quasi-Hamiltonians K and Ay & G are necessarily not
semibounded from below.

3.1 Self-adjoint dilations of maximal dissipative operators

Let in the following A be a densely defined closed simple symmetric operator in
the separable Hilbert space $ with equal finite deficiency indices n(A) =n <
0o, let IT = {H,Ty,I'1}, Ag = A* | ker(I'g), be a boundary triplet for A* and
let D € [H] be a dissipative n x n-matrix. Then the closed extension

AD = A" r ker(F1 — DF())

of A corresponding to © = D via (2.1)-(2.2) is maximal dissipative and C;
belongs to p(Ap). Notice that here we restrict ourselves to maximal dissipa-
tive extensions Ap corresponding to dissipative matrices D instead of maximal
dissipative relations in the finite dimensional space H. This is no essential re-
striction, see Remark 3.3 at the end of this subsection. For A € p(Ap) N p(A4o)
the resolvent of the extension Ap is given by

(Ap =07 = (Ao =N AP - MW) ), B
cf. (2.6). Write the dissipative matrix D € [H] as
D =Re (D) +iSm (D),

decompose H as the direct orthogonal sum of the finite dimensional subspaces
ker(Sm (D)) and Hp :=ran (Sm (D)),

H =ker(Sm (D)) & Hp, (3.2)
and denote by Pp and [, the orthogonal projection and restriction in H
onto Hp. Since Sm (D) < 0 the self-adjoint matrix —PpSm (D) [x,€ [Hp]

is strictly positive and the next lemma shows how —iPpSm (D) [y, (and
iPpSm (D) [1,) can be realized as a Weyl function of a differential operator.
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Lemma 3.1 Let G be the symmetric first order differential operator in the
Hilbert space L*(R,Hp) defined by

(Gg)(x) = —ig'(z),  dom(G)={g€ Wy (R, Hp) : g(0) =0}.

Then G is simple, n.(G) = dimHp and the adjoint operator G*g = —ig’
is defined on dom (G*) = W3(R_,Hp) ® W3 (R4, Hp). Moreover, the triplet
g = {Hp, Yo, Y1}, where

g € dom (G*), is a boundary triplet for G* and Gy = G* | ker(Yy) is the
usual self-adjoint first order differential operator in L*(R,Hp) with domain
dom (Go) = W3 (R, Hp) and o(Go) = R. The Weyl function 7(-) corresponding
to the boundary triplet g = {Hp, Yo, L1} is given by

(3.3)

T( )_ *ZPD%IH(D) r'HD7 )‘EC—H
- iPpSm (D) |%,, AeC_.

Proof. Besides the assertion that IIg = {Hp, To,T1} is a boundary triplet
for G* with Weyl function 7(-) given by (3.3) the statements of the lemma are
well-known. We note only that the simplicity of G follows from [2, VIII.104]
and the fact that G can be written as a finite direct orthogonal sum of first
order differential operators on R_ and R,.

A straightforward calculation shows that the identity

i(g(0+), k(0+)) —i(g(0—-), k(0-))
(Tlg, Tok) — (Tog, le)

(G*g’ k) - (97 G*k)

holds for all g,k € dom (G*). Moreover the mapping (I'g,T;) " is surjective.
Indeed, for an element (h,h')" € Hp x Hp we choose g € dom G* such that
1 1 ) _1
9(0+) = 75 { (~PoSm (D) 1rs) h (= PoSm (D) ) *1'}
and
1 1 . -1,

g(0—) = E{—(—PD%m(D) 44p) 2 h — i(~PpSm (D) [4,) 2 h }
holds. Then a simple calculation shows Yqg = h, Y19 = h’ and therefore
g = {Hp, Yo, T1} is a boundary triplet for G*. It is not difficult to check that
the defect subspace Ny = ker(G* — \) is

Ny — sp{xHeiAwXR+(x)f : £€HD}, AeCy,
AT AT
Sp{.’L"—>€ XRf(m)f : gEHD}a )\E(C,,
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and hence we conclude that the Weyl function of g = {Hp, To, L1} is given
by (3.3). O

Let Ap be the maximal dissipative extension of A in $) from above and let
G be the first order differential operator from Lemma 3.1. Clearly K := A® G
is a densely defined closed simple symmetric operator in the separable Hilbert
space
R=9 LQ(R, HD)

with equal finite deficiency indices ny(K) = ni(A) + ne(G) < oo and the
adjoint is K* = A* @ G*. The elements in dom (K*) = dom (A*) & dom (G*)
will be written in the form f @ g, f € dom (A*), g € dom (G*). In the next
theorem we construct a self-adjoint extension K of K in & which is a minimal
self-adjoint dilation of the dissipative operator Ap in $). The construction is
based on the idea of the coupling method from [25]. It is worth to mention
that in the case of a (scalar) Sturm-Liouville operator with real potential and
dissipative boundary condition our construction coincides with the one proposed
by B.S. Pavlov [60], cf. Example 3.5 below.

Theorem 3.2 Let A, I1 = {H,T0,T'1} and Ap be as in the beginning of this
section, let G and llg = {Hp, Yo, Y1} be as in Lemma 3.1 and K = A D G.
Then

- PpTof —Yog =0,
K=K"1{f®gedom(K*): (1-Pp)T;—Re(D)Ty)f =0, (3.4)
PD(Fl — Re (D)Fo)f + T1g =0

1s a minimal self-adjoint dilation of the mazimal dissipative operator Ap, that

is, for all X € C4
Po(K =)' o= (Ap —2)!

holds and the minimality condition & = clospan{(K — X\)™1§ : A\ € C\R} is

satisfied. Moreover o(K) = R.

Proof. Let v(-),v(:) and M(-),7(-) be the y-fields and Weyl functions of the
boundary triplets Il = {H,T'o,I'1 } and Il = {Hp, Yo, L1}, respectively. Then
it is straightforward to check that IT = {H, o, I'1 }, where

Ty — Re (D)F0> ,

H = H& Hp, f‘o = (5?)) and fl = ( T, (3.5)

is a boundary triplet for K* = A* ® G* and the corresponding Weyl function
M(-) and ~-field F(-) are given by

M(/\) _ (M(A) —0§RC (D) 7—(0)\)) 7 A € C\R, (3.6)
and
5 = <7(0A) V&), AEC\R, (3.7)



respectively. Notice also that Ky := K* | ker(fo) = Ay ® G holds.
With respect to the decomposition H = ker(Sm (D)) ® Hp @ Hp of H (cf.
(3.2)) we define the linear relation © by

6= {<( “‘7”7”}) € ker(Sm (D), v,w € HD} cCH). (38

0, —w,w

We leave it to the reader to check that Qis self-adjoint. Hence by Proposition 2.2
the operator Kg = K* | I'=1O is a self-adjoint extension of the symmetric
operator K = A® G in & = H @ L*(R, Hp) and one verifies without difficulty
that this extension coincides with K from (3.4), K = Kg.

In order to calculate (K — A)~!, A € C\R, we use the block matrix decom-
position

M(\) — Re (D) = (%285 ]A\gjﬁ&g) € [ker(Sm (D)) @ Hp| (3.9)

of M(X) — Re (D) € [H]. Then the definition of © in (3.8) and (3.6) imply
—M{ (Mu — M3 (M

o B —w— MP(MNu - M2\ U er(Sm
(6-M(N) "= el N ER A
(u,v,v) "

and since every A € C\R belongs to p(K) N p(Kp), Ko = Ag @ Gy, it follows
that (© — M(\))™1, A € C\R, is the graph of a bounded everywhere defined
operator. In order to calculate (© — M()\))~! in a more explicit form we set

v = —MENu— MENv,
y = —w—MEWNu—- MENw, (3.10)
z = w—71(Mv.

This yields b b
(o) == G gl ) ()
and by (3.3) and (3.9) we have

_(MlDl()\) MB(\) )_ D—DM(\), MeCy, (3.11)
Mz (N MpN)+7(N)) | D*=M(N), reC_ ' '

Hence for A € C; we find

(1) = -mo™ (7).
which implies

() =m0 (2)+ - s 612
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and
v="Pp(D—MN)"" (i) +Pp(D= M) Inp 2 (3.13)

Therefore by inserting (3.10), (3.12) and (3.13) into the above expression for
(© — M (M)~ we obtain

o~ D — M())~ D= MO I,
(O - M) 1<p§<p_ﬂ(4&)>>—1 Pi(D—J\g()A)»-l?FHD) (3.14)

for all A € C and by (2.6) the resolvent of the self-adjoint extension K admits
the representation

1 -1~ ~

(K=X)"" =Ko =N +30)(0 - M) AN, (3.15)
A € C\R. Tt follows from Ky = Ag ® Go, (3.7) and (3.14) that for A € C the
compressed resolvent of K onto ) is given by
19 = (Ao =N +9N(D = M) (V)

where Pg denotes the orthogonal projection in £ onto $). Taking into account
(3.1) we get

1 1

Py (K )"

Py(K =)' 1H=(Ap-N7", reCy,

and hence K is a self-adjoint dilation of Ap. Since o(Go) = R it follows from
well-known perturbation results and (3.15) that o(K) = R holds.
It remains to show that K satisfies the minimality condition

R=9H®L*(R,Hp) = clospan{ (K — )19 : A € C\R}. (3.16)

First of all s-lim;_, o (—it)(K —it) ™! = Iz implies that § is a subset of the right
hand side of (3.16). The orthogonal projection in & onto L*(R,Hp) is denoted
by Ppz. Then we conclude from (3.7), (3.14) and (3.15) that for A € C;

~ -1 —1 T

Pra(K = \) " 1= v\ Pp (D — M(N) (V) (3.17)
holds and this gives

ran (P2 (K = A\) 7' 1) = ker(G* — \), A€ Cy.
From (3.11) it follows that similar to the matrix representation (3.14) the left
lower corner of (O — M ()\))~! is given by Pp(D* — M (\))~! for A € C_. Hence,
the analogon of (3.17) for A € C_ implies that

ran (Pp2 (f( - )\)_1 l5) = ker(G* — \)

is true for A € C_. Since by Lemma 3.1 the symmetric operator G is simple it
follows that
L*(R,Hp) = clospan{ker(G* — \) : A € C\R}

holds, cf. Section 2.1, and therefore the minimality condition (3.16) holds. O
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Remark 3.3 We note that also in the case where the parameter D is not a
dissipative matrix but a maximal dissipative relation in H a minimal self-adjoint
dilation of Ap can be constructed in a similar way as in Theorem 3.2.

Indeed, let A and IT = {H, Ty, 1} be as in the beginning of this section and
let D € Cf (H) be a maximal dissipative relation in H. Then D can be written as
the direct orthogonal sum of a dissipative matrix Eop inHep, i =HO mul D and

an undetermined part or ”pure relation” [N)oo = {(2) HNTRS mulﬁ}. It follows
that
B:= A" [F(fl){(g) Ty € mulﬁ} = A" [F(fl)ﬁoo

is a closed symmetric extension of A and {Hop, 0 [dom (B+), Popl't [dom (B+)} 18
a boundary triplet for
B* = A* | {f € dom (A*) : (1 — Pop)Tof =0}

with A* | ker(Tg) = B* | ker(I'o [4om (5+))- In terms of this boundary triplet the
maximal dissipative extension Ay = 'Y D coincides with the extension

Bp, =B [ ker(PopTt lom (8+) —Dopl'o ldom (5+))

corresponding to the operator part 501) € [Hop] of D.

Remark 3.4 In the special case ker(Sm D) = {0} the relations (3.4) take the
form
Tof —Tog=0 and (I'y —Re(D)Ty)f + T19=0,

so that K is a coupling of the self-adjoint operators Ay and G corresponding
to the coupling of the boundary triplets 114 = {H,T9,I'1 — Re (D)I'y} and
g = {H, Yo, Y1} in the sense of [25]. In the case ker(Sm D) # {0} another

construction of K is based on the concept of boundary relations (see [26]).

A minimal self-adjoint dilation K for a scalar Sturm-Liouville operator with
a complex (dissipative) boundary condition has originally been constructed by
B.S. Pavlov in [60]. For the scalar case (n = 1) the operator in (3.20) in the
following example coincides with the one in [60].

Example 3.5 Let Q4 € L (R, [C"]) be a matrix valued function such that

loc

Q+ () = Q+(-)*, and let A be the usual minimal operator in $ = L?(R,,C")
associated to the Sturm-Liouville differential expression —% + Q4.

2
dx?

where Dpax + is the maximal domain defined by

DHI&X,+ = {fELQ(R+aCn):f7 f/EAC(]R-‘rv(Cn)a 7f// + Q-‘rf € LZ(R-HCTL)}

A = +Q+, dOIIl (A) = {f € Dmax,-‘,— : f(O) = f/(o) = O}’

It is well known that the adjoint operator A* is given by A* = —% + Q4
dom (A*) = Dmax,—‘r-
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In the following we assume that the limit point case prevails at 400, so that
the deficiency indices ny(A) of A are both equal to n. In this case a boundary
triplet IT = {C™, Ty, "1} for A* is

Lof:=f(0), Tif:=f(0), f€dom(A")= Dmax+- (3.18)

For any dissipative matrix D € [C"] we consider the (maximal) dissipative
extension Ap of A determined by

Ap = A" | ker(I'; — DIy), SmD <0. (3.19)

(a) First suppose 0 € p(SmD). Then Hp = C" and by Theorem 3.2 and
Remark 3.4 the (minimal) self-adjoint dilation K of the operator Ap is a self-
adjoint operator in & = L2(R,,C") @ L?(R,C") defined by

K(f®g) = (—f"+Q+f) ® —id,
~ f € Duax,+, g € W3(R_,C") & W3 (R4, C") (3.20)
dom (K) =1  f'(0) = Df(0) = —i(—23m D)"/2g(0-),
£'(0) = D*£(0) = —i(—23m D)/2g(0+)

(b) Let now ker(Sm D) # {0}, so that Hp = ran (3m D) = C* # C". Accord-
ing to Theorem 3.2 the (minimal) self-adjoint dilation K of the operator Ap in
A=L*R.,C") @ L*(R,C*) is defined by

K(feg) = (—f"+Q+f) @ —ig,

f € Diax,4, 9 € W3 (R_,CF) ® W3 (R, C*)
Pp[f'(0) = Df(0)] = —i(~2PpSm (D) I5,,)/g(0-),
Pp[f'(0) — D*£(0)] = —i(—2PpSm (D) [+,)"/?g(0+),

F'(0) = Re (D) f(0) € Hp

dom (K) =

3.2 Dilations and dissipative scattering systems

Let, as in the previous section, A be a densely defined closed simple symmetric
operator in $) with equal finite deficiency indices and let 1T = {H,Ty,T'1 } be a
boundary triplet for A*, Ay = A* | kerI'y, with corresponding Weyl function
M(-). Let D € [H] be a dissipative matrix and let Ap = A* | ker(I'y — DTI'y)
be the corresponding maximal dissipative extension in ). Since C; > A —
M(X) — D is a Nevanlinna function the limits

M(A+i0) =D = lim M(A+i0) D

and
. . . . N
Np(A+1i0) = 61_13(_10 Np (A +ie) = E1_1)rlrr10(D — M(X +ic))

exist for a.e. A € R. We denote these sets of real points A by £ and $Vp.
Then we have

Np(A+i0) = (D — M(A+i0))"", AexMnxho, (3.21)
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cf. Section 2.3. Let G be the symmetric first order differential operator in
L?(R,Hp) and let Ilg = {Hp, To, Y1} be the boundary triplet from Lemma 3.1.
Then Go = G* | ker(T) is the usual self-adjoint differentiation operator in
L*(R,Hp) and Ko = Ag & Gy is self-adjoint in & = & L*(R, Hp). In the next
theorem we consider the complete scattering system {IN( , Ko}, where K is the
minimal self-adjoint dilation of Ap in K from Theorem 3.2.

Theorem 3.6 Let A, Il = {H,I'o,I'1}, M() and Ap be as above and define
Harny, A€ M as in (2.8). Let Ko = Ao ® Go and let K be the minimal
self-adjoint dilation of Ap from Theorem 3.2. Then the following holds.

(i) K§° = A3 ® G is unitarily equivalent to the multiplication operator with
the free variable in L*(R, dX\, Hyrn) @ Hp).

(ii) In L*(R,d\, Harn) ® Hp) the scattering matriz {S(\)} of the complete
scattering system {I?,KO} is given by

5 — I M(x 0 TH(/\) f12(>\)
S(A) = ( HO( ) IHD) + 2 <T21()\) Tm()\)) S [H]\/[()\) $HD]7

for all A\ € M N NP where

T11(A) = Paronyv/Sm (M(N) (D = M(A) ™ v/Sm (M(N) 14,0,
Ti2(A) = Parpy/Sm (M) (D~ M(X) ' /=Sm (D) In,,,
Tu(N) = Ppy/=Sm (D)(D = M)~ v/Sm (M) [y,
Tas(N) = Ppr/=Sm (D) (D — M(N)) ™ /=Sm (D) Iy,

and M(X) = M (X +10).

Proof. Let K = A® G and let II = {H ® Hp, fo, fl} be the boundary
triplet for K* from (3.5). Notice that since A and G are densely defined closed
simple symmetric operators also K is a densely defined closed simple symmetric
operator. Recall that for A € C, the Weyl function of I = {H & Hp,To, 1} is

given by
~ M(X) — Re (D) 0
M) = ( 0 —iPpSm (D) fHD> . (3.22)

Then Theorem 2.4 implies that
2 M
L (R,d)\,HM()\)), H]TI()\) = HM(,\) ®Hp, AeX™,
performs a spectral representation of the absolutely continuous part

Kgc = K() r dom (KQ) N .ﬁac(Ko)
= Ay @ Go | (dom (Ag) N H*(Ag)) & L*(R, Hp) = Af° & Gy
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of Ky such that the scattering matrix {S(\)} of the scattering system {K, Ko}
is given by

S(\) = I

M)

(3.23)

— 1 —~

+2iPyz )\ Sm (M(V) (6 — M(N) ™ y/Sm (M(V) I

M(X)

for all A € EMOENQ where P~(/\) and [y are the projection and restriction

N M M(\)
in H ="H®Hp onto Hyy,,. Here © is the self-adjoint relation from (3.8) and

the function Ng is defined analogously to (2.9) and

Ng(A+i0) = (6 — M(X +i0))

holds for all A € ©M N %Ne, cf. (2.10).
By (3.22) we have

JomFo sy = (VOROTOEOL o)

for all A € ©M = 2 and (3.14) yields

(D — M (X +i0))~! (D= M(A+1i0))"" I3, )
1 r

for A € TM N xNe. It follows that the sets ™ N N6 and TM N 2V | see
(3.21), coincide and by inserting the above expressions into (3.23) we conclude
that for each A € XM N XNP the scattering matrix {S(A)} is a two-by-two block
operator matrix with respect to the decomposition

'H’M(X)Z'HM(A)EBHD, AexMnxio,

with the entries from assertion (ii). O

Remark 3.7 It is worth to note that the scattering matrix {S(\)} of the scat-
tering system {f( , Ko} in Theorem 3.6 depends only on the dissipative matrix D
and the Weyl function M(-) of the boundary triplet IT = {H, Ty, 1} for A*. In
other words, the scattering matrix {§ (A)} is completely determined by objects
corresponding to the operators A, Ag and Ap in §.

Let Ap and Ay be as in the beginning of this section. In the following we
will focus on the so-called dissipative scattering system {Ap, Ap} and we refer
the reader to [22, 23, 51, 52, 53, 54, 55, 56, 57] for a detailed investigation of
such scattering systems. We recall only that the wave operators Wi (Ap, Ap)
of the dissipative scattering system {Ap, Ag} are defined by

Wi (Ap, Ap) = s—tlém eitAEe_”A"PaC(AO)

“+oo
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and ' 4
W_(Ap,Ap) = s lim e_’tADeZtAUPaC(AO),

t——+oo

where e 742 = slim,_oo(1 + LAp)™", see e.g. [45, §IX]. The scattering
operator
SD = W+(AD, A())*VV,(AD7 Ao)

of the dissipative scattering system {Ap, Ag} will be regarded as an operator
in H%¢(Ap). Then Sp is a contraction which in general is not unitary. Since Sp
and A§° commute it follows that Sp is unitarily equivalent to a multiplication
operator induced by a family {Sp(A)} of contractive operators in a spectral
representation of A§¢.

With the help of Theorem 3.6 we obtain a representation of the scatter-
ing matrix of the dissipative scattering system {Ap, Ag} in terms of the Weyl
function M(-) of Il = {H,To,T'1} in the following corollary, cf. Theorem 2.4.

Corollary 3.8 Let A, I1 = {H,To,I'1}, Ag = A* [ ker(T'g), M(-) and Ap be as
above and define Hpr(x), A € YM as in (2.8). Then the following holds.

(i) Agc is unitarily equivalent to the multiplication operator with the free vari-

able in L*(R, d\, Har(n))-

(i) In L*(R,dX, Har(n)) the scattering matriz {Sp(N)} of the dissipative scat-
tering system {Ap, Ao} is given by

Sp(N) = Ity ) + 20Paronv/Sm (M) (D = M) ™' V/Sm (M) Ty,
for all x € M N END where M(X) = M (X +40).

Proof. Let K be the minimal self-adjoint dilation of Ap from Theorem 3.2.
Since for ¢ > 0 we have

Pge_i”? [ 9= s lim Pﬁ(l + %I?)_n = s- lim (1 + %AD)_n = ¢~itAD

n—oo

it follows that the wave operators W (Ap, Ag) and W_(Ap, Ap) coincide with

PoW, (K, Ky) Ig = s lim PgettKe 150 pac(f) g

t——+oo
= s- lim PﬁeitK I e_itAOP“C(AO)
t—+o0
and

PaW_(K,Ko) |5 = s lim PyettR e—itFo pac (g 1o

= s- lim Pyje_i”w( [ eitAOP”C(AO),

t——+o0

respectively. This implies that the scattering operator Sp coincides with the
compression Pgae(4,)S(K, Ko) [gec(a,) of the scattering operator S(K, Ko)
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onto H%(Ap). Therefore the scattering matrix Sp(A) of the dissipative scat-
tering system is given by the upper left corner

{IHIVI()\) + 2if11(>\)}, AE »M n END,

of the scattering matrix {S(\)} of the scattering system {K, Ky}, see Theo-
rem 3.6. g

3.3 Lax-Phillips scattering systems

Let again A, IT = {H,T9,T'1}, {Ap, 4o} and G, Gy, llg = {Hp, Yo, L1} be as
in the previous subsections. In Corollary 3.8 we have shown that the scattering
matrix of the dissipative scattering system {Ap, Ao} is the left upper corner in
the block operator matrix representation of the scattering matrix {S(\)} of the
scattering system {f( , Ko}, where K is a minimal self-adjoint dilation of Ap in
A=9 L*R,Hp) and Ky = Ag ® Gy, cf. Theorem 3.6.

In the following we are going to interpret the right lower corner of {§ N}
as the scattering matrix corresponding to a Lax-Phillips scattering system, see
e.g. [13, 49] for further details. To this end we decompose the space L?(R,Hp)
into the orthogonal sum of the subspaces

D_:=IL*R_,Hp) and D, :=L*R,, Hp). (3.24)

Then clearly R = H @& D_ d D, and we agree to denote the elements in K in the
form f@&g_ @ gy, f €9, g+ € D+ and g =g_ & g4 € L*(R, Hp). By J; and
J_ we denote the operators

Jo L*(R,Hp) — &, g—000&g,,

and
J_:L*(R,Hp) — R, g—0@g_ 0,

respectively. Notice that Jy + J_ is the embedding of L?*(R,Hp) into &. In
the next lemma we show that D and D_ are so-called outgoing and incoming

subspaces for the self-adjoint dilation K in &.

Lemma 3.9 Let K be the self-adjoint operator from Theorem 3.2, let Dy be as
in (3.24) and Ay = A* | ker(Ty) be as above. Then

itk CD4, teRy, and ﬂ efitf{Di = {0},
teR

and, if in addition o(Ag) is singular, then

U e—itKD, — U e~ED_ = g (K). (3.25)
teR teR
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Proof. Let us first show that
e"tK 1Dy = Joe 00 1Dy teRy, (3.26)
holds. In fact, since e~ is the right shift group we have
e "% (dom (G) N D) C dom (G)N D, teERy,

where dom (G) N Dy = {WH2(R,Hp) : f(x) = 0, 2 € Ry}. Let us fix some
t € R1 and denote the symmetric operator A @ G by K. Since

Ji(dom (G) N DL) € dom (K) C dom (K)
the function
ft7i(s) = ei(sit)kjieiisco fDi fi, s € Ry, fi € dom (G) ND4,

is differentiable and
d . i(s—K (T —is
%fti(s):ze( DK (K — 0 @ Go)Jee % |p, fr =0, t€Ry,

holds. Hence we have f; +(0) = f;,+(¢) and together with the observation that
the set dom (G) N Dy is dense in Dy this immediately implies (3.26). Then we
obtain eiitKDi CDy,te Ry and

Ne ™Dy () e Dp= () Jee "Dy = {0}.
teR teR4 teR4

Let us show (3.25). Since A has finite deficiency indices the wave operators
Wi (K, Ao ® Gp) exist and are complete, i.e., ran (Wi (K, Ag ® Go)) = R*(K)
holds. Since Ay is singular we have

Wi(f?,Ao (&) Go) = S—t llgl €itl~((J+ + J_)e_itGO [ 12

and it follows from (3.26) that Wi(IN(,AO @ Go)fy = fy for fr € Dy, so
that in particular Dy and e~ #CoD, € ﬁ“c(f() for t € Ry. Assume now that
g € L?*(R,Hp) vanishes identically on some open interval (—oco, ). Then for
r > 0 sufficiently large e="%°g € D, and by (3.26) for t > r

6itf((J+ + J_)efi(tfr)GgefirGog _ eirf((]_‘refirGog'

Since the elements g € L?*(R,Hp) which vanish on intervals (—oo, ) form a
dense set in L?(R,Hp) and the wave operator W, (K, Ag @ Gy) is complete we
conclude that

U e"%p, (3.27)

reRy
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is a dense set in 82¢(K). A similar argument shows that the set (3.27) with

R and D, replaced by R_ and D_, respectively, is also dense in R“c(fz' ). This
implies (3.25). O

According to Lemma 3.9 the system {IN( ,D_,D,} is a Lax-Phillips scattering
system and in particular the Laz-Phillips wave operators

Oy = S_t lirin eitf(Jie_itGO : .[/2(R7 Hp) — R

exist, cf. [13]. We note that s-lim; 4o Jre 0 = 0 and therefore the re-

strictions of the wave operators W (IN(7 Kj) of the scattering system {I?, Ky},
Ko = Ay ® Go, onto L*(R, Hp),

Wi(ff,Ko) 2= S_t hrin e“f{(JJr +J_)efitG0’

coincide with the Lax-Phillips wave operators 2. Hence the Laz-Phillips scat-
tering operator S** .= % Q_ admits the representation

SLP = PaS(K, Ko) |12

where S(K,Ky) = W4 (K, Ko)*W_(K,Ky) is the scattering operator of the
scattering system {I~( , Ko}. The Lax-Phillips scattering operator S** is a con-
traction in L?(R,Hp) and commutes with the self-adjoint differential operator
Go. Hence SF is unitarily equivalent to a multiplication operator induced by
a family {STT()\)} of contractive operators in L?(R,Hp), this family is called
the Lax-Phillips scattering matriz.

The above considerations together with Theorem 3.6 immediately imply the
following corollary on the representation of the Lax-Phillips scattering matrix.

Corollary 3.10 Let {I~(, D_,D.} be the Lax-Phillips scattering system consid-
ered in Lemma 3.9 and let A, Il = {H,Ty,T'1}, Ap, M(-) and Gy be as in the
previous subsections. Then Gy = G§° is unitarily equivalent to the multipli-
cation operator with the free variable in L*(R,Hp) = L*(R,d\, Hp) and the
Laz-Phillips scattering matriz {STT(\)} admits the representation

SEP(\) = Iy, + 2iPp+/Sm (=D) (D — M(A)) " /Sm (=D) I+,  (3.28)
for X € M A END where M(N) = M(\ +140).

Let again Ap be the maximal dissipative extension of A corresponding to
the maximal dissipative matrix D € [H] and let Hp = ran (Sm (D)). By [29]
the characteristic function Wy, of the completely non-self-adjoint part of Ap
is given by

Wa, :C_ — [Hp]
1 (3.29)
o= I’HD - 2iPD —Qm (D) (D* - M(,U,)) —Sm (D) r'HD .
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Comparing (3.28) and (3.29) we obtain the famous relation between the Lax-
Phillips scattering matrix and the characteristic function found by Adamyan and
Arov in [3, 4, 5, 6].

Corollary 3.11 Let the assumption be as in Corollary 3.10. Then the Lax-
Phillips scattering matriz {S*Y(\)} and the characteristic function Wa,, of the
mazximal dissipative operator Ap are related by

SEP(N) = W4, (A —i0)%, AexMnxho,

Next we consider the special case that the spectrum o(Ag) of the self-adjoint
extension Ay = A* | ker(T'g) is purely singular, $%°(Ap) = {0}. As usual let
M(-) be the Weyl function corresponding to II = {H,Ig,I';}. Then we have
Harn = ran (Sm (M(X +i0))) = {0} for a.e. A € B, ¢f. [17], and if even
o(Ag) = 0,(Ap) then Hypy(n) = {0} for all A € M. Therefore Theorem 3.6 and
Corollaries 3.10 and 3.11 imply the following statement.

Corollary 3.12 Let the assumption be as in Corollary 3.10, let Ko = Ag @ Gy
and assume in addition that o(Ag) is purely singular. Then the scattering matriz
{S(\)} of the complete scattering system {K, Ko} coincides with the Laz-Phillips
scattering matriz {SEP(N\)} of the Laz-Phillips scattering system {K,D_, D, },
that is, B

S(A) = SHT(N) = Wap, (A —i0)* (3.30)

for a.e. X € R. If even o(Ag) = 0,(Ao), then (3.30) holds for all A € SMN¥LND,

3.4 A dissipative Schrodinger-Poisson system

In this subsection we consider an open quantum system consisting of a self-
adjoint and a maximal dissipative extension of a symmetric regular Sturm-
Liouville differential operator. Such maximal dissipative operators or pseudo-
Hamiltonians are used in the description of carrier transport in semi-conductors,
see e.g. [9, 11, 34, 37, 43, 44, 46].

Assume that —oo < 2; < &, < 0o and let V' € L>®((x, x,-)) be a real valued
function. Moreover let m € L*°((z;,x,)) be a real function such that m > 0
and m~! € L®((z;,2,)). It is well-known that

(AN)(@) = =5 ———=—f(z) + V(2)f(2),

ot € Wi((a1,2,))
dom (A):=< f € L2((:I?l,$r)) : f(x) = f(z,) =0 ’
(L) (@)= (L) (z)=0

is a densely defined closed simple symmetric operator in the Hilbert space § :=
L?((xy,2,)). The deficiency indices of A are ny (A) =n_(A) = 2 and the adjoint
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operator A* is given by

1
dom (A*) = {f €cH:f, Ef/ € ng((xl,xr))} .
It is straightforward to verify that IT = {C? T, T'; }, where

Tof = ( ;((Z)) > and T, f := ( —((Zi'fj})’)(falr)r) ) (3.31)

f € dom (A*), is a boundary triplet for A*. Notice that the self-adjoint extension
Ao = A* | ker(T'y) corresponds to Dirichlet boundary conditions, that is,

dom (A40) = {1 €9 f. 1. € Wi (av.an). fan) = f2) =0}

It is well known that Aj is semibounded from below and that o(Ag) consists
of eigenvalues accumulating to +o0o. As usual we denote the Weyl function
corresponding to IT = {C2,Ty,T';} by M(-). Here M(-) is a two-by-two matrix-
valued function which has poles at the eigenvalues of Ay and in particular we
have

Harny =ran (Sm(M(N)) = {0} forall XexM. (3.32)

If ox, s € L%((21,7,)) are fundamental solutions of —%(%f’)/ +Vf =\
satisfying the boundary conditions

oa() =1, (moh) (@) =0,  ¥alx) =0, (m¢\)(m) =1,  (3.33)

then M can be written as

_ # _<)0)\('/I:’I‘) 1

We are interested in maximal dissipative extensions
AD = A* r ker(Fl - Dro)

of A where D € [C?] has the special form

D= (‘é” _(; ) . Sm (k) >0, Sm(k,) > 0. (3.35)

Of course, if both k; and k, are real constants then Hp = ran (Sm (D)) = {0}
and Ap is self-adjoint. In this case Ap can be identified with the self-adjoint
dilation K acting in @ L*(R, {0})=9, cf. Theorem 3.2.
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Let us first consider the situation where both x; and s, have positive imag-
inary parts. Then Hp = C? and the self-adjoint dilation K from Theorem 3.2
is given by

K(fog-®gy)=(-3(Lf) +Vf) @ —ig_ @ —ig,,

dom[}{f’s@fIGWQI((xlvxr))v: Fo]"—'rog:()7 }

Here IIg = {C2%, Y, Y1} is the boundary triplet for first order differential opera-
tor G C G* in L*(R, C?) from Lemma 3.1 and we have decomposed the elements
f@®gin H@® L?(R,C?) as agreed in the beginning of Section 3.3. Let us set

0= (3i6) et o0 = (1)

Then a straightforward calculation using the definitions of II = {C2 Tg,T;}
and Ilg = {C% T, Y1} in (3.31) and Lemma 3.1, respectively, shows that an
element f & g_ @ g4 belongs to dom (K ) if and only if

(o ") (@) + Ko f (2
( ) (1) + R f(m
(g f') (r) = sir f
( )(scr Brf(2r) =i/ 28m (K )gr

holds. We note that this dilation K is isomorph in the sense of [36, Section I.4]
to those used in [11, 12, 43, 44].

Theorem 3.6 and the fact that o(Ao) is singular (cf. (3.32)) imply that the
scattering matrix {S(A)} of the scattering system {K, Ky}, Ko = Ay & Go,
coincides with

SEP(N) = Iz + 2iy/=Sm (D) (D — M(X)) ' v/=Sm (D) € [C?]
for all A & 0,(Ap) NR, where M (X)) = M(A+140) (cf. Corollary 3.12). By (3.35)
here \/—Sm (D) is a diagonal matrix with entries /Sm (k) and /Sm (k,.). We
leave it to the reader to compute S“F(\) explicitely in terms of the fundamental
solutions ¢, and ), in (3.33). According to Corollary 3.11 the continuation

of the characteristic function W4, of the completely non-self-adjoint pseudo-
Hamiltonian Ap from C_ to R\{o,(A4o)} coincides with SZ¥(\)*,

Wap, (A — i0) = Igz — 2i7/=Sm (D) (D* — M(Y)) ™' /=Sm (D) = S*7(\)

Next we consider briefly the case where one of the entries of D in (3.35) is
real. Assume e.g. k; € R. In this case Hp = C={0} @ C, Pp is the orthogonal
projection onto the second component in C? and G is a first order differential
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operator in L?(R,C). The self-adjoint dilation K is

K(fog-®gs) = (—5(5f) +VI) e —ig_ @ —id,
Pplof —YTog=0
- 1 g 1 Dlo 0g s
dom K = I meEWWfaé(xléS))a - (1— Pp)(Ty — Re (D)) f =0,
g & W2 B Pp(T1 — Re (D)To)f +T1g =0
and explicitely this means that an element f & g_ @ g4+ belongs to dom (I? ) if
and only if

holds. The scattering matrix of {K, Ko} is given by
SEP(N) = Ingy + 2iSm ()P (D — M(N) " 1, AESM,

which is now a scalar function, and is related to the characteristic function of
the maximal dissipative operator Ap by SEF(\) = Wy, (A —i0)*.

4 Energy dependent scattering systems

In this section we consider families {A_;(x), Ao} of scattering systems, where
7(+) is a matrix Nevanlinna function and {A_. ()} is a family of maximal dissi-
pative extensions of a symmetric operator A with finite deficiency indices. Such
scattering systems arise naturally in the description of open quantum systems,
see e.g. Section 4.4 where a simple model of a so-called quantum transmit-
ting Schrodinger-Poisson system is described. Following ideas in [25] (see also
[15, 20, 31, 40, 41]) the family {A_, (5} is “linearized” in an abstract way, that
is, we construct a self-adjoint extension L of A which acts in a larger Hilbert
space $ ® & and satisfies

=~ -1 -1

Py(L=X) " ls=(Arpy—A)

so that, roughly speaking, the open quantum system is embedded into a closed
system. The corresponding Hamiltonian L is semibounded if and only if Ay is
semibounded and 7(-) is holomorphic on some interval (—oo,n). The essential
observation here is that the scattering matrix of {Z, Lo}, where Ly is the direct
orthogonal sum of Ay and a self-adjoint operator connected with 7(+), pointwise
coincides with the scattering matrix of a scattering system {IN( , Ko} as investi-
gated in the previous section. From a physical point of view this in particular
justifies the use of quasi-Hamiltonians K for the analysis of scattering processes
in suitable small energy ranges.
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4.1 The Straus family and its characteristic functions

Let A be a densely defined closed simple symmetric operator in the separable
Hilbert space $) with equal finite deficiency indices ny(A) = n < co and let
IT = {H,T9,T'1} be a boundary triplet for A*. Assume that 7(:) is an [H]-
valued Nevanlinna function and consider the family {A_; ()},

A,T(/\) = A* err(rl =+ T(/\)Fo), A€ C+,

of closed extension of A. Sometimes it is convenient to consider A_,(y) for all
A € b(7), that is, for all A € C\R and all real points X\ where 7 is holomorphic, cf.
Section 2.2. Since Im7(A) > 0 for A € C, it follows that each A_;(y), A € C4,
is a maximal dissipative extension of A in §. The family {A_; () }aec, is called
the Straus family of A associated with T (cf. [59] and e.g. [24, Section 3.3]) and
for brevity we shall often call {A_.(,)} simply Straus family.

Since H is finite dimensional Fatous theorem (see [33, 38]) implies that the
limit 7(A +40) = lime_yo7(A + 4€) from the upper half-plane exists for a.e.
A € R. As in Section 2.3 we denote set of real points A where this limit exists
by 7. If there is no danger of confusion we will usually write 7(\) instead of
T(A+10) for A € 7. Obviously, the Lebesgue measure of R\ X7 is zero. Hence
the Straus family {A_7(n }aec, admits a continuation to C; UX™ which is also
denoted by {A_;(\}, A € CL UXT. We remark that in the case Sm (7(A)) =0
for some A € C U X7 the maximal dissipative operator A_,(y) is self-adjoint.

Let M(-) be the Weyl function of the boundary triplet IT = {H, Ty, T';}.
Then M(-) is an [H]-valued Nevanlinna function and Sm (M (X)) is strictly pos-
itive for A € C4. Therefore

Ny = =) +MN) ', reCy,

is a well-defined Nevanlinna function, see also (2.9). The set of all real A where
the limit

N r(aioy(A +i0) = lim —(r(A+i€) + M(X + i) -

exists will for brevity be denoted by Y. Furthermore, for fixed A € X7 we
define an [H]-valued Nevanlinna function @_,(x)(-) by

-1
Q_ron(p) = —(T(N) + M(n) , peCy, (4.1)
and denote by Y@ the set of all real points p where the limit

Q_r(n (1 +10) = el_i)rilo Q_r(n (1 + ie€) (4.2)

exists. Notice that the complements R\ X" and R\ X%?* are of Lebesgue measure
zero. The next lemma will be used in Section 4.3.

Lemma 4.1 Let A, IT = {H,T0,T1}, M(:) and 7(-) be as above. Then the
following assertions (1)-(iii) are true.
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(1) If A€ X7 and p € SM NX@ | then the operator T(X\) + M (u) is invertible
and

@m+Mm»4:g%mw+Mwwm”. (4.3)

(i) If A€ " NEM XN, then the operator T(\) + M(N) is invertible and

mm+Mu»*:g%@u+@+M@+@yﬁ (4.4)

(iii) If A€ X"NIM NN then A € X9 and

(T + M) = Tim (r() + M (A +ie) (4.5)

Proof. (i) If A € X7, u € M then lim. ., o(7(\) + M (p+ie€)) = 7(A) + M ().
Since

(TN + M(p+i€) Q7 (1 +i€) = Q72 (1 +i€) (T(N) + M (p +i€)) = —In

for all € > 0, we get

I = (1(N) + M(1)) Q-0 (1) = Q) (W) (T(N) + M (1))
for A € X7 and p € M N X9 which proves (4.3).
(ii) For A € ™ N XM clearly

61_13_1()(’7’()\ +i€) + M (A +ie)) = T(\) + M())

exists. Since (7(A) +M(X))N_-3)(A) = N_r ) (A)(T(A) + M (X)) = —1Iy for all
A € C4 we have

—Ig = (T(A) + M(A))N_-()(A) = Ny (W) (T(X) + M (X))

for A € 3" N XM N XN which verifies (4.4).

(iii) Let A € ST N XM N XN, Let us show that A € @, i.e., we have to
show that lim._,o(7(\) + M (X +ie€)) ™! exists. Since 7(\) + M()) is boundedly
invertible and 7(A) + M (A + i€), € > 0, converges in the operator norm to
7(A) + M (N) the family {(7(X\) + M (XA +i€)) "' }eso is uniformly bounded. Using

(r(\) + M(A+i€)) " = (r(\) + M)~
— —(r(N) + M\ +ie)) " (M +ie) — M) (r(\) + M(V) ™, e>0,
one obtains the existence of lim._ 1o(7(\) + M (X +i€))~! and (4.5). O

Let A, II = {H,T'0,T'1} and M(-) be as in the beginning of this section and
let as above 7(-) be a matrix Nevanlinna function with values in [H]. For
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each maximal dissipative operator from the Straus family {A_;vhaec, the

characteristic function Wa__,  is given by

Wa_ ot Co = [Hoon)] (4.6)
p gy, + 20 00y/Sm (T () (T + M (1) ™ V/Sm (7(V) T,

(see [29] and (3.29)), where we have used H.(y) = ran(Sm(7()))), A € X7,
and denoted the projection and restriction onto H,(n) by Prx) and [# .
respectively.

If we regard the Straus family {A_;(n} on the larger set Cy U X", then
for A € X7 the characteristic function Wa__,,(-) is defined as in (4.6). Notice
that in the case Sm(7(\)) = 0 for A € X7 the characteristic function of the
self-adjoint extension A_;(y) of A is the identity operator on the trivial space
Hr(x) = {0}. Since the characteristic functions Wa__,,(-), A € C4 UX", are
contractive [H,(yy]-valued functions in the lower half-plane, the limits

Wa_, o (p—1i0) = Elir_lgo Wa_, o) (1 — i€)

exist for a.e. p € R, cf. [36]. The next proposition is a simple consequence of
Lemma 4.1.

Proposition 4.2 Let A, II = {H,T0,T'1} and M(-) be as above and let 7(-) be
an [H]-valued Nevanlinna function. Let {A_r\)}rec,us+ be the Straus family
of mazximal dissipative extensions of A and let Wa_. () be the corresponding
characteristic functions. Then the following holds.

(i) If A€ X7 and p € SM NEQ, then the limit Wa__, (u—i0) exists and
WA*T(X) (,LL - ’iO) =
Int, 3y + 2iPr ) V/Sm (T (M) (r(N) " + M (1)) ™' y/Sm (7(A)) [, -

(i) If A e I NEMAXN| then the limit Wa__, (X —1i0) ezists and

(\)
Wa_ o, (A—i0) =
T+ 2iPr) VS TN (r(A)” + M) ™S (V) [, -

4.2 Coupling of symmetric operators and coupled scatter-
ing systems

Let, as in the previous subsection A be a densely defined closed simple symmetric
operator in § with equal finite deficiency indices and let II = {H,T¢,I'1} be a
boundary triplet for A* with corresponding Weyl function M(-). Let 7(-) be an
[H]-valued Nevanlinna function and assume in addition that 7 can be realized as
the Weyl function corresponding to a densely defined closed simple symmetric
operator T' in some separable Hilbert space & and a suitable boundary triplet
Iy = {H, Yo, Y1} for T*. It is worth to note that the Nevanlinna function 7(-)
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has this property if and only if Sm (7())) is invertible for some (and hence for
all) A € C; and

1
lim ;(T(iy)h, h) =0 and lim ySm (7(iy)h,h) = oo (4.7
Yy—0o0 Y—00
hold for all h € H, h # 0, (see e.g. [48, Corollary 2.5 and Corollary 2.6] and
[28, 50]). §
In the following the function —7(-) and the Straus family

Ay =4A" [ker(Fl + T()\)FO) (4.8)

are in a certain sense the counterparts of the dissipative matrix D € [H] and
the corresponding maximal dissipative extension Ap from Section 3.1. Similarly
to Theorem 3.2 we construct an ”energy dependent dilation” in Theorem 4.3
below, that is, we find a self-adjoint operator L such that

Po(L—=N)""To= (Arpy —A)

holds.

First we fix a separable Hilbert space &, a densely defined closed simple
symmetric operator T' € C(®) and a boundary triplet Il = {H, T, L1} for T*
such that 7(-) is the corresponding Weyl function. We note that 7' and & are
unique up to unitary equivalence and the resolvent set p(7p) of the self-adjoint
operator Ty := T* | ker(Y() coincides with the set §(7) of points of holomorphy

of 7, cf. Section 2.2. Since the deficiency indices of T are ny (T) =n_(T) =n
it follows that

L:=AsT, dom L = dom A & domT,

is a densely defined closed simple symmetric operator in the separable Hilbert
space £ := ) @ & with deficiency indices ni (L) = ny(A) + ny(T) = 2n.

The following theorem has originally been proved in [25, § 5]. For the sake
of completeness we present another proof that differs from the original one, cf.
[15].

Theorem 4.3 Let A, Il = {H,Ty,I'1}, M(-) and 7(-) be as above, let T be a
densely defined closed simple symmetric operator in & and Hr = {H, Yo, L1}
be a boundary triplet for T* with Weyl function 7(-). Then

EL*[{f@gedom(L*): Ef?;?f?ig} (4.9)

s a self-adjoint operator in £ such that
Po(L—=XN)"" o= (A_rny — )
holds for all X € p(Ag) NH(7) NH(—(M + 1)~ 1) and the minimality condition

-1

£ = clospan{ (L — )\)_1.‘7) : A € C\R}

1s satisfied. Moreover, L is semibounded from below if and only if Ay is semi-
bounded from below and (—oo,n) C h(T) for some n € R.
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Proof. It is easy to see that = {Ha® H7f07f1}7 where fo := (T, Yo) " and
Ty := (I'1,T1)7, is a boundary triplet for L* = A* @ T*. If y(-) and v(-) denote
the v-fields of I = {H,Ty,I'1} and IIr = {H, Yo, Y1}, respectively, then the
~v-field 5 and Weyl function M of I = {HeH, Ty, fl} are given by

= () e 2w = (Y,

A€ p(Ap) Np(Ty), Ao = A* [ ker(Tg), To = T* | ker(Yp). A simple calculation
shows that the relation

0= {(( (“’“)T)T> Lo, w € H} eC(Ha™H) (4.10)

w, —w
is self-adjoint in H & H, hence the operator Lg = L* [NI:(*U@ is a self-adjoint
extension of L in £ = $ @ & and Le coincides with L in (4.9). Hence, with
Lo = L* [ ker(I'y) = Ay ® Ty we have

O, (4.11)

(L=XN)""=(Lo=N""+73\) (0 = M(N)~
for all A € p(L) N p(Ly) by (2.6). Note that the difference of the resolvents of
L and Ly is a finite rank operator and therefore by well-known perturbation
results L is semibounded if and only if Lg is semibounded, that is, Ay and T
are both semibounded. From p(Tp) = h(7) we conclude that the last assertion
of the theorem holds.

Similar considerations as in the proof of Theorem 3.2 show that

(M(X) + T(A))j (M(X) + T(A)V) (4.12)

(©-MM)" =~ ((M()\) +T)) T (M) + 7))

holds for all A € p(L) N p(Lg). Therefore the compressed resolvent of L has the
form

-1 _ R
Po(L—=X)" 19= (40— X" =y(N(MN) +7(V) ~(})
and coincides with (A_,(yy — )~ for all A belonging to
p(Lo) N p(L) = p(Ao) Nh(7) Nb(—(M +7)71),
see Section 2.2. The minimality condition follows from the fact that T is simple,

clospan{ker(T* — \) : A € C\R}, and (4.11) in a similar way as in the proof of
Theorem 3.2 O

Example 4.4 Let A be the symmetric Sturm-Liouville operator from Exam-
ple 3.5 and let IT = {C™, Ty, I'1 } be the boundary triplet for A* defined by (3.18).
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Besides the operator A we consider the minimal operator 7' in & = L?(R_,C")
associated to the Sturm-Liouville differential expression —% +Q_,

d2
T:_E‘FQ—a dOHl(T):{gepmax,— g(O):g/(O):O}

Analogously to Example 3.5 it is assumed that Q_ € L (R_,[C"]) satisfies
Q-() = Q_(-)*, that the limit point case prevails at —oco and the maximal
domain Dyax,— is defined in the same way as Dpax 4+ in Example 3.5 with Ry
and @4 replaced by R_ and @ _, respectively.

It is easy to see that IIp = {C", Yo, Y1}, where
Yog:=g(0), Yig:=—¢'(0), g€ dom(T*)= Dmax,—, (4.13)

is a boundary triplet for T%. For f € dom (A*) and g € dom (T™) the conditions
Tof —Yog=0and 'y f + T19 =0 in (4.9) stand for

f(0+) =g(0—) and f'(0+) =g'(0-),

so that the operator L in Theorem 4.3 is the self-adjoint Sturm-Liouville oper-
ator

d2
dx?

Q+(.’L‘), .’L‘GR+,
Q-(z), zeR_,

L= +Q, Q(:c)={

in L2(R,C™).

Let A, II = {H,To,T1}, M(:) and T, TIIr = {H, Yo, Y1}, 7() be as in
the beginning of this subsection. We define the families {H;(x)}rexm and
{H,(x) }aex- of Hilbert spaces Hyz(n) and H,(x) by

Harny =ran (Sm (M (A +40))) and M, =ran (Sm(7(A+0))) (4.14)

for all real points A belonging to ¥ and X7, respectively, cf. Section 2.3. As
usual the projections and restrictions in H onto Hps(x) and H,(y) are denoted

by Prroxys Hasy a0d Pray, [#, > Tespectively.
The next theorem is the counterpart of Theorem 3.6 in the present frame-
work. We consider the complete scattering system {L, Lo} consisting of the

self-adjoint operators L from Theorem 4.3 and
L() = AO ©® T(), AO = A" F keI‘(Fo), To =T r ker(TO),
and express the scattering matrix {S(\)} in terms of the function M(-) and 7(-).

Theorem 4.5 Let A, Il = {H,To,T1}, M(-) and T, Iy = {H, Yo, Y1}, 7()
be as above. Define Har(ny, Hr(n) as in (4.14) and let Lo = Ao ® Ty and L be
as in Theorem 4.3. Then the following holds.

(1) Lg§e = Agc @ T§° is unitarily equivalent to the multiplication operator with
the free variable in L*(R, dX\, Harxn) ® Hr(n))-
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(i) In L2(R,d\, Har(n) ® Hron)) the scattering matriz {S(\)} of the complete
scattering system {Z,LO} is given by

> . o fll()\) TlQ(A)
S(\) = IHM(A)GBHT(A) 21 (Tgl()\) Tar(V) € [HM()\) GBHT()\)L (4.15)

for all A\ € M N LT N YN, where

T11(A) = Paronv/Sm (M) (M(X) +7(X) "' v/Sm (M) [y
Ti2(\) = Paroayv/Sm (M) (M) + (V) " v/Sm (V) 124, )
To1(A) = Prioy/Sm (r)) (M(A) +7(A) 7 v/Sm (M) Iy,
Toa(N) = Pray/Sm (7)) (M(V) +7(V) ' v/Sm (7(V) T,

and M(X\) = M (X +1i0), 7(A) = 7(\ + 0).

Proof. Let L= A®T and let II = {HoH, fo, fl} be the boundary triplet for
L* from the proof of Theorem 4.3. The corresponding Weyl function M is

e di = (MY B vestannpm,

and since L is a densely defined closed simple symmetric operator in the sep-
arable Hilbert space £ = $ @ & we can apply Theorem 2.4. First of all we
immediately conclude from

Hizony = Huo) © Heen),s AexM=xMnyT,

that the absolutely continuous part L§® = A§® @ Ti5¢ of Lo is unitarily equiva-
lent to the multiplication operator with the free variable in the direct integral
Lz(Rd)\,HM()\) @ Hr(»)). Moreover

S() = Ly, +2iPyg;,/Sm (M(N))(© = M(X) ™' /Sm (M(N) Iy,

M(X\)

(4.17)

holds for A € £M n YNe where O is the self-adjoint relation from (4.10), the
set ¥Ne is defined as in Section 2.3 and PM(A) and rHﬂ(A) denote the projection
and restriction in H & H onto H-7,,,, respectively.

- M)
For A € M n ¥Ne we have

Jim (6 - M(A+ic) " = (6~ M(A+i0))

and

—~ —1 ! .
(@-MM\) " =- ((M(/\) +7()) 7 (M(V) + TW)“) ’



cf. (4.12). This implies that the sets SM A xNe and M N ST N DY coincide.
Moreover, by inserting the above expression for (@—M()\))_l, A e xMaxTnulN
into (4.17) and taking into account (4.16) we find that the scattering matrix
{S(A)} of the scattering system {L, Lo} has the form asserted in (i). O

The following corollary, which is of similar type as Corollary 3.12, is a simple
consequence of Theorem 4.5 and Proposition 4.2.

Corollary 4.6 Let the assumptions be as in Theorem 4.5, let Wa__,,(-) be the
characteristic function of the extension A_,() in (4.8) and assume in addition
that o(Ao) is purely singular. Then L3° is unitarily equivalent to the multiplica-
tion operator with the free variable in L*(R, dX, H(x)) and the scattering matriz

{g()\)} of the complete scattering system {E, Lo} is given by

)

SN =Wa . (A—i0)*
= Ini, — 20P;(3)/Sm (r(0)) (M(N) + 7(X) 7 /Sm (r(V) Tr,)

for a.e. A € R. In the special case 0(Ag) = op(Ao) this relation holds for all
rexMnETnEh.

Corollary 4.7 Let the assumptions be as in Corollary 4.6 and suppose that the
defect of A is one, ny(A) =1. Then

s - +
SA) =Wa_, (A —i0)" = — =
_l’_
holds for a.e. A € R with Im (X +40) # 0.

4.3 Scattering matrices of energy dependent and fixed dis-
sipative scattering systems

Let A, IT = {H,Ty, 1}, Ag = A* | ker(T'y) and 7(-) be as in the previous
subsections and let {A_-()} be the Straus family associated with 7 from (4.8).
In the following we first fix some p € C; U X" and consider the fixed dissi-
pative scattering system {A_.(,), Ao}. Notice that if 4 € X7 it may happen
that A_.(, is self-adjoint. Let us denote by K » the minimal self-adjoint dila-
tion of the maximal dissipative extension A_,(,) in $ & L*(R,dX, H,(,)) con-
structed in Theorem 3.2. Here the fixed Hilbert space H,(,) = ran (Sm (7(u)))
coincides with H if u € C; or H,(,) is a (possibly trivial) subspace of H if
@ € X7. Furthermore, if Ky = Ag @ Go, where Gy is the first order differ-
ential operator in L?(R, dA\,H;(,)) from Lemma 3.1, then according to Theo-
rem 3.6 the absolutely continuous part K§¢ = Ai°@® Go of Ky is unitarily equiv-
alent to the multiplication operator with the free variable in the direct integral
L2(R,d\, Har(n) ® Hr(,) and the scattering matrix {S,(A)} of the scattering
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system {IN(,“ Ky} is given by

SuA) = Iy @,y — 2 (le WV Toa (V)

for all A € XM N X9 where

Ti1,u(N) = Paroyv/Sm (M) (7(p) + M(N) ™' v/Sm (M(N) Ty,
Tiz,,(A) = Paronyv/Sm (M) (r(1) + M(N) ™' /S (7(1) I, -
To1,u(N) = Prioy /St (7() (7(1) + M(N) ™ V/Sm (M) T4,
Tyz,u(N) = Prony/Sm (7() (7() + M(N) ™' v/Sm (7(0)) I,

and M(\) = M()\ + i0). Here the set ©@» and the corresponding function
A Q_r((A) defined in (4.1)-(4.2) replace V2 and A — (D — M(A))™! in
Theorem 3.6, respectively.

The following theorem is one of the main results of this paper. Roughly
speaking it says that the scattering matrix of the scattering system {L, Lo}
from Theorem 4.5 pointwise coincides with scattering matrices of scattering
systems {K,,, Ko} of the above form.

Theorem 4.8 Let A, 11 = {H,To,T1}, M(-) and T, Ty = {H, Yo, Y1}, 7()
be as in the beginning of Section 4.2 and let Ly = Ay & Ty and L be as in
Theorem 4.3. For i € X7 denote the minimal self-adjoint dilation of A_.(,) in
9 LA(R, Hrwy) by I~(H and let Ko = Ao ® Go, where Gy is the self-adjoint first
order differential operator in L?(R, Hor(u)-

Then for each p € SMNETNIN the value of the scattering matriz {gﬂ(/\)}
of the scattering system {f(u, Ko} at energy A = p coincides with the value of
the scattering matric {g()\)} of the scattering system {E, Lo} at energy A = p,
that is,

S(p) = Su(w) forall pe =M Ny AV, (4.19)

Proof. According to Lemma 4.1 (iii) each real u € XM N Y™ N XN belongs
also to the set »Q, _Therefore by comparing Theorem 4.5 with the scattering
matrix {S,(A\)} of {K,, Ko} at energy X\ = p in (4.18) we conclude (4.19). O

Remark 4.9 We note that Theorem 4.8 in a certain sense justifies the use of
self-adjoint dilations (or quasi-Hamiltonians) in the analysis of scattering pro-
cesses for open quantum systems. Indeed, if we e.g. assume that the functions
M), 7(-) and (M(-) + 7(-))~! are continuous on an interval I C R containing
the point i, then for A € I the scattering matrix {5“()\)} of the scattering sys-
tem {f(,“ Ky} is a”good” approximation of the "real” scattering matrix {g()\)},
A € 1, of the scattering system {E, Lo}.
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Remark 4.10 The statements of Theorem 4.5 and Theorem 4.8 are also in-
teresting from the viewpoint of inverse problems. Namely, if 7(-) is a matrix
Nevanlinna function, satisfying ker(Sm (7(A\))) = 0, A € C, and the conditions
(4.7), and if {A_.()), Ao} is a family of energy dependent dissipative scatter-
ing systems as considered above, then in general the Hilbert space & and the
operators T' C Tp are not explicitely known, and hence also the scattering sys-
tem {L, Lo} is not explicitely known. However, according to Theorem 4.5 the
scattering matrix {S(A)} can be expressed in terms of 7(-) and the Weyl func-
tion M(-), and by Theorem 4.8 {S(\)} can be obtained with the help of the
scattering matrices {gu (M)} of the scattering systems {f(ﬂ, Ky}.

The following corollary concerns the scattering matrices {S_,(,)(\)} of the
energy dependent dissipative scattering systems {A_-(,), Ao}, p € X7.

Corollary 4.11 Let the assumptions be as in Theorem 4.8 and let p € LM N
YT NXN. Then the scattering matriz {S_7(w(N)} of the dissipative scattering
system {A_; (), Ao} at energy A = p coincides with the upper left corner of the

scattering matriz {S(\)} of the scattering system {E, Lo} at energy X = p.
Let again K . be the minimal self-adjoint dilation of the maximal dissipative

operator A_,(,) in @ L2(R,d), Hr(u)). In the next corollary we focus on the
Lax-Phillips scattering matrices {S ﬁp (M)} of the Lax-Phillips scattering systems

{I?M,D_M,DJHH}, where
D_, = L*(R_,Hy) and D, = L*(Ry, Ho())

are incoming and outgoing subspaces for I?M, cf. Lemma 3.9. It Wy __ | (+) is the
characteristic function of A cf. (4.6), then according to Corollaries 3.10
and 3.11 we have

SEEN) =Wa_,, (A —i0)*
= I, oy, — 20Pr 0/ S (TO0) (1) + M(N) ™ /S (7(V) T,

for all A € ¥M N Y% cf. Proposition 4.2 and Corollary 4.6. Statements (ii) and
(iii) of the following corollary can be regarded as generalizations of the classical
Adamyan-Arov result, cf. [3, 4, 5, 6] and Corollary 3.11.

=7 ()

Corollary 4.12 Let the assumptions be as in Theorem 4.8 and let p € LM N
sTnxh.
(i) The scattering matriz {SF(X)} of the Lax Phillips scattering system

{IN(W D_,, Dy .} at energy X = p coincides with the lower right corner of
the scattering matriz {S(N\)} of the scattering system {L, Lo} at A\ = p.

(ii) The characteristic function Wa__, (-) of A_r () satisfies
Sﬁp(:u‘) = WAff(,L) (1 —1i0)"
. ~1
= Irt, ) = 2iPr () /S (7(1)) (7(1) + M (1)) /Sm (7 () [ne,,, -
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(iii) If 0(Ap) is purely singular, then

S(p) = SEP () = Wa__,, (n—1i0)*

holds for a.e. 1 € R. In the special case o(Ag) = 0,(Ao) this is true for
alpexMny neh,

4.4 A quantum transmitting Schrodinger-Poisson system

As an example we consider an open quantum system of similar type as in Sec-
tion 3.4. Instead of a single pseudo-Hamiltonian Ap here the open quantum sys-
tem is described by a family of energy dependent pseudo-Hamiltonians {A_, ()}
which is sometimes called a quantum transmitting family.

Let, as in Section 3.4, (z;,2,) C R be a bounded interval and let A be the
symmetric Sturm-Liouville operator in § = L?((z;,z,)) given by

fv %f/ € W21((ml; xr))
dom (A) =4 fen: f() = f(z,) =0
(7 f") (@) = (5 ") (2) =0
where V,m,m~! € L>((x, z,)) are real functions and m > 0. Let v;, v, be real
constants, let m;, m, > 0 and define V,m € L>*(R) by

B o x € (—o0, x]
V)= V() e (@) (4.20)
Uy x € [z, 00)
and
my z € (—o0,z]
m(z) =< m(z) =z € (x,z) (4.21)
my x € [z, 00)

respectively. We choose the boundary triplet IT = {C?, Ty, "1},

o= () rr= (BN ). seomin

from (3.31) for A*. )
In the following we consider the Straus family

Ay =A"Tker(Di +7(MN)lp),  AeCLUXT,

associated with the 2 x 2-matrix Nevanlinna function

N
Ao r(\) = ; (4.22)
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here the square root is defined on C with a cut along [0,00) and fixed by
Im (VA) > 0 for A ¢ [0,00) and by vA > 0 for A € [0,00), cf. Example 2.5, so
that indeed Sm (7()\)) > 0 for A € C; and 7(\) = 7(\), A € C\R. Moreover it is
not difficult to see that 7(-) is holomorphic on C\[min{v;, v, },o0) and 37 = R.
The Straus family {A_;n}, A€ CL UXT, has the explicit form

(A_T(A)f)(ft) = _iﬁgdxf( z) + V(z)f(x),

fa%fl € W;((xhxr)) (4_23)
dom (A_.(y)) =<4 f€H: (ﬁf/) (1) = \/vallf( ok
(g ) (@) = iy ) 5= f ()

The operator A_, ) is self-adjoint if A € (—oo, min{v;, v, }] and maximal dissi-
pative if A € (min{v;, v}, 00). We note that the Straus family in (4.23) plays an
important role for the quantum transmitting Schrédinger-Poisson system in [10]
where it was called the quantum transmitting family. For this open quantum
system the boundary conditions in (4.23) are often called transparent boundary
conditions.

We leave it to the reader to verify that the Nevanlinna function 7(-) in
(4.22) satisfies the conditions (4.7). Hence by [28, 48, 50] there exists a separable
Hilbert space &, a densely defined closed simple symmetric operator 7" in & and
a boundary triplet I = {C2, Yy, Y1} for T* such that 7(-) is the corresponding
Weyl function. Here &, T' and IIr = {C? Ty, Y1} can be explicitly described.
Indeed, as Hilbert space ® we choose L?((—o0,z;) U (2, 00)) and frequently we
identify this space with L?((—o0,x;)) & L*((x,0)). An element g € & will be
written in the form g = g; @ g,., where g; € L?((—00,2;)) and g, € L*((x,, 00)).
The operator 7" in & is defined by

—1L LA g(2)+uge) 0 >

Tg T ::< demld

x)
: gGWz((*Ooaxl))@WQQ((wm 00)) }

dom (T) := {g =qa®gr€6: g(z1) = gr(zr) = g/(z1) = g (x1)

and it is well-known that T is a densely defined closed simple symmetric operator
in & with deficiency indices ny(T) = n_(T) = 2. The adjoint operator T* is
given by

(T*9)(z) ( 3t gi(r) + vg(z) 0 >

B 0 _%%%%97( z) + vrgr ()
dom (T*) = {g = g1 @ gr € & : W3 ((—o00,21)) ® W5((2,,00))}.

We leave it to the reader to check that Iy = {C?, T, Y1}, where

Tog := ( gl(xl)) ) and Yig:= ( 2m,91($l) )7

gr(r 2m7 g, ()
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g =g ®gr € dom(T*), is a boundary triplet for T*. Notice that Ty = T™* |
ker(Yp) is the restriction of T* to the domain

dom (Tp) = {g € dom (T%) : gi(xy) = gr(xy) = 0},

that is, T corresponds to Dirichlet boundary conditions. It is not difficult to
see that o(Tp) = [min{v;, v, },00) and hence the Weyl function corresponding
to Il = {C2, Yy, Y1} is holomorphic on C\[min{v;, v, }, 00).

Lemma 4.13 Let T C T* and Ily = {C?, Yo, Y1} be as above. Then the
corresponding Weyl function coincides with 7(-) in (4.22).

Proof. A straightforward calculation shows that

hia(z) == N exp {—i\/Zml()\ —u)(z — :vl)}

le()\ — Ul)

belongs to L?((—o0,x;)) for A € C\[v;,00) and satisfies

77777 h h = \h .
5 du my dx (@) +vh () ()

Analogously the function
i

kra(x) := m exp {z 2m, (A — ) (x — xr)}

belongs to L?((z,,00)) for A € C\[v,, 00) and satisfies

_iﬁﬁﬁk’r}\(x) + 'Uf,«kn)\(x) = )\kr’)\(x).

Therefore the functions
hy := hl7,\ @S0 and ky:=06 kh/\

belong to ® and we have ker(T* — A) = sp{hx, kxr}.
As the Weyl function 7(-) corresponding to T" and Il = {C?, Yo, Y1} is
defined by
Tigx =T(A)Yogx forall gy € ker(T* — ),

A € C\[min{v;, v, },00), we conclude from

1

1 4 . A—
Tihy = 5 ( 67” ) and Yohy = ( V2mi(A—vi) )

and

1 0 0
le)\ = = 1 and T()k)\ = )
2 T m, v/ 2m(A—vy)
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that 7 has the form (4.22), 7(-) = 7(+). O

Let A, IT = {C?,T,I'1} and T, Ily = {C?, Yy, Y1} be as above. Then
according to Theorem 4.3 the operator

Z;A*@T*W{f@gedom(A*@T*): Efﬁ%gig } (4.24)

is a self-adjoint extension of A @& T in $H d &. We can identify H & & with
L?((—o0,27)) @ L?*((21,7,)) ® L*((2,,0)) and L?(R). The elements f @ g in
HEB, feEN g=0g ®g € will be written in the form g ® f ® g,.. The
conditions Tgf = Tog and I'y f = —Y1g, f € dom (4*), g € dom (T*), have the
form

(fe0 )=o) = (Jmihe) )= (22 )

Therefore an element g; ® f @ g, in the domain of (4.24) has the properties

gi(x) = f(m) and  f(z,) = gr(2r)

as well as
i) = (2o ) o) and (o) (o) = ool (o)

and the self-adjoint operator L in (4.24) becomes

Ligofog) =
*%%mil%gl+vzgl 0 0
1d1d
0 “2armds] VI 1d 1 8
0 0 “2dzm, dz9r T Urgr

With the help of (4.20) and (4.21) we see that (4.24) can be regarded as the
usual self-adjoint second order differential operator

on the maximal domain in L?(R), that is, (4.24) coincides with the so-called
Buslaev-Fomin operator from [10].

Denote by M(-) the Weyl function corresponding to A and the boundary
triplet I = {C?,T,T'1}, cf. (3.33)-(3.34). Since o(Ap) consists of eigenvalues
Corollary 4.6 implies that the scattering matrix {§ (M)} of the scattering system
{.Z7 Lo}, LO = AO D To, is given by

S = Ing.. iy, — 2iPra) /S (7(0) (M) + 7(0) ™ VSm (T(N) T,
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for all A € p(Ap) N XN, where

{0}, X € (—oo, min{v;,v,}],
Hyny =ran (Sm(7(A)) = {C, X € (min{v, v, }, max{v;, v, }],
C?, X € (max{v;,v,},00).

The scattering system {L, Ly} was already investigated in [9, 10]. There it was
in particular shown that the scattering matrix {S(\)} and the characteristic
function Wa__,, (+) of the maximal dissipative extension A_,(y) from (4.23) are
connected via B

S(N) =Wa__,,(A=10)",

T(A)

which we here immediately obtain from Corollary 4.6.
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