CONCENTRATION INEQUALITIES AND ESTIMATION OF
CONDITIONAL PROBABILITIES

V. MAUME-DESCHAMPS

ABSTRACT. We prove concentration inequalities inspired from [DP] to
obtain estimators of conditional probabilities for weak dependant se-
quences. This generalize results from Csiszar ([Cs]). For Gibbs mea-
sures and dynamical systems, these results lead to construct estimators
of the potential function and also to test the nullity of the asymptotic
variance of the system.

This paper deals with the problems of typicality and conditional typical-
ity of “empirical probabilities” for stochastic process and the estimation of
potential functions for Gibbs measures and dynamical systems. The ques-
tions of typicality have been studied in [FKT] for independent sequences, in
[BRY, R| for Markov chains. In order to prove the consistency of estima-
tors of transition probability for Markov chains of unknown order, results
on typicality and conditional typicality for some (¥)-mixing process where
obtained in [CsS, Cs|. Unfortunately, lots of natural mixing process do not
satisfy this W-mixing condition (see [DP]). We consider a class of mixing
process inspired from [DP]. For this class, we prove strong typicality and
strong conditional typicality. In the particular case of Gibbs measures (or
complete connexions chains) and for certain dynamical systems, from the
typicality results we derive an estimation of the potential as well as proce-
dure to test the nullity of the asymptotic variance of the process.

More formally, we consider Xy, ...., X,, ... a stochastic process taking values
on an complete set ¥ and a sequence of countable partitions of X, (Pg)ren
such that if P € P;, then there exists a unique Pe Pr_1 such that almost
surely, X; € P = X;_; € P. Our aim is to obtain empirical estimates on
the probabilities :

P(X; € P), P € Py,

and the conditional probabilities :
P(X;€P| X, 1€P), PeP,

and the limit when & — oo when it makes sense.
We shall define a notion of mixing with respect to a class of functions. Let
C be a Banach space of real bounded functions endowed with a norm of
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the form :

Iflle = C) + A1,
where C(f) is a semi-norm (i.e. Vf € C, C(f) > 0, C(A\f) = |[ANC(f) for
AeER,C(f4+g9) <C(f)+C(g)) and || || is a norm on C. We will denote by
C1 the subset of functions in C such that C(f) < 1.
Particular choices of C may be the space BV of functions of bounded varia-
tion on X if it is totally ordered or the space of Holder (or piecewise Holder)
functions. Recall that a function f on X is of bounded variation if it is

bounded and
\ fi=sup > [f(z:) = flaip)] < oo,
=0

where the sup is taken over all finite sequences 1 < --- < x,, of elements of
Y. The space BV endowed with the norm ||f|| = \/ f + |||l is a Banach
space.

Inspired from [DP], we define the ®¢-mixing coefficients.

Definition 1. For i € N, let M; be the sigma algebra generated by Xj, ...,
X;. For k € N,

Dc(k) =sup{[E(Y f(Xitx)) —EYV)E(f(Xix))| i € N Y s
(*) M, — measurable with |[Y||; <1, f € Ci}.

Our main assumption on the process is the following.

Assumption 1.
n—1

S0 — B)®e(k) = O(n).

k=0

Remarks. Assumption 1 is equivalent to (P¢(k))ken summable. We prefer
to formulate it in the above form because it appears more naturally in our
context.

Our definition is inspired from Csiszar’s (which is W-mixing for variables
taking values in a finite alphabet) and Dedecker-Prieur, it covers lots of
natural systems (see Section 2 for an example with dynamical systems and
[DP] for further examples). Our definition extends Csiszar’s which was for
random variables on a finite alphabet.

We consider a sequence (Py)ren of countable partitions of ¥ such that :
almost surely, for all 7,k € N, we have
(%) VPeP, N PePy,, X;€P =X, ,€P.
For i,/ € N, for P € P}, consider the random variable :

l+i—1
N{(P)= ) 1p(X)).
Jj=t

Our aim is to have quantitative informations on how close are the empirical
probabilities ———— to the expected value Q;""(P) := E (———). We

are especially interested in “large scale typicality”, that this we wish to
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allow k to grow with n. We wonder also about “conditional typicality”, for
P € Py, let

_ NY(P)n -1

gn(P) = —
N
Our main result is that §,(P) is a consistent estimator of the conditional
. n+1 P
probabilities @, (P|P) := 62:1,71(; This follows from the following concen-
0

tration inequality (see Theorem 1.5).

Theorem. Let the process (Xp)pen satisfy Assumption 1, let (P)ken be
a sequence of countable partitions of ¥ satisfying (**) and such that Yk,

n—1
P
VP, € P, 1p, € C. There exists C > 0 such that for all e <1, if ST())
P
¢ (P) e
and —————= are greater than n~ 2, we have
C(1p)

B

In the case where the sequence is stationary, we get :

P (
If the conditional probabilities Qn(P|ﬁ) converge when k — oo, we may
obtain an estimator of the limit function. This is the case for certain dy-
namical systems (see Section 2) and g-measures (see Section 3). In these
settings, we obtain a consistent estimator of the potential function. This
leads to a way of testing the nullity of the asymptotic variance of the system
(see Section 4 for details).
Section 1 contains general results on typicality and conditional typicality
for some weak-dependant sequences. In Section 2, we apply these results to
expanding dynamical systems of the interval. Section 3 is devoted to Gibbs
measures and chains with complete connections. Finally, in Section 4 we
sketch a way of testing the nullity of the asymptotic variance of the system.

gn(P) — Qn(P’ﬁ)‘ > t> S 46—Ct2n175 + 26_Cn175.

gn(P) - P(Xl S P‘XO & ﬁ)‘ > t> S 467015211175 4 2eicn1—s.

1. TYPICALITY AND CONDITIONAL TYPICALITY VIA CONCENTRATION
INEQUALITIES

Following Csiszar, we wonder about typicality that is : how close are

n+1i .

the “empirical probabilities” NiT(P) to the expected probability Q7" (P) ?
This is done via a “Hoeffding-type” inequality for partial sums.

The following Proposition has been obtained in [DP], we sketch here the

proof because our context is a bit different.

Proposition 1.1. Let (X;) be a sequence a random variables. Let the coef-
ficients ®c(k) be defined by (*). For ¢ € C, p > 2, define

Snlp) =Y o(Xi)
=1
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and
ln = (Z‘I) ) ||90 E(@(Xz))H%C(SD)

For any p > 2, we have the inequality :

15()  E(Su(@))ly < <2p2bw>

n—1 2
(1.1) < C(yp) <2p > (n- k)@c(k)>
k=0

2
As a consequence, we obtain

P (15n(p) = E(Su(e) > t)

1 1
(12) = exp<26<c<so>>2 z:ém—k)@c(k))'

Sketch of proof. There are two ingredients to get (1.1). Firstly we need a
counterpart to Lemma 4 in [DP].

=

Lemma 1.2.

D¢ (k) = sup {|[E(p(Xirr)[Mi) — E(o(Xitk))lloo » » €Ci}
We postpone the proof of Lemma 1.2 to the end of the proof of the

proposition.
Secondly, we apply Proposition 4 in [DD] to get : (let Y; = o(X;)—E(o(
%
15n(9) = E(Sn(@))llp < <2PZ max |[Y; ZE Yi| M) HP)
< (203 Il om0 uoo)
1
n 2
< (zpz b>
i=1

(we have used that by Lemma 1.2, [|[E(Yjyi| M)l < C(p)®c(k)). To
obtain the second part of inequality (1.2), use HYZH§ < |WYilloo < C(9)Pc(0)).
The second inequality (1.2) follows from (1.1) as in [DP]. O

Proof of Lemma 1.2. We write
E(Yf(Xisr) —EV)E(f(Xiyr) = EV[E(f(Xigr)Mi) = E(f(Xigr)])
(S (Xigw) IMi) = E(f(Xigr)lloo-

To prove the converse inequality, for € > 0, consider an event A. such that
for w € A,

[E(f (Xiw) M) (@) = E(f (Xipn))| = [E(f (Xirw) I Mi) = B(f(Xigr))loo — €,

IN
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and consider the radom variable

Y. = s E (X i) M0 @) — E(f (Xig)

Y. is M;-measurable, ||Yz|; <1 and
E(Yef(Xivr)) = BOYOE(f (Xigr)) = [[B(f (Xir) Mi) = E(f (Xigk))loo — &

Thus, the lemma, is proven. O

We shall apply inequality (1.2) to the function ¢ = 1p, P € Py.

Corollary 1.3. If the process (X1,...,Xn,...) satisfies Assumption 1, if
the sequence of partitions (Pk)ken satisfies (**) and for all P € Py, 1p € C,
then, there exists a constant C' > 0 such that for all k € N, for all P € Py,

for anyt € R, for all i,n € N,
1 <_ ct?n )
>t <eece\ Car?/

(1.3) P (

Proof. 1t follows directly from (1.2) applied to ¢ = 1p and Assumption
1. O
St NP : :
Let us denote by P7""(P) = ————. The following corollary is a coun-
terpart to Csiszar’s result (Theorem 1 in [Cs]) in our context.

7

m _ Q:}H(p)

n

Corollary 1.4. There exists C > 0 such that for all P € Py for which
(Q?“’(P)

2
7> n > In?n, we have :
4 1

C(1p)
g ( Qi (P)

Proof. We apply Corollary 1.3 with ¢ - Q?“(P) instead of t. We get :

P (P) 1 Ct3(QT(P))?n
P(W” >t> geaex"(‘ (C(1p)P )

The result follows. O

Pi(P)

> t) < eée(—CtQIHQn).

Remark. Let us consider the case where C = BV. If the partition Py is a
partition into interval, then for all P € Py, C(1p) = 2.

We are now in position to prove our theorem on conditional typicality.
Recall that
n—1N"(P)

MO TN

Theorem 1.5. Let the process (X,)pen satisfy Assumption 1, let the se-
quence of partitions (Pk)ren satisfy (**) and for all P € Py, 1p € C. There
exists K > 0 such that and for all € < 1, for all P € Py for which

P Q)

C(1p) C(1p)

(M)

>n

)
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we have

€ 1—¢

+ 2¢ Kn

P

If the sequence is stationary, the result may be rewritten as :

B

Proof. Fix R > 0, let us bound the probability

P

with the sum of the probabilities :

(1):1@(
(2):1@(

Gu(P) = Qu(PIP)| > t) < 4e~ K

QH(P) - P(Xl S P | XO [ ﬁ)‘ > t) S 467Kt2n1—5 + 2€*Kn1_5.

3u(P) = Qu(PIP)| > 1)

B () - @) > ) Q32 it )> :

2

(3):P<M<R>.

PIH(P)

n—1/p
B (P) - Qi (P)] > M) ,

The terms (1) and (2) are easily bounded using Corollary 1.3 : we get

2. 1—¢ 2 p2 _ l—e
(1) < ec exp <—Ct%> (2) < e exp <—Ct R (le 1 ) .

It remains to bound the term (3). We have (recall that almost surely, X; €
P=X j—1 € P ) :

B p) _n-1 <1+ 1(x,ep) ) |

Bgi(p) T m Ng~H(P)
IAP)?JFI P) : n—1/p 1
So we have that ———=" < 2 unless if N~ (P) = 0. Take R = 3, we have :
Pg—(P)

(3) <P(NJ~Y(P)=0) and

(NG~ (P)=0) <P (If”’&‘l(ﬁ) < @) ,

n—1,p
apply Corollary 1.3 with ¢t = w (of course our hypothesis imply that

2=1(P) > 0) to get
3) < eee=Cn' ",

These three bounds give the result (we have bounded et by 2). O
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2. APPLICATIONS TO DYNAMICAL SYSTEMS

We turn now to our main motivation : dynamical systems. Consider a
dynamical system (X,7,u). X is a complete space, T : ¥ — X isa
measurable map, p is a T-invariant probability measure on . Let C be a
Banach space of functions on ¥ (typically, C will be the space of function of
bounded variations or a space of piecewise Holder functions, see examples
in Section 2.1). Assume that the norm || || on C is such that for any ¢ € C,
there exists a real number R(p) such that ||¢+ R(p)|| < C(p) (for example,
this is the case if || || = || |loo and C(p) = /(@) or || || = || |l and C(p)
is the Holder constant). We assume that the dynamical system satisfy the
following mixing property : for all ¢ € L (u), v € C,

(2.1) / o Ty — / vy / wdpn| < ()@l e,
> b b
with ®(n) summable.

Consider a countable partition Ay,...,A,,... of 3. Denote by Py the count-
able partition of 3 whose atoms are defined by : for ig,...,ix_1, denote

A =z ey /forj=0,...,k—1, T/(x) € Ai;.}

10 =
We assume that for all ig, ..., ix_1, f = lAik,l € C and note C'(iy, ..., 0x—1) =
i0 '
C(f). Consider the process taking values into 3 : X; =77, j € N. Clearly
if X; € A;'g‘l then X ; € Az’f‘l. That is for any P € Py, there exists a
unique Pe Pr—1 such that X; € P = X, € P.
Condition (2.1) may be rewritten as : for all ¢ € L1(u), v € C,

[Cov(¥(Xo), (Xn))| < @(n)llell1ll¢]lc-

Moreover, we assume that for ¢ € C, there exists a real number R(1)) such

that || + R(¥)|| < C(v), we have :

|Cov(¥(Xo),(Xn))l = [Cov([¢(Xo) + R(¥)], p(Xn))|
o(n)llellllv + R@)le
20(n) |l C ().

Using the stationarity of the sequence (X)), we have for all i € N, for ¢ € Cy,
ZBS le H90H1 <1

(2.3) |Cov(P(X5), p(Xpti))| < 20(n).

So, our Assumptions 1 and (**) are satisfied for a “time reversed” process,
that is, consider a process (Y},)nen such that (Y, --,Yp) as the same law
as (Xo, -, X,), then Cov(y(X;), o(Xpn + 1)) = Cov(¢(Yign), p(Y;)) and
the process (Y),)nen satisfies our Assumptions 1. Using the stationarity, it
satisfies also(**), see [BGR] and [DP] for more developments on this “trick”.
Applying Theorem 1.5 to the process (Y},)nen and using that

n n—1
S 107 MY ST 150(X;)
j=1 0

<
(2.2) <
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and
n—2 Law n—2
Y1) =D 15(X)),
=0 =0

we obtain the following result.

Theorem 2.1. There exists a constant C' > 0, such that for all k,n € N,

for any sequence iq,...,ik_1, for all t € R,
N2 (A1 , it
IP’( o( io ) _M(Azxg_l) >t> < eée Cligsrmmip_1)2
n

NEAETY .
———%— "=, there exists K > 0 such that and for all
Ny AR
e < 1, such that if

pATD AT
Cligy .- yik—1) Clity. . yik—1)

Let gn(A}") =

20

[S10)

>n

)

we have :

P

Let us terminate this section with a lemma stating that the elements
P € P;, are exponentially small. It indicates that we might not expect to
take k of order greater than Inn in the above theorem.

Qn(A““*l) — P(X(] € Aio|X1 € Ail, e, Xpq € Aik71)

10

>t)

_ 2, 1—¢ _ 1—e
546 Kt*n +2€ Kn

Lemma 2.2. Assume that Cpax = max C(lAj) < 00. There exists 0 <

=1,...,

~v < 1 such that for all P € Py, we have
p(P) <~*.

Proof. The proof of Lemma 2.2 follows from the mixing property. It is
inspired from [Pa]. Let ng € N to be fixed later. Let P € Py, for some
indices ig,...,%,_1, we have that

P = {H? S Aioy- .. ,Tkil.%' S Aik—l}'
Then, let £ = [£],

ng
/’L(P) = IP(XO € Aioa s 7Xk71 € Aik_l)
< P(X() € AioaXno €A . Xﬁn() € Auno)

ino’ .o
Now, the random variable
1A¢n0 (Xn ) to lAzan (ano)

Y =
P(X,, € A oy Xing € A%O)

ing o

14,
is Myp,-measurable with L' norm less than 1 and Ci:)x is in C;. From the

mixing property (2.3), we get : (let s =sup,;_; _pu(A;) <1)
]P’(Xo c Aiano S Aing?' . Xgno c Aimo)
< ]ID()(n0 S Aino’ RN Xgno € Aieno) . (J)C(no)Cmax + S).
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Choose ng such that ®¢(ng)Cpax+$ < 1 and obtain the result by induction.
U

2.1. Expanding maps of the interval. In this section, we consider piece-
wise expanding maps on the interval I = [0, 1].

That is, T is a piecewise expanding map, defined on a finite partition into
intervals Ay, ..., Ay. Py is the partition of I with atoms : A;, N T~1A; N
N T_(k_l)Aikfl. If for all j =1,...,¢, T(A;) is a union of the Ay’s, T" is
said to be a Markov map. For x € I, let C(z) be the atom of the partition
‘Pj. containing x. Under an assumption of aperiodicity in the Markov case or
covering in general, the map 71" admits a unique invariant measure absolutely
continuous with respect to m the Lebesgue measure, let i be the invariant
density. The potential of the system is g = \T’lﬁ’ we have also that g~ !

is the Radon-Nicodym derivative of o T with respect to p (if p = hm).
We shall prove that g(x) may be estimated by g, x(z) = Gn(Ck(z)) for
k = O(Inn). Formally the assumptions on the system are the following.

Assumption 2. (1) the restriction of T’ to each A; is a C? bijection
from A; to T(A4;) =: B;.
(2) T is expanding, that is there exists 1 < §~! such that for all z € I,
=1 <|T'(x)|.
(3) If T is a Markov map, we assume that it is aperiodic, that is : there
exists V € N such that for all ¢, j =1,... ¢, foralln > N,

T "A; N Aj # 0.

(4) If T is not Markov, we assume that it satisfies the covering property :
for all £ € N, there exists N(k) such that for all P € Py,

TVN®E P =10,1).

The above conditions are sufficient to ensure existence and uniqueness of
an absolutely continuous invariant measure as well as an estimation of the
speed of mixing (see for example [Sc] for the Markov case and [Co], [Li]
for the general case). Under more technical assumptions, these results on
existence and uniqueness of an absolutely continuous invariant measure as
well as an estimation of the speed of mixing remain valid, with an infinite
countable partition ([Br], [L,S,V], [Mal]).

Theorem 2.3. ([Sc|, [Col, [Li]) Let C be the space of functions on [0, 1]
of bounded variations. Let T satisfy the assumptions 2. Then we have the
following mizing property : there exists C > 0, 0 < & < 1 such that for all

peLl(n), pec,

/ o T dy — / vy / wdu| < CE ol ]lc.
> > »

Moreover, we have that the invariant density h belongs to BV and 0 <
inf h < suph < oo. If the map is Markov, then h is C' on each B;.

In other words, our system satisfy (2.1) for bounded variation functions.
Moreover, for any & € N, the element P of P, are subintervals, so the
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indicatrices 1p belong to BV and C(1p) = \/(1p) = 2. So, we shall apply
Theorem 2.1, this will lead to the announced estimation of the potential g.
Let us also introduce a very useful tool in dynamical systems : the transfer
operator. For f € BV, let

LH@) = D aw)fWw.
y/T(y)=z

We have £(1) =1, for all f; € BV, fy € L*(p),

/‘C(fl)'deM:/f1'f20Tdu.
I I

The process (Y, )nen introduced after Lemma 2.2 is a Markov process with
kernel £ (see [BGR]). The following three lemmas are the last needed bricks
between Theorem 2.1 and the estimation of the potential g.

Lemma 2.4. Assume that T satisfies Assumption 2 and is a Markov map.
There exists K > 0 such that for all k € N, for all x € I,

1(Ck(2))
(24) (1-K6%)g(x) < m < (1+ K" g().

Proof. Because the map is Markov, for all x € I, T(Ck(x)) = Cir_1(Tx).
We have :

W(T(Crla))) = / élck(x)dﬂ,

1 1
min — [ 1¢, (,\d §/ 10, (»dp < ma /1
yeCr () g(y)/ Cr(x)OH g Cr(2) 0 = yeCrn(@) 9(1) Cr(x

Since the map is Markov, h and ho T are C'! on each (), s0 g is C! on
Ck(z) and since T is expanding, we conclude that
1 1
max —— 1+ KoF—
A g =T
1 1
and min — > (1 — KO%)—.
veCi(z) 9(y) (z)
The result follows. O

If the map T is not Markov, we shall prove a result not so strong (but
sufficient for our purpose). To deal with non Markov maps, we have to
modify the above proof at two points : firstly, we have not T'(Ci(z)) =
Ck—1(Tx) for all z (but for lots of them) ; secondly, g = IT’\% is not smooth

(due to h). The following lemma shows that we control the irregularity of
h.

Lemma 2.5. Let a = \/ h, for any interval P, let \/h be the variation of

P
h on P. For all k > 1, for all up > 0,

k
plze0,1]/ \/ h>w)<
Ci (=) ke
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Proof. We have :
plee1/ \ hzuli= 3 w(p)

Cr(x) \/Pizkk
phzu
a:\/h > Z\/h
PeP, P
>

#{P € Py / \/h > U Pug.
P
In other words, #{P € Pr, / \Vph > u;} < °. Using Lemma 2.2, we get :
(o

p{z € [0,1] / \/ h>up} < #{PePy/ \/hZuk}vk
Cr(x) P

IN
|

uRa
O

Corollary 2.6. For all K > v and k > 0, there exists a constant K > 0 and
k
for all k € N*, a set By such that pu(By) < h and if x ¢ By, y € Ci(x),

g(z) k
2.5) 1 - KrP) < 22 < (14 Kr5).
( ( ) o) ( )
Proof. Recall that g = IT’\% Because T is piecewise C? and expanding,
ﬁ satisfies an equation of the type (2.5) for all = € [0,1], for K = 6. We

just have to prove that h satisfies such an inequality. Let
By={zec(0,1]/ \/ h>rF}.
Cr(x)
Let z € By, and y € Ci(x).
() —h(y)| < \/ h<w*
Cr(z)
Now, hz) _ 4 + 7h(x)7h(y), thus

h(y) h(y)
1 h(z) 1
1- k< <1 k
suphﬁ ~ h(y) + infh"
Of course, the same equation holds for h o T by replacing k& with k& — 1,
combining this tree equations gives the result. (|

Lemma 2.7. Assume that T satisfies Assumption 2 and is not necessary a
Markov map. There exists K > 0 such that for all k € N, for all kK > v and
k>0,

e O
M{xe[ / (1= Kr%)g(z) < 1w(Cr_1(Tx))

>1- (204" +a (7)’“).

K

<+ ng(x)}
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Proof. We begin with a simple remark. Let us denote 9P the union of the
boundaries of the A;’s. For z € [0,1], if Cy(z) N OP = 0 then T(Cy(x)) =
Ci—1(Tx), otherwise, T(Cy(z)) is strictly included into Ci_1(T'z). This
elementary remark is very useful in the study of non Markov maps. The
points x such that T'(Cy(x)) = Cx—1(Tx) will be called k-Markov points. If
the map is Markov then all points are k-Markov for all k¥ € N. For k-Markov
points, we may rewrite the proof of Lemma 2.4 to get the inequalities :

1 1
min  ——u(Cr(x)) < pu(Cr—1(Tx)) < max ——u(Cr(x)).
yeCi(2) 9(y) (Cul@)) < W(Con(T2) yeCi(z) 9(y) (Cel))

Now, we use Corollary 2.6 and we have that if x is a k-Markov point that
do not belong to By then

#(Cr(x)) k
2.6 1—K/£kg:n < ——F—= < (1+ Kk")g(x).
RO (1= Knhgle) < BERES < (14 Knbg(o)
So, we have that the set Dy of points not satisfying 2.6 for one k is included
1nt0 the set of points x such that C(z)NOP # 0 or in By, (given by Corollary
2.6). Clearly, there are at most 2¢ elements P of P}, such that P N OP # 0,
moreover, by Lemma 2.2, we have for P € Py, u(P) < +*. We have proven

that p(Dy,) < 264% + . O

We are now in position to prove that g, () is a consistent estimator of
the potential g(z).

Theorem 2.8. For all k > v and k > 8, there exists Dy, and Ey, finite union

of elements of Py satisfying u(Dy) < 20v* 4+ a (%)k, w(Ey) < ~* and there
exists L > 0 such that if

e ¢ Dk U Ey,
1

. n( %) <k< £ 1ln2n
In(k) 21n(£)

then

PG i(z) — g(z)| > t) < de~ 07" 4 ge=Ln' ™
Proof. Fix k such that k > v and k > 6. Let Dy be given by Lemma 2.7 :
if x € Dy, then

— KMoz 1(Cx(z)) Va2
(1-K )g()é—u(ckil(Tx))S(HK )g9(x),

let Ej be the set of points x such that u(Ck(z)) < 7—,6 Clearly, if x € Dy,
then Cy(x) C Dy and if z € Ej then Ck(x) C Ej, so Dy and Ej, are finite
union of elements of Py.
Let x € Dy U E}, then p(Ck(z)) > zk JifE< S IH(QL” then p(C(z)) > 2n7 3.
Since C(z) is an interval, we have C(1¢, () = \](10k y) = 2 and then
p(Cr1(T)) _ p(Cp1(T))  p(Cr())
Cleyw)  Cleyz) — 2

~

o

>n
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We shall use Theorem 2.1.

P(gnk(x) = g(z)[ > 1)
. 1(Cr(x)) #(Cr(x))
< P(|gnk(z) — m|>t—| (Cral ))—9(90)0
1(C(x))

< P(|gnk(x) — m| >t — Kr"*) because = & Dy,

< ge~LU=KnrF)*nl=e + 2¢~ ™" ™ wwe have used Theorem 2.1.

< k, we conclude

P(|gni(x) — g(z)| > t) < fo—Lt?n' e I 9g—Ln'~*
O

1
K

Int’
5

We derive the following corollary. Fix k > v and k > 0, let a < %

Corollary 2.9. Let k(n) be an increasing sequence such that

Inn eln2n
In - 2In(2)
5

let Gn = Gn k(n), then for all p > 1, G, goes to g in LP(u).

Proof. Recall that g, (z) and g(z) are less than 1. Let t = O(n™%), we
have :

/ |gn () — g(@)[Pdp < 2P p(Dyny U Einy) + 2P u(|gn () — g(x)] > t) + P

< Ctgp <1)k(n) + 2p(4e—Lt2n1*E + 2€—Ln1*5) + tp
K
k(n) —e—2a —
<0 (1) 4 20 (de I T e Ln ) 4 G
K

O

Remark. In [CMS], an exponential inequality is proven for Lipschitz func-
tions of several variables for expanding dynamical systems of the interval.
We can not use such a result here because characteristic functions of in-
tervals are not Lipschitz, the result could maybe be improved to take into
consideration piecewise Lipschitz functions. The Lipchitz constant enter in
the bound of the exponential inequality and any kind of piecewise Lipschitz
constant would be exponentially big for 1p, P € P,. Nevertheless, such a
result for functions of several variables could be interesting to estimate the
conditional probabilities and potential g : we could construct an estimator

by replacing Nf(A:gfl) with

NMAR Y ={pe {fyon+7—k} | Xj € Aigy oy Xjin1 € Ay 1}

J 20
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3. GIBBS MEASURES AND CHAINS WITH COMPLETE CONNECTIONS

In this section, we state our results in the particular setting of Gibbs
measures or chains with complete connections. Gibbs measures and chains
with complete connections are two different point of view of the same thing
- consider a stationary process (X;)ien or z taking values into a finite set A
satisfying : for all ao, ..., ag, ... in A, if P(Xy = ag,..., X = a) # 0 for all
k, then

khm P(XO = a0|X1 =dat,... an—l = ak_l) == ]P)(XO = a0|Xi = Qy, 7 > 1),
—00

exists. Moreover, there exists a summable sequence vy, > 0 such that if
ag = by, ..., ax = by,
]P’(XQ = ao‘Xi = Qy, 1 > 1)

3.1 1| <
(3.1) P(Xo = bo|X; = bi, i > 1) =Tk

Define ¥ C AN be the set of admissible sequences :

> ={z=(z0,...,204,...,) € AN /
for all k > 0, P(Xo = zg,..., X = x) # 0}.

3} is compact for the product topology and is invariant by the shift map o :
o(xg,21,...) = (x1,...), we denote by u the image measure of the X;’s. We
assume that the process is mixing : there exists N > 0 such that for all
i,j € A, foralln > N,

P(Xo =i and X, =j) #0.
We shall denote by
Aj={reS/z=jyand A ' ={z €3 /a;=i;j=0,...k—1}.

As before, Py, is the partition of ¥ whose atoms are the A;gfl’s and Ci(z)
is the atom of P containing z.

We assume also that the process has a Markov structure : for z = (xg,...,) €
Y, ar = (a,xp,...) € ¥ if and only if ay € ¥ for all y € A,.

For z € ¥, let g(z) = P(Xo = 20| X; = 24, 4 > 1). We shall prove that g,
is a consistent estimator of g.

This is known (see [KMS], [Ma2], [BGF], [Po]) that such a process is mixing
for suitable functions.

Let vy = > >, 7k, define a distance on ¥ by d(z,y) = 7 if and only if
z; =y; for j =0,...,n—1 and x, # y,. Let L be the space of Lipschitz
functions for this distance, endowed with the norm |[¢| = sup|¢| + L(v)
where L(v)) is the Lipschitz constant of .

Theorem 3.1. ([KMS], [Ma2], [BGF], [Po]) A process satisfying (3.1), be-
ing mizing and having a Markov structure is mizing for functions in L in
the sense that equation (2.1) is verified for ¢ € L'(u) and ¢ € L with
®(n) =3 0. If v is summable, so is ®(n).

In what follows, we assume that 7} is summable. For any ¢ € L, let
R = —inf4 then sup|y + R| < L(v), then we have (2.3) for the process
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(Xi)ien and ¢ € L such that L(y) <1 and Theorem 2.1 is satisfied.
We have that

1 1
L(].Aj) S 7_6 and L (]_A:g_l) S ’}/_]:
Equation (3.1) gives the following lemma which will be used instead of Corol-
lary 2.6.
Lemma 3.2. For allx € X, for allk € N, y € C(z),

i
<98 g
9(y)

Following the proof of Lemma 2.4, we get : for all x € 3, for k € N,
(32 (1~ w)gla) < —ALD

~ (G (T(2)))
Let v < 1 be given by Lemma 2.2, let £ = |A].

< (14 )g().

Theorem 3.3. Assume that vy} is summable, the process satisfy (3.1), is

mizing and has a Markov structure then there exists L > 0 such that if :
k

(1) M(Ck]fx)) > 1
(2) (3) vi=nt,
(3) m <5

we have

[ SO

1—e

P(@n,k(ﬂﬁ) — g(l‘)‘ > t) S 4€—Lt2n1—e n 2€_Ln

Moreover,
(1) iz € / w(Ci(@) < Fr} <,
(2) (%)k%: >n"3 if k < alnn for suitable a > 0,
(3) i < & if k> bt~ 2 for suitable b > 0.

Proof. The proof follows the proof of Theorem 2.8 using Lemma 3.2 instead
of Lemma 2.7. The estimates on k are obtained by noting that since vj; is
summable then v, = o(k%) and 7} = o(%). Of course, better estimates may
be obtained if 7y, decreases faster. O

As in Section 2.1, we derive the following corollary.

Corollary 3.4. For k= O(Inn), gnx goes to g(x) in L*(u) and in LP(u),
p=>1

4. TESTING IF THE ASYMPTOTIC VARIANCE IS ZERO : THE COMPLETE
CASE

In this section, we study the problem of testing whether the asymptotic
variance of the process is zero. This is motivated by the fact that for the pro-
cess studied in the previous sections, we may prove a central limit theorem
provided the asymptotic variance is not zero (see [Br], [V] for examples).
We are concerned with a process (X)) en satisfying Conditions of Section
2.1 or Section 3. We assume moreover that the system is complete that is :
T(A;) = I for all 7 if we are in the context of Section 2.1 or o(4;) = X
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if we are in the context of Section 3. Our arguments should probably be
generalized to non complete situations. In what follows, we shall denote T'
forT : I —>Taswellaso : ¥ — X.

Definition 2. ([Br]) Let

Sy = :z;é(xj — E(Xo)) and M, = / (%)2&.

The sequence M,, converges to V which we shall call the asymptotic variance.

Proposition 4.1. ([Br], [CM]) The asymptotic variance V is zero if and
only if the potential log g is a cohomologue to a constant : logg = loga +
u—uodl, witha>0,ue& BV orue L.

Because we are in a stationary setting, we have that the asymptotic vari-
ance is zero if and only if g is indeed constant (the fact that the system is
complete is here very important). We deduce a way of testing if the asymp-
totic variance is zero. Using Theorem 2.8 or Theorem 3.3, we have that if ¢
is constant,

]P(| sup gn,k — 1nfgn,k| > t) S 2. (46*Lt2n1—6 + 2€7Ln1—6) + ,yk

To use such a result, we have to compute sup g, ; and inf g, , so we have
¢% computations to make with k¥ = Q(Inn). A priori, all the constants
in the above inequality, may be specified. In theory, for £ > 0, we may
find k, n satisfying the hypothesis of Theorem 2.8 or Theorem 3.3 so that
P(| sup g,k — inf gy, x| > t) is smaller than a specified value. If the computed
values of sup g, 1 and inf g, ;. agree with this estimation this will indicates
that g is probably constant so that the asymptotic variance is probably 0.
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