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Abstract: In the 70’s, Nekhorochev proved that for an analytic nearly integrable
Hamiltonian system, the action variables of the unperturbed Hamiltonian remain nearly
constant over an exponentially long time with respect to the size of the perturbation,
provided that the unperturbed Hamiltonian satisfies some generic transversality condition
known as steepness. Recently, Guzzo has given examples of exponentially stable integrable
Hamiltonians which are non steep but satisfy a weak condition of transversality which
involves only the affine subspaces spanned by integer vectors.

We generalize this notion for an arbitrary integrable Hamiltonian and prove the
Nekhorochev’s estimates in this setting. The point in this refinement lies in the fact
that it allows to exhibit a generic class of real analytic integrable Hamiltonians which are
exponentially stable with fixed exponents.

Genericity is proved in the sense of measure since we exhibit a prevalent set of inte-
grable Hamiltonian which satisfy the latter property. This is obtained by an application
of a quantitative Sard theorem given by Yomdin.
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I Introduction:

One of the main problem in Hamiltonian dynamic is the stability of motions in nearly-
integrable systems (for example: the n-body planetary problem). The main tool of inves-
tigation is the construction of normal forms (see [2] or [5] for an introduction and a survey
about these topics).

This yields two kinds of theorems:

i) Results of stability over infinite times provided by K.A.M. theory which are valid
for solutions with initial conditions in a Cantor set of large measure but no information is
given on the other trajectories. Riissmann ([21], see also [3] for a survey) has given a min-
imal non degeneracy condition on the unperturbed Hamiltonian to ensure the persistence
of invariant tori under perturbation. Namely, the image of the gradient map associated to
the integrable Hamiltonian should not be included in an hyperplane and this condition is
generic among real analytic real-valued functions.
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ii) On the other hand, Nekhorochev ([14], [15]) have proved global results of stability
over open sets of the following type:

Definition I.1. (exponential stability)

Consider an open set Q C R™, an analytic integrable Hamiltonian h : @ — R and
action-angle variables (I, ) € Q@ x T™ where T = R/Z.

For an arbitrary p > 0, let O, be the space of analytic functions over a complex
neighborhood Q, C C* of size p around Q x T™ equipped with the supremum norm ||.||,
over €.

We say that the Hamiltonian h is exponentially stable over an open set f~2~C Q if there
exists positive constants p, Cy, Ca, a, b and 9 which depend only on h and Q) such that:

i) heO,.

ii) For any function H(I,p) € O, such that ||[H — hl||, = € < €9, an arbitrary
solution (I(t),(t)) of the Hamiltonian system associated to H with an initial action I(tg)
in Q is defined over a time exp(Cy/e®) and satisfies :

11(2) = I(to)l| < C1e” for |t — to| < exp(Ca/e?) (€)

a and b are called stability exponents.

Remark 1.2.: Along the same lines, the previous definition can be extended to an
integrable Hamiltonian in the Gevrey class (see [13]).

In this paper, we prove that such a property of stability is generic according to the
following :

Theorem 1.3. (Genericity of exponential stability)

Consider an arbitrary real analytic integrable Hamiltonian h defined on a neighborhood
of the closed ball Fg) of radius R centered at the origin in R™.

For almost any Q) € R™, the integrable Hamiltonian hq(x) = h(I)—Q.1 is exponentially

stable with the exponents :

= db=———.
CToyz ™ 2(2+ (2n)")

In order to introduce the problem, we begin by a typical example of non exponentially
stable integrable Hamiltonian: h(I1,Is) = I? — I2. Indeed, a solution of the perturbed
system governed by h(Iy,I3) + esin (I3 4+ I3) with an initial actions located on the first
diagonal (1;(0) = I5(0)) admits a drift of the actions (I1(t), I2(t)) on a segment of length
1 over a timespan of order 1/e. Actually, with this example, we have the fastest possible
drift of the action variables according to the magnitude ¢ of the perturbation.

The important feature in this example which has to be avoided in order to ensure
exponential stability is the fact the gradient Vh(I;,I;) remains orthogonal to the first
diagonal.

Equivalently, the gradient of the restriction of h on this first diagonal is identically
Zero.



Nekhorochev ([14], [15]) have introduced the class of steep functions where this problem
is avoided. This property of steepness will be specified in section II but this kind of function
can be characterized by the following simple geometric criterion:

Theorem 1.4. ([17])
A real analytic real valued function without critical points is steep if and only its
restriction to any proper affine subspace admits only isolated critical points.

In this setting, Nekhorochev proved the following:

Theorem 1.5. ([14], [15])
If h is real analytic, non-degenerate (|[V*h(I)| # 0 for any I € Q) and steep then h is
exponentially stable.

The fundamental difference between our result of stability and the generic theorems
of stability which can be ensured with Nekhorochev’s original work is the fized value of the
exponents a and b in our theorem 1.3.

Indeed, the set of steep functions is generic among sufficiently smooth functions. For
instance, we have seen that the function 2? — 42 is not steep but it can be easily showed
that 2 — y? 4+ 23 is steep and, usually, a given function can be transformed in a steep
function by adding higher order terms. Actually, let J,.(n) be the space of r-jets of the C*°
real-valued function of n variables, Nekhorochev ([14]) proved that the non-steep functions
admit a r-jet in an algebraic set of J,.(n) with a codimension which goes to infinity as r
goes to infinity. The point is that theorem 1.5. allows to find a generic set of exponentially
stable integrable Hamiltonian but with exponents of stability which are arbitrary small
since they are related to the steepness indices (see theorem II1.2). Therefore, one cannot
obtain uniform exponents of stability for a generic set of integrable Hamiltonian.

Here, according to our theorem 1.3, fized stability exponents are obtained on a measure-
theoretic generic set. Actually, we exhibit a set of exponentially stable integrable Hamil-
tonian which is prevalent according to the terminology of Hunt, Sauer and Yorke ([8]) or
Kaloshin ([9]). The precise definition of prevalence will be given in the third section of this
paper.

Different prevalent properties of dynamical systems have been proved in ([8], [9], [10],
[18]) but, up to the author knowledge, there is only one result of this kind for nearly
integrable Hamiltonian system due to Perez-Marco ([19]) who proved that the Birkhoff’s
normal forms are convergent or divergent for a generic set of nearly-integrable Hamiltonian.
Nevertheless, he uses a stronger notion of genericity than prevalence (see section III of the

paper).

In order to prove our main theorem I1.3., the paper is organized as follow.

In the second section, we state a result of exponential stability (theorem II.5.) under
a strictly weaker assumption than steepness which involves only affine subspaces spanned
by integer vectors. These affine subspaces will be called rational subspaces in the sequel.

Actually, a necessary condition for exponential stability was given in [17] since for a
real analytic integrable Hamiltonian which admits a restriction to a rational subspace with
an accumulation of critical points, one can build arbitrary small perturbations which leads
to a polynomial speed of drift of the action variables. On the other hand, the fact that these
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restrictions admits only isolated critical points is not a sufficient condition for exponential
stability but there exists a large set of exponentially stable integrable Hamiltonian which
are non-steep along an affine subspace spanned by irrational vectors. Indeed, Guzzo ([7])
has given such examples of integrable Hamiltonians: if h(Iy, I3) = I? — §12 where § is the
square of a Diophantine number then its isotropic direction is the line directed by (1,v/§)
and this allows to prove that h is exponentially stable.

We generalize this property for an arbitrary integrable Hamiltonian by introducing
a condition of Diophantine steepness which is sufficient to ensure exponential stability
(theorem II.5). This latter result is proved along the lines of a previous paper ([16]), for
the convenience of the reader its proof is given in the appendix.

In the third section, we show that a set of Diophantine-steep functions with fixed
indices is generic in a measure theoretic sense («prevalent») among sufficiently smooth
functions defined over a relatively-compact subset in R".

Actually, by an application of the usual Sard’s theorem, one can see easily that the

Morse functions are prevalent in the Banach space (C2 (Eg),R) , ||||Cz> where Fﬁlj) is

the closed ball of radius R centered at the origin in R™ (see section III).
Our prevalent set of Diophantine steep functions with fixed indices will be obtained

by introducing the class of Diophantine Morse function (definition III.1.). We prove its

prevalence in (C’C (Eg),R) ) ||||ck) for k = 2n+2 (theorem II1.2.7.) thanks to reasonings

similar to those used for the classical Morse functions but we have to substitute the Sard’s
theorem by a quantitative Morse-Sard theory developed by Yomdin ([22], [23]).

Moreover, we show that the Diophantine Morse functions are Diophantine steep with
indices equal to two, hence this class of functions yields the desired prevalent set of inte-
grable Hamiltonians.

IT Results of stability with a Diophantine steepness condition

In order to specify the problem, we first give the original definition of a steep function
and its consequence:

Definition 11.1. ([14], [15], [17])

Consider an open set ) in R™, a real analytic function f : 0 — R is said to be steep at
a point I € Q along an affine subspace A which contains I if there exists constants C > 0,
0 >0 and p > 0 such that along any continuous curve I' in A connecting I to a point at a
distance r < §, the norm of the projection of the gradient V f(x) onto the direction of A is
greater than CrP at some point I'(t,) with ||T'(¢t) — I|| < r for allt € [0,t,].

The constants (C,0) and p are respectively called the steepness coefficients and the
steepness inder.

Under the previous assumptions, the function f is said to be steep at the point I € )
if, for every m € {1,... ,n— 1}, there exist positive constants Cy,, 6, and p,, such that f
is steep at I along any affine subspace of dimension m containing I uniformly with respect
to the coefficients (Cy,, 0,,) and the index py,.

Finally, a real analytic function f is steep over a domain P C R™ with the steepness
coefficients (C1,... ,Cp_1,01,... ,0,_1) and the steepness indices (p1,... ,pn—1) if there
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are no critical points for f in P and f is steep at any point I € P uniformly with respect
to these coefficients and indices.

For instance, convex functions are steep with all the steepness indices equal to one. On
the other hand, f(z,y) = 22 —y? is a typical non steep function but by adding a third order
term (e.g. y3) we recover steepness. Moreover, this definition is minimal since a function
can be steep along all subspaces of dimension lower than or equal to m < n—1 and not steep
for a subspace of dimension [ greater than m (consider the function f(x,vy,2) = (z2—y)*+2
at (0,0,0) along all the lines and along the plane z = 0).

Also, a quadratic form is steep if and only if it is sign definite.

Then, one can prove the following :

Theorem 11.2. ([14], [15], [16])
If h is real analytic, non-degenerate (|V2h(I)| # 0 for any I € P) and steep then h is
exponentially stable with the exponents:

1
(2n—Dpy...pp_1+1’

a,:b:

hence a and b depend only of the steepness indices.

Now, we can state the weaker definition of a Diophantine steep function.

For m € {1,... ,n}, we denote by Graffg(n,m) the m-dimensional affine Grassman-

nian over Eg) C R™ (i.e.: the set of affine subspaces of dimension m in R™ which intersect

the closed ball Ff;f) of radius R > 0 around the origin) and GraffX (n,m) C Graffg(n,m)
is the set of rational subspaces of dimension m in R™ whose direction is spanned by integer

vectors of length [|k|[1 = |ki|+ ... + |kn| < K for a given K € N*.

Definition 11.3.

A differentiable function f defined on a neighborhood of Fg) C R™ s said to be
(v, T)—Diophantine steep with two positive constants v and 7, if for any m € {1,... ,n},
there exists an index p,, > 1 and coefficients C,, > 0, 6,, > 0 such that along any affine
subspace A, € Graffs (n,m) and any continuous curve T' from [0,1] to A,, N Br with

IT(0) —T(1)]| =7 < 5m%, we have :

[IT(0) = T'(¢)|| < r for all t € [0,1.]

Jt. € [0,1] such that HPTOJ'X)m(Vf(’V(t*)))H >, yPm

_>
where A ., is the direction of A,,.

Remark 11.4.: (i) The space R" is itself the only element of Graffk(n,n). Therefore,
along any arc in By of length r < §,,7, there exists a point where the norm of the gradient
V f is greater or equal to C,, 7P (the projection is reduced to the identity in this case).
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(ii) With no loss of generality, we will assume that the coefficients (Cy,...,C,,) are
equal to one. Indeed, the problem can always be reduced to this case by using steepness
indices slightly greater than the optimal ones.

We now describe the regularity of the perturbed Hamiltonian.

Consider a nearly integrable Hamiltonian H(I, ) = h(I) + ef(I, ) where (I,¢) €
R™ x T™ with T = R/Z are action-angle variables of the integrable Hamiltonian h.

We assume that # is analytic around a fixed complex neighborhood V,. ;P C C?" of
a real domain P = Bg x T™ C R™ x T™ where Bg is the ball of radius R centered at the
origin and:

I,¢) € C?" such that dist(I, Bg) < r and
VP = Vi (Br) x W, (1) = { (0¥ €C7 " Bn) < (2)
Re(p) € T™ ; Maxjeqy,. ) |Smlp;)| < s

with 1 > 7 > 0, s > 0 and the distance to Bgr given by the Euclidean norm in C”.

Let ||.||r,s be the sup norm (L>) for real or vector-valued functions defined and
bounded over V, sP. We assume that ||f||,s < 1 and that € is a small parameter.

The Jacobian and the Hessian matrix are also assumed to be uniformly bounded with
respect to the norm on the operators, also denoted by |[|.||, induced by the Euclidean

norm, i.e.:

M > 1, such that ||d;h(1)|],, < M and ||0fh(I)|| < M forall I € V;(Bg). (3)

T,

Under the previous assumptions, we can state the following result which will be proved
in the appendix:

Theorem 11.5.

Let H(I,p) = h(I) + ef(I,p) be a nearly integrable Hamiltonian analytic on the
complex neighborhood V, sP C C?" defined in (2) with an integrable part h(I) which is
(v, 7)—Diophantine steep.

Consider
! BB

/8 == ) a - b
2(14+n"p1...pn-1) 1+7 Dn

there exists a positive constant C which depend on n, M, R, s and T but not on £ and
~v such that for a small enough perturbation ¢ < C' Inf (’yl/“,’yl/b) and for any orbit of
the perturbed system with initial conditions (I(to),p(to)) € Br x T™ far enough from the
boundary of Br, we have:

11(t) = I(to)l| < (n+1)%" for [t] < exp (26‘“) :

Remark 11.6.: (i) In this study, there was no attempt for a sharp value of the expo-
nents a and b as in [16], but we focus our attention on the most direct proof of the stability
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result in the Diophantine steep case. Actually, our ultimate goal is the existence of a uni-
form exponent of stability valid for a generic set of integrable Hamiltonian. The question
of optimality is not very relevant in this problem since we use very general estimates and
do not exploit the specificity of a given Hamiltonian.

(ii) The fact that the exponents of stability are independent of v is crucial for our
subsequent reasonings. On the other hand, the upper bound on the size of the perturbation
in this theorem (II.5) depends of ~, this is reminiscent of KAM theory where the latter
quantities depend of /7.

The proof of this theorem II.5 is based on reasonings already given in a previous paper
([16]) which rely on the construction of local resonant normal forms along each trajectory
of the perturbed system together with the use of simultaneous Diophantine approximation
as in Lochak’s proof ([11]) of Nekhorochev’s estimates. But this study ([16]) is generalized
in three directions. First, we substitute the original Nekhorochev’s condition of steepness
by our weak assumption of Diophantine steepness given above. Moreover, thanks to a
construction of the non-resonant sets directly in the frequency space, we can remove the
non degeneracy condition on the frequency map (|V2h| # 0) assumed in [16]. Finally,
according to the remark II.4., our integrable Hamiltonian h can admit critical points [
(while Vh(I) # 0 was assumed in [16]) provided that h satisfies a global steepness condition
on the full space R™. This last point is reminiscent of the notion of symmetrically steep
(or S-steep) function considered by Nekhorochev ([14]).

IIT Genericity of Diophantine steepness among smooth functions

Firstly, any linear form h(l) = w.l with a (v, 7)}Diophantine vector w € R™ is Dio-
phantine steep with indices and coeflicients equal to one. Hence, a linear form is almost
always Diophantine steep while it cannot be steep according to our definition II.1.

At second order, one can prove that a quadratic form is almost always Diophantine
steep with indices equal to 2 (it can be shown that for any quadratic form ¢(I) = T AI, for
any 7 > n? and for almost all A € R, there exists v > 0 such that the modified quadratic
form g (I) = TAI + \||I]|? is (v, 7)Diophantine steep).

We see that at first and second order, the set of Diophantine steep functions is much
wider than the initial class of steep functions.

Starting from these examples, we look for a full measure set of Diophantine steep
functions in the space of C* real-valued function defined on an open set in R™.

Actually, a set in an infinite dimensional space which is invariant by translation can
be of zero measure only if it is a trivial set (see [8]). For this reason, Christensen [4], Hunt,
Sauer and Yorke ([8]), Kaloshin ([9]) have introduced a weak notion of full measure set in
an infinite dimensional space called prevalence which corresponds to the usual property
in a finite dimensional space. In its simplest setting, a set P is said to be shy if there
exists a finite dimensional subspace F' called a probe space such that any affine subspace
of direction F' intersects P along a zero measure set for the usual Lebesgue measure on this
subspace. A set is prevalent if its complement is shy. Stronger notions of prevalence can
be defined (see [8], [9], [18] or [19]). For instance, Perez-Marco ([19]) considers sets which
intersects any finite-dimensional affine subspace along a full measure set with respect to
the finite-dimensional Lebesgue measure.



An example of prevalent set is given by the Morse functions in the Banach space
<C2 (Egb),I@ ) Hch) where Fﬁ? is the closed ball of radius R centered at the origin in

R”. Indeed, for any function f € C? (B( ) ]R), by an application of Sard’s theorem on

the gradient map Vf one can prove that for almost any linear form w € £ (R™ R), the
function f, = f + w is Morse and the probe space is given by the linear forms. The
modified function f,, is called a morsification of f (see [1] and [6]).

Here we look for a set P of Diophantine steep functions with fized indices (in order
to obtain fixed exponents of stability according to the theorem II.5) which is prevalent in

c* ( By R) for a certain k € N*.

As it was mentioned, this will be obtained by introducing the class of Diophantine
B R) thanks
to the quantitative Morse-Sard theory developed by Yomdin ([22], [23]) together with
reasonings similar to those used for the usual Morse functions. Moreover, we show that
the Diophantine Morse functions are Diophantine steep with indices equal to two and these
later ingredients yield our main theorem I.3.

Finally, according to Yomdin, our estimates derived in the theorems III.2.4 and III.2.5

should be useful to locate the nearly-critical points of a generic mapping (i.e.: the problem
of the «organizing centery, see [24, p. 296]).

Morse functions (definition II1.1.1.) and proving its prevalence in C>"*2 ( By

II1.1 Diophantine Morse functions

Definition 111.1.1.

We denote by Gr(n,m) the set of all vectorial subspaces of dimension m in R™ and,
for K € N*, Grg(n,m) C Gr(n,m) is the set of vectorial subspaces in R™ spanned by
integer vectors of length |||y = k1| + ... + |kn| < K, moreover Gr(n) = U™ _,Gr(n,m)
and Grg(n) = U, _;Grg(n,m).

A twice differentiable function f € C? (R™,R) defined on a neighborhood of the closed

ball BSR) C R”™ of radius R centered at the origin is said to be (v, T)—Diophantine Morse

with two positive constants v and 7 if, for any K € N*, any m € {1,...,n} and any
A € Grg(n,m), there exists (e1,...,em) (resp. (fi,-.-, fn—m)) an orthonormal basis of
A (resp. of A+) such that the function

fA(aaﬁ) = f (0[161 +...+tamen + ﬁlfl + ...+ ﬁn—mfn—m)a (4)

which is twice differentiable on a neighborhood of B( ), satisfies :

V(a B)GBR we have

oa o |

02 fa 5 -
Do K (77)H>Fllnll (Vn € R™).

2
00? |(ap)

The link between the Diophantine Morse functions and the Diophantine steep functions
is given in the following:



Theorem 111.1.2.

With the previous notations, if a differentiable function f € C3 (R™,R) defined on a
neighborhood of the closed ball Bg;%) C R™ is (v, 7 )—Diophgntine Morse for some positive
constants v and T, then f is (7, 7)—Diophantine steep over Bg with the coefficients Cp, =1,

om = 537 and the indices pp, =2 for m € {1,... ,n}.

Remark I11.1.3.: Our definition of Diophantine Morse function relies on the choice
of an orthonormal basis in any subspaces A € Grg(n) and the eigenvalues of the Hessian
matrix which are extrinsic. But the property of Diophantine steepness involves only the
norm of the gradient V f since

H% H = |IProja (V/ (arer + . + amep + By + -+ Bucsn fom))|

which does not depend of the considered orthonormal basis.

Proof: Consider f € C3(R",R) with ||f||[cs < M for some M > 1 over ES}Q such

that of 5 f
A A Y m
[EX box )] > gl (i e B

0> e |

for all (a, 3) € B x BY ™™ with A € Grg (n,m).
—(m)

Then, for any continuous curve I' : [0,1] — Bp
have either:

of length r < Inf( 1), we

2MKT™?

o

othervvlse for a € R™ such that ||a — I'(0)|| < 537%+ we have:

D2 fa ol
M| > —==Inll =
A |0y, ) KT

% fa D% fa

da? |<aa> 9a? |(r(0).5)

X
2K™

0 fa gl m
and H (77)H>W||77||foralln€R :

2
00 |(a.p)

da

=[5, fa-TO)]

for some . on the segment which connect I'(0) and «, it 1mphes

|5 e -5
0 o

The mean value theorem gives H%%(a B) — ﬁ ‘

00,0 | 2 g7 la = O = o - T

hence, we can ensure at least a variation of size r? on the norm Haf A(T(t), ﬁ)H along any

path T" of length r < Inf(QMKT , 1).

Moreover, the choice of the orthonormal basis (eq,... ,e.) gives
Ofa .
5o (@ 0) =Proja (Vf(aer +... + amem + fifr + ... + Bomfa-m))



hence, for an arbitrary path T of length r < Inf ( R 1) in the affine subspace x+ A with
A € Grg(n,m) and z € A+, there exists t, € [0, 1] such that HPTOJA (Vf ( (ts ))H > r2

and we can always choose this time ¢, such that Hf(t) - f(O)H < r for all t € [0,t,].

Finally, any rational subspace spanned by integer vectors of lengths bounded by K €

N* can be seen as the sum z + A for some z € A+ N EEZJ) with the direction A € Grg(n).

Hence, the definition of Diophantine steepness for f over Bpg is satisfied with the
coefficients C,,, = 1, §,, = ﬁ and the index p,, =2 for m € {1,... ,n}.»

IT1.2 Quantitative Morse-Sard theory and applications

Now, an application of a quantitative version of Sard’s theorem due to Yomdin ([22])
allows to show that, for a fixed 7 > 0 which is large enough, any sufficiently smooth
function f € CP (R",R) can be transformed into a (v, 7)—Diophantine Morse function by
adding almost any linear form.

We recall the main results of this Yomdin’s theory along the lines of a recent expository
book of Yomdin and Comte ([23]).

For k, m and n € N* such that m < n, consider a mapping g € C¥*! (R, R™) defined

on a neighborhood of the closed ball BEQ) C R™ for some radius R > 0 with the bound

l|gl|ck+1 = M > 1 for the usual C**'-norm over C**1 (Eg)’Rm).

MR’H'1 bounds the Taylor

With the previous assumptions, the quantity Ry(g) = i

remainder term at order k over the closed ball B( ).
For any matrix A € M, »)(R) with 1 < m < n, the ordered singular values of A

(i.e.: the eigenvalues of ‘AA) are denoted 0 < A1(A) < ... < A\, (A) and, for any x € B(n)
the singular values of dg(x) are denoted \;(z) with i € {1,... ,m}. In other word, dg( )
maps the unit ball in R™ onto the ellipsoid of principal axes 0 < A\j(z) < ... < )\m(m) in
R™.

=)

For A = (A, , Am) With 0 < A1 < ... < A, the set & (g,)\ BY ) of A-critical

points and the set A (g, A, B( )) of A-critical values are defined as:

z (g, )\,Fgf)) ={z e ng) such that A\;(xz) < \;, fori=1,... ,m}

and A (g,)\ B;)) —g (2 (g,)\ Bﬁfj))).

Finally, for any relatively compact subset .4 in R™, we denote by M (e,.A) the minimal
number of closed balls of radius € in R™ covering A.

The cornerstone of the quantitative Sard theory is the following:
Theorem 111.2.1. ([22], [23, theorem 9.2])
With the previous notations and assumptions, with Ag =1 and A = (A1,... , Am), we

have : ;
g, A (g, B <ce Y oM. R for e > Ry (g)
(20 o57)) 2 Soon. o (1)
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M (&,A (9,0, By )) < CZZAOM (E)j (R";(g))m for e < Ry,(9)

where ¢; > 0 and c. > 0 depend only onn, m and k.

Corollary 111.2.2.
With the previous notations and assumptions, for any € €)0, 1], we have:

n+kj

(6 A(g’A B(n))) Sci)\g)\l...)\j (é) o
§=0

where C > 0 depend only on M, R, n, m and k.
If Neigh.(A) = UgcaB(z,¢) for a set A C R™ then Neigh, (A (g,)\ B;))) can be
covered by M (5, A (g, A, B B ))) balls of radius 2¢ and, for the m-dimensional Lebesgue

measure, we have:

Vol <Neigh5 (A (g,A B%)))) < V(m)(2e)" M (&A (9,/\ B?))

where V(m) is the volume of the m-dimensional unit ball, finally:

ntkj

Vol (Neighs (A (g,)\ B ))) < CZ)\O)\l (1) A

for some constant C which depends only on M, R, n, m and k.

Corollary 111.2.3.
For § €]0,1[ and e = "+ , we denote

As = A (g, &M, ..., M), B;)) and As = Neigh. (Ag)

and we have the bozﬂzdks : B
i) Vol (A5> <Cé " where C > 0 depends only on M, R, n, m and k.

i) for k = 2n, we have Vol (55) <Cs%n .

Proof: Since ¢ €]0, 1], we have:

A C 5 kj I Mm - 1 nt+km
(520 4O e 0 0 A )

(k+1)m—n

— — m—n [— k+1—n — 1—-n
Cie™ F1 + Cobe ™t < (Chre #1 4 Cade*Fr.

N

|+|

and m > 1 implies Vol ( )
5%

Finally, the choice € = yields Vol (&5) <Cé 57" and k = 2n allows to obtain

the second estimate.p»
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Theorem 111.2.4. -
For k €]0,1[ and g € C?>"*1 (ng),Rm) with ||g||czn+r = M > 1, there exists a subset

C. C R™ such that

Vol (C.) < Cv/k (with the constant C considered in the previous corollary)

and, for any w € R™\C,, the function g,(z) = g(z) — w satisfies at any point x € ng?) :

19 (2)[| > & or ||dgw ()¢ > &[C]] (V€ € R™).

Proof: We choose C,, = 85 with & = k747, hence:
Vol (C,) < C6'2n = Cv/k.

Now, with our bound on ||g||¢czn+1, We have A\;(z) < M for any ¢ € {2,... ,m} and

any x € FS;”, hence:

(n)

As={z € BY such that A (z) < 6} ={z € BY such that 3¢ € R™ with ||dg(z)¢|| < d]|¢||}
Moreover € = 6 5 = k2n+2 >  with & < 1, then ||g,(2)|| < k implies ||g,(2)|| < €
and g(x) ¢ As since Dist(w, As) > €, hence ||dg(z)C|| > 4]|¢|| for all € R™.
Finally 6 = k»+1T > k yields:

ldg., (x)CI[ = [ldg(@)CI| > dlIC]] > slIC]] (V¢ € R™)

and we obtain the second estimate.»

We consider now the constants v > 0, 7 > 0 and an arbitrary function f € C?>""2 (R",R)
defined on a neighborhood of the closed ball EES) C R™ with the bound ||f||c2n+2 = M > 1.

The previous theorem II1.2.4. allows to bound the measure of the set of values 2 € R"
such that the modified function f(x) — Q.z is not (-, 7)—Diophantine Morse.

More specifically, for any (K,n,m) € N® with 1 < m < n and any subspace A €
Grg (n,m), thanks to the choice of an orthonormal basis in A and A+, the function f

defined in (4) admits the upper bound ||0, fal|c2nt1 < ||f]|c2nt2 = M for the usual C2*F1-

norm over C*"t1 (ES;”, Rm).

Theorem 111.2.5.
Consider v € N*, K € N* and A € Grg(n,m), there exists a subset CZ(XV) c B where

B,(/") is the open ball of radius v centered at the origin in R™ with :

vol (c) < Ufj;)\/%

12



where the constant 67(7:) depends only of n, m, M, R and v such that, for any () € B,(,n)\CX/)
the modified function fq(zx) = f( ) — Q.z satisfies at any point x € B( n)

[0aFone (e )] = 25 or (|02 finc (e Byl = LIl (v € B™)

7_

(the function fa o) is defined with respect to fo along the lines of fa with respect to f in
the definition of a Diophantine Morse function).

Proof: We apply the latter theorem II1.2.4. with the constant x = /K7 on the
function g(a, 8) = O fa(a, 3) € C>"T1 (R™ R™) in order to obtain a nearly critical set
C. C R™,

Then, for 2 € R™ such that Projs (2) = wie1+...4+wmen, withw = (w1, ... ,wn) € Ck,
the function fo(z) = h(z) — Q.z satisfies Ja f(a,0)(a, B) = Oafar(a, B) —w = gu(a, 3) and:

9o (e B)11 = [|0aFire (@ B)]| = = or lldgu(a B)CI = 2 II¢Hl (¥ € B™)

but the differential 92 f(a q)(c, 8) = 02 fa(e, 3) is the restriction of dg to the subspace
R™ x {0} C R™ and admits the same lower bound on its singular values as dg = dg,,.
Next, we consider the set:

C/(\V) = {Q € B such that Projs(Q) = wiey + ... + wmem with w = (wy,... ,wm) € C,.i}

then we have the estimate

Vol (C/({’)> = Vol (Projj_\l (Ce)N B,(/n)) < Vol (Bl(,")) Vol (C,) < V(n)yné\/;

where V(n) is the volume of the unit ball in R™ and C' is the constant in theorem III.2.4.
computed for a function g € C***!(R" R™) which depends only of M, R, n and m,

finally :
vol (¢ = ¢ \/;

where the constant 65;/) depends only of n, m, M, R, v.»

Theorem 111.2.6. -
Consider an arbitrary constant 7 > 2(n? + 1) and a function f € C*"+2 (B(Rn),]R)

defined on a neighborhood of the closed ball BEQ) C R™. Then, for almost any 2 € R"

there exists v > 0 such that the function fq(x) = f(I) — Q.1 is (v, 7)—Diophantine Morse

over Bg% ).
Proof: For any v € N* and K € N*, we consider the set C%) = Up—1UreGrg (n, m)C(V)

by an application of the latter theorem III 2.5, we obtain:

Vol (Cfr(”)) Z Card (Gr (n,m)) Gy, \/7 (Z c V)) K" \/;

m=1

13



Now, for a fixed v > 0, the set ng) = Ugen* Cg) satisfies

(o) s (Lo ) (5 ) v

m=1 KeN*

and this upper bound is convergent with our assumption on 7.
For CV) = ﬂV>OC§'j) we have Vol (C%*)) =0 and C = U,en-C™") satisfies Vol (C) = 0.
Finally, for any Q € R™\C, the function fq(z) = f(z) — Q.2 is (v, 7)—Diophantine

Morse over Eﬁ!j) for some v > 0 and we can choose 7 = 2n? + 3 > 2(n? + 1).»

Corollary 111.2.7. (Prevalence of the Diophantine Morse functions)

The set of (v,2n? + 3)-Diophantine Morse functions for some v > 0 is prevalent in
C*+2(R™, R).

Proof: In the previous theorem II1.2.6, we can choose 7 = 2n% + 3 > 2(n? + 1) and,

for almost any 2 € R™\C, the function fo(x) = f(z) — Q.z is (v, 7)—Diophantine Morse

over Fg) for some v > 0.

This is exactly from the definition of a prevalent set with the probe space given by
the linear forms.p»

IT1.3. End of the proof of the main result (theorem 1.3.):

Going back to the dynamic, our result of exponential stability (theorem I1.5.) together
with the prevalence of Diophantine Morse functions (corollary II1.2.7.) imply that for
an arbitrary real analytic integrable Hamiltonian A and for almost all linear form w €
L (R™ R), the modified Hamiltonian h,(z) = h(z)+w(z) is exponentially stable with fixed
exponents of stability (since the latter quantities depend only of the steepness indices).

Indeed, for almost any 2 € R™ there exists v > 0 such that the integrable Hamiltonian
ho(I) = h(I) + Q.I is (v, 7)—Diophantine Morse with 7 = 3 + 2n?.

Hence, according to the theorem III.1.2. the integrable Hamiltonian hq is (v,3 +
2n?)—Diophantine steep with indices equal to two and finally the theorem IL.5. ensures
that hg is exponentially stable with the desired exponents.»

Appendix: Exponential stability with a Diophantine steepness condition

A.I Description of our proof

Our proof is based on the following simple algebraic property. Let w € R™ be a rational
vector, i.e.: w is a multiple of a vector with integer components. In such a case, the scalar
products |k.w| for k € Z™ such that k.w # 0 admit a lower bound ¢ > 0. Then, let w € R"
be a rational vector and K € N* a positive integer, there exists a small neighborhood V'
of w which depends on K such that

l
|k.w'| > 2 for any w’ € V and all k € Z"\ < w > with |[k||y = |k1| + ... + |kn| < K.

Moreover, if we find a second rational vector @ € V, then the scalar products |k.w|
admit a uniform lower bound for all k € Z"\{<w >+ N <@ >*} and ||k||; < K.

14



If w and w are linearly independent, we have also Dim (< w>tN<w >L) =n-—-2.

Alongt these lines, we can ensure that if we find a sequence (wi,...,w,) of close
enough rational vectors which are linearly independent (i.e.: (wi,... ,w,) form a basis of
R™), then all the scalar products |k.w,| admit a uniform lower bound for k € Z™ and
k|| < K with K € N*.

Now, consider a trajectory of the perturbed system starting at a time ¢ty which admits
an increasing sequence of times tg < t; < ... < t,, for some constant K € N* such that
each frequency vector Vh(I(ty)) is close to a rational vector wy for each k € {1,... ,n}.
Assume that (w1q,...,wy,) is a basis of R™ composed of rational vectors which are close
enough one to one another to satisfy the previous algebraic property with the constant
K. Then, I(t,) is located in a resonance-free area up to some finite order and a local
integrable normal form can be built up to an exponentially small remainder, this allows to
confine the actions.

Our result of stability (theorem II.5) is proved by abstract nonsense in the following
way. Assume that a solution of the perturbed system starting at an initial time ¢ty admits
a drift of the action variables over an exponentially long time. Then, the Diophantine
steepness of the integrable Hamiltonian ensures that for a small enough perturbation, the
sequence of times (t¢1,...,t,) and the basis (w1,...,w,) can be build recursively. Hence
the actions are confined which gives the desired contradiction.

The closeness of Vh(I(tx)) to wi for k € {1,... ,n} is given by an application of a
classical theorem of Dirichlet about simultaneous Diophantine approximation which yields
a minimal rate of approximation of an arbitrary vector by rational one. This last argument
gives an upper bound on the order K of normalization which can be carried out and imposes
our value of the stability exponents a and b.

A.IT Normal forms.

In order to avoid cumbersome expressions, we use the notations u <* v (resp. u *< v,
u =% v, u *=< v) if there is 0 < C < 1 such that u < Cv (resp. uC < v, u = Cv or uC = v)
and the constant C depends only on the dimension n, the bound M, the radius R, the
analyticity width s and the exponent 7 but not on the small parameters ¢ and ~.

We consider the perturbed Hamiltonian H holomorphic over the domain V,. ;P defined
in (2).

Let A be a sublattice of Z™ and K € N*. A subset D C Br C R" is said to be
(o, K)-non-resonant modulo A if at every point I € D, we have:

|k.Vh(I)| = |kw(I)| > aforall I € Dand k € Zx\A

where 7% = {k € Z™ such that ||k||; < K} with a fixed K € N*.

In the neighborhood of such a set D, the perturbed Hamiltonian # can be put in a A-
resonant normal form A+ g+ f. where the Fourier expansion of g contains only harmonics
in Z'% N A while the remainder f, is a small general term.

More specifically, we will consider the set

. (I, ) € C* such that dist(I,D) < r and
V,,D =V, (D) x W, (T") = . N
Re(p) € T" ; Maxjeqi,.. ny |Sm(p;)| < s
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equipped with the supremum norm ||.||, s for real or vector-valued functions defined and
bounded over V, ;D.
With these notations, we have:

Lemma A.ll.1 (normal form, [20])
Suppose that D C Bp is (a, K)-non-resonant modulo A and that the following inequal-
ities hold :

ar ] 0" 6
ek —;r=<xMn|—=,R| ; - <K. (A1)
K K s

Then we can define an holomorphic, symplectic transformation ® : V. 3 D +— V, ;D
where 1« = 5, s, = § which is one-to-one and real-valued for real variables such that the
pull-back of H by ® is a A-resonant normal form Ho® = h+ g+ f. up to a remainder f,
with

sK
loll, .. < and £, o= zes (=55,

Moreover, |11 o ® — Id1||r*,s* <* /6 uniformly over V., 5. D where Il denotes the
projection onto the action space and Idy is the identity in the action space. Hence:

V3D C I (@ (Vr, 5. D)) C Vo y3D.

Corollary A.l1.2.

With the notations of the previous lemma, consider a solution of the normalized system
governed by H o ® and a time t, € R. Let A\ be the affine subspace which contains I(ty)
and whose direction A ® R is the vector space spanned by A, then

K
dist (1(t), Ax) = ||1(t) — M| *=< € for |t —tr| < exp (%) and |t| < T (A.2)

where T is the time of escape of V., s.D.

Proof: We denote by Q the orthogonal projection on < A >*. Since H o ® is in
A-resonant normal form, we have 4 Q(I(t)) = —Q (8, f.) and by Cauchy inequality :

() = Ml < [1Q () = I(t))I] < 1|Q (9 f+ (1, #))

9
e |t — Ifk’ *=< 6;

provided that |t — t;| < exp (55).»

A.lll Nearly periodic tori, non-resonant areas and approximation.

A vector w € R" is said to be rational if there is t > 0 such that tw € Z", in which
case T = Inf{t > 0 / tw € Z"} is called the period of w.
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Definition and theorem A.lll.1
Consider o > 0 and w € R™"\{0} a rational vector of period T, the set

By(w) ={I € Bgr such that ||Vh(I) — w|| < o}

15 called a nearly periodic torus.
For K > 0 and o > 0 such that 2K 0T < 1, the set B,(w) is (%.,K)-non—resonant
modulo the Z-module A spanned by Z%N < w >=.

Proof:

Lemma A.II1.2 Let Q be the hyperplane < w >L, then for all k € Z™"\Q we have
|k.w|>1/T.

Proof: We have |k.w| = 7i. k. Tw| = 7% |k.a| for some a € Z™ and |k.a| # 0 since
kEd<a>t=<w>"t.

Hence |k.a| > 1 and |kw| > #. »

Then, since w # 0, we can ensure that dim(A) =n — 1 and for all I € B,(w):

1 1
VkeZi\A, we have |k.Vh(I)| > |k.w| — |k|||Vh(I) — w]|| > T Ko> T
with our threshold in the lemma. »
Now, for an integer m € {1,...,n}, consider a decreasing sequence of positive real
numbers g1 > ... > o, and m rational vectors (wy,... ,w,,) in R” with respective periods

(T1,...,Tm) such that
llwjy1 —wj|| < pj forall j € {1,... ,m—1}.

We denote by €2; the hyperplanes (wj)L and by Z; the sets Q1 N ... NQ,, for j €

{1,...,m}.

Consider a positive constant K then the Z-module (resp. the R-vector space) spanned
by Z} NZ; is denoted by A; (resp. A; @ R).

Lemma A.lIIL.3

With the previous notations, if

2(m —j+1)Kp;T; <1 (Vje{l,... ,m}) (A.3)
then the nearly periodic tori:

Bj ={I € Bpr such that ||Vh(I) —w;|| < (m —j+1)o;}

are (%T,K) -non-resonant modulo A; for j € {1,... ,m}.
J
Proof: Consider j € {2,...,m} and I € Bj, since the sequence (Ql)1§l<]~ is decreas-

ing, we have |lw; —wj|| <o+ ... +0j-1 < (j—1—1)g foralll € {1,...,j — 1} and the
assumption ||[Vh(I) — w;|| < (m —j + 1)p; yields:

|IVRA(I) —wi]| < (m—=0o < (m—1+1)g foralll e {1,...,5—1}.
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Then, the argument of the previous lemma (A.II1.2) ensures that, for all I € B;

1 1
Vi€ {L,....j}, Vk € ZE\Q we have [k.VA(D)| > = — (m~ 1+ DKo > o—
l l

with the thresholds (A.3).
Hence, for all k € Z%\A;, the scalar products |k.Vh(I)| are lowered by ﬁ for any
Ie Bj.>

In the sequel, we will need the following direct corollary of Dirichlet’s theorem on
simultaneous Diophantine approximation (see Lochak, [11]):

Lemma A.lll.4

For any x € R™ and any Q € N*, there exists a rational vector x* of period T which
satisfies

n—1 1
||z* — z|| < ———— with <T< < (A.4)
Q=T 1] oo JESIPS
for the Euclidean norm ||.|| and the mazimum of the components ||.||oo-

Proof:
We can renumber the indices in such a way that x = £(&1,2’) for some ' € R*~1
and € = ||z||oo-
The question is now reduced to an approximation in R”~!. Indeed, Dirichlet’s theorem
1
yields ¢ € N* and I’ € Z" ! such that 1< ¢ < Q and ||gz’ — I'||cc < Q™ 7-1.

/
Ifzr=¢ <ﬂ:1, %), we have:

) £ 1 . € 4
lo* —alle < 2Q T = ||z —m||s¢—n—15c2 =

for the euclidean norm.

One checks easily that z* is a rational vector of period 7 = % which satisfies the

desired claim.»

A.TV Fitted sequence.

We first prove that the existence of a sequence of rational vectors described in the
previous section along a trajectory implies that the actions are confined. Then, in the
next sections, we show that a drift of the action variables implies the existence of such a
sequence which gives a contradiction.

Hence, the theorem II.5 of exponential stability would be proved.

We study the perturbed system governed by the Hamiltonian H holomorphic over the
domain V,. ;P defined in (2).
For 1 <m < n, let (w1,...,wn) be a sequence of rational vectors.
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As previously, for j € {1,... ,m} we define Q; = ((.er)L and Z; = Q1 N...NQ;; let
also A; be the Z-module spanned by Z} NZ;, and finally d; = dim (A; ® R).

Definition A.IV.1. (fitted sequence)

m
Form € {1,... ,n}, consider an integer K > -
A sequence of rational vectors (w1, ... ,wn) is called a fitted sequence of order K for

a solution (I(t),p(t)) with an initial time to if there exists:
1) an increasing sequence of times such that

to <ty <...<ty, <to+exp(sK/6);

2) a decreasing sequence of radii R > 1g > ... > Ty ;
3) a decreasing sequence of domains :

Dy ={I € Dy_1 such that ||Vh(I) — wg_1|] <4M(m — k + 1)rr} and Pr = Dy x T"

for k € {1, ,m} with Dy = Bg.

4) holomorphic, symplectic transformations Py : ‘/Tik,)skpk > Vi si_1 Dr where

(rik), sk) = (%’“, 6%) which are one-to-one and real-valued for real variables with :

I[TL; 0 @5, — Idy || 0, < %’“ forke{l,...,m}

Then, the application \Illzl = $q0...0P; is defined over Dy x T" and we assume that
Ho \11,;1 is in Ap—resonant normal form up to a remainder of order € exp(—sK/6) as in
our lemma A.Il. 1.

In the sequel, we will denote by I'*) = 7 o Wy (I, ) the averaged actions under the
transformation ¥y, and Ay, = HI(k) — I‘ |Tik7)sk, hence A <x r1+...+r fork € {1,... ,m}.

Finally, the following three properties should hold :
(4) HVh(I(k_l)(tk)) —wkH < Mry forke{1,...,m} withI® =T ;

() Hﬂk)(t) - I(k)(tk)H < 13, for t € [ty tisn] with k € {0,... ,m —1};

(t3t) The dimensions (di,... ,dy) satisfies : dy > ...>d; >...>d, =0.

Theorem A.IV.2.
Consider a trajectory which admits a fitted sequence of order K.
If I(to) € Brjo and the threshold € <* ., is satisfied, then we have :

11(t) — I(to)|| < (n + 1)%ro for to <t < to + exp(sK/6). (A.5)
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Remark A.IV.3.: We make this construction going forward in time but the same
results are valid backward in time.

Proof: Firstly, we have ||I(t) — I(to)|| < ro < (m + 1)%rq for t € [to,t1] and
A gkry+...+1p = A gxkry for ke {1,... ,m}

which implies that for all ¢ € [tg, tri1]:

@) = 1) < || 10) = 19|+ ||[190) = 10 @) + |19 - 1)
L2AR + 1 =% 2kry + 1 (Ve € {1,... ,n—1}).

Finally, ¥,, contains a neighbourhood of I(t,,) and cast the considered Hamiltonian
‘H to an integrable one up to a perturbation of magnitude € exp(—sK/6) since d,, is equal
to 0.

Hence, H o ¥ ! (I(m),go(m)) = hy, (I(m)) + fm (I(m),go(m)) and an application of

9 fm

Cauchy’s inequality on the real domain P,, yields: o0
¥

< Siexp (—2K).
m

m

Then, for ¢ € [t,,,to + exp (sK/6)], the threshold € <* r,, implies:

O fm
™)

>Tm

1 (1) = 10 (8| < 1t =t

m

hence:

1) = 1ta)l| < || 1) = 1 @)|| + |10 = 1 )| + || 10 (k) = 18|

<L2A,, + T <% 2y + 1oy

= |[1(¢) = I(to)[| < |[L() = I(Em)[| + [[I(Em) = I(Em-1)]| + - + |[L(t1) — I(to)]|
<2+ AN+ T T+ T+
<k 2[m+ (m —1) + ...+ 1]ry + mry 4+ 79 <* (m 4 1)%rg since 71 > ro,

and this yields the required inequality since m < n.p»

A.V Formal construction of a fitted sequence.

Here, we assume that there is a high enough density of rational vectors and look for the
relations which should be satisfied by the parameters ¢, 7, v, K, s, the radii (R, ro,... ,7m)
and the periods (71,...,7Tm,) to ensure the existence of a sequence fitted to a trajectory
which admits a drift of the action variables thanks to our Diophantine steepness condition.
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Lemma A.V.1.

Consider two constants 0 < 7, 0 < v < 1, an integer K > 6" /s and a solution of
the perturbed system with some initial condition (I(to),(to)) in Brje x T™ such that the
action variables admit the following drift:

3t € [to,to +exp(cK)] with ||I(t.) — I(to)]| = (n + 1)rg

R
2(n +1)*

A sequence (w1, ... ,wm) of rational vectors is a fitted sequence of order K for the con-
sidered solution if the radii (r1,... ,7y) and the periods (T1,...,Tm) satisfy the following
relations :

for 0 <rg <

(i)T1<%;

Pk
1
(17) € <% i (%) for ke {1,... ,m — 1} where we denote py, = pa, ;

1 p
(191) rp+1 < 6 (%) ' forke{l,... ,m—1};
(iv) 8M(m —k+ 1)Kr Ty, <1 for ke {1,...,m};
1
(v) The thresholds (A.1) are satisfied with the parameters €, K, 1 and oy = T
k

Proof:

First step: We assume the existence of a 7;i-periodic rational vector w; such that
HVh(I(k)(tl)) —wi|| < Mry for a given time t; € [to,to + exp (sK/6)] which will be
determined explicitely in the next section.

Consider the domain D; = {I € Bg such that |[|[Vh(I) — w|| < 4Mmr,}. With our

threshold (iv) in this lemma, D; is ﬁ,K -non-resonant modulo A;. Then the last

condition of the lemma A.V.1 implies the existence of a normalization ®; with respect to
A; from ‘/;(1)811)1 to Vi, s,DP1 and ¥ = CI)l_l is the desired transformation.

Iterative step: Assume that an increasing sequence of times top < t; < ... < tp <
to + exp(cK) and a sequence of periodic vectors (wi,...,wy) with respective periods
(T1,...,Tr) which satisfy the assumptions of a fitted sequence have been built up to

order k € {1,... ,n —1}.
We denote the projection Projg, = ProjA—’: (resp. Proj,,) by Q (resp. Q).
According to the corollary A.IL.2., one can see that the normalized actions I(*) satisfy :

[10) = 190) = Qi (10(1) = 1M (0)) || = || @k (1M(1) = 1P (8) )

x<e (A.6)

for ¢ € [tx, Inf (to + exp(cK); ;)] where ¢} is the time of escape of Dj.
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If || Qk (I®) (#) =10 (8)) | < %k for all t € |ty,to + exp(cK)[, the inequality (A.6) and

the second threshold of the lemma A.V.1 imply

Pk
1 (r r
HI(k)(t) _I(k)(tk)H < M <§> + Ek <rpsince ry <1, pp >1and M > 1.

Then, as in the proof of the theorem A.IV.2., we have:

1I(t) — I(tr)|] < 2Ak 4+ 71 <% 2(r1 + ... +715) + 1 for all t€|ty, to + exp(cK)|

which yields

I(t) —I(to)|| < 2(A1 + ...+ Ap) +r1+ ... +rp+710 < (E+1)%r0 < (n+1)%rg

while, we assumed ||I(t.) — I(to)|| = (n + 1)%ro.
Hence, there is an escape time

tox €]t to + exp(cK)[ with HQk (.r<k> (ta) —I<k>(tk)) ‘ ‘ - %’“

Since I (ty,) + Qi (I®)(t) — I™)(¢4)) is a continuous path in the subspace
A\, = I(F) (tx) + Ar ® R, the steepness of h yields tx11 € [tk,t«x] such that:

HQk (I(k)(t) - I(k)(tk)) H < %’“ for all £ € [ty, te].

Tk

Projz (Vh (I(k)(tk) + 9Oy (I(k)(tk—i—l) - I(k)(tk)>))H > <5> p?

Moreover, the inequality (A.6) and our second threshold in the lemma A.V.1. together
with pr > 1 imply:

o ma0) 91 2 (- 1000 20 (3) 1 (2)
and

pos (o (1)) 2 (3)

In the same way, (A.6) and (A.7) allow to prove that:

47 = [0 (1 (1010 -

HQk (I(k)(t) - I(k)(tk))H < %’“ — HI(’“)(t) - I(’“)(tk)H < 1y, for all ¢ € [ty, tes]-
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Finally, we assume the existence of a Ty, 1-periodic rational vector wy,1 such that
|[VR(I®) (1)) — wis1|| < Mres1 which implies:

o = il <||wn = VRV )| | + |[TAIED80) - VRID @) |

+ || VA @) = TRED tr1)|| + + |[TRED (tr1)) = |

— ||wk — wk+1|| <3Mri + Mrgs, < 4AMrg. (AS)
Moreover, the third threshold of the lemma A.V.1. implies that

00 () )] [P )~ < 31 < 2 ()

and

19k (wi+1)[| > HQk (Vh (I(k)(tkﬂ))) H - HQk (Vh(f(k)(tkﬂ)) - wk+1)H 2 % (%)pk

hence wg1 is not orthogonal to the previous rational vectors and dy4+1 < dj.
Consider the domain

Diy1 = {I € Dy, such that ||VA(I) — wri1|| < AM(m — k)rg41},

the inequality (A.8), our threshold (iv) in the definition of a fitted sequence and the lemma
A IIL.3 with the distances g = 4M 1}y, ensure that Dy is ( T , K ) -non-resonant modulo

Agy1.
Finally, the last threshold (v) and the lemma A.II.1 implies the existence of a normal-
ization @41 with respect to Agy; from Vr(k+1)sk+1Dk+1 to Vi 41,5, Pr+1 and the desired

transformation is given by Uy 1 = <I>;+11 oW,.»

A.VI. Complete construction of a fitted sequence.

Here, we tackle the problem of Diophantine approximation of the frequency vectors
(VRh(I(t1)), VR(ID(Ls),. .. ,Vh(I(”_l)(tn))) which was the missing ingredient in the pre-
vious section.

Lemma A.V.2.

Consider two constants 0 < 7, 0 < v < 1, an integer K > 6" /s and a solution of

the perturbed system with some initial condition (I(to),p(to)) in Brje X T™ such that the
action variables admit the following drift:

It € [to, to + exp(cK)] with ||I(t.) — I(to)]| = (n +1)rg

R

f0T0<T0<m.
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Assume that :

R rh°
0<ro<Infl~r, ———— ) ; 11 <% where we denote py = pn
0 (7 2(n+1)2) L= Po =P
then, in the previous construction of a fitted sequence, for all sequence of strictly positive
constants (Q1,... ,Qm) there exists a Tg-periodic rational vector wy which satisfy :
vn — ]. Qk

HVh(I(k_l)(tk)) - wkH < T with - < T <

EQ M < ) )7 = for ke {1,...,m} (A9)

Proof: With our drift of the actions variable, the Diophantine steepness assumption
together with ro <~ <1 and pg = p, > 1 allow to find a time ¢; € [0,¢,] such that:

1 ”0 1
VA @)1= (504 17r0) = G+ 0P
and ||I(t) — I(to)|] < 2(n+ 1)*r¢ for all ¢ € [to, t1].
Moreover, with our bound M > 1 on the norm of the Hessian matrix, we obtain:

(n 4 1)2 (n+ 1)2rp° - (n+1)2

>
IVA(D)]| = T <

po for all ||I— I(tl) H S ro.
In the regular case, we remove this first step since we can use a uniform lower bound

on the gradient Vh(I).

Now, we can ensure that for any I € B (I (t1), (":]\i,) ry ) we have:

1
ntl .,  IVA(D)
4 n

< |[[VA(D]leo < [IVA(D)]] < M
and the lemma A.II1.4 applied to z = Vh(I(t)) implies that for any @ > 0, there exists a
rational vector w of period 7 which satisfy :

vn—1 1 40

s <TG (A.10)

Then, a repeat of the arguments in the proof of the theorem A.IV.2. shows that for
ke{l,... ,n}:
HI(’“)(t) - I(tl)H < (k4 1)%r if tg, <t < tppywith t,41 = to + exp(sK/6)

PO
7’?\4 implies that I(tx) € B (I(tl), (i) r0> forall k € {1,...,m}, hence (A.10)

and r < 137
implies (A.9).»

In the sequel, for a fitted sequence of length m, we will denote:

mo = 1 and 7y = pg, ...pq4, where d; =dim (A; ® R) and k € {1,...,m}. (A.11)

With the previous lemmas, one can prove the following:
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Theorem A.V.3.

There exists a sufficiently small positive constant C' such that for an arbitrary trajec-
tory of the perturbed system which admits a drift of the action variables as in the previous
lemmas, if :

1
8= ;a= g ;b:ﬁand5<0q/1/a

, e < Cyl/b A.12
2(14+n"p1...pn-1) 1+71 00 ( )

then one can find a fitted sequence of length m € {1,... ,n — 1} for the considered orbit.
The parameters of this sequence are

Vn — 1 Pnm
K=E[e %] +1andro =eb:rp = for any k € {0,... ,m—1} (A.13)
M Tiia

where E [x] is the integer part of x € R.

Proof: Our parameter K, the radii (r1,...,7r,) and the periods (71, ... , T;) should
satisfy the following:

Summary of the thresholds

: g R R . gl
(1) 1 %< K 5 (i9) ro<m; (zzz)O<r0<Inf<fy,m) ; (1v) r1<F;
(v)egxriF forke{l,... ,m—1};

and for k € {1,... ,m}:

(Vi) T s Tty (vid) eTR K <% 1 5 (vidd) KTgry <+ 1.

Here, we apply the lemma A.V.2. with the bounds

Qr+1 = e~ (=D)AL for | € {0,...,m —1},

4
hence, we have the upper bounds 741 < — g=B—(n=1)Bn"m o the periods.

With the choice of parameters (A.12) and (A.13), all the previous thresholds are
satisfied and there exists a fitted sequence for the considered trajectory for a small enough
perturbation.»

A.VII End of the proof of the stability theorem (IL.5.)

We now check that the inequality € <x* r,, is satisfied with our choice of parameters
(A.12) and (A.13), hence theorem A.IV.2 implies:

[[I(t) — I(to)|| < (n+1)%rg fortyg <t <* to + exp(sK/6)
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while we assumed the existence of an escape time:
t, € [to, to +exp(cK)] with |[I(t,) — I(to)|| = (n + 1)*ro.

This contradiction ensures the confinement of the action variables over an exponen-
tially long time: exp (%K ) which is greater than exp (gs_a> with our choice of K.
This fulfill the proof of the theorem II.5. »
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