ON MOTT’S FORMULA FOR THE AC-CONDUCTIVITY
IN THE ANDERSON MODEL
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ABSTRACT. We study the ac-conductivity in linear response theory in
the general framework of ergodic magnetic Schrodinger operators. For
the Anderson model, if the Fermi energy lies in the localization regime,
we prove that the ac-conductivity is bounded by Cv?(log %)d“ at small
frequencies v. This is to be compared to Mott’s formula, which predicts
the leading term to be Cv*(log 2)*+.

1. INTRODUCTION

The occurrence of localized electronic states in disordered systems was
first noted by Anderson in 1958 [An], who argued that for a simple
Schrodinger operator in a disordered medium,“at sufficiently low densities
transport does not take place; the exact wave functions are localized in a
small region of space.” This phenomenon was then studied by Mott, who
wrote in 1968 [Mol]: “The idea that one can have a continuous range of
energy values, in which all the wave functions are localized, is surprising
and does not seem to have gained universal acceptance.” This led Mott
to examine Anderson’s result in terms of the Kubo-Greenwood formula for
o, (V), the electrical alternating current (ac) conductivity at Fermi energy
FEr and zero temperature, with v being the frequency. Mott used its value
at v = 0 to reformulate localization: If a range of values of the Fermi energy
Er exists in which oy, (0) = 0, the states with these energies are said to be
localized; if 0, (0) # 0, the states are non-localized.

Mott then argued that the direct current (dc) conductivity o, (0) indeed
vanishes in the localized regime. In the context of Anderson’s model, he
studied the behavior of Reog,(r) as v — 0 at Fermi energies Er in the
localization region (note Imog,(0) = 0). The result was the well-known
Mott’s formula for the ac-conductivity at zero temperature [Mol, Mo2],
which we state as in [MoD, Eq. (2.25)] and [LGP, Eq. (4.25)]:

Reog,(v) ~ n(Er)? ZdEf v? (log %)dﬂ as v |0, (1.1)
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where d is the space dimension, n(Er) is the density of states at energy Ep,
and £ £ 18 a localization length at energy Er.

Mott’s calculation was based on a fundamental assumption: the lead-
ing mechanism for the ac-conductivity in localized systems is the resonant
tunneling between pairs of localized states near the Fermi energy Ef, the
transition from a state of energy F €|Er — v, Er| to another state with
resonant energy F + v, the energy for the transition being provided by the
electrical field. Mott also argued that the two resonating states must be
located at a spatial distance of ~ log . Kirsch, Lenoble and Pastur [KLP]
have recently provided a careful heuristic derivation of Mott’s formula along
these lines, incorporating also ideas of Lifshitz [L].

In this article we give the first mathematically rigorous treatment of
Mott’s formula. The general nature of Mott’s arguments leads to the belief
in physics that Mott’s formula (1.1) describes the generic behavior of the
low-frequency conductivity in the localized regime, irrespective of model de-
tails. Thus we study it in the most popular model for electronic properties
in disordered systems, the Anderson tight-binding model [An] (see (2.1)),
where we prove a result of the form

ReTg,(v) S ZdEf v? (log %)d” for small v > 0. (1.2)

The precise result is stated in Theorem 2.3; formally Reog,(v) =
1 fou dv' Reog, (V') = Reog,(v). The discrepancy in the exponents of log -
in (1.2) and (1.1), namely d + 2 instead of d+ 1, is discussed in Remarks 2.5
and 4.10, where we give arguments in support of d + 2.

We believe that a result similar to Theorem 2.3 holds for the continuous
Anderson Hamiltonian, which is a random Schrédinger operator on the con-
tinuum with an alloy-type potential. All steps in our proof of Theorem 2.3
can be redone for such a continuum model, except the finite volume estimate
of Lemma 4.9. The missing ingredient is Minami’s estimate [M], which we
recall in (4.47). It is not yet available for that continuum model. In fact,
proving a continuum analogue of Minami’s estimate would not only yield
Theorem 2.3 for the continuous Anderson Hamiltonian, but it would also
establish, in the localization region, simplicity of eigenvalues as in [KIM] and
Poisson statistics for eigenvalue spacing as in [M].

To get to Mott’s formula, we conduct what seems to be the first careful
mathematical analysis of the ac-conductivity in linear response theory, and
introduce a new concept, the conductivity measure. This is done in the
general framework of ergodic magnetic Schrédinger operators, in both the
discrete and continuum settings. We give a controlled derivation in linear
response theory of a Kubo formula for the ac-conductivity along the lines of
the derivation for the dc-conductivity given in [BoGKS]. This Kubo formula
(see Corollary 3.4) is written in terms of ¥ g, (dv), the conductivity mea-
sure at Fermi energy EF (see Definition 3.2 and Theorem 3.3). If X5, (dv)
was known to be an absolutely continuous measure, Re og, (v) would then
be well-defined as its density. The conductivity measure g, (dv) is thus
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an analogous concept to the density of states measure N (dF), whose for-
mal density is the density of states n(E). The conductivity measure has
also an expression in terms of the velocity-velocity correlation measure (see
Proposition 3.9).

The first mathematical proof of localization [GoMP] appeared almost
twenty years after Anderson’s seminal paper [An]. This first mathemati-
cal treatment of Mott’s formula is appearing about thirty seven years after
its formulation [Mol]. It relies on some highly nontrivial research on ran-
dom Schrodinger operators conducted during the last thirty years, using a
good amount of what is known about the Anderson model and localization.
The first ingredient is linear response theory for ergodic Schrodinger oper-
ators with Fermi energies in the localized region [BoGKS], from which we
obtain an expression for the conductivity measure. To estimate the low fre-
quency ac-conductivity, we restrict the relevant quantities to finite volume
and estimate the error. The key ingredients here are the Helffer-Sjostrand
formula for smooth functions of self-adjoint operators [HS| and the expo-
nential estimates given by the fractional moment method in the localized
region [AM, A, ASFH]. The error committed in the passage from spectral
projections to smooth functions is controlled by Wegner’s estimate for the
density of states [W]. The finite volume expression is then controlled by
Minami’s estimate [M], a crucial ingredient. Combining all these estimates,
and choosing the size of the finite volume to optimize the final estimate, we
get (1.2).

This paper is organized as follows. In Section 2 we introduce the Anderson
model, define the region of complete localization, give a brief outline of how
electrical conductivities are defined and calculated in linear response theory,
and state our main result (Theorem 2.3). In Section 3, we give a detailed
account of how electrical conductivities are defined and calculated in linear
response theory, within the noninteracting particle approximation. This is
done in the general framework of ergodic magnetic Schrédinger operators;
we treat simultaneously the discrete and continuum settings. We introduce
and study the conductivity measure (Definition 3.2), and derive a Kubo
formula (Corollary 3.4). In Section 4 we give the proof of Theorem 2.3,
reformulated as Theorem 4.1.

In this article | B| denotes either Lebesgue measure if B is a Borel subset
of R™, or the counting measure if B C Z" (n = 1,2,...). We always use
Xp to denote the characteristic function of the set B. By C,, ., etc., will
always denote some finite constant depending only on a,b, .. ..

2. THE ANDERSON MODEL AND THE MAIN RESULT

The Anderson tight binding model is described by the random Schrédinger
operator H, a measurable map w — H,, from a probability space (€2, P) (with
expectation E) to bounded self-adjoint operators on £2(Z¢), given by

H,.=-A+V,. (2.1)
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Here A is the centered discrete Laplacian,

(Ap)(z):=— > oy for ¢e*(z%, (2:2)
yeLd; lz—y|=1
and the random potential V' consists of independent identically distributed
random variables {V (z); z € Z%} on (Q,P), such that the common single site
probability distribution p has a bounded density p with compact support.

The Anderson Hamiltonian H given by (2.1) is Z%-ergodic, and hence its
spectrum, as well as its spectral components in the Lebesgue decomposition,
are given by non-random sets P-almost surely [KM, CL, PF].

There is a wealth of localization results for the Anderson model in arbi-
trary dimension, based either on the multiscale analysis [F'S, FMSS, S, DK],
or on the fractional moment method [AM, A, ASFH]. The spectral region
of applicability of both methods turns out to be the same, and in fact it
can be characterized by many equivalent conditions [GK1, GK2]. For this
reason we call it the region of complete localization as in [GK2]; the most
convenient definition for our purposes is by the conclusions of the fractional
moment method.

Definition 2.1. The region of complete localization EC" for the Anderson
Hamiltonian H s the set of energies E € R for which there is an open
interval Ig 3 E and an ezponent s = sg €)0,1[, such that

sup sup E{|(dz, R(E' + in)éy)|*} < Ke tlzyl for allz,y € 2%, (2.3)
E'elg n#0
where K = Kg and £ = fg > 0 are constants, and R(z) := (H — z) ! is the
the resolvent of H.

Remark 2.2. (i) The constant £g admits the interpretation of a local-
ization length at energies near F.

(i) The fractional moment condition (2.3) is known to hold under
various circumstances, for example, large disorder or extreme energies
[AM, A, ASFH]. Condition (2.3) implies spectral localization with expo-
nentially decaying eigenfunctions [AM], dynamical localization [A, ASFH],
exponential decay of the Fermi projection [AG], and absence of level repul-
sion [M].

(iii) The single site potential density p is assumed to be bounded with
compact support, so condition (2.3) holds with any exponent s €0, i[ and
appropriate constants K(s) and #(s) > 0 at all energies where a multiscale
analysis can be performed [ASFH]. Since the converse is also true, that is,
given (2.3) one can perform a multiscale analysis as in [DK] at the energy F,
the energy region ZCT given in Definition 2.1 is the same region of complete
localization defined in [GK2].

We briefly outline how electrical conductivities are defined and calculated
in linear response theory; a detailed account in the general framework of er-
godic magnetic Schrodinger operators, in both the discrete and continuum
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settings, is given in Section 3. Consider a system at zero temperature, mod-
eled by the Anderson Hamiltonian H. At the reference time ¢ = —oo, the
system is in equilibrium in the state given by the (random) Fermi projection
Pgp := X|_o0,mp)(H), where we assume that Er € ZCL that is, the Fermi
energy lies in the region of complete localization. A spatially homogeneous,
time-dependent electric field E(¢) is then introduced adiabatically: Starting
at time ¢ = —oo, we switch on the electric field E,(t) := e"E(t) with n > 0,
and then let » — 0. On account of isotropy we assume without restriction
that the electric field is pointing in the z;-direction: E(t) = £(t)71, where
E(t) is the (real-valued) amplitude of the electric field, and Z; is the unit
vector in the zi-direction. We assume that

E(t) = /Rdu e¥'E(v), where E(v) € Co(R) and E(v) = E(—v).  (2.4)

For each n > 0 this results in a time-dependent random Hamiltonian H (7, t),
written in an appropriately chosen gauge. The system is then described at
time ¢ by the density matrix o(n,t), given as the solution to the Liouville
equation

{ iat@(na t) = [H(na t)a 9(777 t)] (2 5)

limy, oo 0(n,t) = Pry ' ’

The adiabatic electric field generates a time-dependent electric current,
which, thanks to reflection invariance in the other directions, is also ori-
ented along the zi-axis, and has amplitude

In(t; Ep, €) = =T (o(n, 1) X1(t)) , (2.6)

where 7 stands for the trace per unit volume and X (¢) is the first compo-
nent of the velocity operator at time ¢ in the Schrodinger picture (the time
dependence coming from the Hamiltonian). In Section 3 we calculate the
linear response current

d
Injin(t; Ep, E) = 1 Jn(t§EFaa5)‘a:0- (2.7)
The resulting Kubo formula may be written as
Tyin(t: B, ) =& [ dv e 05, (,0) E), (2.8
R

with the (regularized) conductivity og,(n,v) given by

opp(n,v) = —1 /IR Sep(dN) A +v —in) T, (2.9)

where X, is a finite, positive, even Borel measure on R, the conductivity
measure at Fermi Energy Fr—see Definition 3.2 and Theorem 3.3.
It is customary to decompose og, (1, v) into its real and imaginary parts:

o (n,v) :==Reop(n,v) and ofi(n,v):=Imog.(nv),  (2.10)
the in phase or active conductivity U%F (n,v) being an even function of v,

and the out of phase or passive conductivity a%‘;:(n, v) an odd function of
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.. “l. . _ 7in out .
v. This induces a decomposition Jy, jin = milin T J’I],lin of the linear response

current into an in phase or active contribution

(5B, 8) = o [ v ol 1,0 E0), (2.11)
and an out of phase or passive contribution
T (t; Bp, ) = ie™ /R dv et 0% (0, v) E(v). (2.12)

The adiabatic limit n | 0 is then performed, yielding Jyi,(¢t; Ep,&) =
I (t; Ep, &) + J2'(t; Ep, €). In particular we obtain the following expres-
sion for the linear response in phase current (see Corollary 3.4):

JiB(t; Ep, &) == liﬁ]l %I,llin(t; Ep, &)= /EEF(dl/) eVt E(w). (2.13)
"7 R

The terminology comes from the fact that if the time dependence of the
electric field is given by a pure sine (cosine), then Ji& (¢; Ep, &) also varies
like a sine (cosine) as a function of time, and hence is in phase with the field,
while J2U(¢; Ep, ) behaves like a cosine (sine), and hence is out of phase.
Thus the work done by the electric field on the current Jyi,(¢; Er,E) relates
only to ff:l(t, Ep, &) when averaged over a period of oscillation, the passive
part J2U(¢; Ep, &) not contributing to the work.

It turns out that the in phase conductivity a%lF(l/) = Reog,(v) =
limy, o ag‘F (n,v), appearing in Mott’s formula (1.1), and more generally in
physics (e.g., [LGP, KLP]), may not be a well defined function. It is the
conductivity measure X g, that is a well defined mathematical quantity. If

the measure X g, happens to be absolutely continuous, then the two are

related by aiI_f;‘F (v):= EEgidu), and (2.13) can be recast in the form
iR (4 B, £) = /R dv " ol (v) E(w). (2.14)

Since the in phase conductivity aglF(V) may not be well defined as a
function, we state our result in terms of the average in phase conductivity,
an even function (X, is an even measure) defined by

op. (V) =128, ([0,v]) forv>0. (2.15)

T v

Our main result is given in the following theorem, proven in Section 4.

Theorem 2.3. Let H be the Anderson Hamiltonian and consider a Fermsi
energy in its region of complete localization: Ep € ZCT. Then

o, (v)
o < O3 | |12, 452, (2.16)

v

lim sup
vlo  p? (log

where £g,, is given in (2.3), p is the density of the single site potential, and
the constant C is independent of all parameters.
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Remark 2.4. The estimate (2.16) is the first mathematically rigorous version
of Mott’s formula (1.1). The proof in Section 4 estimates the constant: C' <
205; tweaking the proof would improve this numerical estimate to C' < 36.
The length /g, which controls the decay of the s-th fractional moment of
the Green’s function in (2.3), is the effective localization length that enters
our proof and, as such, is analogous to £z, in (1.1). The appearance of
the term ||p||%, in (2.16) is also compatible with (1.1) in view of Wegner’s
estimate [W]: n(E) < ||p||c for a.e. energy E € R.

Remark 2.5. A comparison of the estimate (2.16) with the expression in
Mott’s formula (1.1) would note the difference in the power of log %, namely
d + 2 instead of d + 1. This comes from a finite volume estimate (see
Lemma 4.9) based on a result of Minami [M], which tells us that we only
need to consider pairs of resonating localized states with energies £ and
E + v in a volume of diameter ~ logi, which gives a factor of (log2)2.
On the other hand, Mott’s argument [Mol, Mo2, MoD, KLP] assumes that
these localized states must be at a distance ~ log% from each other, which
only gives a surface area factor of (log %)d_l. We have not seen any convinc-
ing argument for Mott’s assumption. (See Remark 4.10 for a more precise
analysis based on the proof of Theorem 2.3.)

Remark 2.6. A zero-frequency (or dc) conductivity at zero temperature
may also be calculated by using a constant (in time) electric field. This
dc-conductivity is known to exist and to be equal to zero for the Ander-
son model in the region of complete localization [N, Theorem 1.1],[BoGKS,
Corollary 5.12].

3. LINEAR RESPONSE THEORY AND THE CONDUCTIVITY MEASURE

In this section we study the ac-conductivity in linear response theory and
introduce the conductivity measure. We work in the general framework of
ergodic magnetic Schrodinger operators, following the approach in [BoGKS].
We treat simultaneously the discrete and continuum settings. We will con-
centrate on the zero temperature case for simplicity, the general case being
not very different.

3.1. Ergodic magnetic Schréodinger operators. We consider an ergodic
magnetic Schrodinger operator H on the Hilbert space H, where H = L%(R%)
in the continuum setting and H = £?(Z?) in the discrete setting. In either
case H. denotes the subspace of functions with compact support. The er-
godic operator H is a measurable map from the probability space (22, P) to
the self-adjoint operators on H. The probability space (Q2,P) is equipped
with an ergodic group {7(a); a € Z¢} of measure preserving transformations.
The crucial property of the ergodic system is that it satisfies a covariance
relation: there exists a unitary projective representation U(a) of Z% on H,
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such that for all a,b € Z% and P-a.e. w € Q we have

Ula)H,U(a)" = T(a)w> (3.1)
U(CI,)XI,U(G,)* = Xb—f—a; (3.2)
Ula)dy = bppq if H =02(29), (3.3)

where X, denotes the multiplication operator by the characteristic function
of a unit cube centered at a, also denoted by X,. In the discrete setting
the operator X, is just the orthogonal projection onto the one-dimensional
subspace spanned by d,; in particular, (3.2) and (3.3) are equivalent in the
discrete setting.

We assume the ergodic magnetic Schrodinger operator to be of the form

= _{ H(A,,V,):=(-iV—-A,)2+V, if H=L*R%
L=

H(9,,V,) = —-A(0y) + V, if N = eQ(Zd) (3.4)

The precise requirements in the continuum are described in [BoGKS, Sec-
tion 4]. Briefly, the random magnetic potential A and the random electric
potential V' belong to a very wide class of potentials which ensures that
H(A,,V,) is essentially self-adjoint on C2°(R?) and uniformly bounded from
below for P-a.e. w, and hence there is v > 0 such that

H,+~v>1 for P-ae. w. (3.5)

In the discrete setting 9 is a lattice random magnetic potential and we
require the random electric potential V' to be P-almost surely bounded from
below. Thus, if we let B(Z%) := {(z,y) € Z% x Z% |z — y| = 1}, the set of
oriented bonds in Z¢, we have 9,: B(Z4) — R, with 9,,(z,y) = —9,(y,z) a
measurable function of w, and

(AWL)e) (@) == Y e P@tlp(y). (3.6)

yeLd; |z—y|=1

The operator A(d,) is bounded (uniformly in w), H(d,,V,,) is essentially
self-adjoint on H,., and (3.5) holds for some v > 0. The Anderson Hamil-
tonian given in (2.1) satisfies these assumptions with 9, = 0.

The (random) velocity operator in the z;-direction is X]- = i[H, Xj],
where X; denotes the operator of multiplication by the j-th coordinate z;.
In the continuum Xw,j is the closure of the operator 2(—idz;, — A, ;) defined
on C(R%), and there is C,y < oo such that [BoGKS, Proposition 2.3]

”Xw,j (Hy, + ’)’)7% || < Cy for P-ae. w. (3.7)
In the lattice Xw,j is a bounded operator (uniformly in w), given by
Xu; = Dj(d,) + (Dj(9.,))",

: _ 3.8
(Dj(90)9) (@) := e @= ) (3 4 7)) — p(a). )
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3.2. The mathematical framework for linear response theory. The
derivation of the Kubo formula will require normed spaces of measurable
covariant operators, which we now briefly describe. We refer to [BoGKS,
Section 3] for background, details, and justifications.

By Kme we denote the vector space of measurable covariant operators
A:Q — Lin(?—[c,H), identifying measurable covariant operators that agree
P-a.e.; all properties stated are assumed to hold for P-a.e. w € Q. Here
Lin(Hc,H) is the vector space of linear operators from H. to H. Recall
that A is measurable if the functions w — (¢, A, ¢) are measurable for all
¢ € H,, A is covariant if

U(z)AuU(z)" = Ay forall zeZ9 (3.9)

and A is locally bounded if || A, X, || < 0o and ||XzAu| < oo for all z € Z4.
The subspace of locally bounded operators is denoted by Ky,c;. If A €

Kme,p, we have D(AY) D H,, and hence we may set Afj = AZ,|,HC. Note
that (JA), := A} defines a conjugation in K, zp-
We introduce norms on K, given by
IAlloo := [ Awl lLee (2,p)
IAND = E{tr{Xo|Au[PXo}}, »=1,2 (3.10)
= E{(o, | Au|P00) } if H =02,

and consider the normed spaces

Kp :={A € Kep; |||A|||p <o}, p=1,2,00. (3.11)

It turns out that Ko, is a Banach space and K- is a Hilbert space with inner
product

(4, BY = E{tr{XoA},B.Xo} }

= E{(Au, B,0o)} if H=/¢%(z9). (3.12)

Since K; is not complete, we introduce its (abstract) completion Ky. The
conjugation J is an isometry on each K,, p = 1,2,00. Moreover, IC,(,O) =
Kp N Koo is dense in K, for p = 1, 2.

Note that in the discrete setting we have
JAll, < JAl, < |4l and hence Koo C K C Ki; (3.13)

in particular, Ko = /CI(,O) is dense in K, p = 1,2. Moreover, in this case we

have A(9) and X; in Ko

Given A € K4, we identify A, with its closure A,,, a bounded operator
in H. We may then introduce a product in K, by pointwise operator mul-
tiplication, and K, becomes a C*-algebra. (K is actually a von Neumann
algebra [BoGKS, Subsection 3.5].) This C*-algebra acts by left and right
multiplication in K,, p = 1,2. Given A € K, B € K, left multiplication
B ©f, A is simply defined by (B ®, A), = B,A,- Right multiplication is
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more subtle, we set (A Or B), = AYB, (see [BoGKS, Lemma 3.4] for a
justification), and note that (A®g B)} = B* @1, At. Moreover, left and right
multiplication commute:

BeorLAGRC:=B@er(AGrC)=(BoLA)orC (3.14)

for A € Kp, B,C € K. (We refer to [BoGKS, Section 3] for an extensive
set of rules and properties which facilitate calculations in these spaces of
measurable covariant operators.)

Given A € Kp, p = 1,2, we define

UO A = o A, (3.15)
UOM)A = Aope it ie., UV @) = U ()7, (3.16)

UOBA:=e " o, Aoge, ie, UOW) =U®)UY (-t). (3.17)

Then U (2), ,go) (t),u,({’) (t) are strongly continuous one-parameter groups
of operators on K, for p = 1,2, which are unitary on X5 and isometric on
K1, and hence extend to isometries on Ki. (See [BoGKS, Corollary 4.12]

for U)(t), the same argument works for Uéo) (t) and Z/{g)) (t).) These one-
parameter groups of operators commute with each other, and hence can be
simultaneously diagonalized by the spectral theorem. Using Stone’s theo-
rem, we define commuting self-adjoint operators £, Hr,, Hr on Ko by

e = yO (), e .= Z/{]go) (t), e R .= Z/{](%O) (t). (3.18)
The operator L is the Liouvillian, we have
L=H;r,—-—Hr and Hr=THpJ. (3.19)

If the ergodic magnetic Schrédinger operator H is bounded, e.g., the
Anderson Hamiltonian in (2.1), then H € K, and L, H,Hr are bounded
commuting self-adjoint operators on Ko, with

HA=HOL A, HrA=AGrH, and L =Hp— Hpg. (320)
The trace per unit volume is given by
T(A) =FE {tI’ {X()AwX()}} for Ae Ky
) 9 (3.21)
—E{(0, Ad)} i H =29,

a well defined linear functional on K; with |7(A)| < ||4]l;, and hence can
be extended to K;. Note that 7 is indeed the trace per unit volume:

T(4) = lim g tr{Xa 4uXa, ) for Pae. w, (3.22)

where A, denotes the cube of side L centered at 0 (see [BoGKS, Proposi-
tion 3.20]).
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3.3. The linear response current. We consider a quantum system at zero
temperature, modeled by an ergodic magnetic Schrodinger operator H as in
(3.4). We fix a Fermi energy EF and the z-direction, and make the following
assumption on the (random) Fermi projection Pg, = Xj_uo, g, (H)-

Assumption 3.1.
YEF = i[Xl,PEF] € Ks. (323)

Under Assumption 3.1 we have Yg, = EIF and Yg, € D(L) by [BoGKS,
Lemma 5.4(iii) and Corollary 4.12]. Moreover, we also have Yg, € K;
(see [BoGKS, Remark 5.2]). (Condition (3.23) is the main assumption in
[BoGKS]; it was originally identified in [BES].)

If H is the Anderson Hamiltonian we always have (3.23) if the Fermi
energy lies in the region of complete localization, i.e., Er € Z° [AG, The-
orem 2], [GK2, Theorem 3]. (In fact, in this case [X;, Pg,] € Ko for all
j=1,2,....d.)

In the distant past, taken to be ¢ = —o0, the system is in equilibrium
in the state given by this Fermi projection Pg,. A spatially homogeneous,
time-dependent electric field E(t) is then introduced adiabatically: Starting
at time ¢t = —oo, we switch on the electric field E,(t) := e"E(t) with n > 0,
and then let n — 0. We here assume that the electric field is pointing in
the x1-direction: E(t) = E(t)T1, where the amplitude E(t) is a continuous
function such that ffoo dse™|E(s)| < oo for allt € R and n > 0. Note that
the relevant results in [BoGKS)], although stated for constant electric fields
E, are valid under this assumption. We set £,(t) := €™E(t), and

t
Fy(t) = /_ ds &,(s). (3.24)

For each fixed n > 0 the dynamics are now generated by a time-dependent
ergodic Hamiltonian. Following [BoGKS, Subsection 2.2], we resist the im-
pulse to take H, + &£,(t)X; as the Hamiltonian, and instead consider the
physically equivalent Hamiltonian

Hy(n,t) = G(n, 1) H,G(n,1)", (3.25)
where G(n,t) = el (X1 ig a time-dependent gauge transformation. We get
Hy(n,t) = H(Ay + Fy(0)51, V) if H =L*(R?),

(3.26)
Hw(n’t) = H(ﬁw + Fn(t)')'la Vw) it H= KQ(Zd)a

where v, (z,y) := y1 — z; for (z,y) € B(Z%).

The system was described at time ¢ = —oo by the Fermi projection Pg,. It
is then described at time ¢ by the density matrix o(n, t), the unique solution
to the Liouville equation (2.5) in both spaces K and K;. (See [BoGKS,
Theorem 5.3] for a precise statement.)

The adiabatic electric field generates a time-dependent electric cur-
rent. Tts amplitude in the ;-direction is given by (2.6), where X(t) :=
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G(n, t)X 1G(n,t)* is the first component of the velocity operator at time ¢ in
the Schrodinger picture. The linear response current is then defined as in
(2.7), its existence is proven in [BoGKS, Theorem 5.9] with

t
Joiin(t; Er, &) =T { / dr €™ E(r X U0 (t — r)YEF} . (3.27)

—00

Since the integral in (3.27) is a Bochner integral in the Banach space K7,
where 7 is a bounded linear functional, they can be interchanged, and hence,
using [BoGKS, Eq. (5.88)], we obtain

t .
Jyin(t; By ) = — / dr e E(r) (Yip,e LD, Vi), (3:28)

Here Pg,. is the bounded self-adjoint operator on Kg given by

Pir = X)—c0,Ep](HL) = X]—00,5,](HR), that is,

3.29
PEFA :PEF ®LA_A®RPEF for A € K. ( )

Note that Pg, commutes with £,Hy,Hpg; in particular Pg,Yg, € D(L).
Moreover, we have ’P%JFYEF =Yg, [BoGKS, Lemma 5.13].

3.4. The conductivity measure and a Kubo formula for the ac-
conductivity. Suppose now that the amplitude £(t) of the electric field
satisfies assumption (2.4). We can then rewrite (3.28), first using the Fubini-
Tonelli theorem, and then proceeding as in [BoGKS, Eq. (5.89)], as

t . .
Jﬂ,lin(t; Ep,&) =— /du 5(1/)/ dr e(mtiv)r ((YEF,e_l(t_T)EEPEFYEF))
R —o0
= —ie™ / dv € EW) (Yip, (L+v —in) "' (—LPs,) Yi, ). (3.30)
R

This leads us to the following definition, which is justified in the subse-
quent theorem.

Definition 3.2. The conductivity measure (z1-x1 component) at Fermi en-
ergy Er is defined as

Yg.(B) == 7(Yr,,XB(L) (—LPr,)Ye,) for a Borel set B C R. (3.31)

Theorem 3.3. Let Er be a Fermi energy satisfying Assumption 3.1. Then
Y g, 15 a finite positive even Borel measure on R. Moreover, for an electric
field with amplitude E(t) satisfying assumption (2.4), we have

T (t: B, €) = 't / dv " o (n,v) E(v) (3.32)
R

with
oEp(N, V) = —% /EEF (dAN A +v-— i77)71 . (3.33)
R
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Proof. Recall that Hy, and Hp are commuting self-adjoint operators on K,
and hence can be simultaneously diagonalized by the spectral theorem. Thus
it follows from (3.19) and (3.29) that

—LPg, > 0. (3.34)
Since Yg, € D(L) and Pg, is bounded, we conclude that ¥g, is a finite
positive Borel measure. To show that it is even, note that JLJ = —L,

JPEFJ = —PEF, and jXB([r)EPEFJ = XB(—E)E'PEF = XfB([,)ﬁPEF.
Since JYE, = Yg,., we get g, (B) = Xg.(—B).
Since (3.33) may be rewritten as

B (1,v) = =1 (Yip, (L +v —in) " (~LPg;) Y ), (3-35)
the equality (3.32) follows from (3.30). O

Corollary 3.4. Let Er be a Fermi energy satisfying Assumption 3.1, and
let £(t) be the amplitude of an electric field satisfying assumption (2.4).
Then the adiabatic limit 1 | 0 of the linear response in phase current given
in (2.11) exists:

~

Tt B ) o= lim T (5B, €) = [ Spo(dv) 1 E W), (336)
7 R

If in addition E(t) is uniformly Hélder continuous, then the adiabatic limit
1 1 0 of the linear response out of phase current also exists:

iuté\
Jin' (6 Br, €) = lm J%, (6 B, €) = 25 / Sy pvf dv W)
n R

R vV — A ’
(3.37)

where the integral over v in (3.37) is to be understood in the principal-value
sense.

Proof. This corollary is an immediate consequence of (3.32), (3.33), and
well known properties of the Cauchy (Borel, Stieltjes) transform of finite
Borel measures. The limit in (3.36) follows from [StW, Theorem 2.3]. The
limit in (3.37) can be established using Fubini’s theorem and the existence
(with bounds) of the principal value integral for uniformly Holder continuous
functions (see [Gr, Remark 4.1.2]). O

Remark 3.5. The out of phase (or passive) conductivity does not appear to
be the subject of extensive study; but see [LGP].

3.5. Correlation measures. For each A € Ky we define a finite Borel
measure Y 4 on R? by

TA(C) := (A, Xc(Hr,Hr)A) for a Borel set C C R2. (3.38)
Note that it follows from (3.19) that
Y A(By x By) =Y 41(By x By) for all Borel sets B1,Bs C R.  (3.39)

The correlation measure we obtain by taking A = Yg, plays an important
role in our analysis.
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Proposition 3.6. Let Er be a Fermi energy satisfying Assumption 3.1 and
set Up, := Ty, . Then

S, (B) = 7 /R a(@addo) i~ Xl Xs(h X)) (3.40)
for all Borel sets B C R. Moreover, the measure ¥, is supported by the
set SEF, i.e., g (R?\ Sg,) =0, where

= {] — 00, Ep]x]Ep,00[} U{]EF,00[x] — 00, Ep]} CR®.  (3.41)
Proof. If we set
QEr (A1, A2) = Xg (A1, A2) = |X],OO,EF]()\1) - X],OO,EF]()\Q)‘, (3.42)
it follows from (3.29) that
Qp, = P%,, where Qp, :=Qp,(Hr, Hr). (3.43)

Thus Qr,Ye, = YE,, and the measure Vg, is supported by the set Sg,.
Hence

Yg.(B) = 7{Ye,,XB(L)|L|YE,) for all Borel sets B C R, (3.44)
and (3.40) follows. O

3.6. The velocity-velocity correlation measure. The velocity-velocity
correlation measure @ is formally given by ® = Ty , but note that X, ¢ Ko
in the continuum setting.

Definition 3.7. The wvelocity-velocity correlation measure (x1-z1 compo-
nent) is the positive o-finite Borel measure on R? defined on bounded Borel
sets C C R? by

B(C) := (X1,a, (Ho +7)** Xc(Hi, HR) (Hr +7)** X1,0) (3.45)
=T; (C) if H=20(2%, (3.46)

where
Xiai={(H+7) * X (H+7) 2} oL (H+7)

a:=1+[4]] with [[4]] the smallest integer bigger than 4.

R

te ks, (3.47)

Note that (3.47) is justified since X; (H +7) 2 € Ko by (3.7) and
(H —I—’y)_[[%]] € K2 by [BoGKS, Proposition 4.2(i)]; note X%,a = X140 In
the discrete setting we have X, € Ky and hence ® = T x,» & finite measure .

The following lemma relates the measure Vg, of Proposition 3.6 to the
measure ®.

Lemma 3.8. The correlation measure ¥, is absolutely continuous with
respect to the velocity-velocity correlation measure @, with

d¥g, Qep(Ai, /\2)
@ Ate) = (M1 — A2)2

(3.48)
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Proof. The key observation is that (use [BoGKS, Lemma 5.4(iii) and Corol-
lary 4.12])
(M +9) " (Hr+7) " LB, = —Prp X104,

. - (3.49)
LYg, = —Pg, X1 if H =79

It follows that for all Borel sets C C R? we have

/c Ty (o) (A = A)? = (LYisp X (Hiy Hir) £V i)

= (PepX1a, (H +7)°* Xo(Hi, Hr) (Hr +7)** PepX1,a)
= (X1,0,PE, (Ho +7)** Xc(Hi, Hr) (Hr +7)* X1)
= (X10, (HL +)** Xers g, (Mo, HRr) (Hr +7)** X1,0)

= /ch(d/\ld)\g) QEr (A1, A2). -

Since ¥, is supported on Sg,,, the lemma follows.

We can now write the conductivity measure in terms of the velocity-
velocity correlation measure.

Proposition 3.9. Let Er be a Fermi energy satisfying Assumption 3.1.
Then

Yg,(B) = 7r/ O (dA1dA2) A1 — X[ TP XB (M — A2) (3.50)

Sep
for all Borel sets B C R.

Proof. The representation (3.50) is an immediate consequence of (3.40) and
(3.48). 0

Remark 3.10. If we assume, as customary in physics, that the conductivity
measure X, is absolutely continuous, its density being the in phase conduc-
tivity o'®(v), and that in addition the velocity-velocity correlation measure
® is absolutely continuous with a continuous density ¢(A1, A2), then (3.50)
yields the well-known formula (cf. [P, KLP])

o) = T / B §(E 1. B). (3.51)

V JEp—v

The existence of the densities o'"(v) and ¢(\1,A2) is currently an open
question, and hence (3.51) is only known as a formal expression. In contrast,
the integrated version (3.50) is mathematically well established. (See also
[BH] for some recent work on the velocity-velocity correlation function.)
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3.7. Bounds on the average in phase conductivity. The average in
phase conductivity o, (v) defined in (2.15) can be bounded from above
and below by the correlation measure ¥g,. Note that since X, is an even

measure it suffices to consider frequencies v > 0.

Proposition 3.11. Let Er be a Fermi energy satisfying Assumption 3.1.
Given v > 0, define the pairs of disjoint energy intervals

I_ ':]EF—I/,EF] a,nd I+ ::]EFaEF+V]’

3.52
J_:=|Ep — %, Ep — 4] and J,:=]Ep+%,Epr+ 5] (3:52)

Then
Ve (Jy x J) <op,(v) <7VUg,(Iy x1). (3.53)

Proof. 1t follows immediately from the representation (3.40) that
op, (V) < W/S Ve (dAidA2) X0, (A1 — A2) = T U, (T), (3.54)
Ep

where

T:={(A1, ) €ER?: Xy < Ep < Ay and A\; — Ao < v} (3.55)

is the triangle in Figure 1. Since T C I, X I_, as can be seen in Figure 1,
the upper bound in (3.53) follows from (3.54).

Similarly, we have J; x J_ C T (see Figure 1) and the lower bound in
(3.53). 0

4. THE PROOF OF THEOREM 2.3

In this section we let H be the Anderson Hamiltonian and fix a Fermi
energy Er € ¢V, Thus (2.3) holds, and hence, using the exponential decay
of the Fermi projection given in [AG, Theorem 2] and || Pg,|| < 1, we have

E {|(8z, Pr,.0,)|P} < Ce™cz= for all p € [1,00[ and z,y € Z%, (4.1)
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where C and ¢ > 0 are constants depending on Er and p. In particular,
Assumption 3.1 is satisfied, and we can use the results of Section 3.

In view of Proposition 3.11, Theorem 2.3 is an immediate consequence of
the following result.

Theorem 4.1. Let H be the Anderson Hamiltonian and consider a Fermi
energy in its region of complete localization: Ep € ECV. Consider the finite
Borel measure Ui, on R? of Proposition 3.6, and, given v > 0, let I_ and
I, be the disjoint energy intervals given in (3.52). Then

) < 20544202 | |2 2, (4.2)

where Lg, is as in (2.3) and p is the density of the single site potential.

Theorem 4.1 will be proven by a reduction to finite volume, a cube of
side L, where the relevant quantity will be controlled by Minami’s estimate.
Optimizing the final estimate will lead to a choice of L ~ log %, which is

responsible for the factor of (log %)d+2 in (4.2). By improving some of the
estimates in the proof (at the price of making them more cumbersome), the
numerical constant 205 in (4.2) may be reduced to 36.

4.1. Some properties of the measure Vg,. We briefly recall some facts
about the Anderson Hamiltonian. If I ¢ E°" is a compact interval, then for
all Borel functions f with |f| < 1 we have [A, AG]

E {|(0z, f(H)Xr(H)3,)|} < Cre=#=%  for all 2,y € Z¢, (4.3)
for suitable constants C; and ¢; > 0, and hence
(X1, fF(H)X1(H)] € K. (4.4)
We also recall Wegner’s estimate [W], which yields
|E{(dz, XB(H)dy) }| < E{(do, XB(H)d0)} < [pllco| Bl (4.5)

for all Borel sets B C R and z,y € Z%.
We begin by proving a preliminary bound on ¥, (I xI_), a consequence
of Wegner’s estimate.

Lemma 4.2. Given 8 €]0,1[, there exists a constant Wg such that
. B
U, (Bs x B_) < W (min{|B,|,|B_|}) (4.6)
for all Borel sets BL C R.

Proof. Since
Up, (B, x B_) <min{¥g, (B; xR),Ug, (Rx B_)}, (4.7
Ugp(Bs x B_) = Vg, (B- x B), (4.8)

and, for all Borel sets B C R,
Vg (B X R) = <<YEF’XB(HL)YEF>>7 (4'9)
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it suffices to show that for 8 €]0, 1] there exists a constant Wy such that
(YEp, XB(HL)YE,) < W3|B|P  for all Borel sets B C R. (4.10)
Using X1y = 0, we obtain
(Yer, XB(HL)YEe) = E{(X1Pg,00, Xp(H) X1 Pr,d0) }
< Y lzllyi E{00, Prpda)| 182, X5 (H)8y)| 18y, Prydo)|}

z,ye74
< Ws|BI, (4.11)

where we used Holder’s inequality plus the estimates (4.1) and (4.5). O

Remark 4.3. In the case of the Anderson Hamiltonian, the self-adjoint op-
erators Hr and Hg on the Hilbert space Ko have absolutely continuous
spectrum. The proof is a variation of the argument in Lemma 4.2. Recall-
ing that in the discrete setting K is a dense subset of Ko, to show that #Hp,
has absolutely continuous spectrum it suffices to prove that for each A € Ko
the measure 'I“Ef) on R, given by T%) (B) := T4(B x R) (see (3.38)) is ab-
solutely continuous. Since Xg(H) € Ko C K2, we have, similarly to (4.11),
that

T (B) = (A, xp(Hr)A) = |Xp(H) 01 A|} = |A* ©r X5(H)|3
< JAIZ IXs(H)I2 = JAI E { (50, X5 (H)do)} (4.12)
< lIplloo I1AI2% 1BI-

Unfortunately, knowing that #,, and hence also H g, has absolutely contin-
uous spectrum does not imply that the Liouvillian £ = Hj; — Hg has no
nonzero eigenvalues. (Note that 0 is always an eigenvalue for £.)

The next lemma rewrites g, (I x I_) in ordinary £2(Z4%)-language. Re-
call that f(H) € KoaN Ky and [ X1, f(H)] € K if either f € S(R), or f is a
bounded Borel function with fX; = f for some bounded interval I ¢ =&,
or f = Xj_co,p) With E € 2C [BoGKS, Proposition 4.2].

Lemma 4.4. Let Fy := fi(H), where f1 > 0 are bounded Borel measurable
functions on R. Suppose

F_Pg,=F_, F(Pg,=0, and Fyi,[X;,Fi]€ K. (4.13)
Then

/ 2\I/EF(d/\1d/\2) 02 (Ne) =E{(60, F- X1 F7X1F_dp)}.  (4.14)
R
Proof. Tt follows from (3.38) that

[ Bme(@ndra) 000 = P 0L Yo, 0n P, (419)
R
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In view of (3.23) and (4.13), it follows from [BoGKS, Eq. (4.8)] that
—iYg,OrF- = [X1,F Pg,|—Pg,Or[X1,F_] = [X1,F_ |- Pg, Or[ X1, F ],

(4.16)
and hence
F, o YEF OrF_=1F; O [Xl,F_]. (417)
Thus it follows from (4.15) that
L me@ndh) 0200 = E(IFX0F RIBY, @18)
which implies (4.14). O

Lemma 4.4 has the following corollary, which will be used to justify the
replacement of spectral projections by smooth functions of H.

Lemma 4.5. Let BL be bounded Borel subsets of the region of complete
localization =°T with B_ C] — oo, Ep] and BN — 0o, Er] = @, so

P_Pg,=P_ and PyPg, =0, where Py:=Xp,(H), (4.19)

and let f+ and Fyi be as in Lemma 4.4 obeying Xp, < f+ < 1. Then
Ug,(By x B_) = E{{(0o, P-X1P+ X1 P_0p) } (4.20)
< E{(d0, F- X1 Fy X1F_6&) }. (4.21)

Proof. The equality (4.20) follows from Lemma 4.4 with fi = Xp,.. To
prove the bound (4.21), note that we also have Xp, < f? < f+ < 1, and
hence, since

Von(By x B) < [ Wr(@udda) 2O00),  (422)
R
(4.21) follows from (4.14) since F? < F. O

4.2. Passage to finite volume. Restricting the Anderson Hamiltonian to
finite volume leads to a natural minimal distance between its eigenvalues,
as shown in [KIM, Lemma 2| using Minami’s estimate [M]. It is this natural
distance that allows control over an eigenvalue correlation like (4.20).

The finite volumes will be cubes Ay with L > 3. Here Ay is the largest
cube in Z%, centered at the origin and oriented along the coordinate axes,
with [Az| < L% We denote by Hy, the (random) finite-volume restriction
of the Anderson Hamiltonian H to £?(Ar) with periodic boundary condition.
We will think of £2(A) as being naturally embedded into £2(Z%), with all
operators defined on £2(Ar) acting on £2(Z%) via their trivial extension. In
addition, it will be convenient to consider another extension of Hy, to £2(Z4),
namely

fAIL = HL-FXAEHXAE, (4.23)
where by S¢ we denote the complement of the set S. We set 0S := {z €
S: there exists y € S¢ with |z — y| = 1}, the boundary of a subset S in Z¢.
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Moreover, when convenient we use the notation A(z,y) := (65, Ady) for the
matrix elements of a bounded operator A on £2(Z%).

To prove (4.2), we rewrite U, (I; x I_) as in (4.20), estimate the corre-
sponding finite-volume quantity, and calculate the error committed in going
from infinite to finite volume. To do so, we would like to express the spec-
tral projections in (4.20) in terms of resolvents, where we can control the
error by the resolvent identity. This can be done by means of the Helffer-
Sjostrand formula for smooth functions of self-adjoint operators [HS, HuS].
More precisely, it requires finiteness in one of the norms

m
{rBm = Z/Rd“ FO@A+ )T, m=12.... (4.24)
r=0
If {f}},, < oo with m > 2, then for any self-adjoint operator K we have
f(K) = def(Z) (K -2 (4.25)
where the integral converges absolutely in operator norm. Here z = = + 1y,
f(2) is an almost analytic extension of f to the complex plane, df(z) :=

%8;]?(@ dz dy, with 9; = 9, + i9,, and |df(2)| = (2m) 1|0z f (2)| dz dy.
Moreover, for all p > 0 we have

/ A7) = < ey ([P <00 for m>p+1 (4.26)
R2 |Im z|?

with a constant ¢, (see [HuS, Appendix B] for details).

Thus we will pick appropriate smooth functions f1 and estimate the error
between the quantity in (4.21) and the corresponding finite volume quantity.
The error will be then controlled by the following lemma.

Lemma 4.6. Let I C EC be a compact interval, so (2.3) holds for all
FE € I with the same £ and s. Then there exists a constant C' such that for
all C*-functions fi with supp f+ C I and |f+| < 1, we have

|E {(60, F-X1F1 X1F_80) — (80, F_ L X1Fy 1 X1F_ 1,60)} |
<O+ Y) (2 P+ (S ha) T L3 e
for all L > 3, where Fy := f+(H) and Fy 1, := f+(Hrp).

(4.27)

Proof. Since fy = fiX; and I C E°" with I a compact interval, and |f+| <
1, it follows from (4.3) that

E {|(8z, F1.0,)[P} < Cre=crlz=l for all p € [1,00[ and z,y € Z%, (4.28)

where the constants Cr and ¢; > 0 are independent of f. The corresponding

estimates for F4 7, and Fy — F4 1, the two main technical estimates needed
for the proof of Lemma 4.6, are isolated in the following sublemma.
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Sublemma 4.7. Let the interval I be as in Lemma 4.6. Then there exist
constants Cy, Cy such that for all all C*-functions f with supp f C I, L > 3,
and all z,y € 7%, we have

E{|(8s, (F — F1)8,)|} < C1 {f P}, L2*2 e~ m{dist@0AL)+dist(u,000)} - (4.29)
and

E{|(60, Frdz)|} < Co {5 L4~ e 217 X, (@), (4.30)
where F := f(H) and Fy, := f(fIL)

Proof. Let R(z) :== (H — z)~! and Ry (z) := (HL — z)~! be the resolvents
for H and Hy,. It follows from the resolvent identity that

Ri(z) = R(z) + R(z)T LRy (2) (4.31)
= R(2) + R(z)TLR(z) — R(2)T LR (2)TLR(z), (4.32)

where T'j, := H — Hy. Note that either Ir(z,y) =0o0r |I'L(z,y)| =1, and if
(z,y) € & == {(z,y) € Zx 7% : T'(z,y) # 0} we must have either z € OA[
or y € OAr (or both, we have periodic boundary condition), and moreover
|Er| < 842L4 1.

To prove (4.29), we first apply the Helffer-Sjostrand formula (4.25) to
both F and Fy, use (4.32), and the crude estimate ||§L(z)|| < |Imz|7! to
get

E{|(0z, (F — F1)8,)|}

< |€L sup / \df |IE{|R zyx,u)| |R(z;v y)|} (4.33)

(u,w)€EEL

+ \5L|2 sup / \df )| [ Imz|~ 1IE{|R (z;z,u)| |R(z;w y)|}

(u,v)€€L,
(w' w)eE

We now exploit the crude bound ||R(z)|| < |Imz|™! and the Cauchy—
Schwarz inequality to obtain fractional moments. This allows the use of
(2.3) for Rez € supp f C I C ECV, obtaining,

|Tm 2° 2 B{|R(2; 2, u)|* }2E{| R(z; v, 9)|*} 2
K| Im z|*~2 e~ 2e(lz—ul+v—y) (4.34)

E{|R(z;z,u)| |R(z;v,y)|} <
<

for all z,u, v,y € Z¢. Plugging the bound (4.34) into (4.33), and using (4.26)
and properties of the set &1, we get the estimate (4.29).

The estimate (4.30) is proved along the same lines. We may assume
x € Aj, since otherwise the left hand side is clearly zero. Proceeding as
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above, we get
B{l(d, Pol} < [ o) B(|RL(50,0)]) (435
/ AT BRG0.0 + 16l s [ jaFe) m A~ (1RG0, )

(u,w)EEL
E{|R(z;0,2)|} < |Imz|*! E{|R(2;0,2)|°} < K|Imz|[*"'e 7o  (4.36)
The estimate (4.30) now follows. O
We may now finish the proof of Lemma 4.6. We have

<60, LX1F+ LX1 ,L(SO) <(50, LX1F+ LX1F L50> (437)

since Xa, Fu 1XA, = XALF:I:,LXAL and the operators Fy ; and F\i,L com-
mute with X4, . Thus

|E {(0, F- X1 F{ X1F_b) — (00, F_ . X1 Fy . X1 F_ 1.60)}|

< [E{(d0, (F= — F_ 1) X1 F1 X1 F_d0) }| (4.38)
+ [E{(00, F_ . X1 F X1 (F- — F_1)&)}] (4.39)
+ |E{(do, F L X1(Fy — Fy, L)XlF L60) }- (4.40)

Each term in the above inequality can be estimated by Holder’s inequality:

|E {(do, A1 X142X1 A3d0) }|

S Jorl [y B {141(0,2)] | Aa(w, )] | 45y, 0)|} (4.41)
T,y€Z4

S Jo] | E {141(0,)°}° B {| Aa(e, )P} B {|4s(y,0) P},
x,y€Z4

where A;, 7 = 1,2,3, may be either F4, P L, or Fy — ﬁi - We estimate

E {|Fs(z,y)]*} by (4.28) and E{|F_r(0,2)} by (4.30). If follows from
(4.29) that

E{|(F- — F_1)(0,2)]*} <4E{|(F- — F_1)(0,z)|}
<40, {{f—}}4 L2d—2 ——(dlst(O OAL)+dist(z,0AL)) (442)
<AC {f P D2 e m T (4.43)

since |(F_ — ﬁ_,L)(O,x)| < 2 and dist(0,0A,) > L£53. Thus we get, with
some constant C,

(4.38) + (4.39) < C(L+{/-N5) [/ P L0 e ™78, (aaa)
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To estimate (4.40), we control E{|(F} — }/7’\+,L)(a:,y)|3} from (4.29) as in
(4.42). We get, with constant C’,

(4.40) < C'L39V {7 13 ({ £+ 1)
% Z |1 |y1| e (7l H1) o= ge (dist(w,0AL)+dist(y,0AL)
$7yEAL
2 1 _
SCOLSU D[N {f )] e o', (4.45)
since for z € A;, we have
|z| + dist(x, 0Ar) > dist(0,0Ar) > L3, (4.46)

2
The desired estimate (4.27) now follows from (4.38)—(4.40), (4.44), and
(4.45), with a suitable constant C. O

4.3. The finite volume estimate. For the the finite volume Anderson
Hamiltonian Hy, we have available a beautiful estimate due to Minami [M],
which may be stated as

E{{trX7(Hp)}* — trX7(HL)} < 7°[lp|3[T*A L] (4.47)

for all intervals I C R and length scales L > 1. (See [KIM, Appendix A]
for an outline of the argument.) Although Minami wrote his original proof
for Dirichlet boundary condition, the result is valid for the usual boundary
conditions, and in particular for periodic boundary condition.

Remark 4.8. The dependence on L ~ |A L|5 in the right hand side of (4.47)
is optimal; it cannot be improved. Ergodicity implies that

lim ﬁ trXg(Hr) = E{{do,Xp(H)&)} = N(B) P-ae., (4.48)

L—x

where N(B) is the density of states measure. If T and I are inter-
vals of nonzero lengths contained in the spectrum of H, we must have

N(I),N(I+) > 0, and hence
Jim ﬁ E{{trX;(H)}* —trX;(H)} = N(I)* > 0, (4.49)
Jim. e E{{tr X, (Ho) Htrxp (Hp)}} = N(I)N (=) > 0. (4.50)

Lemma 4.9. Let J. C R be intervals such that J_NJy = &, and consider
an interval J O J_ U Jy. Then, given Borel functions fi on R with 0 <
f+ < Xy, we have

E{(do, F 1 X1 Fy L X1 F 1.00)} < ZFllpll3| TP L4 (4.51)

for all L > 3, where Fy 1 = f+(Hp).
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Proof. With periodic boundary condition finite volume expectations are in-
variant with respect to translations (in the torus). This, combined with
F_ F. =0, gives

E{(00, F_ 1 X1 Fy 1 X1 F-160)} = iy Y E{(0n, F 1 Xa Fi 1 X1 F 16,) }
wEAL

=y E{tr{F_ L X1F 1 X1F_}}, (4.52)

where the trace is taken in #2(Ay). Since | X1l < %, where X1, = X1Xa,
is the restriction of X; to £?(Ar), 0 < Firp < Qi1 = Xj.(Hr), and
Q+r+Q 1 <Qr:=X;(HL), we have
tr{F_ 1 X1Fy 1 X1F_ 1} < || X1,0Fp 0 X1l (tr F2 1) (4.53)
SBNFy )| (0F2 1) < B (tr Fyp) (tr F2 ) (4.54)

< LTQ(tI'Q_hL) (tI‘Q_,L) < LT2 (tI‘QL)2 — tI‘QL}. (455)

Combining (4.52) and (4.54), and using Minami’s estimate (4.47), we get
E{(d0, 1 X1 Fy 1 X1F 100} < - llpll% T *[ALIL?, (4.56)
which yields (4.51). O
4.4. The proof of Theorem 4.1. We now have all the ingredients to
prove Theorem 4.1. Since Er € ECT, there is vy €]0,1[ such that Iy :=
[EF — vy, Ep + 1p] C E°%, and (2.3) holds for all E € I, with the same

exponent s = sg, and localization length £ = /g,. Given v €]0,1p], we
define compact intervals

I:=[Er —v,Er +v],
I_:=|Er —v,Er] and J_:=|Ep —v+v* Ep — 11, (4.57)
I, :=|Ep,Er +v] and Jy:=|Ep+ vV Ep+v— 1/4].
Note that Jy € I+ ¢ I ¢ E°Y and I_ NI, = @. Moreover, we have

I\Jy = Ji1UJy o, where Jy ;, j = 1,2, are intervals of length |Jy ;| = v
Thus

Upp(Iy x I-) = Vg, (Jy x J) + Upp (L4 X J_1) + Ue (14 x J- )
+ \IIEF(J+,1 X J_) + \IIEF(J—F,Q X J_) (458)
<V, (Jp x J-) + 4W%1/2, (4.59)

where the last four terms in (4.58) were estimated by Lemma 4.2 (with
B=1/2).

To estimate ¥, (J4 x J_), we exploit the existence of C*-functions fi
such that Xj, < fi < X7, and \fik)| < 2V_4kX[i\Ji, k =1,2,3,4. Note
that

{f:hs <{feha < Cv v =CvP, (4.60)



MOTT’S FORMULA 25

where the constant C' is independent of v €]0,10] and fi. Using first (4.21)
in Lemma 4.5 (with By = Jy and Fy = fi(H)) to replace the spectral
projections by smooth functions of H, followed by Lemma 4.6 to achieve
the passage to finite volume, we get

Vg, (Jy x J_) < E{{6, F- X1F; X1F &)}
1

4.61
< E{(80, F_ 1 X1 Fy . X1 F_ 1,60)} + C'v ®L3% ¢ it (4.61)

for all L = 3, where F:I:,L = f:t(HL).
Combining (4.59) and (4.61), and using Lemma 4.9 to estimate the finite
volume quantity, we get

U, (I, x 1) < w2||p| 2 2L4H2 + C'v=BLad e el 4 AW 02 (4.62)
2
If we now choose
1_ 1
L= (17-12+1)¢ log -, = 205/ log -, (4.63)
then there exists ) €]0, 1], such that for all v €]0, ] we have
Wy (T4 x T_) < 205272 p|| 2 £9+202 (log 1) 2 4 ¢"2, (4.64)
from which (4.2) follows.
Theorem 4.1 is proven, yielding Theorem 2.3.

Remark 4.10. As discussed in Remark 2.5, in our estimate for Mott’s for-
mula, namely (2.16) (or, equivalently, (4.2)), the exponent of log L is d + 2,
instead of d + 1 as in (1.1). This comes from (4.56), where we get a factor
of L4t2. As seen in Remark 4.8, the power of L we acquire in the passage
from (4.55) to (4.56) cannot be improved. The factor of L? obtained going
from (4.53) to (4.54) must also be correct because of (4.63), since we need
L2 in (4.56) to get £472 in (4.64). To obtain a factor of (log 2)4*! as in
(1.1), we would need to improve the estimate in (4.53)—(4.54) to gain an
extra factor of (log 2)~!. This seems far-fetched to us.

Remark 4.11. Starting from the lower bound given in Proposition 3.11, and
proceeding as in the derivation of (4.61), we obtain the lower bound

o (v) = TE{(0, G— 1 X1G4 1 X1G_ 180)} + C"v~PL* e~ il (4.65)

where G4 1, := g+ (Hp) and the functions g satisfy Xp, < g+ < Xy, with
Ji asin (3.52), B_ :=|Ep — ¥ + v* Ep — ¥ —v*], and By :=|Ep + % +
v Ep + 5 — v*]. Moreover, the functions g are supposed to satisfy the
hypotheses of Lemma 4.6 with respect to the intervals By, the estimate
(4.60), and fi = ,/g+ satisfy the hypotheses of Lemma, 4.5 with respect to
the intervals By. Unfortunately, we are not able to obtain a useful lower
bound for E%lp (v) from (4.65) because we do not have a lower bound for the

finite volume term; Minami’s estimate gives only an upper bound.
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