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ABSTRACT. We augment the method of C'°° conjugation approximation with
explicit estimates on the conjugacy map. This allows us to construct ergodic
volume preserving diffeomorphisms measure-theoretically isomorphic to any
apriori given Liouville rotation on a variety of manifolds. In the special case
of tori the maps can be made uniquely ergodic.

1. INTRODUCTION

We call a diffeomorphism f of a compact manifold M that preserves a smooth
measure 4 a smooth realization of an abstract system (X, T, v) if they are measure-
theoretically isomorphic. A diffeomorphism of a compact manifold has finite en-
tropy with respect to any Borel measure. The natural question therefore becomes
whether every finite entropy automorphism of a Lebesgue space has a smooth re-
alization. This problem remain stubbornly intractable and there remain abstract
examples that have no known smooth realizations.

We seek to find smooth realizations of one of the simplest types of automor-
phisms; aperiodic automorphisms with pure point spectrum with a group of eigneval-
ues with a single generator. Such automorphisms are measure theoretically isomor-
phic to irrational rotations of the circle. They therefore have a natural smooth
realization. We seek smooth realizations on manifolds other than T. Such reliza-
tions are called non-standard smooth realizations.

We extend the conjugation approximation method of Anosov and Katok [1] to
construct non-standard smooth realizations of a given Liouville rotation on T on
a variety of manifolds M. Indeed, in the special case that the manifold is T? for
d > 2, we can produce uniquely ergodic realizations of the given Liouville rotation.
The crucial new ingredient is an explicit construction of the conjugating maps that
allows us to estimate their derivatives. This allows us to ensure that the construc-
tion converges for a predetermined Liouville number «. The approach parallels
that taken in [3]. The original paper of Anosov and Katok paper constructed non-
standard smooth realizations of a dense set of Liouville rotations. However, without
estimates, it was not possible to identify which Liouville rotations could be realized.

Definition. A number a € R\Q is a Liouville number if for all k > 0 we have

(1) lim inf ¢*||ga|| = 0
q— 00
where ||ga|| = infpez |qo — pl.
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Let T? := R%/Z? denote the d-dimensional torus. Let Ry : T — T be the rotation
of the circle, taken with the Haar probability measure, given by Ry(z) = = + 6
mod 1.

Denote by Diff* (M, i) the class of C*° diffeomorphisms of M that preserve a
C* smooth volume u. Throughout this paper we will use A for the probability
measure induced by the standard Lebesgue measure.

Theorem 1. Let M be a compact connected manifold, possibly with boundary, of di-
mension at least 2 that admits an effective C*° action of T preserving a C'*° smooth
volume u. For every a € R\Q Liouville there exists an ergodic T € Diff (M, u)
measure-theoretically isomorphic to the rotation R.,.

In the special case M = T? we can strengthen the result to obtain unique
ergodicity.

Theorem 2. For every Liouville « € R\Q, and every d > 2 there exists a uniquely
ergodic transformation T € Diff> (T4, \) such that T is measure-theoretically iso-
morphic to the rotation R,.

It remains open whether there are C*° realizations of Diophantine rotations on
any manifold other than T.

2. CONSTRUCTION

2.1. Outline. The required measure preserving diffeomorphism 7' is constructed
as the limit of a sequence of periodic measure preserving diffeomorphisms 7;,. For
each of the properties that we wish the limiting diffeomorphism T to possess, we
establish an appropriate finitary version possessed by the periodic diffeomorphism
T,.

Let S : T x M — M denote an effective C'° action of T on M that preserves
the volume and denote by S, the diffeomorphism S(c,-). The diffeomorphism T,
is given by

(2) T, := H,S,, H,*

where «,, € Q and H,, € Diff> (M, ).

We choose a sequence «,, := pl,/q, such that |a, — a] — 0 monotonically.
This choice defines a sequence of intermediate scales by ¢, = ¢¢_,¢/, satisfying
45, < qn < @y, which are geometrically natural for all the previous transformations.
Fixing ¢,, determines H,, 41 via the iterative formula

(3) Hy1 = Hphp g,

Defining the family of maps h, , and investigating their properties will form the
bulk of this paper.

2.2. Reduction. Though Theorem 1 appears considerably more general than The-
orem 2 they follow from nearly identical arguments. We are able to reduce the case
of a general M admitting a smooth C* action of T to the case of M = 9~ x T,
where I = [0,1] is the standard unit interval, with Sp : 197! x T — 9~ x T given
by
So(x1,...,xq) = (x1,...,24-1,2Tq + 6 mod 1).

Let o denote the effective T action on M. For ¢ > 1 we denote by F, the
set of fixed points of the map o(1/g,-) and let B := M UJ,>, Fy be the set of
exceptional points.
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We quote the following proposition of [2] that is similar to other statements in
1, 6]

Proposition 1. [2, proposition 5.2] Let M be an d-dimensional compact connected
C> manifold with an effective circle action o preserving a smooth volume . Then
here exists a continuous surjective map T' : 1971 x T — M with the following
properties
(1) The restriction of T to (0,1)41 x T is a C™ diffeomorphic embedding;
(2) pTOI! x T)) =
(3) T(OU*~t x T)) > B;
(4) Tu(X) = p;
(5) coT'=ToS8.

An application of Proposition 1 at each step allows us to conclude Theorem 1
from the special case M = I%~! x T. Thus the construction need only be carried
out for two specific manifolds; M = T¢ or M = I4"! x T. For both we take the
action Sy : M — M given by

So(x1,...,xq) = (x1,...,24-1,24 + 0 mod 1)

that preserves the smooth unit volume A induced by the usual Lebesgue measure
on R,

2.3. Partitions and Measure-Theoretic Isomorphism. The most difficult prop-
erty to define on a finite scale is that of measure-theoretic isomorphism to a circle
rotation. We use the abstract theory of Lebesgue spaces. Given an isomorphism
of measures space (M7,B1, u1) and (May, Bo, o) there is a natural isomorphism of
the associated measure-algebras. If both the measure-spaces are Lebesgue spaces
then the converse is true; every isomorphism of the measure-algebras arises from a
point isomorphism of the measure spaces. This is the crucial observation that leads
to the follwing abstract lemma, which appears as [1, Lemma 4.1].

Given a partition £ of a space M we write £(x) for the atom of the partition
which contains x. We say that a sequence of partitions &, generates if there is a
set F of full measure such that for every x € F' we have

{z} =Fn () &l)

n=1

Lemma 1. Let My and My be Lebesgue spaces. Let ( 7(11))" 1 be a monotone se-

quence of finite measurable partitions of M; that generates. Let (T(Z)) >, be a
sequence of automorphisms of M; such that

(1) (T,(f))n 1 converges in the weak topology to an automorphism T®) of M;.

(2) TnZ)fn = n .
Suppose that for each n there exists a measure-theoretic isomorphism K, : M /57(11) —
Mg/&(f) of the probability vectors such that:

(1) K;1oT? (o 0 Kn = M

(2) for all A € &V,

e

K,A =K, _1A.

Then the automorphisms T and T are measure-theoretically isomorphic.
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Consider the partition of T given by
(4) flg = {Aig:0<i<q?}

where Ai,q = [ig=?, (i + 1)g~%). This partition is preserved under the action R,/

For any increasing sequence of g, the sequence of partitions 7, generates. Let
My =T, 5(2) = 17)g,, and T( ) = R, . Since g, divides g,+1 we have 7q, < g, -

Let 74 : M — T denote the projection onto the last component of M. We obtain
a partition of M by

(5) Ng = ﬂ';lﬁq ={A;4:0<i< q?}
where
ANjgi={x:zq4€ lig=%, (i +1)g~ D},
Since 74 0 S0 = Ry o mq the partition 7, is preserved under the action of S, /,

and, moreover, the action of S,,, on 7, is conjugated with that of R,,, on 7.
Unfortunately the sequence of partitions 7,, does not generate.

A973 A9,3

—1 Td

A1 3 A1,3

)

FIGURE 1. The partition 73 of either I x T or T? and the partition
77]3 of T.

Let M7 = M and define the sequence of partitions
(6) 57(11) = Hnq11g, = Hnhn,g,Nq,,-

Unlike the sequence 74, , the sequence 5,(,1) can be made to generate. We construct
hy,q as a diffeomorphism of wgl [0,¢71] and extend it to all of M by requiring that
it commute with S;-1. Then

(1) Since ¢?_; divides g, we have for 0 <i < ¢¢_;

hn;‘]n Aiv‘]n—l = Ai#hl—l .
(2) Since ¢, divides ¢, we have
nq OS - anohnv%'

Asng,_, <mngq, wehave Hy 11, _, < Hypy17q, . By the first of our two properties we

have that Hp417q, , = Hung, , and hence {flljl < 57(11). Thus {&(11)} is a monotone
sequence of partitions as required by Lemma 1. The second property ensures that

§n U Define the map
K, =m40H,},
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Using the two properties we have that
K,oTM =T® o K,
Kn(HnAig, ) = Kn1(HnBig, )
as required by Lemma 1.

This completes the proof of the main theorem except for the proof that the
sequence T, converges in Diff* (M, \) and the proof that 57(11) generates.

2.4. Construction of the Conjugating Maps. We will carry out the construc-
tions for M = T¢ and M = I~ ! x T simultaneously. The proof of unique ergodicity
in the case M = T¢ will appear in a later section.

Lemma 2. Let n > 2d and g € N. There exists a map hy 4 € Diff (M, X) and a
set B g C M such that:

(1) hngSq-—1 = Sg-1hn g and hnﬁq(wdfl[o,q’l]) = wgl[(),q’l].

(2) A(Ep,q) >1—4%1L,

n

(3) for each 0 < i < ¢4,
diam Ry, o (A g N E, 4) < Vg™t

2.4.1. Heuristic Construction. In order to motivate the construction of the family
of conjugacy maps we first construct a family of measure-preserving discontinuous
maps hg such that h, commutes with S;-1 and carries each A; ; into a d-dimensional

cube with side-length ¢~ '.

Ag 3 b3A73| d3As 3| 3o

As 3 L} G3013| P3As53| d3le 3

AVE! G301 3| d3la3| d3lss

FIGURE 2. Action of g?)g = h3 on the partition ns.

Let ng be defined on [0,1] x [0,¢™] by letting it act on the interior by

éq(‘rbu y) = (qya q_l(l - ZC))
and extend it to all of [0, 1] x [0, 1] by requiring ¢, (z,y+q ") = ¢q(z,y) + (0,¢1).
Define éfﬁ by

[?q]l(fl?i,l’iﬂ) j=i

(7) [00]5 (@1, 2a) = § [@ela (@i, min) j=i+1
Z; otherwise

The map qu is defined by
hq = ¢((11) e d)((]d_l)
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Each A; 4 is mapped, by ﬁq, into a cube of side-length ¢~'. The map iLq commutes

with S,-1 since qz,(ldfl) commutes with S,-1 by construction and the other éfj) don’t
affect zq4.

2.4.2. Proof of Lemma 2. Our family of conjugating maps h,, 4 is constructed us-
ing the same process as iLq above. Clearly control of some of the space must be
relinquished in order to be able to produce a C°°° volume preserving map. One
additional complication arises ensuring that we retain sufficient control over every
orbit. Let ¢, denote a C°° map of the unit square satisfying

(1) ¢p is C* flat on the boundary.
(2) ¢y acts as a pure rotation by Z on 5,1 — 5] x [5,1— 5]
(3) n preserves Lebesgue measure.

Let Cy(z,y) := (z,q"'y) and define ¢,, 4 on [0,1] x [0,¢7*] by

(8) ¢n,q = Cq<pn0(;1,
Extend ¢y, 4 to the entire unit square by requiring that
Png(2,y +471) = ngla,y) +(0,¢71).

This agrees with ¢, 4 on a set of volume (1 —2/n?)? which we estimate from below
by 1 —4/n?. Analogously to our earlier definition of (;3,(;) we define ¢$f,)q.

. (gl (@i, wipr) =1
[(bl(;)]j(xlu"'?xd) = [(bq]Q(xi,IiJrl) ,] —i+1
Lj otherwise

2.4.3. M = I%' x T Case. We define the conjugating map hy, : [ x T —
1971 < T by
hn,q = ¢£7,1,21 U ¢(d_1)'

n.q

This map agrees with ﬁq on a set F, 4 given by

d—1 d

1 1 a k 1k 1
c  _ -1 _ = -1/~ - -
9) Eng = Z:le i ([0’ n2) L nz’lD U]L:JI k_lwd (qj n2qi’ ¢ + nij)'
Treating the sets on the right as disjoint we can estimate
d—1
(10) MEp, ) >1—4 o

2.4.4. M = T?% Case. In order to produce a unique ergodic diffeomorphism T it
is necessary to control all orbits. The set E, , constructed above for the case of
M = I?"! x T excludes entire orbits. In order to rectify this requires one more
map. Let v, : T¢ — T? denote the translation

(11) Ye(1,. ., 2a-1,2q) == (x1,...,Z4-1,%a) + xalq,...,¢,0) mod 1.

Obviously v, commutes with S;-: and preserves the Lebesgue measure. Further-
more, since 1), does not affect the last coordinate, it preserves each A;,. For the
uniquely ergodic case we define

(12) hig = ¢4 - ot Dy,
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FIGURE 3. The set E,,, for the case M = I x T (left) and for the
case M = T? (right).

Exactly as for the ergodic case h,, , agrees with h, on a set B, , with

d—1
n2

AMEp,q) >1—4

The map 1, ensures that E, ; contains most of every orbit.
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2.5. Analytic Properties.

2.5.1. Notation. All of our diffeomorphisms h : I9~! x T — 1971 x T are identity in
a neighborhood of the boundary and hence can be identified with a diffeomorphism
h: T¢ — T?. Defining a topology on Diff*(T? T¢) defines a topology on the closure
of the space of diffeomorphisms h : 1971 x T — I%1 x T that are identity in a
neighborhood of the boundary.

Let f,g € C°(T¢, T%). We define

do(f,9) = maxd(f(x), g()).
Let f € C*(R% R). Given a € N we denote |a| := a3 + -+ + aq and
olal f

D.f i = ——————.
af = oxi* ... 0xy"
Using this we can define

171 = max mae D, (@)

For f € C*(R4,RY) we define

= D
I/l = jmax, max max|Dafi(x)]

For h : T — T¢ we can define a natural lift 4 : R — R% Now given f,g €
Ck (T4, T?) we define

di(f,9) = max{do(f,9), I f — dllx}
Finally, for f,g € Diff*(T4,T%) we define

dk(fv g) = HlaX{CZk(f, g)v Czk(filvgil)}

The metric defined in this way is equivalent to the usual one defined via the
operator norms but is easier to work with for explicit estimates. For further details
consult [5].

2.5.2. Estimates.
Lemma 3. We have the following estimate:

(13) Ihnglle < Crg™
where Cy depends on d, k, and n but is independent of q.

Proof. By direct computation we obtain

(14) I8l < a*llonlli

and

(15) I¥qlli < g-

We claim that partial derivatives with |a| = k consist of sums of products of at
most (d — 1)k terms of the form

(16) (Do[gf21s) (@8 - ol o)

with |b] < k and at most k terms of the form

(17) Dc[wq]j
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with |¢] = 1. This is true for |a| = 1 by computation and, by the product and
chain rules, if it is true for |a| = k then it is true for |a| = k + 1. By induction it is
therefore true for all k.

Now suppose the estimate (13) holds for k we wish to show it holds for £+ 1. We
use our structure theorem for k. Differentiating a term of the from (16) we get a
sum of products of d+ 1 — i terms. The first is of the form (16) but with the power
of the derivative raised by 1. The next d — 1 — ¢ terms are first partial derivatives
of ¢$j§1), ceey ¢${f; U The final term is a first partial derivative of ¢,. Applying the
estimates (14) we see that the required power of ¢ has been increased by at most
d. Differentiating (17) gives zero since 1, is linear.

O

By an application of the Faa di Bruno’s formula we obtain the following corollary.

Corollary 1. We have the following estimate
(18) [ b gl < Cag™
where Cy depends on Hy, n, and k but is independent of q.

2.6. Completing the Construction. Having now constructed the family of maps
hy,q from which the maps H,, are assembled it remains only to explain how we
choose the sequence ¢,. The choice of ¢, determines «, as the best approximation
to a with denominator g,,.The choices of g1, ..., g,—1 completely determines H,,. We
show how given H,, we choose g, so that T}, has the desired properties.

In the original Anosov and Katok method of construction the choice of a,, in
the definition of T;, (2) determined the distance between the already determined
T,_1 and T, in Diff". The observation there was that if «a, could be chosen
arbitrarily close to «,_1 then the transformation T, could be made arbitrarily
close to T,,—1. The advantages of this approach are that no estimates on the maps
H,, are required. Unfortunately this approach is inconsistent with ensuring that the
sequence «,, converges to an a priori given number «. In the approach we take the
choice of g,, (and hence of a,,) determines the distance between T), and, the as-yet
undetermined transformation, T,,41. Since the choice of ¢, fixes the conjugacy map
H, ;1 the only undetermined quantity in 7,41 is the choice of ay41. Supposing
only that the choice of a1 will be a better approximation to « than «,, we are
able to estimate the distance between T, and T}, 41 knowing only the choice of a,.

Lemma 4. Let k € N. For all h € Dift*(M) and all o, 3 € R we obtain
di(ho Sooh™ koS0 h™t) < CollafE o —
where C'3 depends only on k.
Proof. For k =0 we have the estimate
do(hoSaoh ™ hoSgoh™) < |hf:]a— B

by the mean value theorem. We claim that for a € N¢ with |a] = k the partial
derivative

DylhioSqoh™ —h;joSz0h™!]
will consist of a sum of terms with each term being the product of a single partial
derivative

(19) (Dohi) (Sah ™) = (Dphi) (Sgh™")
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with |b] < k, and at most k partial derivatives of the form
(20) Dyh
with |b] < k. For k =1 we have

%[hiosaoif1 —hioSgohfl]
J

d
& o ., Oh .
=2 G oS o S )

We proceed by induction. By the product rule we need only consider the effect of
differentiating (19) and (20). Differentiating (19) with respect to z; we obtain

d

ODyh; . ODyh; N
woh™ — h .
;( ox; © Sac ox; °5p 0 ) O0x;

which increases the number of terms of the form (20) by 1. Differentiating (20) we
get another term of the form (20) but with |b| < k + 1.
We estimate

[Dahi o Saoh™ = DahioSgoh™ o < |hlljaj+1le — B
Dk Mo < 2]l

These estimates together with claimed structure of the partial derivatives, and the
fact that the inverse maps have the same structure, completes the proof. The
constant C3 is the number of terms in the sum which depends only on k& and not

on the map h. ([l
Define F,, := Hp41(Epq,) and let F' := liminf F,,. Clearly, from Lemma 2, we
have that
. =1
A(F) > lim (1 —4(d —1) > —)=1

m=n
We will show that any point in F' has a unique coding relative to the sequence of
partitions &,.

Proposition 2. Let €, be a summable sequence of positive numbers. There is a
choice of {q),} such the transformations T,, defined by (2) satisfy

(1) dp(Th, Tht1) < €n.
(2) for A&,
diam(A N Fy,) < ey

Proof. By the definition of a Liouville number for any polynomial P(¢’) we can find
q,, > qn-1 such that a, := p} /q), is a better approximation to « than aj,_; and
such

p/

P(q,)|=2 —a| < e
n

We will define ¢ = ¢¢_,¢’ to ensure that h,, , satisifes . Since ¢ < (¢')4! we that

for any polynomial P(q) we can find find ¢, such that a,, := pl,/q, is a better

approximation to o than a,_1 and such

pl
P(qn)|_7 - a| < ¢€n
4n
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Now combining (18) and Lemma 4 we have
dn(Tn, Tns1) < P(gn)lon — an4]
< 2P(qp)|an, — al.
Similarly for H,11A; 4, € & we have
diam(HnJrlAi,qn N Fn) = diam(thnﬁqn (Ai,qn N En,qn))
< [ Hallx diam hy g, (Aig, N Eng,)
< |[Hn 1 Vdg;"

using Lemma 2. Thus we see that we can choose «, such that the required two
properties hold. (I

Since €, is summable we have that {T},} is a Cauchy sequence in Diff* (M, \)
and hence converges to some T' € Diff>*(M, \). For any « € F we have z € F,, for
all but finitely many n. Thus, by Proposition 2, we have for all x € F

ﬂ En(z)NF ={z}.

This shows that {£,} is a generating partition and hence completes the proof of
Theorem 1.

3. UNIQUE ERGODICITY

When M = T¢ we wish to prove unique ergodicity. We will use the following
abstract lemma, also used in [6].

Lemma 5. Let g, be an increasing sequence of natural numbers and T, : X —
X a sequence of transformations which converge uniformly to a transformation
T. Suppose that for each continuous function ¢ from a dense set of continuous
functions ® there is a constant ¢ such that

1%
(21) — Z o(Trx) —— ¢ uniformly
and
(22) d)(T,,, T) := max max d(Tiz,T'z) — 0
z 0<i<qn

Then T is uniquely ergodic
Proof. Condition (22) implies that

1 gn—1 1 qn—1

= > o(Twz) — = > @(Tz)]o =0

I 1o I =5

and then condition (21) becomes the standard result that if the Birkhoff sums
converge uniformly then the map is uniquely ergodic [4]. O

To establish condition (21) it is insufficient to know only that E, , has large
measure, we also need to know that most of every Sy orbit intersects E, 4.
For each z € T¢ define o, : T — T¢ by 0,0 = Spx.
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a3(T)

FIGURE 4. The orbit of € T?, indicated by the arrow on the left,
combines with E, 4, indicated by the shaded region on the left, to

produce the set J,(Lﬁ;, indicated by the shaded region on the right.

Lemma 6. Let ¢ > dn?. For each x € T? there is a set Jr(ﬁ; C T?, measurable

with respect to 1q, with measure

(23) AT > 1 - i—f

such that if A4 C Jfﬁ; then

(24) o, (AigNE; ) =92,

(25) MA g NEpg) > (1- %del))/\(Ai,q).

Proof. Tt is immediate that

d—1 d—1 ¢’
26 (B0 = (oo Umt s - L

i=1 j=

1 1 T 1 ol 1 .
0;11/1517?{1(——,—):U(————xd—x—a—JrnT—Id—x—)

n?'n?’ ~\q  nPq q'q q q
ko1 k1 ko1 ko1
—1,,-1_—1 . _ _ _ _
Oy wq T (qj n2qi’ qi nij) (qj n2qi xd’qj n2qi xd)

This excluded set of 7 consists of at most (d — 1)g + ¢?~! intervals. Expand-
ing these intervals to make them measurable with respect to o '7, excludes an
additional set of measure at most

2 B 4
?((d—l)q—l-qd N < —

Let E denote the measurable hull of o, 'ES . in 0, 'n,. We have \(E) = 4d/n”.
Define the set J,(Lﬁ; to be the 7, measurable set satisfying
o, LI = E°.
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O

Note that the proportion in (23) is lower than the proportion in (10). We have
had to give up control over parts of each orbit in order to gain control over all
orbits. The set J,(Iﬁ; consists of those atoms of 1, where we have control over the
behaviour of all of Spz under A, 4.

Using the geometric information contained in these lemmas we can prove a dis-

tribution result.

Proposition 3. Let € > 0, ¢ € N, and ¢ be a (Vdq~ ¢, €)-uniformly continuous
function, i.e

P(B,/g,-4(x)) C Be(p()).

For all ¢ € N and for all x € T,

(27)

. 14d 24¢
3 lhngSten) — [ o < el + 2ol + 2.

Proof. For z,y € A; 4 N By, 4 we have
(P g, b, qy) < diam by, o (A g N Eng) < Vg™

By the hypothesis on ¢ we have |@(hn qx) — @(hn,qy)| < 2¢. Averaging over all
y € Ay g N E, 4 we obtain for any = € A; ¢ N E,, 4,

1
(28) o(hnqt) — —/ pdA| < 2.
! MAig N Eng) Jhy o(AigNEn.y)

Let O consist of Lg—;Jqd points of the orbit of z under )/, that are equidis-
tributed among the atoms of the partition 7,. There are at most q¢ exceptional
points outside of O*),

By (24) for A; 4 C J,Sf,} the number of points from 0@ in A; , N E, , is L;’—;J.

Let I :={0<i<{ : Si/q,x € J,(Iﬁ; N O®)} be the equidistributed points in good

atoms. Using this count and (28) we obtain

1 i
? Z Sﬁ(hnyqsl/q/x)

iel
_ - 4l - od\| < 2.
q/ A, 2(1) qd )\(Ai,q N En,q) ha,q(Ai,qNEn q)
i,aCJn,q

The remaining estimates just formalize the observation that since J,(fi; is nearly full
measure and since I is nearly all of the orbit the above estimate implies (27).
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First we produce estimates that account for the fact that ¢% does not divide ¢
and hence we do not have equidistribution of the entire orbit.

1 q’J 1 /
— el e e — QpdA
q Z o \‘qd /\(Aiﬁq N Enﬁq) B (Di gNEn.q)

Ai,qCJn,q
1 1 / q°
- v wdk‘ < = llello
Ay %(z) qd /\(Ai’q n E"’q) hn,q(AiqNEn q) q/
i . 1 . g
7 2 PlhnaSiyg@) = 3 @lhnaSigo)| < il
7> €0 4
Second we produce estimates using (23) and (24)
1 . 1 . 4d
? Z @(hn,qsl/q@) - ? Z%’(hn,qsuq/l’) < FWPHO,

€O @) i€l

4d
[ et [ea < el
n,qgvn,q

Finally we produce estimates using (25)

J

2(d -1
pdA —/ wdA' <240,
(JEUNEn 4) b g TS0 n

n,q

1 / 4(d—1)
7 VO wd/\—/ < ——=—ll¢llo-
‘ ¢ NAig N Eng) Jh,  (180E) Bn g (JSIAEn ) 2
Combining these estimates gives us exactly (27) as required. O

Let ® = {¢,} be a set of Lipshitz functions that is dense in C°(M,R). Let L,
be a Lipshitz constant for @1 o Hy,..., ¢, o Hy,. At step n we can choose ¢, so
that Ln\/aq; L' <n=2 and ¢/, > n%q,. Then applying Proposition 3 we see that for
v €{¢1, - ,pn} we have
4,1

1 . 17d
=3 o) - et < il

n =0
This establishes (21) from Lemma 5. To establish (22) from 5 observe that

d(qn)(Tna TnJrl) < |||Hn+1|”1Qn|an — Qp41
< P(qn)|an — of

and hence we can choose ¢/, so that this is less than 1/n. In actual fact this estimate
is weaker than those that arise in the proof of Proposition 2 and so is automatic.

This verifies the hypotheses of Lemma 5 and hence we conclude that T is uniquely
ergodic.
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