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Abstract

We consider the polaron model of the relativistic quantum electrodynamics with a fixed
total momentum. We analyze some properties of the ground state energy of the model,
and show that the polaron model has a ground state under a condition which includes
conditions for an infrared and an ultraviolet cutoff for photon momenta. In particular,
we show that the model with zero total momentum, a nonzero mass of the electron and
an infrared cutoff has a ground state.
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1 INTRODUCTION AND MAIN RESULTS

We consider a system of an electron interacting with the quantized radiation field. In the full
quantum electrodynamics the electron is described by the Dirac field. In this paper, however,
we consider one electron case, and we suppose that the electron is described by the Dirac
operator.

The total momentum of the system conserves if there is no external potential, i.e., the
Hamiltonian of the system strongly commutes with the total momentum operator. Hence the
Hamiltonian has a direct integral decomposition with respect to the total momentunid 1020

We study each fibre of the total Hamiltonian, which is a model in the relativistic quantum
electrodynamics(QED) for a fixed total momentum — the polaron model of the relativistic
QED. In the previous papei] 7T0we showed that the Hamiltonian of the polaron model of the
relativistic QED is bounded from below under a natural condition. In this paper we analyze

some properties of the ground state energy of the polaron Hamiltonian, and show that the



polaron Hamiltonian has a ground state if the total momentum equals zero, the electron has

a non-zero mass, and the radiation field satisfies an infrared regular condition.

1.1 Definition of the Model

In this paper we choose the Coulomb gauge for the electromagnetic field.
The Hilbert space for the photon field is the Boson Fock space over L?(R? x {1,2}):

o0

Frad ::@

n=0

éLZ(R‘g X {1,2})] , (1)

S

where ®” means the n-fold symmetric tensor product (seedJ 90). For a closable operator T' on
L?(R3 x {1,2}), we denote by d['(T), I'(T) the second quantization operators of 700 901 The
Hilbert space for the total system is defined by

F :=H® Frad, (2)

where H := L?(R% C%) is the Hilbert space of the relativistic electron. For each vector
f € L*(R3 x {1,2}), we denote by a(f), a(f)* the annihilation and the creation operator
respectively(seed 90). Let e : R? — R3, X\ = 1,2, be polarization vectors of a photon:

eMNk)-eW(k) =6y, eMNk) k=0 keR: \pc{l2}

We write as e (k) = (eg)‘)(k), eg‘)(k), eg)‘) (k)), and we suppose that each component eg-’\) (k)
is a Borel measurable function of k. For three objects aj,as, a3, we set a = (a1,as2,as)
and a-b = Z?Zl a;b; if Z?Zl a;b; is defined. For a linear object F(-) we set F(a) :=
(F(ay), F(ay), Fa3)). We choose a function p € L2(R?) N Dom(|k|~'/2), where “Dom” means

the operator domain, and |k| is a multiplication operator by the function |k|. We set
- A —ik-x
9i(k, X %) 1= [k 2p(i)ef ()e ™, x € R,

For each x € R3, g;(z) := g;(-;x) € L2(R3 x {1,2}). We define

&w:ijwﬂmmmijM@

the quantized vector potential, where, for a closable operator 7', T' denotes its closure. Aj(x)
is a self-adjoint operator on Fpaq(seed 90). The Hilbert space F can be identified as
®
R
and we can define a self-adjoint decomposable operator on F by
®

AR) = | AG)dx
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(seed 1020). The operator A(x) is also called the quantized vector potential. The photon
Hamiltonian is defined by
Hy = dl'(w),
where w is a multiplication operator of the function |k| acting on L?(R? x {1,2}). The
Hamiltonian which describes one relativistic free electron interacting with the radiation field
is given by
Hi=a-(p - qA(X) + MB + Hj,

where p = —iV and V is the gradient operator in H, o, are 4 x 4 Dirac matrices, the
constant M € R is the mass of the electron, ¢ € R is a constant proportional to the fine-
structure constant. For simplicity, we always omit the tensor product between H and Fi.q.
It is easy to see that H is symmetric. The essential self-adjointness of H was proven in the

papet] 201
Proposition 1.1. Suppose that p € Dom(\f{]_l). Then, H is a self-adjoint operator.

Remark. The Hamiltonian H seems to depend on the choice of the polarization vectors e(™) (k),
e®? (k). However, we can show that H is unitarily equivalent to H’ defined by using another
polarization vectors () (k), €/(?(k), see appendix. Therefore, all physical consequences of

the model do not depend on the choice of polarization vectors.

% Throughout the paper we assume that p € Dom(|k|™!).

We define the momentum operator P™4 of the quantized radiation field by

P — dr(k).

Each component le.”ad (j = 1,2,3) is a self-adjoint operator on Faq. The total momentum
operator is defined by

P := p + Prad,
The total momentum of the system governed by the Hamiltonian H is conserved, i.e., the
Hamiltonian H strongly commutes with P (seel] 20). To find the polaron Hamiltonian, we
define a self-adjoint operator

Q=% Prad’
where & = (21, &9, &3) are the multiplication operators of the functions x1, 9, 23 acting on H.
Let Ur be the Fourier transform on H, and we set U := Up exp(i@)). By this unitary operator

U, the Hamiltonian H and total momentum operator P are transformed as follows(sed] 10):

UHU* = a - [p — dT'(k) — ¢A] + M3 + Hy,
UPU* = p,



where A := A(0) and p is the multiplication operator by the (Fourier transformed) coordinates

(p1, p2,p3) on the Fourier transformed Hilbert space UpH. We can identify UF as

(&)
UF = / ®* Fraa dp. (3)
R3

The Hamiltonian of the polaron model we consider is of the form

A~

Hp)=a -p+MB+H;—a-dl'(k) —qa - A, (4)

which acts on each fibre ©*F,,q and p € R3 is a constant. The polaron Hamiltonian H (p) is
the fibre of UHU* in the decomposition (3)(seel] 1020):

Proposition 1.2. Assume that p € Dom(|k|™1). Then H(p) is essentially self-adjoint and

&
UPIU*:/ H(p)dp.
R3

Remark. Physically H(p) is the Hamiltonian of the fixed total momentum p € R3. We can
show that all the spectral properties of H(p) do not depend on the choice of polarization
vectors, because the Hamiltonians with different polarization vectors are unitarily equivalent

each other. See Appendix.

The polaron Hamiltonian H(p) is bounded belowd 70 because we assume p € Dom(|k| ™).

Therefore we can define the ground state energy of the polaron with total momentum p:
E(p) := info(H(p)),

where o(-) means the spectrum.
Let N}, := dI'(1) be the number operator on F,q, where 1 is the identity on L?(R3 x {1,2}).

For a constant m > 0, we set

H,,(p) == H(p) + mNy, E;(p):=info(H,(p)).

The case m = 0 is the original case. For m > 0, the massive Hamiltonian H,,(p) had studied

in0 1020

1.2 Some Properties of the Ground State Energy FE,,(p)

In this subsection we assume that p € Dom(|k|™!). Therefore H,,(p) is self-adjoint and
bounded from below (seed] 102070).
The ground state energy E,,(p) depends on all the constants in H,,(p): the total momentum

p € R3, the electron mass M € R, the virtual photon mass m > 0, the ultraviolet cutoff
function p, and the fine-structure constant ¢ € R. But F,,(p) does not depend on the choice
of polarization vectors. When the dependence of these variables is important, we write E,,(p)

as En(p, M,---), making it explicitly.



Proposition 1.3 (Concavity of the ground state energy). E,,(p) is concave function in the
variables (p, M,m,q) € R3 x R x [0,00) x R.

Proposition 1.4 (Continuity of the ground state energy). E,,(p, M) is Lipschitz continuous
function of (p, M), i.e.,

|Em(p, M) — En(p/, M) < /|p—P'2+|M - M2, p,p €R} M,M €R.

Proposition 1.5. The Hamiltonian H,,(p, M) is unitarily equivalent to Hp,(p,—M). In
particular En(p, M) = En(p, —M), and E,,(p, M) < En,(p,0) holds.

A symmetry of a cutoff function p leads to a symmetry of the same kind with respect to the

total momentum p of H,,(p):

Proposition 1.6 (Symmetry in the total momentum). Assume that |p(k)| = |p(Tk)| a.e. k €

R3 for an orthogonal matriz T € O(3). Then H,,(p) is unitarily equivalent to H,,(Tp), and
Em(p) = En(Tp). In particular, if |p(k)| = |p(—k)|, a.e.k € R3, then E,(p) = En(—p) and
En(p) < En(0).

A function f(k) is called rotation invariant function if f(k) = f(Tk) for all T' € SO(3).

If the cutoff function p is rotation invariant, the spectral properties of H,,(p) does not

depend on the direction of p:

Proposition 1.7 (Spherical symmetry in the total momentum). Assume that p(k) is a rota-

tion invariant function. Then Hp,(p) is unitarily equivalent to H,,(p') for all p' € R? with
lp| = |P’|. In particular E,,(p) is rotation invariant with respect to p, and En,(p) > En(p')

if [p| < |p'].

Proposition 1.8 (Massless limit of the ground state energy). E,,(p) is monotone non-
decreasing in m > 0 and
lim Em(p) = Eo(p)-

m——+

Generally, by Proposition 1.4, the following inequality holds:
OSEm(p*k)*Em(p)jL‘k’a p,k€R3.
If the electron mass M is not zero, we can get a stronger inequality:

Proposition 1.9. In the case m > 0, the inequality E,,(p — k) — En,(p) + |k| > 0 holds for
all M # 0, k € R3\{0} and p € R3. In the massless case m = 0, for all p € R3, there emists
a constant M > 0 such that the inequality E(p — k) — E(p) + |k| > 0 holds for all |M| > M
and k € R3\{0} .



When p is rotation invariant, by Proposition 1.7, the function E,,(p) — E,(0) + |p| is

monotone non-decreasing, concave with respect to |p|, and the following inequality holds

0 < En(p) — Em(0) + |p| < [Pl
For C7 > 0, we set

@(C) = inf (Bu(p) = Ea0)+[RD|

The following two propositions are important to derive the existence of a ground state of

massless Hamiltonian H(0) with zero total momentum.

Proposition 1.10. Assume that |M| > M (which is a constant in Proposition 1.9) and p €
Dom(|k|) is a rotation invariant function. Then, for all C; > 0, the inequality ai(Cy) > 0
holds, and

~—

)

inf (Eu(p) — En(0) + |p]) > L&

odnl | cr pl, (5)

for all |p| < Ch.
Proposition 1.11. Assume that M # 0 and p € Dom(|k) is a rotation invariant function.

Suppose that E(p) — E(0) + |p| > 0 for all p € R3\{0}. Then for all C; > 0 the inequality
a1(C1) > 0 holds, and

~—

inf (En(p) — En(0) + Jp|) > &

0<m<1 C1 [P

for all |p| < Cy.

1.3 Existence of a Ground State

In this subsection we assume that p € Dom(|k|™!). For a bounded below self-adjoint
operator T, we say that T" has a ground state if inf o(7") is an eigenvalue of 7T'.
In paper] 10 A. Arai studied a Hamiltonian in a class which includes H,,(p), m > 0 and

prove the existence of a ground state of H,,(p), m > 0. — more precisely speaking, his

criterion for the existence of a ground state does not include the case H,,(p), m > 0, but one

can show that H,,(p), m > 0 has a ground state in the same manner as in] 10

In this subsection we give some criteria for the polaron Hamiltonian H(p) to have a ground

state.

Theorem 1.12. Suppose that

2 2
. q p(k)|
hmlnf/ dk < 1. 6
m—+0 Jgs (Em(p —k) — En(p) + k| + m)2 k| ( )

Then the polaron Hamiltonian H(p) has a ground state.



The condition (6) has a restriction in ¢, and E,,(p) depends on q. Therefore to check
inequality (6) is difficult. In the case p = 0, Theorem 1.12 is replaced by a somewhat simple

one:

Theorem 1.13. Assume that M # 0 and p is rotation invariant function. If the inequality

¢’ |p(k)|?
/Rs EW) - EO)+ K2 |k <! (7)

holds, then H(0) has a ground state.

Proof of Theorems 1.12 and 1.13 are based on the photon number bound originated from
04050 Therefore the inequalities (6) and (7) have restrictions on the coupling constant g. If

one use the photon derivative bound, then one can remove the restriction on gq.

Theorem 1.14. Suppose that p is rotation invaliant and there is an open set S C R? such
that S := supp p and p is continuously differentiable function in S. Assume that for all R, the
set Sg = {k € S||k| < R} has the cone property, and

_— ; 192
m—10 Js (Em(p —k) — En(p) + k| +m)? K|

and for all p € [1,2) and R > 0, the following inequalities hold:

dk < oo, (8)

s [ (P — K) — Bn(p) + K| + m)2 ‘p(k)‘]p dk < oo,
Sr

0<m<1 k|1/2
[ Vo(k)| 17
s [ (Blp 1) = B () + i +m) L 3‘] dk < 0,
L o)

sup / (En(p — k) — Ep(p) + |k| +m) ™ ] dk < 0.
Sr

0<m<1

VTR

Then H(p) has a ground state.

Remember a property of the constant M(Propositions 1.9 and 1.10). In the case p = 0 and
M > M, the conditions in Theorem 1.14 become simpler:

Theorem 1.15. Let |[M| > M. Suppose that p is rotation invariant and there is an open
set S C R3 such that S := suppp, and p is continuously differentiable in S. Assume that
for all R, the set Sg := {k € S||k| < R} has the cone property, and p € Dom(|k|~3/2),
k| =%/2p(k) € LP(SR), and |k|=3/?|Vp(k)| € LP(Sg), for all p € [1,2) and R > 0. Then, the

polaron Hamiltonian H(0) has a ground state.



2 Proofs of Proposition 1.3-1.10

First we note that the operator H,,(p) is essentially self-adjoint on any core for H¢(m) :=
H; + mNy, because the term —o - dI'(k) — g - A is H¢(m)-bounded with relative bound
1(seel] 70) and one can apply Wiist’s theorem (seel 90). Since D := Dom(H ) N Dom(N},) is
a core for Hy, D is a common core for Hy,(p),m > 0. When we want to write the explicit

dependence of variables (p, M, m, q), we write H,,(p) as Hp,(p, M, q).

Proof of Proposition 1.3. Let (p, M, m,q),(p’,M',m’',¢') € R* x [0,00) x R, and t € [0, 1].
Then for all ¥ € D, we have

<\II7 Htm+(1—t)m’(tp + (1 - t)p/’tM + (1 - t)M/a tq + (1 - t)q/)\lj>
=t{(V, Hp(p, M, q)¥) + (1 — t){(¥, H,,(p', M, ¢")T)
Z tEm(I)v M7 Q) + (1 - t)Em'(p/7M/7 q/)

Thus we obtain
Etm-‘r(l—t)m’ (tp+ (1 _t)plv tM+(1 _t)Mlv tQ+ (1 _t)q/) Z tEm(pa M7 q)+ (1 _t)Em/ (pla Ml) q,)a

which implies that E,,(p, M, q) is a concave function. |

Proof of Proposition 1.4. By the equality Hy,(p, M) = Hp,(p', M)+ (p—p')+ (M —M")3,
and variational principle, we have E,,(p, M) < Hp,(p/,M')+a-(p—p’)+ (M — M')3, in the

sense of a quadratic form on D. Hence we have

En(p, M) < En(p', M)+ /[p — P/ + (M — M")2.

Similarly, we have E,,(p’, M) < Ep(p, M)+ /|p — /|2 + (M — M")2. 1

Proof of Proposition 1.5. We set 75 := iajaoas. It is easy to see that 75 is unitary operator
and vsHy, (p, M)y = Hp(p, —M). Therefore E,,(p, M) = E,,(p, —M). By Proposition 1.3,
M +— En,(p, M) is concave. Hence Ey,(p,0) = Ep,(p, M — %M) > En(p, M). 1

Proof of Proposition 1.6. For the matrix T € O(3), we define four 4x4 matrices:
3
ﬂ/ = ﬂ7 O[; ::Z,-Tj,lalv j:17273
j=1

It is easy to see that {a}, '} = 0, {a}, oy} = 2d;;, j,l = 1,2,3. Then there exists a 4x4
unitary matrix uz such that (seed 100 Lemma 2.250)

3

-1 § : -1
Urajup = T"kak, uTﬂuT = ﬁ
k=1



Therefore upa - pu}1 = Zi,l:l T koupr = 22,121 k(T Vap = - (T~ 'p). Similarly, we

have
up(a - dU(k))up! = a- (T7H0(K)), wra-Aup' =a- (T7'A) = (Ta) - A.
We define 1-photon rotation operator 7' by
(TN = f(T7'k,N), (k) eR3x{1,2}, feL*R®x{1,2}).
Then for all f € Dom(k;T)
T kT f(k,\) = (kT F)(Tk, \) = (Tk);(Tf)(Tk, \) = (Tk), f(k, ).

Hence we obtain an operator equality 7™~ li%jT = (Tk);, (j=1,2,3), and

where ®g(-) is the Segal field operator(sed] 90) and g;(-) := g;(-,x = 0) € L*(R® x {1,2}).
The operator U := ur ® F(TA*I) is a unitary operator on ®%F.q = C* ® Fraq and

UHp(p)U™" = (- (T71p) + MB + Hy(m) — - dU(k) — g(Tex) - 25(T"1g)).  (9)

Note that 7" is a 3x3-matrix and 7" is a unitary operator on L2(R? x {1,2}). Since T' € O(3),
we have (Ta) - ®g(T'g) = a- T ' ®g(T'g), ie.,

Mw

(T log(T1g)) ®s(T 7 g), j=1,2,3. (10)

l:l

We define a functions
M (k) =T'eM(Tk), (k,7)eR>x{1,2}.

It is easy to see that ') e/(?) are a polarization vectors: k - &M (k) = 0, €M (k) - e'W (k) =
d,u- Since |p(k)| = |p(Tk)|, there exists a Borel measurable function k — x(k) € R such that
p(Tk) = e*®p(k), a.e.k € R3. Therefore, we have

m(k)p(k) )

Djag(Tk, ) = Wej (k). (11)

Moo

l=1
Let H! (p) be H,,(p) with replacing e to ™. By (9),(10) and (11), we have

UH,,(p)U* =VH! (T-'p)V*,



where V := T'(e*()). By Theorem 4.2, H' (T—1p) is unitarily equivalent to H,,(T~1p).

Therefore, H(p) is unitarily equivalent to H,,(T—!p). Since p € R? is arbitrary in the

above argument, H,,(p) is unitarily equivalent to H,,(Tp), and E,,(p) = En(T'p). When
p(k) = p(—k), a.e.k € R? we have

Em(o) = Em(%p - %p) >

for all p € R3. 1

Proof of Proposition 1.7. The first half of Proposition 1.7 is a direct consequence of Propo-
sition 1.6. We show that E,,(p) is non-increasing in |p|. Temporally we assume that there
exist vectors p, p’ € R? such that |p| < |[p’| and E,,(p) < E,(p’). Without loss of generality,
we can assume that p’ = tp for a t > 1, because E,,(p) does not depend on p/|p|. Since
E,.(sp) — En(0), (s — 0), and the map R : s — E,,(sp) is continuous, there exists a constant
s' € [0,1) such that E,,(s'p) = En(p’). Weset r:= (t —1)/(t —s’) € [0,1). Then we get a

contradiction
En(p) = En(r(s'p) + (1 = 1)p') 2 7Epn(s'p) + (1 = 1) En(p') = En(p).
Therefore E,,(p) is a non-increasing function of |p|. i

Proof of Proposition 1.8. Let m > m’ > 0. Then we have H,,(p) > H,y(p) in the sense of
quadratic form on D. Therefore m +— E,,(p) is monotone non-decreasing: E,,(p) > E,(p).
It is easy to see that for all W € D, H,,(p)¥ — H(p)¥ as m — 0. Since D is a common core for
all H,,(p), Hn(p) — H(p) in the strong resolvent sense (seel] 800 Theorem VIII. 250). Using
a fact about a strongly convergent operators] 80 Theorem VIII. 2401 we have E,,(p) — E(p)
as m — +0. i

Proof of Proposition 1.9. We prove this proposition by absurd. First we prove it in the
massive case m > 0. We fix a mass M # 0 and p € R3. Assume that

Em(p —k) — En(p) + k| =0, (12)

for a vector k € R?\ {0}. Let ®,,(p — k) be a normalized ground state of H,,(p — k) — see
the first six lines of Subsection 1.3. Then

Hence, by assumption (12) we have (®,,(p — k), Hyn(p)®m(p — k)) = En(p) and (®,,(p —

k), - k®,,(p — k)) = —|k|, which imply that ®,,(p — k) is a ground state of both H,,(p)

10



and o - k. Since k is a non-zero vector, we have (®,,(p — k), 5P,,(p — k)) = 0, because
a - kB = —fa - k. In what follows, to emphasise M-dependence, we write H,,(p — k) and
®,,(p — k) as Hy,(p — k, M) and @,,(p — k, M) respectively. Using the above facts, we have

Em(p, M) = (@ (p — k, M), Hy(p, 0) @ (p — k, M)) > Epp(p, 0).

However, E,,(p, M) < E,,(p,0) (Proposition 1.5). Hence we obtain E,,(p, M) = En,(p,0).
M

Therefore @,,(p — k, is a ground state of H,,(p,0), and

)
En(p, M)®(p —k,M) = Hy(p, M) Py, (p — k, M)

Since E,,(p, M) = E,,(p,0), we have M 3®,,(p, M) = 0. Therefore we get a contradiction:
Do (p, M) = f*@p(p, M) = 0.

Next, we consider the case m = 0. Suppose that there existed a vector p € R? such that for
all M € Ry the inequality E(p—k, M)— E(p, M)+ |k| = 0 holds for a constant |M| > M and a
vector k € R3\{0}. It is easy to see that lim,, . o(®,(p—k, M), H(p — k, M)®,,(p—k, M)) =
E(p —k, M). By the above assumption, we have

lim (®,,(p —k, M), - k®,,(p — k, M)) = —|K|

m—+0

Jlim (@, (p — K, M), H(p, M)®p(p — k, M)) = E(p, M).

Therefore limy,—4+0(®m(p—k, M), P (p—k, M)) = 0. This means that E(p, M) = E(p,0).
Since M € R is arbitrary and does not depend on p, and E(p, M) is concave, we have that
E(p, M) does not depend on M. On the other hand, one can easily show that E(p, M) — —o0

as |M| — oo. Therefore we get a contradiction. i

Proof of Proposition 1.10. Note that [0,1] > m — E,(p) is a continuous function. If
a1(C1) = 0 for a positive value C; > 0, then there exist a constant m; € [0,1] such
that En,, (p) — Em,(0) + |p| = 0 with |p| = C;. However, by Proposition 1.9, we have
Ep(p) — En(0)+|p| > 0 for all |p| > 0. Hence we obtain a1 (Cy) > 0 for all C; > 0. Note that
0= (Em(p) = Em(0) + [p|)p=0 and (Em(p) = En(0) + [p))|jpj=c, = a1(C1) for all m € [0,1],
and E,,(p) — En(0) + |p| is a concave function of |p|. Therefore inequality (5) holds. i

Proof of Proposition 1.11. Similar to the proof of Proposition 1.10 1

3 Proofs of Theorem 1.12-1.15

In the massive case m > 0, Hp,(p) has a normalized ground state ®,,(p). There exists
a sequence {®,;(p)}72,, m; — 0(j — oo) such that {®,,;} has a weak limit ®o(p). If
®o(p) # 0, then the massless Hamiltonian H(p) has a ground state(seed 40 Lemma 4.90).

11



In this section, we sometimes use the following identification

&' Fraa =P C o F™, FM =gl LR x {1,2}),
n=0

and

C'oF™ c L2(R3 x {1,2};C* @ F 1)), n=1,2,3,....
where all vector (") € C*@F™ is identified with a Hilbert space valued function ¥ (k, ;) :
R x {1,2} — C*@ FnD),

For a vector ¥ € @*F,,q, we define an object
ax(k)T == (T (k, \), V2UP (K, \; ), .. /a0 (K N, L) € °x°0 Cio ™,

where the symbol “x” means the direct product. In general, ay(k)¥ ¢ ®* Fraq, but we
can show that ay(k)¥U € @©4F,.q for a class of vectors ¥ € @4 Frq. Let w : R3 — [0, 00)
be an almost positive Borel measurable function, and we denote its multiplication operator
on L*(R? x {1,2}) by the same symbol. For ¥ = (¥()% € Dom(dl'(w)/?), the object
ax(k)¥ is a @ Faq-valued function: ay(k)¥ € @®*F,.q, a.e.k € R3 X\ = 1,2. Because, if
¥ € Dom(dI'(w)'/?), then

) 2e =3 3 / () ) (1, X3 )2 oy < 0,

n=1)\=1,2

which implies ay(k)¥ € ©*F;.q for almost every k € R3 and A = 1,2. Hence, for all ¥ €
Dom(N];/ 2), ax(k)V is a 1 F,.q-valued function. For a self-adjoint operator 7', we denote by
Q(T) the form domain of T. Note that Q(H,,(p)) C Dorn(Ng/Q)7 m > 0, because H,,(p) —
E(p) > mNy in the sense of quadratic form on D.

We set g(k, \) := g(k, A\;0).

Proposition 3.1. Let m > 0. Then ay(k)®,,(p) € Dom(H,,(p)), a.e.k € R} X\ =1,2 and

a)(k)®,,(p) = a (Hp(p — k)= Epn(p) +wm (k) targ(k, \)®,,(p), ae. (k) € R3*x{1,2}.

V2
(13)

Proof. Let wp (k) := w(k) +m = |k| + m. For all f € Dom(wy,) and ¥ € D, we have

(Hn(P) = Em(p)) ¥, a(f)®m(p)) = (¥, { — a(wnf) + & a(kf) + F(f.8)} 2m(p))

Therefore,
S [ 1) () = Bonp)) W0 () (0) =
A=1,2
Z f k )‘ \Pa_wm(k)a)\(k>q)m(p)+a'ka/\(k)q)m(p> +qa'g(k7 )‘)(I)m(p)>'
A=1,2
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Since the subspace Dom(w,) is dense in L?(R?) x {1,2}, we obtain
(Hm(P) — En(P))¥, ax(k)®m(p)) = <‘ll7 (—wm(k)ar(k) + e - kay(k) + g - g(k, /\))(I)m(p)>7

for almost every k € R, A\ = 1,2, and all ¥ € D. This means that ay(k)®,,(p) € D(H,(p))

and

(Hm(p) - Em(p) + wm(k) - k)ak(k)q)m(p) = o g(kv A)q)m(p)'

Hence (13) follows. i

Sl

Proof of Theorem 1.12. By Proposition 3.1 and the present assumption, we have

k, \)|?
lim inf | N2 @, ()| < li f§/ o 8( k<1
im it |V, ()" s liminf ) | 57 “X) = En(p) K L mpR e

Each component of the massive ground state @, (p)(™ converges to ®q(p)™ weakly as j —

1/2

00, and limj_q || N,/ “®m;|| < 1. Since ®*C is a finite dimensional space, (Emj(p)(o) —

Do (p )(0) strongly. It is easy to see that

1@o(p)||* = [|[Po(p) > = Jim, 1@, (P)V* = lim (@, (P), PaPum, (P)).

J—00

where Pq is the orthogonal projection in the Fock vacuum (1,0,0,...) € Fraq. Hence we have
1/2
[20(P)I 2 1 = IV 2@, (B)* > 0

This means that ®o(p)(# 0) is a ground state of H(p). i

Proof of Theorem 1.13. By the assumption of Theorem 1.13, ¢gp =0 or E(k)— E(0)+ k| >0
for almost every k € R3. In the case gp = 0, the Theorem 1.13 is trivial. Therefore we consider
only the second case. Hence Proposition 1.11 holds. Note that E(k) — E(0) + |k| > 0 and (7)
yield that [k|=3/2p € L?(R3). The right hand side of the inequality

lp@P o CF e L p(k)P?
k[ T a(C)? kPP a(Ch)? (K]

(Em(k) - Em(o) + ’k| + m)

is integrable and does not depend on m > 0. By the Lebesgue dominated convergence theorem,

we obtain

- 3 m—2|/>(k)|2 _ B Lo lp(k)?
i [ (500 = Buf0) + |+ m) 22 dk—/R3(E(k) B0+ i)k < 1.

Hence the condition of Theorem 1.12 holds and H(0) has a ground state. i

For a Hilbert space K, we denote by B(K) the set of bounded operators on K.

One can easily prove the following proposition:
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Lemma 3.2. For each direction j € R3,|j| = 1, the operator valued function R3\{0} : k —
(Hm(p — k) — En(p) + k| +m)~! € B(@*Fraq) is differentiable in the norm resolvent sense,

and

aj(Hm(p - k) - Em(p) + ’k| + m)_l

k-

= (Hn(p — k) — En(p) + [k| +m) ™" (O‘ ERET

) (o0 —K) — En(p) + [k +m)"",

where 05 means the differential for the j-direction.

We fix the following polarization vectors in the rest of this section.

ko, —k1,0) k
M (k) = (2’71’ @ (k) = — AeM(k 14
e , € : e .

For the set S in the Theorem 1.14, 1.15, we define 2 := S\{k € R3|k; = ko = 0}, Qg := SgNQ.
By Proposition 3.2, we get the following proposition.

Lemma 3.3. Assume the assumptions in Theorem 1.14. Then ay(k)®,,(p) is strongly con-

tinuously differentiable in Q) and
djax(k)®m(p)
e -
= L (H(p — ) — Bu(p) + k| + )<J+M)
X (Hm(p — k) — En(p) + [k| + m)_la -g(k, \) @, (p)
(Hn(p — k) = En(p) + k| +m) " o (9;8(k, ) @m(p),

[\

+ =
2

where 0; is a differential operator in kj, (j = 1,2,3).

We set
Wk, A) = (B3 (k, X )2 = Gja (k) Prm(p).

n=0 -
Lemma 3.4. Assume the assumptions in Theorem 1.14. Then

1 -
0, (P) I Askas o i) = =00 iy ), e = (ke o)

forallk,k, € Q,ne N, \,\p =1,2, j = 1,2,3, where 0; is the distributional derivative in k;.

Proof. In this proof, we omit the polarization coordinates A, A\; and the total momentum p.
By the definition, for all ¢(k, ks, ..., k,) € C§°(Q"!), we have

— [ (@) e K) =l [ (i ) [0 e+ b ) — W (K,
R3n
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where K = (ka,...,k;,) and j is the unit vector of j-th axis. Hence we obtain

/Rg dk [/R3(n_1) dK(k, K) {|1h|[<1>§;})(k + hj, K) — W (k, K)] — \/lﬁ\Il(”‘l)(k, K)H '

Bh g m) L g1
Shpm (k) — —wt=D(k,.

[, @i e, (15)

Lz(Rs(n—l))’
where the operator Ay is defined by Apf(k) := f(k + hj) — f(k) for all functions f. Note
that |h|_1Ah®£§) (k, -) converges to ﬁ‘ll(”*l)(k, ) strongly in L?(Q3("=1) by Proposition 3.3.
Since the function k — W~ (k, .) is strongly continuous in €2, we have

1
1
Zhe) (k, - :s—/ — 0D (k + thj,-)dt,
Al ) 0o Vn ( )

where s- [ means the strong integral. By Proposition 3.3, || ("~ (k, -) | L2 (r3(n—1)y Is continuous
in €, and therefore bounded in {k € R3|||¢(k, I z2(w3n—1)y # 0}. Hence

Ah g(n) L pn-1)
H |h| (I)m (k7 ) \/'TL\II (k7 )‘ L2(R3(n—1))
1 _ . 1 n—
< \jluspl %H‘I’(n 1)(k + thj, ')HL?(R?’(”*U) + %”‘I’( U(k, ‘)HL?(RB(nﬂ))
< const

Therefore, we can apply the Lebesgue dominated convergence theorem, and the right hand

side of (15) converges to zero as |h| — 0. i

By Proposition 3.2 and direct calculations, we obtain the following lemma:

Lemma 3.5. Suppose that the assumption of Theorem 1.1/ holds. Then

1900, 5 (95X, As )| <[00 (k)@ (D)

VBl (Enlp 10 = Bp) + K]+ m) 2 )
4 10ip(k
B, (0 =10 = Bulp) + K+ m) D
_ k
#9500 1)~ Buo) + K]+ ) 200
9 B (p — 10 = () + 1+ m) 20 5,600 1)

S

B
forallk e Q, A=1,2,j=1,2,3.

Our polarization vectors (14) satisfy

196N (1) < ——2

k € R3\{K € R3|k} = Kk} = 0}.
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Lemma 3.6. Suppose that the assumption of Theorem 1.1 holds. Then each component
of the massive ground state is in a Sobolev space: o WLP((Qr x {1,21)") for all
p€[l,2), R>0 and

sup ([ @5 ()it (e x(1,2))m) < 0©-
0<m<1

Proof. Similar to the proof of] 500 page 557, Step 2.0 |

Proof of Theorem 1.14. By the assumption of Theorem 1.14 and Proposition 3.1 , there exists
a sequence {m;}?2, such that the subsequence {®y,, (p)}72; and {Né/szmj (P)}52; have weak
limits as m; — 0(j — o0). We denote by ®o(p) the weak limit of {®,,;(p)}32;. If ®o(p) # 0,
when ®(p) is a ground state of H(p) (seed 40).

Any vector U € @*F" = C*®F" is a function of the particle spin coordinate X € {1,2,3,4},
the n-photon wave number argument (ki,...,k,) € R3, and the photon helicity arguments

ALy -y An € {1,2}. For simplicity, we set

o (ki, ... k)
o\ (k... Ky

i= Oy, (P) (X k1, Ais - 1k, An),
) i= Do (p) ™ (X ki, Ais ..k, An)

for X € {1,2,3,4} and A1,..., A\, € {1,2}. Note that @, ®{" € L2(R*"). We show that
s-limyoo @) = @) for all n € N, X € {1,2,3,4} and Ar,..., A, € {1,2}.

Since |Sg| < oo for all R > 0, L¥(Sg) C L*(Sg) for s > 2 for all R > 0. By this fact,
for all p € [1,2), {<I>§.n) }; weakly converges to <I>(()n) in the sense of LP(S3"). By Lemma 3.6,
sup; [|®;|lwrp(on) < oo therefore, a subsequence of {@En)}j converges to a vector ‘ID(ONI)% €
W1LP(Q%) in the sense of the dual Sobolev space W1P(Q7%)*, i.e., for all linear functionals
f e whp(Qu)*, f(@g.n) - Cf)én})%) — 0 as j — oo. By a general fact of the dual of WP (e.g.

060), for all fo, f1,..., fsn € LP(QR)* = L*(Q%), (p~' + s~ = 1), we have

3n
fo(@" =5+ 3" [ fo(@™ — &) — 0, (j - o).
QO i=1 Y%
Therefore we have for all R > 0
0 (ki, ... k) = \p (k... kn),  (ku,... . kn) € Q.
(n)

J
assume that p is rotation invariant. Then S is a spherically symmetric region in R3, and Qg

Hence for all p € [1,2), we have &>/ — @én), (j — o) in the weak sense of W1P(Q7%). Now we

is a Sp without the ks-axis. By the assumption of Theorem 1.14, Q2 has the cone property.
By using the Rellich-Kondrashov theorem{J 600 Theorem 8.90), we have

Jli{{)lo ||‘I’§'n) — o lLsap) =0,
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for all s < 3‘1%. Since p € [1,2) is arbitrary, we choose p = 6n/(3n +2) € [1,2), and we get
limj oo | @4 — @ || 20y = 0, for all R > 0. We set @; == (9{)22 @y = (D)5, €

n=0>

@1 Faq. Let xr be the characteristic function of the ball {k € R?||k| < R}. We denote by P,
the orthogonal projection to the n-photon subspace C* ® F*. Then we have
IT(xr) (@5 — @o)lI* = | PaT (xr) (25 — Po)lI* + (1 = Pu)T(xr) (5 — o)|®

L 172
< IPDOer)(@; = Bo)[1? + — [Ny *T (x) (@ — @)1
Since each component (T'(xg)®;)™ converges to (T'(xr)®o)™ strongly as j — oo, we have

. 1. 1/2
lim |[T(xz)(®; — ®o)||* < — limsup |T(xz) Ny *(@; — @o)|,
J—00 n j—o00

for all n € N. Therefore we obtain

s-im '(xr)®; = I'(xr)Po. (16)

j—00

On the other hand, by Proposition 3.1 we have

EEE DY / 1K [|ax(k)®, |2 dk g/ *lp(k)[? Lk < 0.
a=127F rs (B, (P = K) = B (p) + [K[ +m;)

Note that a singular point of k — (E,,(p — k) — E,,(p) + |[k|) ! is only k = 0(Proposition
1.9), limy| o (Em(p — k) — Em(p) + |k|) = o0 and the map k — (En(p — k) — En(p) + [k|)
is continuous. By the assumption of the theorem, we have

2 k)|2
lim H1/2<I>- 2 Slimsup/ Callil
J e IE ST sw e (6 =X — By (p) + K| £ 1)

2le< 00.

Therefore
|5 — Po||* = [T (xr)(®; — Po)[|* + [[(T(xr) — 1)(®; — Do)

< T (xr)(®; — Po)||* + %H(l - PO)F(XR)H}/Q(‘I)j = ®o)[* + [ PoT (xr)(®; — Po)||*

const.

< T (xr) (@ — ®o)l|* + + [Pl (xr) (@5 — ®o)]1%,

where “const.” means the constant independent of R > 0. By (16), we have

s—lim (I)j = q)o.
j—o0
This means the ®g is a normalized ground state of H(p). i

Proof of Theorem 1.15. We check the condition of Theorem 1.14. As in the proof of Theorem
1.13, the condition p € Dom(|k|~3/2) and Proposition 1.10 imply that

2 2
: q p(k)|
lim sup/ dk < oo.
m—t0 Js (Em(k) = Em(0) + k| +m)* k|
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By Proposition 1.10, for all R > 0 we have that a;(R) > 0 and

R
sup (En(k) — En(0)+ k)P < ———,  |k| <R.
ogm%( (k) (0) + [k|) a(R)K] k|

Hence we have

‘ Nk
05;1;1/512 (Eun(K) = E(0) + | +m) Z,W] ak< [

[ —1Vp(k)[1” R |pk)[]"
0217;21/51% (Epm (k) — Ep(0) + k| +m) ! TRE ] dkg/SR[ } dk < o0,

Sup/ (B (K) — En(0) + [K| + m) ' ——t ’p(k)’] dk
0<m<1.J8gp
R 1 p(k)

VIR I
<[, | v
sn | 1(B) /AT 1 2 [K[3/2

R 17 . 117 Ip(k)l]p
= dr sin 6d6 | — k|%d|k [ < 00
Lm] /[o,ﬂ [sme] /[o,m‘ Ak g2

Here we use the fact that p is rotation invariant. Therefore the condition of Theorem 1.14
holds. |

P
dk

4 APPENDIX: A REMARK ON THE POLARIZATION VECTORS

In this appendix, we show that the quantum electrodynamics does not depend on the choice
of polarization vectors, i.e., the Hamiltonians defined by different polarization vectors are
unitarily equivalent each other. We show the equivalence only for the Hamiltonians H and
H(p), but one can apply our proof to the Pauli-Fierz model and various QED models. In the
proof, we do not use the form of the cutoff function p and dispersion w, and use only the facts
that p and w do not depend on the helicity argument .

We assume that the polarization vectors e(!)(k), e(? (k) and k are a right-handed system;

LI eM(k), keR>

k-eWk) =0, [eMI)|ps =1, (k)= K]

Next, we take any polarization vectors e/(1), ¢/(2):
k-eM(k) =0, €WMk) Wk)=06y, keR} \pue{l,2}.

Let H' and H'(p) be the Hamiltonians H and H(p) with e replaced €™, X\ = 1,2, respec-
tively.

The essential self-adjointness of Hamiltonians H and H (p) does not depend on a choice of a

polarization vectors, and H and H(p) are unitarily equivalent to H’ and H’(p), respectively:
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Theorem 4.1. Assume that H is essentially self-adjoint. Then H' is essentially self-adjoint

and H is unitarily equivalent to H'.

Theorem 4.2. Assume that H(p) is essentially self-adjoint. Then H'(p) is essentially self-

adjoint and H(p) is unitarily equivalent to H'(p).

Proofs of Theorems 4.1 and 4.2. By the definition of polarization vectors, for each k € R? it
holds that €'® (k) = 1¢ A e’V (k) or ®) (k) = — & A e'V(k). Let O C R? be a set such that

e (k) = —ﬁ A€M (k), k € O holds. We define a polarization vectors e/, \ = 1,2,

2 3
(k) = k), D1 = {10 KERAO,
’ —e@(k), keoO.

We define an operator H” which is H with e replacing €’ A = 1,2. Let

g’(k, Ax) = p(k) /()\)(k)efik-x, g//(k7 A;x) : p(k) "™ (k)efik-x,

= |k‘1/2e = k| 1/2
and we set
I($ 1 © / / " 1 ® /1 7
A'(x) =75 ) [a(g'(-,x)) + a(g'(-,x))*]dx, AT(x) =75 Jos la(g"(-,x)) + a(g” (-, x))*]dx,

self-adjoint operators on F. Since e”()(k), ¢”(?) (k), k are a right-handed system: k-e”(!) (k) =
0, " (k) = T11:| A€M (k), for all k € R there exists (k) € [0, 27) such that

o] = [t ][]

We define a unitary operator u; on L?(R3 x {1,2}) by

b)) = )t [fe] e

The operator U; := I'(up) is a unitary operator on Fy,q and U;dl'(w)Uf = dI'(w). By the
(

equality u1g”(-,x) = g(+,x), we have U1 A”(x)U; = A(Xx). Therefore we get
UiH"Uf = U H"U; = H.

This means that the operator H” is essentially self-adjoint and H” is unitarily equivalent to

H. Next we show that H” is unitarily equivalent to H’. Let us be a unitary operator on
L?(R3 x {1,2}) such that

—f(k,2), kes,

(uaf)(k, A) := {f(k, A), otherwise.
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It is easy to see that u1gj(-,x) = ¢7(-,x), j = 1,2,3. Then Us := I'(ug) is a unitary transfor-
mation on F.q, and
Usdl(w)Us = dI'(w).
By the definition of ug, the equality Us A’ (x)Us = A”(%) holds. Therefore we have
U, HU; = U, H'U = H”,

which implies that H' is essentially self-adjoint and H’ is unitarily equivalent to H”. Hence

Theorem 4.1 is proved. The proof of Theorem 4.2 is similar to the proof of Theorem 4.1. |}
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