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Abstract

An estimation of the difference between smoothing a composition of two functions
and composing their smoothings is given. The smoothing operator considered here
is defined by the convolution operator with a holomorphic kernel. It is also shown,
by means of an example, how apply the estimate given here to obtain finite differ-
entiable versions of theorems on conjugation of maps in non-perturbative settings.
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KAM theory.

1 Introduction

It is known that finite differentiable functions can be approximated by analytic ones. One
way of obtaining approximating analytic functions is to use a smoothing operator [Kra83,
Mos70, [Ste70, [Zeh75]. Here we consider a smoothing operator defined by the convolution
operator with a holomorphic kernel. The main result of this note is an estimate for the
norm of the difference between smoothing a composition of two functions and composing
their smoothings. We also show how such an estimate can be used in some conjugation
problems when the involved functions are only finite differentiable.

The classification — under conjugacy — and the study of the existence of invariant
objects for a given dynamical system are important to understand the dynamics of the
complete system. Invariant objects and conjugating functions are often found solving
functional equations that involve the composition operator and whose unknowns are
homeomorphisms. Conjugation problems can be formulated in an abstract form as
generalised implicit function theorems [Mos66bl [Zeh75, [Ham&82, [Van02].

Frequently, in conjugation problems — or in problems concerning the existence of
invariant objects — the so-called ‘small divisors’ appear in the infinitesimal equations.
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These small divisors yield a reduction of the analyticity domain if the considered func-
tions are analytic and a loss of derivatives in the finite differentiable setting.

It turns out that, in certain cases, it is preferable to deal with reduction of the
analyticity domain than loss of differentiability. In particular, it is easier to prove
the existence of a solution of the functional equation when the involved functions are
analytic. Then, using an idea of Moser [Mos66b], one proves the existence of a solution in
the finite differentiable case by constructing a double sequence of approximate solutions:
the finite differentiable functions are first approximated by analytic ones, and then the
result for the analytic case is applied to the approximating functions.

We call attention to Chapter IV in [Her83|] where the author describes a technique
to conjugate finite differentiable circle maps with constant type rotation number to the
rotation given by the rotation number. The Herman’s technique — different from Moser’s
— enables him to lose only one derivative.

It seems not straightforward a generalisation of the Herman’s technique to dimension
greater than one.

Since the composition operator does not commute with the convolution operator, in
the passage from the analytic to the finite differentiable case, is sometimes necessary
to estimate a norm of the difference between smoothing a composition of two functions
and composing their smoothings. This happens in certain non-perturbative conjugation
results where the main hypothesis is that an approximate solution of the problem is
known. Roughly speaking the proof of such results goes as follows: the problem is
written as finding zeros of a suitable functional equation defined in appropriate spaces
of functions. Assuming that we are given an approximate solution of the functional
equation and that the infinitesimal equations are approximately solvable — maybe with
some loss of differentiability. Then a modified Newton method is constructed to find
a true solution. It turns out that the method is convergent if both the initial error is
‘sufficiently’ small and the error on resolving the infinitesimal equations is ‘quadratic’.
We will refer to such proofs as ‘polishing’H Some results within this context are [SZ89,
CC97, dILGJVO05, [dILO5, HAIL04b].

In this work we give an estimate of the supremum norm, computed on complex strips,
of the difference between smoothing a composition of two functions and composing their
smoothings. The estimation is given in terms of the order of differentiability of the
two functions (Theorem . We also show how this estimate can be used to obtain a
finite differentiable version, from an analytic one, of a non-perturbative result on the
conjugation of torus diffecomorphism (see Theorem [2] and Theorem [3| in Section 5| for
the formulation of, respectively, the finite differentiable and the analytic version of this

result) E|

The procedure we use to obtain a finite differentiable version of Theorem [3|is essen-
tially the same used in the proof of Theorem 7.1.1 in [Van02] (which is a generalisation
of Theorem 2.1 in [Zeh75]), and it consists of the following steps (see Section [5|for more
details):

'This type of proofs provides the basis for algorithms to compute invariant objects c.f. [AdIL04a] and
at the same time they can be used to perform computed assisted proofs c.f. [CCO3].

2We will not give here any proof of Theorem a polishing proof of it will appear in a future
paper [GE05] .



Step 0: Write the conjugacy problem as a functional equation in appropriate function
spaces.

Step 1: Smooth both the torus map and the approximate conjugation (which are
assumed to be finite differentiable). Apply the estimate in Theorem 1| to obtain
an analytic approximate solution of the functional equation.

Step 2: Construct a double approximation following the proof of Theorem 2.1 in [Zeh75]
(see also [Mos62, [JacT2]).

For readers who are familiar with [Zeh75] we remark that Theorem |1 (which enables us
to perform Step 1) proves that the composition operator satisfies the hypothesis F.S4
of Theorem 7.1.1 in [Van02] which improves the condition in Theorem 2.1 in [ZehT75|:
the initial solution has to be in the biggest spaces X; x Y7, see Theorem 2.1 in [Zeh'5)]
and Remark 4.3.8 in [Van02].

Conjugation of torus maps to rigid rotations is a special case of problems involving
the functional equation

F(f,g,cp)zO, (1)

where
def
F(f,g,p)=fog—goep. (2)

The main idea in Step 1 of the above procedure is the following. Assume that fy, go
and g are finite differentiable functions which satisfies approximately. Then using
estimate given in Theorem [1| one obtains an analytic approximate solution of .

We emphasise that in the case that ¢ in ([2)) is a fixed rigid rotation on the torus, if gg
is polynomial, then it is not necessary to use an estimate like that in Theorem [I]to obtain
an analytic approximate solution of from fp, and gg. For example, perturbative
results on conjugacy problems [Arn65, Mos62, Zeh76] satisfy this property, because
one can assume gg to be the identity. Although, in certain non-perturbative cases
it is possible to assume that go is the identity map e.g. [SZ89], in general imposing
such condition weakens the obtained results. For example, the conjugation problem
considered in Section [5| and that considered in [dILGEO05] where the authors use the
scheme described above to give a finite differentiable version of a non-perturbative result
on the existence of maximal dimensional invariant tori for exact symplectic maps. E|

This note is organised as follows. In Section [2] we define the smoothing operator and
state Theorem [I| which gives an estimate the norm of the difference between smoothing
a composition of two functions and composing their smoothings. Section [3| contains
some quantitative properties of the smoothing operator. In Section [4] we apply the
results of Section [3| to prove Theorem [I| Finally, in Section [5| we discuss an application
of the estimate given in Theorem [I] to conjugations of torus maps to rigid rotations
(Theorem [2)).

% The analytic version of this result can be found in [dILGIV05].



2 Smoothing and composition

We begin by defining the function spaces we work with. Let Z,; denote the set of
non-negative integers.

Definition 1. C°(RY) denotes the space of functions f : R* — R such that

ef
|flco = sup [f(x)] < oo
z€ERd

Let £ = p+a, withp € Zy and 0 < a < 1. Define the Hélder space C*(R?) to be the
set of all functions f : R — R with continuous derivatives up to order p for which the
norm

IfICe(Rd)d:ef sup {|Dkf(x)!} + sup

zeRd z,yeRd zy
|k|<p |k|=p

(1D DY

|z — y|*

Following [Mos66b. [Zeh75l, [Sal04] we consider a linear smoothing operator taking func-
tions in C*(R?%, R) into real entire functions which are bounded in complex strips. For
p >0, let ’]I‘;l denote the complex strip

Tg={x+iyeC: |y;| <p,1<j<d}.

Definition 2. Let { = p+ «, with p € Z4 and 0 < o < 1. Define the Banach space
A(p,C*,d) to be the set of all holomorphic functions f : Tg C C* — C which are real

valued on R? (i.e. f(z) = f(Z) for all x € R?) and such that the norm

| fl,.ct < sup {|Dkf(:1:)|} + sup {\Dkf(:n) — Dkf(y)|} < 00.

_ (6%
z€Up :c,ye'ﬂ‘pd,x;ﬁy |.CU y|
|k|<p |k|=p

We denote by |-|, the norm of A(p, C0d).

For a matrix or vector valued-function G with components G; ; in either C*(R?) or
ef

in A(p,C*,d) we use the norm |G’04(Rd)gH%%X’Gi’j|Cg(Rd) or \G|pjczd: II}E;X|GiJ|p7Cg,
respectively. The space of functions g = (g1,...,9q) : R* — R? such that g; € C*(R™),
fori=1,...,d, is denoted by C*(R",R%). Now we define the smoothing operator S;.

Definition 3. Let d be a natural number and 0 < s < 1. Choose u : R* — R to be C*,
even, identically equal to 1 in a neighbourhood of the origin and with support contained in
the ball with centre in the origin and radius s. Let i : R — R be the Fourier transform
of u and denote by s the holomorphic continuation of w. Define linear operator Sy as

Sif)(z) = t / S(ty — 2))f (v)dy for f e CORY. 3)

R4



Applying obvious modifications Definition [3| can be extended to a linear operator
on CO(R",R%) and on C°(R™). In the sequel these operators are denoted by the same
symbol S;

In Section |3 we state some properties of S;. From Definition [3| one obtains the
following remark.

Remark 1.

1. Sy takes functions in C°(R?) to the space of entire functions on CY.

2. Using the change of variables £ =tRe(y — z) =ty —tRe(z), one has
Silfl(z) = /Rd s(§ —itIm (2))f(Re (z) + £/t)d¢. (4)

3. S; maps periodic functions to periodic functions.
4. S; commutes with constant coefficients differential operators.

5. The definition of S; can be extended to functions defined on subsets of R® which
are connected and have sufficiently reqular boundary.

6. The definition of the linear operator Sy, given in (@, depends on d. However, we
do not include this dependence in the notation.

7. Si[f] is the convolution s; * f where s¢(z) = t%s(tz).

The following theorem provides an estimate for the norm of the difference between
the composition of the smoothing and the smoothing of the composition.

Theorem 1. Let 1,0y > 1 with 1,05 ¢ N. For f € C**(R?) and g € C?(R",R%), then
the composition f o g belongs to C*(R™) with ¢ = min({1, £3).

Moreover, given two real numbers 3 > 0, 0 < u < £ — 1, there exist two positive
constants k& = k(n,d, {1, 0, B, 1) and t* = t*(n, Lo, B) such that for every f € C*'(R?),
and g € C2(R™,R?), with |Dg|CO(Rn) < B, the following holdsﬂ

|Sulf) 0 Silgl = Silf o gl i1 < A [flone 4. Vit (5)

Remark 2. Theorem [1] is stated only for Hélder functions, with £1,f5 not integer. A
natural question is whether it is possible to give an estimate, similar to that given in @,
for Ap-functions — briefly, Ay-functions coincide with Hoélder functions when ¢ ¢ 7
and with the space of Zygmund functions when ¢ € ZE However the composition of
Zygmund functions will not always result in another Zygmund function, for example
F(z) = wlog (|o]) € Ay but f2 & A

def

Remark 3. Let T=R/Z and let C*(T%) be the subset of functions in C*(R?) which
are Z-periodic. Denote by C*(T? R?) the space of d-dimensional vector functions with
coordinates in C*(T%). We remark that Theorem (1| also holds for the space functions
CY(T4,R%). See sections @ and @

4|‘|t,1 denotes the supremum norm on the complex strip of width ¢!, see Definition [2
SFor a definition of A,-functions see, for example, Section 4 of Chapter V of [Ste70] or [Kra83).



3 Some properties of S;

In the present section we give some properties of the operator S, defined in , that
will be the key to establish the necessary estimates to prove Theorem Throughout
this section ¢ denotes a positive non integer number. Let us start with some remarks
on S;.

Remark 4.

1. Sy acts as the identity on polynomials: for any polynomial P : R — R

S,[P] = P.

2. Assume that f € C°(RY) admits a Fourier series expansion

f(:]f) _ Z fk: 672i7rk-m )

kezd

Then '
Silf1(z) = D ulk/t) fr ™=,

kezd

where u is as in Definition [3

The following proposition ensures that the operator S; is an analytic smoothing operator,
for a proof see Lemma 2.1 in [ZehT75].

Proposition 5. There exists a constant k1 = k1(d, £) such that
1St = D cogay < &1 [ fllceray t°, for f e CHRY).
2. 18411 li1 < k1 |lonqaas for | € CORY).
3. 1(Sr = SO -1 < w1 |Floeqpay t7°, for f € CHRY), with T >t >1

Using the fact that S; commutes with constant coefficients differential operators one
proves the following (see Lemma 3 in [Sal04]).

Proposition 6. Assume that f € C*(R?). Then there exists a constant kg = ka(d,l)
such that for any o € Zi, lafy <€, and |Im (2)| < t71 the following inequality holds

1
D (S () = D DM f(Re(2) (I (2)*) < 2 |flgeqay ¢7100,
[kl1<t—]al
(6)
and forT >t >1
|Da St[f] - D* ST[f] 1 < Ko |f|cl(Rd) t—(Z—\ah) .

In particular, for analytic functions we have the following estimate.



Proposition 7. Assume that f € A(t™',C% d). Then there exists a constant k3 =
k3(d,?) depending on ¢ such that

|(St — 1)[f] |t*1 < K3 ‘f‘fl,ce .

Proof. From inequality @ in Proposition @ one has for |[Im (2)| < ¢!

|:f)(z) — Pe(Re () .iTm (2))] < iz | Floeqey 0

where

Py(Re(z),ilm(z)) = Z % DF f(Re (2)) (i Im (2))F.

k1<t

Moreover, from the Taylor Theorem we have

| f(2) = Pu(Re(2),ilm (2))| < ¢ |fl;1 00 [Tm(2) [,

for some constant c¢. Therefore,

|(St = D[fli=1 < k3 |f’t717ce .
O

One important property of the smoothing operator S; is that we know an estimate for
the norm of S;[f] on the complex strip ']I‘td,1 (this is given by part 2 of Proposition .
However, we need more accurate estimates which we provide in the Lemma Sim-
ilar estimates for a different smoothing operator are given in the proof of Lemma 2
in [Mos66b].

Lemma 8. Let s be as in Definition [J  Given nonnegative constants r,C and £ > 1
there exist positive constants ky = k4(d, 0, C), k5 = Kk5(d,l), and k¢ = k¢(d, ¢, C, 1), such
that for all t > 1 with

def

0< p(t)=(st)"1(C +rlog() < 1 (7)
the following holds

1|82l f] = Sulf] Ly < Ka [floeay 27, f € CHRY)

2. If f € CYR?) and k is such that 28 <t < 281 then

[S4f] = SpelF ey < s 1Flgeay 275D

5. 1(1= ) [Sif1] ) < 55 | Florgaey 47, f € CHRA
4' ‘St[f] ‘p(t) S R4 ‘f‘CO(Rd) tra f € CO(Rd)
5. If f € CHRY), £ > 27, and t is sufficiently large then

|St[f] |p(t) < Ke \f|ce(Rd) .



In the proof Lemma [8] the following well known estimate is used.

Lemma 9. Let s and s be as in Definition[3. For any m and N there exists a constant
c¢=c(m,N) >0 such that if |a|1 < m then

ID%s(2)| < ¢ (14 |Re(2)]) N esImE

Proof of Lemma [8 . We follow the ideas given in the proof of Lemma 2.1 in [Zeh75]
(see also [Sal04], Mos66b]). Expand the function f € C*(R%) in Taylor series

where 1
Powm) = 32 o D fla)n.

keZT
|k[1<p

and R is the integral remainder. Applying the Taylor series to f(Re(z) + &/t) in
and using that Sy acts as the identity on polynomials one obtains

Silf)(z) = Py(Re (2) i Im (=) + Ry(=,1) ®)
where
Ryat) = [ (€~ itlm(2) RRe(2). &/1)de. (9)
From the Taylor Theorem, one has
|R(Re (2), £/1)| < ¢ |floemay €/8
where ¢ = ¢(d, £). Then from (J) we have
By )] < 47 | flongaey @rlt Im (2)), (10)

where

o) e [ Jste—in)l el de. )

The key point is to bound ¢ (¢ Im (z)) in (L0). This is achieved by Lemmal[9] Indeed,
fixing N > 0 and o = 0, Lemma [9] implies

ot T (2)) = c [ 1s(€ =it Tm ()61 de

< pesltm(2)] &df.
- ra (1+[ENY
Hence
st| Im(2)| I95
¢e(t Tm (2))| < ce T Y dg. (12)



We first prove part [T of Lemma [§] Notice that
S21[f1(2) = By(Re (2) ,i Im (2)) + Ry(2,21).
Therefore, if | Im (2) | < p(t), using and one obtains
|(S2e[f] = Sl (2)] < |Rp(2,26)| + | Rp (2, 1))
<t | floegay [60(2t Tm (2)) + Go(t Tm (2))]

< g T |fleemay

with A4 & 2ce2C Jra % d¢. This proves part

Let us prove part [2| of Lemma |8 Let k& be a positive integer such that 2% <t < 2k+1,
From equalities (8)), (10)), and we have for |Im (2) | < p(t)

|S:[£1(2) = Sox[f1(2)] = [Rp (2, ) + Ry (2,2") |
< flosgay (7 +27%) o(tTm (2))
< | florqeay 27 Rat”
< iy ’ﬂC‘(Rd) o—k(l=r)+r
This proves
Now we prove part [3| of Lemma [8| From equality (4)) we have
(1= S)[S[f1](2) = /Rd s(§ —itIm(z)) (f(Re(z) +&/t) — Si[f](Re (2) + £/1)) d€.
(13)
From equality (&) we have for z € R?
Si[f)(x) = Pp(w,0) + Ry (,t) = f(x) + Ry(x,1)
Then using (13), and one obtains for |Im (2) | < p(t)

(= SOUSANE = | [ sle = itTm (2) By (Re (2) + €/ )¢

<t * |f‘cé(Rd) #¢(0) ¢o(t Im (2))
t_€+r,

< K5 | floemay

and this proves part [3]

Next we consider part 4| of Lemma |8 From (4)) and we have for f € CY(RY)
and |Im (2) | < p(t)

|SeLf1(2)] < [ fleoay ¢ ot Im (2))

) 1
< |flcomay t <ec /Rd (1+ep™y dg)

< K4 |f’CO(Rd) tr.

9



Finally, we prove part [5| of Lemma |8 Let k be such that 2¥ <t < 281 since p(t)
goes to zero as t goes to infinity, we can assume that ¢ is is sufficiently large so that
p(29) > p(t) for all i = 0,..., k. Then, using part [I|and part [2| of Lemma |8 one has

k
1S ey < 1961 = SorlFl ey + D 125 1] = Sai-t[f] | ppas—1y + 191 1£] oy
j=2

k-1

< Ky \f\cf(Rd) o k(E=r)tr 4 ) \f|CZ(Rd) Zz—j(e—zr) +|811f] ‘p(l)
j=0
< 27 kg | floeay 277 + 191 |y
j=0

< (Ra+ k1) | floegay

where we have used that ¢ > 2r. This proves part [ and finishes the proof of Lemma 8]
O

Proposition 10. Let C' be non negative constant, r > 0, and let k4 be as in Lemma[§
For each f € C*(RY) and 0 < pu < ¢, there exists a constant and k7 = k7(d, ¢, u,r,C)
such that if t > e'/7) and t=1(C + rlog(t)) < 1 then the following hold

1. |52t[f] *St[f] |(St)_IC,CM < Ky |f’Cé(Rd) t—f—‘,—,u-l,-Qr‘

2. If k is such that 28 <t < 2F+1 then
Se[f] = Sarlf] s ey-10,0n < K4 [floema g HEmpmr)drin,

8. If€>2r + p, then | Se[f]|gn-10,0n < /@7\f]Xg .

Proof. This is a consequence of Cauchy’s inequalities and Lemma Indeed, if ¢ >
el/(57) then we have

|82t[f] - St[f] ’st_lC,Cﬂ < (Stilr logt)i'u |52t[f] - St[f] ’st—l(C+rlog(t))

S K4 |f|Cf(Rd) trotrRr
Similarly, if % is such that 28 <t < 25+1  then

[Se[f] = S [ l1-1. 0, cn < (88717 Logt) ™ Sy[f] = Sor[f] | -1 tr10g(e))

<2 by | flgeqay 27T

Finally, assume that ¢ > 27 + u and let k be such that 2¢ < t < 25+1 then Cauchy’s

10



inequalities and parts [1| and [2| of Proposition [L0] imply

k
SN, cn < 1S = Sor Nl + D 19251 = Sai1 [f] s, e + 19111 i1,

=2

IN

k
R/G |f|Cé(Rd) 22_‘7‘(3—27'—#) + (C _ Ct—l)fﬂ |Sl[f] |C
7=0

’%6 ‘f|CZ(]Rd) 2*.7'(5727'*#«) + C’*H (1 _ t*l)ﬂ |Sl[f] ‘C
7=0

IN

IN

k6 |floemay -
O

Remark 11. Taker € (0,1) in Proposz'tion. Then part@ mn Proposition establishes
that for any C > 0, 0 < p < £ — 27, and t satisfying (st)~! (C +1log(t")) < 1 and
t > e/ the analytic function Sy[f] belongs to A(C(st)~',C*,d), and moreover

| Self] ‘(st)*lc,cu < K7 ’f‘Xg ;

for some constant k7 depending on d, £, u, r, and C.

Notice that for any f € C*(R), S;[f] is an entire function. For any f € C*(R%), and
that we know bounds of S;[f] on complex strips (see Proposition [5| and Remark .
This enables us to bound the norm of the imaginary part of Si[f] in the complex strip

T td, . as follows.

Lemma 12. Assume f € C*(RY), with £ > 1. Then for any t > 1

T (S5l < 7 (DS |pon -

Proof. For any function satisfying g(z) = ¢(2), we have

i (9(2) = 5 (9(6(1,2)) - 9(€00, ).

7

were {(t,z) = Z+ t(z — z). Then, applying the Mean Value Theorem we have

1
I (9(2) | < 5] [ 5 ate(t.2) @ < [m ()| 1Dg(o).

4 Proof of Theorem 1

Throughout this section we assume that £1, /o > 1 are positive non integer numbers and
Edzefmin(ﬁl,ﬁg). Let us start with some properties of the composition operator.

Proposition 13.

11



1. If f € C'(RY) and g € C2(R™,RY), the composition fog is an element of C*(R™)
with ¢ = min ({1, {2).

2. Given C > 1, f € A(p',C° d), and p such that pC < p', then for any g €
[A(p, Co,n)]d with |Dg|, < C the following holds

|fog|pS ’f‘CpS |f|p’ .

3. Gwen C > 1, f € A(p',CH,d), with > 1, and p such that pC < p', then for any
g € [A(p,C*,n)]* with |Dgl, < C the following holds

[fogl,cn <ks|flo,on(l+ lg‘gpu)

! (1)
S K8 ‘f|p”Cﬂ (1 + ‘g‘p,CH)7

for some constant kg = rkg(d, 11).

4. Guven0 < a<fB<1, and f: R* - R € C'*P, for every g1 : R* — R4 € ¢t
there exists a 6 > 0 such that if go : R® — R? € C1 with lg1 —gQ\CD(Rn) < 0,
then

[fog—f 092|00(Rn) < Ko |f’cl(Rd) 91 — 92|00(Rn) ’ (15)

where kg 18 a constant.

Proof. |2 is straightforward. A proof of and 4| can be found in [dILO99]. We
just remark that (3| follows from Theorem 4.3 in [dILO99] because complex strips are
compensated domains. ]

We now prove Theorem |1} Let f € C*(R?) and g € C*2(R", R?). In order to prove
inequality (b)) we decompose S;[f] o S[g] — Si[f o g] as follows

St[f] o Stlg] — St[f o g] = Si[f] o St[g] — St[ Si[f] o Stlg] | +
+ S [Se[f] o Silg] — Selflog] + (16)
+Si[ Si[flog—fogl.

It is easy to estimate the second and the third terms on the right hand side of .
Indeed, from part 1 of Proposition [5| one has

(St = Dlglloogen) < m1(n:L2) |gloesguny T2

Then there exists t* = t*(n, {2, |g| e, (gn)) such that for ¢ > ¢*

Se [ Self] o Selg] = Selflo g ]l-1 < mi(n, £) |Se[f] o Stlg] — Self] © gleomny
< w1(n, £) ko |Selfllormny (St = D)9l cogny

—ls

< K10 |f’cll(Rd) ’g’CZQ(R”) e

where the first inequality follows from part 2 of Proposition |5, the second from ,
and in the third inequality we have used that Sy commutes with the derivate operator
to bound |S¢[f]|-n-

12



Similarly, for the fourth term on the right hand side of we have the following
estimate

1Se[Selflog—fogll-1 < rki(n, 0) |St[fleg—foglcomrn
< k1(n,0) [(Se = D[] [comay

< k1 |flon ey .
Therefore, for t > t* = t*(n,l2, |g| ez gny)
1St [Se[f] 0 Selgl = Self] e g]li-1 < K10 |f|c€1(Rd) |9|022(Rn) ", (17)
and
1Se[Selflog = fogll—1 < run | flon et (18)

where ¢ = min(¢1, (), and k19 = k10(d,n, 41, 42), K11 = K11(d, n, {1, f2) are constants.

Hence in order to prove inequality it is enough to bound the first two terms on
the right hand side of . That is

Se[f] 0 Silg] — Sl Si[f] o Silg] | = (1 — St) (Se[f] o Silgl) ,

This is achieved by the following two lemmas.

Lemma 14. Given >0 and 0 < pu < £ —1 there exist two constants t = t(n, la, 3) > 1
and k12 = Kia(n,d, 01, b, B, 1) such that for any f € CH(RY), g € C(R™,RY), with
| Dglcomny < B, and t = t the composition Sy[f] o Si[g] belongs to A(t~*,C*,n) and

|Se[f] 0 Stlg] |t*17Cu < K12 |f’c€1(Rd) .

Proof. From Lemma |12 and part 2 of Proposition [5| we have that there exists a constant
¢ = ¢(n, £2) such that

[T (Silg])ly-+ < | DSilg) |1 ™

< |Si[Dg] |-+ !
< ki(n, e = 1) [Dg |coggny t
<cBt L.

Therefore, if C™ ¢ 3s, then from Remark [11] we have that if  satisfies
i>es,  (si)™ <C+log (51/2» <1

and 0 < p < £—1 then S[g] € [A(t™!,C*,n) ]  and Si[f] € A(C (st)~,CH,d), for any
t > t. Thus from (14) one obtains

i1 Silg} i1, o < ks (141809111 ) 1S himcsuigy o
< Kg (1 + |St[g] ‘?—1,0#) |5t (/] l=1c
o
S K8 K7 |:1 —+ (/ﬁ:? |g|022(Rn)> :| |f’C€1(Rd)

where we have used Remark [11| to obtain the last inequality. O
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Lemma 15. Given >0 and 0 < pu < £ —1 there exist two constants t = t(n, ls, §) > 1
and k13 = Ki3(n,d, 0y, b, B, 1) such that for any f € CH(RY), g € C2(R™,RY), with
|Dg|Co(Rn) < B, the following holds

[ (1= S0) (Stf] 0 Selg)) -1 < #1s [ flnqgay £ Vot

Proof. This is an immediate consequence of Lemma [I4] and Proposition [7} Indeed, let
0 < p < £~ 1, form Lemma [14] we have S[f] o Si[g] € A(t~!,C*, n), then Proposition
implies

(1= S4) (Self] 0 Sielg)) -1 < w3 |Se[f] © Selg] -1, on t7*

< K3 K12 |f‘c£1(Rd) tH.

Theorem |1f follows from inequalities , , and Lemma

5 An Application: torus maps

In this section, as an application to Theorem|[I], we consider the problem of conjugation of
finite differentiable torus maps to rigid rotations: T}, : § — 6+w, w € T¢. More precisely,
given a finite differentiable torus diffeomorphism f and a Diophantineﬁ frequency vector
w, we consider the solvability of the non-linear functional equation

foh=hoT,+ A\, (19)

where h and A are the unknowns. The main assumption we do is the existence of
an approximate solution (hg, Ag) of , where h is finite differentiable and satisfies a
non-degeneracy condition (see Theorem .

We emphasise that we do not assume that f is a perturbation of a rotation. In
fact, as we mentioned in the introduction of this work, if f is a perturbation of a
rotation map, to obtain a finite differentiable conjugation result from the analytic one
— by using the Moser’s method — we do not need an estimate of the type given in
Theorem |1| [Mos62, [Mos66al, [Zeh76, [Sal04].

5.1 Smoothing torus maps

Given a continuous torus map f : T¢ — T9, a lift of f to R? (the universal cover of T%)
is a continuous map f : R — R such that

rof=fom, (20)

where 7 is the covering map
7:R* - T?  7w(z)=2 mod Z° (21)

%See Definition [4] in Section
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Proposition 16. Given a continuous torus map f : T¢ — T¢ any lift f :R? — R? has
the form
fla) = Az +u(x) (22)
where A € Mgyxa(Z?) and u € C° (']I‘d,Rd) (here Mgxq(Z9) is the set d x d integer
valued matrices and C° (Td, Rd) denotes the set functions in C° (]Rd,]Rd) which are Z9-
periodic). Moreover, if f has additional regularity the corresponding periodic function u
has the same regularity.

Let Diff °(R¢) and Diff °(T?) denote the group of homeomorphisms of R? and T, re-
spectively. For r > 0, let Diff"(R%) and Diff " (T?) denote the set of C'"-diffeomorphisms
of RY and T¢, respectively. For r € [1,00) U {0}, D"(R%) denotes the subset of dif-
feomorphlsm in Diff "(R?) that can be written in the form And for 0 < r < 1,

D7 (R%) denotes the set of C'"-diffeomorphisms f € Diff (]Rd) such that f and f!
be written in the form (22]).

Remark 17. Notice that any diffeomorphism f € D"(R? deﬁne a torus diffeomorphism
f € Diff"(T%) such that for = ﬂ'of, with 7 defined in . Moreover, even though lifts
of continuous torus diffeomorphism are not unique, they diﬁer from a constant vector
in Z%. This enables us to work with lifts of torus maps. For notational reasons we will
the same letter to denote the torus map and a lift of it.

Let f € D"(RY) with f(x) = Az +u(z) and let S; be as in Deﬁnition Notice that
(because S; acts as the identity on polynomials)
Si[f](z) = Az + Sifu)(2) . (23)

Let P(p,C") the subset of functions in A(p,C* d) (see Definition [2) which are Z%-
periodic. Since S takes periodic functions in periodic functions one has that if u €
C*(T4) then S;[u] € P(t~1,C?). Moreover, all the properties of S; given in Section (3 I as
well as Theorem [l I 1| hold for functions in C’E(Td) Hence one has the following result.

Corollary 18. Let f1,0y > 1 with {1,{y ¢ N. For f € D" (T%), g € D®%(T?) the
composition f o g belongs to D*(T?) with £ = min( 4y, {s).

Moreover, let k1 be as in Proposition[d, given two real numbers 3 > 0,0 < pu < -1,
there exist two positive constants k = k(n,d, 1,0, 5, 1) and t* = t*(n,l2, 3) such that
for every f = A+ € DA(T?) and g = B +v € D?(T?), with r, |Dv|co(ray < 8= |B,
the following holds

|Sif1 o Silgl — Silf o g [1 < & Julgrggay 4 VL
Proof. Notice that with the hypothesis of Corollary [18| one has
Silf] 0 Silg] = Silf o g] = Si[u] o Selg] — Selu o g] € CY(T?),
with ¢ = min(¢1, f). Moreover, for any z with |Im (z)| < ¢t~! one has
[Tm (S¢[g])| =| B Im (2) + Im (S¢[v](2)) |
<IB| t~' + k1 [Dv|cogay t
<Btt.

The proof is finished following the same lines of the proof to Theorem|I|given in Section[4]
O
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5.2 A non-perturbative conjugation theorem

Definition 4. Given vy > 0 and o > d, we define D(v,0) as the set of frequency vectors
w € RY satisfying the Diophantine condition.:

|k-w—m|> ~vI]k|{° Ve e 24\ {0}, m € Z,
where k|1 = |ki| + -+ + |kal-
Given a map f € D°(T?) we use the following notation

ave {f 5 /[ LS.

)

Taking coordinate-function the above notation is extended to matrix or vector valued-
functions G' with components G; ; € D°(T9).
We will prove the following non-perturbative conjugation result.

Theorem 2. Let w € D(v,0), for some v >0 and o > d, let £, u and q be such that
2(0+1)<g<pu<t—1. and such that ¢ and ¢ — o are not integer.
Let f = A+wu € DYTY), Hy = B +vg € D(T?), and \g € R? be fized. Define the

error function
def

Eo™ foHy— HyoT, — Ao.
Assume that the following hypothesis hold
1. Ey € CYTY).
2. k1 [Dvo|go(ray < B —|B|, for some 3> |B|, where k1 is as in Proposition @

3. The matrix <I>d:efavg{ (DHO)_1 }9 is invertible and there are two positive numbers

n and 7 such that

[(DH)! <i, |l <n.

Then there erists a constant C' > 1, depending on d, £, u, q, o, v"2, n, 9, 3, , |B| +
[volceerays |voloe and [ulge(pay, such that if

C' [ Bolcogney < min(1, ).
then there exists constant vector \* € R and diffeomorphism H* € D*~7(T?) such that
foH*=H 0T, +\*.

Moreover, H* — Hy € C*=7(T™) and the following holds

* 1
|H - HO’C@(’]Td) <C |E'0\C/0l&d) ,

and

X" = Xo| < C | Eoldlipay -
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Let us briefly explain the hypotheses of Theorem [2| Condition [I] ensures that the
error function is periodic so that the linear part of the conjugation map has not to be
changed. Conditionenables us to control the size of the imaginary part of S;[Ho|(T td,l).
So that Corollary |18 applies. Finally condition |3|is a non-degenerate condition on the
approximate solution Hy.

The proof to Theorem [2] we present here uses the estimate given in Corollary
and the analytic version of Theorem [2] formulated in Theorem [3] We will not give here
any proof of Theorem |3 a proof using a ‘polishing’ methodﬂ will appear in a future
paper [GEOQ5].

Theorem 3. Let w € D(v,0), for some v > 0 and o > d. Assume that 3,p > 0,
Mo €RY, and f = A+ and hg are given and define the error function

e0= fohyg—hgoTy,—\o.
Assume that the following hypothesis hold
1. ue P(23p,C?) and |Im (ho)|, < Bp.
2. ey € P(p,CY).

3. The matriz Dho(z) is invertible for any z € Tg. The matriz ® < avg { Dha1 }9 is
tnvertible. Moreover, there exist two positive numbers n and 1 such that

o7 [ <n. [ (DRt <a.

Then there exists a constant M > 07 dependlng on d; g, 7_27 B; n, 77]} ‘B| + ’DUO|P; and
|U|2/@p702, such that if ¢ > 2(0 + 1) and

M p?leo|, < min(1, )

then there exists a constant vector \* € RY and a diffeomorphism h* € D°(T?) such that
(h* — hg) € P(p/2,C"), and such that

foh®=h"oT,+ \*.
Moreover, the following inequalities hold

’h* - ho’p/Q

|Dh* — Dhol,;y < M p~ "™ | ¢,

N = Aol < M eg,.

<SMp~7 e,

Remark 19. It turns out [GEQS)] that the constant M in Theorem[3 is increasing with
respect to the initial data 3, n, 17, ]Dv0|p, and ‘u|2,8p,02'

“See Section
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5.2.1 Proof of Theorem 2

Throughout this section we assume that the hypotheses of Theorem [2| hold, that .S; is
defined as in Definition [3] and that in Definition 3] s = 1.

Following the scheme explained in Section [1} we prove Theorem [2|in several lemmas.
The procedure of the proof consists of three main steps:

Step 0 Write our conjugation problem in a functional form. Consider the functional

def

F(f,h,A\)=foh—hoT, — . (24)
Then (f, Hy, Ao) is an approximate solution of the problem
F(f,hA) =0, (25)

Step 1 Find an analytic approximate solution of which satisfies the hypotheses of
Theorem [3l This is done in Lemmas 20 and 211

Step 2 Construct a double sequence of approximate solution of (see lemmas
and which, under the hypotheses of Theorem [2| converge (see Lemma .

We remark that lemmas [20] and [2I] make the difference between the procedure we
use to proof Theorem |2 and that described in the proof of Theorem 1.2 in [Zeh75].
Lemma 20. Let 20 < pu < {—1, and 8 > 0 be fized, and let Ey is as Theorem [
Define tg > 1 by

— 1 def
to " = | Eolco(ray -

Let t* be as in Corollary assume that ’EO‘CO('JI‘d) is sufficiently small such that
to > t*. There exists a constant Cy depending on d, ¢, 3, u, and ]u|Cg(Td) such that for

any t > to, one has F (Sy[f], St[Ho], \o) € P(t~1,C°) and
| F(Su[f), Si[Hol. do) |+ < Co | Eolcognay

Proof. First of all notice that, since Sy[T,] = T,,, one has

Si[HyoT, | = Si[Ho| oT,,

hence, performing some simple computations, one obtains

F(Se[f], St[Hol, Ao) = (F'(Se[f], St[Hol, Mo) — Si[Eo]) + Si[Eo]
= { S¢[f] o S¢[Ho| — S¢[f o Hol } + S¢[Fo] .

Let 1 be as in Proposition |5} let t* and s be as in Corollary Assume that |Ep|qo
is sufficiently small such that tg > t*, then Corollary [18 and Proposition [5| imply for all
t > to

| F(Se[f], St[Ho, Ao) -1 < & [ul peepay % + K1 [Eo| co(ray < Co [Eolco(pay
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The following lemma ensures that if |Ep|so is sufficiently small there is an analytic
approximate solution of which satisfies the hypothesis of Theorem

Lemma 21. Let 3 be as in Theorem[d and let p and to be as in Lemma[20. Define

def

o=ty foESulfl, ko= Su[Hol, o™ F(fo,ho, M),
and let ug and pg denote the periodic parts of fo and hg, respectively.
There exists a positive constant C1, depending on d, £, 77, n, and ‘U()’C@(’]I‘dy such tat if
C1 |Eo| <1, po(28) <1, (26)
then the following hold
1. |Dhg,, < .
2. ug € P(28 po, C?), and the following estimates hold
[uolg 5,50 < K6 |U’c€(1rd) J |40l 6 pp,c2 < K7 ‘U|Cé(1rd) ’ (27)

where kg is as in Lemmal8 taking C = 2 3, and r = 0 and k7 is as in Proposition[1(]
taking C =203, and r = 1/2.

3. e € 73(,00, CO).

4. Dhy(2) is invertible for each z € Tpdo and the matriz &)= avg { Dha1 }9 s also
invertible. Moreover,

B 3 )
‘(Dho)l <ia,|egt|< Sm (28)

PO
Proof. From Proposition [5| and assumption 2 of Theorem [2| one has

|Dhol,, = sup | B+ Si,[Dvol(2) | < |B[ + 1 [Dvofco < 3.

d
zE’]TpO

Now assume that |Eg|qo (T4) is sufficiently small such that the second inequality in {D
holds, then Part [5| of Lemma |8 and Part [3| of Proposition [L0| imply that uy = Sy, [u] €
P(2, po, C?) and that the estimates in hold. This proves part and of Lemma
and since we are assuming that Ey € C*(T%), then from one has part|3|of Lemma

In order to prove Part 4] of Lemma we first notice that
| Dho — DHo | cogay = | Sto[Dvo] — Dvo |cogray < (k1 | Dvo |ge-1) tg
hence if ¢g is sufficiently big (equivalently |Ep|-o sufficiently small) such that
Cots™ <1,

with
Co & 23 max (7,1) k1 |Dvg|ee—r <1,
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then we have that Dhg(z) is invertible for all x € R and

| (Dho)™! < ij + 207 [Dho — DH | gogzay < i1 + il/4 (29)

CO(RY)

d
Now, let z € T, , then

Dho(2) = Dho(Re (2)) + [ Dpo(2) — Dpo(Re (2))] ,

from Remark [[1] we have that

| Dgo(z) ~ Dgo(Re (2)) | < [m(2)] | Dgo |, 1 pay < A7 | Dooleeon gy o'

Therefore, if
Cs < max (02, 23 max(27,1) k7 |DU0|C£—1(Td) >

and
Cstyt <1,

one has that Dhg(z) for any z € ']I‘g0 is invertible and using one has

‘ (Dho)™"

< ‘(Dho)’l

14+1/4) <3n/2
. oy L1/ <311

Similarly, there exists a constant C; > Cs, depending on d, ¢, n, and |vg| O (1) such tat
if
Cl ’Eo’ < 1,

then ®( is invertible and the second estimate in holds. O

Now we have the necessary conditions to construct a sequence of analytic solutions
of by using the method described in the proof to Theorem 1.2. in [Zeh75].

Lemma 22. Assume that forn > 0 fized there exists an approzimate solution (fr, hn, An)
of , with error function end:ef];’(fn7 By An) . Let uy, and ¢, be the periodic parts of
fn and h,,, respectively. Assume that the following conditions hold

Cl(n) |Dhy|, < Bn for Bn, pn >0 such that
20000 <1, fn>2""V5 (30)
C2(n) uy, € P(2By pn, C?) and the following estimates hold
[Unls 5o < K6 Ul ce(ray » ltnla g py,c2 < K7 Ul ceeray (31)
where kg and k7 are as in Lemma |21].
C3(n) e, € P(pn,CY).

C4(n) Dhy(2) is invertible for each z € ']I‘pdn and the matriz ®, = avg { Dh,1}, is also
invertible. Moreover, there exists two positive numbers 1, and 7, such that

[ I P S (32)

n
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there exists a constant My, depending on d, o, 4%, Bu. Mn, fin. |B| + |gnl,. and
|un|25n pn,C27 such that Zf

M, p, ¢ |6n|pn < min(1, 8,), (33)

then there exists a constant vector \py1 € R? and a diffeomorphism hpy1 such that
(hni1 — hn) € P(pn/2,C), and such that

F(fnahn+1a)‘n+1) =0. (34)

and such that the following estimates hold

< an;La ’67"0 |Pn )

Pn+1 —

’Dhn-i-l - Dhn‘ < Mn p;(0+1) | €n ’Pn ’ (35)

Pn+1 —
’An—l—l - )\n| < Mn |€n‘

’hn-l—l - hn|

Pn+1

Define
def

Pn+1 = pn/2 y o g1 =21, (36)

and
def

Fre1 = St (], ent1 = F(fot1, hnyts Ang1),

and let ng,ng be given by (@) There exists a constant Mn, depending on M,, Nn, and
Nn such that if
My, 207D o 0F ) e | < min (8,1) (37)

then hp+1 and fny1 satisfy properties Cl1(n+1), C2(n+1), and C3(n+1) with

def ~

a1 = i + Tin 9—(n+1) 7
TIn+1 dZQf Tin + Tn 2—(n+1) (38)
ﬁn+1 = Bn + ﬁ 2—(n+1) .

Moreover the following estimate holds
14
| en+ily,,, < Ka lulceeray pn (39)
where K4 is as in part[l] of Proposition[10,

Proof. The existence of hy11, Apt1, such that and hold is ensured by Theo-
rem [3] Indeed, notice that Lemma[12] and C1(n) imply

Tm (hn)’pn < Pn |Dhn‘pn < Bn pn -
Hence, the hypotheses of Theorem [3] are met.
Let us first verify that C1(n+1) holds. From the second estimate in one has

+ M, pT_L(0+1) lenl,, - (40)

| Dhn1(2)],,,, < | Dha(2)]

Pn+1 Pn+1
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Moreover, since by assumption holds, one has that if p,4; and (,+1 are defined

by and , respectively, then also holds for (n + 1). Now assume that
holds with

M, > M,,
then implies that C1(n+1) holds with (3,41 defined in and pp11 defined
in .

From the fact that the first inequality in holds for (n + 1), Part [5{ of Lemma [8| and
Part [3| of Proposition [10| imply that w,+1 = Si,.,[u] € P(206,,pn,C?) and that the
estimates in hold for (n + 1). Hence, C2(n+1) holds.

Notice that C3(n+1) is a consequence of C3(n), C1(n+1) and the fact that h,; —
h, € P(pn+1, CO)

Now we prove that C4(n+1) holds. From we have that if

~r def

M = max (2 max (7, 1) M,, 2 max (1, 1) M, Mn)
and if inequality holds, then
WEp D Jey|, < 1/2

this and imply that, Dhy1(z) is invertible for any z € ']Tgn ., and using one
has

il + 200 My 7 Jenl,, < i + i 2T

Pn+1

[ (Dhpga(2)

Therefore, the first inequality in holds for n + 1 That the second inequality in (32))
holds for n + 1 is proved similarly.

We now prove estimate (39). From Lemma [12] and since C1(n+1) holds we have
Im (hn1)l,,,, < Prt1 B -
Then applying Part [1] of Lemma 8] (because the first inequality in holds) one obtains

= |fn+1ohn_fnohn|pn+1
S |(52tn[u] _Stn[u]) Ohn|
<[ (S2¢, — St,) [u]

|e77«+1 |,0n+1

Pn+1

|5n+1pn+1
< Ka Julge(pay P

where x4 is as in Lemma [§] taking r = 0, and C' = 2 8,,41. O

Remark 23. Let M,, and M, be as in Lemma . Forn > 0 define

M, < max (Mn, Mn) .
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From Remark we know that M,, is increasing with respect o to Bn, Mn, Mn, ]Dgon\pn,

and |un‘2ﬁn/)n702' And it follows from the proof to Lemma that M, is also increasing
with respecto to the same quantities. Let us write explicitly dependence on these variables
as follows:

My = (B, ins 1Dl Vim0 ) -
Define
Mo =Q (2@477,477,/17 |U’Cg(rﬂ~d)> .
We will show in Lemma that if |Eo|co is sufficiently small, then M, < My, for all
n > 0.

Lemma 24. Assume that the hypothesis of Theorem [§ hold. Let ty, po be as in
Lemma . Consider the sequences of numbers {pn}n>0, { B}n>0, {N}n>0, and { 7}in>0
defined in @ and @ forn >1 and

def def O 1) def
2

Bo=03, =7, o =

w
M‘dz

)

There exists a constant M, depending on d, o, v~2, 3, n, 71, | B| + |DU()|p, |’U()’Cg(Td),
and |uly g, ¢z, such that if

Mpé”_ ) < min(1, 3), and 20py <1, (41)

then there exists a sequence of numbers { A\, }nen and two sequences of functions { hy }n>0 C
DT and { fn}n>0 C D°(T?) satisfying conditions C1(n)-C4(n) and . Moreover,
for each n >0 (hpi1 — hy) € Ppn, CY) and the following estimates hold

| hnt1 — hn|pn+1 < Mpfz_a
|Dhysy — Dhy|, < M pl o (42)

[Ant1 = An| < Mpr.

Proof. Let Cy be as in Lemma [21| and let M be a constant greater than C1, then if
holds then properties C1(0)-C4(0) in Lemma [22| hold.

Let M, be as in Remark Cp as in Lemma and k4 as in Lemma and
assume that holds with

M > max(Cl, 2 Mo Co, 27 sy Mo |u\cg(w)> (43)
Then, and hold for n = 0. Indeed, from Lemma [20| we have
Mo py [ €ol,, < Mo Copf ™" < Mpf™" < min(1, ),

and
2 Mo py " Jeol,, <2 Moo Coply ™) < M ph™% < min(1, 8),

where we have used that

po =|Eolcoray, and  2(0+1)<g< p<L-L
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Hence Lemma [22| implies the existence of hq and A; such that , , and
hold for n = 0, and such that f; = S [u] and h; satisfy C1(1)-C4(1). Moreover,

estimate and Lemma [20| imply for n = 0.

Now we iterate the above procedure. Assume that for & > 1 there exist hy and A

such that (34), (35), (39), and hold for (k — 1), and such that f; = S, [u] and hy,
satisfy C1(k)-C4(k). To obtain hjy; and Ap1q satisfying the same conditions for k we

only have to verify that estimates and in Lemma hold for k.
From one obtains

k k k
Br=5Y 27 <28, iK= H1+2ﬂ j H (1+277) <4n
=0 j=1 j=1

Therefore, if My and My, are as in Remark [23] then
My < My
This and imply
Nk o lewl,, < (251 Mo [ulepay ) i~ < M pl™" < min(1, 8),
and
N 204D p D ey | < Mph™® < M ph™? < min(1, §),
where we have used pp =2 % pg, and £ — (0 +2) >l —q¢> pu—q.

Hence, if M satisfies and , then and hold, and Lemma applies
yielding hjx11 and Agy1 such that and (35) hold. Moreover, fii1 = Sy, [u] and
hi41 satisfy C1(k+1)-C4(k+1) and from (35 and one has that holds. [

Lemma 25. Assume that the hypotheses of Lemma hold. There exist a constant
vector \* € R? and a function H* € D*=° such that H* — Hy € C*=7(T") and

|IT[>|< - HO’C&(’]I‘d) S Mp07

. - (44)
| A" = Xo| <M po,

for some constant M, depending on M, ’UO‘C[(Td) , U, o, and . Moreover (f, H*, \*)

satisfies .

Proof. First of all notice that implies that the sequence {\,},>0 of Lemma
converges to some vector \* € R®.

To prove the existence of H* define wy, = h,, — ho with {hn}n>0 as in Lemma
Then from Lemma [24| we have that {wy, },>0 C P(pn, C?) and

l—
sup ( (b=0) \wn—wn+1\pn> < M,
n>1
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where M and p,, are as in Lemma Moreover, if @ < £ — o we have

n—1

|wn‘ca(’[rd) < Z | Pig1 — hk’ca(’Ed) < C4po,
k=0

and
—a (—0—a
|wy, — wn+1|CO‘(Td) S Pnti |hin — h"+1|pn+1 = Cappn s

for some constant C4 depending on M, ¢, o, and «.
Hence, if ¢ — o is not an integer there exists a functio w € C*~7(T4) with

|w|ce-o < Cs,
for some constant C5 depending on the same variables as Cy and such that such that

Jim Jw = wn|a(pa =0,

for any a < £ —o.

Lemma follows by taking H* © ho+w . Indeed, H*—Ho = hg— Ho+w € C=o(T9)
and

| H" = Holga(ray < | H™ = halgocray + | ho = Holcoeray + [ hn = holgo(ra)
= ”Uj — wn|ca(ﬂ*d) + | (Sto - 1)[UO] |CO‘(T‘1) + |wn|ca(]‘d)

< ’w - wn|Co¢(Td) + K2 |UO|C‘(T‘1) Pg_a + Cypo

and using
n—1
| X" = Dol <A =Xl + D 1A= Mec1] < Cupo.
k=0

This proves . Moreover, from and the continuity of the operator F defined
in one has F(f,H*,\*) = 0.
O
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