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Abstract

A uniqueness theorem is proven for the problem of the recovery of a complex valued
compactly supported 2-D function from the modulus of its Fourier transform. An
application to the phase problem in optics is discussed.

1 Introduction

Let Q C R? be a bounded domain and f (&, 7) € C*(Q) be a complex valued function.
Consider its Fourier transform

F(x,y) = //f(fﬂ?) et eVdedn, (x,y) € R (1.1)
Let
G(z,y) = |F (z,y)]*. (z,y) € R*. (1.2)

We are interested in the question of the uniqueness of the following

Problem. Given the function G(x,y), determine the function f (&, n).

The right hand side of (1.1) can often be interpreted as an optical signal whose amplitude
and phase are |F (x,y)| and arg (F (x,y)) respectively, see, e.g., [2]. This problem is also
called the phase problem in optics (PPO) meaning that only the amplitude of such an optical
signal is measured. The latter reflects the fact that it is often impossible to measure the
phase in optics, except of the case when the so-called “reference” signal is present (e.g., the
case of holography [18]), see, e.g., [3]-[9], [11]-[16], [19], and [20].
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We assume that 2 = (0,1) x (0, 1) is a square and the function f (£, n) has the form

f(&m) =explip(&,n)], (1.3)

where the real valued function ¢ € C* (ﬁ) Let I' be the boundary of the square €2 and ¢
be a small positive number. Denote

Q5 (') = {(&,m) € Q: dist[(§,n) ,T] < 5},

where dist[(£,n),T] is the Hausdorf distance between the point (£,n) and I". Hence, the
subdomain €25 (I') C © is a small neighborhood of the boundary I'. The following uniqueness
theorem is the main result of this paper

Theorem 1. Assume that two functions f1(&,n) = explip; (§,n)] and fo(§,n) =
exp [ipy (§,m)] of the form (1.3) are solutions of the equation (1.2) with real valued func-
tions ¢y, p, € C*(Q) satisfying conditions (1.4) and (1.5), where

p(L=&n)=p(n),Y(En) € (1.4)
& 1=n)=p(n),V(n) € (1.5)
Also, assume that either
©;6(0,0) >0 and ¢;,(0,0) >0 for j=1,2 (1.6a)
or
©e(0,0) <0 and ¢,;,(0,0) <0 for j=1,2. (1.6Db)

In addition, let ¢, (0,0) = ¢, (0,0) = 0 and both functions ¢, (§,1) and ¢4 (,1) are analytic
in a small neighborhood Qs (I') of the boundary T of the domain 2 as functions of two real
variables £, 1. Then o, (£,1) =y (£,1) in Q.

Remarks. a. We need conditions (1.4) and (1.5) for proofs of lemmata 2 and 7. We
need conditions (1.6a,b) for the proof of Lemma 2, and, in a weaker form for the proof of
Lemma 7. The condition of the analyticity of functions ¢, (§,7) and ¢, (£,1) in Qs (I") can
be replaced with the assumption that ¢, (£,1) = ¢, (£,1) in Qs (I') . Such an assumption is
often acceptable in the field of inverse problems. It should be pointed out that Lemma 2
does not guarantee the uniqueness in the entire domain 2. Now, if one would assume a priori
that ¢, (£,1) = ¢, (&,m) in Qs (I') (thus focusing one the “search” of the function ¢ (£, 7) in
the “major part” Q\ s (I') of the domain ), then it would be sufficient for the proof of
Lemma 7 to replace (1.6a,b) with ¢¢(0,0) # 0, see (3.36) and (3.37).

b. To explain the assumption ¢, (0,0) = ¢, (0,0) = 0, we note that if the function
f (&,n) is a solution of the equation (1.2), then functions f (&,7)e* and f (—¢, —n) € with
an arbitrary real constant ¢ are also solutions of this equation. Throughout the paper f
denotes the complex conjugation. Hence, Theorem 1 can be reformulated by taking into
account functions ¢ (§,7) + ¢ and —¢ (£, 1) + ¢, along with the function ¢ (£,7).



Throughout the paper we assume that conditions of Theorem 1 are satisfied. Everywhere
below j = 1, 2. Denote

Fi(z,y) = [ | f;(&n) e e dedn, (x,y) € R?, (1.7)
i

Gi(x,y) = |Fj(z, )%, (1.8)
where f; (£,n) = exp (igoj (&, n)) . So, we need to prove that the equality

Gi(z,y) = Go(z,y) in R? (1.9)

imphes that fl (57 77) - f2 (57 77) in €.
The form (1.3) is chosen for two reasons. First of all, if both functions |f (£,7n)| and

arg [f (&,n)] would be unknown simultaneously, then (1.2) would be one equation with two
unknown functions. It is unlikely that a uniqueness result might be proven for such an
equation without some stringent additional assumptions. Another indication of this is an
example of the non-uniqueness in section 3. Second, the representation (1.3) is quite accept-
able in optics, see, e.g., [6], [12] and [13]. Derivations in these references are similar and,
briefly, are as follows. Suppose that the plane {z3 = 0} in the space R?* = {(x1, 22, z3)} is an
opaque sheet from which an aperture € is cut off. Suppose that a phase screen S is placed in
the aperture 2. The “phase screen” means a thin lens which changes only the phase of the
optical signal transmitted through it, but it does not change its amplitude. For each point
(x1,22,0) € Q consider the intersection of the straight line L (x1, x3) orthogonal to the plane
{z3 = 0} with S, i.e., consider L (z1,x2) N S. Let ¢ (21, x2) and n(xy, z2) be respectively the
thickness and the refraction index of this intersection. Suppose, a plane wave ug = exp (ikxs)
propagates in the half-space {3 < 0} . Consider the positive half-space {x3 > 0} . Then the
function F(z,y) of the form (1.1), (1.3) with ¢ (z1,x2) := k [n(x1,x2) — 1] ¢ (21, 22) is ap-
proximately proportional to the wave field in the so-called Fraunhofer zone [2], i.e., with
kxs >> 1. Hence, our problem can be viewed as an inverse problem of the determination of
the function ¢ (x1,x2) characterizing the phase screen from the amplitude of the scattered
field measured far away from that screen. In addition, see, e.g., the paper [7], where the
function ¢ (x1, z5) is called “the aberration function (phase errors)” and its reconstruction
seems to be the subject of the main interest of [7].

The function F(x,y) can be continued in the complex plane C as an entire analytic
function with respect to any of two variables z or y, while another one is kept real. It follows
from the Paley-Wiener theorem [10] that the resulting function F(z,y) will be an entire
analytic function of the first order of the variable z € C. The major difference between
1-D and 2-D cases is that, unlike the 1-D case zeros of an analytic function of two or more
complex variables are not necessarily isolated. For this reason, we consider below the analytic
continuation of F'(x,y) with respect to x only and keep y € R. Thus, we consider the function
F(z,y),z € C,y € R. The example of the non-uniqueness in section 3 indicates that our
main effort should be focused on the proof that complex zeros of the function F'(z,y) can



be determined uniquely for each y € (a,b), where (a,b) C R is a certain interval. This is
achieved in two stages. First, we prove that “asymptotic” zeros can be determined uniquely
(Lemma 7). Next, it is shown that the rest of zeros can also be uniquely determined (sections
4 and b5).

The first uniqueness theorem for the PPO was proven by Calderon and Pepinsky [5]; also
see the paper of Wolf [20] for a similar result. These publications were concerned with the
case of a real valued centro-symmetrical function f, which is different from our case of the
complex valued centro-symmetrical function f satisfying conditions (1.3)-(1.6). The latter
causes a substantial difference in proofs of corresponding uniqueness results.

Many publications discuss a variety of aspects of the PPO, see, e.g., above cited ones
and references cited there; a recently published introduction to the PPO can be found in
[8]. We also refer to the paper [17], which is concerned with the inverse problem of shape
reconstruction from the modulus of the far field data; the mathematical statement of this
problem is different from the above. A uniqueness result for the discrete case was proven in
[3], where the function f is a linear combination of — functions. For the “continuous” 2-D
case, uniqueness theorems for the problem (1.1)-(1.3) were proven in [12] and [13] assuming
that ¢ € C'° (ﬁ) The goal of this publication is to replace the C°*° with the C* via exploring
some new ideas. The main new idea is presented in section 4. It an opinion of the author
that the proof of Lemma 8 of this section is the most difficult element of this paper.

The rest of the paper is devoted to the proof of Theorem 1. In section 2 we prove that
the function ¢ (z,y) can be reconstructed uniquely near the boundary I' of the domain Q. In
section 3 five lemmata are proven. In section 4 one more lemma is proven. We finalize the
proof of Theorem 1 in section 5.

2 Uniqueness In Q; (I)

Results, similar with lemmata 1 and 2 of this section were proven in [13] (see lemmata 2.5-
2.7 and the proof of Theorem 3.1 in this reference). However, since the reference [13] is not
easily available, it makes sense to present full proofs of lemmata 1 and 2 here. In addition,
these proofs are both significantly simplified and clarified compared with those of [13]. To
prove that ¢, = ¢, in Qs (I'), we need to analyze some integral equations. For any number
e € (0,1) denote P. = {0 < z,y < €}, a subdomain of the square (.

Lemma 1. Let the number € € (0,1). Let complex valued functions q, Ks (s =1,2,3) be
such that

q(z,y) € C* (P.) , K1 (z,y,€) , Ko (z,y,m) € C* (P- x [0,¢]),

and Ks (z,y,&,n) € C? (P, x P.). Also, let
K1 (0,0,0) = K, (0,0,0) = 1 (2.1)

and
¢(0,0) = ¢,(0,0) = ¢,(0,0) = 0. (2.2)



Suppose that the complex valued function u(z,y) € C? (Fg) satisfies the integral equation

[ax + By + q(z,y)] u(z,y) =

o / Ky (2,9,€)u (€, ) de + 3 / Ky (2, y,m) u (2, 7) dn (2.3)

T Yy
+ KS (3%%5,77)“(5,77) dnd€7 in Pa7
/]
and
u(0,0) =0, (2.4)

where o and (3 are two real numbers such that
af > 0. (2.5)

Then there exists such a number gy € (0,] depending only on numbers «, 3 and functions

¢, Ky (s =1,2,3) that u(x,y) =0 for (x,y) € P,,.

Note that because of the presence of the factor [z + By + ¢(z,y)] in the left hand side
of the equation (2.3), this is not a standard Volterra equation. Indeed, we cannot simply
divide both sides of (2.3) by [ax + Sy + q(x,y)], since [ax + By + q(z, y)] |s=y=0= 0.

Proof of Lemma 1. We first prove that there exists a number € € (0, ¢] such that

u(z,0) =0 and u(0,y) =0, for z,y € (0,2). (2.6)

Set in (2.3) y = 0. Denote v(z) = u(z,0),q(x) = ¢(z,0) and Ky (z,§) = K; (2,0,§) — 1.
Then

[ax + qo(x a/ 14+ Ko(z,8)]v(&)de,z € (0,¢).
0

Differentiating this equation with respect to x, we obtain for z € (0, ¢)
[z + qo(2)] V() + ¢ (z)v(z) = aKy (z, ) v(x) + @ / Ko, (2, v (&) dE. (2.7)
0

By (2.1) and (2.2) we have for x € (0,¢)

T

Ko (wa) = [ C”K‘;—(j’%s, w@) = [ @O @-ds d) = [dieas

0 0



In particular, this means that go(x) = o(z) as x — 0. Hence, since by (2.5) a # 0, then
there exists a number €; € (0, ¢] depending on the number « and the function go(x) such
that functions

x ~ Ko (z,x)

_ - ()
ar + qo(z)’ K(x) = ar + qo(r)

and q(x) = ot + 20(2)

are bounded in [0, &4] .
Divide (2.7) by the function ax + go(z) and integrate the resulting equality then. We
obtain for x € (0,e)

x x

o) = [[R=q ©v@dra [ T [Kutrov©d @9

0

Let |aKo, (7,€)| < M for (,€) € P., x P.,, where M is a positive number. Then

a/m%;om]f(om(ﬂé)v(&)df<M/|M+q /|v Nde  (29)

< MV(z) -z, z€(0,e),
where

V(z) = max |v(§)] (2.10)

0<é(<z

and the positive number M; depends only on M, a and ||qo||cp,; - Hence, (2.8) and (2.9)
imply that the following estimate takes place with another positive constant M, depending

only on M, a and norms HK - cho,el] 5 HCZOHC[O,EI]

lv(x)| < MaV(z) -z, z€(0,e1). (2.11)
Let t € (0,e1) be an arbitrary number. By (2.11),

max |v(z)| < max [MyV (z) - x].

0<z<t 0<z<t

Since the function V(x)z is monotonically increasing, then the latter inequality leads to
V(t) < MaV(t)-t, te(0,e). (2.12)

Choose a number € € (0, ;) such that My < 1/2. Then (2.12) leads to

Hence V(z) = 0 for x € (0,€). This and (2.10) imply that u(z,0) := v(x) = 0 in (0,2),
which is the first equality (2.6). The second equality (2.6) can be proven similarly.
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Denote N R
Kl (Ivyug) = Kl (%%5) - 17 K2 (‘rayan) = K2 (1’7?%77) -1 (213)

Let in (2.3) (z,y) € P:, where the number ¢ € (0,¢) is the same as in (2.6). Apply the
operator 0,0, to both sides of (2.3). Using (2.1), we obtain

(O{I + ﬁy + Q(xa y)) uzy + quy + qyux - [aKl (%?J, I) uy + 6K2 (ZE, y7y) U’ac]

+ |:05[?1y (.CE, ywx) + ﬁ[?%c (l’,y,y) + K3 (l’,y, x?@/)] U

T Y
+ oz/f(h; (@,y,8) uy (& y) d€+6/f(zy (z,y,m) uz (z,7) dn (2.14)
0 0
+04/[?1xy (xay7£)u(£ay> d§+ﬁ/f?21y (517734777)“(37777) d77
0 0

+/K@m%aww@wﬁ+/K@@%amwnmm
0 0

)
+/!Km@wﬁmW@mMW&@w€%.

The Taylor’s formula and (2.2) imply that the function qi(z,y) = q(z,y)/ (2> +y?) is
bounded in Pz. Hence, (2.5) implies that there exists such a number 5 € (0, ] that functions

T y
and 2.15
ar + By + q(z,y) ax + By + q(z,y) (2.15)

are bounded in P.,. To see this, it is sufficient to introduce polar coordinates x = 7 cos @
and y = rsinf with 6 € [0,7/2]. Further, the Taylor’s formula, (2.1) and (2.13) imply that

functions R R
aKl (Zlf,y,!lf) and ﬁKQ ($7yay)

az + By + q(z,y) az + By + q(z, y) (210
are also bounded in P.,. In addition, by (2.4)
y z
uy(0,y) = uy (,0) =0 and u(z,y) = /uy (x,n)dn = /um (& y)dE. (2.17)
0 0
For t € (0,£5) denote
w(t) = max [lug(z,y)| + |uy(z,y)l]. (2.18)

0<z,y<t



Using (2.17), substitute
Yy

ueg) = [z dy (2.19)

0

in the right hand side of (2.14). Next, divide both sides of (2.14) by the function
lax + By + q(x,y)] and apply the operator

/(...) de (2.20)

0

to both sides of the resulting equality. Note that all kernels of integral operators in (2.14)
are bounded. Also, since functions (2.15) are bounded, then

T Y
dg -
o/|a§+ﬁy+Q(€,y)|/'uz(éﬁﬂdﬁg@w(t)'t’ for (z,y) € Py, t€(0,e) (221)

and

x

&
/muwﬁmmm!mhmwg@ﬂ%ﬂmmMeﬁ,mm@» (222

0

Here and below in this proof () denotes different positive constants independent on the
parameter t € (0,e9) and functions u and w. Thus, using the fact that functions (2.15)
and (2.16) are bounded and using also estimates (2.21) and (2.22), we conclude that the
application of the operator (2.20) to the equality, which is obtained from (2.14) after the
substitution (2.19) and division by the function |[ax + By + q(z,y)] leads to the following
estimate

luy (7, y)| < Qu(t) - t, for (z,y) € Py, te(0,e). (2.23)

On the other hand, substituting in (2.14)

T

wawz/ﬂaaM&,

0
dividing it then by the function [ax + Sy + ¢(x,y)] and applying the operator

Y

/(---)dn,

0

we similarly obtain

lug(z,y)] < Qu(t) - t, for (z,y) € Py, t€(0,&). (2.24)
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Summing up (2.23) and (2.24), we obtain
|ux(x,y)| + |Uy($,y)| < Qw(t) -t for (:E,y) € Fta te (0a52) :
By (2.18), this is equivalent with

\ux(az,y)] + ’Uy($,y)| S Qt + max Hua:(xay)’ + |Uy(:13,y)|] )
0<x,y<t

for (x,y) € Py, t € (0,&;). Hence,

max [fus(2, y)| + fuy(z, Yl < @t - max [jus(z,y)| + uy(z, y)ll, € (0,e2).

0<zy<t
The latter inequality and (2.18) lead to

w(t) < Qu(t)-t, for t € (0,¢e9).
Choose the number g € (0, e5) such that Qey < 1/2. Then the latter inequality implies that

w(t)

w(t) < ——=, for t € (0,ep) .

2
Hence, w(t) = 0 for t € (0,&0) . This, (2.6) and (2.18) imply that u(z,y) = 0 for (z,y) € P.,.
U
Lemma 2. ¢, = ¢, in Q5 (I).
Proof. For the sake of definiteness, we assume in this proof that the condition (1.6a) is
fulfilled. The proof in the case (1.6b) is similar. Consider the function h(z,y),

blay) = 2sin | (252 ) (20

Since (¢, — 5) (0,0) = 0, then

1(0,0) = 0. (2.25)
Since both functions ¢, and ¢, are analytic in Qs (I') , it is sufficient to prove that h(z,y) =0
for (z,y) € P, for a number o € (0,1).

Let G (z,y) be the inverse Fourier transform of the function G(z,y) defined in (1.2).
Then

G (z,y) = //f(fﬂ+£,y+77)T(€,77)X($+£,y+n)x(£,n) dédn, (2.26)

where x (§,n) is the characteristic function of the square €. Assuming that (z,y) € Q, we
can rewrite the equality (2.26) in the form

l-z1—y

G (x,y) = / / Fa+ &y + )T (€n) dedn. (2.27)
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Suppose that ¢, (§,1) # ¢, (&,m) in Qs (I'). Recall that fi(£,n7) = explig, (§,1)] and
f2(&§,n) = explip, (§,1)]. Denote g(&,n) = f1(§,n) — f2(§,m). Then (2.27) leads to

11—z 1—y -z 1—y

/ / fi( + €.y + )Ty (6,m) dédn — / / folw &yt m)Ta (€ n)dedn =0 (2.28)
0 0 0 0

Since

= hle+&y+n)-gEn) +g@+&y+n)- (),
then (2.28) implies that

-z 1-y 11—z 1-y

//fl(w+£,y+n)§(€,n)dnd§+//9(x+§,y+n)72(€,n)dnd€=0- (2.29)
0 0 0 0

Consider the second integral in (2.29). Changing variables, we obtain

l—-z1—y

// (o + &y + 1) (€, ) dndé = // € Fs (€ —mn—y)dnds.  (230)

Note that by (1.4) and (1.5) g(§,n) = g(1 — &, 1 —n). Substituting this in the integral in the
right hand side of (2.30) and changing variables (¢',7/) = (1 — &,1 — ), we obtain

/ / 9(E )T (€ — 2y — y) ddt = (2.31)

l—-x1—y
//g &) fo (L= (€ +x), 1= (0 +y))dndg.
0

Since by (1.4) and (1.5) fo (1 — (¢ +2),1— (0 +y)) = f5 (£ + 2,17 + y), then (2.29)-(2.31)
lead to

[en]

l—z1—y

//fl(x—i_é y+n)g (&, n) dnd§ (2.32)

0 0

=

—x1—y

+ / o (z+&y+mn)g(& n)dndé =0, for (z,y) € Q.
0

o —
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It is convenient to make another change of variables (z,y) < (¢/,v') = (1 — 2,1 —y)
and still keep the same notations for these new ones (for brevity). Since by (1.4) and (1.5)
[il—z+&1—y+n)=fix—E&y—mn),j=1,2, then (2.32) becomes

/ / [Fule — &y — mFEm) + Fo (x — £,y — ) 9(E,m)] didé = 0, for (x,) € .

Apply the operator 9,0, to this equality. Note that f; (0,0) = f5(0,0) = 1. We obtain for
(z,y) € Q

xT

o(ey) + 9, y) = — / [Fro (2 — £,0)F(Ey) + o (2 — £,0) (€. )] dé

0

Y

- / [f1(0,y = m)g(x, ) + F2, 0,y — m)g(,m)] dny (2.33)

11

o\

We have A ‘
g = €1 — €92 = (cosp; — oS py) + 1 (Cos p; — cos p,)
— 9sin [ 2271 |sin P11+ ¥ i cos P11+ ¥ '
2 2 2
Hence,
gz, y) = h(z,y) |:Sin (%) —icos (901 ;r %H . (2.34)
Hence,
_ . w1+
9(z,y) +9(x,y) = 2h(z,y) sin [( ) 2) (fv,y)] : (2.35)
Denote

r(z,y) = 2sin {(901;@02) (m,y)} .

Since ,(0,0) = ¢4(0,0) = 0, then the Taylor’s formula implies that the function r(x,y)
can be represented in the form

ri(z,y) = ax + By + q(z,y), (2.36)

where
= ¢1x(07 0) + 90237(07 0)7 ﬁ = Qply(oﬁ O) + SOZy(Oa O) (237)
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and the function ¢(z,y) € C? (Q) satisfies conditions (2.2). By (1.6a) and (2.37)
a, B> 0. (2.38)
Hence (2.35) and (2.36) imply that the function g(z,y) + g(x,y) can be represented as
9(z,y) +9(z,y) = [ax + By + q(z,y)| h(z,y). (2.39)

Consider first two integrals in the right hand side of (2.33). Using the Taylor’s formula,
(2.34) and (2.37), we obtain

— [f1z (x = £,0)7(&,y) + Fau (. — £0) g(&,v)]
= —ip1,(0,0) [1 + 7oz — §)] x

in (2522 (e s (52) (6] - nig+
190, (0,0) [1 + r3(x — €)] x (2.40)

[sin (%-5%) (&,y) —icos (% 5 ) (&, y)] h(&,y)

where functions ro(z), r3(z) € C?[0,1], the function G1(z,y,§) € C? (Q x [0,1]) and r»(0) =
r3(0) = G1(0,0,0) = 0. Similarly

— [f1y 0,y =) Gz, n) + fo, (0,y — n) g(z,n)] = B[+ Ga(x,y,n)] - h(z,n),  (2.41)

where the function Go(z,y,n) € C? (2 x [0,1]) and G»(0,0,0) = 0.
Denote

Kl (xayaf) = [1 + Gl(xayaf)] 7K2 (l‘,y,ﬁ) =1 + GQ(%,Z/ 77)

a0, 006) o= fiay (2= 6o 1)-fsin (2522} ) s (2522 ) (6om)

Famy (o= €= [sin (2522 ) 6o = oo (2522 ) (6o
Thus,
Ki, K, €C?(Qx[0,1]) K3 € C* (2 x Q).

Further, (2.34) and (2.37)-(2.41) imply that the function h(x, y) satisfies the following integral
equation

lax + By + q(z,y)| h(z,y) =

T

Oé/Kl (2,9, ) u (& y) d§+6/Kg (z,y,m) u(z,n)dn (2.42)

0
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+//K3 £y, &) u(€) dnd€, in .

where numbers «, § and functions ¢, K, Ky and K3 satisfy conditions of Lemma 1. Thus,
by Lemma 1 there exists a number o € (0,1) such that h(z,y) =0 for (z,y) € P,. O

Note, however that it does not follow from the proof of Lemma 2 that the function
[z + By + q(x,y)]”" has no singularities at points (z,y) € €, which are located far from
the boundary I'. Hence, it is unclear what does the equation (2.42) imply for these points.
Thus, we should proceed with the proof of Theorem 1.

3 Lemmata

By (1.2)
' G(ft,y):F(l',y)-F(.T,y), V($,y) € R% (31)

Hence, the analytic continuation G(z,y) of the function G(x,y) is

/ F(6me e gy | / F(€ m)eEemdedn| (3.2)
Q Q

Denote F(z,y) = F(z,y). Then one can rewrite (3.2) as

Gl(z,y) = F(z,9)F(2,y). (3.3)

Hence, G(z,y) and F (z,y) are entire analytic functions of the first order of the variable
z € C for every y € R. Since functions Fi(z,y) and Fy(z,y) are analytic with respect to
y € R as functions of the real variable, it is sufficient to prove that Fi(z,y) = Fy(z,y) for
z € C and for every y € (a,b) for an interval (a,b) C R. And this is what is done in this
paper below.

Consider an example of the non-uniqueness, which is sometimes called the “complex
zero-flipping” in the physics literature, see, e.g., [8]. The function F'(z,y) can be represented
in the form [1]

Flz,y) = 2@ o) H < ) exp (ﬁ(y)) , WyeR, (3.4)

where k(y) > 0 is an integer, g(z,y) is a linear function of z and {a,(y)} -, is the set of
zeros of the function F(z,y). Each zero is counted as many times as its multiplicity is.
The integer k(y), the function g(z,y) and zeros {a,(y)}, -, depend on y as on a parameter.
Specific types of such dependencies (e.g., analytic, continuous, etc.) do not affect the rest
of the proof of Theorem 1. Thus, for brevity we will not indicate dependencies of these on
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y in some (but not all) formulas below. Suppose, for example that Ima; # 0. Consider the

function Fy(x,v),
xr — 51

Fi(z,y) = - F(z,y).

(z,y) pra— (z,y)

Note that 3
—b
‘ 6‘21, Vz € R, Wb € C. (3.5)
x_

Hence, by (3.5) |Fi(z,y)| = |F(x,y)| for all (z,y) € R2. In addition, it can be easily shown
that the inverse Fourier transform f, (§,7) of Fi(z,y) has its support in Q. Thus, the most
difficult aspect of the PPO is to determine complex zeros in (3.4).

Lemma 3. For an y € (—00,00) let {a,}.—, C C be the set of all zeros of the function
F(z,y) as indicated in (3.4). Then {a,} - is the set of all zeros of the function ﬁ(z,y)
Thus, F(a,y) =0 < ﬁ(d, y) = 0. The multiplicity of each zero z = a of the function F(z,y)
equals the multiplicity of the zero z = a of the function ﬁ(z,y). The set of zeros of the
function G(z,y) is {an},—, U{@n}.—; -

Proof. Let F(a,y) = 0. This means that

J[ #teme e magan =0,
Q

Consider the complex conjugate of both sides,

~

’ é/ F(& me =t emvndEdn |.—o= é/ F(& m)eevdedn |.—a= F(a,y) = F(a,y).

Further, let z = a be a zero of the multiplicity s. Then differentiating last two formulas
k (1 <k <s) times with respect to z, we obtain the statement of this lemma about the
multiplicity. [J

Lemma 4. For each y € R real zeros of functions Fi(z,y) and Fy(z,y) coincide.

Proof. By (1.9) Gi(z,y) = Ga(z,y),Vz € C,Vy € R. Hence, for any fixed y € R all zeros
(real and complex) of functions G(z,y) and Ga(z,y) coincide. By (3.3) and Lemma 3 the
multiplicity of each real zero x = a of the function G,(z,y) is twice the multiplicity of the
zero x = a of the function Fj(z,y). O

First, consider the problem of the determination of the number k(y) and the function
g(z,y) in (3.4). For a positive integer m denote I,,, = (2mn + 7/2,2mn + 37/2).

Lemma 5. Suppose that there exists a positive number Ny such that for every integer m
> Ny sets of zeros of functions Fy(z,y) and Fy(z,y) coincide for every y € I,,,. Then there
exists a number N > Ny such that for every integer m > N and for every number y € I,
corresponding numbers ki(y) and kq(y) and functions g1(z,y) and g2(z,y) in products (3.4)
for functions Fy and Fy coincide.

14



Proof. Denote .

pi&w = [y Enan (3.11)
By Lemma 2 py(&,y) = pa(€,y) for £ € [0,0) U (1 —6,1]. Hence, we can denote
p(&y) =& y) = p2(§y) for £ €[0,6) U (1 —0,1]. (3.12)
By (1.4)
p(1,y) = p(0,y) (3.13)
and
De (17 y) = —D¢ (07 y) . (314>

Using (1.7), (3.11) and (3.13) we obtain

1
1 , .
E(Zay) = _E (eiw - 1) p(lvy) - /61Z6pj£(§7y)d£ . (315)
0
Hence, -
Fi(z,y) = _ez’z p(1,y) + o(1)], for Imz — oo (3.16a)
and 1
Fi(z,y) = - [p(L,y) +o(1)], for Imz — —oc. (3.16b)

Setting in (3.11) £ := 1, integrating by parts and recalling that f(1,1) = f(0,0) = 1, we
obtain 1
1 —i —i
P == (=) = [ (Lnydn (317
0
Because of the choice of intervals I,,,, we have
e —1| > V2, Yy €I, Ym=12,.. (3.18)

The Riemann-Lebesgue lemma implies that one can choose a positive integer N > Ny so

large that
1

[ememan| <o vye fy> Ny, (3.19)
0
Hence, (3.17)-(3.19) imply that

p(Ly)l >~ Vm >N, Vy€l,. (3.20)

1
Y
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Choose an arbitrary integer m > N. Then zeros of functions Fi(z,y) and Fy(z,y) coincide
for all y € I,,,. Also, (3.16a,b) and (3.20) imply that

—1z

Fi(z,y) = _ez’z p(L,y) (1+0(1)), for Imz— oo,Vy € I, (3.21a)
1
Fi(z,y) = Ep(l,y) (14+0(1)), for Imz— —o0,Vy € I, (3.21Db)
and
p(Ly) #0, Vy € L. (3.22)
Let

= z z
Fi(z,y) = ki (W) 095 (29) (1 _ ) exp ( ) )
’ g an(y) an(y)

Then for all y € I,

Fl(zvy)
log lF2(27y>

On the other hand, by (3.21a) and (3.22)

] = (k1(y) — ka2(y)) log 2z + 91(2,y) — g2(2, ). (3.23)

Fl(zay):|
log | ——=| =o0(1), for Imz — oco,Vy € I,,.. 3.24
¢ |Rip) —o ! 520

Since ¢1(z,y) and go(z,y) are linear functions of the variable z (for every y € R), then
comparison of (3.23) and (3.24) shows that ki (y) — k2(y) = 0 and ¢1(z,y) — g2(z,y) = 0 for
all y € I,,,. U

Lemma 6. There exists a positive number N = N(Fy, Fy) and a positive number T =
T(N) such that for every integer m > N and for every y € I, all zeros of functions Fi(z,y)
and Fy(z,y) are located in the strip {|Im z| < T} .

Proof. Choose a number N = N(Fy, F3) such that (3.19) and (3.20) hold. Let m > N
be an integer. By (3.21a,b) and (3.22) there exists a positive number 7" = T'(N) independent
on m (as long as m > N) such that

I
|F(z,y)] > % Ip(L,y)| #0 for Imz > T,y € I,
and )
|Fj(zvy)| Z m |p(17y)| 7é 0 for Imz S _Tay S ]m
L]

Lemma 7. There exists a positive number N = N(Fy, Fy) such that there exists a positive
number M = M (N) such that for all integers m > N and for every y € I, zeros of functions
Fi(z,y) and Fy(z,y) coincide in {|z| > M} .
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Proof. We use notations of the proof of Lemma 5. Choose a positive number N; =
Ny (Fy, Fy) such that (3.19) and (3.20) are fulfilled. Let 7" = T'(/V;) be the number of Lemma
6. First, we prove that for every integer m > N; and for every y € [,, both functions
Fi(z,y) and Fy(z,y) have infinitely many zeros. Fix an yo € I,,. Let, for example the
function F?(z) = Fi(z,%o) has only a finite number s > 0 zeros in C. Then (3.4) implies that

F(2) = Py(2)e", (3.25)

where v is a complex number and Ps(z) is a polynomial of the degree s. However, by (3.15)
and the Riemann-Lebesgue lemma

hz) = — = | (e — 1) p(Ly0) + 0 (i)} for 7 — o0,z € R. (3.26)

i
Since by (3.20) p(1,y0) # 0, then (3.26) contradicts with (3.25).

The latter and Lemma 6 imply that for every integer m > Ny, for every y € I, and
for each positive number K there exists a zero z;(K) € {|z| > K} N {|Imz| < T} of the
function Fj(z,y). Integrating by parts in (3.15) and using (3.13) and (3.14), we obtain for
every integer m > N; and for all y € [,

—iz - Fj(z,y) = (e‘iz — 1) p(1,y) + % (e‘iz + 1) pe(1,y) (3.27)

1
1

—iz 1 —iz
—= (77 =) pee(liy) + ;/6 $0¢p; (&, y)dE.
0

Lemma 6 tells one that in order to find the asymptotic behavior of zeros of functions
F;(z,y), one should investigate the behavior of these functions at |Re z| — oo with [Im 2| < 7.
Integrating by parts in (3.11) and using (1.5), we obtain

1
1 . .
a?pj<§7y) - _@ (e_ly - 1) aé:f](f, 1) + /e_zynaga'ﬂfj <§777) dn 7k - 07 ]-7 27 3. (328)

0

It follows from (3.12), (3.20) and (3.28) that one can the choose a number M; = M;(N;) so
large that

1 1
p(l,y) + ;pg(l,y)’ > 20 for m > Ny, y € I, |2| > M. (3.29)
? )

Also, (3.20) implies that

! L (o ey | B
p(Ly) +pe(Ly)fiz— p(Ly) (1 Ly 2 ) (3.30)

for m > Ny,y € I, |z| > My, where |p(z,y)| < C. Here and below in this proof C' denotes
different positive numbers which are independent on z € {|2| > 1}N{|Im z| < T}, Ny, No, M,
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(k=1,...,5), complex numbers z; (which are chosen below) and the parameter y € I,,,, as
long as the integer m > N;. Although, in principle at least each function F},j = 1,2 “has
its own” constant C;, but we always choose C' = max(C}, Cy).
By (3.27) and (3.28) we have
—iz F;(Z7 y) =

—iz 1 1
e (p(l,y) + Epa(l,y)> - (p(l,y) — —pe(Ly) + B (z,y)) : (3.31)
Vze{lz] > My} n{|Imz| <T},m> N, and y € I,
where the function B; can be estimated as

C
.
y 2|

|B; (z,9)] < (3.32)

Dividing (3.31) by the function [p(1,y) + pe(1,y)/iz], using (3.29), (3.30) and (3.32), we
obtain for m > Ny,Vy € L, [Imz| < T

2]75(173/) |5

1 -1 .
—iz- F - pa1 —pe(1 —e 1 B. 3.33
iz - Fj(z,y) (p( ,y)+ing( ,y)) e +Z.Zp<1’y> + Bj (2,9), (3.33)

Vze{lz] > My} n{|Imz| <T},m> N, and y € I,

where the function Ej (z,y) satisfies the estimate

(3.34)

Vze{lz] > My} n{|Imz| <T},m> N, and y € L,.

Choose an integer mg > N; and fix a number yo € I,,,,. Let z; € {|z| > M }0{|Ilm 2| < T}
be a zero of the function F} (2, o). Then (3.33) implies that

: 2pe(Lyo) 5

exp(—iz;) =1 — ———2=% — B; (z;,y0) -

! izip(Lyo) 7

Since exp(—iz;) = exp(—iz; +2ins) for any integer s, then there exists an integer n (z;) such
that

: : _ 2pe(Lp0) =
—izj + 2imn (z;) = log (1 " L) B; (z, y0)> : (3.35)
By (1.6a,b)
©¢(0,0) #0 (3.36)
Hence, (1.4), (1.5) and (3.36) imply that
©e(0,0) = —p(1,1) # 0. (3.37)
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Thus, (1.3), (3.17), (3.18), (3.28), (3.37) and the Riemann-Lebesgue lemma imply that one
can choose the number Ny = N, (Fy, F») > N; and

2p€(17 yO)

s = 2011 (14 9 (30) # 0. (3.38)

where ¢(y) is a complex valued function such that
1
l9(y)] < 5, Vm > Na, ¥y € L. (3.39)

Without loss of generality we assume from now on in this proof that the integer mg, which
was chosen after (3.34) is so large that my > N and the fixed number y, € I,,,,. By (3.34),
(3.38) and (3.39) one can choose the number My = My(Ny) > M so large that

oo (1 2Pebyo) 5 _2p(11) =
1 g (1 zzp(l,yo) B] ( ayO)) e (1 + g] ( 7y0)) ) (340)

where the function g; (z,y) is such that

_ 1
195 (. 9)l < 3 (3.41)

Vze{lz| > Mo} {|lmz| < T},Vm > Ny, Vy € I,.
Substituting the right hand side of (3.40) in the right hand side of (3.35) and setting y := yp,

we obtain
; 20¢(1,1)

z; = 2mn (z;) — . (149 (25, v0)) - (3.42)

Since we are concerned in this lemma with the asymptotic behavior of zeros of functions
F;(z,y), then we can assume now that the zero z; € {|z| > My} N {|Im z| < T'} . Choose the
number M3 = M3(Ny) > Mo so large that C/M3 < M;/8. Similarly with the above we now
assume that z; € {|z| > M3} N {|Im 2| < T} . Hence, (3.41) and (3.42) lead to

2¢(1,1) 1+ (z,0))] < < < % (3.43)

I ] <
| m(zj)| — Z] M3 8

On the other hand, since |z;| > Ms, then (3.42) and (3.43) imply that
M; < |z;| < |2mn(z;)| + M3/8. Hence,

7
127 (2;)] > §M3. (3.44)
Combining (3.44) with (3.42) and (3.43), we obtain

2 = 27 () [L+ A, (25, 30)], (3.45)
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where the function \; (z,y) satisfies the following estimate
1
A (2 9)l < =, (3.46)

Vze{lz| > M3} {|lmz| <T},Vm > Ny, Vy € I,,.
It follows from (3.45) and (3.46) that

Re(z;) #0 (3.47a)

and
sgn [Re (z;)] = sgn (n(z;)), (3.47Db)

where sgn(x) =1 if z > 0 and sgn(x) = —1 if 2 < 0 for z € R.
Note that for each above zero z; of the function Fj there exists only one integer n (z;).
Indeed, if there exists a second one n'(z;), then (3.42) implies that

20(L1)

z; =2mn’ (z;) — =
J

(1+9; (2, 90)) -
Subtracting this formula from (3.42), we obtain 27 [0’ (2;) — n(z;)] = 0.

Consider now sgn(Im(z;)). It follows from (3.41)-(3.46) that one can choose a number
My = My(N2) > Ms so large that for any zero z; € {|z| > M, }N{|Im z| < T’} of the function
F;(z,y0) the following equality is true

Im(z;) = — (14 45 (255 90)) - (3.48)

along with (3.47), where the function p; (z,y) satisfies the estimate

1
Vze{lz| > My} {|Imz| <T},Vm > Ny, Vy € I,,.
Since ¢ (1,1) # 0, then (3.47a,b)-(3.49) lead to
Im(z;) #0 (3.50)

and

sgn(Im(z;)) = —sgn [pe(1,1)] - sgn[Re (2))] = —sgn [pe(1, )] - sgn (n(z;)) . (3.51)

We show now that the multiplicity of the zero z; is one, as long as
z; € {|z] > M5} N {|Im z| < T'}, where the number M > M, is chosen below. Since the
formula (3.31) was derived from formulas (3.27) and (3.28), then (3.31) can be rewritten in
the form
—1z - Fj(’z7 y) =
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s (p(l,y) + épg(Ly)) - (p(l,y) - %pg(lyy)) (3.52)

5 (D pelLn) + 2 [
0
Vze{lz| > My} {|[Imz| <T},Vm > Ny, Vy € I,,.

Differentiating both sides of the formula (3.52) with respect to z, setting then m := my,y :=
Yo,z = zj € {|z| > My} N{|Im 2| < T} and assuming that F;(z;,y0) = 0.Fj(zj,v0) = 0, we
obtain

. 1 Hi(z:,y
exp (—iz;) (p(l,yo) + .—pg(Lyo)) = j(—jZ)O) (3.53)
tzj Yoz;
where the function H;(z,y) satisfies the estimate
[H;(z,y)| < C, (3.54)

Vze{lz] > My} n{|Imz| <T},Vm > Ny, Vy € I,.
Hence, dividing (3.53) by (p(1,v0) + pe(1,%0)/i2;) and using (3.29) and (3.54), we obtain

H. (z:
exp (—iz;) = =5 (jé’y°)7 (3.55)
J

where the function H (2, y) satisfies the following estimate
’ﬁj(z,y)’ <c. (3.56)

Vze{lz| > My} {|Imz| <T},Vm > Ny, Vy € I,.

Since |exp (—iz;)| > exp (—|Im (2;)|) and |z;| > My, then replacing in (3.43) Mz with My,
we obtain |exp (—iz;)| > exp (—C/My) . Hence, (3.55) and (3.56) imply that

C C

— > — . .07

M; _exp( M4> (357)
Choose a number My = Ms (N3) > M, so large that

C 1 C

Again, we can assume (similarly with the above) that z; € {|z| > Ms} N {|Im 2| < T}. On
the other hand, it follows from (3.57) that if the multiplicity of the zero z; is greater than 1,

then one should have C C
_— > exp|—— ). .59
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Inequalities (3.58) and (3.59) contradict with each other. This contradiction proves that the
multiplicity of the zero z; is 1, as long as z; € {|z| > M5} N {|Im 2| < T’} .

Set now N = N(Fy,Fy) := Ny and M = M(N) := M;. For the sake of definiteness,
let j = 1. Consider the zero z; € {|z| > M} N {|Imz| < T} of the function Fi(z,y), i.e.,
Fi(z1,90) = 0. We are going to prove now that Fy(z1, ) = 0, which would be sufficient for
the validity of Lemma 7. By (1.9) and (3.3) Fy(z1,y0)- Fi (21, 90) = Fa(z1,50) - Fs (21, 90) = 0.
Suppose that Fy(z1,y0) # 0. Then 28 (21,40) = 0. Hence, Lemma 3 implies that F5(Z1,yo) =
0. Since Rez; = ReZ, then (3.47a) implies that Rez; = ReZz; # 0. Formulas (3.50) and
(3.51) are valid for any zero z; € {|z| > M} N {|Im z| < T'} of the function F; for j = 1,2.
Denote z; := Z;. Then Fy(29,y0) = 0. Hence, using (3.50) and (3.51), we obtain

Im(z;) # 0 and sgn(Im(z1)) = —sgn [¢c(1,1)] - sgn (Re z1) .
But since Fi(z1,y0) = 0, then formulas (3.50) and (3.51) are also true for 2, i.e.,
Im(z1) # 0 and sign(lm(z)) = —sgn [e(1,1)] - sgn (Re z1) .

Thus, we have obtained that Im(z1) - Im(Z;) # 0 and sign(Im(z1)) = sgn(Im(z;)), which is
impossible, since Im(z;) = —Im(Z;). This proves that Fy(z1,y0) = 0. O

4 Zeros In {|z| < M}

Both in this and next sections numbers N = N (Fy, Fy) and M = M(N) are those, which
were chosen in Lemma 7. Let m > N be an integer. Fix an arbitrary number y; € I,,,. So,
in both sections 4 and 5 we assume that y = y; and do not indicate the dependence on the
parameter y (for brevity), keeping in mind, however that this dependence exists. Recall that
we assume the existence of two functions f; (£,7) and f3 (§,7), which correspond to the same

function G in (1.2). Hence, (1.9) and (3.3) imply that
Fi(z)-Fy (z) = Fy(z) - Fy(2),Vz € C. (4.1)

Let ®(2),z € C be an entire analytic function. Denote Z(®) the set of all zeros of this

function. Also, denote
Z(M,®) = Z(®) N {|z] < M},

Zy(®) = Z(®) N {Imz = 0},
Z,(M,®) = Z(M,®) N {Im = > 0}

and
Z_(M,®)=Z(M,®)N{Imz < 0}.

Using Lemma 4, we obtain
Zo (F) = Zy (Fy) . (4.2)
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By Lemma 7
Z(FO)NZ(M, Fy) = Z(F)\Z(M, F3). (4.3)

Hence, Lemma 5 and (4.2) imply that in order to establish Theorem 1, it is sufficient to
prove that

Z (M, Fy) = Z, (M, F») (4.4)
and
Z_(M,F)) = Z_(M,F) (4.5)
Let
{an}p, = Zo (M. Fy) and {b}2, = Z, (M, Fy). (4.6)

In both cases each zero is counted as many times as its multiplicity is. Consider functions
By (z) and By (2),

ni —
Z — Q

B (2) = Fi(:) ][ 2 (4.7
k=1
By () = o) J] 2o (1)
2(2) = I 15— b :
The main result of this section is
Lemma 8. Z (By) = Z (Bs) .
Proof. By (4.2) and (4.6)-(4.8)
Zoy (By) = Zy (Bs) (4.9)
and
Zy (M,By) =27, (M,B,) = 2. (4.10)
Also, it follows from (4.3) and (4.6)-(4.8) that
Z(B1)N\Z(M, By) = Z(Bs)\Z(M, Bs). (4.11)
Thus, (4.9)-(4.11) imply that all what we need to prove in this lemma is that
Z_(M,By) =Z_(M,Bs). (4.12)
Let
(et = Z- (M, By). (4.13)

In (4.13) we count each zero ¢ of the function B; as many times as its multiplicity is. The
main idea of this proof is to show that a combination of Lemma 3 and (4.1) with (4.7) and
(4.8) leads to

(@i, € Z- (M. By). (4.14)

To establish (4.14), we should consider several possible cases for zeros {¢;};_, . Consider
the zero ¢, € Z_ (M, By) . Either Fi(c;) = 0 or Fi(c1) # 0. We consider both these cases.
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Case 1. Assume first that
Fl(Cl) = 0 (415)

By (4.1) and (4.15) at least one of the two equalities (4.16), (4.17) takes place,
Fy(cr) =0, (4.16)

F\Q(Cl) = 0. (417)

Assuming that (4.15) is true, consider cases (4.16) and (4.17) separately. We denote them
C11 and Cyy respectively.

Case C;;. Suppose that (4.16) is true. Since by (4.13) Ime¢; > 0, then ¢ €
Z, (M, F,). Let, for example ¢; = b;. Then ¢, = b,. Therefore, ¢, is present in the nominator
of the first term of the product in (4.8), which implies that By (¢;) = 0. Hence,

e € Z_ (M, By). (4.18)
Case C;3. Assume that (4.16) is invalid, i.e.,

Fy(c1) #0. (4.19)

Then (4.17) holds. Because of (4.19), the number ¢; is not present in denominators of
the product in (4.8). On the other hand, (4.1), (4.15), (4.19) and Lemma 3 imply that
F5(¢1) = 0. Hence, by (4.8) By (¢1) = 0, which implies (4.18).

Thus, the assumption (4.15) led us to (4.18) in both possible cases C;; and Cio. Consider
now the Case 2, which is opposite to the Case 1.
Case 2. Suppose that

By (4.13)
Bi(¢1) = 0. (4.21)

Since Im¢; > 0, then (4.20) implies that ¢; ¢ Z, (M, Fy), which means that ¢, is not present
in nominators of the product in (4.7). Hence, (4.7) and (4.21) lead to Fi(¢;) = 0. Hence,
by (4.1) at least one of the two equalities (4.22), (4.23) takes place

Fy(@1) =0, (4.22)

Fy(1) = 0. (4.23)

Assuming that (4.20) is true, consider cases (4.22) and (4.23) separately. We denote these
two cases Cq; and Csyy respectively.
Case C,;. Suppose that (4.22) is true. Since Im¢; < 0, then ¢; is not present in
denominators of the product in (4.8). Hence, By (¢;) = 0. This means that (4.18) is true.
Case Cy. Assume now that (4.22) is invalid. Hence, (4.23) holds. Hence, Lemma
3 implies that (4.16) holds (note that we cannot now refer to the above case Cyy, because
being “inside of Case 2”, we do not assume that (4.15) is valid). Since Ime; > 0, then
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(4.16) means that ¢; € Z, (M, Fy). Let, for example ¢; = b;. Hence, ¢ = by. Therefore,
¢ is present in the nominator of the first term of the product in (4.8), which implies that
Bs (¢1) = 0. This means that (4.18) is true.
Thus, the conclusion from Cases 1 and 2 is that (4.18) holds.
We show now that
Co € Z_ (M,Bsy). (4.24)

Hence, using (4.13) and (4.18), we obtain that

By (2 By(z
311(2) = > 1—(6)1 and le(z) = > 2—(5)1 (425)
are entire analytic functions. Also, by (4.13) and (4.25)
{Ck}tomy = Z (M, Bn). (4.26)

It follows from (4.25) that in order to prove (4.24), it is sufficient to prove that
¢ € Z_ (M, By). (4.27)

We again consider two possible cases.

Case 3. Suppose that (4.15) is true. Because of (4.1) and (4.15), at least one of
equalities (4.16) or (4.17) holds. We again consider cases (4.16) and (4.17) separately and
denote them Csz; and Csy respectively. Since (4.15) holds, we can assume that ¢; = a;.

Case Cj;. Suppose that (4.16) holds. Let, for example ¢; = a; = b;. Introduce
functions Fi;(2) and Fy(2) by

(4.28)

Since Fi(a1) = Fy(ay) = 0, then Fji(z) and Fy(z) are entire analytic functions. Hence,
Zy (M, F1) = {ar};l, and Zy (M, Foy) = {bp};2,. It follows from (4.7), (4.8), (4.15),
(4.25), and (4.28) that formulas for functions Bj;(z) and By (z) can be written as

ni _ ng

Z—a z—b
Bi(z) = Fu() ][] — a’“ and By (2) = F(2) [ ] — b’“ (4.29)
k=2 k k=2 k
Note that by (4.28)
. _ Fi(z - — Fy(z
FH(Z):FH (Z): Zl(a) and F21(2)2F21 (2): ZQ(E)
—ay —a

Hence, R
Fy(z) - F;(2)

) Fn(2) = (z—a1)(z —a1)
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Hence, (4.1) leads to
FH(Z) . FH(Z) = FQI(Z) . F21(2>. (430)

Relations (4.15), (4.25), (4.26) and (4.28)-(4.30) enable us to repeat arguments of the above
Case 1 replacing ¢, with €, Bi(z) with By1(z), Ba(z) with By (2), Fi(z) with Fi1(z), and
Fy(z) with Fy;(2). Thus, we obtain (4.27), which, in turn leads to (4.24).

Case Cj;. Assume now that (4.16) is invalid. Then (4.17) holds. Since we are still
“within Case 3", then ¢; = a;. Hence, (4.17) and Lemma 3 imply that F} (@) = 0. Introduce
entire analytic functions Fio(z) and Fpa(z) as

Fia(z) = 51_(27 Fya(z) = ZFQ_(;)I. (4.31)
Then ~
Fja(2) - Fia(2) = (ZFE(SB)‘(?EZ;)'
Hence, (4.1) implies that R R
Fia(2) - Fia(2) = Fuo(2) - Foa(2). (4.32)

Hence, using (4.7), (4.8), (4.15), (4.25), and (4.31), we conclude that formulas for functions
By1(z) and Bs;(z) can be written as

ni

BH(Z) = F12(Z) H

k=2

Therefore, relations (4.15), (4.25), (4.26), and (4.31)-(4.33) enable us to repeat arguments

of the above Case 1 replacing ¢, with ¢, Bi(z) with By(2),B2(2z) with By (2), Fi(z) with
Fi5(z), and Fy(z) with Fy(z). This leads to (4.27), which, in turn implies (4.24).

Thus, both cases Cs; and Csy led us to (4.24). This proves that if Fi(c;) = 0, then

Gy € Z_(M,Bs) . The alternative (to the Case 3) Case 4 with Fi(c¢;) # 0 is considered

similarly. The only difference is that instead of Case 1 we should refer to Case 2 for the

repetition of the arguments. Thus, we have established that both zeros ¢;,¢ € Z_ (M, Bs) .

To prove that ¢3 € Z_ (M, Bs), we need to consider entire analytic functions

Bu(z) = BB nd By = Bul2)

2z — Cy Z — Cy

n2

and Bgl(Z) = FQQ(Z) H
k=1

Z—ak Z—bk

(4.33)

Z — ag z— by

and repeat the above. Therefore, repeating this process, we obtain (4.14). Hence, (4.13)
and (4.14) lead to Z_ (M, B,) C Z_ (M, Bs). Similarly, Z_ (M, By) C Z_ (M, Bs). Thus,
(4.12) is true. O

Consider now zeros of functions Fy (z) and F5(z) in {Imz < 0}N{|z| < M} . Let {a}},*, =
Z_(M,Fy) and {b.};*, = Z_(M, F5). Similarly with (4.7) and (4.8) we introduce functions
B (z) and By (z) by

_ z a Z—Z_)
By () =F(2) [ o afC and By (2) = Fa(2) - [] Z_big
k=1 k k=1 k



Lemma 9. 7 (Bf) = Z(Bg) .
We omit the proof of this lemma, because it is quite similar with the proof of Lemma 8.

5 Proof of Theorem 1

We recall that in this section numbers N = N (Fy, Fy) and M = M(N) are those, which
were chosen in Lemma 7, m > N is an integer, an arbitrary number y; € I, is fixed, and
we set y := y;. So, for brevity we do not indicate in this section the dependence on the
parameter y. It was established in the beginning of section 4 that in order to prove Theorem
1, it is sufficient to proof (4.4) and (4.5).

By (1.8), (1.9), (3.5), (4.7) and (4.8) |By(z)|* = |Bs(z)|?, V& € R. Hence, lemmata 5
and 8 imply that the function g(z) and the integer k in analogs of infinite products (3.4)
for functions B; and B, are the same for both these functions. Hence, Lemma 8 and (3.4)
imply that B;(z) = Ba2(z),Vz € C. Hence, (4.7) and (4.8) lead to

ni

Fi(z) + (H FT O 1) Fi(z) = Fy(2) + (H = Zk’ - 1) Fy(2),Vz € C. (5.1)

Z—Qa
k=1 k

Set in (5.1) z := x € (—o0,00) and apply the inverse Fourier transform with respect to z,

o0

1 ,
- (223
o (..)e"dx.

—00

We can write each of functions

Qi(x) = [Hi:zi - 1] and Qs(x) = [Hijzz - 1]

k=1

as a sum of partial fractions, i.e., as a sum of

Dsk .
——, Imd, >0, j=1,..,t, t<
(ZL‘ — dk)s7 m ay, y J y e by = max(nl, n2)
with certain constants Dy, where dy € Z, (M, Fy)U Z, (M, F»). The theory of residuals [1]
implies that

[e.e]

1 iy — RN
Z e = H () P (0, 52

where H () =1 for £ > 0 and H (£) = 0 for £ < 0 is the Heaviside function and Ps_; (§) is
a polynomial of the degree s — 1.
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Let Vi(§) and V5(§) be the inverse Fourier transforms of functions ((x) and @Qa(x)
respectively. By (5.2) Vi(€) = V2(§) = 0 for € < 0. Thus, (5.1) and (5.2) imply that

3 I3
B (6) + / BL(E—0) Vi (0)dB =7 (€) + / P (€ — 6) V2 (6) do. (5.3)

0 0

where functions py (§) and p; (§) are defined as p1 (§) = p1 (& y1) P2 (§) = p2 (&, 11)
functions p; (§,y) and ps (§,y) were defined in (3.11). By (3.12) p; (§) = p2 (§) := p (&) for
€ €(0,0). Denote W (&) = Vi(&) — V5(€). Hence, (5.3) leads to

3
/ﬁ(g —OW(0)dd =0, £€(0,5). (5.4)

0

Differentiate (5.4) with respect to £ and note that by (3.13) p(1) = p(0) and by (3.22)
p(0) # 0. We obtain the following Volterra integral equation with respect to the function

W (&)
1
p(0)

Hence, W (§) = 0 for € € (0,6) . Since the function W (§) is a linear combination of functions
P, (€) e for € > 0, then W (€) is analytic with respect to € € (0, 00) and can be continued
in C as an entire analytic function W(z). Therefore, W (z) = 0 for all z € C. Hence,
Zy (M, Fy) = Z, (M, Fy), which proves (4.4). We omit the proof of (4.5), since it can be
carried out quite similarly via the use of Lemma 9 instead of Lemma 8. [J

3
W (E) + /]’5(5 OV W (B)do =0, €€ (0,0). (5.5)
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