A New ConstantArising in Non-linearMaps

Milton M. Chowdhury
16 CaledoniarAvenue FY 3 8RB, EnglandU K.
The University of Manchesteinstituteof ScienceandTechnology

Abstract

We presenta newconstanivhich arisesn nonlinearmaps We
canshow(unlike otherconstantsn mathematicaphysicg thatthis
newconstanis irrational
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1. Theoreml - ResultOn Full Logistic Map
Defineu(x) by

ux) =1ifx<0

ux) =0if x>0
Thelogistic map[2] whichis Xn.1 = AXn(1—Xn), A € Rhasbeen
investigatedve give resultsfor A = 4 thisis thethefull logistic map
Thefull logistic maphasthe nonrecursiverepresentation

Xq = deodzarccosl20) T3] It js knownthatu(cos2™ 1),

n > 1is thenth bit of 1 BitXor - see[4] andappendixWe now give

theoreml thatwith thefull logistic mapandxo = L then

Lyl _y) = Lpitxor L
ZOZ 5 Xn) 27rB|thr7[

andmoregenerallyit canbeshownwith xo = 5% andje| < 1 then

* 1
Ayl _x,) - u(z —Xo) . arccode| n arccoda|
nzol on U 2 Xn) = > Al BitXor ——/——if 0 < |a| <1

_ 1 _ 1y,
—u(0)+2 4|fa 0

Thebirfucationdiagrambelowshowstherelationof Feigenbauntonstan{1]
1_
andconstant®f theform 2222 arccodal BjtxXor 2°%L this givesa

2
solutionof to the problemwe considerof relatingknown

constantgo FeigenbauntonstantWe canshowconstant®f theform
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u(3—xo)
2

knowncogpr) = qwhenp & qarerationalp = 0,++,+< +2 andl and

+ 2okl gitxor 2°9%1 greirrationalwe sketchthe proof, it is

1— 31— 21— 3
q=1, %,0,—% and-1 respectivelyaretheonly possiblevaluessee[6].
Weimmeadiatlyseethat 2= — qis irrationalfor nearlyall p. It canbe

shownby usingpropertiesof binary expansiongBitXor 5 is rationalif a
is rational

Bifurcation Diagram Of Loagistic Map

1 T T T T
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Feigenbavm constant calculated from the ratios on % asas.
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More generallywe definea conditionfor a systemsof iteratonsy n1,7n2, ...,¥ nm

to be possiblychaoticif atbifurcationparameterd1,As,...,Am

oc

Z W(u(g1(¥n1)), U(@2(¥n2)); -, U(@m(Ynm)), A1, A2, ...

,An)

(b+1)"

n=0
if Cis adifferent(recognisablg(ir)rationalfor nearlyall
differentyo1,702,..-,Yom
for realvaluedfunctionsgsi, gz, ..., gm andanintegervaluedfunctionV this
definition canbebasedntheworkin [4], b € N*.
Theresultgivenabovecanrecastas if Xn1 = 4Xn(1 - Xn),and
Xp = 020 20) thenx, = L — Lo andxs = 4 — 1 fawith
Bri1=2B%3-1,-1<Bo<1 n>0,withBo =6, -1<6 < 1lwehave
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6=l+MBithrMif ~1<68<0
2 21 T
1

0 = :mm+%w5=o

4
Thesetof pointsgeneratedby theiterationzn.; = zZ with z, € Cand|z| = 1
generatgointsof a Juliaset This setis closelyrelatedto the Mandelbrotset[7].
Theorem?2, if zg=cosa+isin « thenu(Im(z,)), u(Re&z,)) correspond

to bits of & and - BitXor £ this canbeshown

2. Generahsatlons

Theseriesy_

in [8], [9]. Replacingtanby cosgives)_~ | Zn—ﬁlu(coszn) = = BitXor 5= see[4].

1 < 1 _ 1 H
o T U(sin2") = 5-andd " —L-u(tan2") = + aregiven

Now definea(n, xx) belowrecursively k € N. x is understood
to bexy for somek. a(n,xx) = an with initial valuexx we usesimiliar
definitionsfor b(n,xx) = b, etc

a(n, Xk)

sin(2"arcsin(ap))
=ay =XIfn=00<xx<1

=2a/1-ajifn=1

= 2an1(1-2ap2)ifn>2

this recursivedefinition andthe similar onesthatfollow arederivedusing
thedoubleangleformulaefor tan sineandcosetc Then

- _arcsinXy)
Z onit ua(n,xk)) = Tk

n=0

seg]8]. Defineb, by
b(n, Xk)

cog2"arccogbo))
xk=b00<xk<lifn=0
=2b2,-1lifn>1

thenit canbe shown(for examplea proofbasedntheoreml) that

L _ 8ICCo®Xk) p; arcco$Xx)
Z onl u(b(n,xx)) = #BI’[XOI‘T

n=0
whichis aresult Definethe Ploufferecursion 9] with ¢, by
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c(n,Xx) = tan(2"arctar{co))
Co = Xk” n=20
2
= ZC“*21 ifn>1 |c| =1
1- Ch1

=—wifn>1jc =1

we considel0 < Xk < 1

> Sirucnxg) - A

n=0
see[8]. Letd(n,x),e(n,x),f(n,x) betheanalogousecursiongor seg cscand
cotrespectivelyobtainedby usingthe doubleangleformulasofor example
for d(n,x) we have

din,xk) =Xk =dp=0< xk < 1ifn=0

-1 jtn>1
—1+dz
n-1

thenit canbeshownthat

L _ 8ICSe(Xk) p; arcse€x)
Z on1 ud(n, xx)) = TC)BHXO"T

n=0
Now define
BitXorf(vn) = f(v1)BitXorf(vy)...f(vn 1)BitXor (vn)
vn
and

> BitXor f(vo) = f(va)Bitxor {2 fov,Bitxor )

vn

AWAY

3 BitXor f(va) f(vl)Bithrf(VTl)BitAnd...BitAndf(vn)Bithr —f(‘én)

n

NANNN

> BitXor f(vn) = f(vo)Bitxor {2 BitOr... BitOrf(v, Bitxor 1)
vn

Lemmalf vi,Va,...,vh € [-1,1] thenu(viVz...Vh) = u(vi) Xor u(vza)...Xor u(vy)
by the abovelemmawe haveTheorem3

Yo U Tam xa) [Th(n,xe) [Teln,xe) TT(dn, xo) [Tetnxe) TN X)) =
VA vB vC vD YE VF
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(Z BitXor + arcsin(xa))BitXor(>_ B|thr L arccogxg))BitXor (> BitXor
vB vC

-+ arctar{xc))BitXor(D_ BitXor + arcse€xp))BitXor(D_ BitXor+ arccséxe))
vD VE
BitXor (D_ BitXor + arccotxr))

vF

Now considera variantof theorem3 therecursionsnvolving cosonly we have

o0

Z 2%” U(H b(n,xs)) = Z Blthr arcco$xB)

n=0

Considerthe systemof logistic equationsT .1 x = 4Tnk(1 — Thk),n > 0.
We will demonstratéhatfor a systemof logistic equationthe systemgives
£ to angivennumberbinarydigits from iterationsof the systemWe have
Tk = 5 (1 - cog2"arccogl — 2Tox))

Tok = 5+ — +b(n,x) forn > 0

let 1 < k < z(sowe havea systemof z logistic equationk
Letxk = cos(%) € [-1,1], a € [0,2x] orlet

Xk = cogmka) € [-1,1], a € [0,2x], withmg = 1 ormg = zv ,v=123,..
z
Letg = >_u(xn), By propertiesof BitXor,
n=0
z
Z::() 2n1+1 U(H(l_ 2Tn,k)) =7
k=1
we havetheoremd (we omit the proof)
o0 V4 oc
> seruJa-2m) =3 5 u(H b(n, X))
n=0 k=1 n=0

= L BitXor 5% se if vk 0 < xe<1

= 4 BitXor 5% 52— If VKX # 0,-1 < x« < 1& geven

= % 4 BjtXor 2‘;‘ if vk,x# 0,-1 < xx < 1& godd
- %if vk, X« = 0& zodd

Oif Vk, xxk = 0& zeven
1-(1?
8

+ U(—|V]) (<& BitXor 52— 22
T e e

V = argminx
g vk K

we cannow give Theorenb it canbe shownthat



N

im > saru([ [@-2Tno) = lim > Sz u T benxw)
k=1

n=0 k=1 n=0

= Lifvk 0<x<1
= L if Vk,xk = 0,-1 < xxk < 1& geven
=%+7|ka,x¢0,—1§Xk<l&90dd
- %if VK, X = 0& zodd
= 0if Yk, xx = 0& zeven
_1-CD* L ovnee 1-CD9
= 5 +U(=[VP(Z +u(V) a

1- (17,

8

V = argminx
g vk K

We now give two variantsof theorem (andwe couldgeneralisehesetheorems
to basedn theorem3 to obtaintwo variantsof theorem3.)

Lemmaslf vi,vo,...,vh € [-1,1] thenu(vi)u(vz)...u(vn) = u(vy) And...And u(vy)
If vi,V2,...,Vh € [-1], 1] thenu(—(u(v1) + u(vz)...u(vn))) = u(vy) Or...Or u(vy)
henceby propertlesof BitOr andBitAnd we havetheorem6
[o's} n=z+1 AN
Z ot Hu(l 2Tni) = Z ot Hu(b(n Xk)) = Y BitXor =
n= n=1
®© «© k= n=z+1 AAN
> S U(Z—U(l—ZTn,k)) - ZzT{lu(Z—u(b(n,xk))) = 3 Bitxor %
n=0 k=1 n=0 k=1 n=1
n=z+1 A
= Y Bitxor =%
n=1 n
1- ( 1) n=z+1
= +u(- |V|)(Z BitXor zn‘j‘lﬂ +

T g%

V = argminx
g vk K

now define
Tk = 5 — 3b"(n,x) for n > 0 with b”(n,x«) = (-=1)*b(n, xx) we

givetheorem7, z> 1,k > 0,

X= COS((1+ (DM + (L (-2) - 1(-1)" + 1)




z oo z n=z+1 AN

2t [[ua-2To =3 5% HU(b”(n,xk)) = ; BitXor &

n=0 k=1 n=0
o z o k=z n=z+1 AAA
> 2nl+1 U= ud-2Ta) =D 2,]1+1 “(_Z ub"(n,x))) = D BitXor Zn‘j‘lﬂ
n=0 k=1 n=0 n=1
G ERoF (1 CD 4 UV (4 Bitxor(
e (_1)_1(_1 1 1 ( 1)
(%) 30 2) 3) UM
_1-(1
)
V = arg rgLnxk
we cannow give theorem8
) z o z n=z+1
im > sy [ [u@-2Two =lim 3° 5 JECEDETDY
n=0 k=1 n=0 n=1
BitXor -4— =
T

n=z+1

im > 5 u(—%} u(l-2Tn) = lim Z(; ST U Zu(b”(n x0) =1lim 3

n=0 n=1
BlAt;(Aor znal
-4+ Ly D0 yvpgaivord
MPVEEIC I R h

V = argminx
g vk K

3. A Methodfor S.o.i.c.

If we canshowthatif theR.H.S. of theorem3is (ir)rationaletc depending
ontheinitial conditionsthenthis givesa methodto detectchaos
sensitivityof initial conditions(s.o.i.c.) we canshowdetectionof s.o.i.c. for

somesequencelNe give the methodbelowafterfirst provinggiving theorems
A andB below.

TheoremA

Therearetwo representationsf g = %BithrF

with F € [0, 1] with thetwo valuesof F = a1,a>2

a1 € [0,1] andaz = 1—ax.
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Proof

Seeappendix
TheoremB

amc,fs"“' is irrational

—amzc,fé'“' BitXor 2<%l is jrrational when :

Proof

Thisis straightfowardby the prooftitled ' If g = £BitXore is....
(seeappendixpagesl3-16) that X5 Bitxor 2°°¥L s irrational

when 2<% js jrrational 2<%l js strictly monotonicdecreasing

on[0,1] thiswill allow usto useTheoremA. We know
thevaluesfor which 2<%l is rationalfor rationala this showsthat

arcc

2ecou Bitxor 2% s rationalfor therationalvalues

Proofof s.o.i.c. for thelogistic equation

We aremeasuringhe behaviorof theiteratesby looking atthe signs

of theiterates

i7 -
Definef(a) = ~ 5"+ 37, u(h — xo) = 25l gitor 222081

with xo = 5% and|je| < 1 for iteratesof thelogistic equation

WeconsidelQ < a < 1 hencexg > % We haveto showthatfor small

e € (k1) thatf(a + €) = f(a) equalityoccursby usingtheoremA when

arcgzséa) BitXor arcc;séa) _ (1 . arcggsa) )BitXOI’ (1 . arcc;séa) )

hencewe shouldnotchooses = cogr — arccosa)) = 6.

Hencewe setarbritarysmallk, | for « in f(a) suchthatk < o < |

andd ¢ (kl)weseethatk—1 <e<|-a.

By theoremB we seethatfor all suche abovethatf(a + e) is a different
arccoga)

(inrationalandbecause=——=*~ is strictly monotonicdecreasing
on|[0, 1] this showswe havedetecteds.o.i.c. for xo > %

A very similar proof showswe havedetecteds.o.i.c. for xp < %
Forxo = % we know thatf(0) is rational we know all the valuesof

rationalxo suchthatf(xo) is rational Now we setarbritaryk,| suchthat
for anye € (k,1) thenf(e) isirrational Thenbecausd(e) is irrationalthis
givesadifferenttype of behaviourfor theiteratesthis showswe have
detecteds.o.i.c. the samemethodof proofworksfor anyrationalvalues
of Xp. It canbe shownby usingthethe proof
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titled’If B = 4-BitXora is...." twice that £ BitXor ;- isirrational
Now considertheoren¥

2
withz=2 3" —-u(J[(1-2Tnk) = &BitXor &

k=1

n=0 2n+1

we canextendthe aboveproofto shows.o.i.c. for the
2

sequence] [(1 - 2Thk) ;- Thelogistic equation
k=1

Y1 = Pya(1 - 3>) canbederivedfrom

& = ry(1- ¥) with & = (yna — yn)/h hence
theaboveresutlsin sectionl& 2 canbeusedto estimate
the solutionsof a systemof oneor morelogistic equations

References

[1] FeigenbaumM. J., TheUniversalMetric Propertiesof Nonlinear
Transformations]. Sat. Phys., J. Stat Phys 21, 1979, 669-706

[2] J. Glieck, Chaos: Making a New Science, Viking Penguin 1987.

[3] H.G. SchusterDeterministic Chaos, VCH Weinhein 1989.

[4] M. M. Chowdhury New Algorithm to CalculateProductdnvolving 2+,
Unpublishedhotg 2002

[5] Mathworld, http://mathworldwolfram.conYFeigenbaumConstahtml
[6] Niven, ZuckermarandMontgomery An Introduction To The Theory of
Numbers, 5th Edition,Wiley,1991

[7] H. JurgensChaos and Fractals. New frontiers of science, Springer
Verlag 1992.

[8] J. ArdntandC. Haene] © Unleashed, Springer 2000.

[9] J. M. BorwienandR. GirgensohpAddition TheoremandBinary Expansions
Cand. J. Math. 47, 1995, 262-273

Appendix

Proofof ClosedFormof TheSeriesy "~ (2 " ')u[coq2")] = 0.4756260707...

Definexor for two binarydigits(bits) j andk
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1
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BitXor doesthe Xor operationonthenth bit of thefractionalpartof thenumbers
to give thenth bit in theresult Xor is a standardperationon two bits see[ 10].
Theclosedform of theseriess % BitXor -+ (hencebinarydigit in thebinary

expansiorof %Bithr% Is 1if andonly if thecorrespondindpinarydigitsin the
expansionsf +and % aredifferen.Verifying this closedform for thefirst 10
bits of Zz;O(Z*“*l)u[cos(Z”)] , - = 0.0010100010; , , + = 0.0101000101

this gives0.0111100111, whenXor on eachof the correspondingpits of X-and
-, andmakingtheintegerpartzera

Proof

Thenthdigit of axe Rin baseb canbeobtainedoy computingthefractional
partof (xb") becauset is theleadingdigit of this fractionalpart.
Forcod2rx], letx € R, x>0, let FractionalPafix] = F[X].

F[x]le (,) |(0,.25) | (0.25,0.5) | (0.5,0.75) | (0.75,1)
u[cod2zx]] | O 1 1 0
Hencethenth digit of 1 in base4 givesthevalues u[Cog 2* (4")* (& )*x]] =
u[Cod2*(4M]] ,(n=0 correspondso the 1st digit afterthe base4 point, thefirst
digit afterthebased pointof x is definedasFloo{4*F[x]]), (n>0) areO if thenth
digitin based isOor 3, is 1 if thenthdigitis 1 or 2. Thenth digit of % in based
givesthevalues u[Cos[Z*(4“)*(%)*n]] = u[Cod(4")]] ,(n=0 correspondso
the 1st digit afterthe base4 point), (n>0) are0 if thenthdigit in base4 is 0 or 3,
is 1if thenthdigitis 1 or 2.

Thetruncatedvinary expansiorof % is 0.0010100010111110011, with the
binaryexpansiorof X startingatthe secondit in the expansionUsing
thefactthattwo binarydigits canberepresentedxactlyasadigit in base4,
andu[Cog4"]] = u[Cog2?"] is 1 if thecorrespondindpase2 bits of the base4
digitsareO1 or 10 andO if thedigitsare00 or 11 in the expansiorof %
u[Cog2*4"] = u[Cod22*1]] is 1if thecorrespondindpase2 bits of the base4
digitsare01 or 10 and0 if thedigits are00 or 11 in the expansiorof X

We canseethatu[ Cog22"]] canbe calculatedoy Xor on consecutiveligits on
thebinary expansiorof % generallyXor onthe mth and(m+1)th digitsin the
expansiorof iﬁ with m=0 correspondingo thefirst bit afterthe binarypoint

If mis evenm>0, this givesthevalueu[Cog2?"]] for n>0, If mis oddm>1, this
givesthevalueu[ Cog22*1]] for n>0,

This givestheidentity with n>0

u[Cos(2M)] = u[Sn(2M)] Xor u[Sn(2™1)].

Theaboveis equivalentto Xor onthenth bit in theexpansiorof X+ and % to
calculateu[ Cog2")] for n>0, so 5= BitXor + mustbethe closedform of
10



the sumof theseries

TheoremA

Therearetwo representationsf § = %BithrF
with F € [0, 1] with thetwo valuesof F = a1,a2
a1 € [0,1] anday = 1 — a1.

Proof

Considerthetwo expansiondelow

o1 = a az as... ..aAn...

ﬁ = bl b2 ...bnfl

o2 = al‘ az‘ ag‘... ...an‘...
ﬁ = b]_ b2 ...bn_]_

We haveto showthatfor fixed g € [0, 1] therearetwo valuesof F we
usethevaluesof . Givena: S is uniquelydeterminedit is sufficientto
considerg irrationalandit is sufficientto showtherefinite a4 for any
real 5. Now we considerall possiblevaluesof . Supposehefirst
digit thata> is differentfrom a1 is ataz (soaz' = 1— az) we

seefrom thedefinition of Xor thatb; calcualtedrom « is different
from theb; calculatedrom a¢1hencex> cannotbedifferentata,. We
seein generakhatif a, p > 2, is thefirst digit wherea differsfrom
a1 thatbp 1 calcualtedrom as is differentfrom the b, 1 calculated
from a1 henceu, candiffer from a1 atas’

(a1’ = 1-a;). Considerthetableof possibledigits below

ap az b
0|0 |0
0|11
1 0 |1
110

henceay' = 1- ay. It is straightfowardto showby inductionthat
ap' = 1—ap, p > 1 hencethereareonly two valuesof F with ez = 1 - a1.
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continuedn four separatdiles
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