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Abstract

We study the motion of solitary-wave solutions of a family of focusing gener-
alized nonlinear Schrédinger equations with a confining, slowly varying external
potential, V' (x).

A Lyapunov-Schmidt decomposition of the solution combined with energy es-
timates allows us to control the motion of the solitary wave over a long, but finite,
time interval.

We show that the center of mass of the solitary wave follows a trajectory close
to that of a Newtonian point particle in the external potential V' (z) over a long
time interval.

1 Introduction

We consider a family of generalized nonlinear Schrodinger and Hartree equations with a
focusing nonlinearity. These equations have solitary wave solutions, and, in this paper,
we study the effective dynamics of such solitary waves. The equations have the form:

10,0 (2, £) = — A, ) + V(2)b(a,t) — f()(x,b), (L1)
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where t € R is time, 2 € R? denotes a point in physical space, ¢ : R? x R — C is a (one-
particle) wave function, V' is the external potential, which is a real-valued, confining,
and slowly varying function on R¢, and f(3)) describes a nonlinear self-interaction with
the properties that f(v) is “differentiable” in 1, f(0) = 0, and f(z)) = f(v). Precise
assumptions on V' and f are formulated in Section 2.

The family of nonlinearities of interest to us includes local nonlinearities, such as

4
and Hartree nonlinearities

F@) =M@= [y, A >0, (1.3)

where the (two-body) potential ® is real-valued, of positive type, continuous, spherically
symmetric, and tends to 0 as |x| — oo. Here ® * g := [®(z — y)g(y)dy denotes
convolution. Such equations are encountered in the theory of Bose gases (BEC), in
nonlinear optics, in the theory of water waves and in other areas of physics.

It is well known that Eq. (1.1) has solitary wave solutions when V' = 0. Let ), € L?
be a spherically symmetric, positive solution of the nonlinear eigenvalue problem

—An+pun— f(n) = 0. (1.4)

The function 7, is called a “solitary wave profile”. Among the solitary wave solutions of
(1.1) are Galilei transformations of 7,,,

Vsol 1= Sa)p(tyy(t) Mu(t) (1.5)
where S, is defined by
(Sapy¥) () = €70 (2 — a). (1.6)

Let o := {a,p,v, u}, where u is as in Eq. (1.4). For 14, to be a solution to (1.1) with
V' = 0 the modulation parameters, o, must satisfy the equations of motion

a(t) = 2pt +a, p(t) =p, Y(t) = ut +p*t+v, plt) = p (1.7)

with v € S%, a,p € R? € R,. In other words, o satisfy (1.7), then

Veot (5 1) = (Sa(typ(tyr(t) Mur)) (T

solves Eq. (1.1) with V' = 0. Thus (1.5), with a(t), p(¢)
2d + 2-dimensional family solutions of Eq. (1.1) with V'
M; be defined by

(1.8)

, u(t) as above, describes a
Let the soliton manifold,

7

)
(1)
0.
Ms = {Sap’YnH : {CL,p,’}/,,LL} € Rd X Rd X Sl X [} ) (19)
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where [ is a bounded interval in R.

Solutions to (1.4) behave roughly like e v##l as |2| — oco. So /It 1s a reciprocal
length scale that indicates the “size” of the solitary wave.

We consider the Cauchy problem for Eq. (1.1), with initial condition 1)y in a weighted
Sobolev space. For Hartree nonlinearities, global wellposedness is known [20]. For local
nonlinearities, the situation is more delicate; see Condition 1 and Remark 2.1 in Section 2.
Let the initial condition 1y be “close” to Mg. Then, we will show, the corresponding
solution ¢ will remain “close” to Mg, over a long time interval. A certain “symplectically
orthogonal” projection of 1) onto My is then well defined and traces out a unique curve
on Ms. We denote this curve by 7,¢, see Figure 1.1.

Figure 1.1: The trajectory v (-,t) over the soliton Manifold M.

An essential part of this paper is to determine the leading order behavior of o(t) =
{a(t),p(t),y(t), u(t)} and to estimate error terms. To this end, let W be a smooth,
positive, polynomially bounded function, and define

V(z) = Wi(eyx) (1.10)

where €, is a small parameter. Furthermore, let ¢y be an initial condition “e,—close” to
Moy € Mg, for some 0. Roughly speaking, this initial condition has length scale 1/ NI
We will consider external potentials, V', as in (1.10), for a scaling parameter €, satisfying

ev < /o, (1.11)

i.e., we assume that the external potential varies very little over the length scale of 1.
For simplicity, we choose = 1 and €, < 1, at the price of re-scaling the nonlinearity.

We decompose the solution 1 of (1.1) into a part which is a solitary wave and a small
part, a “perturbation”, w. That is, we write 1 as

) = Sapy (1 + w). (1.12)
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This does not define a unique decomposition, unless 2d + 2 additional conditions are
imposed. These conditions say that the perturbation w is ‘symplectically orthogonal’ to
the soliton manifold M.

The main idea used to control the perturbation w is to derive differential equations in
time for the modulation parameters, o, which depend on the external potential. These
equations appear naturally when one projects solutions of (1.1) onto the soliton manifold.
To control the motions of o and w, we make use of conserved quantities: the energy

M) i= 5 [(VOP 4 VIOP) d's - P, (1.13)

where F'(¢)) = f(1) (this is a variational derivative), the mass (or charge)

1
N@) =3 / v]* dz, (1.14)
and the “almost conserved” momentum
1 - _
P(v) =y [ (@90~ u¥D)ds (1.15)

To achieve control over the perturbation w, we introduce a ‘Lyapunov functional’

A(¢7t) = Ka(w) - KO(SaanM)v (1'16)

where 0 = o(t) = {a(t), p(t),y(t), u(t)}, and where
Ko (v) = Hy (¥) + (p° + )N () — 2p - P(¢)

1 d (1.17)
-3 [ @+ V@) (@ - a) P
i.e., K, is essentially a linear combination of the conserved and almost conserved quan-
tities. Using the linear transformation u := Sa},ﬁfzp, we change questions about the size
of fluctuations around S,,,7, to ones about the size of fluctuations around the solitary
wave profile 7),¢). In this “moving frame”, the K,(1)) terms in the Lyapunov functional

introduced above take the form

Ko(Sapyu) = Eu(u) + % /Rv|u|2ddx, (1.18)
where
Ry(z) =V(zx+a)—V(a) —VV(a)- (z —a) (1.19)
and
Eu(u) == Hy—o(u) + pN (u). (1.20)



In the moving frame the Lyapunov functional depends on the parameters p and a, but
not on p and 7. Furthermore, 7, is a critical point of £,(n,), i.e., £,(n,) = 0. The
change of frame discussed above simplifies the analysis leading to our main result.

Simply stated, our main theorem shows that, for initial conditions ¥y €,-close to Mg,
the perturbation w is of order € := €, + ¢, for all times smaller than Ce~!. Furthermore,
the center of mass of the solitary wave, a, and the center of mass momentum p satisfy
the following equations

a=2p+0(?), p=-VV(a)+O(). (1.21)
The remaining modulation parameters p and v satisfy
[=0(&2), F=pu—V(a)+p®+O(H). (1.22)

A precise statement is found in the next section.

This is the first result of its type covering confining external potentials. Indeed, we
can exploit the confining nature of the potential to obtain a stronger result than that
of [12] (and that stated above) for a certain class of initial conditions which we now
describe. Consider the classical Hamiltonian function:

h(a,p) = (p* + V(a))/2. (1.23)

Given an initial condition vy €,—close to 1,, € Mg, where oo = {ag, po, Y0, to}, We require
the initial position ag and momentum p, to satisfy

h(ag,po) — min h(a,0) < ¢,, (1.24)

with ¢, < Ce¢, < 1, for some constant C'. For this class of initial conditions, our main
result shows that the perturbation w remains O(e) for longer times:

t < ¢
€vy/€n + €2

This improvement is non-trivial. For example, it means that we can control the per-
turbation of a solitary wave which undergoes many oscillations near the bottom of a
potential well.

Remark: We can also extend our analysis to a class of slowly time-dependent external
potentials without much additional work. We introduce a scale parameter, 7, in time:
V(z,t) := W(eyx,7t). To determine the size of 7 heuristically we consider

(1.25)

%h(a,p, t)=p(p+VVia,t))+ %(d —2p) - VV(a,t) + 0,V (a,t). (1.26)

We want the last two terms to have the same size. The second but last term is of size
€%ey, since @ satisfy the classical equations of motion to order €2. The last term is of size
7. Thus if 7 is chosen to be 7 = O(e2) all our estimates will survive.
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The following example suggests that accelerating solitary wave solutions of Eq. (1.1)
in a confining external potential can, in fact, survive for arbitrarily long times. Choose
V(z):=x-Azx+d-v+c>0and A > 0 (positive matrix). Then (1.1) has the following
solution:

W(x, t) = PO @ aOHO) 5 (5 g(t)) (1.27)

with
p=—-VV(a), a =2p, ¥=p*+pu—"Via), (1.28)

where 7, solves the equation
—An+ un— f(n) + (z - Az)n = 0. (1.29)

Thus, given a solution of the equations of motion (1.28), a family of solitary wave solu-
tions is given by (1.27), for arbitrary times ¢. For details see Appendix D.

The first results of the above type, for bounded, time-independent potentials were
proved in [13, 14] for the Hartree equation under a spectral assumption. This result was
later extended to a general class of nonlinearities in [12]. Neither of these works deals
with a confining external potential. In particular, their results do not extend to the
longer time interval (1.25) described above.

For local pure-power nonlinearities and a small parameter €,,, it has been shown in [4]
that if an initial condition is of the form S,,p,+, 7., then the solution v (z,t) of Eq. (1.1)
satisfies ;

(= =) = lImallE2uo (1.30)

€y €y

in the C'* topology (dual to C'), provided a(t) satisfies the equation $a = VW (a), where
V(z) = W(eyx). This result was strengthened in [19] for a bounded external potential
and in [8] for a potential given by a quadratic polynomial in z.

There have been many recent works on asymptotic properties for generalized nonlin-
ear Schrodinger equations. Asymptotic stability, scattering and asymptotic completeness
of solitary waves for bounded external potential tending to 0 at co has been shown under
various assumptions. See for example, [26, 27, 28, 5, 6, 10, 11, 7, 30, 31, 32, 24, 29, 17,
15, 22].

Though these are all-time results, where ours is long (but finite)-time, our approach
has some advantages: we can handle confining potentials (for which the above-described
results are meaningless); we require a much less stringent (and verifiable) spectral con-
dition; we track the finite-dimensional soliton dynamics (Newton equations); and our
methods are comparatively elementary.

Our paper is organized as follows. In Section 2, we state our hypotheses and the
main result. In Section 3, we recall the Hamiltonian nature of Eq. (1.1) and describe
symmetries of (1.1) for V"= 0. We give a precise definition of the soliton manifold
Mg and its tangent space. In Section 4, we introduce a convenient parametrization of
functions in a small neighborhood of My in phase space, and we derive equations for the



modulation parameters ¢ = {a,p,~, u} and the perturbation w around a solitary wave
No = SapyNyu- In this parametrization, the perturbation w is symplectically orthogonal to
the tangent space T, Mg to Mg at 7,. In Section 5, we similarly decompose the initial
condition 1)y deriving in this way the initial conditions, og and wy, for ¢ and w, and
estimating wy. In Section 6, we derive bounds on the solitary wave position, a, and the
momentum, p, by using the fact that the Hamiltonian, h(a,p) is almost conserved in
time. In Section 7, we construct the Lyapunov functional, A(¢,t), and compute its time
derivative. This computation is used in Section 8 in order to obtain an upper bound on
A(v,t). This bound, together with the more difficult lower bound derived in Section 9, is
used in Section 10 in order to estimate the perturbation w and complete the proof of our
main result, Theorem 2.1. Some basic inequalities are collected in Appendices A—C. In
Appendix D, we construct a family of time-dependent solutions with parameters exactly
satisfying the classical equations of motion.

2 Notation, assumptions and main result

Let L* denote the usual Lebesgue space of functions, C® the space of functions with s
continuous derivatives, and H, the Sobolev space of order s. Abbreviate (z)? := 1+ |z|?.

Assumptions on the external potential. Let W(x) be a C® function, and let
min, W(z) = 0. Let 8 € Z% with 3; > 0Vj = 1,...,d be a multi-index. Given a
number r > 1 let W be such that

[07W ()] < Crucy ()71 for 8] < 3, (2.1
Hess W (z) > py(z)772, (2.2

and
W(z) > eylz|", for x| > cp (2.3)

for some positive constants Caxv, p1, Cv, CL.
The number r is called the growth rate of the external potential. Here Hess W is the
Hessian of W with respect to spatial variables. Define V' (z) := W (eyx). Then, for r > 1,

98V ()] < Cyel{eya) 17, for |B] < 3, (2.4)
Hess V(z) > pi1e2{eyx) 2 (2.5)

and
V(z) > cv(ev|z])", for ey|z| > cp. (2.6)



Assumptions on the initial condition v¢y. The energy space, 74 ,, for a given
growth rate r of the external potential, is defined as

A, = {p € Hy : (x)"*) € L?}. (2.7)

Let 7], denote the dual space of 7 ,. The energy norm is defined as

113, = 11, + eva) 2 ¥lIE (2.8)

We require ¢y € J4 .

In what follows, we identify complex functions with real two-component functions
via
C 3 ¢(z) = (@) +ia(z) —— (@) = (@), ¢2(2)) € R

Consider a real function (1) on a space of real two-component functions, and let F”(1))
denote its L?-gradient. We identify this gradient with a complex function denoted by
F'(1). Then

— R —

F'(y) = F(i)) «— F(ov) = F(¢).
where ¢ := diag(1, —1), since the latter property is equivalent to F” (1;) =oF’ (01;).

Assumptions on the nonlinearity f.

1. (GWP [9, 34, 35, 20]) Equation (1.1) is globally well-posed in the space C(R, ¢ ;)N
C'(R,.#,). See Remark 2.1 below.

2. The nonlinearity f maps from H; to H_;, with f(0) = 0. f(¥) = F'(¢) is the
L2-gradient of a C? functional F' : H; — R defined on the space of real-valued,
two-component functions, satisfying the following conditions:

(a) (Bounds)

sup  ||F"(w)||sa,u_y) < oo, sup [F"(u)|luenam,my) < o0, (2.9)
lullg, <M lullg, <M

where B(X,Y") denotes the space of bounded linear operators from X to Y.

(b) (Symmetries [12]) F(7 ) = F(v) where 7 is either translation ¢ (z) — ¢ (x+
a) Ya € R? or spatial rotation ¥ (z) — (R 'z), VR € SO(d), or boosts
T u(z) — P u(z), ¥p € RY or gauge transformations 1 — e, ¥y € S,
or complex conjugation ¢ — ).

3. (Solitary waves) There exists a bounded open interval I on the positive real axis
such that for all u € I:



(a) (Ground state [3, 1, 2, 21]) The equation
A+ — f() =0, (2.10)

has a spherically symmetric, positive L2 N C? solution, n = n,.
(b) (Stability: see e.g., [16]) This solution, n, satisfies

@/ni d%zr > 0. (2.11)

(c) (Null space condition: see e.g., [12]) Let £, be the linear operator

L, = (Lol LOQ) (2.12)

where Ly == —A + u— fA(n), and Ly :== —A + p — fP(n), with fO =
<8Rew(Re(f)))(T/)7 and & = (81m¢(1m(f))>(77). We require that

N(L,) = span{ (2) , (a%jn) i=1,....d) (2.13)

Conditions 2-3 on the nonlinearity are discussed in [12], where further references can be
found. Examples of nonlinearities that satisfy the above requirements are local nonlin-
earities

f@) = Bl ) + A2, 0 < 51 < 53 < 3, BeER, A>0, (2.14)

and Hartree nonlinearities

F@) =M@= [y, A >0, (2.15)

where ® is of positive type, continuous and spherically symmetric and tends to 0, as
|z| — oo. Of course, A can be scaled out by rescaling . For precise conditions on ¢ we
refer to [9, 20].

Remark 2.1. For Hartree nonlinearities global well-posedness is known for potentials
0 <V €L}, [20]. For local nonlinearities, the situation is more delicate. Global well-
posedness and energy conservation is known for potentials with growth-rate r < 2 [9].
For r > 2 and local nonlinearities, local well-posedness has been shown in the energy
space [34, 35]. For local nonlinearities, a proof of the energy conservation needed for

global well-posedness, and the application of this theory to our results, is missing.

For V.= 0, Eq. (1.1) is the usual generalized nonlinear Schrédinger (or Hartree)
equation. For self-focusing nonlinearities as in examples (2.14) and (2.15), it has stable
solitary wave solutions of the form

Now) () = () (z—a(t))+iv(t) Nu) (T — a(t)), (2.16)
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where o(t) := {a(t), p(t),y(t), u(t)}, and
a(t) = 2pt +a, y(t) = pt +p*t +, p(t) = p, u(t) = p, (2.17)

with v € St, a,p € R? and 1 € RY, and where 7, is the spherically symmetric, positive
solution of the nonlinear eigenvalue problem

—An+pn— f(n) =0. (2.18)

Recall from (1.6) that the linear map S, is defined as
(Sun0) (&) 1= PV g(0 _ q), (2.19)

In analyzing solitary wave solutions to (1.1) we encounter two length scales: the size
o ;1712 of the support of the function 1y, which is determined by our choice of initial
condition 1), and a length scale determined by the potential, V', measured by the small
parameter €,,. We consider the regime,

€y
N7 < 1 (2.20)
We claim in the introduction that if )y is close to 7,, for some o then we retain
control for times oc €7!. Restricting the initial condition to a smaller class of 7,, with
small initial energy, we retain control for longer times. In our main theorem, which
proves this claim, we wish to treat both cases uniformly. To this end, let ¢, and K be
positive numbers such that €, € Kle,, min,c; (/1] and assume

h(ag, po) = %(pg +V(a)) <e, (2.21)

(recall min, V(a) = 0). The lower bound for €, corresponds to our restricted class of
initial data, the upper bound to the larger class of data. In particular, €, > Ke,.
We are now ready to state our main result. Fix an open proper sub-interval I C I.

Theorem 2.1. Let f and V' satisfy the conditions listed above. There exists T > 0 such
that for € .= €, + €, sufficiently small, and €, > Ke,, if the initial condition vy satisfies

Hwo - Saopo’mn,uo”H1 + H<€v37>r/2(¢0 - Sﬂtopo“mnﬂo)HL2 <€ (2'22>
for some o := {ag, po, Y0, fto} € R4 x R? x S x I such that
h(ao, po) < €, (2.23)

then for times 0 < t < T'(e,\/e,+€*)!, the solution to Eq. (1.1) with this initial condition
is of the form
V(@ 1) = Sawpien (Mo (@) + w(z, 1)), (2.24)
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where |lwl|u, + ||{evx)"?wl| , < Ce. The modulation parameters a,p,~ and p satisfy the
differential equations

p=—(VV)(a) + O(e), (2.25)
a=2p+ O(e), (2.26)
Y =pu—V(a)+p*+ O(e), (2.27)
[ = 0O(€) (2.28)

Remark 2.2 (Remark about notation). Fréchet derivatives are always understood to
be defined on real spaces. They are denoted by primes. C' and ¢ denote various constants
that often change between consecutive lines and which do not depend on €, €, or €.

3 Soliton manifold

In this section we recall the Hamiltonian nature of Eq. (1.1) and some of its symmetries.
We also define the soliton manifold and its tangent space.

An important part in our approach is played by the variational character of (1.1).
More precisely, the nonlinear Schrédinger equation (1.1) is a Hamiltonian system with
Hamiltonian

()= 5 [(VOP+ VIR dte - F) @)
The Hamiltonian Hy is conserved i.e.,
Hy (1) = Hv (¢o). (3.2)

A proof of this can be found, for local nonlinearities and r < 2, in e.g., Cazenave [9],
and for Hartree nonlinearities in [20]. An important role is played by the mass

N() = / [ de, (3.3)

which also is conserved,
N (@ (1)) = N (). (3.4)
We often identify complex spaces, such as the Sobolev space H;(R¢,C), with real
spaces; e.g., Hi(R%, R?), using the identification 1) = vy + ity < (W1, 1,) =: @Z? With
this identification, the complex structure i~! corresponds to the operator

Ji— (_01 (1)) . (3.5)

The real L?-inner product in the real notation is
(it @) = / (urws + usws) da, (3.6)
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where 4 := (uy, uz). In the complex notation it becomes
(u,w) := Re/uu‘; d?z. (3.7)
We henceforth abuse notation and drop the arrows. The symplectic form is
w(u, w) = Im/uw déz. (3.8)

We note that w(u,w) = (u, J 'v) in the real notation.
Equation (1.1) with V' = 0 is invariant under spatial translations, 7, gauge trans-
formations, 7., and boost transformations, ’];bOOSt, where

T p(a,t) = Pz —a,t), T8 p(x,t) — (i), (3.9)

’];bOOSt () o TP (1 — 2t t) (3.10)
The transformations (3.9)—(3.10) map solutions of eq. (1.1) with V' = 0 into solutions of
(1.1) with V = 0.
Let 7> : ip(x) — eP*1p(z) be the t = 0 slice of the boost transform. The combined
symmetry transformations S,,, introduced in (2.19) can be expressed as

Sapr1] = g;tr’];bTvgnu@) = ei(p'(mian?ﬁt(w —a). (3.11)
We define the soliton manifold as
M == {Supy : {a, 0,7, 1} € R X R x §' x I} (3.12)
The tangent space to this manifold at the solitary wave profile 7, € My is given by
T, Mg = span(z, 2, 21, %) , (3.13)
where
-V 0 0
2=V T, = ( “) , zg 1= —T5n = ( ) : (3.14)
t “}afo O g a,-y v K ,y:O nu
0 a.m
o boost _ —
2 = VL] oo = (%) : Zg 1= ( ‘N “) : (3.15)

Above, we have explicitly written the basis of tangent vectors in the real space.
Recall that the equation (2.10) can be written as &/,(,) = 0 where

Ealt) = Hy=ol®) + EN ().

Then the tangent vectors listed above are generalized zero modes of the operator £, :=
E1(nu). That is, (JL£,)?2 = 0 for each tangent vector z above. To see this fact for
2, for example, recall that &, (¢) is gauge-invariant. Hence &, (7#n,) = 0. Taking the
derivative with respect to the parameter v at v = 0 gives £, 2z, = 0. The other relations
are derived analogously (see [33]).

12



4 Symplectically orthogonal decomposition

In this section we make a change of coordinates for the Hamiltonian system ¢ — (o, w),
where o := (a,p, v, ). We also give the equations in this new set of coordinates.
Let

m(p) = 1/772(:16) déz. (4.1)

2
Let
Crim max  (lslli IMeva) /2 loa, 12 e). (42
zE{wnmnuvYnu,@Mu}
nel

When it will not cause confusion, for o = {a, p,~, u} we will abbreviate

No = Sapy M-
Now define the neighborhood of Ms:

U(S = {%U € L2 : ;Ielg ||¢ - 77z7||L2 < 5}7 (4‘3>

where ¥ := {a,p, v, :a € R: p e R vy €St e I}, Our goal is to decompose a given
function ¢ € Uy into a solitary wave and a perturbation:

Y = Sapy (N + w). (4.4)

We do this according to the following theorem. Let Y= {a,p,v,p:a€REpeRL vy €
S', e I}.

Theorem 4.1. There exists 6 > 0 and a unique map s € C1(Us, X)) such that (i)

(= Ny, J'2) =0, V2 €T, M, V€U (4.5)

e(4)
and (i) if, in addition, § < (2C7)"*min(m(u), m' (1)) then there exists a constant cg
independent of 6 such that

sup [|<"(¢)[lLe < e (4.6)
YeUs

Proof. Part (i): Let the map G : L? x ¥ + R?¥*2 be defined by
Gi(h,¢) == (Y —ne, T 2y), Vi=1,...2d + 2. (4.7)

Part (i) is proved by applying the implicit function theorem to the equation G(¢,¢) = 0,
around a point (1,,0). For details we refer to Proposition 5.1 in [12].
Part (ii): Abbreviate:
Qji, = (9,7, J_lzc,k>> (4.8)

J
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where z.j is the k:th element of S,,{%, 2s, 21, 25}. By explicitly inserting the tangent
vectors, we find that ||| 2 > inf,c;(m(p), m'(1)). Thus, Q is invertible by Condition
3b in Section 2.

From a variation of ¢ in G(¢,<(v))) = 0 we find

2d+2 )
() = D (T2 (7 ). (4.9)
j=1
where )
ij = ij + <77/) — Ne(v) J_lagj Zg7k> (410)
Using the upper bound of 9, and the definition of C; above, we find
207
/
sup ||s 2 < - =:cy. 4.11
eUs @l infuer(m(p), m'(n)) (4-11)

O

We now assume ¢ (t) € Us N JA ., and set o(t) := ¢(¢(t)) as defined by Theorem 4.1.
Write
w:=38, v =n,+w (4.12)

apy

so that w satisfies
(w,J7'z) =0, Vz €T, M. (4.13)

Here w is the solution in a moving frame.
Denote the anti-self-adjoint infinitesimal generators of symmetries as

’Cj = axj, ’Cd—I—j = il‘j, ICQCH_l = i, ]C2d+2 = 8/“ ] = 1, ,d (414)

and define corresponding coefficients

a; = éLj - ij, At = _pj - 8$J.V(a), j = 1, ...,d, (415)
Qogrr =p—p>+a-p—V(a) =%, qoape = —/i. (4.16)
Denote
2d+1
a-K:= Zozlej, and oK :=a- K+ ayi20,. (4.17)
j=1

Substituting ¢ = S,,,u into (1.1) we obtain
i = &, (u) + Ryu +ia - Ku, (4.18)

where

Ry(z) =V(x+a)—V(a) — VV(a)-z. (4.19)
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To obtain the equations for (o, w) we project Eqn. (4.18) onto T,M; and (JT,M;)* and
use (4.12). We illustrate this method of deriving the equations for o, for the projection
of (4.18) along in:

(1, (1O + W) = (in, Lyw + Ny(w) + Ry (n + w) +ia - K(n + w)). (4.20)

where we have used u = 1+ w and & (u) = L,w + Ny(w) where L, := £/(n) is given
explicitly as
Low = —Aw+ pw — f'(n)w. (4.21)

In particular, for local nonlinearities of the form g(|1/|?)), we have in the complex nota-
tion, since n(z) € R,

Lyw = —Aw + pw — g(n*)w — 2ng'(n*) Rew. (4.22)

Here
Ny(w) = —f(n+w)+ f(n) + f'(n)w. (4.23)

We find the equation for /i once we note that d,(n,w) = 0, L,in = 0, (in, Ryn) = 0,
(n,Kn) =0 and £ = —[C. Inserting this into (4.20) gives

(1) = (in, Ny (w) + Ryw) — a - (K, w). (4.24)

The projection along the other directions works the same way: we use the fact that these
directions are the generalized zero modes of £,,, and furthermore that they are orthogonal
to Jw. The calculations are worked out in detail in [12] (See Eqns. (6.20)—(6.22) in [12].)
We give the result:

y=p—p +a-p—V(a)—(m'(u)" ((9un, Ny(w) + Ryw) (4.25)
—a - (KOun,iw) + (9un, Rvm)) ,

o= (m' ()" ({in, Ny(w) + Ryw) — o (K, w)). (4.26)
ar = 2pe + (m(p) ") ((zpn, Ny(w) + Ryw) — o+ (Kaypn, w)) (4.27)

Br = 0 V(@) + (m(n) ™ (— (@R o) + (. Ny(w) + Ryw)
— a - (Ko, iw)), (4.28)

and
i = L,w+ N(w) + Ry (n+w) +ia - K(n+w) — if0,n. (4.29)

15



Note that the first two terms on the right-hand side of Eqn. (4.28) can be written as
—0u, Vet (a, 1), where

Ve (a, p) = HnuHLf/V(aJr @) [,(x)|* A%, (4.30)
Hence,

Pr = =VaVer(a, 1) + (m(p) Dy s Ny(w)) + O([Jwllrz (€3 + la])), (4.31)

where |a|? =37 |ay]2
Thus we have obtained the dynamical equations for (o, w).

Remark 4.1. The transformation
o= (a,p,7,p) = ¢ := (a, P,y,m) (4.32)

- 1 2 1 2 : :
with P := 5p||nulli= and m := 5||n.||;> gives a canonical symplectic structure and Dar-
boux coordinates on Mg, i.e., for w =0

P = =0, My (Supp); a = OpHy (Sapy 1) (4.33)
1 = Oy Hy (Sapry1u) Y = =00 Hv (Sapy 1) (4.34)

Here Vs Hy (Supynu) = (mV Ve, 2P/m, 0, —P?/m?* + V(a) — ).

5 Initial conditions d(, wy.

In this section we use Theorem 4.1 in order to decompose the initial condition 1y as (see
Figure 5.1)

Yo = Sag o750 (Mo + Wo) (5.1)

so that woLJ _1Tm10 Ms. This decomposition provides the initial conditions oo and wy,
for the parameters, o, and fluctuation, w (determined for later times by Theorem 4.1).
The main work here goes into estimating wy. Let ¢ : Us — % be the map established in
Theorem 4.1. Then &¢ = {aqg, Po, Yo, fio} and wy are given as 7y := (1)) and

o1
Wo = Sdoﬁo%

<w0 - 7750)7 wOJ—JTnﬁO Ms- (52)

Recall the definitions of KC (4.14), and Cf (4.2). Theorem 4.1 states sup ¢, [|¢'(¢)[|L2 <
Cr.
Bounds for wy and &, are stated in the following proposition
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7 Ne(wo) = M50

Figure 5.1: Orthogonal decomposition versus skew-orthogonal decomposition.

Proposition 5.1. Let wg be defined as above. Let oq := {ag, po, Yo, o} and let 1y satisfy
1Yo — Nopllzz < & (where & is from Theorem 4.1), and let ¢y € .. Then there ezists
positive constants Cy, Cy, such that
|60 — 00| < crl|tbo — Moy |12,
llwolle, < Ci(1+pg + Y0 — 7o li2) %0 — 70 111, (5.4)

and

evar)Pwollrs < 372 (evar)™* (o — 1oy )lIn2
+Co(1+ [pof* + b faol™ + 100 — o T2 + €010 — o lI72) [0 — o [l (5.5)

where Cy and Cy depend only on Cy, ¢; and r, where Cy is defined in (4.2) and ¢y in
Theorem 4.1.

Proof. First we consider inequality (5.3). Abbreviate o := (1)) and analogously for
the components a,p, v, p of 5. Let [¢|? := Z?d;{z |;|?. From Theorem 4.1 we know that

s(¢)) is a Cl-map. Thus, for j € 1,...,2d + 2 and some 6, € [0, 1]

(G0 — 0); = (5;(01%0 + (1 = 01)70y), (Y0 — Ty))- (5.6)

Since supyer; |[<'(¢)]| < cr the inequality (5.3) follows.
Consider inequality (5.4) and rewrite w(-,0) =: wq from (5.2) as

Wo = S&_Olﬁo;\'/o (¢0 - 770'0) + Sﬁ,—olﬁogfo (nUO - 775'0) (57)
To estimate this, we first estimate the linear operator S;plwz
IS el < 201+ [p*) 2 (¢ n,- (5.8)

The first term in (5.7) is in the appropriate form, for the second term we recall that 7 is
a Cl-map. Thus for some 6, € [0, 1]

2d+-2
Neo — Noo = Z (6-0 - UO)janna}029150+(1*92)00 ) (59>

j=1
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To calculate the norm of this expression, note that

OsNo = SapyZpp, Where z,, 1= {ipn, + Vn,,izn,,in,, .m.} (5.10)

and ||z,,llm, < VBCI(1 + |p|?)Y/2. Let n(o,00) := (0 — 00)0 + 09, and define g :=
1+ |po — po|* + p2. The Hi-norm of (5.9), using (5.8) and (5.10) is
1750 = Mool < |60 — 0] 105770 |1,

< 2V5C(1 + |p)

o=n(60,00)

N - (5.11)
|60 — 00| £9C1g%|60 — 00

p=n(Fo,po

We now calculate the H; norm of wqy (see (5.7)) using (5.3), (5.8) with momentum
P =Po— po+ po and (5.11). We find

lwolle, < 29(llvo = o llm, + 1750 — 7100 [l1,)

(5.12)
< 29(149C1¢19%) 1o — oo |1, -

The coefficient above is less then cg*+C, and g* < 3(1+c}|[10 — 1o, |32+ |Po|?). Inserting
and simplifying gives the inequality (5.4).
The quantity appearing in the third and last inequality (5.5), can be rewritten as

(eva)Pwo = {eva) 2S5 55, (Yo = 10y) + (g = 1a0)).- (5.13)

We begin our calculation of the norm of (5.13) by considering the linear operator
(eyx)"/%S,,,. We have

<€V$>T/2Samw = Supy(ev(z — a)>r/2¢ (5.14)

and ||Sepy |12 = ||¢]|r2. From Lemma A.4 we obtain

||<€V$>r/28apw¢||L2 < ||<€V(x - (a - aO) - a0)>r/2¢)”L2

max(r/2,r— r (515)
< gmax(r/2, 1)(H<6VSL’> 29|12 + gol[¥lle2),

where g = (e |a — ag|)"/% + (€y]ao|)/?). Using this we find the L2-norm of (5.13) to be

[{eva)2wollLz < C(I[{eva)? (o = Tioy) |2 + g2ll%0 = 7100 |12
+{[eva)* (5 = Noo) Iz + G216 = 1o I12) . (5.16)

The first and second term of the above expression is in an appropriate form. We bound
the third term by using (5.9), (5.10) and (5.14) to get

/200, ~ _ /2
Kev)" (050 — 1100) Iz < 160 — oo] [[ev(z — @) 2l 50 o0 (5.17)

< 3max(r/2,r—1)\/gclg(1 + gz)|5'0 - UO|'
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The last term of (5.16) is straight forward to bound:

||775' — No, ||L2 S |6’0 _UO| ||60'n0||L2|0':n& o
o oo (80,00) (5.18)

< |60 — o9 ||Zp,u||L2’

) < \/ECIQ|50 — 0p|.

p=n(Po,po) p="n(fi0,H0

Inserting (5.17) and (5.18) into (5.16) gives

I{evayunlle < (1 (eva) (o — o)

+ (92 + 91+ 292)) [ = Mz ), (5.19)

where C' depend only on C}, ¢; and r. We simplify this, by repeatedly using Cauchy’s
inequality and (5.3) on the expression in front of the |[¢)g — 7y, ||L2-term, to obtain

(eva)2wollre < C(II(GMV”(% = Mooz + (1 + [[v0 — 70, 122

+ €l = ol + 72 + (evlao) Vo — 12 (5.20)

This gives the third inequality of the proposition. O
Recall the initial energy bound (2.22)

10 = 1oy 111, + [[{ev) (0 = 10y l12 < €, (5.21)
and the bound on the initial kinetic and potential energy for the solitary wave (2.23)
Lo
5o+ Viao)) < en. (5.22)

We have the corollary

Corollary 5.2. Let (2.22), (2.23) and (2.4)—(2.6) hold with ¢, < 6. Then

G0 — 00| < créo, [Jwollm, < Cie, (5.23)
[{evz) PwollLe < Cae, (5.24)

and
h(ao, Po) < Cs(e, + € + €vey), (5.25)

where Cy, Cy and Cy depend only on cr, ¢y (Eq. (2.6)), Cp := max(ey, €, ¢€,) and the
constants in Proposition 5.1.
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Proof. Starting from Proposition 5.1 the first three inequalities follow directly through
the energy bounds (2.22), (2.23) together with the observation that either €, |ag| < ¢y, or
cv(evlag])” < V(ag) < 2¢,. We also use that ¢,, €, and €, are all bounded by a constant
Cg.

The last inequality follows from the fact that h(a,p) := (p*>+V (a))/2is a C! function.
For some 6 € [0, 1]

h(a,p) — h(ao, po) = ((p — po)? + po) - (p — po)

+ %(a —ap) - VV((a — ag)d + ap). (5.26)

Thus, using (2.4), and (z + y)"~! < 3maxO0=3)/2) (1 4 2=D/2(|z|"~L 4 |y|"~1)) gives

[h(a,p) = h(ao, po)| < C(Ip = pol? + pol+

erla—aol(1+ |ev(a—ao)|" " + |6Va0|7"_1)>. (5.27)

With p = pg and a = ag above, and |6y — o¢| < c¢r€,, h(ag, po) < €,, (2.23) and (2.6) we
have have shown (5.25). O

6 Bounds on soliton position and momentum

In this section we use the bounded initial soliton energy, Corollary 5.2, to find upper
bounds on position and momentum of the solitary wave. We express the norms first in
terms of h(ag,po) and the small parameters. In Corollary 6.2 we state the final result,
where the bounds are just constants times the small parameters €., €, and €.

Recall (see (2.4) and (2.6)) that the potential V' is non-negative and satisfies the
following upper and lower bounds:

10°V| < Cyeylepa)™t, for |B| =1, (6.1)
and, if €,|a| > ¢y, then
V(a) > cy(ey]al)". (6.2)
To obtain the desired estimates on a and p we will use the fact that the soliton energy,
Loy
hia,p) =5 (p* +V(a), (6.3)
is essentially conserved. We abbreviate a := {atr,ab,a2d+1,a2d+2}. The size of « is

measured by |a]? := 7 |oj|* and |a|s := sup,<, [a(s)[|. We have the following:
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Proposition 6.1. Let V' satisfy conditions (6.1) and (6.2). Let hy := h(ao, po), and set

T, = ‘n,
P (@ + aloo) (T + ey + ho)

[p— CV
) CTI T 2max(2,r—1)/20vd7 (64)

where the constants Cy and cy are related to the growth rate of the potential (see (2.4)
and (2.6)). Then for times t < T):

Ip| < Ci(V ho + |a]oot + €) and ey al < C,, (6.5)

where C, and Cj depend only on cr, cy, Cy,, 7, d, Cs and Cp = max(ey, €, ¢€,). Cs is
the constant in Corollary 5.2 and

Proof. First we estimate p in terms of a, using the almost conservation of h(a, p)

Chia,p) = 3 (20 (5+ VV(@) + TV (a) - (a — 2)). (6.6)

Now recall the definitions a” := —p — VV(a) and o' := a — 2p together with the upper
bound (6.1) of the potential [VV| < d*/2Cy e, (€,a)""! to obtain

1 _
[dih(a, p)| < lof|p| + 5Cvd" e |al(eva)™". (6.7)
Integration in time and simplification gives

h(a(), p(1)) < ho + t(|als) ([plo +271d*Crev(evlalo) ™) - (6.8)

Recall that h = 271 (p? + V(a)) and that V' > 0, thus |p|*> < 2h. Solving the resulting
quadratic inequality for |p|s > 0 we find that

[pleo < V/2ho + 3tlals + 271 Crey (ev]al) . (6.9)
The Eqn. (6.8) also implies
sup V(a(s)) < 2hg + 2t|a| (|ploo + 27 d2Cvev(ev]aleo) ™) - (6.10)

s<t

As can be seen in (6.9) we need to consider the possibility of large €, |al|. Let €,|a| > ¢r,
with ¢ as in (6.2) then V(a) > cy(ev|al)". Inserting this lower bound and (6.9) into
(6.10) we obtain

cv(ev]ale)” < 2ho + 2t|alu (tho + 3tlal. + dl/QCvev(eV|a|oo>r_1> . (6.11)

Lemma A.4 shows (e, |alo) ™" < 2m2O7=9/2(1 4 (¢, |aloo)"t) for r > 1. If the maximal
time satisfies the inequality ¢ < T} (see (6.4)), then the above inequality implies

2 1 ~
ev]aloo < (;(04 +2C57 + 60% + §CV)1/T =: C,, (6.12)
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where we have used that hy is bounded by the constant Cr. Thus, either €,|a| < ¢,
holds or, for the given time interval, (6.12) holds. In both cases €, |a| < C,, where the
constant only depends on Cy = C3CE, Cj,, ¢y, ¢r, and r. We insert this upper bound on

ey|al into (6.9) and for times ¢ < T} we find

1Dloe < C5(V ho + ||t + €1), (6.13)
where Cj := 3 + dl/QC’VC’g_l. ]

Using the Corollary 5.2 we express the above proposition in terms of €, rather than
ho. Recall the requirement on ¢ from Theorem 4.1

Corollary 6.2. Let V satisfy (2.4)—(2.6) and let g € Us N FA .. Furthermore, let 1y
satisfy the e,-energy bound (2.22) for n,, with oo = {ag, po, Yo, fo}, and let h(ag, po) < €,
(i.e., (2.23)). Let

Cn, - Ve (6.14)

A= i tatata) 27 ot
where o
On = Areyn T ony (6.15)
Then for times t < min(71y,Ts):
Ip| < Cp(Ven + € +ev) and eylal < Cy, (6.16)

where C,, depends on Cy = max(ey, €, €,), Cv, d, r and C,. Cs is defined in Corollary 5.2
and C, in Proposition 6.1. The constant Cy is defined in (2.4).

Proof. Under the assumptions of the corollary we have that Corollary 5.2 holds and
hence
h(ao, Po) < Cs(e, + € + €veo). (6.17)

We now modify the constants and estimates of Proposition 6.1 to take the upper bound
of hy into account. The new, maximal time derived from Ty becomes Ty < T;. For times
shorter than this time, ¢ < T}, the bound on €, |a| remains the same. Using this estimate
for €, |a|, we simplify the |p| estimate. Note first that vho+e, < (/6,+€+€,)(142/C5),
inserted into (6.5) gives

1
Pl < SCo(VE + e + e+ lalt), (6.15)

where (), depends on (s, Cg, C, and d and r. With the choice of time interval 75 such
that ¢ < T5, where T is given in (6.14), we obtain |p| < C,(\/€, + € + €v). O
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7 Lyapunov functional

In this section we define the Lyapunov functional and calculate its time derivative in
the moving frame. Recall the definition of £,(¢) in (1.20) together with decomposition
(4.4): Y = Supy (1, +w), with wLJT, M. Define the Lyapunov functional, A, as

1 1
A:=E,(ny +w) + 5(72\/(?7“ +w),nu +w) — Eu(n) — §<RV77W Uz (7.1)

Here we show that the Lyapunov functional A is an almost conserved quantity. We
begin by computing its time derivative. Let a® := —p — V'V (a) and o' := a — 2p (boost
and translation coefficients). We have the following proposition

Proposition 7.1. Given a solution ¢ € 4, N Us to (1.1), define n, and w as above.

Then p
%A =p- (VRyw,w) — a™ - D*V(a) - (zw,w) + R, (7.2)

where

. 1,

R:= o’ (w, V) + 2p - (VaRy 1 w) = 50 - (VaRy 1, 1) -
L . :

+ §Hw|’i2 - U<RV7IW 8u77u>-

Before proceeding to the proof, we recall the definition of the moving frame solution
u defined by -
u(z,t) :==e PTNY(x + a,t). (7.4)

Here a, p and v depend on time, in a way determined by the splitting of Section 4, and
the function 1 is a solution of the nonlinear Schrodinger equation (1.1). In the moving
frame the Lyapunov functional A takes the form

A= Eulu) + 3Ryt ) = Eulo) — 3 (R ). (7.5

We begin with some auxiliary lemmas.

Lemma 7.2. Let ¢ € 4, be a solution to (1.1). Then

B, —iVY) = —(VV ), ) and O,{(z), v) = 2, —iV). (7.6)

Proof. The first part of this lemma was proved in [12]. To prove the second part we use
the equation

(i ?) = iV - (2pp Vb — 2 V) — i(Optp — pOy1)), (7.7)

understood in a weak sense, which follows from the nonlinear Schrodinger equation
(1.1). Formally, integrating this equation and using that the divergence term vanishes
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gives the second equation in (7.6). To do this rigorously, let x be a C! function such
that |Vx(z)| < C and

w={ sy (73)

and let xg(z) := x(%). Abbreviate jj, := (2,0 V¢ —2;,0Ve) and let R > 1. We multiply
the divergence term by xg. Integration by parts gives

'/(V - jk)xrdla

= ‘/]k - Vxr(z) d%x

< [l ate (7.9)

We note that j; € L' for all k, and is independent of R, thus as R — oo, this term
vanishes. The remaining terms give in the limit R — oo the second equation in (7.6). O

Lemma 7.3. Let ¢ € J4, be a solution to (1.1), and let u be defined as above. Then

d 1 Lo p2
7 (Eu(w) + 5 (Rvu,w)) = p- (VaRvu,u) = 5o - D*V(a) - (zu, u) (7.10)

1
+ ghllullf +a® - (i, Vu),

where o := G — 2p and a® = —p — V'V (a).
Proof. The functional &,(u) + 3(Ryu, u), is related to the Hamiltonian functional by
1 L 5 2 :
Eu(u) + 5 (Rvu, u) = Hy () + 5 (0" + W[ ¢lee —p- (0, Vi)
1

_a/umﬂ+vvmy@~wMWPwa

(7.11)

which is obtained by substituting (7.4) into &,(u) + 3(Rvu,u). Using the facts that the
mass [|1)||Z, and Hamiltonian Hy () are time independent, together with the Ehrenfest
relations, Lemma 7.2, we obtain

d 1 i

@(&(M + §<Rvu,U)) - (5 +p-P)Y)lf: — B (1, V) +p - (VV ), )
_ g .D*V(a) - /(:1: — Q)2 d% — VV(a) - (i, V).

Collecting p - p and p - VV together, and combining p and VV'(a) gives

(Eu(w) + 3Ry, ) = Ellwls + 5+ (5 9V)0, )

— (p+ VV(a) - (v, Vi) — %a D2V (a) - /(:c _a)loPdis. (7.12)

4
dt
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From the definition of u, (7.4), the following relations hold
[l = llullz, (b, Vi) = pllullz + (v, Vu), (7.13)
(VV)g,4) = (VVa)u, ), (& = a)y,¥) = (zu, u). (7.14)
Substitution of (7.13)—-(7.14) into (7.12) gives, after cancellation of the p - p terms,
d 1 -
7 (Eu(w) + S (Rvu,u)) = Fllullie + p- (Ve = VV(@))u, u)
1
— (p+VV(a)) - (iu, Vu) — 5(’1 -D*V(a) - /x|u|2dd:p. (7.15)

The last remaining step is to rewrite the second last term as @ — 2p + 2p and combine
its p term with the difference of the potentials, recalling the definition of Ry, to obtain

d 1 i
@(%(U) + s (Ryu,u)) = §|

; ullfs + - (VR s, u)

1
— (p+ VV(a)) - (iu, Vu) + 5(2p —a)-D*V(a) - /:U\u\Q d?z. (7.16)
Identification of the boost coefficient a” := —p — VV (a) and the translation coefficient
a'f := a — 2p gives the lemma. O

The time derivative of the second part of the Lyapunov functional (7.5) is computed
in the next lemma.

Lemma 7.4. Let n, be the solution of (2.18), and let v depend on t. Then

%(Eu@u) + %<RV77W77M>) -

Dl + (o 50) - (VRum, ) + R ), (117)

where o' :== a — 2p.
Proof. The result follows directly, upon recalling that &, (1,) = 0 and %Oztr +p= % O
To proceed to the proof of Proposition 7.1, we restate our condition for unique de-
composition of the solution to the nonlinear Schrodinger equation, ¢ € Us N J#,, in

terms of wu:
u=n,+w and wlJT,M. (7.18)

Given Lemma 7.3 and Lemma 7.4, Proposition 7.1 follows directly.
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Proof of Proposition 7.1. Lemma 7.3 states

d 1 I o o
E(S“W) + §<Rvu, u)) =p- (VaRyvu,u) — 50 DV (a) - (xu,u)

) (7.19)
+ g hllullfe +a” - (u, V).

Insert u = 7, + w above, and use wl{n,, iVn,, zn,}. Recall that 7, is a real valued
symmetric function, hence (xn,,n,) = 0 as well as (in,, Vn,) = 0. We obtain

d

S (Eu(w) + (R ) =

- ((VaRyw, w) + 2(V, Ry, w) + (VaRy 1, 1))
1 1. .
= 50" DV (a) - (ww, w) + Sal[wllEe + Inullf2) + - (w, V) (7.20)
Subtracting the result of Lemma 7.4 we find

1
%A =p- (Vo Ry)w,w) — éatr -D*V(a) - (zw, w)

. 1 T ‘
+a - (iw, Vw) + 2p - (Vo Ry, w) — §Ozt A(VaRv 1, Nu) + g”w”i?
— Ry D). (7:21)

Note that the terms on the second and third line are at least fourth order in the small
parameters. The last two lines is the definition of R in the proposition. O

8 Upper bound on A

This section we estimate A from above using Corollary 6.2 in Proposition 7.1. Taylor
expansion of &, (n(t) + w(z,t)) around n at t = 0, gives

[ty (u(,)) = Eu(nuey (%)) le=o < C'llwol[, (8.1)

The remaining terms in the Lyapunov functional are estimated using the inequality
Hess V(z) < Cé?|z|?(eyx)"? together with Taylor’s formula and Lemma B.3. Further-
more, we use from Corollary 6.2. that |e,ao| < C. We obtain for a 6 € [0, 1]

[(Ryu,u)) — (Rvn,n)|,—g = (Rvw, w)) + 2(Ryn, w)|,_,
= 63,|<SL’ -Hess V(20 + ao) - x, 21, Re(wp)) + [(Rvwo, wo)|

< O(E ||lwollrz + |lwollfs + Hevx(eva:)(rfzmwoHiz). (8.2)
We now use Corollary 5.2 and Lemma C.1 in (8.2) and (8.1) to obtain
[(Ryu,u)) — (Ryn.n)l—g < Cleve + &) (8.3)
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and
|y (u(z, 1)) = Eu(Nuy () li=0 < Ce. (8.4)

Thus, finally
Ali=o < O(€] + €reo). (8.5)

Proposition 8.1. Let ¢ € Us N JA ., and let A, w and o be defined as above, and ¢ as
defined in Theorem 4.1. Then

d _
ZAL< C((ev + o+ va)elevale ) 2wl + lale [ (e o) 2|7,

+ ((ev + &+ va)ed + lal) (lwly, +€)), (8.6)
for times 0 < t < min(T},T3), where Ty and Ty are defined in Corollary 6.2.

Proof. Proposition 7.1 implies

d
A < C(IpI(VaRvw, w)| + [a”|| Hess V(a) [ (zw, w)|
+lallwllee | Vewllee + [pledfwllie + o€} + [l wliz + [aler). (8.7)
An alternative form of Eqn. (8.7) is

d
SN < C(IpIIVaRyw, w)] + ol Hess V (a) |, w)|

+(Iple + lal)(lwllf, + 7)), (8.8)

where we have used €, < C and |a;| < |af, Vj.
Using Corollary B.2 we estimate the Ry terms to obtain

d . —
A< C(Iplevllevlalleva)2wlE + alev (ev]ale) ™ (evaw, w)|

+ (Iplev + lal)(lwllf, +€7)). (8.9)

The proposition now follows upon using e,|a| < C, and [p| < C(ey + € + /€,) for
t < min(7y,Ts) from Corollary 6.2 and the inequality:

(evaw,w) < ||(ey|z])Yw]|2. (8.10)
O
Equation (8.5) and Proposition 8.1 yield an upper bound on A:
2 2 d
Al < C¢f + Ceeo + tsup |—Al. (8.11)
s<t dt
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9 Lower bound on A

In this section we estimate the Lyapunov-functional A from below. Recall the definition
(7.1) of A:
1 1
A= Eu(n +w) = Eun) + SRy (1 +w),n +w) — 5 (Rvn,m). (9-1)
We have the following result.

Proposition 9.1. Let A and w be defined as above. Then for a positive constant C,
1 _
A> §p2]\w|]%h + Coprlley |z] (e, 2) T2/ 202, — Cllwllf, — Ce llw|le. (9.2)

where r and p; > 0 are defined in (2.4), Cy is the positive constant defined in Lemma A.1
and ps > 0 1s a positive number. The constant Cy depends on the constant C,, defined in
Corollary 6.2 bounding the size of €,al.

Proof. By Taylor expansion we have
1
Eu(n +w) = Eu(n) = S (Lyw,w) + R (w), (9.3)

where £, := (Hess&,)(n) and by Condition 2a, |R7(73)(w)| < Cllw|)},. The coercivity
of £, for wlJT,Ms is proved in Proposition D.1 of [12] under Conditions 1-3 on the
nonlinearity (in Section 2). Thus

(Lyw,w) > pa|jwllfy, for wLJT,Ms. (9.4)
The remaining terms of A can be rewritten as
(Rv(n+w),n+w) — (Ryn,n) = (Rvw, w) + 2(Ryn, w). (9.5)
In Lemma A.1 we show that
Ry > Copilev|z])*(epa) 2 for r > 1. (9.6)
Using Lemma A.1, (9.4), (9.6) and the fact that (Ryn,w) < Ce2||w||y 2 we obtain the
lower bound on A. O

10 Proof of Theorem 2.1

The upper bound (8.11) together with the bound from below in Proposition 9.1 yield
the inequality

1 e 2
SPellwlf, + Copr[levaleva) =2 2w] L, = Cllully, — Cellwlle < Ol + Cele,
+ tC'sup ((e + Ve llevaley )T D202, 4 |aley || (e 2]) w22

+((e+ve)e +laD(lwli, + 63)>7 (10.1)
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for 0 <t < min(71,73), where T; and T, are defined in Corollary 6.2 and € := €, + .
The right-hand side is independent of the operator ¢ +— s, sup,., in the given time
interval, we can therefore apply this to both sides of (10.1). To simplify, let

. P2 Copr
= =, . 10.2
p = min(%2, S0 (10.2)
We absorb higher order terms into lower order ones. Furthermore, we assume
t < min(7}, Ty, T3), where T3 := 8 P (10.3)

(lodoo + ev(e+ VE)) (1 +e)’

in agreement with Corollary 6.2. Both p and C' above depend on I, clarifying the need
for e < C(I). Note that

T3C(e + Ve )ev < p, TsC|aloey < p, and T3C((€ + 6,)es + e < 2p. (10.4)
We obtain
psup (4wl + 3]levatea)r 2 ], )

< C(sgg(llwll?{l +epllwlee) + € + eve)
— 2 2
+ psup (llevateva)r=2"wllt, + [leva] 2w, + 26 + 2wl ). (10.5)

Note that g(y) := |y| —y*(y) "' <271, y € R. Indeed g(—y) = g(y) and g is continuously
differentiable on (0,00), g(y) > 0 since |y| > y*(y)~' with g(0) = g(oco0) = 0. The
function g(y) has one critical point on (0,00) at y = (27'(v/5 — 1))"¥/2? with value
maxg = (3 —v/5)(2(v/5 — 1))7/2 < 271, This proves the claim. We now use this
intermediate function g(z) to estimate the term above with |z|'/2. We have

_ 1

evle] = (evlal)Pleva)™ < glevlal) < 5. (10.6)
We also have the inequalities

Clwllfy, < p ' Collwlly, + 47 pllwllf,, Ceélllwln, < CPp7le +47 pllwlif,.  (10.7)

Thus we have 3p|jw||%, on the right-hand side and 2p of terms containing (e,z). Moving
those to the left-hand side of (10.5) using the above inequalities and simplifying we
obtain

. 2 _
sg;t) (Hw||12{1 + Hevx(eva:)( 2)/2wHL2> <C'é+C?% 2(512? Hw||f{l) (10.8)

Abbreviate k := C’e%. Let

— 2
X = sup <||w||12ﬂ1 + Hev|:p|(e‘,x)evx( 2)/2wHL2> . (10.9)
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Equation (10.8) implies
X <C**X? + k. (10.10)
Solving this inequality, we find

0

X <2 ided kK < —. 10.11
< 2k, provide /43_402 ( )
The definition of X and x implies

|wllg, < e, and Hevx(evx)evx(r_Q)/QwHLQ < e (10.12)

Lemma C.1 allow us to rewrite (10.12) as ||w| 4, < ce. Inserting (10.12) into the
expressions for our modulation parameters, the estimate of the aj-terms in (4.25)—(4.28)
gives us |a] < ce? and time interval ¢ < T", where

€ 1

\/_h, ) (10.13)
€ e +ey\/6,

Using €, > Ke, (that is, €, is not an order of magnitude smaller then €, ), we can shorten

the time-interval to have an upper limit of

T" = C(e + epy/e,) . (10.14)

We now choose € such that (10.11) holds and ¢’e < 6, where 4 is defined in Theorem 4.1.
Then there is a maximum 7 such that the solution ) of (1.1) is in Uy for ¢t < Ty. Thus
the decomposition (4.4) is valid and the above upper bounds for ||w||y, and « are valid for
t < min(Ty, C(€® + €,/€,) ). Thus there exists a constant Cp such that 0 < Cp < C,
such that for ¢ < Cp(e® + €,,/€,)" the theorem holds. This concludes the proof of
Theorem 2.1. O

T’ := cmin(e 2,

A Lower bound on Ry

In this appendix we estimate Ry from below. Recall that
Ryv(z) :=V(x+a)—V(a) —VV(a)- -z (A1)
and
Hess V > pre2 (e, z)"=2/2, (A.2)
where p; is a positive constant. We have the following result:

Lemma A.l. Let a,z € R and 0 < ¢, € R. Then (i) if r > 2 or (ii) if r < 2 and
evlal < Cy:

Ry (x) > Copres |z|*(eva) 2, (A.3)
where . _ )
pr— m case (1
CO — 27‘72+ma>;(0,T4)7‘(r_1) - - (A4)
W m case (ZZ).
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Proof. Consider the case z = 0, from the definition of Ry it follows that Ry (0) = 0, thus
the estimate holds. Let x # 0, the function Ry (z) is the Taylor expansion of V(z + a)
around a to first order. The Taylor series remainder

/1(1 —6)z - Hess V(a + 0x) - x d6, (A.5)

integrated by parts, gives the identity
1
/ (1 —0)x-HessV(a+0x)-xdf =
0
1
(1—0)x-VV(a+0x)|)+ / VV(a+0z)-xdf = Ry(z,t). (A.6)

0

Inserting the lower bound of the Hess V' into the Taylor remainder gives the inequality
1
Ry (z) > plei\x|2/ (1—=0)(1+ X |a+ 202240 = pye2|z)°1. (A7)
0

To estimate I, we first consider case (a), with r > 2. The integrand of I is estimated
by the following lemma.

Lemma A.2. Let y > 0 and b > 0 then

2\b/2 -
1 _ < (]. +y ) < 2max(0,¥). (AS)
gmax(0.55%) T 1+ [yl

This lemma is proved at the end of this appendix. For x # 0 denote & = z/|z|,
ay=a-, and a; = a — a)¥, and abbreviate b := r — 2. Lemma A.2 then implies

2 b/2
2 \b/2 2 2\b/2 € 2
(1+ev|a+x¢9| ) = (1+6V|al| ) (1+71+6g|6u|2 (a||+|x|0) )

1 b2 .
_’§;3Q3?§5'<(1'F63“Lﬂ2) ‘F€3\au+-hﬂ9\)
11 .
> 5+ e o+ [l0]", (A.9)

where we used 222x(0.*3") < 9. Thus

T 1, [ r—2 1 1,
I> 1 + 26 2/0 (1— (9)’(1” + |x|9} df = 1 + 26 L. (A.10)
The integral I, evaluates to
]_ s r . r—
I = (lay + l=l]" = lay]” = r|=| sign(ay)|ay|"") , (A.11)

r(r—1)|z|?
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which is the remainder of a Taylor series of ‘a” + |z ‘r around ay, as expected. At a =0
we have

> (A.12)
2= r(r—1) '
To estimate I, for a; # 0, we use the following lemma
Lemma A.3. Lety € R and r > 2. Then
T 1 s
Lyl =1—ry = oll" (A.13)

The lemma is proved at the end of this appendix. Since a # 0 we can pull it out of
I, and use y := |z|/a in the Lemma to obtain

PP i
22 5

=t (A.14)

Note that the above result is a lower limit than we obtained in (A.12), so we can use
(A.14) for all a). Now, inserting this inequality into (A.10) and the result into (A.7) to
obtain

2 2 r T
Ry () > |2l > pr (42 & le] . A5
) 2 o T 2 oy (U 4 o (A15)
Once again using Lemma A.2 gives
Ry(x) = Ciprep o) (eva) 2, (A.16)
where
1

Ch = ,
1 2max(0,rT74)2rf2r(T _ 1)
This concludes part (i) of Lemma A.1, except for the proofs of Lemma A.2 and A.3
which is done below.

Now, we estimate the integral I for the case (ii), with r < 2 and €, |a|] < C,. Introduce
the change of variables p = (1 — 0)%. The integral takes the form

r>2. (A.17)

1 /! 1 2 2
I = 5/0 de, where g(p) := 1+ €, |a+z(1+ /D)|". (A.18)

The triangle inequality together with 0 < p <1 gives
g(p) <1+2€ |al” + 26 |z]*(1 — /p) < (1 + max(2€ |al*, 1)) (e, z)>. (A.19)

The upper bound €,|a] < C, and the estimate 1 + max(2¢2|al?,1) < 2 + 2C? together
with a trivial integral gives that [ is bounded from below as

1

I > Coleyx)"2, where Cy = —
2(2(1+¢2))*"

. (A.20)

Inserting this result into (A.7) concludes the Lemma. O
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Now consider Lemma A.2. It is a combination of the inequalities Theorem 13 and
Theorem 19 in [18]

Lemma A.4. Lety € R and b > 0 then

2\b/2
omax(0.358) = 14 [ylb T ' '
Proof. Denote
(L +y%)"?
fy,b) = T (A.22)

We first note that f(y,b) = f(—y,b), thus we can restrict our attention to y > 0. At
y =0 we have f(0,b) =1 and at y = oo, f(0c0,b) = 1. The function is differentiable for
y > 0, the only critical point for y > 0 is at y = 1, where the function takes the value

f(1,0) = 2v271, (A.23)
If b > 2 its a maximum, and if b < 2 its a minimum, the lemma follows. O

To prove Lemma A.3 we begin by stating it again.

Lemma. Lety € R andr > 2. Then
1

|1+yV—1—TyZ2PJmf (A.24)
Proof. Denote
T 1 T
flysr) = Lyl = 1= ry = S5l (4.25)

The lemma is equivalent to f > 0, for r > 2. We note that f is twice differentiable at
all points except y = —1 and y = 0. We observe that the inequality is satisfied for both
of these points since we have f(0;7) = 0 and f(—=1,r) =r —1— 55 > 0 for r > 2.

Consider the derivative of f with respect to y:

: _ r . _
i) = (sl Lo - Shsmbl - 1) (a29

We wish to show that f decays monotonically on y < 0 and hence, that d,f < 0 for
—1 <y <0andy< —1. We also wish to show that f increases monotonically for y > 0
with 9, f > 0. To show this, consider first the case y > 0: using that (1+y)"~! > 14y 1,
we have 9, f > 0 for y > 0.

For the interval —1 < y < 0, use that b" < b for any b € (0, 1), to obtain

Oyfyir) =L —[y) = + 227yl =1 < —y| +2°7"|y|
=—(1-2"")|y| <0, r>2. (A27)
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For the last interval y < —1 we re-write (A.26) as

O,f(ysr) = —r ((lyl =1 =227y + 1) (A.28)

Upon calculating 85 f, and solving 85 f = 0 for y in this interval we find that 0, f has
a maximum at |y| = 2 with value 0,f(2;r) = 0. Hence, 0,f < 0 for y < —1 and
—1 < y < 0. We have showed that f decays monotonically on y < 0 and increases
monotonically on y > 0, and f(0;r) = 0. Hence f > 0 for all y € R, which proves the
lemma. 0

B Upper bound on Ry and V /Ry

In this appendix we estimate Ry and derivatives of Ry from above. From the proof of
Lemma A.1 we have the following identity

Ry (z) = /01(1 —0)x - Hess V(a + 0z) - x d6. (B.1)

Furthermore, in (2.4) we made the assumptions that, for 3 € Z¢ and |3] < 3,
107V (2)] < Cyelle, z) 10, (B.2)
We begin with the following result for derivatives of Ry .

Lemma B.1. Let a,x € R?, 0 < ¢, € R and e,|a| < Cy, as in Corollary 6.2. Further-
more let 3 € 2, with 0 < 3; <1Vj=1,....d and |3| =1 Then, (i) if r > 2:

|05Ry | < C1€3 || (e, ) mex(r=30) (B.3)
or (i) if 1 <r < 2:
iRy | < Caellal*(eva) 2, (B.4)
where
Cy == 27"Cyd(2(1 + C2))m=xr=30/2 0y = Oy d(6V2 + In(1 + C,)). (B.5)

Here Cy is the constant in (2.4).
Corollary B.2. Under the same conditions as in Lemma B.1 we have

0P Ry | < CE |z (eya) 2, (B.6)
where C' depends on Cy and Cy above.

Proof. Use that (e, 2)™>* =39 < (e,2)""? in Lemma B.1. O
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Proof of Lemma B.1. For the case z = 0, (0°Ry)(0) = 0 and thus the Lemma is satis-
fied. For z # 0, and since V' € C3, we have from (B.1) that

d 1
Ry (2,t) = Z xlxk/ (1 —0)(9%0,,0,,V)(a + 0x) d6. (B.7)
k=1 0
The upper bound on the potential, (B.2), gives
d 1
104, Ry ()| < €3 Oy Z |x1xk|/ (1—=0)(1 4 éX|a+ 0z =3/2 49, (B.8)
k=1 0

here Cy is the constant in (2.4). To estimate |0°Ry |, we use the inequality

d

> lwpa| < dfaf?, (B.9)

k=1
to obtain
1
|0°Ry ()| < Cvde?;|:c\2/ (1—=0)(1 + Ela+ 032 =acye |z’ T.  (B.10)
0
To estimate the integrand, we consider first case (i), with r > 3, €,|a| < C,. Before

we estimate the integral I, we estimate part of its integrand with the triangle inequality
together with €, |a] < C, and 6 <1 to obtain

L+ela+0z)> <1+2C% +2|z)* < (1 +max(202,1)){e,z)°. (B.11)
Thus ~
0°Ry (2,1)| < C1é¥ |22 (e )3, (B.12)
where )
Cy = 271Cyd(2(1 + C%)r=3/2, (B.13)

To extend this case to include r > 2, we note that for r € [2,3] the exponent in the
integrand of I, 7 — 3 < 0, and that 1 + ¢2|a + 6z|*> > 1 to obtain

I<27t (B.14)

We conclude that for r € [2, 3] |0°Ry| < 271dCy €3 |z|?. Thus upon changing (B.12) and
(B.13) into
|0PRy (z)] < C1ed || (e, z)mexr=30) (B.15)

where
Cy = 271Cyd(2(1 + C?))max(r=3.0)/2 (B.16)
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part (i) is proved.
For the case (ii), with » < 2 we need a more precise estimate that the case of r € [2, 3].
To obtain this, recall that z # 0 and let us introduce the notations z := z/|z|, a) := a- 2
and a, = a —aj. Then |a+ 0z> = a? + |q + 6\:6“2. By the change of variables
y = ey (a + 0|z|) and that 1 + a3 > 1, we find
1 ey (a)+]z) dy 1

I < =: L. B.17
€V|5L‘| (1+y2)(3—7")/2 €V|$| 2 ( )

eva”

The goal is to show that (e, x)?>7"I is bounded by a constant independent of €,. To show
this, we consider two intervals for |z| first €, |z| < 1. For this interval (e, z)*™" < 227"
and I < €y |z|, thus (e, x)?>7 "1 < 2.

For the intervals e, |z|] > 1 and 1 < r < 1.5. We show that I is bounded by a
constant. Indeed, regardless of the values of a) and |z| we have

4 -3
IQ§2/ —_— = WTZ§6 (B.18)
o (1+y*)En/2 L(%5%)
for 1 <r <1.5. Thus ,
(EV:U)%T[ < 6M < 6v/2. (B.19)
ev|z]

For r € [1.5,2] we need a better estimate, we use that (1 + y2)G=/2 > (1 4 y?)1/2,
thus

ev(a)+lz|) d 1 2 2
I < / y ln(eva” +ev|z| + /1 +€a+ ) (B.20)

va V14 y? evaj+ /1 + e%aﬁ

To estimate this, we consider four different regions, For aj > 0 and |z| > |a it is
bounded by In(1 + 4e|z|). For a > 0 and |z| < |a it is bounded by In2. For aj < 0
and |z| < |a| it is bounded by In(1 + 2C,). For aj < 0 and |z| > |a] it is bounded by
In (14 2C,)(1 + 4ey|x|)). Thus

I, <In(2+42C,) + In(1 + 4dev|z]) < (ev|2])?In (10(1 + Cy)), for ey]z| > 1. (B.21)

where we have used that for e, |z|] > 1, ¢ > 0 we have ¢ + In(1 + 4e,|z|) < (¢ +
In5)(ey |z|)Y/2. Thus

(ey)* "I < In(10(1 + Ca))% < 2Y4In(10(1 4 Cy)). (B.22)

Comparing the constants above for the I estimate we find that
Cy = Cyd(6vV2 + In(1 + C,)), (B.23)

is sufficient. This concludes the proof of the lemma. O
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To bound Ry from above we could use the same methods as above, but the upper
bound will be to large to fit into the energy space. But we have the following

Lemma B.3. Forr > 1 and €,|a| < C,
Ry < C1(1+ & |z|*{e,x) ), (B.24)

where
Oy = 20y(2 4 20%)r-1/2, (B.25)

Proof. For r > 2, we there exists a 6 € [0, 1] such that
Ry < Cyé|z[*(z0 + a)" 2 (B.26)

Since r—2 > 0 we estimate ey |z0+a| < e, |z|+C, and (1+2a|z]*+2C?) < (242C%) (e, z)?
we obtain the lemma for » > 2 as

Ry < Cy (2 +2CH D2 e |2 (epa) 2. (B.27)
For r € [1,2) we use that there exists a 6 € [0, 1] such that
Ry = (VV (20 + a,t) — VV(a)) - 2 < Cyey|z|({ey (28 + a)) ™t +(C,)" ). (B.28)
Once again €, |20 + a| < €, |z| + C, and we obtain
Ry < Cvey|z|((2+202) D2 (e )1 + (C,) ). (B.29)
To estimate the second term, recall (10.6), to get
evlzl <270 + (ev|z])*(eva) . (B.30)

To estimate the first term in (B.29), let y = €, || > 0, r € [1,2] and calculate

- - o y v y 1
y() T =) T =) T - ) = < <. (B3l
W) W+~ W+~ 2
Thus
ev]al{eyz) ™t <270 4 (e ]z])H ey ) 2 (B.32)
Collecting the above two terms gives
Ry < 20v(2+2C%)0=V2(1 4 (e, ]x)) 2 ey )" 72). (B.33)
Since (B.33) for r > 2 is larger than (B.27) we have proved the lemma. O
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C Bound in energy-space
In Eq. (10.12) we show that

ello = l[wll, + [lev 2l{ev) 2], < Ce. 1)
We want to show that ||w|| 4, < Crl|wl|lo. This result follows from the following lemma:

Lemma C.1. Forr € (0,00) there exists a constant ¢, such that

1 2 r—2
0 <1+ min(0,¢,) < % < 1+ max(0,¢,) < 2, (C.2)
y r
where 2/r—2)
2—1 (2 "
roo— - 3 27 C 3
o =2 () r (©3)

and forr =2, ¢, = 0.

Proof. Denote

1 2 _ 1 r—2
f(z) = * > )2 =14+2z"-272 2>1. (C4)

Note that for 22 = 1 + y?, f is the function we want to estimate for the lemma. For
r =2, f =1, thus ¢, = 0. The function f is at least C* for z > 1. Now consider r # 2.
We note that f(1) =1 and f — 1 as z — oo. The critical point on [1,00) of f is at
z. = (r/2)"/("=2) > 1, where the function take the value

2 —r (2)*07?
D=1 - , C5
fe =1+ (2) (©5)
A maximum(minimum) for » < 2(r > 2). This concludes the proof. O

D A family of time-dependent solutions

In this appendix, we construct a family of solutions to the nonlinear Schrodinger equation
with a quadratic, time-independent potential.
Let ¥ (x,t) have the form

Y(x,t) = PO @m0, (o — a(t)), (D.1)

where 7),, is a real-valued function, not yet determined. We substitute this function into
(1.1), and let y := = — a to obtain

0=p yiju+ (¥ +p°—a- p)ij +iVi, - (@ — 2p) — Afj, — () + V(y + a)ij,.  (D.2)

38



By adding and subtracting the terms (4 V (a))7, and VV (a) - y7, and as usual defining
Ry :=V(y+a)—V(a) —VV(a) -y we find

0= (p+VV(a)) yi + (§+p* = a-p+V(a) = p)ij, +iVij, - (@ — 2p)
+ (=A+ )i — f(7) + Ryl (D-3)
If we choose
then the Eqn. D.3 reduces to

0= —Any + pijy — [ (1) + Ry, (D.5)

where 7, = 7,(y), and A = Z@;j. In general this equation is time-dependent due to
the appearance of a in Ry, but for potentials of the form V(z) =z-A-x+v -z +d,
with constant matrix A, vector v and scalar d, we have

sz(y+a)A(y+a)~|»'v(y+a)+d_(aAa+va+d)
—(a-Ay+y-A-atv-y)=y-A-y. (D.6)

The right-hand side is independent of a, and hence of time. Equation (D.3) reduces to

0= _Aﬁu + i — f(ﬁu) +y-A- Yl (D-7>

Thus, if there exists nontrivial solutions to this equation, we have constructed a family of
solutions e (@=a+177 (1 —qa), where 7j, solves (D.7). Existence of solutions to a general
class of equations that includes (D.7) under some restrictions on b := p+y-A-y and with
a class of local nonlinearities is shown by Rabinowitz [23] and extended to more general
potentials by Sikarov [25]. Sikarov require the following potential conditions: b > —c,
where |¢| < o0,

inf |Vullfs + (bu,u) >0 (D.8)

u€Hy, [lulg2=1

and that b grows to infinity in almost all directions as |y| — oo.
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