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Abstract

An enhanced binding of an N-particle system interacting through a scalar
bose field is investigated, where N > 2. It is not assumed that this system has a
ground state for a zero coupling. It is shown, however, that there exists a ground
state for a sufficiently large values of coupling constants. When the coupling
constant is sufficiently large, NV particles are bound to each other by the scalar
bose field, and are trapped by external potentials. Basic ideas of the proofs in
this paper are applications of a weak coupling limit and a modified HVZ theorem.
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2 Enhanced binding

1 Introduction

In this paper we are concerned with an enhanced binding of an N-particle system
interacting with a scalar bose field. Here we assume that N > 2 and impose ultraviolet
cutoffs on the scalar bose field. It may be expected that when N particles interact
with each other through a scalar bose field, a strong coupling enhances the binding of
this system if forces mediating between each two particles are attractive. We want to
justify this heuristic consideration for a certain quantum field model, which is so-called
the Nelson model [15].

1.1 The Nelson model

We begin with giving the definition of the Nelson model. In this paper we denote
the scalar product and the norm on a Hilbert space K by (f,¢)c and || f]||x, respec-
tively. Here (f,g)x is linear in ¢ and antilinear in f. Unless confusions arise, we
omit the suffix K. Let F be the Boson Fock space over L?(RY) defined by F :=
B, [@2L*(RY)], where ®"L*(R?) denotes the n-fold symmetric tensor product of
L*(R?) with ®2L?(RY) := C. Vector ¥ € F is written as ¥ = {¥M™}> = with
¥ ¢ @"L?(RY). The Fock vacuum Q € F is defined by Q := {1,0,0,...}. a(f)
and a*(f), f € L*(R?), denote the annihilation operator and the creation operator in
F, respectively, which are defined by

(a(HHW) D (Ky, .o k) =+ 1 [ fR)OOTY(E ky, ... ky)dk, n=0,1,2,...
Rd

with
Da(f)) = {¥ € F| 3 Malh)®) ™2, 12y < 0}

and a*(f) := (a(f))*. They satisfy canonical commutation relations:

[a(f),a*(9)] = (f,9), [a(f),a(g)] =0=[a"(f),a*(9)],

on Fy:={W¥ € F|¥™ = 0 for all n > ny with some ny}. We informally write as

olf) = [ atorswr, @)= [ o @
The Nelson Hamiltonian H is a self-adjoint operator acting on the Hilbert space
H:=L*R™)® F,
which is defined by

HZ:H0+HI,
Hy:=H,®1+1® Hy.
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Here H,, is the N-particle Hamiltonian defined by

Hy:=>_ “om, i+Vil,
j=1

where m; is the mass of the j-th particle. Hy is the free Hamiltonian of F given by

Hf::@(,zl}@“.@jéh@'”@l’)
J= n

n=0

with the dispersion relation w(k) := |k|, which is informally written as

Hf:/ w(k)a*(k)a(k)dk.
Rd
Note that

(HeW) ™ (ky, o k) = (k) 4 -+ w(bn) U™ (K, k), 1> 1,
HiQ) = 0.
It is well known that o(H) = [0, 00), 0,,(Ht) = {0}, where o(K) (resp. 0,(K)) denotes

the spectrum (resp. point spectrum) of K. Notation ges(K) (resp. ogisc(K)) denotes
the essential spectrum (resp. discrete spectrum) of K. We identify as

®
H = Fdx,

RaAN

where f]Ri%N -+~ dx denotes a constant fiber direct integral [18] and z = (x1,...,2y) €
R the position of particles. Finally H; denotes the interaction between N particles
and the scalar field given by

N &
Hi:=Y) o /ﬂw ¢;(x;)de,
j=1

where «;’s are real coupling constants and the scalar field ¢;(x) is given by

b5(2) = = [ (@ (R)A;(—k)e® + a(k)d; (k)e™)dk,

V2 g

where ;\j’s are ultraviolet cutoff functions. Note that

(H1V)(z) = Zajqﬁj(x)\lf(x), a.e.x € R,
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with
D() = {W & H|w(x) € N D(6;(x)) and i / 65(2) (@) e < oo}

Ground states of H are defined by eigenvectors associated with eigenvalue info(H). We
want to show the existence of ground states of H. Generally info(H) is the bottom of
the essential spectrum of H. Although this makes troublesome to show the existence of
ground states, it has been shown for various models in quantum field theory by many
authors, e.g., [8], where one fundamental assumption is that H, has a ground state. In
this paper we do not assume the existence of ground states of H,, which implies the
absence of ground state of H with oy = -+ = an = 0, and show that H has a ground
state for sufficiently large values of coupling constants. This phenomena, if it exists, is
called the enhanced binding.

1.2 Weak coupling limits

In our model under consideration, it is seen that the enhanced binding is derived from
the effective potential V.g which is the sum of potentials between two particles. The
effective potential can be derived from a weak coupling limit [5, 6, 11, 12|, which is one
of a key ingredient of this paper. Let us introduce a scaling. We define

H(k) = H,® 1+ x’1 ® H; + rHj,

where k > 0 is a scaling parameter. We shall outline a weak coupling limit in a heuristic
level. Let C := C([0,00); R™Y). It can be seen that

(feQe™PWge00) = / F(Xo)g(Xp)e b VD teWegpagy, (1)

CxRaN

where X. = (X, ..., Xy.) € C, dP®, x € R denotes the Wiener measure on C with
Pm<X0 = .T) = 1,
N
V(X) =Y Vi(X;)
j=1
and
1 N T T . ) , ‘
W=, > /0 ds /0 dt /R d Ni(=k);(k)r2er lsmtlo®) gtk (Xia=Xin gL (1.2)
ij=1

Informally taking x — oo in (1.2), we see that the diagonal part of fOT ds fOT dt survives
and the off diagonal part is dumped by factor
—K/Q S—l|w
2 —k2|s—tlw(k) U.)(k)/‘f2€ ls=tlo(k)

K“e = o0 ~(s—t)—.
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Thus we have
k )
W~ — ;0 / ds/ A(=R)A; (k) _’k'(XiVS_Xj’S)dk (1.3)
ijl / Rd (.U(

for a sufficiently large k. Combining the right-hand side of (1.3) with fOT V(X,)ds in
(1.1), we can derive the Feynman-Kac type path integral:

lim (1.1) = / f(Xo)g(Xy)e™ foT[V(Xs)-i-vcﬁ”(Xs)-FG]deP:EdI7 (1.4)
K—00 CxR4AN
where
Vi (2) := Vg1, ooy ) i= —— Z a;a / Aeﬂk(“_”)dk (1.5)
Z#J w(k)
and )
E)A;(
S Z / AERNE) gy
Rd (k)
Note that when Supp;\i N supp)\j = (0, i # j, the effective potential V,g vanishes.
Heuristic arguments mentioned above can be operator theoretically established. Let
al 1
Heﬁ‘ = Z <—%A]’ + V;) + ‘/eff-
=1 !

Proposition 1.1 It follows that

s-lim e tHH() — g~ tHen+6) Pa,

K—00

where Py denotes the projection onto the Fock vacuum.

See e.g., [11, 12] for details. Intuitively Proposition 1.1 suggests that H(k) ~ Heg + G
for a sufficiently large k. Then if Hg has a ground state, H (k) also may have a ground
state. This is actually proved by checking binding conditions introduced by [8] under
the assumption that H.g has a ground state. This is an idea in this paper.

Remark 1.2 Probabilistically through a weak coupling limit, one can derive a Markov
process from a non Markov process. The family of measures pi., k > 0, on C is given

by
11 (dX) = = Jo V(X)ds We g po. (1.6)

The double integral W, in (1.6) breaks a Markov property of (Xs)s=o and

Tn,s D f = /Cf(Xs),un<dX>7 K < 00,

does not define a semigroup on L*(R™). The Markov property revives, however, as
Kk — 00, and we have Ty, , = e~ SHei +G),
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1.3 Effective Hamiltonians and enhanced bindings

Typical example of V.g is a three dimensional N-body smeared Coulomb potential:

ooy

%H(xla "'7xN = 87T Z ’33 . | |$7« x]|)7
i j

where w(|z|) > 0 holds for a sufﬁciently small |z|. See (3.1). For this case it is
determined by signs of aq, ...,y whether Vg is attractive or repulsive for sufficiently
small |z; — xj| We can see from (1.5) that an identical sign of coupling constants and
suppA; N Supp)\ # (), i # j, derive attractive effective potentials and enhances binding
of the system. Notice that although in the case of N = 1 the enhanced binding in
the Pauli-Fierz Hamiltonian occurs [3, 9, 13|, the effective potential (1.5) disappears
and then no enhanced binding in the Nelson model. This is a remarkable discrepancy
between a nonrelativistic quantum electrodynamics and the Nelson model.

It is shown in e.g., [7, 10, 14] that the Nelson Hamiltonian with no infrared cutoff,
Aw ¢ L2(R), has no ground state. So we do not discuss the infrared problem and
assume that A/w € L*(R?). Moreover since we take the Boltzmann statistics for N
particles, it is established in [2] that the ground state is unique if it exists. Then we
concentrate our discussion to showing the existence of a ground state of H. Systems
including the Fermi statistics will be discussed somewhere. We unitarily transform
H(k) to a self-adjoint operator of the form

Hyg ® 14+ k*1@ He + H' (k). (1.7)

See Proposition 2.4. It is checked that under some condition H.g has a ground state for
a;’'swith 0 < . < |aj], 7 =1,..., N, for some a., which suggests that for a sufficiently
large k, H(k) also has a ground state for a;; with a. < |o;| < ae(k), j = 1,..., N, for
some a.(k). Note that we do not assume the existence of ground states of H,, namely
H(k) with oy = --- = ay = 0 may have no ground state. We show the existence of a
ground state by checking the binding condition [8] in Proposition 2.5 for (1.7).

If there is no interaction between particles, the j-th particle is influenced only by
the potential V. In this case, a shallow external potential Zjvzl V; can not trap these
particles. But if these particles attractively interact through an effective potential
derived from a scalar bose field, particles close up and behave just like as one particle
with mass Zj\;l m;. This one particle may feel the force — Zjvzl Vg, Vi If N is large
enough, this one particle feels Z;VZI V; strongly, and finally it will be trapped. In
Section 3, we will justify this intuition.

This paper is organized as follows. In Section 2 the Nelson model and its scaled
one is introduced and show the main results. The proof of the main theorem is also
given. Section 3 is devoted to giving examples of Veg and V;’s. Finally in Appendix
A we show some fundamental facts on approximation of the bottom of the essential
spectrum of Schrodinger operators.
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2 The main results and its proof

2.1 Statements and results

Throughout this paper we assume (L) below:

(L) Forall j=1,...,N, (i),(ii),(iii) and (iv) are fulfilled.

(i) Aj(—=k) = \;(k) and \; € L2(RY), \;/v/w € L*(RY).

(ii) There exists an open set S C R? such that S = supp 5\]- and S\j e CY(9).
(iii) For all R > 0, Sk := {k € S||k| < R} has a cone property.

(iv) For all p € [1,2) and all R > 0, |ViA,| € LP(Sg).

Remark 2.1 (i) in (L) guarantees that Hy is a symmetric operator. In the proof of
Proposition 2.5 below, (ii)-(iv) in (L) are used. In order to show the existence of
a ground state, we applied a method invented in [8]. Precisely, we used the photon
derivative bound and the Rellich-Kondrachov theorem. The conditions (ii)-(iv) are
required to verify these procedures. See [19] for details. In [19] the dimension of the
particle space equals three, but one can justify Proposition 2.5 in the dN-dimensional
case.

Let D(K) denote the domain of K. It is well known and easily proved that H
is self-adjoint on D(H) := D(H, ® 1) N D(1 ® H¢) and bounded from below for an
arbitrary o; € R, 7 =1, ..., N, by the Kato-Rellich theorem with the inequality

[ H | < €| HoW || + bc[| W], ¥ € D(Ho),

for an arbitrary € > 0. It is also true that H (k) is self-adjoint on D(H) for all x > 0.
Assumptions (V1) and (V2) are introduced:

(V1) There exists a. > 0 such that inf o(Heg) € Ogisc(Her) for o with o] > a,
j=1,. N.

(V2) Vi(=A+1)", j=1,...,N, are compact.
The main theorem is stated below.

Theorem 2.2 Let \;/w € L*(RY), j = 1,...,N, and assume (L),(V1) and (V2). Fiz
a sufficiently large k > 0. Then for a; with o, < || < ac(k), j=1,...,N, H(k) has
a ground state, where a.(K) is a constant but possibly infinity.
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The scaling parameter x in Theorem 2.2 can be regarded as a dummy and absorbed
into m;’s, V;’s and A;’s. Let x be sufficiently large. Define

N N
N 1 ~ ~
Hizz (—%AJ—F‘/]) ®1+Z&j¢j+1®Hf,
j=1 J j=1
where 1; = m;k? V; = V;/x? and ¢; is defined by ¢; with A, replaced by \;/x.

Corollary 2.3 Let \j/w € L*(R%), j =1,..., N, and assume (L),(V1) and (V2). Then
H has a ground state for o, < |aj| < ae(k), 7 =1,...,N.

Proof- We have x2H (k) = H. Then by Theorem 2.2, H has a ground state. ~ QED

2.2 Proof of Theorem 2.2
Let Xj/w € L*(R%), j = 1,..., N, and define the unitary operator T' on H by

®
where 7; 1= / 7j(x;)dx with
RAN

i o A(—F) (k)
) _ *(k tkx 79\ V) k ikx 72\ dk.
71—](‘%) \/i Rd (CL ( )6 w(k‘) a( )6 w(k:)
Proposition 2.4 T maps D(H) onto itself and

T 'H(rk)T

N 2
1 .. 2 [0 3N
:E ———NﬁM—&@ +V; @1 — 2N/ Vw|? p + k1@ He + Veg @ 1
= 2m; K 2

= Hyg ® 1+ k*1® Hy + H'(k),

~ @ ~
where ¢; 1= ¢;(x;)dx with

RAN

(@) 1= - (a*(k)MM‘("f) n <k>w> ak

and

H(0) = {3 (098 106 + 6,(~i%; @ 1) + 228 = LIAVEIR).

K 2m; K2 2m;
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Proof: 1t is a fundamental identity. We omit the proof. QED
Let us set Cy :={1,..., N}. For  C Cy, we define

HO(B) = H(B.k) = > % (—Nj ®1-— %@)2 + 121 ® Hy + Vig(B) @ 1,

J

JjeB
k J 71k-(z‘7:c~)
T aa [ M “ak, 16122
‘/eﬁ(ﬁ) T Z]E,@Z#] w(
0, 18] =0,1,
HY(8)=H"(8,r5) =H(B) + > VoL
JEB

Simply we set H := HV(Cy). HY = H(k) — Zj ) ]H)\ |?/4 has ground states if
and only if H(x) does, since SV i1 O a?||A||?/4 is a fixed number. In what follows our

investigation is focused on showing the existence of ground state of H". The operators
H°(3) and HY (f3) are self-adjoint operators acting on L?(R¥%) @ F. We set

EY (k) = info(H"), BV (x.0) := il a(H"(5),
E°%k, ) :==info(H°(B3)), EY(k,0):=

The lowest two cluster threshold XV (k) is defined by

YW(k) := min{EY (x, ) + E°(k, 3°)|3 ; Cn}.
To establish the existence of ground state of H(k), we use the next proposition:
Proposition 2.5 ([8]) Let Y (k) — EV(k) > 0. Then H(k) has a ground state.

For g C Cy, we set
1

ho(B) = _Z%Aj+‘/eff(ﬁ)a hY(B) = h0(B) + 22 ,e5 Vi,
jes =~
£%(B) = inf o (R°(B)), gV (B) := inf o (h(B)),

where h°(()) := 0 and hY () := 0. Furthermore we simply put
RV .= hY(On) = Heg, &Y :=info(h"). (2.1)
We define the lowest two cluster threshold for A" by
=V — min{€"(8) + £2(5|5 S O} (2:2)

and we set

~

1 A=A () i .
Vemij(x) := —ZOQOZJ‘ /]Rd Tk)Je Medk, i .
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Lemma 2.6 Potentials Veg;;, 1,7 = 1,..., N, are relatively compact with respect to the
d-dimensional Laplacian.

Proof: Since A\;A;/w € LY(RY), 4,5 =1,..., N, we can see that Vesrij () is continuous in
x and limy| o V;Hij(:v) = 0 by the Riemann-Lebesgue theorem. In particular Veg;; is
relatively compact with respect to the d-dimensional Laplacian. QED

We want to estimate infoegs(Her). For Hamiltonians with the center of mass motion
removed, the bottom of the essential spectrum is estimated by HVZ theorem. By
extending the IMS localization argument to a quantum field model, in [8] the lowest
two cluster threshold of a Hamiltonian interacting with a quantized field (the Pauli-
Fierz model) is shown. The following lemma is a simplified version of [8], since no
interaction with a quantized radiation field exists. For a self consistency of this paper
we give an outline of a proof.

Lemma 2.7 Assume (V2). Then 0es(Heg) = [2Y,00).

Proof: We may assume that V;, Veg,;; € Ce(RY) by Proposition A.3. Then there
exists a normalized sequence {g,}, C C5°(R™) such that suppg, C {z € R¥|V;(x) =
0, V;ffij(aji - $j) =0,4,7 =1, 7N} and (gn7h‘v<ﬁ)gn) = (grw Zjeﬁ(_A/2m]>gn) — 0
as n — 00. Then we have

EV(B) +£E°(B°) <0. (2.3)

Let j5 € C°(R?%), 8 € Cy, be a Ruelle-Simon partition of unity [4, Definition 3.4],
which satisfy (i)-(v) below:

(1) Xpcey dsl@)* =1,

ii) ]5(C$) = jg(x) for [z] =1, C > 1 and § # C,

iii) supp jg C {z € Rd| ‘ mln Alzi — 25|, 2]} = ¢fz|} for some ¢ > 0,

(
(
(1V) 3(z) =0 for |z| <—and67éCN,
(v jCN has a compact support.

For a constant R > 0 we put jg(x) := jg(x/R). Note that for each 3 C Ch,

Ha=h"(B) @1+ 1003+ Y 10Vi@) + Y Verylzi—a)).

€8¢ i€B8,5€6°
1€0°,5€0
NS vy
WV

=Ig

By the IMS localization formula [4, Theorem 3.2 and p. 34], we have

. . . T - . 1 .
He = joxHenjey + ), do [RV(9) @ 1+ 1@ B8] ds+ D j5ls—5 > IVisl®
BSCN AEON PO

Here we identify as L?(R™Y) =~ L2(RUA) @ L2(RU). Since j%N(Zj.V:l Vi + Vig) and
ZBCCN jg[ s are relatively compact with respect to the dN-dimensional Laplacian by
=
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the property (iii) and (v), it is seen that

Uess(HeH)
1 1
= Oess | Jon (=5 > Aiex+ Y s MV (B) @1+ 1@ h%(5)] js — 3 > Vsl
j=1 BSCN BECN
We have

S s (B@1+101°(5)] js = Y (£Y(B) + E%(B))55

BSCN BSCN

1 , C
|5 2 Vil < 5
BECN
with some constant C' independent of R. Hence we obtain that

inf 0 (H) > min S (€¥(8) + £(5)) o) — 3 2 ¥ = o
e
BSCn

for all R > 0. Here we used (i) and (2.3). Thus oes(Heg) C [V, 00) follows. Next we
shall prove the reverse inclusion oes(Heg) D [V, 00). Fix 3 ;Cé Cn. Let {¢pV}2, C
Ce°(RUP!) be a minimizing sequence of Y (3) so that

lim [|(h"(8) — EY(B))un | =0, [l | =1.

n—oo

and {y2}°, C C°(R¥71) a normalized sequence such that
Tim [(A%(3) — £(57) — K2l =0, (24)

where K > 0 is a constant. Note that since o(h%(3°)) = [£°(5°), ), 0 such as
(2.4) exists. By the translation invariance of h°(3°), for any function 7. : N — R? the
translated sequence ¢ (zj, — Tn, ..., Tj 0, — Ta) also satisfies (2.4). Let R, > 0 be a
constant satisfying

supp ¥y C {x = (zj,, - ' Tjy) € RN|z;.| < Ry, i € B,i=1,...,|6]}.
We take 7 such that

SUPI”/’S( —Tpy "y — Tn)
CHlr = (zhy, o)) € RN |2y | > Ry +n, ki € B%i=1,...,|5}.



12 Enhanced binding

We set W, (1 ---xn) = Py (25, -~ 25,) @ U (T, — T+~ Thype; — Tn) € LHRN). Then,
for all 7, 7 with ¢ € 3, j € 3¢, we have
[Verij (i — )Wl < sup  [Vegy;(2)| = 0,  (n — 00),

x€RA |z|>n

Vi)Wl < sup — [Vj(z)] =0, (n — o0).

T€RY,[|> R +n
Hence, by a triangle inequality, we have that
|(Hex — €Y(8) = £°(6°) = K) Tyl — 0, (n — o0).
Therefore [EY(8) + £°(5°) + K, 00) C 0(Heg). Since § G Cy and K > 0 are arbitrary,
[ZV,00) C Oess(Heg) follows. Thus the proof is Complete QED
We define
Ay, ...,ay) ==V - &Y.

Corollary 2.8 Assume (V1) and (V.2). Then Ay(aq,...,an) > 0 follows for o with
laj| > e, j=1,...,N.

Proof: Since infoes(He) = =¥ by Lemma 2.7 and info(Heg) € oqise(He) by (V1), the
corollary follows from Ap(aq,...,an) = infoes(He) — info(Heg) > 0. QED

Lemma 2.9 For an arbitrary > 0, it follows that XV (k) > ZV.

Proof: Tt is well known that HY(3) can be realized as a self-adjoint operator on a
Hilbert space Hqg = L*(RIF4) @ L?(Q,dp) with some measure space (Q, i), which is
called a Schrodinger representation. It is established that

(0,7 OD)y, < (0], e DTS,
Hence for any 3 C Cy, it follows that info(hY(8) @ 1 + k*1 @ Hy) < info(H"(0)).

Since info(H;) = 0 and info(hY (3) ® 1 + k*1 ® H;) = infa(hY(3)), the lemma follows
from the definition of lowest two cluster thresholds. QED

Lemma 2.10 Assume (V1). Then E(k) <&V + k2 z] 1 ]||/\ 12/ (4m;) for o with
laj| > ae, j=1,...,N.

Proof: By (V1), Heg has a normalized ground state u for a; with |o;| > ae, j =1, ..., N.
Set U :=u ® (2. Then

E(k) < (u, Hogu) +Z

jf

I OR(iV,; T, $; V) + Z ||

2m;k

= 8V+Z
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Then the lemma follows. QED
Proof of Theorem 2.2
By Lemmas 2.9 and 2.10, we have

N 2 N 2

Oé Oé
A i1 - — 2
Y G = Aufon, o) = 30 TSI

Note that Ay(avy, ...,ay) > 0 is continuous in «, ..., ay. Then for a sufficiently large x,
we can obtain that there exists a.(k) > o, such that for o, < |a;| < ac(k), 7 =1,..., N,
¥V(k) — E(k) > 0. Thus H(k) has a ground state for such a;’s by Proposition 2.5.
QED

BV (k) = E(k) 2

[I]

3 Examples

3.1 Example of effective potentials

The typical example of ultraviolet cutoff function is of the form j\j = pj/Vw, j €
C, with rotation invariant nonnegative functions p;. In this case Vg (z1,...,2n) =
> iz €0 Verij(w; — ;) satisfies that (1) Vegy; is continuous, (2) limyy)—eo Vij(x) = 0
and (3) Ves;(0) < Vegij(z) for all € R? but « # 0. More explicitly effective potential
Vog is given by

k)pi(k) _.
‘/;ﬁ(xla e, = — Z OC@OCJ / weilk.(xiiajj)dk

2
Z#J (k)
N
/(2m) (d=1)/2
- __Zalaﬂm PRICSVE pi(r)pi(r)a/r|zi — 25| J(a—2)s2(r|z|)dr

i#]

Here J, is the Bessel function:

W) = 2 3 el

where I' denotes the Gamma function. In the case of d = 3, and

0 |k <k,
i) =) VPR < ] <A
K> A,
we see that
N Alzi—zj5|
] . il'sinr

Vielor. - ) — - o .
(21, ,TN) 871-2; |$7;—Ij| rlzi—z;| T ' <>
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3.2 Example of V)’s

We give an example of Vi,---  Vy satisfying assumption (V1). Assume simply that
Vi==VW=V,agg=-=ay=a, \i=---=Ay=Xandm; =--- =my =m.
Then Veg;; = W for all i # j. Let

RY :2(——A —|—Vx])+oz ZW — 1),

J7#l

which acts on L*(R%). We assume (W1)-(W3) below:

(W1) V is relatively compact with respect to the d-dimensional Laplacian A, and
o(—(A/2m) 4+ V) =[0,00).

(W2) W satisfies that —oo < W(0) = ess. inf W (x) < ess.inf W (z) for all € > 0.

|| <e |z|>e

(W3) info(—(A/2Nm) + NV) € oque(—(A/(2Nm) + NV).

Remark 3.1 Note that examples of Vg given in subsection 3.1 satisfies (W2). The
condition (W1) means that the external potential V' is shallow and the non-interacting
Hamiltonian hY (0) has no negative energy bound state.

When W = 0, (W1) implies that each particle independently behaves and is not
trapped. When W # 0, W closes up N particles and they behave as one particle with
mass Nm. The one particle may feel the force —NVV and be trapped by NV. The
following theorem justifies this heuristic argument.

Theorem 3.2 Assume (W1)-(W3). Then, there exists a. > 0 such that for all a with
la| > a, infa(hY (@) € oaisc(hY ().

To prove Theorem 3.2 we need several lemmas. For 3 C Cl, we define

(. ) : ZA +a? Y Wiy —m), BV (a,8) = e, B) + ) Viay),
JGB leilﬁ Jjes

E%a, B) :=info(h’(a, B)), EY(a,p) :=info(h"(a,B)),

where £V (a,0) := 0 and £%a,0) := 0. Simply we set £V (a,Cy) = EY(a) and
E%a, Cy) = E%a). Let =¥ () denote the lowest two cluster threshold of hY («) defined
by (2.2). Then by (W1) and Lemma 2.7, we have

Tess(h (@) = [EY(a), 00). (32)
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Lemma 3.3 Let 3 ; Cy but 8 # (. Then there exists o > 0 such that, for all o with
la| > o,

E%a) < EY(a, B) + E%(a, 59). (3.3)
Proof: Since h°(a, 8)/a? and hY («, 3)/a? converge to > ;1es W (x; — ;) in the uniform
i

resolvent sense, by (W2), one can show that

Ev EY
tim SO S0 51151 - 1w o),
Hence
hm£%®:dWN—1MK®,

a—oo (Y

i & (@:8) + E%a, 5°)

a— 00 042

= {(181(8] — 1) + 1515 — 1)} W (0)
= {N(N=1)+2I|(18 = N)}W(0).

Since |B|(|B] — N) < —1 and W(0) < 0 by (W2), we see that there exists o’ > 0 such
that (3.3) holds for all a with |a| > o' QED

Let X = (z1,...,2x) € R™ and Y := (2., y1,...,yn_1)" be its Jacobi coordinates:

1 N 1 J

i=1

Let T' € GL(N,R) be such that Y = T'X. Note that

- 1 1 11
N N N N
1 1
-5 3 100 0
T=| s -5 —3 L 0 01
_ ‘1 1 1 _L 1
L N-1 N—-1 N—-1 -1 -
oL 1 _1 _1 _1-
P S G G X
2 3 4 ? N
1 0o 2 1 _1 . i
S B ¥
_— L0 0 3 -5 —% N
N-—2 1
_1 0 N A
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T induces the unitary operator U : L*(RY) — L%R) defined by (Uy)(Y) =
»(T~Y). We have

Uh’(a)U ™ = Z

URY (a)U ™" = Uh(a)U ™" + Z V() (Y

Ay +a ZW (z;(Y) = z(Y)),

2#’] j#l

where p; := jm/(j + 1) is a reduced mass and z;(Y) := (T7'Y);. Let k(a) be h%(«)
with the center of mass motion removed:

—A, +a ZW z;(Y) = x(Y)).

kla) = — Z
J#l

Set R¥V = R¢ @Ryﬁ yl)v L= XD Xz Since z;(Y) —z(Y), 4,5 =1,..., N —1, depend

-----

only on y1,...,yn_1 € X2, k() is a self-adjoint operator acting on L?(x}).

2#]

Lemma 3.4 There exists o > 0 such that info(k(a)) € ogisc(k(a)) for all a with

la| > a”.

Proof:  Assume that lim, o W(z) = 0. Let x,x € C*°(R) be such that x(z)* +
L, Jz| <1,

X(2)? =1 with x(z) =<

For a parameter R, we set
0, |z|>2.

xr(1) = x(wnl/R), xr(n):=x(nl/R), wn R,
Or(Y1) == x(|Y1|/2R), Or(Y1) == x([Y1]/2R), Yi:=(yo,...,yn—1) € RTV 2.

By the IMS localization formula, we have
k(o) = xrOrk(a)0rxr + xrOrK(a)0rXR + Xrk(2)XR
1 1 _ 1 1.
_§X?%|V9R|2 - §X%:|V9R|2 - §|VXR|2 - §|VXR|2- (3-4>

N

—B(R)
Here B(R) is a bounded operator with

C
IBOR < 751

where C' is a constant independent of R. Since x%0%a? Zj\;l Wi(x;(Y) — z(Y)) is

relatively compact with respect to — Z;yzl(Quj)_lij, we have oegs(k(r)) = 0ess (K (@),
where

N
, 1 - o
K () XR9R< E — >‘9RXR + XrOrk(0)0rXR + XrKk(0)XR + B(R).

j=1 214
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We have
K (o) 2XRORE (k(0) — o®W (22(Y) — 25(Y)) — &2 W (25(Y) — 22(Y))) (3.5)
+ XR0RA W (22(Y) — 23(Y)) + W (25(Y) — 2(Y))] (3.6)
+XRE (k(a) — o'W (21(Y) = 22(Y)) — &' W(22(Y) —21(Y)))  (3.7)
+ X' W (@1 (Y) = 22(Y) + W(@a(Y) — 21(Y))] (3.8)
— C/R%. (3.9)

Note that y; = 25(Y) — 21 (Y) and 25(Y) — 22(Y) = y2 — y1/2. We have

(3.6)] <2 sup  a®|W(y —y1/2)] <20° sup |[W(y)l,

1| <2, lpa|>4R ly|>3R
((38) <2 sup oW (y)].
ly1|>2R
Since we assume that limj,—..o W(z) = 0, we obtain that limp_. ||(3.6)]] = 0 and

limpg_o [[(3.8)|| = 0. Thus, for all R > 0 we have

inf oess (k(a)) = Y€§2§_1>[(3'5)+<3'm_”(3'6)H_“(3'8)”_0/1%2

> min{E(k(a) — *W (21 — 22) — &*W (22 — 1)),
E(k(a) — ®W (xy — x3) — W (23 — 12))} + o(R), (3.10)

where limg_,o o(R)/R = 0. It is seen that

E(k(a) — a*W(zy — x9) — &*W (29 — 1))

Tim. . — [N(N —1) = 2JW(0),  (3.11)
s P Z W =) WA —02)) iy -1y —owo), (312)
Tim w — N(N — 1)W(0). (3.13)

By (W2), we have W (0) < 0. Therefore combining (3.10)-(3.13) we see that there
exists @” > 0 such that inf e (k(a)) — info(k(a)) > 0 for |a| > . This implies the
desired result. QED

Lemma 3.5 Let u, be a normalized ground state of k(a), where |a| > o”. Then
[t (Y15 - yn—1)|* — 0(y1) - -~ 8(yn—1) as o — oo in the sense of distributions.

Proof: Tt suffices to show that for all € > 0,

lim [ua (Yo)|?dYo =0, Yo = (y1,...,yn_1)- (3.14)

a— 00 IYO|>€
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We prove (3.14) by a reductive absurdity. Assume that lim inf / U, (Yo)[Pd Y > 0
[Yo|>e€

{—00
for some constant € > 0 and some sequence {a,}2; C R such that ay — co(¢ — o).
We can take a subsequence {a,}32, C {ay}32; so that

v = elim luga, (Yo)|?dYy > 0.
—o0 ‘Y0|>E
Since k(a)/a? > N(N — 1)W(0) and lim, .o, E(k(a)/a?) = N(N — 1)W(0), we have

N

NN = () = Jim 50 K(ius,) = Jim (a3 W (45) = (00) i,
J#l
2 (L= NN = DW(0) + inf > W(z;(¥o) - 2(Y0)
J#

> N(N — 1)W(0).

Thus we have v
anf > Wi (Yo) — 2i(Yo)) = N(N = 1)W(0). (3.15)

T

By (W2) and (3.15) there exists a sequence Z, = (21n,...,2Nn-1)n) € R~V such
that |Z,| > € and lim,,_.o(2;(Z,) — x1(Z,)) — 0 for j # [. By the definition of z;(Y’),

we have

lim (29(Z,) — 21(Z,)) = lim 2z, =0,

lim (z3(Z,) — 22(Z,)) = lim (22, — §zln) = lim 2, =0,

lim (zn(Z,) — 2n-1(Zy,)) = lim zy_1, = 0.

n—oo n—oo

This is a contradiction to |Z,| > € > 0 for all n. QED

Proof of Theorem 3.2
Let u, be a ground state of k(a) = Uh®(«)U~!. By Proposition A.3, we may assume
that V € C°(R?). Let |a| > o”. Let v € C5°(R?) be a normalized vector such that

1

Such a vector exists by (W3). We set U(Y) = U(x.,Yy) = v(z)ua(Yp) for YV =
(2, Y0) = (6,41, - - -, yn—1) € R¥. Then

A, + NV (z.))v) <0. (3.16)

1
2mN

(v, Ay v) + E%a) + (7, Z V(z;(Y)). (3.17)

Jj=1

(U, URY (a)U ') =
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We define
j?émeared(wc) = /d(N )dyl"'dyN—1V($j(Y>>’ua<y17"'>yN—1)‘27 ] = 17"'7N'
RAN -1

By Lemma 3.5, we have

N N

lim (\117 Z V<:CJ<Y))‘I!) = lim Z(U’ V;?smearedv> = (U7 NV(I‘C)U)
j=1 j=1

Therefore, by (3.16) and (3.17), (¥, hY (a)¥) < £%a) for |a] > " with some o > 0.

By this inequality, Lemma 3.3 and (3.2), we conclude that for a with |a| > a. =

max{a/, "}, ZV(a) — EV(a) > E%a) — EV(a) > 0. Then the theorem follows. QED

A The bottom of an essential spectrum

We give a general lemma.

Lemma A.1 Let K., € > 0, and K be self-adjoint operators on a Hilbert space K and
Oess(Ke) = [&,00). Suppose that lim. o K. = K in the uniform resolvent sense, and
lime g& = &. Then oes(K) = [£,00). In particular lim_g infoes(K.) = infoes(K).

Proof: Let a > £. Then there exists ¢y such that for all € with € < ¢y, & < a, from which
we have a € o(K,) for all € < €. Since K, uniformly converges to K in the resolvent
sense, a € o(K) follows from [16, Theorem VIII.23 and p.291]. Since a is arbitrary,
(€,00) C o(K) follows and then [£, 00) C 0egs(K). It is enough to show infoe(K) = &.
Let A € [infoess(K),&) but A € o(K). Note that for all sufficiently small €, A & o(K)
by [16, Theorem VIII.24]. Since R\ ¢(K) is an open set, there exists 4 > 0 such that
(A=0,\+0) ¢ o(K). Let P4(T) denote the spectral projection of a self-adjoint operator
T on a Borel set A C R. We have limc .o Plinfoe, (5)-53) (Ke) = Plinfow, (5)—6,x) ()
uniformly by [16, Theorem VIII.23 (b)]. In particular, for some ¢’ > 0,

| Plintoess ()-8 ) (I e) = Plinfoos (k)0 0) ()] < 1,

which implies that Pnte,.(x)—s 1) (Ke)K is isomorphic to Pingo.., (x)-s 1) (K)K, and then
Plinfous (5)—5' 2 (I)K is a finite dimensional space, since that of Pt (k. )—s,x) (K)K is
finite. Thus (infoes(K) — 8, A\) No(K) C ogise(K). This is a contradiction. Hence we
have [infoes(K),&) C o(K). Suppose that infoes(K) < . Let 7 > 0 be sufficiently
small. Note that (infoess(K) — T, infoess (K) + 7) C oqise(K) for all sufficiently small e.
Let 6 € C3°(R) satisfy that

[ 1, |z —infoes(K)| < T,
0(=) = { 0. |2 — infou(K)| > 27
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Then we have lim._,o §(K,) = 6(K) uniformly by [16, Theorem VIII.20]. Since §(K.)
is a finite rank operator for all sufficiently small ¢, §( K) has to be a compact operator.
It contradicts with the fact, however, that the spectrum of (K) is continuous. Then
we can conclude that infoe(K) = £ and the proof is complete. QED

Let V : RY — R% be a real measurable function.

Lemma A.2 Let A be the d-dimensional Laplacian. Assume that V(—=A + 1)~ is
compact. Then there exists a sequence {V(€)}eso such that V(e) € C§(RY) and
lime o V(e)(—A +1)7! = V(=A + 1) uniformly.

Proof: Generally, let A be a compact operator and { B, },, bounded operators such that
s-lim,, .o, B, = 0, then B,A — 0 as n — oo in the operator norm. Since V(—A +1)7!
is a compact operator, we obtain that for a sufficiently large R > 0,

11 = xR)V(=A+ 1) <¢/3, (1.1)

where xr denotes the characteristic function of {z € R%|z| < R}. Let x™ denote
the characteristic function of {z € R%||V(z)| < n}. Since (1 — x™) — 0 strongly as
n — oo,

1L = X")xRV (=D + 1)1 < ¢/3 (1.2)

for a sufficiently large n. Since C§°(supp(xzx"™)) is dense in L?(supp(xrx™)), there
exists a sequence {Vi,}n C Cg°(supp(xrx™)) such that ||V, — xax™V || 2@a)y — 0
as m — oo. Since xpx™V has a compact support and is bounded, we obtain that
S-limyn 00 Vin = XrX™V as an operator. Thus for a sufficiently large m,

1V = XX V) (=2 + 1)1 < ¢/3. (13)

By (1.1)-(1.3) we can obtain that for an arbitrary € > 0, ||(V — V;,)(=A +1)7'| < e
for a sufficiently large m. Thus the lemma follows by setting V,,, = V' (e). QED
Let 8 C Cy. Set
1
KB == 5Bt > Vi, BB =18+ DV
jeg = i,j€B j€B

with V; € L (RY) and Vj; € L} (R?) such that V;(—A +1)7! and Vi;(—A +1)~! are

loc loc

compact operators. We define K := kY (Cy). Let

EV .= ggicrjlv{infa(ko(ﬁ)) +info (kY (3))} (1.4)

be the lowest two cluster threshold of K.



Enhanced binding 21

Proposition A.3 There exist sequences {Vi}e, {Vi5}e € C°(RY), 0,5 =1,..., N, such
that
(1) imZY(e) =ZY, (2) liminfoe(K(€)) = infoes(K),

e—0 e—0

where =V (€) (resp. K(e) ) is ZY (resp. K) with V; and V;; replaced by V& and VS

157
respectively.

Proof: By Lemma A.2, there exist sequences {V}eso, {Vi§}eso € C5°(R?), such that
Vi(za) (A +1)70 = Vi) (A + 1)

and

Vi — ) (=00 = 85 + 1) 7" — Vil — ) (=4 = 45 + 1)

uniformly as € — 0 for 4,5 = 1,..., N. Hence info (k" (¢)) and info(k(€)) converge to
info (k") and info (k%) as € — 0, respectively. Then (1) follows from the definition (1.4).
By this and the uniform convergence of K(¢€) to K in the resolvent sense, Lemma A.1
yields (2). QED
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