EUCLIDEAN GIBBS MEASURES OF QUANTUM
ANHARMONIC CRYSTALS

YURI KOZITSKY AND TATIANA PASUREK

ABSTRACT. A lattice system of interacting temperature loops, which is used in
the Euclidean approach to describe equilibrium thermodynamic properties of
an infinite system of interacting quantum particles performing v-dimensional
anharmonic oscillations (quantum anharmonic crystal), is considered. For this
system, it is proven that: (a) the set of tempered Gibbs measures G' is non-
void and weakly compact; (b) every u € G* obeys an exponential integrability
estimate, the same for the whole set G'; (c) every u € Gt has a Lebowitz-
Presutti type support; (d) G' is a singleton at high temperatures. In the case
of attractive interaction and v = 1 we prove that at low temperatures the
system undergoes a phase transition, i.e., |G*| > 1. The uniqueness of Gibbs
measures due to strong quantum effects (strong diffusivity) and at a nonzero
external field are also proven in this case. Thereby, a complete description
of the properties of the set G' has been done, which essentially extends and
refines the results obtained so far for models of this type.
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1. INTRODUCTION

Concepts and methods of probability theory constitute an important part of
the mathematical background of statistical mechanics (quantum and classical). A
special connection between quantum statistical mechanics and probability theory
arises from the fact that the imaginary time evolution of quantum systems, respon-
sible for its thermodynamics, can be described in terms of stochastic processes®.
The research presented in this article is intended to contribute to the mathematical
theory of quantum anharmonic crystals based on the properties of the correspond-
ing stochastic processes. Quantum anharmonic crystals are the models describing
structural phase transitions in ionic crystals triggered by ordering of interacting
localized light quantum particles. Each such particle moves in a crystalline field
created by steady heavy ions, which has at least two minima. These minima cor-
respond to different equilibrium phases in which the system may exist at the same
values of the parameters determining its macroscopic properties, e.g., temperature.
A mathematical model of the particle mentioned is the quantum anharmonic oscil-
lator with the multiple minima of the potential energy. The quantum anharmonic
crystal itself is a countable set of interacting quantum anharmonic oscillators la-
beled by the elements of a crystalline lattice L.

A complete description of the equilibrium thermodynamic properties of infinite
particle systems may be made by constructing their Gibbs states at a given temper-
ature and given values of the model parameters. Then the phase transition occurs
if the set of such states consists of more than one element. Gibbs states of quan-
tum models are defined as positive normalized functionals on proper algebras of
observables satisfying the Kubo-Martin-Schwinger (KMS) conditions, see [20]. But
for the quantum anharmonic crystal, this method does not work since the KMS
conditions cannot be formulated for the model as a whole (see the corresponding
discussion in [4]). An alternative way of constructing the Gibbs states of models of
this type was initiated in [1, 34, 38]. It uses the fact that the Schrédinger operators,
H'’s, of finite systems of quantum particles generate stochastic processes. Then the
description of the Gibbs states of such systems, based on the properties of the semi-
groups exp(—7H), 7 > 0, is translated into ‘a probabilistic language’, which opens
the possibility to apply here various techniques from this domain. In this language
the model we consider is a spin lattice over L. = Z%, d € N, with the single-spin
spaces equal to the space of v-dimensional continuous loops v € N, indexed by [0, 5],
B~1 =T > 0 being absolute temperature. Each single-spin space is equipped with

!See Introduction in [72].
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the path measure of the §-periodic Ornstein-Uhlenbeck process, corresponding to
the harmonic part of the Schrodinger operator of a single oscillator, multiplied by a
density determined by the anharmonic term by the Feynman-Kac formula. Finite
subsystems are described by conditional probability measures, which through the
Dobrushin-Lanford-Ruelle (DLR) formalism [32, 65] determine the set of Euclidean
Gibbs measures G*. This approach in the theory of Gibbs states of quantum models
is called Euclidean due to its conceptual analogy with the Euclidean quantum field
theory, see [33, 71]. An extended presentation of this approach may be found in
[4, 8, 10, 11]. Among the achievements of the Euclidean approach one can mention
the settlement in [2, 3, 5, 6, 45] of a long standing problem of understanding the role
of quantum effects in structural phase transitions in quantum anharmonic crystals,
first discussed in [69], see also [64, 75, 76].

This article presents a detailed mathematical theory of the quantum anharmonic
crystal. We consider a very general version of this model and give the most complete
description of the set of its Euclidean Gibbs states. These results are obtained by
means of a technique based on probabilistic methods, which we develop in the
article. Our technique may be applied to other models of this type describing
interesting physical phenomena, such as strong electron-electron correlations caused
by the interaction of electrons with vibrating ions [28, 29] or effects connected
with the interaction of vibrating quantum particles with a radiation (photon) field
[35, 37, 60]. We believe it can also find applications outside of mathematical physics.

In Section 2 we introduce the object of our study — a system of interacting
quantum oscillators, finite subsystems of which are described by their Schrodinger
operators. We do not suppose that the system is translation invariant or that
the inter-particle interaction has finite range. In this section we also introduce the
spaces of temperature loops and the probability measures on these spaces describing
the stochastic processes generated by the corresponding Schrédinger operators. By
means of such measures we define the set of tempered Gibbs measures G' as the
set of probability measures on the loop spaces which obey the DLR condition.
A preliminary study of the elements of G' is also performed in Section 2. At
the very end of this section we give a brief overview of the basic elements of the
FEuclidean approach in which infinite systems of quantum particles are described
as systems of interacting diffusion processes. In Section 3 we formulate the results
of the paper, which fall into two groups. The first one consists of Theorems 3.1
— 3.4. They describe the general case where the inter-particle and self-interaction
potentials obey natural stability conditions only. Theorem 3.1 states that the set
G* is non-void and weakly compact. Theorem 3.2 gives an exponential integrability
estimate for the elements of G*. According to Theorem 3.3 the support of the
elements of G is of the same type as the one obtained in [17, 54] for systems of
classical unbounded spins. We call it a Lebowitz-Presutti support. Theorem 3.4
gives a sufficient condition for G* to be a singleton formulated as an upper bound
for the inverse temperature (i.e., high temperature uniqueness). The second group
of theorems describe the case where the inter-particle interaction is attractive and
v = 1, i.e., the oscillations of quantum particles and hence the temperature loops
are one-dimensional. In this case one can set an order on G' — the FKG order,
see [65]. Theorem 3.5 states that G' has unique maximal and minimal elements
with respect to this order and describes a number of properties of these elements.
Theorem 3.6 gives a sufficient condition for the existence of phase transitions, i.e.,
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for |G*| > 1. Theorem 3.7 describes the so called quantum stabilization, which
may also be interpreted as a stabilization of the system of interacting diffusions by
large diffusion intensity. The stabilization means that |G'| = 1 at all temperatures.
It holds under the condition which involves the inter-particle interaction intensity
and the spectral parameters of the Schrodinger operator of a single anharmonic
oscillator. On a certain example we compare the conditions which guarantee the
phase transition to occur with those of quantum stabilization. Finally, Theorem 3.8
states that G' is a singleton at nonzero values of the external field. It holds under
certain additional conditions imposed on the model. Extended comments on these
theorems, which include comparison with the results known for similar models,
conclude Section 3. The main technical resources for proving the above theorems
are developed in Section 4. They are based on moment estimates for conditional
local Gibbs measures (these measures define the Euclidean Gibbs measures through
the DLR equation). The proof of Theorems 3.1 — 3.4 is performed in Section 5.
Theorems 3.5, 3.6, and 3.7 are proven in Section 6. The proof is mainly based on
correlation inequalities, taken from [4] and presented at the beginning of the section.
By means of these inequalities we compare our model with two reference models.
One of them is translation invariant and with nearest-neighbor interactions. It
is more stable than our model. We prove that this reference model undergoes a
phase transition, which implies the same for the model considered and hence proves
Theorem 3.6. Another reference model is less stable than the one we consider but
is more regular in a certain sense. We prove that this reference model is stabilized
by strong quantum effects, which implies the stabilization for our model and hence
proves Theorem 3.7. Section 7 is devoted to the proof of Theorem 3.8. Here we
employ analytic methods based on the Lee-Yang property of the version of our
model studied in this section.

2. DLR FORMALISM FOR EUCLIDEAN GIBBS MEASURES

The infinite system we consider is defined on the lattice . = Z9, d € N. Subsets
of L are denoted by A. As usual, |A| stands for the cardinality of A and A¢ — for
its complement L\ A. We write A € L if A is non-void and finite. By £ we denote
a cofinal (ordered by inclusion and exhausting the lattice) sequence of subsets of
L. Limits taken along such £ are denoted by lim;. We write lima -, if the limit
is taken along an unspecified sequence of this type. If we say that something holds
for all £, we mean that it holds for all £ € LL; expressions like ), mean ) ,.; . By
(-,-) and | - |, we denote the scalar product and norm in all Euclidean spaces like
R”, R?, ect; Ny will stand for the set of nonnegative integers.

2.1. Loop spaces. Temperature loops are continuous functions defined on the
interval [0, 3], taking equal values at the endpoints. Here 37! = T > 0 is absolute
temperature. One can consider the loops as functions on the circle Sg = [0, 5] being
a compact Riemannian manifold with Lebesgue measure dr and distance

(2.1) 7 — 7|3 def min{|r — 7| ; B— |7 —7|}, 7,7 € Y.

As single-spin spaces at a given ¢, we use the standard Banach spaces

Cs = C(Sg—RY), C§ = C(S5—RY), 0€(0,1),
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of all continuous and Holder-continuous functions wy : S3 — R” respectively, which
are equipped with the supremum norm |w|c, and with the Holder norm

/
(2.) welog = wrle, +  sup el ()]
7,7'€Sp, TET' ‘7_ T |5

Along with them we also use the real Hilbert space L% = L%(Sz — R”,dr), the
inner product and norm of which are denoted by (-, -) L3 and || 3 respectively. By
B(Cps), B(L3) we denote the corresponding Borel o-algebras. In a standard way
one defines dense continuous embeddings C§F — Cp — L2, that by the Kuratowski
theorem, page 21 of [62], yields

(2.3) Cp € B(L3) and B(Cs) = B(L3) N Cp.

The space of Holder-continuous functions CF is not separable, however, as a subset
of C or L3, it is measurable (page 278 of [66]). Given A C L, we set

(24) 2\ = {wA = (u}g)ge/\ ‘ wy € Cﬁ}, =10 = {w = (W@)gE]L | wy € Cg}.

These loop spaces are equipped with the product topology and with the Borel
o-algebras B(£2y). Thereby, each {24 is a Polish space; its elements are called con-
figurations in A. In particular, {2 is the configuration space for the whole system.
For A C A’, one can decompose wpr = wp X wpna, which defines the embedding
) — 2 by identifying wy € 2y with wy x 0ana € 4. By P(£2,) and P(12) we
denote the sets of all probability measures on ({25, B(f24)) and (£2, B({2)) respec-
tively.

2.2. Quantum oscillators and stochastic processes. A v-dimensional quan-
tum harmonic oscillator of mass m > 0 and rigidity @ > 0 is described by its
Schrédinger operator

2

har 1 - 0 a 2

(2.5) Hi™ = “om Z (W) + §|$e| )
j=1 L

acting in the complex Hilbert space L?(R”). The operator semigroup exp(—7H}2"),
7 € [0, A], defines a Gaussian 3-periodic Markov process, called periodic Ornstein-
Uhlenbeck velocity process, see [42]. In quantum statistical mechanics it first ap-
peared in R. Hgegh-Krohn’s paper [38]. The canonical realization of this process
on (Cgs,B(Cp)) is described by the path measure which one introduces as follows.
In L% we define the following self-adjoint (Laplace-Beltrami type) operator

d2
(2.6) A= (—md7_2 + a> @I,
where I is the identity operator in R” and m, a are as in (2.5). Its spectrum
consisting of the eigenvalues
(2.7) M =m(27k/B)? +a, ke

As the inverse A™! is of trace class, the Fourier transform

(2.8) /L

exp0,0) 3 () = exp { -3 (4000 . o€ 13

2
B
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defines a Gaussian measure x on (L3, B(L3)). Employing the eigenvalues (2.7) one
can show (by Kolmogorov’s lemma, page 43 of [72]) that

(2.9) x(C§) =1, foralloe(0,1/2).

Then x(Cg) = 1 and by (2.3) we can redefine x as a probability measure on
(Cg,B(Cp)). An account of the properties of x may be found in [4]. By Fernique’s
theorem (Theorem 1.3.24 in [22]) the support property (2.9) yields the following

Proposition 2.1. For every o € (0,1/2), there exists Ay > 0 such that
(2.10) / exp ()\U|U|ZCg) x(dv) < o0.
L2
B

Given A € L, the system of interacting anharmonic oscillators located in A is
described by the Schrodinger operator

(211)  Hx = g\ [H}™ + Vi(xe)] — éf,lZG:A Jo (w1, 20)
1 - o\
= 5 ;@:\; <8x§j)> + Walza), @a = (@e)eea-
In the latter formula the first term is the kinetic energy; the potential energy is
(2.12) Waaa) =~ MZ/;A Juwtansee) + 3 o/l + Vi)

The self-interaction potentials V; and the dynamical matrix (Jp )L« with the
entries

(2.13) Jue=0, Jw=Jy €R, L0 cL,
are subject to the following

Assumption 2.2. All V; : R” — R are continuous and such that Vy(0) = 0; there
exist v > 1, Ay > 0, By € R, and a continuous function V : R¥ — R, V(0) = 0,
such that for all ¢ and z € R¥,

(2.14) Av\x|2r + By <Vi(z) <V(x).
We also assume that

(2.15) Jo & s%pz | Jeer| < o0
Z/

The lower bound in (2.14) is responsible for confining each particle in the vicinity
of its equilibrium position. The upper bound is to guarantee that the oscillations
of the particles located far from the origin are not suppressed. An example of Vj
to bear in mind is the polynomial

(2.16) Ve(z) = > 67|z — (h,z), b7 €R, r>2,
s=1

in which h € R” is an external field and the coefficients bf) vary in certain intervals,
such that both estimates (2.14) hold.
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Under Assumption 2.2 Hy is a self-adjoint below bounded operator in L?(R¥IA!)
having discrete spectrum. It generates a positivity preserving semigroup, such that

(2.17) tracelexp(—7Hy)] < oo, for all 7 > 0.

Thus, for every 5 > 0, one can define the associated stationary g-periodic Markov
process possessing a canonical realization on (25, B(£24)). It is described by the
measure pup € P(£2,) which marginal distributions are given by the integral kernels
of the operators exp(—7H,), 7 € [0, 5]. This means that

(2.18)  trace[Fye~(mmHApp= () Ha L B o= (Tari=Ta) Ha fraceeAHA|
- / Fileon(m) - Fa(a(m)pa (o),
(N

for all Fy,...,F, € L*(R"™), n € Nand 7,...,7, € Sg such that ; < -+ <
Tn < B, Tny1 = 71 + . And vice verse, the representation (2.18) unlquely, up
to equivalence, defines Hy (see [41]). By means of the Feynman-Kac formula the
measure pp is obtained as a Gibbs modification

(2.19) MA(dWA) = exp {—IA(LUA)}XA(de)/ZA,
of the ‘free measure’
(2.20) Aldwp) = H x(dwy).
LeEN
Here
(2.21) Iz (wp)=— = Z Jeor (we, wyr) 2 -I-Z/ Vo(we (T
M’eA LA

is the energy functional describing the system of interacting loops wy, £ € A, whereas
(2.22) ZA = / eXp{—IA(WA)}XA(de)7
04

is the partition function. The measure uy will be called a local Gibbs measure,
where local means corresponding to a A € L. Further details on the relations
between stochastic processes and systems of quantum oscillators are given in sub-
section 2.5.

Thereby, our system of interacting anharmonic oscillators is described by the
Schrodinger operators (2.11), defined for all A € L, or equivalently by the path
measures (2.19). They involve the parameters of the harmonic oscillator m, a,
the self-interaction potentials V;, and the dynamical matrix (Jg)Lx1 subject to
Assumption 2.2. We refer to these objects, both the Schrédinger operators Hp and
the measures pp, as to the model we consider. Its particular cases are indicated by
the following

Definition 2.3. The model is ferromagnetic if Jgor > 0 for all £,¢'. The interaction
has finite range if there exists R > 0 such that Jy = 0 whenever |[£—{'| exceeds this
R. The model is translation invariant if Vo =V for all £, and the matriz (Jop )LxL
is invariant under translations of the lattice.

If V, = 0 for all ¢, the model is known as a quantum harmonic crystal. It is stable
if Jyg < a; in this case the set of Gibbs measures is always a singleton. Unstable
harmonic crystals, i.e., the ones with Jy > a, have no Gibbs states at all, see [44].
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2.3. Tempered configurations. Above we have translated the description of fi-
nite systems of quantum oscillators into the language of probability measures on the
loop spaces 2y, A € L. In order to construct the Gibbs measures corresponding to
the whole infinite system we use the Dobrushin-Lanford-Ruelle (DLR) approach,
based on local conditional distributions. This approach is standard for classical
(non-quantum) statistical mechanics, see the books [32, 65]. However, in our case
the single-spin spaces are infinite-dimensional and hence their topological proper-
ties are much richer. This fact manifests itself in a more sophisticated structure of
the DLR technique we develop here.

To go further we have to define functions on loop spaces {2y with infinite A,
including the space {2 itself. Among others, we will need the energy functional
IA(+|€) describing the interaction of the loops inside A € L between themselves and
with a configuration £ € {2 fixed outside of A. In accordance with (2.11) it is

(2.23) INw§) =Ia(wa) = Y. Ju (we, §0)pz, we 2,
LEA, EAC

where I, is defined by (2.21). Recall that w = wp X wpe; hence,

(2.24) IA(w|§) = Ip(wa X OAc‘OA X Epc).

Clearly, the second term in (2.23) makes sense for all £ € {2 only if the interaction
has finite range. Otherwise, one has to restrict £ to a subset of {2, naturally defined
by the condition

(2.25) VeelL: > | ewr| - [(we, &)z | < oo,
el
that can be rewritten in terms of growth restrictions on {|§g|L% }eeL, determined by

the decay of Jy (c.f., (2.15)). Configurations obeying such restrictions are called
tempered. In one or another way tempered configurations always appear in the
theory of system of unbounded spins, see [17, 21, 54, 61]. To define them we use
weights.

Definition 2.4. Weights are the maps w,, : L x L — (0, 400), indexed by
(2.26) acel=(a,@), 0<a<a<+oo,
which satisfy the conditions:

(a) forany a €T and L, wo(£,€) = 1; for any « € T and 1,42, 3,
(2.27) We (01,02) - wa (b2, l3) < we(l1,03) (triangle inequality),

(b)  for any a,a’ € I, such that a < &', and arbitrary £,¢',

(2.28) War (6, 0) < wa(€,0), . glilm War (0, 0') Jwa (€, ") = 0.
—p — 400

The concrete choice of w, depends on the decay of Jy. Here we distinguish two
typical cases. In the first one
(2.29) supz | Joer| - exp (el — ¢']) < 00, for a certain a > 0.
¢
el
Then by @ we denote the supremum of « obeying (2.29) and set
(2.30) wa(l,0) =exp(—all =), ael=(0,a).



EUCLIDEAN GIBBS MEASURES OF QUANTUM ANHARMONIC CRYSTALS 9

In the second case (2.29) does not hold for any positive «. Instead, we suppose that

2.31 su Joor| - (L+ [0 =€) < o0,
(2.31) EPEUM (14 )

for a certain a > 1. Then @ is set to be the supremum of « obeying (2.31) and
(2.32) wa(6,0) = (1+elt— )™, IT=(1La),

where the parameter ¢ > 0 will be chosen later. If |Jy| < J(1 + |[¢ — £[)~4=7
~v > 0, then @ = «/d, which implies v > d. Thus, our construction does not cover
an interesting case of v € (0,d], which will be done in a separate work. In both
cases we have the following properties of the weights.

Proposition 2.5. For all a € Z,
(2.33) suleog(l + =1 - wa (£, < o0
e

(2.34) Ja def Supz | Jeer| - [we (€,€)] ' < 0.

Given ¢ = (q¢)eer € RY and o € T, we set

|Q|l1(wa) = Z ‘qi‘wa(ovg)v |Q|l°°('wa) = Sll}p {|QZ|wa(07€)}a
¢

and introduce the Banach spaces
(2.35) IP(we) = {q € R | 1@lip (o) <0}, p=1,400.

Remark 2.6. By (2.28), for a < o/, the embedding I*(w,) — ' (wy) is compact.
By (2.34), for every a € 7, the operator ¢ — Jq, defined as (Jq)¢ = >, Jorqer, is
bounded in both I?(w, ), p = 1,+00. Its norm does not exceed J,.

For a € Z, let us consider

1/2
def
(2.36) o= we()‘”w”a Lo [%:W@%w“(o’@] <oy,
and endow this set with the metric
wylc
2.37 o (W, w w—w 210 _we T WelGs
(27) polio ) = o =/ + 3 e g

which turns 2, into a Polish space. Then the set of tempered configurations is
defined to be

(2.38) 2" =) L.

a€Z

Equipped with the projective limit topology 2* becomes a Polish space as well. For
any o € Z, we have continuous dense embeddings 2t < 2, < (2. Then by the
Kuratowski theorem it follows that §2,, 2' € B(£2) and the Borel o-algebras of all
these Polish spaces coincide with the ones induced on them by B({2). Now we are
at a position to complete the definition of the function (2.23).
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Lemma 2.7. For every o € T and A € L, the map 2, X 2o, > (w,§) — Ip(w|€) is
continuous. Furthermore, for every ball Bo(R) = {w € 2, | pa(0,w) < R}, R >0,
it follows that

(2.39) In(w]€) > —o0, sup  |Ia(w]§)| < +o0.

inf
weR, £€Ba(R) w,6€BL(R)

Proof. As the functions V; : R” — R are continuous, the map (w,&) — Ix(wp) is
continuous and locally bounded. Furthermore,

Yo Jwwebe)z| < Y el lweliz - léelLe

LEA, /€A LEA, 0/EAc
=3 Jwelpy [wa(0,0) 172
JAN
x> [ eer] [10a (0, 0) /o (0, )] - [€0r| 3 [wa (0, )]/
0eNe
< el [wa 0, 0] 3 | awr] - [wa (64712 - €0 |z [wa (0, )] 2
Le 0 eNe
(240) < JalwllaliElla > lwa(0, 0],
e

where we used the triangle inequality (2.27). This yields the continuity stated and
the upper bound in (2.39). To prove the lower bound we employ the super-quadratic
growth of Vp assumed in (2.14). Then for any » > 0 and a € Z, one finds C > 0
such that for any w € 2 and ¢ € ¢,

. 1
(2.41)  Iz(w|§) > ByBlA|+ Avp ;\ |wz\2L% ~3 MZA Joo (we, wer) 2
€ NS

- Y Jw(webe)z = —ClA[+3x) jwelZ2

LEA, U/ENC feA

— Jall€lz Y- wa(0,0).

LeA
To get the latter estimate we used the Minkowski inequality. 0

Now for A € L and ¢ € 2%, we introduce the partition function (c.f., (2.24))
(2.42) Za(§) = / exp [—Ia(wa X 0pc|€)] xa(dwn).
(0N

An immediate corollary of the estimates (2.10) and (2.41) is the following

Proposition 2.8. For every A € L, the function 2° > £ — Zx(€) € (0,+00) is
continuous. Moreover, for any R > 0,

2.43 inf Z >0, sup Z < 00.
(243) IR ACEL TR

2.4. Local Gibbs specification. In the DLR formalism Gibbs measures are de-
termined by means of local Gibbs specifications. In our context it is the family
{7 }reL of measure kernels

B(£2) x 23 (B,§) = ma(BI£) € [0,1]
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which we define as follows. For £ € 2', A € L, and B € B(f2), we set
1
Q1) ma(BIE) = s [ exp[~Iafen x 0aele)] Talion X €a)xadon),
Zx(&) Jan
where I g stands for the indicator of B. We also set
(2.45) aa(-l€) =0, for €€ 2\ 0"

From these definitions one readily derives a consistency property
(2.46) | maBloym(@olg) = m (BlE), Ac A
2

which holds for all B € B({2) and £ € {2. Furthermore, by (2.41) it follows that for
any £ € 2, 0 € (0,1/2), and 3 > 0,

(2.47) /Q exp {Z ()\a|we|%;g + %Iwzli;) } mA(dwl§) < oo,

LeA
where ), is the same as in Proposition 2.1.
By Cy(12,) (respectively, Cp,(£2%)) we denote the Banach spaces of all bounded
continuous functions f : 2, — R (respectively, f : 2* — R) equipped with the
supremum norm. For every a € Z, one has a natural embedding Cy,(£2,) — Cp,(£2°).

Lemma 2.9 (Feller Property). For every « € Z, A €L, and any f € Cy,(£2,), the
function
(2.48) 24 2 &= mA(f]E)

def 1

NG o flwa x &nc) exp [—Ix(wa x 0pc|€)] xa(dwn),

belongs to Cy(§2,). The linear operator f — wa(f|-) is a contraction on Cy(£24).

Proof. By Lemma 2.7 and Proposition 2.8 the integrand

Gh(wale) % Flwa x €ac) exp [~In(wa X 05c|€)] /Za(€)

is continuous in both variables. Moreover, by (2.39) and (2.43) the map
o3& sup |G (wald)]

WAENA

is locally bounded. This allows us to apply Lebesgue’s dominated convergence
theorem, which yields the continuity stated. Obviously,

(2.49) sup [Ta(f|€)] < sup [f(E)]-
€N, £en,

Note that by (2.44), for £ € 2%, « € Z, and f € Cp(£2y),
(2.50) ra(flE) = /Q F()ma(dwlo).

Definition 2.10. A measure i € P(§2) is called a tempered Euclidean Gibbs mea-
sure at inverse temperature 3 > 0 if it satisfies the Dobrushin-Lanford-Ruelle (equi-
librium) equation

(2.51) /Qﬂ'A(B|w)u(dw) =u(B), forall AEL and B e B(R2).
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By G' we denote the set of all tempered Euclidean Gibbs measures of our model.
So far we do not know if G is non-void; if it is, its elements are supported by £2*.
Indeed, by (2.44) and (2.45) wa(£2\ 2°¢) = 0 for every A € L and £ € 2. Then
by (2.51),

(2.52) w2\ NH =0 = pN") =1
Furthermore,
(2.53) p({we ' | Vlel: weCf}) =1,

which follows from (2.47).

Given a € Z, by W, we denote the usual weak topology on the set of all probabil-
ity measures P({2,), defined by means of bounded continuous functions on {2,. By
W* we denote the weak topology on P(£2'). With these topologies the sets P(§2,)
and P(£2') become Polish spaces (Theorem 6.5, page 46 of [62]). In general, the
convergence of {ii, }nen C P(02°) in every Wy, a € Z, does not yet imply its W*-
convergence. In Lemma 4.5 and Corollary 5.1 below we show that the topologies
induced on G* by W,, and W' coincide.

Lemma 2.11. For each o € I, every W,-accumulation point u € P(2%) of the
family {ma(-|€) | A €L, & € 2} is a tempered Euclidean Gibbs measure.

Proof. For each a € Z, C(f2,) is a measure defining class for P(2*). Then a
measure pu € P(£2°) solves (2.51) if and only if for any f € Cp(£2,) and all A € L,

(2.54) [ fmtds) - /Q () lde).

Let {7, (-|¢k) bren converge in W, to some p € P(£2"). For every A € L, one finds
ka € N such that A C Ay for all k > ka. Then by (2.46), one has

[ em@nle) = [ m(flom, @),
Now by Lemma 2.9, one can pass to the limit & — +oco and get (2.54). O

2.5. Euclidean approach and local quantum Gibbs states. Here we outline
the basic elements of the Euclidean approach in quantum statistical mechanics, its
detailed presentation may be found in [4, §].

For A € L, the Schrédinger operator Hy, defined by (2.11), acts in the physical

Hilbert space Hay = L2(RYIAl). In view of (2.17), one can introduce

of trace(AeBHr)
2. A P i —
( 55) Q:A > [d QA( ) trace(e_ﬁHA) )

which is a positive normalized functional on the algebra €, of all bounded linear
operators (observables) on H,. It is the Gibbs state of the system of quantum
oscillators located in A (local Gibbs state). The mappings

def itH —itH :
(2.56) CAd A al(4) = etrger e R, t — time

constitute the group of time automorphisms which describes the dynamics of the
system in A. The state g, satisfies the KMS (thermal equilibrium) condition rel-
ative to the dynamics a, see Definition 1.1 in [41]. Multiplication operators by
bounded continuous functions act as

(Fy)(z) = F(z)-(z), ¥ €Ha, FeC,RMM).
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One can prove, see [38, 49], that the linear span of the products
(2.57) a,{\l (Fy)--- afn (F,),

with all possible choices of n € N, t1,...,t, € R and Fi,..., F, € C,(R"A), is
o-weakly dense in €. As a o-weakly continuous functional (page 65 of [20]), the
state (2.55) is fully determined by its values on (2.57), i.e., by the Green functions

def
(2.58) Ghyop (i tn) S oa [a) (FL) o (F)] .

As was shown in [1, 4, 41], the Green functions can be considered as restrictions of
functions G%l,m 7 (z1,...,%,) analytic in the domain

n

(2.59) D ={(21,---2n) €C" [0 < F(21) < F(22) <+ < S(zn) < B},
and continuous on its closure @E C C™. The ‘imaginary time’ subset
{(z1,.. 0 20) €DE | R(21) = - = R(2,) =0}

is an inner set of uniqueness for functions analytic in DZ (see pages 101 and 352
of [70]). Therefore, the Green functions (2.58), and hence the states (2.55), are
completely determined by the Matsubara functions

def
(2.60) I'p g (11, 0) =

= trace[Fie (2 HA p o= (m)Ha L B o= (Tari=Tn) Ha ftracee™PHA|

Gy, p, (7T

taken at ‘temperature ordered’ arguments 0 < 71 <--- <7, <71 +p0 def Tn+1, With
all possible choices of n € N and Fy,...,F, € Cy(R¥IAl). Their extensions to the
whole [0, 5]™ are defined as

Fgl,‘..,Fn (Tl7 s Tp) = FI/?\U“),...,F(,(H) (70(1)7 cees Ta(n))7
where ¢ is the permutation of {1,2,...,n} such that 7,1y < 7,0) < -+ < To(n)-
One can show that for every 6 € [0, 3],

(2.61) Ity om0, T+ 0)=Th o (T1,...,7a),

where addition is modulo #. This periodicity along with the analyticity of the
Green functions is equivalent to the KMS property of the state (2.56).

The central element of the Euclidean approach which links the local Gibbs states
(2.55) and the local Gibbs measures (2.19) is the representation (c.f., (2.18))

(2.62) Fgly__an(Tl,...,Tn) :/Q Fi(wa(m1)) ... Fr(wa(mn))pa(dwy).

The Gibbs state (2.55) corresponds to a finite A € L. Thermodynamic properties
of the underlying physical model are described by the Gibbs states corresponding
to the whole lattice L. Such states should be defined on the C*-algebra of quasi-
local observables €, being the norm-completion of the algebra of local observables
UaeL®a. Here each €, is considered, modulo embedding, as a subalgebra of €,/
for any A’ containing A. The dynamics of the whole system is to be defined by
the limits, as A " L, of the time automorphisms (2.56), which would allow one
to define the Gibbs states on € as KMS states. This ‘algebraic’ way can be real-
ized for models described by bounded local Hamiltonians Hy, e.g., quantum spin
models, for which the limiting time automorphisms exist, see section 6.2 of [20].
For the model considered here, such automorphisms do not exist and hence there
is no canonical way to define Gibbs states of the whole infinite system. Therefore,
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the Euclidean approach based on the one-to-one correspondence between the local
states and measures arising from the representation (2.62) seems to be the only
way of developing a mathematical theory of the equilibrium thermodynamic prop-
erties of such models. For certain model of quantum crystals, the limiting states
limp 1, oa were constructed by means of path measures, see [16, 58, 59]. The
set of all Euclidean Gibbs measures G* we study in this article certainly includes
all the limiting points of this type. Furthermore, there exist axiomatic methods,
see [19, 31], analogous to the Osterwalder-Schrader reconstruction theory [33, 71],
by means of which KMS states are constructed on certain von Neumann algebras
from a complete set of Matsubara functions. In our case such a set constitute the
functions

(263)  TE g (rieem) = /Q Fi(w(n)) - Fa(w(m)u(dw), pe G,

defined for all bounded local multiplication operators Fi, ..., F,. Therefore, the
theory of G' developed in the article may be used to constructing such algebras and
states, which we leave as an important task for the future.

3. THE RESULTS

In the first subsection below we present the statements describing the general
case, whereas the second subsection is dedicated to the case of v = 1 and Jy > 0.

3.1. Euclidean Gibbs measures in the general case. We begin by establishing
existence of tempered Euclidean Gibbs measures and compactness of their set G°.
For models with non-compact spins, here they are even infinite-dimensional, such
a property is far from being evident.

Theorem 3.1. For every 3 > 0, the set of tempered Euclidean Gibbs measures Gt
is non-void and W*- compact.

The next theorem gives an exponential moment estimate similar to (2.10). Recall
that the Holder norm |- [cg was defined by (2.2).

Theorem 3.2. For every o € (0,1/2) and 3 > 0, there exists a positive constant
C3.1 such that, for any £ and for all p € G*,

(3.1) /Qexp </\U|wg|%g + %\wd%%) wldw) < Csq,

where \, is the same as in (2.10).

According to (3.1), the one-site projections of each u € G* are sub-Gaussian.
The bound Cs.; does not depend on £ and is the same for all 4 € G*, though it may
depend on o and s. Th estimate (3.1) plays a crucial role in the theory of the set
G*. Such estimates are also important in the study of the Dirichlet operators H,,
associated with the measures p € G*, see [10, 11].

The set of tempered configurations £2* was introduced in (2.36), (2.38) by means
of rather slack restrictions (c.f., (2.25)) imposed on the L3-norms of wy. The el-
ements of G* are supported by this set, see (2.52). It turns out that they have
a much smaller support (a kind of the Lebowitz-Presutti one). Given b > 0 and
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o € (0,1/2), we define
(32) E(byo) = {£€ | (Vhel) (FAey, €L) (Ve A,):

[€e[¢:5 < Dlog(1+ ¢~ Lo])},
which in view of (2.33) is a Borel subset of £2°.

Theorem 3.3. For every o € (0,1/2), there exists b > 0, which depends on o and
on the parameters of the model only, such that for all u € G*,

(3-3) n(E(b,o)) = 1.

The last result in this group is a sufficient condition for G* to be a singleton,
which holds for high temperatures (small 3). It is obtained by controlling the
‘non-convexity’ of the potential energy (2.12). Let us decompose

(3.4) Ve =Vie+ Vay,
where Vi o € C?(RY) is such that

def . .
3.5 —a<b = inf f %4 , ? < .
(3.5) a< inf inf  (We@)yy) [yl < oo
As for the second term, we set
(3.6) 0<6 X sup { sup Vo (z) — inf ngg(m)} < 0.
¢ zERY z€RY

Its role is to produce multiple minima of the potential energy responsible for even-
tual phase transitions. Clearly, the decomposition (3.4) is not unique; its optimal
realizations for certain types of V; are discussed in section 6 of [12].

Theorem 3.4. The set G* is a singleton if
(3.7) P < (a+1b)/Jo.

One observes that the latter condition surely holds at all § if
(3.8) 6=0 and Jy<a+b.

In this case the potential energy Wy given by (2.12) is convex. The conditions (3.8)
and (3.7) do not contain the particle mass m; hence, the property stated holds also
in the quasi-classical limit? m — +o0.

3.2. Scalar ferromagnetic models. Here we study in more detail the case v =1
and Jyr > 0, that is tacitly assumed in this subsection. Recall that the components
wy of w € {2 are continuous functions on Sg = [0, 5]. For w,& € 2, we set w < @
if for all £ and 7 € [0, ], one has wy(7) < @¢(7). This allows one to define an
order on P(f2), called stochastic domination or FKG order, see [65]. A function
f: 2 — Ris called increasing if w < @ implies f(w) < f(©). Clearly, increasing
functions f € Cp,(2") constitute a measure determining class. For p € P(2') and
[ € Cy(2Y), we write (c.f., (2.48))

= dw).

wh = [ femla)

Then for pq, us € P(2%), we set

(3.9) pr <po if pi(f) < pa(f), for all increasing f e Cp(£2Y).

2For details on this limit see [4].
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A measure p € G' is called shift invariant if its Matsubara functions (2.63) have
the property (2.61).

Theorem 3.5. The set G* has unique maximal uy and minimal p_ elements in
the sense of the order (3.9). These elements are extreme and shift invariant; they
are also translation invariant if the model is so. If Vy(x) = Vi(—x) for all £, then
pt(B) = p_(—DB) for all B € B(02).

Phase transitions correspond to G* possessing more than one element. In the un-
derlying physical systems phase transitions manifest themselves in the macroscopic
displacements of particles from their equilibrium positions (a long-range order). For
translation invariant ferromagnetic models with v = 1 and V; = V obeying certain
conditions, the appearance of the long-range order at low temperatures was proven
in [18, 23, 36, 43, 63]. Thus, one can expect that also in our case |G*| > 1 at big /3.
We prove this under certain conditions imposed on d, Jy and V;. First we suppose
that the interaction between the nearest neighbors is uniformly nonzero
(3.10) inf J € T>0.

le—¢r|=1
Next we suppose that V, are even continuous functions and the upper bound in
(2.14) can be chosen as

(3.11) V(ze) = Zb(s)xfs; 2 < —a; ) >0, s> 2,
s=1

where a is the same as in (2.5) or in (2.12), and r > 2 is either a positive integer
or infinite. For r = +00, we assume that the series

+o00
(3.12) o)=Y 251(?;)_!1)'3)@%5—1,
s=2 !

converges at some ¢t > 0. Since 2b(1) + a < 0, the equation

(3.13) a+ 20N + &(t) = 0,
has a unique solution ¢, > 0. Finally, we suppose that for every ¢,
(3.14) V(we) — Vi(we) < V(Z¢) — Vi(Z), whenever 27 < 77.

By these assumptions all V; are ‘uniformly double-welled’. If Vi(z¢) = ve(2?) and
vy are differentiable, the condition (3.14) may be formulated as an upper bound for
v). Recall that L = Z%; for d > 2, we set

d
1 dp
(3.15) 0y = / . E() =Sl - cosp,).
(2m)* S (—xma /E(p) ;
Theorem 3.6. Let d > 3 and the above assumptions hold. Then under the condi-
tion
(3.16) J > 02%/8mit?,

there exists B, > 0 such that |Gt| > 1 whenever 3 > B.. The bound B, is the unique

solution of the equation
2 1/2
L (BIE®) dp.
2

1
1 te = ——
(3.17) -

1
cot
(2m)? /(ﬂﬂr]d V/8mJE(p)
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As was shown in [2, 6, 45], strong quantum effects, corresponding in particular to
small values of the particle mass m, can suppress abnormal fluctuations and hence
phase transitions. Therefore, one can expect that they can yield |G'| = 1. In the
probabilistic interpretation our model describes a system of interacting diffusion
processes, in which strong quantum effects correspond to large diffusion intensity.
The most general result in this domain — the uniqueness at all § due to strong
quantum effects — was proven in [5]. In the present paper we essentially extend
the class of self-interaction potentials for which this result holds as well as make
precise the bounds of the uniqueness regime. Furthermore, unlike to the mentioned
papers we do not suppose that the interaction has finite range and the model is
translation invariant. In Theorem 3.7 below we assume that the potentials V; are
even continuous functions possessing the following property. There exists a convex
function v : [0, +00) — R such that (c.f., (3.14))

(3.18) Vi(ze) —v(x?) < V(&) —v(#7) whenever 2?7 < 77,

In typical cases of Vj, like (2.16), as such a v one can take a convex polynomial of
degree r > 2. Now let us introduce the following one-particle Schrédinger operator
(c.f, (2.5), (2.11))

1 o\ «a
3.19 Hy=—+(+— ~z5 2).
(3.19) =5 (5] + 5ot +ola)
It has purely discrete non-degenerate spectrum {E,}nen,. Thus, one can define
the parameter
3.20 A=min(E, — E,_1),
(3.20) min )

which depends on m, a, and on the choice of v. Recall, that jo was defined by
(2.15).

Theorem 3.7. Let the above assumptions regarding the potentials V; hold. Then
the set of tempered FEuclidean Gibbs measures is a singleton if

(3.21) mA? > J.

Note that the above result holds for all 8 > 0. Thus, (3.21) is a stability condition
like (3.8), where the parameter mA? appears as the oscillator rigidity (or diffusion
intensity). If it holds, a stability-due-to-quantum-effects occurs, see [6, 44, 45, 48].
If v is a polynomial of degree r > 2, the rigidity mA? is a continuous function of
the particle mass m; it gets small in the quasi-classical limit m — 400, see [48].
At the same time, for m — 04, one has mA? = O(m~"=D/"+1)) " see [2, 48].
Hence, (3.21) certainly holds in the small mass limit, c.f., [3, 5]. To compare the
latter result with Theorem 3.6 let us assume that Jyr = J iff [ —¢'| =1 and all V}
coincide with the function given by (3.11). Then the parameter (3.20) obeys the
estimate A < 1/2mit,, see [48], where t, is the same as in (3.16), (3.17). In this
case the condition (3.21) can be rewritten as

(3.22) J < 1/8dmt?.

One can show that 6; > 1/d and df#% — 1 as d — +oo, which indicates that the
estimates (3.16) and (3.22) become precise for sufficiently large dimensions.
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Now we consider a translation invariant version of our model and impose further
conditions on the self-interaction potential. Set

(3.23) Flaguerre = {cp ‘R—R

o0
o(t) = o exp(yot)t" H(l + y5t) } ,

i=1
where g > 0, n € Ny, v; > 0 for all ¢ € Ny, and 21021 v; < oo. Each ¢ € Fraguerre
can be extended to an entire function ¢ : C — C, which has no zeros outside of
(—00,0]. These are Laguerre entire functions, see [39, 46, 51]. In the next theorem
the parameter a is the same as in (2.5).

Theorem 3.8. Let the model we consider be translation invariant with the self-
interaction potentials V' being of the form

(3.24) V(z) =v(z?) —hz, heER,

with v(0) = 0 and such that for a certain b > a/2, the derivative v’ obeys the
condition b+ v" € Fraguerre- Then the set G* is a singleton if h # 0.

3.3. Comments. Here we comment the theorems and compare them with the
corresponding results known for similar models.

e Theorem 3.1. A classical tool for proving existence of Gibbs measures is
the celebrated Dobrushin criterion, Theorem 1 in [24]. To apply it in our
case one should find a compact positive function h defined on the single-spin
space Cjg such that for all £ and £ € £2,

(3.25) [ enm(asle) < A+ 3 i),

where

A>0; Iy >0 for all ¢£,¢, and supZIggr <1

v
Here and in the sequel to simplify notations we denote 7y by 7, . Then the
estimate (3.25) would yield that for any £ € {2, such that sup, h(&) < oo,
the family {m (:|€) }aeL is relatively compact in the weak topology on P({2)
(but not yet in W,, W*). Next one would have to show that any accumu-
lation point of {mp(-|€)}aeL is a Gibbs measure, which is much stronger
than the fact established by our Lemma 2.11. Such a scheme was used
in [17, 21, 74] where the existence of Gibbs measures for lattice systems
with the single-spin space R was proven. Those proofs heavily utilized the
specific properties of the models, e.g., attractiveness and translation invari-
ance. The direct extension of this scheme to quantum models seems to
be impossible. The scheme we employ to proving Theorem 3.1 is based
on compactness arguments in the topologies W,,, W*. After obvious mod-
ifications it can be applied to models with much more general types of
inter-particle interaction potentials. Additional comments on this matter
follow Corollary 4.2.

e Theorem 3.2 gives a uniform integrability estimate for tempered Eu-
clidean Gibbs measures in terms of model parameters, which in principle
can be proven before establishing the existence. For systems of classical
unbounded spins, the problem of deriving such estimates was first posed
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in [17] (see the discussion following Corollary 4.2). For quantum anhar-
monic systems, similar estimates were obtained in the so called analytic
approach, which is an equivalent alternative to the approach based on the
DLR equation, see [7, 8, 9, 14]. In this analytic approach G* is defined as
the set of probability measures satisfying an integration-by-parts formula,
determined by the model. This gives additional tools for studying G* and
provides a background for the stochastic dynamics method in which the
Gibbs measures are treated as invariant distributions for certain infinite-
dimensional stochastic evolution equations, see [15]. In both analytic and
stochastic dynamics methods one imposes a number of technical conditions
on the interaction potentials and uses advanced tools of stochastic analysis.
The method we employ to proving Theorem 3.2 is much more elementary.
At the same time, Theorem 3.2 gives an improvement of the correspond-
ing results of [8, 9] because: (a) the estimate (3.1) gives a much stronger
bound; (b) we do not suppose that the functions V; are differentiable — an
important assumption of the analytic approach.

Theorem 3.3. As might be clear from the proof of this theorem, every
1 € P(£2%) obeying the estimate (3.1) possesses the support property (3.3).
For Gibbs measures of classical lattice systems of unbounded spins, a sim-
ilar property was first established in [54]; hence, one can call Z(b,0) a
Lebowitz-Presutti type support. This result of [54] was obtained by means
of Ruelle’s superstability estimates [68], applicable to translation invariant
models only. The generalization to translation invariant quantum model
was done in [61], where superstable Gibbs measures were specified by the
following support property

sup { (1+2N)7¢ Z |LU4|2L% < C(w), p—as.
NeN £10<N

Here we note that by the Birkhoff-Khinchine ergodic theorem, for any trans-
lation invariant measure pu € P(£2%) obeying (3.1), it follows that for every
o€ (0,1/2), 5> 0, and p-almost all w,

sup & (1+2N)™0 3~ exp (Aolurldy + sl ) & < Clo,,0)
NeN Gl0<N

In particular, every periodic Euclidean Gibbs measure constructed in sub-
section 6.5 below has the above property.

Theorem 3.4 establishes a sufficient uniqueness condition, holding at high-
temperatures (small 3). Here we follow the papers [12, 13], where a similar
uniqueness statement was proven for translation invariant ferromagnetic
scalar version of our model. This was done by means of another renown
Dobrushin result, Theorem 4 in [24], which gives a sufficient condition for
the uniqueness of Gibbs measures. The main tool used in [12, 13] to esti-
mating the elements of the Dobrushin matrix was the logarithmic Sobolev
inequality for the kernels 7.

Theorem 3.5 is an extension of the corresponding statement proven in [17]
for classical lattice models. The extreme elements mentioned in Theorem
3.5 play an important role in proving Theorems 3.6, 3.7, 3.8.
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e Theorem 3.6. For translation invariant lattice models, phase transitions
are established by showing the existence of nonergodic (with respect to the
group of lattice translations) Gibbs measures. This mainly was being done
by means of the infrared estimates, see [18, 23, 36, 43, 63]. Here we use a
version of the technique developed in those papers and the corresponding
correlation inequalities which allow us to compare the model considered
with its translation invariant version (reference model).

e Theorem 3.7. For translation invariant models with finite range interac-
tions and with the anharmonic self-interaction potential possessing special
properties, the uniqueness by strong quantum effects was proven in [5] (see
also [3]). With the help of the extreme elements pis € G' we essentially
extend the results of those papers. As in the case of Theorem 3.6 we em-
ploy correlation inequalities to compare the model with a proper reference
model.

e Theorem 3.8. For classical lattice models, the uniqueness at nonzero h
was proven in [17, 52, 54] under the condition that the potential (3.24)
possesses the property which we establish below in Definition 7.1. The
novelty of Theorem 3.8 is that it describes a quantum model and gives an
explicit sufficient condition for V' to possess such a property®. This theorem
is valid also in the quasi-classical limit m — +oo, in which it covers all the
cases considered in [17, 52, 54]. For (¢*)2 Euclidean quantum fields, a
similar statement was proven in [30].

4. PROPERTIES OF THE LOCAL GIBBS SPECIFICATION

Here we develop our main tools based on the properties of the kernels (2.44).

4.1. Moment estimates. Moment estimates for the kernels (2.44) allow one to
prove the Wt-relative compactness of the set {ma(:|¢)}aeL, which by Lemma 2.11
guaranties that G* # (). Integrating them over £ € 2 we get by the DLR equation
(2.51) the corresponding estimates also for the elements of G*. Recall that 7, stands
for mypy.

Lemma 4.1. For any », 9 > 0, and o € (0,1/2), there exists Cy1 > 0 such that
for all £ € L and £ € 02t

(4.1) /Q exp {Aalwzlég + %Iweli%}w(dw\f) < exp {04,1 + 19; | Jeer | - |§e,|§%} :
Here Ay > 0 is the same as in (3.1).

Proof. Note that by (2.47) the left-hand side is finite and the second term in exp{-}
on the right-hand side is also finite since £ € 2. For any 9 > 0, one has (see (2.15))

(4.2)

> Jow(we, §e)rz
el

jO 2 v 2
S ﬁl(ﬂf'[l% + §;|JZ€’| . |§€’|LZ>

3Examples follow Proposition 7.2.
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which holds for all w, & € 2°. By these estimates and (2.21), (2.23), (2.42), (2.44)
we get

(43)  LHS(4.1) < [1/Y5(9)] - exp {ﬁz o - @@;}
-

R 3
></ exp{)\g|wz|2cg + (%+ JO/219) lwel2 —/ vg(we(f))dT} x(dwe),
2 R 0
where

7 B
Yo(9) = /Q exp{_;g.w@% - /0 Ve(we(T))dT}x(dwe)-

Now we use the upper bound (2.14) to estimate inf,; Yy(9), the lower bound (2.14)
to estimate the integrand in (4.3), take into account Proposition 2.1, and arrive at
(4.1). O

By Jensen’s inequality we readily get from (4.1) the following Dobrushin-like bound.

Corollary 4.2. For all ¢ and & € 2%, the kernels m,(-|€), obey the estimate

(44) A h(wZ)ﬂ'Z(de) S C4.1 + (19/%) Z |Jgg/| . h(ggl),
[l

with

(4.5) h(we) = >\a|w£|zcg + %|We|2L§,

which is a compact function h : Czg — R.

For translation invariant lattice systems with the single-spin space R and ferromag-
netic pair interactions, integrability estimates like

log {/ exp()\|9:e|)ﬂe(dxy)} <A+ ZIM’|W’|7
RL

e[

were first obtained by J. Bellissard and R. Hgegh-Krohn, see Proposition III.1
and Theorem IIL.2 in [17]. Dobrushin type estimates like (3.25) were also proven
in [21, 74]. The methods used there essentially employed the properties of the
model and hence cannot be of use in our situation. Our approach to getting such
estimates is much simpler; at the same time, it is applicable in both cases — classical
and quantum. Its peculiarities are: (a) first we prove the exponential integrability
(4.1) and then derive the Dobrushin bound (4.4) rather than prove it directly; (b)
the function (4.5) consists of two additive terms, the first of which is to guarantee
the compactness while the second one controls the inter-particle interaction.

Now by means of (4.1) we obtain moment estimates for the kernels mp with
arbitrary A € L. Let the parameters o, s, and A\, be the same as in (4.1). For
{ € A €L, we define

40 w9 = 1o { [ o (Aaberity + slerlty ) malawi) ]

which is finite by (2.47).
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Lemma 4.3. For every a € I, there exists Cyr7(a) > 0 such that for all by and

{e s,

(4.7) limsup >~ ne(Al§)wa(lo, £) < Car(a);
LeA

hence,

(4.8) limsupng, (Al§) < Cyz(), for any a €.

AL

Thereby, for all & € 2°, there exists Cy.9(¢,&) > 0 such that for all A € L containing
L,

(4.9) ne(Al€) < Cao(£,€).
Proof. Given 3 > 0 and « € Z, we fix ¥ > 0 such that

(410) 192 |Jgg/| < 19j0 < ’L9ja < .
E/

Then integrating both sides of the exponential bound (4.1) with respect to the
measure 7 (dw|€) we get

(A1) ne(Al§) < Caa+d Y el l€ols

£ eAe
+ log {/ exp (19 Z [Jeer| - wﬂi;}) 7rA(dw|§)}
f2 e
< Cax+ 0 ) Vel [€olpy +0/5 Y el - ne(Al§).
eehe el

Here we have used (4.10) and the multiple Hélder inequality

/ <H::1 ﬁi) dp < H;l (/ <Pz'du> B :

in which g is a probability measure, p; > 0 (respectively, o; > 0), i =1,...,n, are
functions (respectively, numbers such that Y. ; a; < 1). Then (4.11) yields

(4.12) neo (A€ <D ne(Al)wa (b, £)

LeA
041 Zwa 60; +’19J Z |§£’|L2wa(€07£)‘| .
1—’[9] /% [ veA Ya=1
Therefrom, for all £ € 2%, we get
(4.13) lim sup ng, (Al€) < lim supan A& wq (4o, £)
AL teA

Caa def
Oég’ - C
1—19] /%Zw ’ a7(@)

which gives (4.7) and (4.8). The proof of (4.9) is straightforward. O
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Recall that the norm || - ||, was defined by (2.36). Given o € Z and o € (0,1/2),
we set
1/2

(414) HEHQ,U = [; |££‘%§U}a(0,l)

Lemma 4.4. Let the assumptions of Lemma 4.1 be satisfied. Then for every o € T
and & € 2%, one finds a positive Cy.15(€) such that for all A € L,

(4.15) /Q lwlZma (dw]€) < Cas ().

Furthermore, for every a € Z o €(0,1/2), and £ € 2% for which the norm (4.14)
is finite, one finds a Cy16(§) > 0 such that for all A € L,

(4.16) [ 1l oma(@016) < Casole)
Proof. For any fixed £ € 2%, by the Jensen inequality and (4.12) one has
(4.17) lim sup/ w2 7a (dw|€)

AL @

< lim sup ZW A& wa(0,£4) + Z ‘fﬂsza 0)

AL hen eAe

< Cyr()/s.
Hence, the set consisting of the left-hand sides of (4.15) indexed by A € L is
bounded in R. The proof of (4.16) is analogous. O

4.2. Weak convergence of tempered measures. Recall that f : 2 — R is
called a local function if it is measurable with respect to B(£2y) for a certain A € L.

Lemma 4.5. Let a sequence {p, tnen C P(£2%) have the following properties: (a)
for every a € T, each its element obeys the estimate

(4.19) [ Telnn(de) < Cansa),

with one and the same Cyis(a); (b) for every local f € Cy(2%), the sequence

{tin(f)}nen C R is fundamental. Then {un}nen converges in W' to a certain
p e PY).

Proof. The topology of the Polish space {2° is consistent with the following metric
(c.f., (2.37))

o0 ~
N b Nw =3 |we — @elc,
4.19 W)=Y 2h e +ZQ lel b
(419)  p(w,®) 2 Tt w0y 1+ |we — ¢l

where {a;}reny C Z = (o, @) is a monotone strlctly decreasing sequence converging
to a. Let us denote by CP(£2% p) the set of all bounded functions f : 2' — R,
which are uniformly continuous with respect to (4.19). Thus, to prove the lemma it
suffices to show that under its conditions the sequence {u,(f)}nen is fundamental
for every f € CP (2% p). Given 6 > 0, we choose Ay € L and ks € N such that

(4.20) > 27 < by, Yook =ohtl <43,

£EAS k=ks
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For this ¢ and a certain R > 0, we choose As(R) € L to obey

o

(4.21) sup {wakrl(o,ﬁ)/wak5 (0,5)} < IR

LeL\As(R)
which is possible in view of (2.28). Finally, for R > 0, we set
(4.22) Bp={w€ 2 | |w]ay, < RY.
By (4.18) and the Chebyshev inequality, one has that for all n € N,
(4.23) fin (2°\ Br) < Cuas(ou,)/R2.
Now for f € C2(2%p), A €L, and n,m € N, we have

(4.24) i (f) =t (F)] < 1in(fFA) = o (f)]
+  2max{un(|f — fal); em(1f — fAD}

where we set fa(w) = f(wa X 0pc). By (4.23),
(4.25) pn(If = fal) < 2C1as(an,) | flloo/R?
b [ 1) = flon X 0x0) an(d).
Br

For chosen f € C(£2%; p) and £ > 0, one finds § > 0 such that for all w,® € 02°,
|f(w) — f(®)] <e/6, whenever p(w,®) < 4.
For these f, e, and §, one picks up R(e,d) > 0 such that

(4.26) Clas (i) | flloo/ [R(e, 0 < /12,

Now one takes A € L, which contains both As and As[R(e,0)] defined by (4.20),
(4.21). For this A, w € Bp(cs), and k = 1,2,...,ks — 1, one has

(427) o —wa xOxclZ, = 3 frlZaway, (0,0) [we, (0,6) /wa,, (0,0)]
LeNe

5 ) 5
R — welF2wq, (0,0) < =,
T 0 A i e 010 < 5

where (4.21), (4.22) have been used. Then by (4.19), (4.20), it follows that
(428) Yw € BR(E,J) : p(w7wA X OAc) < 0,

which together with (4.26) yields in (4.25)
e € €
n - = ~Hn B S 9"
pn([f = fal) < G+ Gon (Bres) < 3

By assumption (b) of the lemma, one finds N, such that for all n,m > N,

|:un(f/\) - ,um(fA)| < %

Applying the latter two estimates in (4.24) we get that the sequence {p, }nen is
fundamental in the topology W*' in which the space P(£2") is complete. O
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5. PROOF OF THEOREMS 3.1 — 3.4

The existence of Euclidean Gibbs measures and the integrability estimate (3.1)
can be proven independently. To establish the compactness of G* we will need the
estimate (3.1). Thus, we first prove Theorem 3.2.

Proof of Theorem 3.2: Let us show that every u € P(Q) which solves the
DLR equation (2.51) ought to obey the estimate (3.1) with one and the same Cs ;.
To this end we apply the bounds for the kernels 7 (:|¢) obtained above. Consider
the functions

G (wp) def exp (min{/\g|wg|%g —|—%|wg|2L%;N}> , NeN

By (2.51), Fatou’s lemma, and the estimate (4.8) with an arbitrarily chosen oo € 7
we get

[ extoontan) = tmsw [ | [ Gxtwrma(aslo)| uae

AL
< 1imsup/ {/ exp (/\U|wg|20g + %\wdQLQ) WA(dwf)} p(dé)
2 e ?

AL

<),

<expCyr(a) o Cs.1.

In view of the support property (2.53) of any measure solving the equation (2.51)
we can pass here to the limit N — 400 and get (3.1). O

limsup/ exp ()\U|wg%g + %|wg|%2) WA(dw|§)1 p(d€)
AJL J0 8

Corollary 5.1. For every a € I, the topologies induced on G* by Wy and W
coincide.

Proof. Follows immediately from Lemma 4.5 and the estimate (3.1). O

Proof of Theorem 3.1: Let us introduce the next scale of Banach spaces (c.f.,
(2.36))

(5.1) 2oo={we | ||wlae<x}, c€(0,1/2), acl,

where the norm || - |4, was defined by (4.14). For any pair «,a’ € T such that
a < o, the embedding 2, , — 2, is compact, see Remark 2.6. This fact and
the estimate (4.16), which holds for any & € {2, , imply by Prokhorov’s criterion
the relative compactness of the set {ma(-|§)}aer in Wy . Therefore, the sequence
{ma(-]0)}aeL is relatively compact in every W,, a € Z. Then Lemma 2.11 yields
that G' # (). By the same Prokhorov criterion and the estimate (3.1), we get the
W,-relative compactness of G*. Then in view of the Feller property (Lemma 2.9),
the set G is closed and hence compact in every Wy, a € Z, which by Corollary 5.1
completes the proof. [J.

Proof of Theorem 3.3: To some extent we shall follow the line of arguments
used in the proof of Lemma 3.1 in [54]. Given ¢,4y, b >0, 0 € (0,1/2), and A C L,
we introduce

(5.2) Ei(Ly,b,0)

{ee 2] |al2; < blog(L+ |6~ o))},

Ea(lo,b,0) = () Eello,b,0).
Le
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For a cofinal sequence L, we set
(5.3) E(lo,b,0) = | J Eaclo,b,0), Z(b0) = () E(,b,0).
AeLl o€

The latter Z(b, o) is a subset of 2% and is the same as the one given by (3.2). To
prove the theorem let us show that for any o € (0,1/2), there exists b > 0 such
that for all £y and u € G°,

(5.4) 1 (2\ E(to,b,0)) = 0.
By (5.2) we have
(5.5) 2\ Exe(lo,bo) = {£€R](FeA): [&lts > blog(l+ |0~ Lo])}
C {Ee 2] (EFeA): [&lEg > blog(1+[¢— L)},
for any A C A. Therefore,
(5.6) p ( ) [2\ EAc(ﬁo,b,U)]> = limp (2\ Ene(bo, b, 9))
AeLl

which holds for any cofinal sequence £. By (5.5),

Iz ( U 2\ Ze(to, b, U)})

o) (Q \ ~;"_"Ac (807 bv U))

LeAe
< Y n({elladt; > blog(1+ 1~ ta)})
LeNe
= Yu({erew () > 1+ 10—t }).
LeAe

Applying here the Chebyshev inequality and the estimate (3.1) we get
p(2\ Exe(lo,b,0)) < Ca1 > (14 [0 L)
LeAe
As L = Z9, the latter series converges for any b > d/)\,. In this case by (5.6)
1 (2\ 5o, b,0)) = lim o ((2\ Ene (lo, b, )]) =0,
which yields (5.4). O

By £(£2") we denote the set of all continuous local functions f : 2* — R, for each
of which there exist o € (0,1/2), Ay € L, and Dy > 0, such that

(5.7) WP <D Y exp (AUWFCE) . forall we
KGAf

where ), is as in (3.1). Let ex(G") stand for the set of all extreme elements of G*.

Lemma 5.2. For every u € ex(G*) and any cofinal sequence L, it follows that: (a)
the sequence {ma(-|€)}aec converges in W* to this u for p-almost all & € 2°; (b)
for every f € E(2Y), one has limz wa(f|€) = p(f) for p-almost all £ € 2°.

Proof. Claim (c) of Theorem 7.12, page 122 in [32], implies that for any local
f € CL(02Y),

(5.8) hgl’iTA(f|f) = pu(f), for u—almost all £ € 2°.
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Then the convergence stated in claim (a) follows from Lemmas 4.4 and 4.5. Given
fe&(2) and N €N, weset 2y ={we€ 2| |f(w)] > N} and

) it |f(w)] < N:
fn(w) = { Nf(w)/|f(w)] otherwise.

Each fy belongs to Cp(2) and fy — f point-wise as N — +o0o. Then by (5.8)
there exists a Borel set =, C 2, such that p(Z5,) =1 and for every N € N,

(5.9) lién Ta(fnlé) = p(fn), forall e =,.

Note that by (4.6), (4.9), and (5.7), for any & € =, one finds a positive Cs.19(f, &)
such that for all A € L, which contain Ay, it follows that

(5.10) /Q F@)Pra(dwle) < Cs10(f.6).

Hence

I (F1€) = 7a(F]€)] < 2 / (@)l (dwle)

2N
<5 | @Pm@Io < 5 Canl£9).

Similarly, by means of (5.7) and Theorem 3.2, one gets

0(F) ~ ()] < %~ DCia.

The latter two inequalities and (5.9) allow us to estimate |mao(f|€) — p(f)| and
thereby to complete the proof. O

Proof of Theorem 3.4: For the scalar translation invariant version of the model

considered here, the high-temperature uniqueness was proven in [12, 13]. The proof

given below is a modification of the arguments used there. Thus, we can be brief.
Given £ and &, £ € 2%, we define the distance

Rm(1€); me(lE)] = sup /Q F(we)me(dw]é) — /Q f(wo)me(dwle’)

fELipl(L%)

)

where Lipl(L%) stands for the set of Lipschitz-continuous functions f : L% — R
with the Lipschitz constant equal to one. The proof is based upon the Dobrushin
criterium (Theorem 4 in [24]), which employs the matrix

m(+1€); me(-[€7)]
& = &elrz

where the supremum is taken over all £, £ € 2° which differ only at ¢. According
to this criterium the uniqueness stated will follow from the fact

(5.12) sup Z Cor < 1.
b perlnie

(511) Cypr = sup { R[ } , £ 7& Z" f,gl e L,

In view of (2.47) the map

def

(5.13) L& T(E) = /Qf(we)m(dwlﬁ)
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has the following derivative in direction ¢ € L3

(VT (60,013 = —Jew [me (£ - (e )iz 1€) = e (£16) - me ((wes Oz k)| -

By Theorem 5.1 of [12] the measures 7,(-|€) obey the logarithmic Sobolev inequality
with the constant

(5.14) Cus =€’ /(a+1),
which is independent of £. By standard arguments this yields the estimate
(5.15) (VT(€): Opg| < Crs|Jee|- \Clig-

Then with the help of the mean value theorem from (5.11) and (5.14) we get
Co < |Jor| - €7 /(a+).
Thereby, the validity of the uniqueness condition (5.12) is ensured by (3.7). O

6. PROOF OF THEOREMS 3.5, 3.6

6.1. Correlation Inequalities. Recall that Theorems 3.5 — 3.8 describe ferromag-
netic scalar models, i.e., the ones with v = 1 and Jypr > 0. Thus, all the statements
below refer to such models only. Their proofs are mainly based on correlation in-
equalities. For the Gibbs measures considered here, such inequalities were derived
in [4] in the framework of the lattice approximation technique, analogous to that
of Euclidean quantum fields [71]. We begin with the FKG inequality, Theorem 6.1
in [4].

Proposition 6.1. For all A €L, £ € 2 and any continuous increasing 7 (+|€)-
integrable functions f and g, it follows that

(6.1) mA(f - 91§) Z malfIE) - malgl€),
which yields that for all such functions,
(6.2) £<E = m(flE) < malf19)-

Next, there follow the GKS inequalities, Theorem 6.2 in [4].

Proposition 6.2. Let the self-interaction potential have the form

(6.3) Vo(z) = ve(x?) — hyz, he >0 forall £ €L,

with vy being continuous. Let also the continuous functions fi,..., fo4m : R = R
be polynomially bounded and such that every f; is either an odd increasing function

on R or an even positive function, increasing on [0,+00). Then the following
inequalities hold for all 71, ..., Thym € [0, 8], and all £1,..., Lyim € A,

(6.4) /Q (H fiwr, (Ti))> ma (dw]0) > 0;

n n+m
(6.5) [IfiaE) || T Ffilwe () ) ma (dw|o)
0
=1 1=n+1

N n+m
Z/Q (il:[lfi(wéi(n))> A (dw|0)./ﬁ< H fi(wei(n))> 7 (dw|0).

i=n—+1
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Given ¢ € 2, A €L, and ¢, ¢, 7,7" € [0, 3], the pair correlation function is
66 Kbl = [ wrer()m o

- / we(r)ma(dwl€) - / wer () ma (dwle).
(% 2
Then, by (6.2),
(6.7) Ky (,7'1€) > 0,

which holds for all £,¢, 7,7/, and £ € 2. The following result is a version of the
estimate (12.129), page 254 of [27], which for the Euclidean Gibbs measures may
be proven by means of the lattice approximation.

Proposition 6.3. Let V; be of the form (6.3) with hy = 0 and the functions vy
being convex. Then for all £.0', 7,7" and for any & € 2% such that € > 0, it follows
that

(6.8) K5, (r,7'|€) < Kb, (r,7)0).
Let us consider

(6.9) Uﬁzze3e4(71772a73,74)=/ we, (T1)we, (T2)wes (T3)we, (Ta) A (dw]0)
2

— Ky, (11,2 0) KRy, (73, 74]0) — Ky (71, 73]0) Ky, (72, 74]0)
— Ky, (11, 1a|0) Ky, (72, 73]0),

which is the Ursell function for the measure 75 (-|0). The next statement gives the
Gaussian domination and Lebowitz inequalities, see [4].

Proposition 6.4. Let V; be of the form (6.3) with hy = 0 and the functions v,
being convex. Then for alln € N, £y,...,lo, E AEL, 11,...,72n € [0, ], it follows
that

/ ey (11)wry (72) =y, (72 )7 (0] 0)
2

(6.10) <> 11 /Q We, 51 (To(2i-1))We, 2y, (To(2))Ta (dw|0),

o j=1
where the sum runs through the set of all partitions of {1,...,2n} onto unordered
pairs. In particular,
(6.11) Up ty050, (71,72, 73,74) < 0.

6.2. Proof of Theorem 3.5. Given fy and b > 0, let ¢ = ( fo)ge]L be the
following constant (with respect to 7 € Sg) configuration

(6.12) () = [blog(1 + |€ — £o))] /2.

Proof of Theorem 3.5: The existence and uniqueness of py can be proven by
literal repetition of the arguments used in [17] to proving Theorem IV.3. These
measures are extreme, see the proof of Proposition V.1 in [17]. Now let us show
how to construct p+. Fix o € (0,1/2) and b obeying the condition b > d/\,
(see the proof of Theorem 3.3). In view of (2.33), for any £y, £’ belongs to £2°.
It also belongs to =(¢y,b,0) and for all £ € Z(b,0), one finds A € L such that
&(r) < ff” () for all 7 € [0,0] and £ € A¢€. Therefore, for any cofinal sequence
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L and £ € Z(b,0), one finds A € L such that for all A € £, A C A, one has
7A(-]€) < ma(-]€%). As was established in the proof of Theorem 3.1, every sequence
{maClE) aer, € € E(b,o) C 2, is relatively compact in any W, a € Z, which by
Lemmas 4.4, 4.5 yields its W'-relative compactness. For a cofinal sequence L, let
pto be any of the accumulating points of {7 (-|€%)}arc,. By Lemma 2.11 pfo € Gt
and by Lemma 5.2 ‘0 dominates every element of ex(G'). Hence, u‘ = pu since
the maximal element is unique. The same is true for the remaining accumulation

points of {ma(|€)}acr; thus, for every cofinal sequence £ and for every ¢y, we have
(6.13) lim 7 (€°0) = s

As the configuration (6.12) is constant with respect to 7 € Sj, the kernel 7y (-]£)
may be considered as the one 74 (-|0) corresponding to the Schrédinger operator
(2.11) with an additional site-dependent ‘external field’, i.e., to the operator

Hpy =Y ae- [blog(1 + € — £o])]/2.

LeA
Then the Matsubara functions have the property (2.61), which yields by (6.13) the
same property for the functions I'#+. Analogously, one sets u_ = lim ma (-|—£%) €

ex(G*) and proves its shift invariance. The remaining properties can be established
by repetition of the arguments used in [17] to prove Proposition V.3. O.

Lemma 6.5. The set G' is a singleton if and only if

(6.14) [ orOmsa) = [ wilOu- (@), for any ¢
Q Q
Proof. Since the measures p4 are shift invariant, we have
(6.15) / we(7T)p+ (dw) :/ we(0)p+(dw), for all 7€ [0,p].
o) Q

Certainly, (6.14) holds if |G*| = 1. Let us prove the converse. One observes that
each local bounded continuous function on {2 may be written as

23w flwe(m1),...,we, (Th)),

with certain n € N, £y,...,¢, €L, 7,...,7, €[0,0], and f € Cp(R™). Obviously,
the set of all local bounded continuous functions is a defining class for P(£2"). Thus,
the proof will be done if we show that all finite-dimensional projections

T1,.Tnst def

Vzll,...,én = Vnit,
of the measures py coincide whenever (6.14) holds. Hence, we have to prove that
vi.4+ = vi,— implies v,y = v,,— for all n € N. To this end we consider the
Wasserstein distance between the pairs v+

(6.16) Rlvp 4 vn -] = inf/ |z — 2'|P(dz, dz’),
R2n

where the infimum is taken over the set an) of all probability measures on

(R?", B(R?")) which marginal distributions are v, +, see [25]. The relation (6.2)
defines an order on P({2") and hence on P(R™). In this sense v, _ is dominated
by its counterpart. Then by Strassen’s theorem (Theorem 2.4 in [56]), there exists
Pec H(fn) such that

P({(z,2)eR™ |z >2'}) =1
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Thereby,
Rlvp 4,vn—] < / |z — 2| P(dz, dz'),
R2n
< Z/ [Vn,+(dz) — vy, — (dz)]
= Z/ 1,4 (dz) — v, (dz)],
which completes the proof. ([l

Theorem 3.5 and the lemma just proven have the following

Corollary 6.6. If V,(z) = Vy(—x) for all £, the set G* is a singleton if and only if
ty(we(0)) =0 for all €.

6.3. Reference models. We shall prove Theorems 3.6, 3.7 by comparing our
model with two reference models, defined as follows. Let J and V be the same
as in (3.10) and (3.11) respectively. For A € L, we set (c.f., (2.11))

(617) HIOW = Z [ har + V(J?@ - 5 Z JGM/J?(J}@/
LeA L' eN

where H}'™ is given by (2.5) and €y = 1 if [¢ — /| = 1 and €r = 0 otherwise.
Next, for A € L, we set

u ar 1 ~ 1
(6.18)  HyP* =" [H}™ +w(a7)] — 3 > Jwwewe =Y He - 3 > e,

LeA £, LeA £,0

where H, ¢ is defined by (3.19) and the interaction intensities Jy are the same as in
(2.11). Since both these models are particular cases of the model we consider, their
sets of Euclidean Gibbs measures have the properties established by Theorems 3.1
—3.5. By plev, u4PP we denote the corresponding extreme elements.

Remark 6.7. The self-interaction potentials of both reference models have the form
(6.3) with the zero external field h; = 0 and the functions v, being convex. Hence,
they obey the conditions of all the statements of subsection 6.1. The low-reference
model is translation invariant. The upp-reference model is translation invariant if
Jyer are invariant with respect to the translations of L.

Lemma 6.8. For every £, it follows that

(6.19) P (@e(0)) < pig (we(0)) < pPP (we(0)).

Proof. By (6.13) we have that for any £,

(6.20) / we(T)ps (dw) = li£n/ we(T)ma(dw] + £%), for all 7 € [0, A].
Q Q

Thus, the proof will be done if we show that for all A €L and ¢ € A,
(6.21) T (e (0)[€°) < ma(we(0)[E) < X" (we(0)[€7),
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where 7" | myP? are the kernels for the reference models. First we prove the

left-hand inequality in (6.21). For given A € L and ¢, s € [0, 1], we introduce

s 1 nt
(6.22) wﬁf’ )(dw,\) = Yiis exp Z Jewe (e, wer) rz + Z (we, 1" Lg

2 n teA
- Z/ (we(r))dr + 5 Z [Jerr = Jeww] (we, wer) 12
ten 2,2
-ty / WValwe(r) — V(we(r))] dr> Ya(dwy),
ten

where, see (6.12),
s ef
623) % (r) TN Jewel (r)

0’ eNe
S E Ju/ - JGgg/ fe/ E Jealfg/
L' eNe Z’EAC

which in fact is independent of 7, and

Y(t,s):/ exp Z Jepp (we, wypr) 3 —i—Z we, M 5"’ %

z ven leN
—Z/ Vi(we(r d7'+ Z Ju' - JGM (‘«%Wé/)
leN e LEA
_ tZ/ [Ve(we(T)) — V(we(T))] dT) XA (dwa).
leA

Since the site-dependent ‘external field’ (6.23) is positive, the moments of the mea-
sure (6.22) obey the GKS inequalities. Therefore, for any ¢ € A, the function

(6.24) $(t,5) = w7 (we(0)), t,s€[0,1],

is continuous and increasing in both variables. Indeed, taking into account (3.10),
(3.11), and (3.14), we get

%Wtas) = Z [Jew — Jewr] ff?(())

e

B
[ 0w (7)) = = (0] = ()] far
b g Y Ve~ Jann] @ [we0) w0 3]

L1, laE€N

w(t,S) [wé(o)] . w(tvs) [(wgl’wzg) B}} >0,

Dot = / {# @el0) - [V (we (7)) = Ve (wr ()

L'en
_ wgt s [u)g(o)] (t s) [V(wé’(T)) _ w, (w[ (7‘))]} dr > 0.
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But by (6.22) and (6.24)

(0,0) = T (we(0),  &(1,1) = ma(we(0)),
which proves the left-hand inequality in (6.21). To prove the right-hand one we

have to take the measure (6.22) with s = 1 and v(z%) instead of V(z,) and repeat
the above steps taking into account (3.18). O

Corollary 6.9 (Comparison Criterion). The model considered undergoes a phase
transition if the low-reference model does so. The uniqueness of tempered Fuclidean
Gibbs measures of the upp-reference model implies that |G*| = 1.

6.4. Estimates for pair correlation functions. For A C A, £,/ € A, 7,7 €
[0, 5], and ¢ € [0, 1], let us consider

(6.25) Q?Z/(T7T/|A7t):A wg(T)wgf(T/)wX?)A(de),

where this time we have set

(6.26)  wy'x(dwa) =

exp Z Jfléz(wfnwfz)LQ
Yaalt) ATV ’
tl Y D Jan(weswe)s + Y Jueweswe)rs
L1EA LEA\A €11€2EA
,Z/ Ve(we(r dT}XA(de)
reA

1
YA7A(t) = / exp 5 Z Jo,0, (wel ’ wéz)L%
24

Zl,ezeA\A

Z Z JZ1£2(wZ1?w€2 L2 + Z J€1€2 wéwwéz)

L1EA LrEAN\A Zl La€A

_Z/ Vi(we (T dT} XA (dwa).

LeA

By literal repetition of the arguments used for proving Lemma 6.8 one proves the
following

Proposition 6.10. The above Q%, (7, 7'|A,t) is an increasing continuous function
of t € [0,1].

Corollary 6.11. Let the conditions of Proposition 6.2 be satisfied. Then for any
pair A C A" € L and for all 7 and £, the functions (6.2) obey the estimate

(6.27) Kb (r,7'10) < Kfy (7, 7'|0),

which holds for all £,¢' € A and 7,7’ € [0, 3].

Now we obtain bounds for the correlation functions of the reference models for a
one-point A = {¢}. Set

(6.28)  K,*P(r,7') = m P (we(T)we(r)[0), K (7,7) = ™ (we(T)we(71)]0),
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Both these functions are independent of £. We recall that the parameter A was
defined by (3.20).

Lemma 6.12. For every 3, it follows that
u def A u / 2
(6.29) K, = / KPP (r,7")dr < 1/mA*.
0

Proof. In view of (2.61) the above integral in independent of 7. By (2.60) and
(2.62)

1 B _ _ B _
(6.30) K" = ?/ trace {xge*TH’fxge*(ﬁ*T)Hf}dT, Zy = tracele PH,
¢ Jo

where the Schrédinger operator H was defined in (3.19). Its spectrum {FE, }nen
determines by (3.20) the parameter A. Integrating in (6.30) we get

! 2 (Bp — Epr) (e PEnt — e=BER)
Kupp — — ; »
‘ Zé ’ Z ’ |(w 7x£/(/) )L2(R)’ (En - En’)Q
n,n'€Nog, n#n
1 1 2 —BE,./ — En
= ZF Z |(1/’man/)L2(R)| (E, — En)(e BE, _ B )
n,n’€Ng
1 1 5 B 1
(6.31) = 3 Ztraoe { [M, [HE’WH efﬁHg} -
where 1, n € Ny are the eigenfunctions of Hy and [, -] stands for commutator. [J

For the functions K}OW, a representation like (6.30) is obtained by means of the
following Schrédinger operator

N 1 o\ a
.32 Hy= H}™ =—— (= —x?
(6.32) 0= H/™ +V(xg) 5 (5'964) + 5t + V()

where m and a are the same as in (3.19) but V' is given by (3.11). Thereby,

(6.33) K©¥(0,0) = trace[z? exp(—BH;)] /trace[exp(—GH,)] dof o(z?).

Lemma 6.13. Let t, be the solution of (3.13). Then K}°¥(0,0) > t..

Proof. By Bogoliubov’s inequality (see e.g., [73]), it follows that

. - 0
0¢ ([pé, [Hz,pe]]) >0, pe= —ﬁa—m,

which by (3.11), (3.12) yields

T
a+ 200 4 Z 25(25 — 1)b¥) 5 [m?(sfl)]
5=2

=a+ 200 + 3 2625 — DO [(W(O))Q“—”} > 0.
s=2

Now we use the Gaussian domination inequality (6.10) and obtain K}°V >t,. O
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6.5. Proof of Theorem 3.6. In view of Corollary 6.9 we show that
(6.34) § (wi(0)) > 0,

if the conditions of Theorem 3.6 are satisfied. Note that the left-hand side of (6.34)
is independent of ¢ as the measure is translation invariant. The proof of (6.34) will
be based on [43], see also Theorem 8.1 in [4]. Here the translation invariance and
reflection positivity of the reference model are used to show that for 5 > 3, the set
of its Euclidean Gibbs measures contains a nonergodic element with respect to the
group of translations of L. This gives non-uniqueness and hence (6.34). To follow
this line we construct periodic Euclidean Gibbs states by ntroducing (c.f., (2.21))

er J
(635) IX (wA) = 75 Z Eul wg,wg/ L2 +Z/ wg dT

AN LeA
where
(6.36) A=(-L,L*L, LeN,
and €}y, = 1if [¢ — ¢'|y =1 and €}, = 0 otherwise. Here |[¢ — (/|5 = [|¢1 — ¢}]2 +
o [lq— 0312 and |0 — 05|, = min{|¢; — ¢4; L—|¢; — (5]}, j = 1,...,d. Clearly,
IR is invariant with respect to the translations of the torus which one obtains

by identifying the opposite walls of the box (6.36). The energy functional I}
corresponds to the following periodic Schrédinger operator

(6.37) HY =" [HP™ + V()] Z edzpy,

Len 2, LEN
in the same sense as Ix given by (2.21) corresponds to Hy given by (2.11). Now
we introduce the periodic kernels (c.f., (2.44))

er ]‘ er
(6.38) WR (B) = 7Zper / exp [7]'/1; (wA)] ]IB(wA X OAC)XA(de), B e B(.Q),
A 2

2 = / exp [ T2 (wa)] xa(dwa).
2

Thereby, for every box A, the above 78" is a probability measure on 2°. By Lpox
we denote the sequence of boxes (6.36) indexed by L € N. For a given « € Z, let
us choose ¥, 3z > 0 such that the estimate (4.13) holds.

Lemma 6.14. For every box A, a € Z, and o € (0,1/2), the measure wX°" obeys
the estimate

(6.39) / ]2, 72 (dw) < Co0.

Thereby, the sequence {mh" }acr,., s W'-relatively compact.

Proof. For £ € A such that {¢' e L | |[{—¢'| =1} C A, weset Ay, =L\ {¢}. Then let
v}* be the projection of 7k onto B(£a,). Let also v,(-[€), &€ € 2 be the following
probability measure on the single-spin space {2(;; = Cj

B
(6.40)  ve(dwel|€) = #(f) exp {JZGM(W,&')L; */0 V(wz(T))dT} X (dwy).
K/

Then (c.f., (2.46)) desintegrating 7" we get
(6.41) TR (dw) = ve(dwlwa, v (dwa, ).
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As in Lemma 4.1 and Corollary 4.2 one proves that the measure vy(-|£) obeys

[ oo {Ralunltg + sy fvildindon,) < exp Cur 07 Y enwlonlls ¢
Cp 8 - B
where A, s, and ¥ are as in (4.1), (4.4). Now we integrate both sides of this
inequality with respect to v} and get, c.f., (4.12), (4.13)

ny < (A) def log {/Q exp[)\(,|cug|%g + %|wz|ig]7rf{er(dw)} < Cyr.

Then the estimate (6.39) is obtained in the same way as (4.16) was proven. The
relative W,-compactness of {m}*" }acr, .. follows from (6.39) and the compactness
of the embeddings 2, , — 2, @ < . The W*-compactness is a consequence of
by Lemma 4.5. (I

Lemma 6.15. Every Wt-accumulation point uP®* of the sequence {ﬂ[p\cr}/\egper 18
a Fuclidean Gibbs measure of the low-reference model.

Proof. Let £ C Lper be the subsequence along which {7} }Ac converges to pPe" €
P(02%). Then {v}}acc converges to the projection of yPe" on B(£2a,). Employing
the Feller property (Lemma 2.9) we pass in (6.41) to the limit along this £ and
apply both its sides to a function f € C,(£2%). This yields that P has the same
one-point conditional distributions as the Euclidean Gibbs measures of the reference
model. But according to Theorem 1.33 of [32], page 23, every Gibbs measure is
uniquely defined by its conditional distributions corresponding to one-point sets
A = {¢} only. O

Now we are at a position to prove that (6.34) holds if 8 > (.. As the low-
reference model is translation invariant, in the case of uniqueness the unique element
of the set of its Euclidean Gibbs states should be ergodic. Periodic states, which
one obtains as accumulation points of the sequence {m}“ }acr,. ., are automatically
translation invariant but they can be nonergodic. By the von Neumann ergodic
theorem (page 244 of [73]), periodic Euclidean Gibbs states are nonergodic if

(6.42) lim inf Px(5) ' pB) >0,
where

1 ’ per
(6.43) PA(ﬁ)—/Q (AI%W(OO T (dw).

Lemma 6.16. Let the assumptions of Theorem 3.6 be satisfied and (B, be the solu-
tion of (3.17). Then for B > B, the order parameter P(3) is positive.

Proof. Here we mainly follow [43], see also Theorem 8.1 in [4]. By means of the
infrared estimates one obtains (see equation (8.13) in [4]) that for every box A

(6.44)  P(B) Z/QM(O)]zwier(dw)
_z(Tlﬂ)d /( . 2mJ E(p)) ™/ coth (8y/TE(p)/2m) dp,

where the function E(p) is given by (3.15) whereas m and J are as in (3.17).
Therefore, we have to find an appropriate bound for the first term in (6.44). For
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any £, one can take the box A such that the Euclidean distance from this ¢ to A¢
be greater than 1. Then by Corollary 6.11 and Lemma 6.13 one gets

[ P (@) = K (0.0) 2 ..
2
Hence, for § > [, the right-hand side of (6.44) is positive. O

Proof of Theorem 3.6: By the latter lemma the periodic state of the low-
reference model is nonergodic at 5 > (3, yielding (6.34).0

6.6. Proof of Theorem 3.7. By Corollary 6.9 it is enough to prove the uniqueness
for the upp-reference model, which by Lemma 6.5 is equivalent to

(6.45) PP (we(0)) =0, forall §>0 and /.
Given A € L, we introduce the matrix (T&/)E,K’GL as follows. We set T&/ = 0 if
either of £,¢' belongs to A¢. For £,¢' € A,
B

(6.46) Tl = 3 Ju | P o (D) 0]

AN 0
By (2.61) the above integral is independent of .
Lemma 6.17. If (3.21) is satisfied, there exists o € Z, such that for every A € L,
the matriz (Tel}/)ufe]L defines a bounded operator in the Banach space [°°(wy,).
Proof. The proof will be based on a generalization of the method used in [5] for

proving Lemma 4.7. For ¢ € [0, 1], let w/(\t) € P(£24)) be defined by (6.26) with
A = A and each Vj(wy(7)) replaced by v([we(7)]?), where the latter function is the
same as in (3.19). Then by (6.18)

(6.47) o0 = T =P (10), = = xPP(-0), for any A € L.
JAN
Thereby, we set

B
(6.48) (1) = Y e, / o g, (Fwe (P dr’ ¢ € [0,1].
0 0

One can show that for every fixed ¢, ¢, the above T}, (t) are differentiable on the
interval ¢ € (0,1) and continuous at its endpoints where (see (6.29))

(6.49) T} (0) = Jo KPP < o /mA®, Tj (1) = Tjy.
Computing the derivative we get
b 1 B8 B
(6.50) aT{},(t) ol > ety Jeses /0 /0 U0, (87,7 71, 71)dr'dry
£1,02,03

+ Z T, (OTh e (1),
£1

where Ué},elg2 (t,7,7',7,71) is the Ursell function which obeys the estimate (6.11)
since the function v is convex. Hence, except for the trivial case Jyp = 0, the first
term in (6.50) is strictly negative. Bearing in mind (3.21) let us show that there
exists a € 7 such that

(6.51) Jo < Jo < mA2.
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Here the cases of Jy obeying (2.29) and the power-like decaying Jy should be
considered separately. In the first case we have Z = (0, @) and the above a exist in
view of

(6.52) Jim o = o,

which readily follows from (2.29), (2.30). In the second case the weights are defined
by (2.32) with a positive e, which we are going to use to ensure (6.51). To indicate

the dependence of J, on € we write jo(f). Simple calculations yield
0<JE —Jy <ead]V

Thereby, we fix a € Z and choose ¢ to obey ¢ < mAQ/adj(gl). This yields (6.51).
Let us consider the following Cauchy problem

(653) ng/ ZLul Lglgl s ngr(O) = /\Jg(/, é, f/ S L,

where X € (1/mA2,1/.J,), with a € Z chosen to obey (6.51). For such a, one can

solve the problem (6.53) in the space [*°(w,) (see Remark 2.6) and obtain
- A

6.54 L) =AJ[I=XtJ]"", ||L(t < fre
(6:50 (0= AT =27 IOy € 1250

where I is the identity operator. Now let us compare (6.50) and (6.53) considering
the former expression as a differential equation subject to the initial condition
(6.49). Since the first term in (6.50) is negative, one can apply Theorem V, page
65 of [77] and obtain T/}, < Ly (1), which in view of (6.54) yields the proof. O

Proof of Theorem 3.7: For ¢, 4y, A € L, such that £ € A, and ¢ € [0, 1], we set
(6.55) Ua(t) = [ w0 (dalee),
Q

where £% is the same as in (6.12). The function 1 is obviously differentiable on
the interval t € (—1,1) and continuous at its endpoints. Then

(6.56) 0 <ya(1) < sup Pj(t).
tel0,1]

The derivative is

8
(6.57) = > Ju / TP [we, (0)we, (1) [t€ ] e, dr,
0

L1EA, LaEAC

where the ‘external field’ 7y = [blog(1 + |¢' — EQ\)]l/Q is positive at each site. Thus,
we may use (6.8) and obtain

(6.58) YA) < D Time.
I’eAc

By Assumption 2.5 (b), n € I°°(w,) with any « > 0, then employing Lemma 6.17,
the estimate (6.54) in particular, we conclude that the right-hand side of (6.58)
tends to zero as A ' L, which by (6.20) and (6.55), (6.56) yields (6.45). O
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7. UNIQUENESS AT NONZERO EXTERNAL FIELD

In statistical mechanics phase transitions may be associated with nonanalyticity
of thermodynamic characteristics considered as functions of the external field h.
In special cases one can oversee at which values of h this nonanaliticity can occur.
The Lee-Yang theorem states that the only such value is A = 0; hence, no phase
transitions can occur at nonzero h. In the theory of classical lattice models these
arguments were applied in [52; 53, 54]. We refer also to sections 4.5, 4.6 in [33] and
sections I1X.3 — IX.5 in [71] where applications of such arguments in quantum field
theory and classical statistical mechanics are discussed.

In the case of lattice models with the single-spin space R the validity of the
Lee-Yang theorem depends on the properties of the self-interaction potentials. For
the polynomials V(z) = 2* 4+ az?, a € R, the Lee-Yang theorem holds, see e.g.,
Theorem IX.15 on page 342 in [71]. But no other examples of this kind were
known, see the discussion on page 71 in [33]. Below we give a sufficient condition
for self-interaction potentials to have the corresponding property and discuss some
examples. Here we use the family Fraguerre defined by (3.23). We also prove a
number of lemmas, which allow us to employ the arguments based on the Lee-Yang
theorem to our quantum model and hence to prove Theorem 3.8.

7.1. The Lee-Yang property. Recall that the elements of Fraguerre can be con-
tinued to entire functions ¢ : C — C, which have no zeros outside of (—o0, 0].

Definition 7.1. A probability measure v on the real line is said to have the Lee-
Yang property if there exists ¢ € Fraguerre Such that

/ exp(zy)v(dy) = p(z?).
R

In [46], see also Theorem 2.3 in [50], the following fact was proven.

Proposition 7.2. Let the function u : R — R be such that for a certain b > 0, its
derivative obeys the condition b+ v € Fraguerre. Then the probability measure

(7.1) v(dy) = C exp[-u(y®)]dy,
has the Lee-Yang property.

This statement gives a sufficient condition, the lack of which was mentioned on
page 71 of the book [33]. The example of a polynomial given there for which
the corresponding classical models undergo phase transitions at nonzero h, in our
notations is u(t) = ¢3—2t24(a+1)t, a > 0. It certainly does not meet the condition
of Proposition 7.2. Turning to the model described by Theorem 3.8 we note that,
for v(t) = > + b2 4+ bV, the function u(t) = v(t) + at/2 obeys the conditions
of Proposition 7.2 if and only if 5 > 0 and bV + a/2 < [b®]?/3. Therefore,
according to Theorem 3.8 we have |G'| = 1 at h # 0 and 2b™") 4+ a < 0, b3 > 0.
On the other hand, for this model, by Theorem 3.6 one has a phase transition at
h = 0 and the same coefficients of v.
Set

(7.2) f(n?) :/]R exp hzn:wi + i M;jziz; Hz/(dxi), heR.
" i=1

i,j=1 i=1
By Theorem 3.2 of [55], we have the following
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Proposition 7.3. If in (7.2) M;; > 0 for alli,j =1,...,n, and the measure v is
as in Proposition 7.2, then the function f, if exists, belongs to Fraguerre- It certainly
exists if v’ is not constant.

Now let the potential V' obey the conditions of Theorem 3.8. Then the partition

function Zx (0) (here 0 means £ = 0) given by (2.42) is an even function of h. Define

1
Al

Lemma 7.4. If V obeys the conditions of Theorem 3.8, the function exp (|Alpa)
belongs to Flaguerre-

(7.3) pa(h) log Zx(0), @a(h®) = pa(h).

Proof. With the help of the lattice approximation technique the function exp (|A|pa)
may be approximated by fy, N € N, having the form (7.2) with the measures v
having of the form (7.1) with u(t) = v(¢t) + at/2, v is as in (3.24), and non-negative
M;; (see Theorem 5.2 in [4]). For every h € R, fn(h?) — exp (|Alpa(h?)) as
N — +4o00. The entire functions fy are ridge, with the ridge [0,+00). For se-
quences of such functions, their point-wise convergence on the ridge implies via the
Vitali theorem (see e.g., [71]) the uniform convergence on compact subsets of C,
which yields the property stated (for more details, see [47, 51]). O

7.2. Existence of pressure. The results obtained in this subsection are valid for
any translation invariant model with v = 1, obeying Assumption 2.2 and hence
possessing the properties described by Theorems 3.1 — 3.4.

Along with (7.3) we introduce

(7.4) pa(h€) = ‘% log Z(€), €€ 2",
Then pa(h) = pa(h,0). For u € G, we set
(7.5) P = [ palh©n(ae).

0

If for a cofinal sequence £, the limit
def ;.
(7.6) pH*(h) = hznpﬁ(h),

exists, we shall call it pressure in the Gibbs state p. We shall also consider
limg pa(h) with pa(h) given by (7.3). To obtain such limits we impose certain
conditions on the sequences £. Given | = (I1,...lq), I' = (I},...1}) € L = Z%, such
that [; <} forall j =1,...,d, we set

(7.7) P={felL|l;<t; <}, forallj=1,...,d}.

For this parallelepiped, let &(I") be the family of all pair-wise disjoint translates of
I" which covers L. Then for A € L, we set N_(A|T") (respectively, N4 (A|T')) to be
the number of the elements of &(T") which are contained in A (respectively, which
have non-void intersections with A). Then we introduce the following (see [67])

Definition 7.5. Given L is a van Hove sequence if for every T,

(7.8) (a) HmN_(AJD) = +o0;  (b) lim (N-(AL)/No(A|D)) = 1.
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Given R > 0 and A € L, let 0}, A be the set of all £ € A, such that dist(¢, A) < R.
Then for a van Hove sequence £ and any R > 0, one has limg |95A[/|A] = 0,
yielding

1
£ |A] LEN L' ENC

The existence of van Hove sequences means amenability of the graph (L, E), E
being the set of all pairs ¢, ¢, such that |[¢ —¢'| = 1. For nonamenable graphs, phase
transitions with kA # 0 are possible; hence, statements like Theorem 3.8 do not hold,
see [40, 57]. Now we are at a position to prove the existence of the pressure for all
u € Gt. It will be done in two subsequent lemmas.

Lemma 7.6. The limiting pressure p(h) L Jim, pa(h) exists for every van Hove
sequence L. It is independent of the particular choice of L.

Proof. Fort > 0, £ € 2°, and A C A, let wj(i)A, YA, A(t) be defined by (6.26) with
the potentials V; = V having the form (3.24). Then we define

1
(7.10) fA7A(t) = W log YA7A(t), t>0.
This function is differentiable and
def 1
(1) gra®) = faal) = g5 D0 Jwwalwnwr)s)
L EA
1
oy 2 Jemislenenz) 2o
LEA L EA\A

Here we used that w/(\t?A[(wg,wg/) L%] > 0, which follows from the GKS inequality

(6.4). The function ga a is also differentiable and

(7.12) ga.a(t) 20,
which may be proven similarly by means of the GKS inequality (6.5). Therefore,

(7.13) Ia,a(0) < faa(l) < gaa(l).
Now we take here A = A and obtain by (4.15) that for any « € Z,

(7.14) log Yisy,111(0) < pa(h) < JoCu15(0)/2.

By the translation invariance the lower bound in (7.14) is independent of ¢. There-
fore, the set {pa(h)}arer has accumulation points. For one of them, p(h), let
{T';.}nen be the sequence of parallelepipeds such that pr, (h) — p(h) as n — +oo.
Let also £ be a van Hove sequence. Given n € N and A € £, let £ (A) C &(Ty,)
(respectively, £} (A) C &(I',,)) consist of the translates of I',, which are contained
in A (respectively, which have non-void intersections with A). Let also

(7.15) Ar= T
resk
Now we take in (7.10) first A = A, then A = A, A = A}’ and obtain by (7.13)
An An
(7‘16) ||ApA;(h) Sp/\(h) < ||A||pAI(h)'
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Let us estimate p,+(h) — pr, (k). To this end we introduce for ¢ > 0, c.f., (6.26),

(7.17) XA;(t) = /exp Z Z Joor (we,wer) g,

FEE £,0'er

tY DD Jw(wewe)

r,IVeg,, T Lel Uel”

+

> / [hoe(r) = v(lr (D) dr p xa(dw),

LeN,,
and
(7.18) Iaz (t) = A | log X\ - (t).
Then
(7~19) fA;(l) =Pp; (h)a fA Z pF _pF,L h)

| "| ree;

Observe that pr(h) = pr, (h) for all T' € &(T',,) follows from the translation invari-
ance of the model. Thereby,
(7.20) 0 < pu(h)—pr,(h) < fi-(1)

1

= = 3 SO Jwmy- ((w@wz')Lgm)

‘ Hl DIVesy, DAY L€l ¢ er

= \A|  (ewr)iz o)

reg, tervere

< J(T,,)C415(0),

where we used the estimate (4.15) and set

(7.21) j |F | Z Z Jop = Z Z Joer,  for every T' € &(T',).

Lely, el KEF Lere

In deriving (7.20) we took into account that the function (7.18) has positive first
and second derivatives, c.f., (7.11) and (7.12). By literal repetition one proves that
(7.20) holds also for p,+ (h) —pr,, (h). In view of (7.9) the above J(T',,) may be made
arbitrarily small by taking big enough I';,. Thereby, for any € > 0, one can choose
n € N such that the following estimates hold (recall that pr, — p as n — +00)

(7.22) |pr, (h) —p(h)| <e/3, 0<py-(h) —pr,(h) <py+(h) —pr,(h) <e/3.

As L is a van Hove sequence, one can pick up A € £ such that

s { (52 1) s (1 250 ) <

which is possible in view of (7.14). Then for the chosen n and A € £, one has
Ipa(h) —p(h)| < |pr, () — p(h)| + pp+(h) — pr, (h)

(I e B
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which obviously holds also for all A’ € £ such that A C A’. O

Lemma 7.7. For every p € G* and any van Hove sequence L,
lim p (h) = p(h).

Proof. By the Jensen inequality one obtains for t,ts € R, £ € 2°,

Za((t1 +12)8) = Za(h€)exp s Y Juwma {(we,&')Lg |t1€}

LEA L' ENC
We set here first ¢t = 0, to = 1, then ¢t; = —t; = 1, and obtain after taking
logarithm and dividing by |A]
7.23 h L J, 0| < h
(7.23) pa(h) + o] > Jwma [(we,&')L§| } <pa(h,§)
LA’ EAC

1
<pa(h) + 1A] éeA;eAc Joor [(wg, wer) 2 \f] )

where we used that 7 {(WK,LU@/)L%K} =T\ [(wg,fg/)L%H, see (2.44). Thereby, we

integrate (7.23) with respect to u € G*, take into account (2.51), and obtain after
some calculations the following

i 2w (el 0) e (Jeelas) <24

LeN b eAe

(7.24)  pa(h) —

1
< —_— / / .
<pa(h)+ A ZEA%:EAC Joor o ((wfvwf )Lg)

By means of Theorem 3.2 (respectively, Lemma 4.4), one estimates p ((wg, wg/)L%),

1 <|§£/|Lg) (respectively, ’/TA(|W[|L%|O)) by positive constants independent of ¢, ¢'.
Thereby, the property stated follows from (7.9) and Lemma 7.6. O

7.3. Proof of Theorem 3.8. By Lemma 7.4, for every A € L, pa(h) can be
extended to a function of h € C, holomorphic in the right and left open half-planes.
By standard arguments, see e.g., Lemma 39, page 34 of [47], and Lemma 7.6 it
follows that the limit of such extensions p(h) is holomorphic in certain subsets
of those half-planes containing the real line, except possibly for the point h = 0.
Therefore, p(h) is differentiable at each h # 0. This yields by Lemma 7.7 that for
every u € G*, the corresponding p*(h) enjoys this property and the derivatives of
all these functions coincide at every h # 0. In particular,

0 0

(7.25) P () = o (h).
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For every 1 € G* and A € L, one has

(7.26) S = [ SR &) u(ae)
1 B
- W / /Q 7 Lwn(7)|E] p(de)dr
1 163
- M;;/ i wr(r)] dr

Both extreme measures p4 are translation and shift invariant. Then combining
(7.25) and (7.26) one obtains g4 (we(0)) = p—(we(0)) for any h # 0. By Lemma 6.5
this gives the proof. [J
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