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Abstract

A quantum system S interacts in a successive way with elements £ of a chain of
identical independent quantum subsystems. Each interaction lasts for a duration
7 and is governed by a fixed coupling between S and £. We show that the system,
initially in any state close to a reference state, approaches a repeated interaction
asymptotic state in the limit of large times. This state is 7—periodic in time and
does not depend on the initial state. If the reference state is chosen so that S
and & are individually in equilibrium at positive temperatures, then the repeated
interaction asymptotic state satisfies an average second law of thermodynamics.

1 Introduction

In this introduction we outline our main results and the relevant ideas of their proofs.

Suppose a quantum system S interacts with another one, £, during a time interval
[0,7), where 7 > 0 is fixed. Then, for times [7, 27), S interacts in the same fashion with
another copy of £, and so on. The assembly of the systems £ (which are not directly
coupled among each other) is called a chain, C = E4+E+---. The system S+C, with an
interaction as described above, is called a repeated interaction quantum system. One
may think of S as being the system of interest, like a particle enclosed in a container,
and of C as a chain of measuring apparatuses £ that are brought into contact with the
particle in a sequential manner.

Our goal is to study the large time behaviour of repeated interaction quantum
systems, and in particular, to describe the effect of the repeated interaction on the
system S. One of our main results is the construction of the time—asymptotic state,
which we call a repeated interaction asymptotic state (RIAS).

States of S and £ are represented by vectors (or density matrices) in the Hilbert
spaces ‘Hs and Hg, respectively. We assume that dim Hs < oo, while dim Hg < oo. The
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observables of § and £ are bounded operators, they form the (von Neumann) algebras
Ms C B(Hs) and Mg C B(Hg). Observables evolve according to the Heisenberg
dynamics ¢ — 75(As) and t — 75(Ag), where 75 and 7% are groups of *automorphisms
of Ms and Mg, respectively.

We assume that there are distinguished “reference” states, represented by the vec-
tors 2s € Hs and Q¢ € Hg, and for the purposes of the introduction, we shall take
Qs, Q¢ to be equilibrium states with respect to 75, 74, for inverse temperatures s, ¢,
respectively. It is useful to pass to a description of the dynamics of vectors in Hg, Hg
(Schrédinger dynamics). There are selfadjoint operators Lg, Lg, called the standard
Liouville operators, uniquely specified by

T (A) = etl# Ae7th#  and LyQy =0, (1.1)

where # stands here for either S or £.

The Hilbert space of the entire system is given by H = Hs ® H¢, where He, the
Hilbert space of the chain, is the infinite tensor product ®;,>1H¢. The non-interacting
dynamics is defined on the algebra Ms ®,,>1 Mg by TfS Om>1 Té.

We consider interactions of the following kind. Fix an interaction time 7 > 0.
During the interval [0,7), S interacts with the first element £ in the chain C, while
all other &’s evolve freely. The interaction is specified by an operator V € Mg @ Mg.
In the next time interval, [r,27), S interacts with the second element in the chain,
through the same interaction operator V', and all other elements evolve freely, and so
on. For ¢t > 0 we set

t =m(t)T + s(t), (1.2)

where m(t) is the integer measuring how many complete interactions of duration 7 have
taken place at the instant ¢, and where 0 < s(¢) < 7. We define the repeated interaction
(Schrédinger) dynamics, for t > 0, ¥ € ‘H, by

URI(t)w _ e—is(t)zm(t)+1e—in/m(t) . e_iTEldJ’ (13)
where B
Ly = Ly + Z Le (1.4)
k#m

is the generator of the total dynamics during the time interval [(m —1)7,m7). We have
introduced L,,, the operator on H that acts trivially on all elements of the chain except
for the m—th one, and which, on the remaining part of H (which is just Hs ® Hg), acts
as

L=Ls+ Leg+V. (1.5)

In (1.4), Lg i, denotes the operator on H that acts nontrivially only on the k-th element
of the chain, on which it equals Lg¢.

A state w given by a density matrix on H is said to be normal. Our goal is to
understand the time-asymptotics (¢ — oo) of expectations

w(URI(t)*OURI(t)) = w(atRI(O)), (1.6)
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for normal states w and for certain classes of “observables” O. As mentioned above, we
may regard S as the system of interest, so we certainly want to treat the case O € Ms.
Another type of physical observable is of interest as well. Imagine we want to measure
the variation, say, of the energy of S at a certain moment in time. This measuring
process involves the system S, but also the element of the chain that is in contact
with S at the given moment. We call such an observable an instantaneous observable.
Various generalizations can be considered, see Section 2, but we limit our discussion in
this introduction to the two kinds of observables just described.

Asymptotic state. Let O be an instantaneous observable, determined by Ags
and Ag. This means that at time ¢ = m(t)7 + s(t), (1.2), O measures As ® Ag on
the system S + £, where £ is the (m(t) + 1)-th element in the chain C. We show in
Theorem 2.3 that, under a natural assumption on the interaction, we have

‘w(oﬁm(O)) —wy (PoiP(As ® Ag)P)‘ 0, (1.7)

as t — 0o, where wy is a state on Mg which does not depend on w (c.f. (1.13)), and
where

P = ]le Qm>1 Pﬂg’ (1'8)

with Pq, denoting the orthogonal projection onto C{l¢. We identify the range of P
with Hs. Relation (1.7) shows that the expectation of an instantaneous observable in
any normal initial state approaches a 7—periodic limit function (¢ — s(t) is T—periodic).
The speed of convergence in (1.7) is exponential, ~ e /7 where v > 0 is a constant
depending on the interaction.

The restriction of the RIAS to the algebra of instantaneous observables character-
ized by As € Ms and Ag € Mg is the 7—periodic state

As® Ag HW+(Pa§f)(AS®Ag)P) (1.9)

on Ms @My, see (1.7) (and (2.26) for the definition of the RTAS acting on more general
observables).

The above—mentioned assumption on the interaction is an ergodicity assumption on
the dynamics reduced to the system S. More precisely, we construct a (non—symmetric)
operator K on H s.t.

Pakbi(As)PQs = (Pe™8 Py™b) peisMK 45 pQ, (1.10)

with the property .
P™E PO = Q. (1.11)

We assume that 1 is a simple eigenvalue of Pel"® P and that all the other eigenvalues
lie strictly inside the complex unit disk. (We prove in Section 3 that this holds for
concrete models). As a consequence of this assumption, we have

(PR PY™) — 10s) (9, (1.12)

as t — oo, where 0% is the unique vector in ‘Hgs satisfying (PelTE P) Qs = Q% and
(€25, 9Qs) = 1. To arrive at result (1.7), where

wi () = (5, - Qs), (1.13)
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we use (1.12) together with an argument involving a cyclicity property of s.

Our approach is constructive in the sense that the asymptotic characteristics of the
system, such as the state w,, the speed of convergence v, and the asymptotic dynamics
in (1.7) can be calculated by rigorous perturbation theory (in V).

Correlations & reconstruction of initial state. The (time dependent) asymp-
totic expectations of observables do not depend on the initial state of the system, c.f.
(1.7). However, asymptotic correlations do, and together with the asymptotic expec-
tations they permit to reconstruct the intial state in the following way.

Take a normal state w, an instantaneous observable O determined by As € Mg,
Age € Mg, and an observable A € M. We show in Theorem 2.5 that

|w(Aaki(0)) — w(A) wy (Paill (As @ Ag)P)| — 0, (1.14)

as t — oo (exponentially fast). According to (1.7) and (1.14), knowledge of the asymp-
totic correlation function C; (¢; A, O), and of the asymptotic expectation F (t; O), de-
termined respectively by

Jim [w(Aaky(0)) ~ 4 (£:A4,0)[ =0 and lim [w(aky(0)) ~ B+ (10)| =0,

allows for a reconstruction of the initial state w according to

A= —F—F—"--. 1.15
() EL4(t;0) (1.15)

Energy, entropy, average 2“d~ law of thermodynamics for RIAS. The
formal quantity atRI(Lm(t)H), where L,, is given by (1.4), has a well-defined variation
in ¢t. It is not hard to see by explicit calculation that this variation is zero in all time
intervals [(m — 1)7,m7), and that it undergoes a jump

j(m) = a;{n{(vm-i-l = Vin)

as time passes the moment mr. Here, V} denotes the operator V acting nontrivially
only on Hs and the k—th element H¢ of the chain Hilbert space He. We interpret the
variation of the above formal quantity as the (time dependent) observable of variation
in total energy of the system.

We show in Section 2.4.1 that for any normal initial state w, the variation in energy
during any time interval of length 7 takes the asymptotic expectation value wy (j),
where

jy = PVP — Paj (V)P = —i/ Poi([Ls + Le, V]) Pds. (1.16)
0

(Here and in the rest of the paper we understand commutators to be defined in the
form sense, but none of our arguments involve delicate domain questions with regards
to commutators.) We define the (average) asymptotic energy production dE to be the
change in energy during any interval of duration 7, divided by 7, in the limit of large
times. This quantity is given by

1 .
dE} = ;w+(]+) (1.17)
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and is independent of the initial state w. We show in Section 2.4.2 that wy(j4) > 0.

Denote by wy the state on 9t determined by the vector Qs ®,,>1 Q¢ € 'H, and let
Ent(w|wo) denote the relative entropy of the normal state w w.r.t. wg. We think it
is natural to define the entropy as a non—negative quantity, and our definition of it
differs by a sign from the one given in [5]'. We define the (average) asymptotic entropy
production dSy to be the change of (relative) entropy in any interval of duration 7,
divided by 7, in the limit of large times. We prove in Section 2.4.2 that

dSy = %Mr(]ﬁr)’ (1.18)

where (¢ is the inverse temperature of the elements in the chain. The asymptotic
entropy production does not depend on the initial state w. We may combine (1.17)
and (1.18) to arrive at an average 2"% law of thermodynamics for repeated interaction
quantum systems,

dE; =TedSy, (1.19)

where Te = 1/f¢ is the temperature of the chain. Relation (1.19) is independent of the
initial state of the system, and it holds for any repeated interaction system (V and 7).

Repeated interaction quantum systems emerge in quantum optics, see e.g. [11, 4]
and references therein. The effective evolution of the small system in certain specific
regimes of parameters related to the Van Hove limit has been studied in [2]. In some
parameter regimes repeated interaction models can be considered as coarse grained
versions of a system S in contact with quantum noises [3].

2 Model & Results

2.1 Repeated interaction models

The models we consider consist of a system & which is coupled to a chainC = E+E+- - -
of identical elements £. We describe S and £ as W*-dynamical systems (Mg, 75) and
(Mg, %), where Mg, Mg are von Neumann algebras “of observables” acting on the
Hilbert spaces Hs, He, respectively, and where Tfs and Té are (oc—weakly continuous)
groups of xautomorphisms describing the Heisenberg dynamics. In this paper, we
consider the situation dim Hgs < oo and dim He < oo.

We assume that there are distinguished vectors Q2s € Hs and (¢ € Hg, determining
states on Mg and M which are invariant w.r.t. 75 and £, respectively, and we assume
that Qs and ()¢ are cyclic and separating for Mg and Mg, respectively. One may
typically think of these distinguished vectors as being KMS vectors.

The Hilbert space of the chain C is defined to be the infinite tensor product

He = ®m>1He (2.1)

w.r.t. the reference vector

Qe =00 -+ . (2.2)

'For a finite system we have Ent(w|wo) = Tr(p(log p — log po)), where p and po are density matrices
determining the states w and wo, respectively, and where pg > 0.
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In other words, H¢ is obtained by taking the completion of the vector space of finite
linear combinations of the form ®,,>1%y,, where 1, € Hg, 1, = Q¢ except for finitely
many indices, in the norm induced by the inner product

<®m¢m7 ®me> = Hm <¢ma Xm)Hg . (2'3)

We introduce the von Neumann algebra
Me = Qm>1Me (2.4)

acting on ®,,>1Hg, which is obtained by taking the weak closure of finite linear com-
binations of operators ®,,>14,,, where A,, € Mg and A,, = Ly, except for finitely
many indices.

The operator algebra containing the observables of the total system is the von

Neumann algebra
M = Ms @ M (2.5)

which acts on the Hilbert space
H ="Hs ® Hc. (2.6)

The repeated interaction dynamics of observables in 9 is characterized by an inter-
action time 0 < 7 < oo and a selfadjoint interaction operator

VeMs @M. (2.7)

For times t € [7(m — 1),7m), where m > 1, S interacts with the m—th element of the
chain, while all other elements of the chain evolve freely (each one according to the
dynamics 7g). The interaction of S with every element in the chain is the same (given
by V).

Let Ls and Lg¢ be the standard Liouville operators (“positive temperature Hamil-
tonians”, c.f. references of [6, 9]), uniquely characterized by the following properties:
Ly (where # = S, &) are selfadjoint operators on Hy which implement the dynamics
,

Th(A) = et Ae % VA € My, (2.8)
and
LyQy =0. (2.9)

We define the selfadjoint operator
L=Ls+ Lg+YV, (2.10)

omitting trivial factors ls or 1g (by Lgs in (2.10) we really mean Ls ® lg, etc). L
generates the automorphism group el*! . e7#L of M @ M, the interacting dynamics
between § and an element £ of the chain C. The explicit form of the operator V is
dictated by the underlying physics, we give some examples in Section 3.

For m > 1 let us denote by

Lm=Lm+ Y Leg (2.11)
k#m
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the generator of the total dynamics during the interval [(m — 1)7, m7). We have intro-
duced L., the operator on H that acts trivially on all elements of the chain except for
the m—th one. On the remaining part of the space (which is isomorphic to Hs ® Hg),
Ly, acts as L, (2.10). We have also set Lg ) to be the operator on H that acts non-
trivially only on the k—th element of the chain, on which it equals Lg. Of course, the
infinite sum in (2.11) must be interpreted in the strong sense on H.
Decompose t € R as
t=m(t)T + s(t), (2.12)

where m(t) is the integer measuring the number of complete interactions of duration
7 the system S has undergone at time ¢, and where 0 < s(t) < 7. The repeated
interaction dynamics of an operator A on H is defined by

agi(A) = Uri(t)* AUgi(t) (2.13)

where ~ B B
URI(t) _ efis(t)Lm(t)lee*iTLm(t) . efiTL1 (214)

defines the Schrodinger dynamics on H. According to this dynamics S interacts in
succession, for a fixed duration 7 and a fixed interaction V', with the first m(¢) elements
of the chain, and for the remaining duration s(¢) with the (m(t) + 1)-th element of the
chain. Being the propagator of a “time-dependent Hamiltonian” (which is piecewise
constant), Ur(t) does not have the group property in ¢.

Our goal is to examine the large time behaviour of expectation values of certain
observables in normal states w on 9t (states given by a density matrix on H). The
system S feels an effective dynamics induced by the interaction with the chain C. Under
a suitable ergodicity assumption on this effective dynamics the small system is driven
to an asymptotic state, as time increases. We will express the effective dynamics and
the ergodic assumption using the modular data of the pair (Ms @ M, Us @ Qe).

Let J and A denote the modular conjugation and the modular operator associated
to (Ms @ Mg, QUs @ Qg), [5]. We assume that

(A) AV2VAT2 € 9ms @ Me
and we introduce the operator
K=L-JA?VvA—12] (2.15)

called a C-Liouville operator, [6, 9]. It generates a strongly continuous group of
bounded operators, denoted e satisfying ||e™| < ell IAYZVATYZI - The main fea-
ture of the operator K is that e*® implements the same dynamics as e'** on Mg @ Mg
(since the difference K — L belongs to the commutant 9 @ M), and that

KQs ® Qe =0. (2.16)

Relation (2.16) follows from assumption (A), definition (2.15) and the properties A~1/2.J =
JAY2 and JAY2AQs ® Q¢ = A*Qg ® Qg, for any A € Mg @ M.
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Let
P =Ty ® [Qc) (] (2.17)

be the orthogonal projection onto Hs ® C§l¢ = Hs, where Q¢ is given in (2.2). If B is
an operator acting on H then we identify PBP as an operator acting on Hs. We have

Proposition 2.1 There is a constant C < oo s.t. H(PeitKP)mHB(HS) < C, for all
t € R, m > 0. In particular, spec(Pe™™ P) C {z € C | |z| < 1} and all eigenvalues
lying on the unit circle are semisimple.

We give a proof of Proposition 2.1 in Section 4.3. Relation (2.16) implies that for all
t € R, Pe® PQgs = Qs. Our assumption (E) on the effectiveness of the coupling is an
ergodicity assumption on the discrete dynamics generated by

M = M(r) = Peé"Kp (2.18)

(E) The spectrum of M on the complex unit circle consists of the single eigenvalue
{1}. This eigenvalue is simple (with corresponding eigenvector (2s).

Assumption (E) guarantees that the adjoint operator M* has a unique invariant vector,
called 0% (normalized as (2%, {s) = 1), and that

lim M™ =7 :=|Qs)(Qs], (2.19)
m—00
in the operator sense, where 7 is the rank one projection which projects onto CQg

along ((CQ:;)L. In fact, we have the following easy estimate (valid for any matrix M
with spectrum inside the unit disk and satisfying (E))

Proposition 2.2 For any e > 0 there exists a constant C; s.t. |[M™—n|| < Cee™™=9),
for all m > 0, where v := min, cgpec(an)\ 13 |10g |2] | > 0.

The parameter v measures the speed of convergence.

Remark. If all eigenvalues of M are semisimple then in Proposition 2.2 we have
|M™ — || < Ce™™ for some constant C' and all m > 0.

As a last preparation towards an understanding of our results we discuss the kinds
of observables we consider. One interesting such class is s C M which consists of
observables of the system & only. There are other observables of interest. We may
think of the system S as being fixed in space and of the chain as passing by S so that
at the moment ¢, the (m(t) + 1)-th element £ is located near S, c.f. (2.12). A detector
placed in the vicinity of S can measure at this moment in time observables of S and
those of the (m(t) + 1)-th element in the chain, i.e., an “instantaneous observable” of
the form As ® ¥, (1)+1(Bo), where As € Ms, By € Mg, and Jy, : Me — M is defined
by

ﬁm(Ag):]lg'--]lg(@Ag@]lg-" (2.20)

where the A¢ on the right side of (2.20) acts on the m—th factor in the chain. An
example of such an observable is the energy flux (variation) of the system &. More
generally we may be interested in the expectation value of operators of the form

[As; Ais Bj] = As @_1 Ai @7y Oty 4j+1(Bj), (2.21)
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where As € Ms, Ai,...,Ap € Me, B_y,...,Bo, ..., B, € Mg and where t = m(t)T +
s(t) as in (2.12) and ¥ is given in (2.20). The parameters p > 1, £, > 0 are not
displayed in the Lh.s. in (2.21). (We always assume that p < m(t) — ¢+ 1.) As and
the A; represent observables we measure on the small system and on the element with
index 7 of the chain, the By is the “instantaneous” observable, measured in the element
m(t) + 1 of the chain (the one in contact with S at time ¢), while the B; with negative
and positive index are the quantities measured in the elements preceding and following
the (m(t) + 1)—th.

2.2 Asymptotic state

Throughout the paper we assume that Conditions (A) and (E) of the previous section
are satisfied.
We consider the large time limit of expectations

E(t) = w(aki[As; Ai; Bj) (2.22)
for observables [As; A;; B;] as in (2.21) and for normal states w on 9. Define the state

w4 on Ms by
wi(As) = (25, AsQs) (2.23)

where Q% is defined in (2.19).

Theorem 2.3 Let w be fixed and take A; =g, i=1,...,p. For any e > 0 there is a
constant Ce s.t. for allt >0

(E(t) — B2 ()] < Cee 07, (2.24)
where v > 0 is given in Proposition 2.2, and where E is the T-periodic function
¢
By () = wy (Pag;rs(t) (As ®B_,® Bo) P) I (B,  (2:25)
Here, (Bj)q, = (Q¢, BjQe).

We define the RIAS to be the m—periodic state on Mg ®j__y Mg given by

As @5y By wi (P (As @ By@ - @ Bo) Py (Blg, - (2:26)

Using (2.24) and the unicity of the limit, one can see that actually the state wy does
not depend on the choice of the reference state {1g.
Remarks. 1) If B_y,...,B_p_1 = lg for some —¢' — 1 < —1, then one shows that

Wi (Paﬁ?sﬁ) (As B, ®@ Bo) P) = w4 (Pozf;}drs(t) (AS RQRB_p®--® Bo) P),

and in case B; = I¢ for all j = —¢,...,0 formula (2.25) is understood with ai{ﬁsﬁ)

replaced by ozSR(It ),
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2) C. in Theorem 2.3 is uniform in 7 for 7 > 0 varying in compact sets, and it is
uniform in {As € Mg, {Bj}j—1 C Mg | 1As]| [[= 1Bl < const. } .

3) The convergence is determined by that of Proposition 2.2. If the ergodic as-
sumption (E) is not satisfied then the limit lim,,_,o, M™ still exists, in a weaker sense.
Namely, if there are eigenvalues different from 1 on the circle, then the limit exists
in the ergodic mean sense, 1 ij:_ol M"™ = m+ O(3). Further, if 1 is a degenerate
eigenvalue of M then the limit exists but the projection 7 is not one dimensional. This
reflects in Theorem 2.3 in the following way. If 1 is non degenerate, but there are other
eigenvalues on the circle, then Theorem 2.3 holds with (2.24) replaced by

m(t)

S B(m(t)r + s(r)) - 20| <

T

1 C
S - (2.27)

m=0

If on the other hand 1 is degenerate but there is no other eigenvalue on the circle,
then one can still prove that the expectation value E(t) has an aymptotic behaviour
E(t,w), which is 7—periodic, but which will a priori depend on the initial state w
(c.f. (4.25) in the proof of Theorem 2.3). Of course if both 1 is degenerate and there
are other eigenvalues on the circle, then one gets convergence to Fo(t,w) but in the
ergodic mean.

Our next result incorporates the measurement of observables Ay,... A, € Mg for
a chain consisting of dispersive systems £. We measure dispersivity by the property of
return to equilibrium. £ is said to have the latter property iff for any normal state we
on Mg we have the relation

lim we(7E(Ag)) = (Qe, AcQe) (2.28)

t—o00

for any Ag € Me. Examples of such £ include reservoirs of ideal quantum gases. It
is worthwile to mention that £ has the property of return to equilibrium if and only if
eltle converges in the weak sense to the orthogal projection onto CQ¢, as t — oo.

Theorem 2.4 Suppose £ has the property of return to equilibrium. Then

lim |E(t) — EL(t)] =0, (2.29)

t—o0

where E,(t) is the T-periodic function
bT+s T
Eo(t) = ws (PaRI+ ®) <A$ OB, @ ® BO)p) [T (Aig, TTi—y (Bi)g, - (2:30)

Remark. The speed of convergence in (2.29) is determined by that of return to equi-
librium, (2.28), and by -, Proposition 2.2. The limit (2.29) is uniform in 7, for 7 varying
in compact sets, and it is uniform in balls of observables || As|| TTi—; |4l [Tj=_ I1B;]l <
const.
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2.3 Correlations & reconstruction of initial state

As Theorems 2.3 and 2.4 show, the limiting expectation values FE(t) are independent
of the initial state (the state wy is, c.f. (2.23)). However, limiting correlations are not,
and their knowledge allows to reconstruct the initial state.

Fix a normal initial state w of 9T and let A € M, As € Mg, By € Me. We define
the correlation between A and the instantaneous observable As ® ¥,,(;)4+1(Bo) by

C(t; A, As,By) =w (A b (As ® ﬁm(tHl(Bo))) . (2.31)
Theorem 2.5 For any ¢ > 0 there is a constant C¢ s.t. for allt >0
|C(t; A, As, By) — Cy (t; A, As, By)| < Cee™ 0=/, (2.32)

where v is given in Proposition 2.2, and where C4 is the T—periodic limiting correlation
function

C.(t: A, As, By) = w(A) w, (Pa;(f)(Ag ® BO)P> , (2.33)
with wy defined in (2.19).

Remark. Relation (2.33) allows us to reconstruct the initial state w, knowing the
asymptotic state wy and the asymptotic correlation function Cy.

2.4 Energy, entropy and their relation

It may not be meaningful to speak about the total energy of the system, because it
may have to be considered as being infinite, e.g. if the elements £ of the chain are
infinitely extended quantum systems with non-vanishing energy density. However, we
can define the time variation of the total energy of the system and link it to its entropy
variation, giving us an average 2" law of thermodynamics for RIAS.

2.4.1 Energy

Recall that Zm+1, m > 0, is the generator of the total dynamics in the time interval
t =m7t+s € [mr, (m+1)7), during which the (m+1)-th element of the chain interacts
with &, c.f. (2.11). Given any integer m > 0 and any 0 < s < 7 it is easy to formally
verify the relation B N

O‘I?IT-FS(Lm—l-I) — ogf (Lm+1) = 0. (2.34)

This suggests that the formal quantity atRI(LmH) is constant for ¢ in any interval
[m7, (m 4 1)7). Another short calculation yields that this quantity undergoes a jump
j(k) as time passes the moment k7, k > 1: for (k — 1)7 < t; < kT <t9 < (k+ 1)7 we
have B B

j(k) = oy (L) — agy(Ly) = off (Vin — Vi), (2.35)
where we set

Vi = [long ® 93] (V) (2.36)

(see (2.20)). We interpret j(k) as the change in total energy as time passes the moment
kT.
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Theorem 2.3 tells us that for any normal state w on 91 and for any € > 0, there is
a constant C, s.t.
|w(i(k)) = wy (4+)| < Cee ™79, (2.37)
where

j4 = PVP — Pag (V)P = —1/ Pagy([Ls + Le, V]) Pds. (2.38)
0

Relation (2.37) and the fact that the energy is piecewise constant shows that w, (j4)
is the change of energy in any interval of length 7, in the large time limit. We thus call

1 :
dBy = —w+(j+) (2.39)

the asymptotic energy production. The asymptotic energy production does not depend
on the initial state of the system.

Remark. It is not hard to see that the expectation of the energy jump is constant
in the state w; ® we, where we is the vector state on M determined by Qc¢, (2.2):

wi @we(j(k)) =wi(is), Vk=1 (2.40)

We introduce the variation of the total energy, AE(t), between the instants ¢t =
m(t)T + s(t) and ¢t = 0. It is the sum of the energy jumps,

3

(1)
AE@W) =Y j(k), fort>rT, (2.41)
1

i

and AE(t) =01if 0 <t < 7. Estimate (2.37) shows that for any normal state w on 9
there is a constant C' s.t.

w(AE()) < % (2.42)

—dE
7 +

for all ¢ > 0. The energy grows asymptotically linearly in time.

2.4.2 Entropy, average 24 law of thermodynamics

Let w and wy be two normal states on 91. The relative entropy of w with respect to wy
is denoted by Ent(w|wp), where our definition of relative entropy differs from that one
given in [5] by a sign, so that in our case, Ent(w|wp) > 0.

For a thermodynamic interpretation of the entropy and its relation to the energy
variation, we assume in this section that Qs is a (8s, Tg)*KMS state on s, and that
Q¢ is a (Bg, 74)-KMS state on Mg, where Bs, B¢ are inverse temperatures. Let wy be
the state on M determined by the vector Qs ® Q¢ (c.f. before (2.1), and (2.2)).

We are interested in the change of relative entropy of the repeated interaction
system as time evolves.

Proposition 2.6 Let w be any normal state on 9. Then Ent (w o atRI|w0) s a contin-
uous, piecewise differentiable function of t > 0. Moreover, we have

Ent (w o abylwn) — Ent(wlwo) = w <65AE(t) — by (X (1) + X(O)), (2.43)
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where AE(t) is the variation of the total energy between the moments t = 0 and t =
m(t)T + s(t), (2.41), and where

X(t) = BeViwy+1 + (Be — Bs)Ls, (2.44)
with Vi, given by (2.36).

The proof of (2.43) is based on the entropy production formula [7]. We give it in Section
4.4. Tt is not hard to verify that for t € (m7, (m + 1)7) we have

d .
S Ent(w o abyluwo) = —w (atm (ilBsLs + Be Le (s +15 Vm(tm])), (2.45)

and that left and right derivatives of Ent (w o oztRI|w0) exist as t — m7, but they do not
coincide.

If Ent(w|wp) < oo then all terms in (2.43) are bounded uniformly in ¢, except
possibly Ent(w o ad|wo) and w(BsAE(t)). Hence (2.39) and (2.42) show that for any
normal state w on 9 there is a constant C' s.t.

Ent(w o ab|wo)  Be ,
; = - — w4 (j+)
i
for all ¢ > 0. The entropy grows linearly in time, for large times.
The relative entropy is non—negative, so (2.46) shows that
wi(j+) 2 0. (2.47)

We show in Section 3 that w4 (jy) is strictly positive for concrete systems. It follows
from (2.46) also that

sup [Ent(w o agylwy)| < 0o <= wi(j+) = 0. (2.48)
>0

<9
1

(2.46)

Since wy (j4) is independent of w it follows that for a given interaction (V, 7) the relative
entropy either diverges for all initial states w, as t — oo, or it stays bounded for all
initial states w. In particular, if wy(j4+) > O then there does not exist any normal state
w on M which is invariant under ok (i.e., such that wo ok = w, for allt >0).

Proposition 2.7 We have
tli)rglo [Ent(w o oz} |wo) — Ent(w o agr|wo)] = Be wi (j1)- (2.49)

The change of entropy during an interval of duration 7, for ¢ — oo, is thus given
by Be w4 (j+) > 0. We call

dSy = %Mr (J+) (2.50)

the (average) asymptotic entropy production. The quantity dS; represents the increase
in entropy per unit time, in the limit of large times. It does not depend on the initial
state of the system.

Remark. One sees easily that the expectation of dS, is constant in the state
wy @ we (see also (2.40)).

Relations (2.50) and (2.39) lead us to the average 2°¢ law of thermodynamics,

dE+ — ng5+, Tg — ].//Bg (251)

This law does not depend on the initial state of the system.
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3 Examples

3.1 Spin-Fermion system with quadratic interaction

As our main example, we consider the case where the small system S is a 2—level system

and the elements of the chain consist of free Fermi reservoirs at positive temperature

B~ Let us first describe precisely the model (see also [6] and references therein).
The von Neumann algebra of observables for the small system is

Ms = Ma(C) @ 1 = {A® 1|4 € Mo(C)} (3.1)

acting on the Hilbert space
Hs = C? @ C2. (3.2)

Let o4, oy, 0. be the usual Pauli matrices, i.e. o, = < (1) (1) > , Oy = ( 0. ' ),

0, = < (1) _01 ) The dynamics of the small system is then given by

(A @ 1) = iz Ae 717 @ 1. (3.3)

For convenience we chose the reference state ws to be the tracial state, i.e. ws(A®1) =
$Tr(A). Note that it is a (75, 0)—KMS state. Its representative vector is

1 1
V2 V2

where (11,12) is the canonical basis of C2. For shortness, we will denote by 1;; 1=
1; ® 1pj the corresponding basis of Hs. The standard Liouvillean then writes

Qs Y1 @ Y1 + —=12 ® Yo (3.4)

Ls=0,01-1® o,, (3.5)

and its spectrum is spec(Ls) = {—2,0,2} where 0 has multiplicity 2, and —2, 2 are
non degenerate. Finally, the modular conjugation and modular operator associated to
(Ms,Qs) are

Js(p@v) =00, As=1a1, (3.6)

and where -~ denotes the usual complex conjugation on C2.

We then describe an element of the chain, i.e. a free Fermi gas at inverse temper-
ature 8. Let h be the Hilbert space of one single fermion and A its energy operator.
The operators a(f) and a*(f) denote the corresponding annihilation and creation op-
erators acting on the fermionic Fock space I'_(h) and they satisfy the canonical anti-
commutation relations (CAR). As a consequence of the CAR, the operators a(f) and
a*(f) are bounded and satisfy ||a”(f)|| = ||f|| where a* stands either for a or for

*

a*. The algebra of observables of a free Fermi gas is the C*-algebra of operators 2
generated by {a™(f)|f € h}. The dynamics is then given by

Ha? (f)) = a® (" f). (3.7)
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It is well known (see e.g. [5, 10]) that for any 5 > 0, there is a unique (7, 5)—KMS
state wg on A which is determined by the two point function wg(a*(f)a(f)) = (f, (1 +
ePM~1f). Finally, let ¢ be the Fock vacuum and N the number operator.

We now fix a complex conjugation (anti-unitary involution) f — f on b which
commutes with the energy operator h. It naturally extends to a complex conjugation
on the Fock space I'_ () and we denote it by the same symbol, i.e. ® — .

The GNS representation of the algebra 2 associated to the KMS-state wg is the
triple (Hg, g, Qr) [1] where

Hep=T_(h) @'_(h), Qr =, (3.8)

and

ma(alf) = (Fnf) 914 ()Y wat () = ah), N
ma(a*(f)) = a* (mf> ®]1+(—1)N®a<mf> =: a3 (f). (39

The von Neumann algebra of observables for an element of the chain will then be
the enveloping von Neumann algebra

Me = 71'5(%[)”, (3.10)

acting on the Hilbert space
He = HF. (3.11)

The dynamics on 7g(2l) is given by
Tt (mp(A)) = ma(7f (A)) (3.12)

and extends to ¢ in a unique way. The representative vector of the equilibrium state
is

Qe = Qp, (3.13)

and the standard Liouvillean then writes
Le =dl'(h) @ 1—1®dI'(h). (3.14)
Finally the modular conjugation and the modular operator associated to (Mg, Q¢) are
Je(® @ W) = (—1)NWV-D2g @ (—)NWN-D2g  Ap = e FLe, (3.15)

We finally specify the interaction between the small system and the elements of the
chain, i.e. the operator V. Let g € h be a form factor, we set

V=0, @ lc2 ®ag(g)ag(g) € Ms @ Me. (3.16)

This is the simplest non trivial interaction for which the number of particles is con-
served.
We moreover assume that
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(SF1) " M2g¢e.
This ensures that Assumption (A) is satisfied. Indeed, using (3.6)-(3.15)-(3.16), we get

A2y AT (3.17)
1 e_ﬁh/z
ey | @1+ (-1 ®a | ——=37
(a <\/1+eﬁhg> =1 a<\/1+eﬁhg>>

oBh efh/2
X a(g) @14+ () 0a | ———7 .
V1 + ebh V1+ePh
The Liouville operator which generates the interacting dynamics is then the selfadjoint
operator

= 0'x®]102®

Ly:=Ls+ Lg + AV, (3.18)

while the C—Liouville operator is
Ky :=Ls+ Le + NV — JAV2VATV2]) = Ko+ AW, (3.19)

and where A € R is a coupling constant.
For simplicity reasons we will moreover assume that

(SF2) b = L?(R*,g) where g is some auxiliary Hilbert space and the operator h is the
multiplication operator by r € RT.

Finally, let gg(r) := (1 4+ e=P7)~1/2g(r).
Note also that the system & has the property of return to equilibrium.
Our first result is the

Theorem 3.1 Suppose Assumption (SF1)-(SF2) are satisfied. Then for any T ¢ 5+
7N, there exists Ag > 0 such that for all0 < |\| < Ag, the operator My := Pel™’x P sat-
isfies the ergodic assumption (E). In particular the spin-fermion system with quadratic
interaction satisfies Theorem 2.3, with v = MV + O(X\3), Theorem 2.4, and
moreover the asymptotic state w, y s given by

wiA(As) = o Jlr o (P11 + ez, As (P11 + 22)) (3.20)

A Hefﬁh/zgﬁuz o —

b m@/}lz + Ya1, As (11 + ¥12)) + O(N?),
where, for j = 1,2,

T(2 =711+ 12)

0y = [ [ aradrae % g5(r) lgatro) sine? <2> >0, (321)

Si;”", and all the integrals run over R,

sinc(z) ==
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The unperturbed operator My has eigenvalues 1 (with multiplicity 2), e*'" and e 27
(see (3.5)). The assumption on the interaction time 7 ensures that these eigenvalues do
not coincide and makes the computation in perturbation theory as simple as possible.
However, it can probably be omitted.

One can also see that the asymptotic expectation F(t) (see (2.25)) has a non
trivial periodicity (i.e. it is not constant) at the order .

We now turn to the question of entropy production for this simple model. We will
prove that it is strictly positive, at least for small coupling constant. More precisely,
we have

Theorem 3.2 Suppose Assumptions (SF1)-(SF2) are satisfied. Then for any T ¢
T + mN, there exists Ay > 0 such that, for all 0 < |A| < Ay, the system has strictly
positive asymptotic entropy production.

3.2 Spin-Fermion system with linear interaction

As a second example, we consider the same spin fermion system at inverse temperature
(. The only change concerns the interaction term. Let g € § be a form factor, we set

Vi= 0, ® Lee ® (ap(g) + al(9)). (3.22)

Once again, we assume that Assumption (SF1) holds which ensures that A2V A~1/2 ¢

M. Indeed
1 efh
| —g | ®1l+ta| ——g | ®1
[ <v1+eﬁh ) <\/1+eﬁh >

+(-1)V @ a* ﬂg +(-1)V®a ﬂg )
it ViToh

We then have the same kind of result as for the case of quadratic interaction, namely

AVPVATY? = 6, @10 ®

Theorem 3.3 Suppose Assumption (SF1)-(SF2) are satisfied. Then for any 7 ¢
5 +7N, there exists Ao > 0 such that for all 0 < || < Ao, the operator M) := PelTEA P
satisfies the ergodic assumption (E). In particular the spin-fermion system with linear

interaction satisfies Theorem 2.8, with v = MV + O(X\3), Theorem 2.4 and the
asymptotic state wy y is given by

wya(4s) = (a1b11 + agihoa, As(ib11 + 1ba2)) + O(N?), (3.23)

a1+ oo

- /drugg(r)\g <eﬁrsinc2 <T(’"2_2)>+sinc2 <T(7"2+2)>>
- /dngg(r)\ﬁ <e—ﬁrsmc2 <T(r;_2)>+sinc2 (T(T;Q)»

and all the integrals run over R™. Moreover the system has strictly positive asymptotic
entropy production.

where
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3.3 Spin-Spin model

As our last example, we consider a model in which the small system as well as the
elements of the chain consist of a 2—level system. Such kind of systems (or more
generally a d—level system interacting with a chain of n—level systems) have been
considered previously in [2].

The von Neumann algebra of observables for the small system and for the elements

of the chain is
Ms=Me =M(C)@1={A® 1A € Mz(C)} (3.24)

acting on the Hilbert space
Hs = He = C* @ C2. (3.25)

Let Es and Eg be non negative real numbers. They will play the role of the energy of
the “excited” state of the small system and of the elements of the chain respectively.
The dynamics of the small system is then given by

TE(A ® 1) = elths Ae~iths @ 1, (3.26)
and the one of an element of the chain by

THA® 1) = elthe Ae7ithe @ 1, (3.27)

Whereh5:<8 F? )andhg:<8 ]_g )
S &

Once again, for convenience, we chose the reference state ws to be the tracial state,

ie. ws(A® 1) = $Tr(A) (the results of course do not depend on this choice). Its

representative vector is (Section 3.1)

= \}iwn + i%z (3.28)

Q
s V2

The standard Liouvillean writes
Ls=hs®1—-1® hs, (3.29)
and the modular conjugation and modular operator associated to (Mg, Ls) are
Js(pey)=¢0d As=1c1 (3.30)

In order to avoid confusions between the small system and an element of the chain
we will denote by ¢;; = ¢; ® ¢; instead of 1;; the basis of Hg. The reference state wg
will be the (7¢, 3)—KMS state. Its representative vector writes

1

V1 -+ e BPe

The standard Liouville operator is

Qe = (d11 + e PPe/2y9). (3.31)

Le=he®1—-1® hg, (3.32)
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and the modular conjugation and modular operator associated to (Mg, Qg) are
Je(p@y) =9, Ag=elre (3.33)

Note that here the system £ does not have the property of return to equilibrium.
We now describe the interaction. Let us denote by a and «* the annihilation and
creation operators associated to the vectors ¢ (ground state) and ¢o (excited state),

ie. apy = 0,a02 = ¢1,a*Pp1 = Pa2,a* P2 = 0. Finally let [ = ( 2 Z > € Ms(C). The
interaction is then given by
V=I1d 14+I"el®aex 1. (3.34)

The Liouville operator which generates the interacting dynamics is then the selfadjoint
operator
Ly:=Ls+ Lg+ \V, (3.35)

while the C—Liouville operator is
Ky :=Ls+ Le + \(V — JAY2V A2 ) = Ko+ AW, (3.36)

where A is a coupling constant.
We finally consider the following assumptions.

(SSl) b 7é 0 and T(Eg — ES) §7_f 277
(SS2) c # 0 and 7(Eg + Es) ¢ 27Z.
If either (SS1) or (SS2) is satisfied, then the ergodic assumption (E) holds.

Theorem 3.4 Suppose that TEg ¢ wZ and that either Assumption (SS1) or (SS2)
is satisfied. Then, there exists Ag > 0 such that for all 0 < || < Ag, the operator
M)y, := Pe™EAP satisfies the ergodic assumption (E). In particular the spin-spin system
satisfy Theorem 2.3, with v = yA? + O(A\3), and the asymptotic state w, y is given by

wia(As) = {rtpnn + agthaa, As(11 + 122)) + O(A?), (3.37)
a1 + as
where
) Es+ E
o = |b|%sinc? <7—(528)> + e PPe|c|%sinc? (7—(8;8)> >0,
D) Ee+ E
ay = e PP |b|%sinc? (7-(825)> + |c|?sinc? (W) >0,
— min (a1 + o) 721 + az)
= 1+ e PEe " 9(1+ ¢ BFe)

2 E _
+sine?(5 ) (af? + [df? — ad - ad)> .

If moreover both Assumptions (SS1) and (SS2) are satisfied, then the system has
strictly positive asymptotic entropy production.
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Once again, we assume that 7Eg ¢ 7Z just in order to make the eigenvalues of
My not coincide and this can probably be weakened. On the other hand, Assumptions
(SS1) and (SS2) are much deeper. Their signification is that there is an effective
coupling between the ground state and the excited state of the small system (b or ¢ non
zero) as well as a non resonant phenomenon between the energies of the small system
and the elements of the chain (7(Eg — Es) or 7(Eg + Es) not in 27Z). Asking that
either (SS1) or (SS2) is satisfied is actually equivalent to the condition oy + ag # 0.

4 Proofs

4.1 Proofs of Theorems 2.3, 2.4

We give the full proof of Theorem 2.4, the proof of Theorem 2.3 is a special case of the
former.

It is enough to show (2.29), (2.30) for vector states w(-) = (¢, ¥), v € H, ||¢|| =
1. Further, since every @ € H is approximated in the norm of H by finite linear
combinations of vectors of the form ¥s ®,,>1 ¥, where s € Hs, ¥ = Qe if m > N,
for some N < oo, it suffices to prove (2.29), (2.30) for vector states determined by
vectors of the form

s @i ¥m @ms>n Qe € H, (4.1)

where [|[¢s|| = |[Ym| = 1, 1 < m < N, for arbitrary N < oo. Finally, since the
vectors Qg, Q¢ are cyclic for the commutants M, M, any vector of the form (4.1) is

approximated by a
Y =B Qs®Q, (4.2)

for some

B' = Bs®N_| B, @msn g €, (4.3)
with B € M, By, € M. It is therefore sufficient to show (2.29), (2.30) for vectors
of the form (4.2), (4.3).

Let As € Ms, A1,..., Ay, € Mg and B_y, ..., By,..., B, € Mg be fixed observables
(4,7 > 0). We examine the expectation value

E(t) :== <¢’ atRI (AS ®f:1 A; ®§:_z ﬁm(t)+j+1(Bj)) ¢> ) (4.4)

where 1) is given in by (4.2), m(t) is determined by (2.12), and where the A; act on
the first p factors of He. It is clear that the trivial factors Ig are omitted in (4.4). The
choice of indices in (4.4) is such that at time ¢ the observable By is measured in the
element £ of the chain which is interacting with S (i.e., the (m(t) + 1)-th element of
the chain). The following decomposition serves to isolate the dynamics of the elements
€ which do not interact at a given time, see also (2.11).

e*lSLm+1eflTLm . e*lTLl — Uﬂ;eflsLm_HeflTLm . e*lTLl UnJ’er (45)
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where

U, = exp —iZ[(m—j)T+s]L57]~ , (4.6)
L J=t
I m+1
U = exp|—i) (j—DrLej—ilmr+s) > Lej|. (4.7)
J=2 j>m+2

We obtain from (2.13), (2.14) and (4.5)
E(t) = <w, (Unt)*eiTLl . eiTLmeisLm+1

xAs @y 7T (AN @71 g (7ETVTH(BY) @5 O (By)

wo—8Lm+1o—iTLm . _e—iTLlUTJrW ’ (4.8)

where we write m, s for m(t),s(t). The operator (U}))*---U} in the r.h.s. of (4.8)
belongs to M. Hence we can commute the B” in (4.2) with this operator to obtain

E(t) = <Q’ (B/)*B/(Unt)*eiTLl . .eiTLmeiSL"H,l
xAg F 1 Té‘m—i)T—&-S(Ai) ®717€ Q9m+j+1 (Té_j—l)T—O—s(Bj)) ® ’19m+1(B0)

1= ]:

T
W i8Lmt1g—iTLm | _efi‘rL1Q> H <Bj>Qg 7 (4.9)
J=1

where we have set

Q=0s®Qc, (4.10)

and we write (O), = (x,Ox) for an operator O and a vector x. The operator Ut
disappears because it leaves 2 invariant, c.f. (2.9). We are able to factorize the averages
<Bj>Qg, for j > 1, because B’ and all propagators in (4.8) act trivially on factors of He
with index > m + 2 (note also that N < m since we have in mind the limit m — o).

Since (B')*B’ acts trivially on factors in H¢ with index > N + 1 we may replace
(Un)" = (Unt(t))* in (4.9) by

N

Uy =exp iy (j—Drle;l|, (4.11)
j=1

which is a unitary not depending on t. Without changing the value of (4.9) we can
replace in that equation successively L; by Ki, then Ly by Ko, up to replacing L, by
K,. Then

E(t) _ <Q, (B/)*B/ﬁN eiTK1 . eiTeriTLerl . ei’ereisLerl

— —j—1)7+s
xAs @72y Oy (787 T(B))) @ O (Bo)
XefisLm+1efiTLm . e*iTLp+1 ( ®f:1 ei[(mfi)'r+s]Lg Az)Q> H <B]>Q
j=1

(4.12)

£ )



BJM November 4, 2005 22

where we have used that €2 is in the kernel of the K, and where we have commuted
the product of the freely evolved A;’s to the right through the propagators which act
on different factors.

Because the system & has the property of return to equilibrium the propagator
ellm®—i7+s()]Le converges to the projection Po, = |Q¢)(Qg|, as t — oo, in the weak
sense on Hg . Define the orthogonal projection sz = 1-Qp, on H, where Q, =
®§:119j (Pa,). We want to show that

tlim <Q, (B/)*B,UN e”—K1 AN e”—KPe”—Lerl .. elTLrnQISLm+1
—00

xAs ®j_:14 79m+j+1(7é_j_1)7+8(3j)) ® Vmy1(Bo)

xe i8Lmt1g=iTLm e—iTLpHQ;( ®;;>:1 ei[(m—i)T+S]LsAi)Q> =0. (4.13)

To do so we split the Hilbert space as H = H1 ® Ha, where H1 = Hs @m>p+1 He, and
Ho = ®_, He, and set

Qb{n — eiTLp+1 . eiTLmeisLerl (AS ®j_:1_g §m+j+1(T£(fjfl)T+s(Bj))
®29m+1(Bo))e_iSLm+1e_iTLm . e—iTLp+1 [QS Om>p+1 Qg] € Hq,
o = Qp (b, elm=IHslle 4)) @ | Qp € Ha.

Qﬁ is a sum of terms, each one containing the operator Pég = lg — Pq, acting on at

least one of the p factors in Ha. Consequently we have ;" ® 0, weakly in Ho, as
t — o0o0. Since w;n(t) is uniformly bounded in ¢ it follows that w;n(t) ® 1y ®) converges
weakly to zero in H, as ¢t — oo. This proves relation (4.13).
Thus, in the limit ¢ — oo, the only contribution to (4.12) comes from the part
where all the free propagators ellm=7+slle gre replaced by Pq,. This shows that
thm ’E(t) N <Q’ (B/)*B,fj]\[ eiTK1 . eiTeri'er+1 . eiTLmeisLm+1
—00
_ —j—1
xAs @7y D (87 T(B))) © Vna (Bo)
V4 T
Xe—lsLm+1e—17-Lm . _e—lTLp+1 Q> H <A’L>Qg H <Bj>QS
i=1 j=1

= 0. (4.14)

We may now, as we did above, turn the operators L; in (4.14) into K’s, also for the
remaining indices j =p+1,...,m + 1, to arrive at

fin ‘E(t) —(9, (B)*B'Uy 7K1 ... ¢TEN ppolThnt L ol Km glsKm i

t—o0

xAs @71 Og et (180T (B))) @ O (Bo)2)

r

x H (Ao, H <Bj>Qg
=1

Jj=1

=0, (4.15)

where we introduce the projection Py = ®u,>n~N+19m (Pa,) (that projection comes from
the left factor of the inner product and slips through (B’)*B’'Uy and through the first
N propagators).
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We have _
Oms1(Pag )e*Kmt1 (As @ Uma1(Bo))Q = Do(s)92, (4.16)

where Dy(s) is a linear operator acting nontrivially only on Hs. Dy(s) depends on Ag,
By, the interaction V' and s = s(t), but it is independent of m = m(t). In the same
way we define D1(s) € B(Hs) by

O (Pog )™ 5m ., (18(B_1))Do(s)Q = D1 (s)Do(s)Q, (4.17)

and then Ds(s),...,Dy(s) € B(Hs). Hence the inner product in (4.15) can be written
as
<Q, (B'Y'B'Uy &K1 .. oiTKN pyeithn .. eiTKm—ED(s)Q> , (4.18)

where D(s) = Dy(s)--- Do(s) € B(Hs). Since 2 = PQ, where P is the projection onto
Qc, c.f. (1.8), we have

PnelTEN+1 . ™Kt D (5)Q = PelTEN+1 ... eITKm—t P D(5)Q, (4.19)

The reduced product of the propagators on the r.h.s. is the product of the reduced
propagators, as we show in the following proposition.

Proposition 4.1 For any q > 1, let t1,...t, € R, and let mq,...,mq > 1 be distinct
integers. Then we have

pelttfmi . oltafimg p — peltifmip... peltaftimg p, (4.20)

Proof of Proposition 4.1. If Q is a projection we set Q+ = 1 — Q. We have
Pleitafme P ¢ Rand,, . (PZ) since on all factors of H¢ with label m # my, the projection
Y (Pe) coming from P commutes with e®a®ma Tt follows that Pelt15mi1 ... pleitakme p —
PeltiEmy .. -ﬁmq(PgJ-)PLeithmQP = 0, because Uy, (P#) can be commuted to the left
to hit P. Thus we have PelttKmi ... gltaKmq p — peitiKm, ... gita=1Kmq_1 peiteKmq p and
we can repeat the argument. This proves the proposition. |

According to (4.20) the r.h.s. of (4.19) equals M™ =N D(s)Q, where M = PMP
is the operator introduced in (2.18). We then obtain the following result from (4.19),
(4.18) and (4.15):

lim ‘E(t) - <Q (B')*B'Uy &K1 ... ¢iTKN ppym(t)==N PD(s(t))Q>

t—o0
p T

X H (Ai)a, H <Bj>Q£

i=1 j=1

= 0. (4.21)

In order to further simplify the scalar product in (4.21) we use the ergodicity assumption
(E). We have M™O~=N — 7 = |Qg)(Qf], as t — oo, in the topology of B(Hs) (c.f.
(2.19)), and since D(s(t)) is uniformly bounded in ¢ we obtain

r

lim | E(t) — (2, (B') B'Q) (@5, PD(s() P2s) [ | (i), [T (Bio,

t—o00

=0. (4.22)

i=1 j=1
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Remember that v is approximated by B’(Q, i.e., given an arbitrary € > 0 we choose B’
s.t. || — B'Q|| < e. Thus
(Q,(B)'B'Q) = |B'Q|> = (|¢] + O(¢))* = 1 + O(e), (4.23)

which we can use in (4.22) to arrive at

p T
lim (E( — (95, PD(s(t) PQs) [ | (A, [T Bie, | = 0. (4.24)
oo =1 7=1
Note that if 1 is a degenerate eigenvalue of M, (4.22) becomes
P T
Jim ‘E — (9, (B B'=PD(s(t)) PQs) [] (Ao, [] Bida, | = 0. (4.25)
i=1 j=1

Thus, E(t) has a 7—periodic asymptotic behaviour (s(t) is periodic) but which depends
a priori on B” and thus on the initial state w: the simplification due to (4.23) does not
hold anymore.

Finally by the definition of D(s), c.f. (4.18), (4.17), (4.14) we get

(5, PD(s(t)) Ps) (4.26)
_ <Qj§'7 PeiTKl . eiTKeeisK€+1 [AS ® Téf—l)T—i-S(B_Z) R ® 7‘5(371) X Bo] PQS>

Using the invariance PQg = e #Ker1e717Ke ... o=I7K1 PO) s and passing from K's to L’s
we obtain

(s, PD(s(t)) Ps)
_ <Q:«<S7Pei‘rL1 . eiTLegisLer [A ® Té(g 1)T+8(B7£) 9.

- ®@T1e(Bo1) ® Bo]e_iSL‘“e_iTLe > ~e_iTL1PQS>
_ <Q§7PeiTL1 .. ITLg 18Lg+1(U ) [AS ® B_ 1R ® BO] Ug_
wo—isLey1g=itLe | o=itL PQS>
_ <QS, oW (As @ B_y® - ® By) PQS> . (4.27)

We conclude the proof of (2.29), (2.30) and hence the proof of Theorem 2.4 by plugging
(4.27) into (4.24). [

4.2 Proof of Theorem 2.5

The proof is a simple modification of the proof of Theorem 2.4. We indicate the main
steps. Proceeding as in Section 4.1 we see that (compare with (4.12))

C(t; A, AS,B()) _ <Q7 (B/)*B/A ﬁNeiTKl .. _eiereisKm+1AS ® 19m+1<BO)Q> , (4.28)
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where we may assume that A acts trivially on factors of H¢ with index > N. As in Sec-
tion 4.1 we replace the product of the propagators in (4.28) by /751 ... eI7Kn pym=N-1,
Taking the limit m = m(t) — oo then yields

lim |C(t; A, As, Bo) — (9, (B')*B'AQ) w, (Pail (As @ BO)P)’ -0,  (4.29)

t—o00

with a speed of convergence dictated by Proposition 2.2. To complete the proof of
Theorem 2.5 we notice that (Q, (B')*B'AQ) = (A) g = w(A4) + O(e), for arbitrary
e > 0 (c.f. the argument before (4.23)). [ |

4.3 Proof of Proposition 2.1

Let K., Ly, be the operators on H that act trivially on all factors except on Hgs times
the m—th Hg, where they act as K, L. Given any t € R, A, B € Mg (C M) we have

<BQS ® QCa eitLl L. eithAe—ith L. e—itL1 QS ® QC>'H
= (BQs @ Qc, e AQs @ Qc),,
= (BQs, (Peith)mAQS>HS , (4.30)
where we use that K and L implement the same dynamics on 9t and (2.16) in the first
step, and Proposition 4.1 in the second step. Since Bfls is dense in Hg it follows from

(4.30) that .
[(Pe"S P)™ AQs|| < ||A]. (4.31)

So far we have not used that dimHgs < oco. In the finite-dimensional case, 9MsQs is
not only dense in Hg, but for any 1) € Hg there exists an A € Mg s.t. » = AQs. Thus
(4.31) and the uniform boundedness principle give that

sup ||(PeEP)™|| < . (4.32)

|
teR,m>0

The facts that the spectrum of Pe P lies in the unit disk in C, and that all eigen-
values on the unit circle must be semisimple follow from the uniform boundedness of

| (Pei'  P)™|| in m. They can be shown using an easy Jordan canonical form argument.
|

4.4 Proof of Proposition 2.6

Given any normal state w of 97 and any unitary U on H we have the following relation
[7] (our definition of entropy differs from the one in [7] by a sign)

Ent(w(U* - U)|wo) — Ent(w|wo)
= w(U* [55 > Lex+ ﬁsLs} U—Be> Le— ﬁsLs)- (4.33)
k k

In case U is a dynamics of the system, (4.33) is called the entropy production formula.
We take U = Ugi(t). The argument of w in (4.33) can be written as

ﬂs{@tm<z Lej + Ls) - Z Ley — Ls} — (Be — Bs) (Oéu(Ls) - Ls),
k k
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so it suffices to prove (2.43) for Bs = B¢ = 3. We want to show that

obi (D Lek+Ls) = Lok — Ls = AB() — aby (Vo) +Vie (434)
k k

It is clear that the sums in the L.h.s. of (4.34) extend only from k =1 to k = m + 1.
We examine the difference of the first two terms on the Lh.s., for £ = m + 1. With
t = m7 + s, we obtain for this difference the expression

agi(Lemi1 + Ls + Ving1) — a1 (Vin1) — Lema
= aRy (Lemt1 + Ls + Ving1) — oz (Ving1) — Lems
= aRf (Ls) + aRf (Vins1) — i (Vint1)
= agy (Ls + Vi) + agl (Vint1 — Vi) — Q%I(Vm-i-l)
= oy (Ls + Vi) + 5(m) — agg(Vint1), (4.35)

where we use in the second step afy (Lgm+1) = Lem+1, and in the last step we use
definition (2.35). We now add to (4.35) the expression ak;(Le ) —Le m = @7 (Lem)—
Lg , (ie., the term with & = m in the sums of the L.h.s. of (4.34)) and repeat the
manipulations leading to (4.35) to obtain for this sum the expression

oAV (L + V1) + j(m — 1) + 5i(m) — oy (Vi)

It is now clear how to continue this process until all terms with £k =1,...,m +1 in the
sums of the Lh.s. of (4.34) are taken care of. We obtain

m(t)
Lhus. of (4.34) =Y (k) + Vi — ahi(Vingey11)- (4.36)
k=1

Definition (2.41) yields the result (2.43).
To see that Ent (w o atRI|w0) is continuous in ¢t > 0 we show that

Ent(w o af{ **lwp) — Ent(w o ag?_l)ﬂrsl |wo) (4.37)
converges to zero, for all m > 1, as s | 0 and s’ T 7. Expression (2.43) yields
(4.37) = w(ﬁg [AE(m7 + s) — AE((m — 1)7 + ¢')] (4.38)
O (B Vines + ABLs) + aly ™™ (B Vin + ABLs) ),

where AS = (g — fBs. The first argument of w in (4.38) equals (g j(m), see (2.41).
Next,

AT (V1) — a7 (V) — o (Vi1 — Vi), (4.39)

as s | 0, s’ T 7. But the r.h.s. of (4.39) is just j(m), see (2.35). This will compensate

mt+s

the contribution of the first argument in w of (4.38) in the limit. Finally, gy "*(Ls) —

ag?_l)ﬂrsl(ljg) tends to zero, as s | 0, s’ 1 7. Consequently, (4.37) vanishes in the

limit. [ |
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4.5 Proof of Proposition 2.7
By (2.43) and (2.41), the change of entropy within an interval of duration 7 is given by

Ent(w o a3i7 |wo) — Ent(w o aky|wo) (4.40)
= Pew(i(m+1) = ag)” (Vint2) + aki(Vint1)) (4.41)
—(Be — Bs)w(agi (Ls) — ak(Ls)), (4.42)

where j(k) is given in (2.35), and m = m(t). Taking into account (2.35), (2.38) and
Theorem 2.3 we see that the limit ¢ — oo of (4.41) is Bg wy(j4+). We claim that (4.42)
vanishes as t — oo. This can be seen in the following way. An application of Theorem
2.4 shows that

Jim w(aki"(Ls) — aki(Ls)) = /0 ’ w (Pagy(i[V, Ls]) P)ds, (4.43)

where we use that [V, Ls] € 9s ® Mg, which follows from the fact that etlsVe iths ¢
Ms @ Me for all t € R. Therefore

T

Ent(woali7|wo) — Ent(woakywe) — Be wy (74) — (B — Bs) /0 wi (Pay(ilV, Ls]) P)ds

(4.44)

as t — o0o. On the other hand, (2.46) shows that
L rnt b Ent : Be . (i 4.45
~ [Bnt(w o ol o) — Ent(w o oflen)] — u (5,), (1.45)

in the limit ¢ — co. Then the following general fact proves that (4.43) must be equal
to zero:

If a locally bounded function f on R has the property f(t+7)— f(t) — a, ast — oo,
for some a € R and some 7 > 0, then f(¢)/t — a/7, as t — oc.

This concludes the proof of Proposition (2.7). [

4.6 Proof of Theorem 3.1

Using a Dyson expansion we get
RN = elTRo ) /T dtel(T—D Koy itKo (4.46)
0

T rt
—\? / / el DRopyellt=s) Koyrelsko s dt + O(A?).
0 J0
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Inserting (3.5)-(3.14)-(3.16)-(3.17) in (4.46), one gets after a somewhat lengthy but
straightforward computation

: 2 . .
My = €™ £i\sin(r) Hefﬁhﬂg/th (02 ®e7 77 — 77 ® 0y)

T ot
+)\2/ / (/ / lgs(r)lI?llgs(ra)||2e el 2= dr dry
0 JO R+JR+

_i_He*ﬁh/Zgﬁ“%) <ei(‘r7t)az O_xeitaz ® efi(Tfs)oZ O,mefisaz

761(7—213—{-28)02 ® e—iTO'z> ds dt

T rt
+A2// <// lgs(r)|12llgs (r2) | 2e=Preeit=) 2= gy dry
0 Jo R+JR+

_i_He—ﬁh/Z'gBH%) (ei(T—s)azameisaz Q e_i(T_t)UZO'we_itUz
7o ® 671(772t+25)oz) ds dt
+0(\3). (4.47)

Using perturbation theory [8], we then find that M) has 4 distinct eigenvalues: 1, eg(\),
e+ (), e—(\) which are given by

60()\) =1- )\27'2(041 + 062) + O()\g), (4.48)

)\27_2

er(N) = i7 [1 (a1 + a2) + i)\QT(He_Bh/zggH?) (4.49)

- / / (€7 + e 072 ga(r1) 2 lga(ra) |2

1 —sine(7(ry —ro — 2)) 3
% 7"1*7“2*2 ) +O()\ )7
; A2 72 . _
e_(\) = e 7 [1 - (1 + a2) — 1)\27'(He ﬂh/QQgH% (4.50)

- / / (€ + el ga(r) 2 lga(ra) |2

y 1 —sine(7(ry —re — 2)))} + OO,

where the «;’s are defined in (3.21). Since they are strictly positive numbers, this
proves that for || small enough, the operator M) satisfies Assumption (E).

It remains to prove that the asymptotic state w, ) is indeed given by (3.20). For
that purpose, it suffices to compute the eigenvector 5(X) of M; for the eigenvalue 1,
which is obtained by perturbation theory:

061\/§ 042\@

_l’_
a1+ Qg Yu a1 + Qo

+Alle™ 7 2gs|?

7“1—’!”2—2

Qs(A)

P22 (4.51)
a1 — Q9

2
7\/5(041 " on) (Y12 + P21) + O(X7).
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4.7 Proof of Theorem 3.2

Let Py denote the spectral projection on the kernel of Ly, and €2 the main term in
the expansion of Q%()), i.e. Q5(N) = Qf 4+ O(N) (see e.g. (4.51)). Then, using (2.23),
(2.38) and perturbation theory, one gets

wi(jy) = A [i /0 (Q © Qe[V(e7H0 — &) (1 - P)V Qs ® Q)

—i / (QF @ Qe|[W Ppe™ 0V Qs © Q@} +O0(\). (4.52)
0

Moreover, as a general fact, one has FPy{)j ® Q¢ = Qfj ® Q¢. Now, the quadratic
interaction satisfies PyW Py = 0. Hence the second term on the right hand side of
(4.52) cancels.

Using (2.50),(3.16) and (4.51) we thus have

A2 2= /
s, = d /HQB ) lgs ()P (2 = 7 + 7" )sinc? <T(2T+T)>

o1 + a9
7137‘

x (age™ " — ape ) drdr’ + O(N?).

Inserting the expression for «; in the integral, one finally has

a5y = 320 st Plos(r2)Plostrs) Plgstra) (1.53)
2(&1 + 042)
xsinc? (T(2 — ;1 + m)) sinc? (T(2 _ ;3 + T4))

X(rg +13 =11 —14) <e*ﬁ(’"1+’”4) — efﬁ(””?’)) +0(\?),

where the integral runs over the four variables r; € RT. The result follows then from
the fact that, for any real 2 and ¥, (z — y)(e™?¥ — ¢75%) is non-negative. [

4.8 Proof of Theorem 3.3

The proof goes exactly in the same way as for Theorems 3.1 and 3.2. We just give
the expressions for the eigenvalues (different from 1) of M) as well as the one for the
entropy production.

eo(N) =1 = A272(aq + az) + O(\Y), (4.54)

er(\) = e [1 _ Agj (01 + ) + X272 / lo ()2 (4.55)
. <1 _ sm;(j(rz ) 1- sinzc(—:(f T 7“)))] o,

e () = e {1 - AQQTQ (1 + az) — X272 / o2 (4.56)

x <1 —sori2or)) ol ’"”)] +O(NY),
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A2 L
dsy = o f; /Hgﬂ )z llgs ()3 sine® <T(7"2 )> s
Sinc2 <(T2—i_2)> (r + ,r./)(l _ e—ﬂ(r+r’))
A2 ) o
o f_ra /’gﬁ H llga(r H ' —r)(e Br _ o8 )

o () 222

+sinc? <T(TQ+Q)> sinc? <T(TI+2)>} +O(\3).

2

All the integrals run over R™, and in the formula for the entropy the integration is
computed w.r.t. both r and r’. |

4.9 Proof of Theorem 3.4

Once again the proof goes the same way, and we only give the expressions for the
eigenvalues (different from 1) of M) and for the entropy production.

)\27_2 4
60()\) =1- 1+ e PEe (al + Oég) + O()‘ )7
; \272 TE
— iTEg o —BEg\ .2 £
et () e [1 51 5 o) (a1 +az+ (1+e )sinc (2 >
x(jaf? + |d[* - ad - ad))
272 1 — sinc(7Eg)
: 1 — o BEe 2 _ 1312
Hir L (- e L g japy
E¢\ ad — ad
1 — o—BEs\ginc2 TLE
+(1—e )sinc (2 —
_ 1 —sinc(7(Eg — Es)) , o
—(1 4 e FFe b
_ 1 — sinc(7(Eg + Es))
1 BEg 2
e B Bs)

+O(AY),
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)\2 7_2

(N = e 1
e-N) = e { 2(1 + o—BEe)

E,
(al + ag + (1 4 e PE¢)sinc? <T26>

x(|a? + [d[? — ad — aa))

272 1 — sinc(7Eg)
i _ —BEg\- T BT LEE) 2 1402
i (- PR a2
E¢\ ad — ad
(1 — e PEe)gine? <T2g> %
_ 1 —sinc(7(Eg — Es)) 1 o
+(1+ e PEe b
(1 4+ ey L snerBe & Bs) 2
T(E¢ + Es)

+O(AY),

AQﬁTEg(l — e_ﬁEg) «
(a1 + ag)(1 + e PEe)

FEe — FE E
bI2(Jaf? + ¢~7E¢ |d[2)sinc? (T( 2 5)) sinc? (T;)

dS+ -

2
Hle[2(eP¢ af? + |d[?)sinc? <<E82+ES>> sine? (fﬁ)
12[b[2[e[2(1 + ¢7Fe )sine? <T<E€2+ES>>
FE E
X sinc2 <T(52+8)>} + 0()\3).
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