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Abstract

We consider a model of a particle coupled to a massless scalar field (the
massless Nelson model) in a non-Fock representation. We prove the existence
of a ground state of the system, applying the mothod of Griesemer, Lieb and

Loss.
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1 Introduction

The Nelson model is a quantum mechanical model which describes an interaction
between some quantum mechanical particles and a Bose field. In this paper, we present
a criterion for a Nelson model to have a ground state.

We consider one particle under the influence of an external potential V' and coupled

to a scalar Bose field. The Hilbert space of the system is given by
F = L*(R*) ® 7/, (L*(R?)), (1)

where F,(L?(R3)) is the Boson Fock space over L?(R3). The standard Nelson Hamil-

tonian is of the form

HY = (-A+V)21+1® Hi(m)+ A ¢®(v), on F,
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where 1 denotes identity, A is the generalized Laplacian on L?(R?), A € R is a coupling
constant, and Hy(m) and ¢®(v) are defined by

H¢(m) = /R3 wm(k)a(k)*a(k)dk,

() = —

=5 L (v(z, k) @ a(k)” +v(z, k)" @ a(k)) dk,

with

L)
W (k) = VE2+m?2  v(x, k)= e
9=V (08 =
where |k|71/2p € Dom(wm'/?) and a(k)*, a(k) are the distribution kernels of the creation
and annihilation operators on F,(L?(R?)) (Dom(A) means the domain of operator A).

The problem on the ground state of H), can be classified as follows:

(i) the massive case : m > 0

k|~'2p € Dom(wy ') : infrared regular

(if) the massless case: m = 0 {}kl_lﬂg geé Domngli : infrared sifgular.
In almost all cases, to prove existence of a ground state for the massive case is easy. The
first result on the ground state problem, to our knowledge, is due to Spohnd 120 In
0 120he proved existence of a ground state in the case where the infrared regular(I.R.)
condition holds and (—A +V +i)~! is compact. If (—A +V +4)~! is not compact, his
theorem shows that a ground state exists if the I.R. condition holds and the coupling
constant A is small enough. After the work of Spohnd 1200 C. Gérard proved existence
of a ground state of an extended model of the Nelson model in the case where an
abstract particle Hamiiltonian K (which corresponds to —/A + V' in the above context)
is compact and an I.R. like condition holdsd 30 On the other hand, J. Lorinczi, R.
A. Minlos and H. Spohn[ 70 showed that H} has no ground state if the infrared
singular(I.S.) condition holds in spite of the condition V(z) > C|z|*(C,a > 0) (also
refer to 20about the absence of ground states). Recently, H. Hirokawa, F. Hiroshima
and H. Spohind 50prove existence of a ground state for the renormalized Nelson model.
In the case where the I.S. condition holds, HY may not has a ground stated 7] but
A. Araill 10showed that a massless Nelson model in a non-Fock representation has a

ground state.



We work with the non-Fock representation introduced indJ 100 In this representation

the massless Nelson model we consider is of the form :

H = (A + V)@ 1+ 10 Hy(0) + A6 (G) — A2V (2) @ 1 + AW,

where V(&) is the multiplication operator by V(x) := Re(|k|~/2v(0), |[k|~*/?v(z)), W =
||k|~*2v(0)]|? is a constant, and G(z,k) := v(x, k) — v(0,k). If m = 0 and the LR.
condition holds, H is unitarily equivalent to HY (Proposition 2.1). But if the LS.
condition holds, HY may not be unitarily equivalent to H}. If the 1.S. condition
holds, to consider HY means to choose a non-Fock representation of the canonical
commutation relations of a,a*(seel) 10). Note that, in the massless case m = 0, the
Hamiltonian we consider is H | not HY.

For the non-Fock Hamiltonian H V' we present a criterion for HY to have a ground
state. The criterion is essentially the same condition as in(J 4] and we prove existence
of a ground state without assuming the I.R. condition. Out strategy is the same as
that of 0 40 We, however, improved the proof of the photon derivative bound. In the
proof of photon derivative bound in[1 4[] it is difficult to prove that the integer-valued
k-dependent sequence h;(k) is measurable. In our new proof of the photon derivative
bound, such uncertain sequence does not appear.

This paper is organized as follows. In Sec. 2 we describe rigorous definitions of our
system and state main results. In Sec. 3, we prove the main theorem. In Appendix A, we
establish a formula which expresses a second quantization operator by the annihilation

operators.

2 Notation and Main Results

We consider a model of one particle interacting with a scalar Bose field, and in an
external potential V' : R? — R satisfying V' € Li..(R2). The Hilbert space for the model
is given by F := L*(R3) ® F,(L*(R})), where F,(L*(R})) is the Boson Fock space over
L2(R}) (sedd 90). For m > 0 we define a function w,, : R} — R by w, (k) := Vk% + m?2.
The multiplication operator by w,, is denoted by the same symbol. The free Hamiltonian

of the scalarBose field is the second quantization of w,,[ 90):

H¢(m) = dIL(w,). (2)



We set Vi(x) := max{0, £V (z)}. Throughout this paper, we assume that the potential
V' has the following properties:

[N.1] There exist constants a < 1 and b € R such that
V2P0l < all (=291 + bllo]?, v € CF°(RY).

The particle Hamiltonian H}, is a self-adjoint operator defined by

H, = —A+V, on L*(R3),

where + means the form sum. For f € L*(R}) we denote by a(f)*, a(f), the creation
and annihilation operators respectively, by ®s(f) := [a(f) + a(f)*]/v/2 the Segal field
operators ( “ —” means closure). It is well known that ®g(f) is a self-adjoint operator
on Fy,(L*(R3}))(seed 100). For x € R? and p € L*(R}) N Dom(|k|~'/2) we define v(z) €
L*(R}) by

v(z)(k) = v(x, k) = W |'Z(|]f/)2 etk

The Hilbert space F can be identified with the fibre direct integral of F,(L*(R3))(see
0110):

keR;.

F = : Fo(LA(R}))dz.

R3

In this identification the opeartor

gives a self-adjoint operator on F [ 110).
The Hamiltonian of the standard Nelson model is defined by

HY = H,@ 1+ 1® Hy(m) + A\p®(v).
Here A € R is a coupling constant. We set
Hy=H,@1+1® H¢(m),
the free Hamiltonian of the Nelson model. By [N.1], H, is bounded below. Therefore

H is self-adjoint on D(Hy) = D(H, ® 1) N D(1® H¢(m)) and bounded below.

The following fact is well-known:



Proposition 2.1. Assume |k|~/2p € Dom(ws?) and [N.1]. Then HY is self-adjoint
on Dom(Hy) and bounded below. Moreover HY is essentially self-adjoint on each core

for Hy.

Under the assumption of Proposition 2.1, we set

EY(m) :=info(H)),

the ground state energy of HY. Where o(H) ) means the spectrum of HY. If EV(m)

is an eigenvalue of HY we say that HY has a ground state and a eigenvector ®,, €

ker(HY — EV(m))\{0} is called a ground state of HY.
Let 0 € C3°(R?), 6 € C*(R3) be functions which satisfy the following properties (i),
(ii):

(i)  0<0(),0(x) <1, Ox)+0x)?=1 (reR’).
(i)  O(z) = {

1 Jz| <1
0 |z| >2.

For R > 0 we define particle cut-off functions 6g, §R as follows:

Or(z) = 0(z/R), Op(z):=6(z/R).
We abbreviate 0 ® 1, gR ® 1 to g, ] r, respectively if there is no danger of confusion.
For a self-adjoint operator T, we denote by Q(7T') the form domain of 7" | and for
U, & € Q(T), we write simply (V,7®) = [, ud(¥, Er(1)®), where Ep means the
spectral measure of T
We define a quantity which physically means the minimal energy in the states where

the particle is separated more than R away from the origin:

Definition 2.2. B B
(0rV, H,, 0rY)

in =~
veeurk) (U, 9% W)

l6p®lI#0

Eo(R,m) :=

Remark. For all R > 0, it is easy to see that EV(m) — E(R,m) < 0.

The following condition is based onlJ 4[1
Hypothesis I(binding condition for m > 0)

EY(m) < limsup E, (R, m).

R—o0



Theorem 2.3 (Existence of ground state (m > 0)). Let m > 0. Assume [N.1] and
Hypothesis I. Then HY has a ground state.

Proof. This is done in the same method as in the proof of1 40Theorem 4.10 Therefore

we omit the proof. |

In the case m = 0, we need more assumptions:
N2 p/lk| € LA(RY).

Under the condition [N.1] and [N.2], the Hamiltonian of the massless Nelson model we
consider is:
H = Hy@ 1+ 1® H;(0) + A¢?(G) — A2V(2) @ T+ AX2W1,
where W := Hwo_1/2
: ~1/2 ~1/2
function V(z) := Re{w, " “v(0),w, “v(zx)).

By [N.2], V(z) is uniformly continuous and limy—o V(x) = 0. The relation between

v(0)]|? is a constant and V(%) is the multiplication operator by the

HY and H{ is given by the following proposition:

Proposition 2.4. Suppose that the infrared regular condition p/|k|*/? € L*(R}) holds.

Then HY is unitarily equivalent to HY .

Proof. By the assumption, the operator T := exp[—iAl ® ®g(i|k| " v(0))] is a unitary

operator on F and HY is unitarily equivalent to HY = THYT*, i
If the infrared singular condition p/|k[>? ¢ L?(R}) holds, this Hamiltonian HY gives

a Nelson Hamiltonian in a non-Fock representation (seed 10).

For the existence of ground states of HY, we impose some conditions on p:

[N.3] There exists an open set S C R?, such that supp p = S. Moreover, for all n € N

Sp = {k € S||k| <n}

has the cone-property(seed 60).

[N.4] There exists a function n € H*(R3}), such that p = xsn, where xg is the charac-
teristic function of S.

[N.5] p is continuously differentiable in S\{0}.

IN.6] |k|=3/2p, |k|7Y/2|Vp| € LP(S) for all p, 1 < p < 2.



Under the condition [N.1] and [N.2], it is easy to see that EV(0) = inf o(H") . One
of the most important conditions for the existence of ground states of HY is
Hypothesis II(binding condition for m = 0)

EY(0) < limsup Eo(R,0). (3)

R—o0

Now we state the main result of this paper.

Theorem 2.5 (Existence of ground state (m = 0)). Assume [N.1/-[N.6] and Hypothesis

II. Then the massless Nelson Hamiltonian HY has a ground state.

Remark. In the case limjg_.o V(2) = 00, it is easy to see that limp_..c Fo(R, m) = 00.
Therefore Hypothesis I holds. On the other hand, if lim ;. V (x) — 0 and the particle
Hamiltonian H, has negative energy ground states, then Hypothesis I, II holds (sed] 40
Theorem 3.10).

Remark. Let A > 0. Then p = xa (the characteristic function of the region |k| < A)
satisfies the above conditions [N.2]-[N.6]. Note that the function p = x, is infrared

singular, because |k|™%/2p is not in L?(R?).

3 Proof of Theorem 2.5

Throughout this section we assume [N.1]-[N.6] and Hypothesis II. In this section, we
set A = 1, because Theorem 2.5 does not depend on A explicitly (to restore A, it is
enough to replace p by Ap).

For m > 0, T,,, := exp|—il ® Pg(iv(0/wy,))] is a unitary operator on F, and we have

HY =T,H'T*
=H, @1+ 1® H;(m) + ¢%(G) = Vn(2) @ 1+ W, 1,

where V,,(2) is the multiplication operator by the function V,,(z) := Re{(w,'v(0), v(z))
and W, := Hu);bl/Qv(O)H2 is a constant. In Fig.1, we show the relation to the original

model.
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The ground state energy EY (m) is monotone increasing in m > 0, and lim,,, o EV (m) =
EY(0) (sedd 40Section 50). Therefore, by Hypothesis II, for all sufficiently small m > 0
we have EV(m) < limsupg_,., Eoo(R,0). Since Eo (R, m) is monotone increasing in

m > 0, there exists a constant m such that

EV(m) < limsup E,(R,m), (0<m < m).

R—o0
In what follows, we consider only the case 0 < m < m. Hence, by Theorem 2.3, HY

has a ground state ®,,. We set ?I;m = T,,®,, a ground state of ﬁn‘i

Lemma 3.1 (Exponential decay). Let 5 > 0 be a constant such that
(% < limsup E(R,m) — EV(m), (0 <m <m).

R—o0

Then, for all large R > 0,
1 %
Ew(R,m) — EY(m) — 3>+ o(1/R%) ) ™"

where the constant C' > 0 does not depend on m with C' < %6451%.

lexp(Blz)B.|)? < C (1 +

Proof.  Seed 400 i
Let f € Dom(wy,). Since Dom(HY) = Dom(H, ® 1) N Dom(1® H{(m)), a(f)®,, €
Q(]TI%) Hence, for all ¥ € Dom(H)), we have
((Hy, = BV (m) ¥, a(£)®n) = —(¥, a(wnf)Pm) - f<\11 (f.G(@)) ).

Here we use the canonical commutation relations of a, a*, and (f, G(Z)) is the mul-
tiplication operator by the function (f,G(z)). Since ¥ € Dom(HY) is arbitrary,
a(f)®,, € Dom(HY), and hence,

(a()®, AW f)Prm) + —= <a B (f,G(2))D,,) < 0. (4)



Lemma 3.2 (Photon number bound). For all 0 < m < m, we have

PR l2|ml?,  ae k€ RE. (5)

Proof.  Let q(k) be a bounded real-valued measurable function. We choose some com-

plete orthonormal system {f;}2, C Dom(w,,). By (4), we have

Z<a 2 f) P (w20 1) Py +— = Z<a w20t G(@))wy, P ;) @) <0,
By Lemma A.1 in Appendix, we have

(@, d0(2) ) < —%<a<w;1qzc<@>ﬁ>m,cf>m>
1 Q<k)2 A * = =
< E . dkwm(k)\(G(w, k) a(k)®p, @)l

Note that ¢ is arbitrary. Hence, we obtain

1
\/_m()

By the definition of G, we have |G (z, k)|* < |p(k)|*|k||z|?/(27)3. Therefore, (5) holds.
|

We write @, = (D)2, with ®% € LA(R3) @ (@"L2(R?)), n > 0, where ®"L*(R3)
is the n-fold symmetric tensor product of L*(R3).

la(k) @ * < la(k) Pl |G (&5 k) Prnll, e k.

Lemma 3.3 (Photon derivative bound). Let 0 < m < m. Then, for all O™ is in the
Sobolev space H'(R2 x S3), and F-valued function a(k‘):f)m is strongly differentiable in
k € S\{0} for all directions with

9,a(k)d,, = (ajé,g)(k), V20,82 (k,-), ..., /nd; a0 (K, ), . ) . j=1,2,3,

~ 1 1 p(k)|? . o
9308 < s — s (320 W0 el

where 0; and V, means the differential operator for j-th component of k and the nabla

operator for the coordinate k.
Proof. For h € R? and a function f(k), we define
(Anf)(k) := f(k+h) = f(k).
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We consider (4) with f replaced by A,hwrﬁl/ 2q fi. Here ¢ and f; are the same function

as in the proof of the above Lemma. By Lemma A.1, we have

Z <a(A—hwr_n1/2qfi)&l)m, a("‘JmA hWo, 1/2qu > - <¢’ dr A—fl‘*‘J;zlq2Ah‘/‘J7rL)EI;m>-
(6)
We introduce an operator (T,f)(k) := f(k + h). It is easy to see that Apw, =
(Apwm)Th + wmAp. therefore, we have

(6) = (D, AT (AP AR)Pr) + (B, AD(A 2w (Apwy ) Th) Py ).

On the other hand,

oo

Z<a(A,hw,;1/2qfi)<5m7<A B 1/2qj‘}7 m> <a hw,;quAhG(iz))EI;m,EISm)

=1

Therefore, we obtain

<E)m7 dF(A_hquh)&)m> < - <&)m, dF(A—hqzw (Ahwm m>
- %@( W EALG(E)) B <I>m>. (7)

By the Schwarz inequality, we have

{a(A P ALG(7)) By, Dy )|
1/2

— (& dAT(A_,?A,)®)"* U dk E | (ARG(2)) (k) Do)

3

By using the general inequality |(®, d['(S*T)¥)| < (&, d['(S*S)®)/2(®, AT (T*T)W)1/2,

we have
(D, AT(A P (Anwn) Tn) B )| <(Bpn, AT((A_4g)(A_4g)") D, )"
X (D AT(Tp (D) w2 (D) T) D) 2.

Hence, we obtain

(D,,, dF(A hth)N )

< / i ( S ARGE) B>+ 2B, AT (Aro) P02 (Aiom) T B

- f q<<;1 G +2 [ a2l (Ao = WPl P
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By (5), this is dominated by

/ k1 2|| (ARG(2)) (B) D, ||”
R3 Wm

1 q(k)? o[k +hlpk +h)? =
+W/ kL (B ()P e ol

Since the function ¢ is arbitrary, we have

IAGEN OB, [k-+ bloth+ WA ) BF |
wny (K)? (273w (k + h)2w,, (k)2 mll

1ARa(k) @, <

for a.e. k € R?. By using the definition of G(z, k), we have

V@846 )
hl|k + h||lx|, . hl|z
< S o0+ 1)1+ L0k 4+ )+ 1Kl + ) = (o),

and it is easy to see that |(Apw,,)(k)| < |h|. Therefore we obtain

L1 [hP |

I3wa(k) P < 55 s |3yl + ARG+ WP+ 3o+ )P
: e B RIAGEE RPIP] s
3Rl + ) — R + = el (9

By this inequality with [N.5], we see that F-valued function a(k)®,, is strongly con-
tinuous in k € S\{0}. Next, we show that a(k)®,, is strongly differentiable. For this
purpose, we introduce the operator Ay, , by

U0 = fB)  f+0=F0)

(Ah,£f>(k> = |h| - |€| )

We define Aj, := A_j, 4. Returning to (4) with f replaced by A;ewﬁbl/?qfi and

summing over ¢ = 1,...,00 we have

<<I>m, dl' (A gq W A i) m> \/_<a A;@w;ﬁblq2Ah7€G(§:))&>m,&>m> <0.
It is easy to see that Ay jw,, = wApe + Fy — Fy, where F), .= (Apwy,)|h| ' T). Hence,
we have

(@, AT(AG 1P D1 0) D) < — —=(a(Af wi A3 G (7)) Py D) (9)

Sl

+ (@, AD(A] (qPw F) @) + (B, AT(AS jqPwp ) @)
(10)
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By the Schwarz inequality, we have

3 wm(k;)
(10)] <|(@y, AT(A, 12w [ A gwin] Th) Py | (11)

‘<¢>m,dF(A;§e 2 1[|€| }(Th—Tg))&Jm>‘. (12)

~ ~ \1/2 2 = 2
1t of (9)] < (B, dD(A] 1 D)) { /R i q<k>QH(Ah,gG@z))(k)@mH?] ,

Moreover,
r.hs. of (11)
<Dy, AU (AL 1?20 )8 )2 (B, AT (T P2 (A 2 T3) By )

= (D, dF(A}‘McfAh,g)&)mf/ 2 [ /
R

and

3

B 1/2
Ak 2 ()AL pom? () alk + h><1>m||2] ,

r.h.s. of (12)
. - . A 2 1/2
< (B, A} 2000 B) (B, A (T = T0) [ frem | (T = T1))

< (B, (A 4* D)D) [ /
R

3

N N 1/2
dk q(k)*wp (k)2 ||la(k + h)®,, — a(k + €)¢m||2} :

These inequality yields

- 3
(@m,dF(AMq Ahg 5/ k‘
/dk: i
q(k) o112
<3 [ ar otk + 1)8, = alk+ OB, |

Since the function ¢ is arbitrary, we have

) S I1(AnG(2 N (k)P ||
?2)2|Az7zwm|2(k)||a(k+h)&)mHQ

~ 3
[ Apea(k) P> <

S o2 %!I(Ah,zG(i))<k)5ml|2+lAz,gme(l{;)H (k + h)B, 2

+ la(k + h) D, — alk + 0P, |7 |, ae keR>. (13)

Remembering the condition [N.5] and that a(k)®,, is continuous, we get,

hhémo ||A|h\e,\£\ea(k)§m||2 - 07 ae k€ S\{O}7

12



for all e € R?. Therefore the F-valued function A, h|ea(l€)§>m /|h| is a Cauchy sequence in
|h| as |h| — 0. Namely, for all directions, a(k)®,, is strongly differentiable in k € S\{0}.
Let e; (7 = 1,2,3) be the unit vectors of the j-th direction, and let

1 -
Appje;a(k)®pm, ae k€S

v;(k) = s-limp—o Tl

Next, we show that ®) € H'(R3 x §%") for all n € N. Let ¢ € C°(R3) x S*". Then,
we have
/ (0;0) (2, k, )W (, k, K)dzdkdK
R3(n+1)
1

= lim — [W(x, k, K) — iz, k — |hlej, K)]®W (x, k, K)dzdkdK
h—0 |h| R3(n+1)
1 ~
— lim— [ dk [/ W(w, k, K) [ ™) (2, & + |hlej, K) — 3™ (z, k,K)} dde] ,
h—0 ‘h‘ R3 R3(n+1)

where K = (ki, ka, ..., ko_1) € R3™D. On the other hand,

/de dedK i (z, k K){ ! [ (. k + |hle;, K)+0 (z, k, K)] — o™ (x, k,K)}H
e i i J

< dk||v(k, )| L2®n
< [ aklth. oo
< dk||v(k, )| L2®sn
< [ akloth. Moo

i (e k)@, — o (k)|

e B (), — v (8)| (14)

Id
Returning to (13) with A — |hle;, £ — |€|e; and limg_,, we have

2

Apa(k)®,, —v;(k)

e (@00 - 601 ) &

+ = l(z‘c) la(k + B) | + [la(k + h) Py, — a(k)émnﬂ , aekeR?

where we use the elementary inequality |+ Ape,wp (k) — jwm (k)| < 2|h|/wn (k). Since
the set Sy := supp ||¢(k,-)|| is a subset of S, k+h € S for all h and k € S, with
|h| < dist{Sy, S}. Using this fact and (8), we obtain

HW

Wi (k)? Wi (k)

. k+ )| lalk +h)®, — a(k)®,,
i [ A0l [WH a(k+ 0@y | Jla(k + W)y, —a(k) H] e
— Rg

13



By condition [N.4] and the dominated convergence theorem, we have

Ixs, 1A ™1 Anp = 03pI* < (1A 7 Ann = Ojll72as)
e~ ilhly; — 1

2
<)
R3 |hly;

+i| yi|(F)(y)[*dy — 0, (|A] — 0),
where F means Fourier transformation. By this formula and simple but tedious esti-

mates, we can show that

lim [ dkl(k, )| e —H( (Ao, G) (i, k) — 0,G (i, k)) B =0,
|h|—>0 R3
These facts mean that
lim(14) = 0.
h—0
Therefore, ) € H'(R® x §37). i
Pick a sequence m; > my > --- tending to zero and we set

O, =0, , j=12 ...

J
Since EIVDJ-’S are normalized, a subsequence of {&)J }, has a weak limit ® (the subsequence

denoted by the same symbol).

Lemma 3.4. ® € Dom(H") and,
H"® = EY(0). (15)
Proof. First, we show that ® € Q(HY) = Dom(H(0)/2) N Q(H,). For all ¥ e
Dom(H;(0)Y/2), we have
(@, H(0)20)] = lim |(H(0)"/?®;, W)| = limsup | Hy(0)"/2®; ]| ¥]].
j—o0 ;

J]—00

Since H,, is bounded below, we have
|1H;(0)/2®]* < const.(®; (H" (m;) — EY (m;) + 1)®;) < const.,

where const. is a constant independent of j. Hence ® € Dom(H(0)"/2). Similarly we
have ® € Q(H,). Since EV(m;) — EY(0) (j — o), we have
I(HY = EY(0)2%;]1* < [[(HY (my) = EY(0))*®|* < (EY (my) — EY(0))]1 &> — 0,
as j — oo. Therefore (HY — EY(0))/2® = 0. This means ® € Dom(H") and HV® =
EY(0)®. 1

By this lemma, if o # 0 then D is a ground state of HY. This proof is essentially

same aslJ 40 7 Proof of Theorem 2.10 so we omit it (Notice that the condition [N.3]
and [N.6] were used there ).
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A Parseval's Equality for the Annihilation Operators

Let K be a complex separable Hilbert space, and let F,(K) be the Boson Fock space
over K. We denote by N, the number operator on F,(K). Let S and T be densely
defined closed linear operators on K, such that Dom(S) N Dom(T") is dense.

Lemma A.1 (Parseval’s equality for the annihilation operators). Assume that, for

vectors W, ® € Dom(Ném), there exist constants o, f (a+ =1, a,, 3 > 0) such that,
No'® € Dom(dl(T*)), NP™'W € Dom(dl'(S*)).

Then, for all complete orthonormal basis {f;}32, C Dom(S) N Dom(T), the following
equality holds:

o0

D (a(SHTa(Tf;)P) = n(S* @ L, ¥, T* @ 1,1 2" )gnr. (16)

j=1 n=1

In particular, if & € Dom(dI'(ST*)), then

D (a(Sf)¥,a(T f;)®) = (¥, dT(ST")P). (17)

J=1

Proof. Tt is enough to show in the case that K is L2-space on a measurable space. For
simplicity, we prove (16) only in the case K = L*(R?). Using the definition of a(f), we

have

(a(S )Y a(Tf)0) = [ dk [ A (SE)OTH)YE) alk)w, alk)e)
= [k S n [ ass sy @ K)o, ),

where K = (ka, ..., k), dK = dky - - dk,. In the above equation, the integral and the

15



summation commute, because

[anf WS [ ARUSHOT ) ()20, 1) 00, K

00 1/2r o 1/2
< Janaw|(s ) (T 1)) [Zn/dm(%w] [Zn/dm(”)(wn?]
= [ RIS HI0 1T LK) a9l o))

1/2 1/2
< ISHIITS) [ / dkna(k)\vn?} [ / dkna(mﬂ
= [ISENTHINNS 2T N2 < o,

and hence on can apply Fubini’s theorem. Hence,
> (a(SF)¥,a(Tf;)P) =
j 1

ZZ /dK< (T* ® 10 (NG, (8" @ 1) (4 K)).

j=1 n=0

Using Bessel’s inequality, we have

Z<(T*®H<I>("))(~,K (NG, (8" @ 1M (-, K))

< II(T* ® 1M (-, K)||[|(S* @ 1¥™)(-, K)|

{n2°‘H (T* @ 10W)(, K)|* + n*)| ($* @ 19™)

K)|*}, ae K eR™D.
(18)

By assumpsion for ¥, ¢, we have
Z /dK r.h.s of (18)) Z [noT* @ 10™||? + Z |n?5* @ 10 ™ |? < co.
n:l

Hence, by applying the dominated convergence theorem and the standard parseval
equality, we obtain (16). i
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