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Abstract

Schrodinger operators H with oscillating potentials such as cos 22 are

considered. Such potentials are not relatively compact with respect to
the free Hamiltonian. But we show that they do not change the essential
spectrum. Moreover we derive upper bounds for negative eigenvalue sums
of H.
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1 Introduction

In this paper, we consider Schrédinger operators H with oscillating potentials
such as cos |z|2. To our knowledge, the spectral analysis of such Schrédinger
operators H has no antecedent.

First we show that a class of oscillating potentials V' does not change
the essential spectrum of the free Hamiltonian(i.e. gess(—A + V) = [0, 00)).
This means that the negative part of the —A 4+ V is compact operator. We
remark that the potentials we consider are not compact with respect to the
free Hamiltonian.

It is well known that the moment of the eigenvalues of the Schrédinger
operator —Ag + V(on L?(R%)) has the following estimate:

Sl < o [ V@R @=1250 )
=0 R¢
where |V (z)|- := —min{0, V(x)}, ep < e; < ea <--- are negative eigenvalues

of =A +V and L, 4 is a universal constant([4, Theorem 12.4],[5]). For the
potential V(z) = cos(|2?]), the left hand side of (1) can be defined by com-

|’Y+d/2

pactness of the negative part of H, |V (x) is not integrable(d = 1,2,...):

/ V(@) de = o0, V(2) = cos|af?,
Rd

but we show that ) 72 |e;|7 is finite in the following cases:
1

v=>3, ford=1, )
v>0, ford=2,3,...

Moreover in a general case we give new criteria for > "2 [e;[” < oo and derive
upper bounds for negative eigenvalue sums of H.

In analysis of the Schrodinger operator with an oscillating potential, the
positive part of the potential is essential. Because, for a low energy state u, the
expectation value |(u, Vu)| becomes small by the oscillation of the potential.
But |(u, Vu)| does not become small if the positive part of V' is cut off.

2 Essential Spectrum
We consider the Schrodinger operator on L2(R?):

H:=Hy+V, Hy=-Ag (3)



where /A4 is the d-dimensional Laplacian and V' € LfOC(Rd) is a real-valued

function. Let S; be the d-dimensional unit sphere, and let © be the stantard
measure on Sg. We write z € R? as 2 = r0, r = |z|,6 € S;. We denote the
Laplace-Beltrami operator on Sy by Ag.

Throughout this section, we assume that the potential V' has the following
properties:

[V.1] V :R?— R is bounded Borel measurable, and

ford =1,
T R
lim sup / V(y)dy’ =0, lim sup / V(y)dy’ =0; (4)
R—00 z¢[R,00) |/ R R——00 3e(—00,R] | /2

for d > 2

lim sup sup
R—00 rc[R,00) €S,

/T V(re)dr

R

~0. (5)

Example 2.1. The following functions V; and Vs satisfy condition [V.1]:
Vi(r) := asin(brt), Va(r) :=acos(br®) a,be R\ {0},
r=lz|, deN, £>2. (6)

Under condition [V.1], H is self-adjoint with D(H) = D(Hy) and bounded
below. For a self-adjoint operator A, we denote by A,, A_ the positive and
negative part of A respectively:

A, = / MEA(N), A = / AEA(N), (1)
[0,00) (—00,0)

where E4(-) is the spectral measure associated with A. When A is bounded
from below, we set

Y(A) :=inf oess(A). (8)
Theorem 2.2. Assume that V satisfies condition [V.1]. Then
Oess(H) = [0, 00). 9)

In particular H_ is compact.

Remark. The potentials Vi and V, with ¢ > 2 in Example 2.1 are not H{'-
compact(n = 1,2,...), and |Vi| and |Va2| are not Hyp-form compact. In-
deed, if cosbz’(H} + 1)~! is compact, then sinbx’ - cosbr? = (sin2bz")/2
is Hp-compact. Hence sinbx’(H} + 1)~! is compact. Therefore [(sin bz’)? +
(cosbx®)?)(HJ +1)~! = (Hp+1)~! is compact, but (Hf +1)~! is not compact
which is a contradiction. Therefore V5 is not H{-compact. Similarly we can
show that V; is not H'-compact. Therefore Theorem 2.2 is nontrivial.
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Remark. Let V = Vi(or V3). If d =1 and

lim [ Vi(z)e ®/Ede <0, (or lim [ Va(z)e Pl/Ede < 0), (10)
L—co JRr L—oo Jr

then H_ # 0. Indeed, for ¢ (x) := exp(—|z|/2L) € L*(R), we have

lim (¢, Hyr) < 0. (11)
L—oo

In particular, in the case | =2, H_ # 0 for all a < 0, b > 0. If d > 2, there
exist a constants @ > 0 and § < 0 such that for all |a| > « and [b] > £,
H_ # 0 (see [1, Lemma 4.3]).

Proof of Theorem 2.2. For R > 0, we denote by x g the characteristic function
of {x € R¥|z| < R}. Then xgrV is Ho-compact([8, p.117, Example 6]). For
all u € C§°(RY), we have

(u, Vu) = (u, xgVu) +/

d6(0) / LAV (O u(rd) 2. (12)
Syq [R,00)

W(R,r;0) := V(sh)ds. (13)
[R,r]

Then, for almost every 6 € Sy,

/ P drV (r0) u(ro)|? = — W (R, r:0) - (luro)2r1) ar. (14)
[R,00) [R,00) dr
Therefore
d—1 2 d—1
|(Lhs(14)] < [ 1+ —=— ) sup [W(R,r; 0)] lu(rd)|“r® " dr
R ) >R [0,00)
2
+ sup |[W(R,r;6)| du(r6) rd=Ldr, (15)
r>R [0,00) dr
By the definition of A; we have
[e.e] 2 *
(u, Hou) = / de(9) / du(rd) °_ w0 ey | ri-tar,
S, 0 dr r2
and -
—/S d@(@)/o u(rf)* (Agu) (rd)ri=tdr > 0. (16)
d
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Therefore, for all u € D(Hp) and R > 0, we have
[(u, V)| < [{u, xrVu)| + a(R)|[ull® + b(R)(u, Hou), (17)

where

a(R) := <1 - C?) sup |[W(R,7;0)],

r>R
0ESy
b(R) := sup |W(R,r;0)]|.
r>R
0€Sy
By condition [V.1],
P}im a(R) = Rlim b(R) = 0. (18)

Hence, the following operator inequality on D(Hj) holds:
H = (1=b(R))Ho — [xrV|—a(R), (R>0). (19)
By the min-max principle,
N(H) = —a(R), (20)

for all R with 1 > b(R). Taking R — oo, we have X(H) > 0. Therefore
Oess(H) C [0,00). This means that H_ is compact.

Next we show that gess(H) D [0,00). Let u € C°(RY) be a normalized
vector and set

up(z) == u(z/L)/VLL, xcR%L (21)
It is easy to see that
ugll =1, up 2 0(L—o00), (ug,Houg)— 0(L— o0). (22)

Using (17), one can show that

lim (ur, Vur) = 0. (23)
L—oo
Hence .
|HY 2up||? = (up, Hug) — (up, H_ug) — 0, (L — o0), (24)

where we have used the fact that H_ is compact. Therefore 0 € O'eSS(Hi/ 2).
This means that 0 € oess(H). Therefore there exists a sequence {v,}>2, C
C5°(R?) such that

lonll =1, w0 = 0(n — 00),  [[Huva|| = 0(n — o0). (25)



It is easy to see that (v,, Hypv,) is uniformly founded. By this fact, a suit-
able subsequence {HS/ 2vnj }520 has a weak limit. Since v, ™ 0, we obtain

Hé/ 2vn]. ik 0(j — 00). Thus, by using [4, Theorem 8.6], xgv,; converges in
norm. By (17), we have

(1 =b(R)){vn;, Hovn;) < [{vn;, Hop)| + [(vn;, XRV vn,)| +a(R), (R >0).

Therefore, Hé/2vnj 50 (j — o0). For each k € R?, we set

k

w;(x) =€ T, (z), j=0,1,2,.... (26)

Then, {w;}52, satisfy following:

AP
{w;}521 C CPRY),  lwsll =1, w; = 0(j — o). (27)
It is not so hard to see that
1/2 )
I(H — k2)w;|| = | Hon, | + 2[k|[| Hy/ v, ]| — 0 (j — o0). (28)

Since k € R? is arbitrary, we obtain gess(H) D [0, 00). O

3 Bounds for Eigenvalue Sums

We assume the following:

[V.2] In the case d = 1, there exist constants Ry < Ry such that

x R

lim V(y)dy € [0,00),  lim V(y)dy € [0, 00). (29)

r—00 Rl r——00 T

In the case d > 2, there exists a constant R > 0 such that for almost
every 0 € Sy,

r

lim V(rf)dr € [0, 00). (30)

r—oo Jgr
Example 3.1. The functions V; and V5 in Example 2.1 satisfy [V.2].

Proof. 1t is enough to show [V.2] in the case d > 2. If d > 2, £ = 2, and
a,b > 0, by Fresnel’s formula, we have

T T 2
lim asin(bs?)ds = lim acos(bs?)ds = 1/ ™ o (31)

r—00 0 r—00 0 - 8b



Therefore [V.2] holds with R = 0. In the case a < 0, b > 0, it is easy to see
that

—/ sin br2dr > 0, (32)
\/7/b
o0
/ cos br?dr > 0. (33)
\/7/2b

Therefore [V.2] holds with R = /7 /b or R = \/7/2b. In the case £ > 2, it is
not so hard to see that

/ sinr‘dr > 0, / sinr‘dr < 0 (34)
0 (2m)1/¢
/ cosrtdr <0, / cosrtdr > 0. (35)
(m/2)1/* (3m/2)1/*
This means that [V.2] holds with R = 0, (2m)'/¢, (7/2)V/¢, (37 /2)1/¢. O
For d > 2, V, and R satistying [V.2], we define
W(0) := lim W(R,r;0), (36)
V(rg) == [W(0) = W(R,r:0)|(1 - xwr)- (37)

For a self-adjoint operator T', we set

E,(T):= su inf
n(T) ¢17“_7¢p%1 weD (T[] =1
VE[P1,sbp—1]T

where [¢1, ..., ¢n_1]" is a shorthand for {¢[(v, ¢;) =0,i=1,...,n—1}. By
the min-max principle([8, Theorem XIII.1]), E,(T) is nth eigenvalues below
the bottom of the essential spectrum of T or the bottom of the essential
spectrum.

Our main theorem is:

Theorem 3.2. Let d > 2. Suppose that V satisfies condition [V.1] and [V.2].

Assume that
~ y+d/2
V/r‘ dz +
Rd R4

where v > 0 ford=2 and v > 0 for d > 3. Then,
> IEL(H)] (40)

n>0

< Lyg inf (1— e)_d/z/
R4

0<e<1

(1, Tp), (38)

~ |2v+d
V’ do < oo, (39)

d—1- V2

‘XRV—‘,H_d/Q"‘ TV—F x.

'y+d/2]

€



where L. q is a universal constant(given in [2], [3], [4, Theorem 12.4], and
references therein).

In the case d = 1, we define

r—00

V(z) =140, R <z<Ry, (41)
lim / V(y)dy

rT——00

s
lim/ V(y)dy‘, x >Ry,

, = <Ro.

Theorem 3.3. Letd = 1. Assume [V.1] and [V.2]. For a~y > 1/2, we assume
V € L**YR). Then

S B < La [ V@, o) + V7@ o (42)
n=0

where L 1 is a universal constant(given in [4, Theorem 12.4]).

Example 3.4. In the case d = 1, potentials V; and V5 in Example 2.1 satisfy
the condition )

Verrtm), 523, (43)

for all £ > 2. In the case d > 2 and ¢ = 2, V; and V5 satisfy the condition (39)
for v > 0. In the case d > 2 and ¢ > 2, V] and V; satisfy (39) for all v > 0.

Proof. We give proof only in the case where V =V, anda=b=1. If d > 2,

we have
~ 1 d(sins’)
[V(ro)| = (1 — xr(1)) /r Mi—leS :

/TOO cos sgds’ = (1—xr(r))

By integration by parts, we obtain

Vo) < (1 - xr() 5oy (14

Therefore

- 2 y+d/2 © /1 (y+d/2)—d+1
/ V /e 2 dz < (€> @(Sd)/ () dr,
R4 R r

_ 9\ 27+d 0o 71\ (-1 @2r+d)—d+1
/ V|2t dz < (é) @(Sd)/ <> dr.
R—d R r

Since R = (37/2)'/¢, we obtain the desired result. O



Proof of Theorem 3.2. For almost every 8 € Sy and for all u € C’(‘)’O(Rd), we
have

/ W(R,r;0) ( L u(re) ) dr
= [ 0760) = W(R i) 0 ()P )dr -+ WOR' u(Ro)P
> [0V - WR ) 50 )P
> - /R V(o) |(d = D)r 2 u(ro)? + 20 du(rd) /drju(ro)|| dr,

where we have used condition [V.2]. By using equation (12) and (14), for any
€ > 0 we obtain

V+—

T €

d—1~ V2] > (45)

(u, Vu) > (u, xgVu) — e{u, Hyu) — <u {
Therefore, for all u € D(Hy), we have
d— V2
(u, Hu) > (1= €){u, How) — (u, [xr|V-| + 7v+ —Ju). (0)

Thus we can apply [4, Theorem 12.4] to obtain

> |E(H)]

n>0
- P2
<o (v e )
n>0 €
d—1~ VZpytd/2
< Lya(l—e) d/2/ IXrV- \7+d/2+’7V—|——7 ] x,
R €
for any 0 < e < 1. O
Proof of Theorem 3.3. Similar to the proof of Theorem 3.2 O
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