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Abstract

We consider three-dimensional Schrodinger operators with constant magnetic
fields and ergodic electric potentials. We study the strong-magnetic-field asymptotic
behaviour of the integrated density of states, distinguishing between the asymptotics
far from the Landau levels, and the asymptotics near a given Landau level.
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1 Introduction and main results

Random magnetic Schrédinger operators received much attention during the last few
decades both in mathematics and physics literature (see for example the monograph [23]
or the survey article [20] and the references cited there). In this paper we consider the 3D
Schrodinger operator with constant magnetic field of scalar intensity b > 0, and ergodic
electric potential, and investigate the asymptotic behavior as b — oo of its integrated
density of states (IDS).

The paper is a continuation of [12] and [19] where we considered electric potentials which
are almost surely uniformly bounded and continuous, and studied only the asymptotics
of the IDS near a given Landau level. In the present paper, we apply an approach
based on the Pastur-Shubin representation of the IDS (see e.g. [20, Section 2]) and
the Helffer-Sjostrand representation of a smooth compactly supported function of a self-
adjoint operator (see e.g. [6, Chapter 8]). A similar approach has been systematically used
by F. Klopp and other authors (see e.g. [13], [14], [I5], [5]) both in the cases of vanishing
and non-vanishing magnetic fields. This approach allowed us to extend the results of [12]
and [19] to a considerably larger class of potentials, and to obtain the leading asymptotic
term as b — oo of the IDS not only near a given Landau level, but also far from the
Landau levels.

Let us pass to the precise formulation of our results. Denote by Hyj := (—iV — A)>—b the
unperturbed 3D Schrédinger operator with constant magnetic field B = curl A = (0,0, b),
b > 0, generated by the magnetic potential A := (—MTQ, b%l, 0). The self-adjoint operator
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Hy is defined originally on C§°(R?), and then is closed in L*(R?). It is well-known that
the spectrum of Hy,, is purely absolutely continuous and coincides with [0, 00) (see e.g.
[1]). Moreover, the Landau levels 2bq, ¢ € Z., play the role of thresholds in the spectrum
of Hyy. Further, let (€2, F,P) be a complete probability space, and let

Ax RS (w,2) — V,(z) eR

be a function measurable with respect to the product o-algebra F x B(R3) where B(R?)
is the o-algebra of the Borel sets in R3. We assume that V,, is G3-ergodic with G = R
or G = Z, i.e. that there exists an ergodic group of measure preserving automorphisms
T : Q@ — Q, k € G? such that V,(x + k) = Vg, (x) for x € R? and w € Q. We
recall that a group G of measure preserving automorphisms of 2 is called ergodic if the
G-invariance of a set A € F implies either P(A) = 0 or P(A) = 1. Also, we suppose that
V., is G-ergodic with G = R or G = Z in the direction of the magnetic field, i.e. that the
subgroup {7x|k = (0,0,k), k € G} is ergodic. Finally, we assume that V,, satisfies

E (/C Vw(x)4dx) < 00 (1.1)

where E denotes the mathematical expectation, and C := (—%, %)3 Note that if V,, is
R3-ergodic, then

E (/C Vw(x)4dx) =E (V,(0)"). (1.2)

Examples of random potentials satisfying the above assumptions can be found in [§], [23],
and [12]. Introduce the operator Hy, := Hop, +V = Hyy + V,, which is almost surely
essentially self-adjoint] on C§°(R?) (see [8]). We define the IDS gy, associated with Hy,
by the Shubin-Pastur formula

ovs(E) :=E (Tr (XeX(—oop) (Hvp)xe)) . E €R, (1.3)

where x¢ is the multiplier by the characteristic function of C, and X(_oo,r)(Hyvp) is the
spectral projection of the operator Hy,, corresponding to the interval (—oo, E'). The cor-
rectness of this definition of the IDS, and its equivalence to the traditional definition
involving a thermodynamical limit are discussed in [8] and [7]. Moreover, various prop-
erties of gy, have been studied in [9]. We define the free IDS gg; associated with the
unperturbed operator Hy; in a completely analogous way. The explicit form of g is
well-known: .

00s(E) = b —29)}?, EeR (1.4)

o2
q=0

"'Whenever there is no risk of confusion, we will use the same notation for a given essentially self-adjoint
operator, and its self-adjoint closure.



The aim of the article is to study the asymptotic behaviour as b — oo of the quantities

ovp(Eb+ A2) — ovp(Eb+ A1),

the parameters € € [0,00), A1, A2, A1 < Ay, being fixed. As discussed in [12], it is reason-
able to distinguish two asymptotic regimes: asymptotics near a given Landau level which
corresponds to £ € 27, , and asymptotics far from the Landau levels which corresponds
to € € (0,00) \ 2Z,. This distinction is justified by the fact that implies

lim 07" (00,4(ED+ o) — 00(ED+ A1) = 1 (0\2)1/2 - ()\1)}#/2> (1.5)

b—oo o 271'2

if g < 2Z+, and

[£/2]
L A2 — A _
lim b2 (00(Eb + Xa) — 00p(Eb+ A1) = === > (E—-2¢9)7/*  (1.6)
b—oo A7 g

if £ € (0,00) \ 2Z4, i.e. in the case V = 0 the main asymptotic term of the IDS near
a given Landau level is of order b, while its main asymptotic term far from the Landau
levels is or order b/2.

In order to formulate our results concerning the asymptotics of the IDS gy, near a given
Landau level, we need some additional notations. For x = (1,79, 73) € R? we denote
by X, = (x1,x2) the variables on the plane perpendicular to the magnetic field. Fix
X, € R% Due to the our assumption about the ergodicity of V in direction of the
magnetic field, the function R 3 3 — V(X |, x3) € R is ergodic, and the operator

2
hy (X)) := —%+V(Xl,l'3) (1.7)

T3
is almost surely essentially self-adjoint on C§°(R) (see [18, Chapter III]). Denote by
pv(A; X1), A € R, the IDS for the operator hy(X,). By [12], if V is R-ergodic (re-
spectively, Z-ergodic) in the direction of the magnetic field, then the IDS py(\; X ) is
independent of X | € R? (respectively, py(\; X 1) is Z%-periodic with respect to X ). Set

kv()\> 3_/( ) 1)2 pV()\,XJ_)dXJ_

Evidently, in the case of R-ergodicity we have ky(A) = p(\;0). Moreover, since the
operator hy (X ) is an ordinary differential operator, it is easy to check that the function
R > A ky(N\) € R is continuous (see [I8, Chapter I11]).

Theorem 1.1. Assume that the random potential V : Q x R* — R is measurable with
respect to the product o-algebra F x B(R?), and that holds. Moreover, suppose that V'
is R3-ergodic or Z3-ergodic, and is R-ergodic or Z-ergodic in the direction of the magnetic
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field.
i) Let £ € (0,00) \ 2Z4, and A1, A2 € R, Ay < X\o. Then we have

[£/2]
. _ Ay — A _
Jim b Y2 (0vp(Eb + o) — 0vp(Eb+ A1) = 2472 1 q§:0:(5 —29)72. (1.8)
ii) Let £ € 27, and A, \y € R, A\; < X\y. Then we have
. _ 1
Jim 57 (0vp(Eb 4+ Ao) = 0v(Eb+ A1) = 5 (v (Xa) — kv (M) (1.9)

Let us discuss briefly our results.

e Relation ((1.8) (see also (1.6])) implies that far from the Landau levels the main
asymptotic term of the IDS is independent of the potential V.

e It is easy to check that ko(\) = %)\i/ >\ € R. Therefore, 1} is a trivial special
case of (|1.9).

e Under the additional assumption that V' is almost surely bounded and continuous,
relation (1.9 was proved in [I2] in the case of the first Landau level, and in [19]
in the case of the higher Landau levels. Here we cancel this restrictive assumption,
and give a new simpler proof of which is coherent with that of .

Results related to in the case of the first Landau level can be found also in [23),
Section 4.3].

e The results of Theorem [1.1|are typical for the 3D case, or more generally for the case
of a non-full-rank magnetic field. In the 2D case the asymptotic behaviour of the
IDS for the Schrodinger operator with strong constant magnetic field and random
electric potentials has been considered by numerous authors (see e.g, [2], [3], [17],
[22], [23], Subsection 3.2.2]). These results illustrate the situation where the constant
magnetic field is of full rank. In this respect we would also mention the recent work
[21] where the author studies various asymptotic properties (in particular, the high
field asymptotics) of the IDS for the Pauli operator with random magnetic field in
the case of even-dimensional underlying Euclidean spaces.

The article is organized as follows. Section 2 contains some auxiliary results and prelimi-
nary estimates. The proof of Theorem can be found in Section 3.

2 Preliminary estimates

Introduce the Landau Hamiltonian

L . 8 bfL’Q 2 3 8 bl’l 2
H(b) = (za—m - 7) + (za—m + 7) —b, (2.1)



i.e. the two-dimensional Schrodinger operator with constant scalar magnetic field b > 0,
essentially self-adjoint on CG°(R?). It is well-known that o(H(b)) = U2, {2bg}, and each
eigenvalue 2bq, q € Z., has infinite multiplicity (see e.g. [1]).

For X |, X| € R? denote by P, (X, X ) the integral kernel of the orthogonal projection
pq(b) onto the subspace Ker (H(b) — 2bq), ¢ € Z4. It is well-known that

(b\X =X )?

Poo( X, X)) = —L

2m 2

b
> exp (—Z(\XL — X P+ 2i(xy2h, — x'lxg))) (2.2)
(see [16]) where Ly(t) :== >1_, (¢ ) k, ,t € R, g € Z,, are the Laguerre polynomials.

Note that ;
X, X)=—

Pop(X1, X1) o

for each ¢ € Z; and X, € R? Set P, := p, ® Iy, g € Z,, where I denotes the
identity operator in L?*(R); thus P, are orthogonal projections acting in L*(R?). For

E€(0,00)\ 2Z, set

(2.3)

[€/2]

=2 PE=1-P ) (2.4)
where I denotes the identity operator in L*(R?). For £ € 27Z, set

£/2-1 :
P_(&) = { quifo (fq: Olf 70 p&)=T-Pp—P(E).  (25)

Pick { > 0. Denote by x, ; the characteristic function of the disk
AJ_J = {XJ_GRQHXJ_l <l},

). Thus y;(x) =

and by x| the characteristic function of the interval A := (— %
the cylindrical set

1
2
X1(X)x(xs), x = (X1, 23) € R3, is the characteristic function of
Al = AJ_’l X A”. (26)

Let ¢ € C\ [0,00). Denote by 1/C the branch of the square root satisfying Im+/¢ > 0.

We have
‘= (!C! 2R6C) _ (2.7)
For ( € C\ [0, 00) set
Ro(C) := (Hop — )" m0(C) = (ho — )7, (2.8)
where hy = —d?/da? (see (7).



Lemma 2.1. Let q € 2Z,, ( € C\ [0,00). Then we have

bl?
X LaPgllfis = Trrz@e) (X LapeX11) = X Lpgx il = - (2.9)
(Ol = ——— (2.10)
XH 0 HS — 4|C|Im\/? .
bl?
IxiPRo(O) s = (2.11)

8|¢ — 2bq| Im /¢ — 2bq’

where ||.||us denotes the Hilbert-Schmidt norm, and ||.||r. denotes the trace-class norm.

Proof. Since
Ieapalls = Trioee) (oxeame) = Ivspiceils = [ Puatxx) dx,
ALy

(2.9) follows immediately from ([2.3]). Similarly, (2.10]) follows from the explicit expression
for the integral kernel Rg(z3, z%; () of the operator r4(¢), ¢ € C\ [0, 00), namely

Ro(xs, 25;¢) = eXp<\/_|a:3 xé|> (2.12)

Finally, since x;P,Ro(¢) = x1.1Pq ® X|70(¢ — 2bq), we find that (2.11]) follows from ([2.9)

and ([2.10)). O

Corollary 2.1. Let z =z +iy € C\ R with x € J, where J C R is a compact interval.
i) Let £ € (0,00), q € 2Z4, q < E/2. Then the estimate

Py Ro(Eb + 2)llfis < et 2|y~ (2.13)

holds with ¢y = ¢1(&;b) := ﬁ provided that b > mazz_—e;q(—x).

ii) Let € € 27Z,. Then we have
1
Pt Pe/2Ro(Eb + 2)lliis < 0Ly 7717, (2.14)

iii) Let £ € (0,00), q € 2Z, q > E/2. Then the estimate
IX:PyRo(Eb + 2)||3g < cob™1/212 (2.15)
q HS

> 2maxyeg T

holds with ¢y = c2(E;b) := S

ﬁ provided that b

Proof. Estimates - ) follow immediately from ({2.7)) and (2.11)). H



Let T be an operator symmetric on C5°(R3) such that the operator Hy := Hy + T is
essentially self-adjoint on C5°(R?). For z € C \ R denote by

Ry(z) = (Hp — 2)* (2.16)

the resolvent of the self-adjoint operator Hr. In what follows we will often use the resolvent
equations

where Ry(z) is the free resolvent introduced in (2.8)), and Rr(z)T'Ry(z) (respectively,
Ro(2)T Rr(z)) should be understood as the (bounded) closure of the operator defined
originally on the domain (Hy — 2)C§°(R?) (respectively, (Hr — 2)Cg°(R?)) which is dense
in L?(R3).

Corollary 2.2. Let z =x + iy € C\ R with x € J, where J C R is a compact interval.
Suppose in addition that V is an R3-ergodic potential measurable with respect to the product
o-algebra F x B(R?), and satisfying E(V(0)?) < oo.

i) Let £ € (0,00), q € 27, q < E/2. Then we have

2¢,bl/? 1
E ([P, Ru(€b + )|%) < C;; 2 (1+;E<V<0>2>) (2.18)

. 2maxeg(—x)
provided that b > —(szq) .

ii) Let £ € 2Z,.. Then we have

bl 1
E (I[xiPepRv(Eb+ 2)is) < SPEE <1 + EE(V(OV)) : (2.19)
Proof. For both cases, i) and i), the resolvent equation and the almost sure estimate
[Ry(€b+2)] < &, imply

E (IxiPy Ry (Eb+ 2)[lfis) <

2 ([[xi Py Ro(Eb + 2)|Ifs + v 2 lIxi Py Ro(ED + 2)V|[fys) - (2.20)
Further, by the R3-ergodicity

E (IpaPyRo(Eb +2)V i) =
B ([ [ IV )PP XDPIRa(as, s QXL X s ) =

B2 [ [Pl XOPIRalaa. s O PAXL dafX da =
l

E(V(0)*)[[xiPyRo(Eb + 2) - (2.21)
Combining (2.20)-(2.21)) for ¢ < £/2 or ¢ = £/2, with (2.13)) or (2.14)), we get (2.18) or
@.19). O



Corollary 2.3. Assume the hypotheses of Corollary . Let £ € [0,00). Then there
exists bo(J,€) >0, and ¢;(€) >0, j = 3,4, such that b > by implies

1/272
E(P-(€) Ry (b + ) o) < 5 ‘yf (1 n %E(V(O)%) , (2.22)
E(|lx:Ps(E)Ryv (Eb+ Z)H2 ) <c i (1 + iIE(V(O)Z)> (2.23)
+ \%4 HS) = 4[)1/2 y2 . .
Moreover,
2 1/212 —1 —1 ]‘ 2
E(Ry (€6 + 2)[[%) < 22(esly] + eab™) (1 + ZE(V(0) >) L o)

if £ ¢ 27, and

1 1
Ellarte(€0+ 2)lis) < 0 (Gl + eyl 4 e (14 ZEV0)9).

(2.25)
if £ €27,
Proof. By analogy with ([2.20]) - (2.21]) we have
E (|[xiPeRv(Eb+ 2)|lis) < 2[xiPeRo(ED+ 2)|fs (1 +y 7 E(V(0)%)) . (2.26)

Let us check (2.22)). Let at first £ ¢ 2Z,. Since

[£/2]
IX:P-Ro(Eb+ 2)|[fis = Y _ IIxiPyRo(Eb + 2) s,

q=0

we find that estimate ([2.22) with c3 := 22[8 o €1(&;q) follows from (2.26) and (2.13), if

b> % Let now € € 2Z,. If £ =0, (2.22)) is trivial. Assume £ > 0. We have

£/2-1

aP-(E)Ro(Eb +2)lEis = Y [IaPuRo(Eb+ 2)llis-

q=0

Thus we find that (2.22) holds with ¢z := 2 Z‘;ﬁ;l c1(&;q) if b > 2max,ecs(—x).
Similarly, estimates (2.26)) and ([2.15) combined with

[e.9]

||XZP+RO(€b+Z)“2HS = Z ||XquRO(€b+z)||2HS
q=[€/2]+1



imply that (2.23) holds with ¢4 := 2372 /2101 C2(E; q 1f b> Q?Zﬁﬁ"x
Finally, (2.24)) or, respectively, (2.25)), follows from (2.22) i, and the inequality,

iRy (Eb+ 2)llfis < 2(IxiP-(€) Ry (Eb + 2)l[iss + 1P (€) Ry (Eb + 2)[iss)
or, respectively, from (2.19)), (2.22)), (2.23)), and

IxiRv (Eb + 2)fs <

A(aP-(E) Ry (Eb + 2)|is + [IxiPe 2Ry (Eb + 2)fis) + Xt P+ (E) Ry (b + 2) s
O

Assume that V is an R3-ergodic potential satisfying the assumptions of Theorem For
r3 € Rand w € Q) put
v(w3) = vo,(23) := Vo, (0, 23). (2.27)

Set h, := hy(0) (see (1.7)). For z € C\ R and w in a full-probability subset of {2 denote
by r,(2z ) := (hy, — 2z)7! the resolvent of the self-adjoint operator h,.

Lemma 2.2. Let z € C\ R. Assume that V is an R3-ergodic potential satisfying the
assumptions of the Theorem . Then almost surely the resolvent r,(z), z € C\ R,
admits an integral kernel R,(x,x';2), =, 2’ € R, such that the function R > x —
Jo |Ro(z, 2/; 2)Pda’ € [0, 00) is well-defined and continuous.

Proof. Fix w € Q such that v € L (R), and the operator h, is essentially self-adjoint on
Cs°(R). By (1.1) - (1.2) the set of such w has probability one. Since v € L2 _(R), every
solution u of the differential equation

—u" +ovu=2zu, z€C, (2.28)

is absolutely continuous. Suppose now that z € C\ R and denote by u_ (respectively, u )
a non-trivial solution of whose restriction on any interval (—oo,a) (respectively,
(a,00)), is square-integrable. The existence of such solutions is well-known (see e.g. [4]
Lemma II1.1.2]). Obviously, u— and u, are linearly independent. Let w := v/, (x)u_(x) —
u_(z)us(x), x € R, be the Wronskian of the solutions u, and u_. It is well-known that
w # 0 is independent of z € R, and we have

r oy us(@ug(2) i oz <a
wRo(z, 75 2) = { uy()u_(z') if 2/ <.

Therefore,
/|Rv(mx 2)|"dx’ =
R
ol (el [ o)+ @ [ st
which proves the claim of the lemma. O



Lemma 2.3. Let = € C\ R. Suppose that V is an R3-ergodic potential satisfying the
assumptions of the Theorem[1.1. Then

(</|R (0, 2'; z|dx>>_m<l+ E(v())>_ (2.29)

Proof. Let J € C°(R), J > 0, and [, J(z)dz = 1. Set J.(z) := e 'T(x/e), x € R,
e >0, and

Qe = Qe(z) =

E (7/%r,(2)lks) = E (( [ [ aom.s z)\?dxdx'f) e>0,2€C\R

Since almost surely the operator r,(z) is self-adjoint and v € L2 (R), by analogy with
(2.17) we can justify almost surely that the resolvent equation

ro(2) = ro(2) — ro(2)vry(2)

with ro(2) = (ho — 2)7! (see (2.8)). Similarly, almost surely we have ||r,(2)| < 1/]yl.
Therefore,

Qc < 8E (|7 2ro()lfis +y~ 1T *ro(2)ollts) - (2.30)
By the Cauchy-Schwarz inequality and the R3-ergodicity of V', we have
E (17 2ro(2)vllizs) < E(V(0)') 1T ro(2) |ss. (2.31)

On the other hand,

/ / T.(0)Ro(z o' 2)Pdda’
R JR

1 1
— d =21 ds = ———. 2.32
4|Z|/R\7e($) I/Rexp( m+/z|s|)ds BT (2.32)
The combination of (2.30)), (2.31)), and (2.32)) yields
1 1
Q. < (1+ —E(V(0) ) e > 0. (2.33)
BEITaE Vo)

Further, by Lemma 2.2} the function z 3 R — [, |R,(z,2’; 2)[?da’ is almost surely con-
tinuous. Therefore, almost surely

hm//jE )R, J:xz|dxdx—/|R (0,2 2)dx’. (2.34)

Next, almost surely we have

1
12, () s < 8 (IIJJ”To(Z)II?{s ; EHJJ/QTO(Z)UH%{s) . (2.35)
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Finally, it follows from (2.12)) that the estimates

1 2
1T 2r0(2)ollhs < — / T () Im VAl gy / Ay (2| <
16‘212 R R

2
cs </ v(ﬂ)%‘mmﬁxldx/) < 05/e‘2lmﬁ|’”/|dx//v(x')‘le_mmﬁ'x/'dx' (2.36)
R R R

hold with ¢5 = ¢5(2) > 0 provided that e is small enough. The r.h.s of (2.36) is in
LY(2;dP) since E(V(0)*) < oo, and is independent of e. By (2.35), this is also true

for Hjelmrv(z)ﬂﬁs. Bearing in mind this fact and limiting relation (2.34)), we apply the
dominated convergence theorem, and get

liI%Q6 = lir%E(||$1/2rv( M) = ((/ IR, (0,2"; )] dx> )

which, combined with (2.33)), proves the claim of the lemma. ]

3 Proof of Theorem [1.1]

3.1. Throughout the section we assume the hypotheses of Theorem [I.I Also, until
Subsection 3.8 we suppose that V is R3-ergodic and R-ergodic in the direction of the
magnetic field.

Since R 5 A — py;,(Eb+ A) is a non-decreasing function, and can be interpreted
as measure-convergence relations. Since the measures related to the r.h.s. of and
have no atoms, we conclude that is equivalent to the validity of the relation

[€/2]

lim b1/2 / PN dovy(Eb+X) = 1 > (E-2¢)71? / e(N)d), €€ (0,00)\2Z,, (3.1)
—00 R g R
for any ¢ € C§°(R), while (1.9) is equivalent to the validity of the relation
1
lim bl/@(A)dQVb(5b+)\) - —/go()\)dkv()\), £e2,. (3.2)
b—oo R ’ 21 R

for any ¢ € C3°(R) (see e.g. [11]).

3.2. The assumption that V is R3-ergodic implies

Lemma 3.1. [8, Corollary 3.3] Assume that V is an R3-ergodic potential satisfying the
hypotheses of Theorem . Let A C R? be a Lebesque-measurable set of positive finite
Lebesgue measure |A|. Then we have

| #0devs() = (T (b Hvaxa)) . Vo € CFR) (33

where xa 18 the characteristic function of A.
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In what follows we pick an arbitrary { > 0 and choose A in (3.3) as the cylindrical set
A; defined in ([2.6) (hence |A| = wl?). In consistence with our previous notations we will
write x; instead of xa,. Thus (3.3]) implies

[ eO0devsin+8) = [ 0= Endeva(h) = 2 B (T (up(s = E0x) . ()

3.3. Further, we introduce a representation of Tr (x;p(Hvy — Eb)xi) by the Helffer-
Sjostrand formula. Let ¢ € C3°(R), and ¢ € C5°(R?) be a quasi-analytic extension of (.

Note that 96
S| =0l u—o, (35)
z
for each N € Z,, and
&(z,0) =p(z), xR, (3.6)

Lemma 3.2. [0l Theorem 8.1] Let L be a self-adjoint operator. Let p € C§°(R). Then
for each m € Z, we have

o) = 1 [ G = (L= i) (L =) dady (3.7

the integral being understood in the Riemann-Bochner sense.

Remark: The Helffer-Sjostrand formula (3.7)) is written in [0, Theorem 8.1] only for m = 0,
but this special case easily implies the formula for arbitrary m € Z, (see e.g. [13], [14]).
For ¢ € C§°(R) and € € [0,00) set

o(b,8) = —— [ P20 ) (5= VB (Tr (iR (Eb+ )R (Eb + 2)x)) dady,  (3.8)

7T2l2 R2 %
the notation Ry being introduced in (2.16]). Applying the Cauchy-Schwarz inequality

IE (Tr (\;Rv(Eb+ )Ry (Eb+ 2)x1)) | <

1/2

(E(Rv (b +)|Es) Y (E(haRv (Eb + 2)[I3s)) 2,

estimates (2.24)-(2.25)), assumption (1.1)), and (3.5)), we find that the quantity ®(b, &) is
well-defined. Using (3.4)), (3.7) with L = Hy;, — Eb and m = 1, we get the following

Corollary 3.1. Let ¢ € C§°(R). Then under the assumptions of the Theorem we
have

/R o\ — Eb) dovy(\) = (b, E). (3.9)
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3.4. For ¢ € C3°(R) and &€ € [0, 00) set
2 (x,y) E(Tr (uP-(E) Ry (Eb+ 2)P-(E)x)) dudy if € & 22,

1
poTE fR2
(r,y) E (Tr (Xng/QRV(gb + z)Pg/QXl)) dxdy if € € 27,

®y(b,E)) =

0= { T
the orthogonal projections P, ¢ € Z,, and P_ being introduced in (2.4]) - (2.5)). In order
to check that ®4(b,E) is well-defined, set

p._ [ P6) it £¢22.,
T Pep it €274,

i

and note that resolvent equation almost surely implies

XZPRv<gb—|— Z)PXZ = XlPRo(gb + Z)PX[ - XZPRO<gb+ Z)VRv(gb + Z)PX[

Therefore,
IE (Tt (i PRy (Eb + 2)Px1) | < [[xaPRo(=1)"2[lfis /| (Hop + 1) Ro(Eb + 2)|| +

(E (IxiPRo(Eb+ 2)V [Is)) " (E (| Ry (€6 + 2)PxillEs)) (3.10)

Since |[xiPRo(—1)"?|lfis = Tr (xsPRo(—1)) and xiP,Ro(—1) = x11pg @ X|70(—2bg — 1),
q € 27, we easily find that

b [ SER2gh+ 1)1 if £ ¢ 2z
PR _1 1/2 2 _ q:0 q + 31].
IxiPRo(—1)"||is A (Eb+1)7V2 if £e€2Zy, ( )

taking into account (2.9)) and (2.12)). Moreover,
A+1
Hyp, +1)Ro(Eb+ 2)|| = su <1+
I(Foa t DR+ = sy~

A€[0,00

(Eb+x+1)4
—|y| . (3.12)

Finally, by analogy with (2.21]) we have
E ([[xiPRo(Eb + 2)V [liis) = E(V(0)*)E ([xi PRo(ED + 2)[5is)

which combined with (2.20]) or (2.26)) yields
E ([xiPRo(€b + 2)Vls) E (| Rv(Eb+ 2)Pxilliis) <

2] xiPRo(Eb + 2) [sE(V(0)*) (1 +y~*E(V(0))) . (3.13)

Putting together (3.10) - (3.13)), (2.13)) or (2.14)), and (3.5)), we conclude that ®,(b,€) is

well-defined.
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Proposition 3.1. Let ¢ € Cg°(R). Then under the assumptions of Theorem[1.1 we have

B(b) = By(b,E) + O(1), b— oo, (3.14)

if € E 27, and
®(b) = ®1(b,E) + O(B*), b — oo, (3.15)

if € €27,
Proof. First of all, note that fRQ %(LE, y) dxdy = 0. Further, the resolvent equation implies

Hence,

31(0,€) = —— [ 22(2.) (= DE (Tr (uP_(E)Ry(Eb+ i) Ry (Eb + 2)P_(E)x1)) dady

7T2l2 R2 E
it &€ €27, and

1 0P , :
1(0,8) = =55 “(e,y) (z —)E (Tr (xiPes2Rv(ED+19) Ry (ED+ 2) Pejaxy) ) dady

7202y 07

it € e2Z,.
Assume &€ & 27, . Then we have

Tr (Xle(gb + Z)Rv(gb + Z)Xl) =Tr (XZP7<€>RV(56 + Z)Rv<gb + Z)P,(S)Xl) +

Tr (QuP+(E)Rv(Eb+ 1) Ry (Eb+ 2)P_(E)xi) + Tr (uRv(ED + i) Ry (Eb+ 2)P(E)xi) =
Tr (i P_(E)Ry(EL+ )Ry (Eb+ 2)P_(E)xy) + T+ 11

Therefore,
B(b) — B4 (b, €) = # 3 %(m,y)(z i) B+ 1T) dady. (3.16)
Evidently,
EM)| < E (P (€) Ry (Eb+)s) B (IRv(Eb + 2)P-(E)allEs)*,  (3.17)
1/2

. 1/2
[E(ID)| < E (|PxiBv(Eb+3)l[Es) " B (I By (Eb + )P+ (E)xalls)
Combining (3.17)) - (3.18]) with Corollary we find that (3.16) implies (3.14]).

Assume now £ € 2Z,. Then we have

(3.18)

Tr (i Rv(Eb+ )Ry (Eb + 2)xi) = Tr (xiPejpRv(Eb+ i) Ry (Eb + 2) Pejaxi) +

Tr (\i(P_(E) + Py(E)) Ry (Eb + i) Ry (Eb + 2) Pejoxt) +
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Tr (i Rv(Eb+ )Ry (Eb+ 2)(P-(E) + Pr(E))xu) =
Tr (\iP_(E)Ry(Eb+ )Ry (Eb+ 2)P_(E)x;) + III + 1V.

Hence, in this case

O(b, ) — 01 (0,) = —— [ 220 ) (= — i) BOIL + V) dady.

w212 Jre 97
Obviously,
B < ((E(haPy(€)Rv(Eb +3)l3)" + (P (€) Ri(€b+)[E)) ")
(E(HRV(Sb + Z)PE/ZXIH?{S))IM
and
EV)| < ((B(IRv(E + 2)P)xillfs) " + E(IRv(ED + ) P-(E)xillEs) ) x
(E([lx;Rv(Eb + i>|‘12{s))1/2.

Arguing as in the proof of (3.14), we obtain (3.15) with the help of Corollaries —
2.3 O

3.5. In this subsection we establish several auxiliary results needed in the further steps
of the proof of Theorem [L.1] For x € R? set

C(x):=E((V(0) — V(x))*). (3.19)
Obviously,
’ Sélﬂg |C(x)] < 8(E(V(0)*). (3.20)

We will need the continuity of the function C' proved in a somewhat more general context
in the following

Lemma 3.3. Let
Qx R3S (w,z) — V() €R

be a function measurable with respect to the product o-algebra F x B(R?), where B(R?) is
the o-algebra of the Borel sets in R?, d > 1. Assume that V,, is R%-ergodic, and for some
p > 1 we have E(]V(0)|P) < co. Then

lim B[V, (2) — V.(0)]7) = 0.
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Proof. 1t suffices to prove that for each sequence {z,},cn, ¥; € R?, such that lim; . z; =
0, we have
lim E(|V,(z;) — V,(0)|") = 0. (3.21)

Jj—oo

Note that for every Lebesgue-measurable set O C R? of positive finite Lebesgue measure
|O| we have

O E(|V.,(0 (/ Voly |de> (3.22)

O E (Valz) — Vao(O)) = E( /O Vuly +2;) — Vu(y)Pdy), j €N. (3.23)

Set C := (—%, %)d, D= (-1, 1)d. Evidently, if |z;| is small enough, C + z; C D.
By (3.22)) with O = D there exists g C € such that P(Q) = 1, and V,;p € LP(D) (and,
hence, V,c € LP(C)) for all w € €. Pick w € Qy and set W := xpV,, where xp is the

characteristic function of D. Then W € LP(R?), and we have

W(y +z;) = W(y)[Pdy — 0 as j — oo. (3.24)

Rd

Set
' fC|V (y+xj) = Vo(y)lPdy if weQy,
filw) = {o if we\ .

By (3.23) with O = C we have

E(Vala;) = VolO)) = / fi(@)dP(w). (3.25)
Let us now show that
lim f;(w) = Yw € . (3.26)
j—o0

For w € Q\ Qq this is trivial. If w € Qg we have
Wy + 25) = W(y)|dy = /C Voly + z;) = Vou(y)|Pdy = fi(w). (3.27)
R

Since f; is non-negative, (3.24) and (3.27) imply (3.26]). Now set

< S Wao@)lPdy if  w e Qp,
flw)= {o if weQ\QO

By (3.22) with @ = D we have 0 < f € L'(Q;dP). Moreover, there exists a constant
¢ = ¢(p) such that

fiw) < ep)f(w), VweQ (3.28)
Putting together (3.26) and (3.28)), we find that the dominated convergence theorem
implies lim;_ [, fj(w)dP(w) = 0 which combined with (3.25)) yields (3.21)). O
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For [ > 0 set )

= 42
4:7Tl Ay

Remark: By Lemma 3.3 we have D; — 0 as | — 0.
For [ >0,q€Z,, and x3 € R, set

D, C(X1,0)dX,. (3.29)

Kop(23) := /A 5 1Py (X 1, X)) (v(as) — V(X' 23))? dX  dX", (3.30)
1,

P, being defined in (2.2), and v - in (2.27]).
Lemma 3.4. Suppose that E (V(0)*')) < co. Then

limsupE (b2K,,(0)*) < *D,. (3.31)

b—oo

Proof. By the Cauchy-Schwarz inequality, we have

2
[Pap(X 1, X1 (V(0) = V(X1,0)" dXJ_de_) <

E (b2Ky5(0)%) =b°E ( /

1 JR2

b °E / 1Ps(X 1, X)) PdX  dX) x
Ay JR2

| P XOR((0) = VX, 0) X1 (3.32)
1.1
By (3.19) and the identity
bi?
[ ] 1Pas(X XD PAXLaX] = s malfis = 5
ALy JR? 2
(see (Z9)). e get
b2
E (b7°K,(0)%) < /A 5 1 Pys(X 1, XDPC(X,0)dX  dX), . (3.33)
1,1

Changing the variables X| =Y, X =Y, +b""/2Y], we find that

/A [Pl XD €Y 00X, -
1

’ / P (0, Y))[P C(YL + b2V, 0)dY.dY].
ALJ R2
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Hence, by the dominated convergence theorem and ([2.3)),

b—o00

lim bl/A - |’Pq,b(XJ_, Xj_)|2C<Xj_, O)de_ =
1,1

/ [P1(0, Y1) PdY, C(X1,0)dX, =21°D;. (3.34)
R2 AL
The combination of (3.32)) — (3.34)) yields (3.31)). O

3.6. For £ € [0,00), ¢ € Z,, and ¢ € C{°(R), set
1 0P
22 Jpo O0Z

the notation Ry being introduced in (2.16)), and v being defined in (2.27). Using (22.9),

we immediately get

Dy (0, &) = (z,y) E (Tr (xiPyRp,20(Eb + 2)Pyx1) ) dady, (3.35)

b op

CI)ZH(b,S) 271'2 R2 0z

——(z,y) E (Trrzm) (x)ro(Eb — 2bq + 2)x)) dady. (3.36)

As above 7,(z) = (h, — 2)7}, and h, = hy(0) (see (L.7)). It is easy to see that the
quantities @, ,(b, £) are well-defined. Put

Dy (b, E) = Z[S/z] Doy (b,E) it E 27y,
R (I>2,£/2(b,5) if £€e€2Z,.

Proposition 3.2. Let ¢ € CP(R), £ € [0,00). Assume that V' satisfies the hypotheses
of Theorem 1.1l Then we have

lim sup b™/2|®, (b, &) — By(b, E)| < cD;”” (3.37)
b—oo
if EE 27, , and
lim sup b~y (b, £) — D4 (b, )| < 2D, (3.38)
b—o0

if € € 27, where cg and c; do not depend on 1.
Proof. Assume at first £ € Z,. Then we have

| a¢

Py(b,€) = 2 > = (2, 9)E (Tr (xe P-(E) Rre) (Eb + 2) P-(E)x1) ) daxdy

where T'(€) := Zgg/ 5 Pg ® v, and the resolvent equation justified by analogy with (2.16)).
Therefore,

@1([),5) - @2(b75> -
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L/ %(x, YE (Tt (uP-(€)Rre) (Eb+ 2)(T(E) — V) Ry (Eb + 2) P_(E)xi) ) dudy =

m202 Jpo 0Z
[£/2)
=R
E (Tr (xiPyRp,20(Eb+ 2)(pg @ v — P,V)Ry(Eb+ 2) P_(E)x1) ) dudy. (3.39)

Applying the Cauchy-Schwarz inequality, we get
b2 By (b, E) — By(b, E)| <

[£/2] 6~

_ 1/2
= 2 (o)| (B (7P R €0+ 20, 90~ BV IRs))

(E (572 Ry (Eb + 2)P_(E)xillZs)) " dady. (3.40)

Note that we have x;PjRp,c0(Eb + 2) = X1:Pq ® X|ro(Eb — 2bg + 2). Recall that
Ro(z3,25;C), x3, x4 € R, denotes the integral kernel of the operator r,(¢), ¢ € C\ R.
Using the ergodicity properties of V,,, we find that for ¢ =0, ...,[£/2], we have

E (572X 102g ® X0 (€6 — 204 + 2) (g © v — P,V [liis) =
E <b1/2/ /|R (z3,2%; Eb — 2bg + 2)| qu(:c3)dx3dx3) =
1/2

E (b‘WKq,b(O) / IR, (0, 5;Eb — 2bg + 2)|° ds) <
R

o\ \ 1/2
< (B(b"2K,,(0)%)"? (IE (b ( / IR, (0, 5;Eb — 2bg + z)|2ds) >> (3.41)

(see (3.30))) for the definition of K,4(0)). By Lemma [2.3]

2
E (b </ |R,(0,5;Eb — 2bq+z)|2ds> ) <
R

b 1
1+ —E(V(0)Y)) <
2(|gb—2l)q—|—z|1m Sb—2bq—|—z)2 ( + /A ( ( ) )) =

L (1 + %E(V(oy*)) |

2(& — 2q)y? y

provided that z = Rez € supp ¢, and b > mxig%w Therefore, (3.41)) entails

E (b~ 2|1 P, Ry, 0 (Eb + 2)(py @ v — P,V)|%s) <
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(E (b*2Kq’b(0)2))1/2 (m (1 + %]E(V(O)‘*)))m : (3.42)

Combining (3.39)), (3.40)), (3.42)), and (2.22)), we get

7 |@1(5,€) = @a(6,€)| < s (071 E (Kal0)) Y -

q<[€/2]

S y)’ (1 T %(]E(V(O)“ﬂ”) [yl dady. (3.43)

/8
R2

Putting together (3.43)) and (3.31)), we get ([3.37).

Assume now & € 2Z,. By analogy with (3.40) we have

- ‘q)l(bv 5) - (I)2<b7 5)‘ <
1

m2[2

99
MPE

1/2
(x. y>\ (07 (IhaPes2 Ry on( €0+ 2)pepp @ v = PepaV) s ) ) %
(b"'E (| Ry (Eb + 2) Pejaxallis)) 2 dedy, (3.44)
and, similarly to (3.41]), we get

E (6110 Pe 2 Ry on(ED + 2)(pej2 @ v = PepaV s ) <

(B (b™2Ke/2,(0) 1”( (/ R(0, 5 2)[2 ds)) 2. (3.45)

Using again Lemma [2.3] we obtain

(‘Z|Ii1 \/_) (1 + 1 —E(V(0) ) < — <1 + —E(V(0)4) . (3.46)

Putting together (3.44] - - and (| 7 we get
b D (b, E) — @y (b, E)| <
1 op
140 °E (Kg2,(0)%)) ! /
( (Ke25(0)%)) N
which combined with (3.31) yields (3.38).

e y>' (1 B2 sy
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3.7. Let £ €[0,00), ¢ € Z1, ¢ € CF(R). The Helffer-Sjostrand formula (see (3.7)) with
L = hy — &b, and m = 0, and the Pastur-Shubin formula (see [20, Section 2]) imply

b
B24(0.8) = 5= [ o= Eb-+ 2oy (:0)

™

Therefore,

Dy(b, E) = { L S [ o(N — Eb+ 2bg)dpy(X; 0) if € & 2Z,.,

: 3.47
L[ o(Ndpy (X 0) if € €27, (3.47)

Assume at first £ € Z,. In order to complete the proof of ([1.8]) we need the following

Lemma 3.5. [I8, Theorem 6.5] Assume that V' satisfies the assumptions of Theorem .
Then we have

E1/2 E-1/2

T 21

pv(E;0) = E(v(0)) +o(E™), E — occ. (3.48)

Applying Lemma [3.5] we easily get

1
lim blﬂngp(A — b+ 2bg)dpy (X 0) = (€ — 2q)~1/2 /R e(NdX\, ¢=0,...,[/2].

b—oo
(3.49)
Putting together (3.14)), (3.37)), (3.47)), and (3.49), we obtain
1 €A
limsup |b~'/?®(b,€) — — > (€ —2¢) / ©(\)dA| < ¢D}”*. (3.50)
b—oo 42 4=0 R

Since limy o D; = 0, we conclude that in the case of R3-ergodic potentials V', relation ((3.1)
follows from ((3.50)).

Now assume £ € 2Z, . Then (3.15), (3.38), and (3.47)) directly entail

1
lim sup ‘b‘l@(b, £)~ 5 / (N dpy (\; m‘ < erD}/?
R

b—oo m

yielding (3.2) in the case of R3-ergodic potentials V.

3.8. In this subsection we prove Theorem in the case where V = V, is Z3-ergodic
and Z-ergodic in the direction of the magnetic field. To this end we will use the so-called
suspension method ([10], [18]). Set

1 1\°
Voo(x) =Vo(x+0), weQ, 6fe (—5,5) , x€eR.

21



Then the potential ‘N/wg is R3-ergodic and R-ergodic in the direction of the magnetic field
on the probability space (Q,]} , I@’) which is the product of the given probability space
(Q, F,P), and (o, Fo, Py) where Qq := (—%, %)3, Fo is the o-algebra of the Borel subsets
of Qy, and Py is the Lebesgue measure on € (see [10] or [I8, pp. 28-29]). Moreover, due
to the unitary equivalence of the operators Hyj + Vwﬂ and Hyy + V,,, we have

ove(A) = 0p,(A), AeR. (3.51)

Now relation (|1.8)) for Z3-ergodic potentials follows from the same relation applied to the
R3-potential V, and (3.51). On the other hand, (1.9) applied to the R3-potential V and

(3-51) imply

lim b~ (ovp(Eb+ A2) — ovp(Eb+ 1)) = % (kp(A2) = k(A1) - (3.52)

b—o00

Using again the Pastur-Shubin formula for py (A;0) i.e.

1 -
pir(A;0) = e (Tr (XaX(—oe (R (0))xa))
it is easy to check that we have

kv()\) = p‘”/(>\; O) = /é_ )2 pv()\; XJ_)dXJ_ = kv()\), A eR. (353)

Combining (3.52)) and (3.53)), we get ((1.9) for Z3-ergodic potentials.
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