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Abstract

The effective mass meg of the nonrelativistic quantum electrodynamics with spin 1/2
is investigated. Let meg/m = 1+ a1(A/m)e? + az(A/m)e + O(eb), where m denotes the
bare mass. aj(A/m) ~ log(A/m) as A — oo is well known. Also as(A/m) ~ /A/m is
established for a spinless case. It is shown that as(A/m) ~ (A/m)? in the case including
spin 1/2.

1 Introduction

1.1 Quantum electrodynamics

In this review we study an translation-invariant Hamiltonian minimally coupled to a quantized
radiation field in the nonrelativistic quantum electrodynamics. Before going to discuss our
problem, we informally derive our Hamiltonian from physical point of view. The conventional
quantum electrodynamics is investigated through the Lagrangian density:

_ 1 _

Lqep(x) = Y(x)(17"0u — m)tp(x) — 7 Fyuw () F™ (%) — exp(x)7"1) (%) Ay (),

where x = (zg,2) € R x R?, v#, u = 0,1,2, 3, denotes 4 x 4 gamma matrices, 1 the spinor
given by 1 = (o, V1,12, 3)T and ¥ = (o, 11, Yo, 13)7°, A, (x) aradiation field with F),, :=
OuAy —0,A,, and m, e are the mass and the charge of an electron, respectively. The effective
mass Meg is given through two point function [ga (\I/,T[iﬁ(x)@(O)]‘I/)ei(xopof“’”’p)d:v and the
effective charge through the two point function [ga(¥,T[A,(x)A, (0)]W)ei=P’ =2 D) 4z where
VU denotes a ground state of the Hamiltonian derived from Lqgp and 71" the time ordered
product. In the perturbative quantum electrodynamics, Feynman diagrammatically, the e?

and e terms of the effective mass is computed from the self-energy of electron, e.g.,
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Figure 1: Electron self-energy
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and the effective charge from the self-energy of photon, e.g.,
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Figure 2: Photon self-energy

One can interpret the photon self-energy diagram as the emission of the pairs of virtual
electrons and positrons. All these argument is successive from the physical point of view, but
perturbative and implicit divergences are included.

1.2 Informal derivation of nonrelativistic quantum electrodynamics

In this note we want to discuss the quantum electrodynamics nonperturbatically, but we
assume that (1) an electron is in low energy, (2) we take the Coulomb gauge, (3)
we introduce a form factor ¢ of an electron.

(1) implies that no emission of pairs of virtual electrons and positrons, i.e., there is no

//-\

loop W\(‘u’/\m such as in Fig.2, then in our model the effective charge equals to the bare charge
and the number of electrons is fixed. From (2) the theory is not relatively covariant. From
(3) it follows that the density of the electron charge is smoothly localised around the position
of the electron and the ultraviolet divergence does not exist. Taking into account of (1)-(3),
we modify the quantum electrodynamics as follows. Let E(t,x) and B(t, ), (t,z) € R x R3,
be an electric field and a magnetic field respectively, and ¢(¢) the position of an electron at

time t € R. The Maxwell equation with form factor ¢ is given by

B = —-VXxE,
V-B = 0,
E = VxB-ep(-—q(t))(t),
V-E = ep(-—q(t).
Here X = dX/dt. Let (J(t,z), p(t,z)) = (ep(x—q(t))(t), ep(z—q(t))). Then the Lagrangian
density of the nonrelativistic quantum electrodynamics under consideration is given by
1 . 1
£NRQED(t7 .I') = §mq(t)2 + i(E(t7 l‘)2 - B(t7 x)Q) + J(tv .Z‘) : A(tv .I') - P(t, $)¢(t, .17),

where A and ¢ are a vector potential and a scalar potential related to £ and B such as
E=-A-V¢, B=VxA.

Let Lnrqep = J LarQED (t, )dz. Then the conjugate momenta are given

p(t) = ‘%“g’fm — mi(t) + e / At 2)p(x — q(t))dz, TI(L3) = ‘SLlj;fED — A(t, ).



Then the Hamiltonian is given through the Legendre transformation as

Hyrqen = p(t) - d(8) + [ Alt)1I(t,2)dz ~ Lraw

= 1 (p(t) - e/A(t,m)go(a; - q(t))d:c)2 +Vi(g) + % / {A(t, z)? + (V x A(t,m))Q} dz

2m

where V' is a smeared external potential given by

v(q y')
dydy'.
/ 47r!y yl

In the next subsection we quantize Hyrqep with spin 1/2 and total momentum p € R3,

which is denoted by H(p) and is called the Pauli-Fierz Hamiltonian, in the rigorous way from

mathematical point of view.
1.3 Non-relativistic quantum electrodynamics

Let F be the boson Fock space given by F = @ [ @TLA(R3x {1, 2})}, where ®7 denotes
=0
the n-fold symmetric tensor product with ®JL> (R3 x{1,2}) = C. The Fock vacuum Q € F

is defined by ©Q = {1,0,0,..}. Let a(f) be the creation operator and a*(f) the annihilation
operator on F defined by

(@ (HHO) ") =V + 18,1 (f @ 0™, fe LAR3 x {1,2}),

and a(f) = [a*(f)]*, where S,, denotes the symmetrizer. The scalar product on K is denoted
by (f,g)x which is linear in g and anti-linear in f. a and a* satisfy canonical commutation

relations:
[a(£),a*(9)] = (f, 9 r2maxqroy,  lalf) alg)] =0, [a*(f),a"(g)] = 0.

We write as Z /aﬁ(k,j)f(k,j)dk for a*(f) with a formal kernel a?(k, j). Let T be a self-
j=1,2

adjoint operator on L?(R?). We define I'(e®™)a*(f1)---a*(fu)Q = a* (e f1) - - - a* ("1 £,)Q

Thus I'(e?*T) turns out to be a strongly continuous one-parameter unitary group in ¢, which

implies that there exists a self-adjoint operator dI'(T) on F such that I'(e*?) = (™) for

t € R. We define a Hilbert space H by H = C? ® F. The Pauli-Fierz Hamiltonian with total

momentum p = (p1, p2, p3) € R? is given by a symmetric operator on H:
2
)= — {ZJN(}@ eA¢H)} +1® Hy,

where m > 0 and e € R denote the mass and the charge of an electron, respectively,

1 i
o = (01,092,03) the 2 x 2 Pauli-matrices given by o; = < (1] 0 ), oy = S OZ ,
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1 0
0 —1
radiation field A¢’u are given by

o3 = , and the free Hamiltonian H¢, the momentum operator P; and quantum

f=dl(w), Pr, = dF(k ),

1 / . )
VP N
Here e(k, j), j = 1,2, denotes polarization vectors such that |e(k,j)| =1, e(k,1)-e(k,2) =0
k-e(k,7) = 0 and e(k,1) x e(k,2) = k/|k|. We omit the tensor notation ® in what follows.
Then

J

1 e
H(p) = 5-(p = Pt —eAp)* + Hi = 5—0B;, peR’,

where Bﬁbu denotes the quantum magnetic field given by

=25 %

]12

\/7 k X e(kv.]))u(a*(ka]) - a’(kvj))dk

Note that [A¢#,B¢V] = 0 for p,v = 1,2,3. The spectrum of H(p) is stuided in e.g., [1, 2]
and see references in [5].
2 Mass renormalization

2.1 Main theorems

Let

1 e
Tm(eap)Ei(pfpf*eA@m)2+Hff§0-B@m7 p€R37
where
0, k| < k/m,
Gm(k) = p(mk) = ¢ 1/3/(27)%, k/m < |k| < A/m, (1)
0, |k| > A/m.

It is established in [4] that T}, (e, p) is self-adjoint on D(P?)N D(Hy) for arbitrary A > 0,m >
0,p € R3 e € R. Since Ap = mAg,, Bp = mBg, , He = mH; and P; = mP;, where X =Y
denotes the unitary equivalence, we have H,(e,p) = mT,,(e, (|p|/m)n,), where n, = (0,0, 1).
Let : X : be the Wick product of X. We define

H(e,e) =Ty (e, en,):, €€ R.

Set E(e,e) = info(H(e,e)). It is established in [5] that there exist constants eg > 0 and
€0 > 0 such that for (e,e) € D, = {(e,e) € R?||e| < eq,|e| < e}, (1) the dimension of
Ker(H (e, e) — E(e,€)) is two, (2) E(e, €) is an analytic function of €2 and €2 on D, (3) there
exists a strongly analytic ground state of H(e,€). The effective mass meg is defined by

= 0?E(e,€)[e=0-

Meff



From this it immediately follows that effective mass meg is an analytic function of e on
{e € R3||e| < ex} with some e, > 0. Set

= Zan A/m)e?

Meff

The effective mass is investigated in e.g., [3, 5, 6, 8]. It is known and easily derived that

A 8 1 A/mo J A/m 72 p
mfm) =g s [ )

Our next issue is to study az(A/m).

Theorem 2.1 There exist positive constants co < c¢1 such that —c; < hm (./E/ /7)n) < —c9.
A—oo m
2.2 Expansions
We set A= Ag,, and B = By, ,. Let us define H, I/ and ¢z by
e? = e
H = H(e,0) = Hy+ eHy + EHH, E = E(e,0) Z E(n Vg = (e, 0) = ;) P
1
where Hy = H; + Pf i = HY + B, BV = AP, BH® = —50B, and Hyy =t AA =
ATAT 4+ 24TA + A A~ . Here we put
_ 1 Gm (k) , ,
e(k, j)a* (k, j)dk, A~ = — / e(k, j)alk, §)dk.
] 1 2 \/§ ]:172 w(k)
We can see that E) = E(2,41) =0, n=0,1,2,3,..., and
1 9 cB\ 1 cB
2Ee) = (v, H! )‘P(l))H = —(¥0); <—2> i (—> ®))n # 0. (2)
Note that E(s) ~ (A/m)? as A — co. Moreover
1
Vo) = (0) ® 12,
_ b ( 03)
Y = H, 5 ) P
1 1 1 cB
Y = FO(_HII)SO(O) + QFO(Pf'A)FO <—2> ©(0)
1 ocB\ 1 ocB E(3)
2T m ) - ) o
1 1 cB 1 1
pE) = _SFO(_HH)FO ( 2) ) + SFO(PPA)FO(_HHW(O)



1 1 cB
+6F0(Pf A T (Pr-A)— <—> ®(0)

1 cB\ 1 cB E(Q)
+6E<Pf Vit {( 2) o (‘2) - (—2)}%
oB\ 1 oB\ 1 1 oB
3% (2) T, e “’Fo () iV, (2) 0

s () B D )

Although formula

m g2y Bk el U= B)H(P+ ed)iog)n )

Meft (g, Pe)H

is well known, it is not useful for our task, since expansion of (H — E)*1 in e leads us
to a complicated operator domain argument. Then, instead of (3), it is established in [6]
that ¢, = s—0pg(e,€)/0efc=o satisfies that (P} + eA)spy € D(( E)~!) with ¢} =
(H— E)"Y(P; + eA)sp, and

P+ eA)spg’
m :1_2(9012;7( f+e )380.%)7'{ (4)
Meft (Pgr )1
Using (4) in [5] it is proven that the effective mass is expanded as
m 2 5 2 4 6
=1—-ci(A/m)e” — Zca(A/m)e” + O(e®), (5)
Meff 3 3
or ,
2 2 2
Meff _ 1 4 gcl(A/m)e2 + (SCQ(A/m) + (3> c1 (A/m)2> et + 0(ef), (6)
where
3
ci(A/m) = (W, HyWY )y
pn=1
3 ~ ~
A/m = Z { \I]lfa HQ\I/M (\Illfﬂ HO\I}T)H(QO(l)v 80(1))7'{ + 2§R(\IIIQL7H1\IJT)H
pn=1
(W, HoWh ) + 2R(, HoW e} (T)
Here 1 1
\IIZ = (n — 1)'Augp(n71) + mpfp(p(n)a n= 17 27 37 H = 17 2737
and ﬁo = Hy, ﬁl = Hs + Hsj, HQ = Hy+ Hs + Hg + H; + Hg, where we put
1 1 1 ocB\ 1
Hi=—\, H=—@FA Hy=——
YT Hy T Ho(f )Ho ’ H0< )Ho



11 1 1

Hy= -—(—Hy)—, H P
4 2Ho( II)H(): 5= H(f) (P )

1 ocB\ 1 1 1 ocB\ 1
Ho= — (-22) —(P-A—, Hy=Hs" = 9oy
0 Ho( 2>H0(f )Ho’ ! ( )Ho( Q)Ho’

AL e R

From above expressions of ¢(1), p(2), ¥(3), it follows that for u =1,2,3,

[§
Uh = @l + o, \Ifgzzw, q/g‘zz:@g,

where
B At 1 1 + p_ 1 1 +
(I)l = M(p(o) (I)2 ipf#FoUB 90(0) <I)3 = iAuﬁoaB 90(0)
1 1 1 1 1
_ + 7+ _ +
P IQPfulHoA AT ) oL = %Pf”il (P A)FOUB ®(0)
— + + _ + 1+
of 4]13prOlUB HOZB ¥(0) o7 = IQA/AlHOA AT 0
_ + + +
o5 —AuHOl(Pf A)Holo'B 20 g 41‘11u%<713 001—13 20
(plfo — _EPfIJ'FO AA FUB+@(O) (Plfl 2Pf”H (Pf A)70A+A+90(0)
1 1 1 1 1 1 1
+ + +
@12 = 15 fulm)(Pf A)FO(PfA)FOO'B ()0(0) @13 %Pf“}{O(Pf ?)}IOO'B 1H cB 90(0)
oY, = 4PfHFOO'BFOA+A+@(O) Pl szHFUBFO(Pf.A)FOUBJrSD(O)
1 1 1
+ +
P 8PfHFOO'BFOO'B —OGB ©(0)
Substituting Hi, ..., Hg and @Y, ..., ®4y into (7), we see that
2 8
co(A/m) = Z{ > ot Z Z@ H+ ( Z@Z,le@“
pn=1 =1 {=4 =1
6 2
(D_ @, (Hz+ Hz) ) @) + Z‘Plez‘P“wZ@leZ@ } (8)
i=3 i=1

From (8) it follows that co(A/m) is decomposed into 76 terms. Fortunately it is, however,
enough to consider terms containing even number of o B’s, since the terms with odd number
of 0B vanishes by a symmetry. See Fig. 3-7.



Term oB| P | &+ Order

—(®F, H1®%) (1), ea)m | 0 | 0] 1 | [log(A/m))?

—(®5, Hi®) (), ea)n | 2 | 2| 3 | [log(A/m)]?

Figure 3: (X7, @, Hy 27, @)y

No. Term oB | P H%) Order

(3) [ (P, H1®5) | 2 [ 0 [ 3 [ [log(A/m)]?
(4) [ (@5, Hi®5) | 2 | 2| 4 | [log(A/m))?
(5) | (25, H195) | 2 | 2| 4 | [log(A/m)]?
6) | (@, H @) | 0 [ 2] 3| +/A/m
(7) | (@, He) | 2 | 2| 4| —/A/m

8) | (@, k)| 2 | 2| 4| —/A/m

(9) | (@5, Hi®5) | 2 [ 4] 5 | +/A/m
(10) | (@, H1®E) | 4 | 2 | 5 | [log(A/m))?

Figure 4: ( HOHL S L 0y

No. Term oB | H%) Order

(11) | (@7, Hy®y) | 0 ] 0 [ 2 | [log(A/m)]?
(12) | (25, Hy®5) | 2 | 2| 4 | [log(A/m)]?
(13) [ (@, Hs®) | 0 | 2| 3 | log(A/m)
(14) | (@5, Hs®5) | 2 | 4 | 5 | [log(A/m)]?
(15) | (@5, He®) | 2 | 2 | 4 | [log(A/m))?
(16) | (@), He®4) | 2 | 2 | 4 | [log(A/m))?
A7) | (@5, H @) | 2 | 2 | 4 [ [log(A/m))?
(18) | (@, Hy®5) | 2 | 2| 4 | [log(A/m)]?
(19) | (@1, Hs®y) | 2 | 0 [ 3 | [log(A/m))?
(20) | (@5, Hs®5) | 4 | 2 | 5 | [log(A/m)]?

Figure 5: ( E b He Yo @ )n




No. Term oB | P H%) Order
21) | (@4, H2®5) | 0 | 2| 3 | log(A/m)
22) | @ mey | 2 | 2| 4 | [log(A/m))?
23) | (@ o) | 2 | 2| 4 | [log(A/m))?
(24) | (@5, Hx®y) | 2 [ 4|5 | VA/m
@25) | @ mHsot) [ 2 [ o[ 4 [ poga/m)?
26) | (@ Hs®) | 2 | 2 | 4 | [log(A/m))?
en | @ mehy| 2 [ 2] 4] VA/m
(28) | (@6, Hs®y) | 4 | 2| 5| —A/m
Figure 6: (30 4 @ (Hy + H3) (X7, @)
No. Term oB | P H%) Order
29) | @t ma) [ o [ o] 2 [ fog(a/m)?
30) [ @4, may [ 2 [ o] 3 [[oga/m)?
(31) (‘pnaHl ) 0 2 3 —
(32) | (P13, Ha®y) | 2 | 2| 4 =0
(33) | (D5, FL®Y) | 2 | 2| 4 =0
(34) | (o H1<I>“) 2 [ 2| 4 | [log(A/m)]?
(35) (<I>10,H1(I>2) 2 2 4 \/W
(36) | (@, Hi®h) | 2 | 4 | 5 | [log(A/m)]?
37) | (@4, 1oy | 2 | 2 | 4 | [log(A/m)]?
38) | (@ Hi @) | 4 [ 2| 5 | —(A/m)?

Figure 7: (1S, o Hy Y O )n




2.3 Feynman diagrams

k+p k
K1tk 2 |k P -
K K

4
spin polarization propagarors i P_fA Pf

spin = 0BT =o(k, f) = o-(k x e(k, 7)),
. ‘

m
" (1) 1 1 ¢ (2) 1 1 1
ropagator — R ropagator :7:—57,
propHe 2 (2mPw(k) PTOPE Ho ~ wlk) + 22— E
ropagator(3) = — = 1 = i
propag Hy w(kl) +w(k:2) + |]€1 +k2|2/2 — Eio’

propagator(4) = (Fo)z (()+1|k:|2/2)27

(P-AT) = kee(p,j),  Prp= by
Figure 8: Items of diagrams

The 38 terms in Fig. 3-7 can be represented by Feynman diagrams. The items of diagrams

are in Fig. 8.

Example 2.2 We compute (95, Hi®E) as an example. Since

11 N 11 N
(98, H@8) = (P (1A )FUB+ 0 2 P P A"‘)FUB ©©));

its diagram is given as in Fig. 9.

3
o o
53
MGG J’ FCXDT l
pé& HEG
&) &
o o

Figure 9: (®f, H;®%)
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Then

1 [ d3kid3ks
oL Hy ol e
(5, H1®5) = 7 D4(2w)6w1wQ
1 1 1

ky + k ki + ko) eg— ki + ko)-e1—
<l rvea) by kg + kg (b1 4 - ea g + (4 b g )
B A3k d3ks |k‘1 + k‘2|2(<O'10'1>(k}1'62)(k‘1'62) N <O'10'2>(k1-62)(]€2'61))
- Jpd(2m)Swiwe  ER, E? E\Es

Here and in what follows we set ey = e(ky,7), e2 = e(kq, j'), o1 = o(k1,7), o2 = o(ka,j’) and

(X)) denotes the expectation value of X: (X) = ((é) , X <(1]>)C2

The diagrams consists of three kinds of diagrams; AA type, Ao type and oo type. In
particular AA type corresponds to the spinless model discussed in [6].

- (] ¢ g

(@, Hy M) = O(\/Am) (@4, Hy®) = O([log(A/m)]*) (D, H5®}) = O(log A/m)
X2 1 X 2
H
H
U # #
(D4, Hy®") = O(log A/m) (®F, Hi®F) = O([log(A/m)]?) (@, H1®}) =0

Figure 10: AA type Feynman diagrams
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o

;

o

Ei

(<I>§, Hl@g) =

O([log(A/m)2) (@2, H®") = O([log(A/m)]2) (25, H1®5) = O([log(A/m)}?)

Q - <
X
q W

(@L, H®E) = O(/Am) (9, HydY) = O([log(A/m)]2)  (P5: Hs®h) = O([log(A/m)}?)

/

((bg’ H7‘1>lf) =

gy u

) GO0

Lo

H a o

O([log(A/m)?) (@Y, Hr®h) = O([log(A/m)]?) " ” ”

(', Hg @) = O([log(A/m)]?)

Figure 11: Ao type Feynman diagrams
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X

%,

-~
>
=

Q

qQ
SFVPPNW%Z@
q
Q

=

=
Na Q

(4, Ho®) = O([log(A/m)]?) (@, Hydk) = O([log(A/m)]2) (P65, Ha®s) = O(VA/m

AL

i
SRR

H

(D4, H3®) = O([log(A/m)]?) (@, H3d") = O([log(A/m)]2) (¥4, H3®3) = O(VA/m)

PO

(@f, H1 @) = O([log(A/m)]?) (@4, Hy@f') = 0 (®15, H197) =0

Figure 12: Ao type Feynman diagrams
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k

a

S

(<I>§, Hl@g) =

a

(Phy, H1®5) =

I

;

I3

S

((bga HG(I)lIL) =

¥

I

O([log(A/m)]?)

O([log(A/m)]?)

Q

T

]

O([log(A/m)]?)

(‘I)Tov qu)g) =

E—)

(g, H1 DY) =

&

g

<

((I)llﬂ HGCDS) =

O(/AJm)

VA/m)

O([log(A/m)]

= =
>

o)

(O, H ®F) =

' {]

©1 9 qu)ﬂ)

Figure 13: Ao type Feynman diagrams

3

b/
o

O([log(A/m)]?)

O(vA/m)

o

O([log(A/m)]?)




-
L

qQ

o (=)

(f, H19F) = O([log(A/m)]?)

E ii

(B4, H1®h) = O((A/m)?)

((I)gv qu)g) =

(Y, Hg®h) =

o

O([log(A/m)]?)

Q

=
Q

o
— X
o

H
o

Figure 14: oo type Feynman diagrams

2.4 Proof of Theorem 2.1

L
"

((1)57 H3(I)g) =

[}

O([log(A/m)]?)

[+

We shall prove Theorem 2.1. Note that the following formulas are useful.

Lemma 2.3 [t follows that

(K1 62)(

%<0102>(61 kg) ]Cl *€9

€;-€; =

(oio

€2)

)
)(61 ko) =

oi)

)

2. i=1,2,
1+ (k1-k2)?,
kol 2(1 — (k1 -k2)?),

— (k1 ko) (1 — (k1 -k2)?),

2|k;%, i=1,2,

ey [2|fea | 2 (k1 o) — 1),

15
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Rioroa)(e1-ea) = 2|ki||ka|(kr-ks), (15)
(o1020901) = 4|k1|?|k2|?, (16)
Rioro90102) = —2|k1|?|k2|?(1 — (k1-k2)?). (17)
Proof: Note that

. . Kk, . . el
eu(k,y)ey(k,y)=(6w—|;j), (kxe(k,j))uen(kj) = =" ke, R(0,00) = .

123 _

Here €*57 denotes the antisymmetric tensor with €!?® = 41. In what follows, the summation

over repeated index is understood. We see that
(1) eirei =eu(ks,gleu(ks, j) =2, i=1,2,
(2) (e1-e2)(e1-e2) = eu(kr,j)eu(ka, i )ew (K1, j)es ke, ')

= G = g, Fihary gy R
(3)  (k2-e1)(k2-e1) = kapep (K1, j)kaves (b1, j) = kaukay (8 — klll:k]:;y) ko (1 — (ky-k2)?),
(4)  (K1-e2)(e2-e1)(e1-k2) = kauen(k1, j)ex(kr, g)ex(ka, 5')kiven (ka, 5')

= k(O — k‘lgj?)klu(éu - kﬁ,jjgy) = —(kn, ko) (1 = (k1 -k2)?),
(5) Rlor01) = R(ouo)(kixe(k, j))u(kixe(ki, §))y = o (kixe(ki, 7)) u(kixe(kr, 7))v

= (kixe(kn, §))u(krxe(k, §))u = [kl (le(kr, D + le(k1, 2)[%) = 2|k [,

(6) R(oro2)(e1-k2)(k1-e2) = R(oy0,) (kixe(ki, j))u(kaxe(ka, 5'))vealki, j)kaaes(k2, §')k1p
= (kixe(k1, §))u(kaxe(k, §')) pealkr, 3)kaaes(ka, 5) k15
= (=" V1) (=P ks kaakip = —[k1 X kol” = —[k1[*[ka|*(1 = (k1-k2)?),
(7) R(o102)(e1-e2) = R{ouo,) (kixe(ki, J ))M(kzxe(kg,j)) ea(k1,j)ealks, )
= (—e"PLyg) (=" Vkay) = 2(k1 ko),
(8) (o1020201) = (010,0,01)(kaxe(kz, j'))(kaxe(ka, 7))
= (o101) (kaxe(k, j')) u(kaxe(k2, ')
= [(kaxe(ka, 7)) P (kixe(kr, 3)) [* = 2|k1[*2|ka|? = 4]k1 |*[k2/?,
(9) R(o1020102) = —(01020901) + 2(k1xe(k1,j))u(k2><e(k2,] ) uR(o102)
= —d[k1[*|ka]? + 2(kixe(ky, 7)) (kaxe(ka, ') p(kixe(ky, §))o (kaxe(kz, 5'))o

klﬂkly k2/,tk21/
= Y y — ———
‘k1‘2 )( 122 ’k2’2 )

— Ak Pkl + 20k1 PlRoP (14 (1)) = =20k PR (1 — (R -Ro)?).

= —A[ky|?[k2|* + 20 —

|

Using the diagrams presented in Fig.10-14 and (9)-(17), we can easily expressed 38 terms
as integrals on

D = {(k1,ko) € R* x R3|k/m < k1 < A/m,rx/m < ky < A/m}.
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Note that imaginary part of (o,03) does not contribute integrals. We show the results:

1.
(@, H %) (90, £(1)) = ~ (A 60y - A (00 (-0 BT 00y, -0 BT (o))
15 VP, P@) = 3B ®0) oA PO g ©) 7, (0)
1 [ &Bkd¥ke 1 1 1 (0305)
— —€1-€1(020
4 D4(27T)6W1WQE1 E2 E2 175119272
1 Pldky 4k
4 JpA(2m)Swiws B E3
2.
(@4, Hi®h)(¢(1), £(1))
1 1 1 1 1 1
= Z(PquOUB+<P(o), o Pqu oB™" @(o))(FUB ©(0)> ﬁ003+<ﬂ(o))
1 dBkydke 11 1 1 1, 5
e k
= 1 )i By By By B By L (o100 {0202
1 BPhdPky Ak kol
4 Jpa(2m)Swiwe  EE3
3.
B H L) = 2(At LBt Lar L ope
( 3,411 3)—1( “FUU 90(0)7F0 “Fga 90(0))
1 [ dBkddke 1 1 1 1
=1 Dmgf«gwﬁ(el'el)g + (o201)(e1- 62)E1)
1 [ BhkidPky 1 1 A4|ks)? 2|k1|\k2\(12;1-1%2))
T4 p4(27m)0wywo Ey E12 Es E
4.
oL H DY P, Pr- AT Bty Lar L opt
(@5, H193) = ( qu (Pt )FU $(0)s Fo “Foa @(0))
1 d3k1d3k2 11 1 1
= — = ((ke- ko - — 4 (ko- k-
1 )oi@r 5w B3, B ((k2-e1) (k2 61)(0202>E2 + (kz2-e1) (k1 62)<0201>E1)
1 EladPke 11 20ko| (1 — (k1-k2)?) +—|k1\2|k2|2(1—(l%1-l%2) ))
4 p4(27)0wwo E12 By By B,
5.

(P4, H1®F) = (05, H1 P)
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10.

11.

A Pqu (A*AM)p()

1 1
(@}, Hi®Y) = [6,(3.32)] = Z(Pfuﬁo(fﬁAJr)sO( )
1 Prdk 1
4 JpA(2m)Swiws B,
1 Pldk 1
4 JpA(2m)Swiws B,

k1 + ka2|*(e1-e2)(e1-€2 + ea-e1)

k1 + ko 22(1 + (k1-k2)?)

(O, H1 DY) = 8(Pf/_LH JB+FUB+<,0(0),

1 d3k1d3k‘2 1 <0’10‘2>€1 €9 <O‘201>€2-€1
—_ ki+k

8 D4(27T)6w1w2 E‘S | ! * 2| ( E2 + E1 )

1 [ &Bkddke 1 1 1

— 2 I .A [— [—
8 i )enn B k1 + ka|“2[k1 || k2| (k1 k‘2)(E + E1)

PquO (AT A)e())

(P}, H1®G) = (O, H1 )

1 1 1
(PF, H\®E) = 4(Pqu (P A’L)FUBJF (0)s FOPfHFO(Pf-AJF)FOo—B*@(O))
1 [ d3kdPke 1 1 1
4 DWE |k‘1+k‘2| (kg'el)((k2'€1)<0202>E72+(k§1'€2)<0'20'1>E1)
L[ LChdh, Lﬂk g2 ARt = (ko)) |l Plkaf(1 = (hyoko)?)
4 D4(27T)6W1WQE EQ E1
1 1 1 1

I By - pt+ - + L opt+ +
(g, H1Py) =& = 16(PfMHOO'B HOUB ©(0)> 2 PfHHOO'B HOUB ©(0))

1 dBkd3ky 1 1 1

=16 DmE ]kl + ko |? ((02010102>§ + <020’10’201>E1)

1 [ Phdiky 1 ’k kol (4|k1| ka2 =21k ko (1—(k1-z;2)2))

16 D4(27T)6w1w2 E E2 E1

_1 _ 1

o / dgkld?’kg 11 (6 . )(6 . )
N D4(27T)6w1w2 E1 E2 12 12
Bhid3ky 11

= 2~ (14 (k1 -k
/[)4(271’)6(4)1(4)2 E1 EQ( + ( U 2) )
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12.

13.

14.

15.

16.

1 1
(‘I)g, H4<I>‘S) = — (PfM—O'B+<,0(O), FO(A+A+ +2AT AT + A_A_)Fopfude—i_gO(o))

1 _ 1 1
A Pf#*ffB 20 A g Pru g 7B e0)

1 d3k1d3k:2 1111

- oo T B oy ko) (€1
1A @ inen By By By B, 270 k) (ere2)
1 Bleyd3ky 2|k |2k 2 (ky -ko)?

4 Jp4a(2m)Swiws E2E2

1
(@Y, H5®Y) = [6,(3.36)] = (A+90(0), (Pf A+) (Pf AT OA,JISO(O))

BPhid3ky 11 1 1
= [ =M= k ko- ce9)— + (k-
= J i@ By B 2 eV ((Rz-en)(exer) ot (Rr-ea)(er-ez) g)

_/ BridPky 1 12|k (1—(1%1-1%2)2)+—(k1-k2)(1—(l%1-k2) ))
p4

(27r)6w1w2 E12 E2 EQ E1
(@F, Hs®l) = 2 (2 (P AT = P 0 Bt ooy, (Pre AT =P 0 Bt o)
2, 115%9 1VH, f H, qu Py, 't H, qu #(0)

1 Bkd3ke 1 1 5 1 1
= 1 JoA@roren By B3 5 (ka-e1)((ka-e1)|kz| <0202>§§ + (k1'62)(k1'k2)<0201>E7)
_ 1 &kid’ky ii<2|k2|6(1 — (k1-k2)?) N (1 ko) (=K1 [* k2 (1 — (/;?1'/;?2)2)))
4 Jp4(2m)Swiwy By B2 E2 E?
p I 11 NS
(@Y, He®Y) = 4(H BH PquUB ®(0), Pr-A )FOAMSO(O))
1 [ &Bkd®ky 1 1 11 11
= - k ko - = 4 (k-
2 A(27) 501w o E2( 2-e1)( (ka2 62)<U102>E2 7 + (k1 62)<0201>E1 El)
1 BladPhe 11—k Pk2P(1 — (k1-k2)?)
4 D4(27‘(’)6W1WQ E12 E2 E%
<I>’“‘H<I>“—13+1A+ 1PA+1PlB+
(1, Ho®y) = — 7 (0B™ 7 u@(o)aﬁo( - )Fo 7 ®(0))
1 [ dBkid3ky 1 1 1 1 1
= v k ko- — 4 (ko-e1 ) (ko -
"1 pa@n )P By Bo EQ(( 2-e1) (k2 62)<0201>E2 + (k2-e1) (k2 61)<0202>E1)
1 Pldk 1 1 2kal*(1 — (k1-k2)?)
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17.

1,1 1 1 1

— + to + +
((I)g,H7‘I)lf) = 4(H (Pf A )H PfﬂFJB ( ) oB HOA 30(0))
1 Bhd3ks 1 1 11 11

= 1 i@ By Eg((kQ 61)(k2'62)<0102>Ff + (ky- 62)(/f1'€2)(<7101>E1 El)

1 Brd®hy 11 20k (1 — (b1-k2)?)

T 4 Jpa(2r)Swiw, By By E2
18.
(o H7q>“):—1(aB+i(Pf-A+)iA+<p in ian )
LT 177 H Hy 7O Hy " h, ©
1 [ &BPkid®ke 1 1 1 1 1
= — - ko- ko-eo)— + (fr - L
"4 Jpa@n )P By Bs Bs - (0201) ((k2-e1) (k2 62)E2 + (k1-e2) (ke 61)E1)
1 Pld®k 1 1 — k1|2 k2 2(1 = (k1 -k2)?)
19.
1
((I)llla HSq)lll) =& 4(UB+ A+30(0)a 70-B+ A:SO(O))
1 + 1 + + 1 1
—40B 80(0),?003 ) (AL ©0); o o — At o)
1 [ Bkid3ke 1 1 1 1
=1 DmEm Ez((€2 ‘32)<‘flf"1>l72 + (e2- 61)<0102>E1)
1 [ &Bkd®ky 1 1 1< ) )
4 D4(27T)6w1w2 E1 E2 E2 T191/¢27€2
1 PkdPke 4|/<:1|2+2yk1uk2\(/%1./%2) 1 [ Bkdky 1 1 AP
= 4 JpaQ@2r)buiw, By, E2 E1Es 4 JpA(2r)Swiwy By E2
20.
(®L, Hy®Y) = &5 = 1(O—B+ P; iaB+ 1,pr L P LBt ©0)
211872 16 Hy H, T PO HO H, ™, ©)
1 11 1
—1g(oB” <P<o>a*UB+ 0B 00 g PquOPqu 7B ()
1 d3l<:1d3k:2 11 11 11
— = ko> —— + (k1-k
= 16 ot (@r s Bry E2(<02010102>\ 2| 5 By + (K1 2)<02010201>E1 E1)

1 Blyd3ke 111 1 1,
16 D74(27T)GW1W2E71E72E72E72E72“€2| (o101)(0202)

1 Bhd3ky 1 1<4|k:1| \k2\4+(kl.kz)(—zykly2|k2|2(1—(12;1-12;2)2)))
" 16 Jpa(2m)Swiwy By, E2 E3 E?

1 Bliddky 1 1 L
16 JpA(2m)Swiw, By EX Ak1

[k |*
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21.

22.

23.

24.

25.

1
(DL, Hy®l) = (Pqu (Ps- A+)70'BJr ©(0)5 FO(Pf-A Ry P

1 1
(@Z,HQ@‘I‘):[6,(3.33)]:§(PfMFOA+A+gp() (Pf A+) Aw(o))

Hy
1 BkdPke 101
2 D4(27r)6w1w2 E12 E2

1 BkdPke 11

- 5 D4(27[')6(,U1WQ @E

—(ka-e1)(k1-e2)((e1-€2) + (e2-€1))

(—2) (k1K) (1 — (ky-k2)?)

1 1 1 1
(Py, Hy®) = _Z(Pf”FOUB+FOUB+(p(O) — (P A+) A+<P(o))
1 &Bkd®ke 1 1 1 1
S Bt e B L 0 NSV A 4 (Er-eo) (o - =
1 A ounen B2, EQ(( 2-e1)(k1 ez)(0102>E2 + (k1-e2) (ko 61)(0201>E1)
1 [ d3kd3ky 1 A 1 1
= e *( k1 [kl (1 = (k1 -k2)*) (= + =)

4 p4(27)8wiwy E2, Fs

1 1 1 1 1
_ + n + "
(@5, Hy®h) = _Z(A“FOJB 90(0)7F0(Pf'14 )FOPfMFOUB ®0))
1 Bhid3ke 1 1 1 1
= 1 )pi@m)enws Bry EQ((k2 61)(762'61)(0202)52 + (kz'el)(k2'€2)<0201>§1)

1 Bhid3ks 1

_ AR L L oft(1 = (ko))

4 D4(27T)60.)10J2E E3

Pf#H oB o)

H, H,
1 Bhyd3ke 1 1 1 1 1
— = k ki + ko) -ko((ko- (k- s
4 pA(27)0wiws B Es Ez( 9-e1) (k1 + ko) -ko((ko el)<0202)E2 + (k1 62)(0’201>E1)
1 dBkd3ky 1 1 kol(1 — (ky-k9)2)  —|ky|2|ko|?(1 — (ky-ko)?
_ - %—Qﬁkg-(kﬁrkg)(’?’( (ake)®) | IRk (1 = (ko)) )
OH Hyd! —1A+ ! BT 1 B+ A+
(@3, H3®Y) = 7 ( b OB e o 1 P(0))
1 Bkidke 1 1 1 1
et ((0201)(e1-€2) — + (0101) (€2 €2) )

~ 4 JpA(2m)Swiw; Eyy B Ey E;
1 [ BhkidPhke 1 1 20ky||ka| (k1 -k2) 4\k1\2

! p4(27m)8wiwy B Eg( Ey Ey

)
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26.

27.

28.

29.

30.

((PG ) H3(I)M)

= 16 Joi(@n)wrws B, B3

(®f, H3®Y) = 4(Pqu (P A+)*UB+ (0)7703+ A+<P(0))

1 [ Bkddke 1 1 1 1

= 2 k ko-e1)— ki1-e0)—
1 i@ )enwn B2, By 7, (Fe2)((102) (hare1) - + {oron) (kr-e2) )

_ 1 PkidPhy ii(—]klﬂkﬁ(l— (k1-k2)?) 2]k1] (1 — (ky-kg)? >)
4 D4(27r)6w1w2 E%Q E2 E2 E1

1 1 1
(9, Hy®h) = 2 (P AT A ), 37 UBH Pog-oB )

1 Bk d3ky 1

11
- NG k1 + ko) -kg— —
8 pA(27)0wiwy B2, —g (o201) (k1 + k2)- 2E 7 (e1-e2+ es-€1)

1 [ Bhdky 1
= L s 1t ) R G
8 JpA(2m)Pwws B2, B2 2 (K1 + k) [ka| k2| (1 - k2)

1 1 1
+ + +
16(PfMFO'B FOO'B (p(o), O'BH Pf'uFo’B ( ))

1 PridPk, 1 1 1 1
(96 ki + ko) -k —
~ 16 JpA(27)Swiws B, B EQ( 1+ k) 2(<020101‘72>E2 + <0’201020’1>E1)

1 Bkiddky 11 Akt 21012 20t 210 |2(1 — (B -fon)2
T (k:1+k;2)-l<:2(|1]|52|2| + ’1H2|](51 (k1 -ha)”)

(4, H) = [6, (3:3D)] = —3 (7 AT A" 00, AT 5 Afo(0)
= [ (e ) ((ervea) + (ewer)
3 3
_ ; Dm£2;2 (14 (b1-k2)?)
(®f, H DY) = i(};]03+;00 +90(o)7AI}}0AZSD(o))
1 e L e al(lo) 5 + (o))
=3 Dméw 2l [ () (- + )
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31.
1. 1

(@, 1 @1) = [6,RHS 0f (3.30)] = —5(5-

ATAT ()a(Pf'A) ALe©)

P
Hy f“H

1 [ Phd®ks 1 1 1
S /D# —(e2-ka)(e1-k2)(e1-€2 + €3-€1) =0

(27T)6W1LU2 E12 E2 E2
32.

1 1
(¢/f37H1<1)/1‘) (Pqu (Pt A+) B+FOUB+<P(0)7 FOAZSD(O))

Hy
1 Bhyd3ks 1 1 1 1 1

cmchz o) (Ko - )=
=1 pA(27)0w1cn Bry Es Bo —(e2-k2) (k2 61)(<0102>E2 + <0201>E1) 0

33.

1,1 1
~(P,—oBt—
1P o B

Bhyd3ks 1 1 1

1
=) o) (e (ke
= A anws By By By 2 R (2 re){onoa) o (h-ea) (1)

(P Ah)

(@ H10f) = -

1
oB (), FOA:(P(O))

1
El) 0

34.

L 11
1 [ d&Pkid’ky 1 11 1 .
4 p4(27)0wyws E12 E2 Ez( 2-e1)((k2 61)<0202>E2 + (k1 62)<0‘20'1>E1)
Lf @hdhs 11 2kl = (bek)?) |l ka1 = (hi-k)?)

4 Jpa(2m)Swiwy By B2 By Ey )

MHPfHH O'B+ ())

35.

_ 1
(@, H1®h) = 8(Pqu 24T A FOUB+ Ol Pqu oB o)

Pf,,—JB+g0(O))

77 + —
A cB () A PfVHO HO

4( "y

1 dgk‘ldgkg 1 1 1 1 )
-  TCR e R = L ,

4 JpA(27m)Swiwy By By By By |k2|"(0201)(e2-€1)

1 d3k1d3k;2 1 1

- (96 2y || ka3 (R - ke
4 Jpa(27)Swiwy E3 By [ [Fea | (e - 2)

36.

1 1 1
4(H (Pf A+) +(10(0)5(-131°'f1 )H PfMHOPf'uFUBJr (0 ))

1 [ Bkd3ke 1 1 1 1 5 1 1
=- o — ——(ko-e1)|k ko- — 4 (k- —
/[)4(27T)6w1w2 Eyy E2 By Ey (k2-e1)|ka|" (k2 61)<0202>E2 + (k1 62)<0201>E1)
L Phadky 1120k (krke)?) | kPRl - (koke)?),
4 Jpa(2n)Swiws By E3 Es E,

(Py, H1®5) =
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37.

1.1 1
((I)§L4’H1(I)!2L) 8( A+A+g0(0),O'B H PfMHOPquOO'B+ ())
1 A3k d3 ks 1 11 1

T |kol? . .
= 8 ol )unin Bry By By By 2l (200 ezt enen)

1 BladPke 1 Ak |k (ko)

~ 38 p4(2m)8wiwa By E3
38.
1,1 1 1 1 1
(D, Hi®h) = &4 = —E(FOUB+FOUB+ (),UB+FOPquOPfMFOUB+¢(O))
1 dBhydke 1 1 11 1 1
= e — ko|? — —
716 JpA(2m)bwiws By, E2 By B, 2l (o2m10000) g+ {o2010002) 77)
1 EladPke 1 ol —2|k1)2|k2|2(1 = (k1-k2)?) +4\k1\2]kz2]2)
16 D4(27T>6(,U1WQ E12 E3 E1 E2

As is seen above, integrands in each terms are functions of |kil,|kal, (k1 -k2). Changing
variables | k1|, |ka|, (k1-k2) to r1 > 0,79 > 0, X = cosf, 0 < § < m, respectively, it is seen that

3713 o
FAfm) = [ S . ol (o)

272 A/m A/m
= (27‘() / dX/ d?"l/ dT‘QTlTQf(Tl,T’Q,X)

/m
We see that
d o2l A/m
aam) T AM) = G /1dXA/m drr(AJm)[f(AJm,r, X) + f(r,A/m, X)].  (18)

To see the asymptotic behavior of F(A/m), we estimate the right hand side of (18). Then
we can see that

(@, Hyj @)
lim — Lk oo =1,2,3,
Jim P <o u

where (7,7,k) # (1,8,1),(2,8,2),(16,1,2). In the case of (i,j,k) = (1,8,1),(2,8,2), each
term is divided into two integrals. Although each integral diverges as (A/m)? as A — oo,
cancelation happens. See Fig. 15 and 16.

Then the terms (7,7, k) = (1,8, 1), (2,8, 2) diverge as [log(A/m)]?. Finally we can directly
see that the term (@, H1®4) diverges as (A/m)2. Then the proof is complete. O
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Remark 2.4 Informally we can see that the diagram * behaves as (A/m)?.

e

Figure 15: (®}, Hg®})

o o o
i i ¥
a a

— X

2 [

] ¥ i '
g (2 g

Figure 16: (®}, Hg®})

e P

o o

=

a

Q

Figure 17: (®/, H19%)

Terms (O, Hg®"), (4, Hg®%) and (D4, H @) include diagram ° . Although, as
is seen in Fig. 15, 16 and 17, (9}, Hs®Y) and (P4, Hs®%) have counter terms, (s, H1 DY)
does not.
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