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ABSTRACT. We study the region of complete localization in a class of
random operators which includes random Schrodinger operators with
Anderson-type potentials and classical wave operators in random media,
as well as the Anderson tight-binding model. We establish new charac-
terizations or criteria for this region of complete localization, given either
by the decay of eigenfunction correlations or by the decay of Fermi pro-
jections. Using the first type of characterization we prove that in the
region of complete localization the random operator has eigenvalues with
finite multiplicity, a new result for multi-dimensional random operators
on the continuum.

1. INTRODUCTION

We study localization in a class of random operators which includes ran-
dom Schrédinger operators with Anderson-type potentials and classical wave
operators in random media, as well as the Anderson tight-binding model.
For these operators localization is obtained either by a multiscale analysis
[FrS, FrMSS, CKM, Dr, Sp, DrK, KILS, Klol, FK1, FK2, CoH1, CoH2, FK3,
FK4, W1, BCH, KSS, CoHT, GK1, St, Klo3, DSS, GK3, GK4, KIK, Kl],
or, in certain cases, by the fractional moment method [AM, A, ASFH, W2,
Klo2, AENSS]. In addition to pure point spectrum with exponentially lo-
calized eigenfunctions, localization proved by a either a multiscale analysis
or the fractional moment method always include other properties such as
dynamical localization [A, GD, ASFH, DS, GK1, AENSS].

In [GK5] we proved a converse to the multiscale analysis: the region of
dynamical localization coincides with the region where the multiscale analy-
sis (and the fractional moment method, when applicable) can be performed.
We also gave a large list of characterizations of this region of localization,
i.e., properties of the random operator in this energy region that imply that
one can perform a multiscale analysis at these energies [GK5, Theorem 4.2].
This region of localization is the analogue for random operators of the re-
gion of complete analyticity for classical spin systems [DoS1, DoS2|. For
this reason we call it the region of complete localization. (Note that the
spectral region of complete localization is called the strong insulator region
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in [GK5], and the region of complete localization is called the region of
dynamical localization in [GKS].)

In this article we establish two new consequences of the multiscale analysis
that are also characterizations of the region of complete localization, given
either by the decay of eigenfunction correlations or by the decay of Fermi
projections.

Using the characterization by decay of eigenfunction correlations we prove
that in the region of complete localization the random operator has eigen-
values with finite multiplicity. Surprisingly, this is a new result in the con-
tinuum for dimension d > 1. In the one-dimensional case the multiplicity of
eigenvalues is easily seen to be always less than or equal to 2. But for d > 1
this had only been previously known for the Anderson model with bounded
density for the probability distribution of the single site potential, which
has simple eigenvalues in the region of localization [S, KIM]. Although Si-
mon’s original proof does not shed light on the continuum, the recent proof
by Klein and Molchanov indicates that Anderson-type Hamiltonians in the
continuum with bounded density for the probability distribution of the sin-
gle site potential should have simple eigenvalues in the region of localization.
But note that our result of finite multiplicity does not require probability
distributions with bounded densities—it only requires the conditions for the
multiscale analysis.

We first characterize the region of complete localization by the decay
of the expectation of eigenfunction correlations (Theorem 1). We call this
characterization the strong form of “Summable Uniform Decay of Eigenfunc-
tion Correlations” (SUDEC). SUDEC has also an almost-sure version which
is essentially equivalent to the SULE (“Semi Uniformly Localized Eigen-
functions”) property introduced in [DeRJLS1, DeRJLS2]. This almost-
sure SUDEC is a modification of the WULE (“Weakly Uniformly Localized
Eigenfunctions”) property in [G]. (See also [T] for related properties.) But
although SUDEC has a strong form (i.e., in expectation), SULE does not
by its very definition.

Recently detailed almost-sure properties of localization like SULE or SUDEC,
which go beyond exponential localization or almost-sure dynamical localiza-
tion, turned out to be crucial in the analysis of the quantum Hall effect. In
[EGS], SULE is used to prove the equivalence between edge and bulk con-
ductance in quantum Hall systems whenever the Fermi energy falls into a
region of localized states. In [CoG, CoGH], SUDEC is used to regularize the
edge conductance in the region of localized states and get its quantization
to the desired value. In [GKS], SUDEC is the main ingredient for a new
and quite transparent proof of the constancy of the bulk conductance if the
Fermi energy lies in a region of localized states.

It is well known that in the region of complete localization the random op-
erator has pure point spectrum with exponentially decaying eigenfunctions
[FrMSS, DrK, Kl]. The SULE property is also known with exponentially
decaying eigenfunctions [GD, GK1]. Theorem 1 yields easily an almost-sure
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SUDEC (and SULE) with sub-exponentially decaying eigenfunctions. Com-
bining the proof of [G, Theorem 1.5] with the argument in [DrK, Kl], we
obtain a form of SUDEC with exponentially decaying eigenfunctions (The-
orem 2).

We conclude with a characterization of the region of complete localization
by the decay of the expectation of the operator kernel of Fermi projections
(Theorem 3), a crucial ingredient in linear response theory and in explana-
tions of the quantum Hall effect [BES, AG, BoGKS, GKS].

The derivation of SUDEC and of the decay of Fermi projections from the
multiscale analysis is based on the methods developed in [GK1] and, in the
case of the Fermi projections, the sub-exponential kernel decay for Gevrey-
like functions of generalized Schrodinger operators given in [BoGK]. That
they characterize the region of complete localization relies on the converse to
the multiscale analysis, the fact that slow transport implies that a multiscale
analysis can be performed [GK5].

This article is organized as folows: We introduce random operators, state
our assumptions, and define the region of complete localization in Section 2.
We state our results in Section 3. Theorem 1 and its corollaries are proved
in Section 4. Theorem 2 is proved in Section 5. The proof of Theorem 3 is
given in Section 6.

Notation. We set (z) := /1 + |z]? for x € R%. By Ap(x) we denote the
open cube (or box) Ap(x) in R? (or Z2), centered at x € Z¢ with side of length
L > 0; we write X1, for its characteristic function, and set Xz = Xz,1.
Given an open interval I C R, we denote by C°(I) the class of real valued
infinitely differentiable functions on R with compact support contained in
I, with g‘i([) being the subclass of nonnegative functions. The Hilbert-
Schmidt norm of an operator A is written as ||Al2, i.e., ||A||3 = tr A*A.
Cap,.., Kap,.., etc., will always denote some finite constant depending only
on a,b,.... (We omit the dependence on the dimension d in final results.)

2. RANDOM OPERATORS AND THE REGION OF COMPLETE LOCALIZATION

In this article a random operator is a Z%-ergodic measurable map H,, from
a probability space (2, F,P) (with expectation E) to generalized Schridinger
operators on the Hilbert space H, where either H = L2(R%,dz;C") or H =
(%(Z4;C™). Generalized Schrédinger operators are a class of semibounded
second order partial differential operators of Mathematical Physics, which
includes the Schrodinger operator, the magnetic Schrodinger operator, and
the classical wave operators, eg., the acoustic operator and the Maxwell
operator. (See [GK2] for a precise definition and [Kl] for examples.) We as-
sume that H,, satisfies the standard conditions for a generalized Schrodinger
operator with constants uniform in in w.

Measurability of H, means that the mappings w — f(H,) are weakly
(and hence strongly) measurable for all bounded Borel measurable functions
f on R. H, is Z%ergodic if there exists a group representation of Z% by
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an ergodic family {r,; v € Zd} of measure preserving transformations on
(Q, F,P) such that we have the covariance given by

Uy)HuU(y)" = Hyy() forally € 7, (2.1)

where U(y) is the unitary operator given by translation: (U(y)f)(z) =
f(z —y). (Note that for Landau Hamiltonians translations are replaced by
magnetic translations.) It follows that that there exists a nonrandom set ¥
such that o(H,) = ¥ with probability one, where o(A) denotes the spec-
trum of the operator A. In addition, the decomposition of o(H,,) into pure
point spectrum, absolutely continuous spectrum, and singular continuous
spectrum is also the same with probability one. (E.g., [PF, St].)

We assume that the random operator H,, satisfies the hypotheses of [GK1,
GKS5] in an open energy interval Z. These were called assumptions or proper-
ties SGEE, SLI, EDI, IAD, NE, and W in [GK1, GK3, GK5, Kl]. (Although
the results in [GK5] are written for random Schrodinger operators, they
hold without change for generalized Schrodinger operators as long as these
hypotheses are satisfied.) Although we assume a polynomial Wegner esti-
mate as in [GK5], our results are still valid if we only have a sub-exponential
Wegner estimate, with the caveat that one must substitute sub-exponential
moments for polynomial moments (see [GK5, Remark 2.3]). In particular,
our results apply to Anderson or Anderson-type Hamiltonians without the
requirement of a bounded density for the probability distribution of the
single site potential.

Property SGEE guarantees the existence of a generalized eigenfunction
expansion in the strong sense. We assume that H, satisfies the stronger
trace estimate [GK1, Eq. (2.36)], as in [GK5]. (Note that for classical wave
operators we always project to the orthogonal complement of the kernel of
H,, see [GK1, KIKS, KIK].) For some fixed £ > ¢ (which will be generally
omitted from the notation) we let T}, denote the operator on H given by
multiplication by the function (x—a)*, a € Z%, with T := Tp. Since (a+b) <
V2(a)(b), we have

ITT | < 25 (6 — 0. (2.2)
The domain of T', D(T"), equipped with the norm ||¢||+ = ||T'¢||, is a Hilbert
space, denoted by H.y . The Hilbert space H_ is defined as the completion
of H in the norm |[4||_ = ||T~%||. By construction, Hy C H C H_, and
the natural injections vy : Hy — H and 2 : H — H_ are continuous with
dense range. The operators Ty : Hy — H and T_ : H — H_, defined by
T, = Tuwy, and T- = 1T on D(T), are unitary. We define the random
spectral measure

po(B) = tr{T ' Pp T~} = [T~ Proll3, (2.3)
where B C R is a Borel set and Pp,, = xp(Hy). It follows from [GK1, Eq.
(2.36)] that for P-a.e. w we have

tw(B) = pw(BNY) < Kpny, with Kp := Kpny < oo if BN X is bounded,
(2.4)
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where Kp is independent of w, and is chosen increasing in BN 3. Using the
covariance (2.1), for P-a.e. w and all a € Z¢ we have

MG,W(B) = HTJIPBMH% = |’T71PB,T(fa)wH% = MT(fa)w(B) < Kp. (25)

We have a generalized eigenfunction expansion for H,: For P-a.e. w there
exists a p,-locally integrable function P, (\): R — 77(Hy, H_), the Banach
space of bounded operators A: H; — H_ with T:IATJ:1 trace class, such
that

tr {T:IPW()\)TII} =1 for py,-a.e. A, (2.6)
and, for all Borel sets B with B N % bounded,
PB)s = [ Pu)di (), 27)
B

where the integral is the Bochner integral of 7;(H., H_)-valued functions.
Moreover, if ¢ € H4, then P, (\)¢ € H_ is a generalized eigenfunction of
H,, with generalized eigenvalue A (i.e., an eigenfunction of the closure of H,,
in H_ with eigenvalue \) for u,-a.e A. (See [KIKS, Section 3] for details.)

The multiscale analysis requires the notion of a finite volume operator, a
“restriction” H,, , r, of H, to the cube (or box) A (x), centered at = € 7
with side of length L € 2N (assumed here for convenience; we may take L €
LoN for a suitable Ly > 1 as in [GKS]), where the “randomness based outside
the cube Ap(z)” is not taken into account. We assume the existence of
appropriate finite volume operators Hy, 5 1, for x € 74 with L € 2N satisfying
properties SLI, EDI, IAD, NE, and W in the open interval Z. (See the
discussion in [GKS, Section 4].)

The region of complete localization EgL for the random operator H, in
the open interval I is defined as the set of energies E € T where we have the
conclusions of the bootstrap multiscale analysis, ie., as the set of £ € T for
which there exists some open interval I C 7, with E € I, such that given
any (,0< (¢ <1,and a, 1 < o < (7!, there is a length scale Ly € 6N and
a mass m > 0, so if we set Ly1 = [L{len, £ =0,1,..., we have

P {R(m,Ly,[,z,y)} >1— e i (2.8)
for all k=0,1,..., and 2,y € Z? with |z — y| > Ly, + o, where
R(m,L,I,x,y) = (2.9)
{w; for every E’ € I either Ap(x) or Ar(y) is (w,m, E')-regular} .

Here [Klgy = max{L € 6N; L < K} (we work with scales in 6N for con-
venience); p > 0 is given in Assumption IAD, if dist(Az(z), Ap(2))) > o,
then events based in Ar(z) and Ap/(2') are independent. Given E € R,
r € Z% and L € 6N, we say that the box Ay (z) is (w,m, E)-regular for a
given m > 0if £ ¢ o(H, , 1) and

L
e 2 R, £ (E) X £ || < €772, (2.10)
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where R, ; (E) = (Hy, . — E)~! and T, . denotes the charateristic func-
tion of the “belt” Ap_q(x)\Ar_3(z). (See [GK1, K. We will take H =
L2(R?, da; C"), but the arguments can be easily modified for H = ¢2(Z%;C").)
By construction EgL is an open set. It can be defined in many ways, we
gave the most convenient definition for our purposes. (We refer to [GK5,
Theorem 4.2] for the equivalent properties that characterize =G, The spec-
tral region of complete localization in Z, E%L N X, is called the “strong
insulator region” in [GK5].) Note that Z%* is the set of energies in Z where
we can perform the bootstrap multiscale analysis. (If the conditions for the
fractional moment method are satisfied in Z, EgL coincides with the set of
energies in Z where the fractional moment method can be performed.) By
our definition spectral gaps are (trivially) intervals of complete localization.

3. THEOREMS AND COROLLARIES

In this article we provide two new characterizations of the region of com-
plete localization. The first characterizes the region of complete localization
by the decay of the expectation of generalized eigenfunction correlations,
the second by the expectation of decay of Fermi projections.

We start with generalized eigenfunctions. Given A € R and a € Z¢ we set

an )\ .
sup w if P,(X\) #0,
Wi(a) = po0t 1T " Pu (M)l (3.1)
0 otherwise,

W, ,(a) is a measurable function of (\,w) for each a € Z? with

Ww(a) < (5% = (1+4)*. (3:2)
Our first characterization is given in the following theorem.

Theorem 1. Let I be a bounded open interval with I C . If I C EgL, then
for all ¢ €]0,1[ we have

E{HWA,w(:C)WA,w(y)HLoo(Lde(/\))} <Cr¢ o~ lz—yl¢ forall x,y € 74
(3.3)
Conversely, if (3.3) holds for some ¢ €]0,1], then I C =§T.

Note that the converse will still hold if we only have fast enough polyno-
mial decay in (3.3).

Remark 1. We may replace the denominator | T, 1Py ,¢| in (3.1) by O4(¢) =
infpezz {(b— a)* || T, " Prwo||}. Since Oa(¢) < ||Ti'Prwd|, this slightly
improves (3.3).
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Corollary 1. H, has pure point spectrum in the open set EgL for P-
a.e. w, with the corresponding eigenfunctions decaying faster than any sub-
exponential. Moreover, we have (with Py, := Py .)

E{ s (0O}) (61 Pro)llpoqr ap ) b < Cr < 00, (3.4)

and hence for P-a.e. w the eigenvalues of H,, in EgL are of finite multiplicity.

It is well known that H,, has pure point spectrum in EgL with exponen-
tially decaying eigenfunctions. Our point is that pure point spectrum follows
directly from (3.3), also yielding sub-exponentially decaying eigenfunctions.
The estimate (3.4) is new, and it immediately implies that for P-a.e. w the
random operator H, has only eigenvalues with finite multiplicity in EgL, a
new result in the continuum.

If H,, has pure point spectrum we might as well work with eigenfunctions,

not generalized eigenfunctions. Given A € R and a € Z¢ we set

P
w if P)\,w 7& Oa
W)\,w(a) = pﬁf,}-;o H e A,w¢” (35)
0 otherwise,
and
P
IxaBrolls 2,
Z/\,w(a) = HTa P)\,w”Z (3.6)
0 otherwise.

Wy w(a) and Zy,(a) are measurable functions of (A,w) for each a € Z%.
They are covariant, that is,

Vaw(@) =Yy, gpula+b) forallbeZ? withY =W orY =2. (3.7)
It follows from (2.7) that 1_P) 14 = Pu(N)u,({A}). Since Py, # 0
if and only if p,({\}) # 0, we have W) ,(a) = Wy (a) if p,({A}) # 0
and Wy, (a) = 0 otherwise. Combining this fact with the definition of the
Hilbert-Schmidt norm and (3.2) we get
Zyw(a) < Wiaw(a) < Wyg(a) < (1+4)7. (3.8)
Remark 2. H, has pure point spectrum in an open interval I if and only if
for P-a.e. w we have W) ,(a) = W) ,(a) for all a € 7% and py-a.e. N € 1.

Thus we have the following corollary to Theorem 1.

Corollary 2. Let I be a bounded open interval with I C I. IfI C EICL, H,
has pure point spectrum in I for P-a.e. w and for all ¢ €]0,1[ and z,y € Vi
we have

€
E {1 20,0(®) 200l ot ap oy | < Crce™ ™, (3.9)

le—yl¢
E{HWA,W(:U)WM(@/)HLOO(L%(A))} < Opeelovl, (3.10)
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Conversely, if H, has pure point spectrum in I for P-a.e. w, and either
(3.9) or (3.10) holds for some ¢ €]0,1], we have I C Z¢T.

We now turn to almost sure consequences of Theorem 1.

Corollary 3. Let I be be a bounded open interval with I C EICL. The
following holds for P-a.e. w: H, has pure point spectrum in I with finite
multiplicity, so let {Ey o }tnen be an enumeration of the (distinct) eigenvalues
of H, in I, with vy, being the (finite) multiplicity of the eigenvalue E,, .
Then:

(i) Summable Uniform Decay of Eigenfunction Correlations (SUDEC): For
each ¢ €]0,1[ and € > 0 we have

_ - la—y|¢
Icadll Xyl < Crel P10l IT L () eloF, (3.11)
_ _ die , \dbe .1
a8l lxy® | < Creewl T OIIT PI(2) 2 (y) 2 e 70, (3.12)
for all ,4 € Ran Pg, , ,, n €N, and z,y € Ze.
(i) Semi Uniformly Localized Eigenfunctions (SULE): There exist centers
of localization {yYnw}nen for the eigenfunctions such that for each ¢ €]0,1]
and € > 0 we have

_ e ¢
X Bl < Creewl T Dl (ynw) 2 HH) e lomvmel, (3.13)
for all € Ran Pg,, , w, n €N, and z € 7. Moreover, we have
Niw:= > nw<CroL® forall L>1. (3.14)
n€N§‘yn,w|SL

(i) SUDEC and SULE for complete orthonormal sets: For each n € N let
{Gbn,j,w}je{lz,...,un,w} be an orthonormal basis for the eigenspace Ran Pg,, , o,
S0 {¢n,j,w}neN,je{1,2,...7un,w} is a complete orthonormal set of eigenfunctions
of H,, with energy in I. Then for each ¢ €]0,1] and € > 0 we have

_lp—uylC
||Xz¢n,i,w |||Xy¢n,j,w|| < CI,(,a,w\/ QA 5w/ an,j,w<y>d+€ € 2= s (3'15)
dte dte .yl
||Xz¢n,i,w |||Xy¢n,j,w|| < CI,C,a,w\/ QA 5w/ an,j,w<x> 2 <y> 2 € 2= y (316)
e ¢
IXebngioll < Cr g e/ () ) eTlemomelt, (3.17)
forallneN, i,5€{1,2,...,vpu}, and x,y € 7%, where
njw = 1T  njwll®>s neEN, j€{1,2,... vnul, (3.18)
Z njw = fw({Enw}) foralln eN, (3.19)

j6{1,27...77/n,w}

Z An,jw = Z Mw({En,w}) = Mw(I) (320)

n,eN,je{1,2,...,vn,w} neN

Remark 3. The statements (i) and (ii) are essentially equivalent, and imply
finite multiplicity for eigenvalues, while (iii) does not, see [GK6]. Note
that in (i1) eigenfunctions associated to the same eigenvalue have the same
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center of localization. It is easy to see that (3.11) implies (3.12), the reverse

implication also being true up to a change in the constant—both forms of
SUDEC are useful.

If I is a bounded open interval with I C EgL, it is known that that

for P-a.e. w the operator H, has pure point spectrum in I with exponen-
tially decaying eigenfunctions [FrMSS, DrK, Kl]. The SULE property is
also known with exponential decay [GD, GK1]. Combining the proof of [G,
Theorem 1.5] with the argument in [DrK, Kl] we also obtain SUDEC with
exponential decay for P-a.e. w.

Theorem 2. Let I be be a bounded open interval with I C EgL. For all
¢ € Hy and X € I set ayy = TP, (N)¢||?. The following holds for
P-a.e. w and p,-a.e. X € I: For all € > 0 there exists me = my > 0 such
that for all ¢,v € Hy we have

PN Ixy PN Y| < Creon/@ngang e )

e og ()1 F —me|z—y|

(3.21)

for all x,y € Z%. In particular, it follows that H,, has pure point spectrum
in I with exponentially decaying eigenfunctions.

Unlike Theorem 1, Theorem 2 does not give a characterization of the
region of complete localization. But it still implies that H, has only eigen-
values with finite multiplicity in I [GK6].

Compared to the rather short and transparent proof of (3.12), the proof
of (3.21) is quite technical and involved-an extra motivation for deriving
(3.12).

We now turn to the characterization in terms of the decay of Fermi pro-
jections. We set PLE) = P_o,E]w> the Fermi projection corresponding to
the Fermi energy F.

Thﬁeorem 3. Let I and I; be bounded open intervals qn‘th IcC Il, cl C EgL.
IfI C EgL Let I be be a bounded open interval with I C I. IfI C EgL, then
for all ¢ €]0,1[ we have

E {sup
Eel

Conversely, if (3.22) holds for some ¢ €]0,1[, then I C EgL.

2
XxPu(,E)XyHQ} <Ci¢ eyl for all z,y € 7% (3.22)

Again,the converse will still hold if we only have fast enough polynomial
decay in (3.22). Its proof explicitly uses that slow enough transport (weaker
than dynamical localization) implies that a multiscale analysis can be per-
formed. The estimate (3.22) is known to hold for the Anderson model on
the lattice with exponential decay, using the estimate given by the fractional
moment method [AG].
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4. SUMMABLE UNIFORM DECAY OF EIGENFUNCTION CORRELATIONS
In this section we prove Theorem 1 and its corollaries.

Proof of Theorem 1. Since I C EgL, given any ¢, 0 < ( < 1, and o, 1 <
a < (71, there is a length scale Ly € 6N and a mass m > 0, so if we set
L1 = [L{len, k=0,1,..., we have (2.8) forall k =0,1,..., and z,y € Vi
with |z —y| > Ly + o.

Let I C EgL be a bounded interval with I C Z. Note that the quantity
][WA7W(Q:)WA7w(y)HLOO(Lde(/\)) is measurable in w since the L™ norm on
sets of finite measure is the limit of the LP norms as p — oo. (It is actually
covariant in view of the way P, ()) is constructed (see [KIKS, Eq. (46)]),
and the fact that the measures j1,, and ji,(,),, are equivalent.)

Lemma 1. Let w € R(m, L,I,x,y) (defined in(2.9)). Then
—mL
HW)\,w(x)WA,w(y)||Loo([7d”w()\)) < Crme 1. (4.1)

Proof. Let w € R(m, L, I,x,y). Then for any A € I, either Ap(x) or Ar(y)
is (m, A)-regular for H,,, say Ar(x). Given ¢ € Hy, P, (\)¢ is a generalized
eigenfunction of H,, with eigenvalue A (perhaps the trivial eigenfunction 0),
so it follows from the EDI [GK1, (2.15)], using x, = Xz, L X that

IXaPuw (Mol < 11T, L Re, LM Xa,L3lle. L Te,cPu(N)ell. (4.2)
Since Ar(z) is (m, A)-regular, we have that

~ —mil —mi _
IXePu(N)o] < Are™™ 2 [[Te, L Pu(N@l| < Cpae™™ 71T, Pu(N)oll, (4.3)

since

z,L

T2, 2 Pu(N) ]| < CalH (EE) T P (M) (4.4)
Thus, using the bound (3.2) for the term in y, we get (4.1). O
IfI C E%L, given any ¢, 0 < ( < 1,and o, 1 < a < (71, there is a length
scale Lo € 6N and a mass m > 0, so if we set Ly = [L]en, £ =0,1,...,
we have (2.8) for all k=0,1,..., and z,y € Z with |z —y| > Ly, + 0.
Thus given z,y € Z¢ and k such that Ly, 4+ 0 > |z —y| > Ly + o, it
follows from (4.1) that

otk
E { W (@) W)l 1 gy RO iy T, y) | < Crme™™ 8 (45)
On the complementary set we use the bound (3.2) for both terms, obtaining
E { W o (@) W)l g apoy) i & RO, L, L) | (4.6)

< CyP{w ¢ R(m, Ly, I,z,y)} < Cde_Li.

Since Liy1 + 0 > | —y| > L + o, the estimate (3.3) now follows with g
instead of ¢. Since ¢ €]0,1] and 1 < o < (™! are otherwise arbitrary, (3.3)
holds with any ¢ €]0, 1].

To prove the converse, we use the following lemma.
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Lemma 2. For P-a.e. w we have
HX:va()\)qug < Cd<$>2ﬁ<y>2ﬁwz\,w(x>w/\,w(y) (4'7)
for all z,y € Z¢, X € R.

Proof. Let {¢y, }nen be an orthonormal basis for H. We have

P2 = 3 IaPuo W)Xyl < W@ S |75 Pu(N) xy ]|

neN neN
= (Wi (@) |15 " Pu (W[5 < Cale) ™ ()% [W (@), (4.8)

where we used (2.6) and (2.2).
Since [[xzPuw(A)xylly = [XyPw(A) Xz, the lemma follows. O

So now assume (3.3) holds for some ¢ €]0,1[. By B; = Bi(R) we de-
note the collection of real-valued Borel functions f of a real variable with
supser | f(t)] < 1. Using the generalized eigenfunction expansion (2.7),
Lemma 2, and (2.4), we get

sup Iz f (Ho) P (D) x0ll2 < Sup/\f ) IxzPu M) xolly dpe(A) (4.9)

1 1
/ P )Xol At (N) < CF (2 K W (@)W (0) g o

Thus it follows from (3.3) that

E{sup xo f (HL) P <>onQ}scdcz,<K%<x>2”e'w'Cscé,ge5'“,

J€B:
(4.10)
and hence for all z,y € Z? we have

feBy

E { sup ||Xxf(Hw)Pw(I)Xy”§} =E {fsélp ||Xx yf( ) ( )XOHQ}

< O ezl (4.11)
It now follows from [GK5, Theorem 4.2] that I ¢ Z¢& O

Proof of Corollary 1. Let us consider a bounded interval I with I C "CL.
It follows from (4.16) that for any ¢ € H, and pe-a.e. A € I we have

K —|r— ‘5 K K
IxaPo Nl xyPo (NSl < 25C ¢ we™ Y1 (2)3% ()% 6|2
< Cpeawlm)¥e 279 p)2 (4.12)

for all z,y € Z%, where we used a consequence of (2.2), namely

1Ty " Pu(Nall < 2% (a)"[Pu(N)]l - < 22 (a)" |18+ (4.13)
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In particular, if P,,(A\)¢ # 0 we can pick zo € Z? such that x;,P.(\)¢ # 0,
and thus

IgPuNell < CregulXePuNolH[6]12 (o) > e 21020 for al y(e Zd).
4.14
It follows that P,(\)¢ € H, and hence p,-a.e. A € I is an eigenvalue
of H,. Thus H, has pure point spectrum in I, with the corresponding
eigenfunctions decaying faster than any sub-exponential by (4.14). (See,
e.g., [KIKS].)
In fact, these eigenvalues have finite multiplicity, a consequence of the
estimate (3.4), which is proved as follows: Using (2.5) and (3.8), we have

_ 2
ps({A}) (tr Pry) = || T Prol|; (tr Paw)
<Cq Y (@) IxeProlls Iy Prolls

x,y€Zd
< CdK] Z 21{ Z/\w )Z/\,w(y))z (415)
x,y€Ze
< CIKT Y (@) Zaw(@) Zaw(y),
z,yeZd

and hence (3.4) follows from Remark 2 and (3.8) (or from (3.9)).
(]

Lemma 3. Let I be a bounded interval with I C ”CL. Then for all € €]0, 1],
p>1, and P-a.e. w we have

Z elgc_y‘é(alc>_2"i (Wiw(@)Wau@)) < Crepw <oo.  (4.16)
z,y€Ze Loo(1,dpw (M)

Proof. 1t follows from (3.3) and (3.2) that for any £ €]0,1[ and p > 1 we
have

E Z e|x_y|£ <x>_2fi HWA,w(x)WA,w(y)Hioo(j,duw()\)) < Crep <00,
z,ycZ4
(4.17)
and hence (4.16) follows. O

In fact Lemma 3 holds for any p > 0 by modifying the proof of Theorem 1.

Proof of Corollary 2. Since when H,, has pure point spectrum in I for P-a.e.
w the estimate (3.10) is the same as (3.3), the corollary with (3.10) follows
immediately from Theorem 1. The estimate (3.9) follows immediately from
from (3.10) in view of (3.8). To prove the converse from (3.9), note that if
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tw({A}) # 0, we have, using (2.2) and (2.6),

IXaPoMxylly = po({AD " IXaPrwxylly
< o (AN HixeProwlly Xy Prwll
= po () T Paso||, | Ty Pros
< Cola) () Zn (@) Zaw(y).

Thus, if H, has pure point spectrum in I, (4.11) follows from (3.9), and
hence I C Z§* by [GK5, Theorem 4.2]. a

(4.18)

‘2 Zk,w(z)ZA,w(y)

Proof of Corollary 3. Pure point spectrum almost surely in I with eigenval-
ues of finite multiplicity follows from Corollary 1. It follows from Lemma 3
that for all £ €]0,1[, p > 1, z,y € Z% ¢,¢ € RanPg, 0, n € N, and
i,j €{1,2,...,Vp 0} we have

IXalllxy¥ | < W 0 (@)We, o)) [I1T OlIT, 1]

1
K — — w —le—ylé| P
< 2%@) () T BTy ) [ Creputy)e |7 (4.19)
_ _ 2tk 1€
< Clepull T2 OIIT, Ml )7 e,
where we used (2.2).
The SUDEC estimate (3.11) for given ¢ > 0 and ¢ €]0, 1] follows from
(4.19) by working with % < Kk < %= choosing p > 1 such that d + ¢ =

2
2(7’%)5, and taking £ = ITJFC

To prove the SULE-like estimate (3.13), for each n € N we take a nonzero
eigenfunction ¢ € Ran Pg,, , ., and pick y, ., € Z? (not unique) such that

Xy ¥l = max [[xy9|. (4.20)
y€eZ4

Since for all a € Z% and ¢ € H we have

1T 812 = D Iy Ta ' oll? < Zrllfg%{gll><y<zﬁll2 > I Ta

y€eZ4 yeZ4 (4 21)
= max [[xy8)* Y I, T7H* < CF max |[xy 0|,
yEZ4 y€Z4
yEZ4
we get
17"l < Callxya, @l for all a € Z. (4.22)

It now follows from (4.19), taking + as in (4.20), ¥ = yn ., using (4.22),
and choosing p and & as above, that for all z € Z%, ¥ € Ran Pg, ,w, and
i€{1,2,... v} we have

_ _ —lz—yn o€
el < Cg ' CF ¢ e IT ™0 (yn) 7l 0mel”, (4.23)
which is just (3.13).
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SUDEC and SULE for the complete orthonormal set {¢n,jw fnen je{1,2,....m.0}
of eigenfunctions of H, with energy in I follows. Note that the equalities
(3.19) and (3.20) follow immediately from (2.3).

To prove (3.14), note that it follows from (3.17) that

2 Ll ¢
Xtz ol < Clecwlyne)* ™ Pansw Y elmome]
éUEZde_yn,w‘ZR
_1Re
S C}7C757w <yn’w>2(d+6)an’]’we 2R S %7 (4'24)
if we take

S|

R=Ryju>2 {log (20}79570)<yn,w)2(d+€>an,j7w)} (4.25)

Given L > 1, we set

Pl

1
3

Ry, = 2 {log (20}74,5,w<L>2(d+€)an,j,w)} = C}/,C,e,w (log L)<, (4.26)

SL,UJ =L+ 2RL,w < C}/,,(,a,wL'

Note that if |y, | < L we have HXO,SL,wﬁbn,j,sz > Lforallj e {1,2,...,vpu}
Thus, using (2.1) and (2.5), we get

3L < > 1x0,51, . Onjoll> = X051 Proll3
neN,je{1,2,...,vn,w}
< Z ”X(IPLWH% = Z HXOPI,T(fa)wH% (4.27)
andmAsL’w (0) andmAsLM (0)

< Cy4 Z fr(—ayo(I) < CUSE KT < CrecwKi LY,
“eZd”ASL,w (0)

which yields (3.14). O

5. SUDEC WITH EXPONENTIAL DECAY

In this section we prove Theorem 2.

Proof of Theorem 2. Let us fix ¢ > 0. Since I C EgL, we can pick ¢ €]0,1]
and « €]1,¢(7[ and such that o < (1 + )¢ and there is a length scale
Lo € 6N and a mass m = m¢ > 0, so if we set Lyy1 = [L]en, £ =0,1,...,
we have (2.8) for all k = 0,1,..., and z,y € Z? with |z — y| > Ly + 0. We
fix p E]%, 1[ and b > i—gz > 1. As in [Kl, Proof of Theorem 6.4], we pick
p E]%, %[ and b > % > 1, and for each zg € Z% and k = 0,1, - - - define the
discrete annuli

Agpa(zo) = {Aapry, (20) \ Ao, (z0) } NZ7, (5.1)
Apra(ao) = {Az (@) \ A g, (e0) f N2 (5:2)
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We consider the event

Fp = N (| R(m, Ly, I,z,y), (5.3)
yezd, log () <(mLy) 07 #€A W)
with R(m, L, I, z,y) given in (2.9). It follows from (2.8) that > ;2 P(Ff) <
00, so that the Borel-Cantelli Lemma applies and yields an almost-surely fi-
nite k1 (w), such that for all k > ki (w), if E € I and log (y) < (mLj41) 9,
either Az, (y) is (w, m, E)-regular or Ay, (z) is (w, m, E)-regular for all z €
Ag(y). For convenience we require ki (w) > 1.

Using [Kl, Lemma 6.2] we conclude that for all y € Z? P-a.e. w, and
lw-a.e. A € I, there exists a finite ko = ko(y,w, \) such that for all & > ko
we have that A, (y) is (w, m, A)-singular, and moreover Az, (y) is (w,m, A)-
regular unless ko(w,y, A) = 0.

For each y € Z¢ we define k3 := k3(y) by

(mLiy) 9 <log (y) < (mLgyyr) (5.4)

when possible, with k3(y) = —1 otherwise.
We now set

ki = ki(w,y, A) = max{ki(w), k3(y), ke (w,y, A) + 1}; (5.5)

note that 1 < ky(w,y,\) < oo for P-a.e. w, and p,-a.e. A € Z.

Let ¢,1 € Hy be given. Then for P-a.e. w, and p-a.e. A € Z,if k > k,
the box Ay, (y) is (w, m, A)-singular and thus Ap, (z) is (w, m, X)-regular for
all x € Api1(y). It follows, as in [KI, Proof of Theorem 6.4], that for all
x € Apy1(y) we have

IXaPu NI < Cam{y) 1T~ Py (Nl ko, (5.6)

where m, = Wm €]0,m[. It remains to consider the case when = €
A%Lk (y) N Z2 If ky = max{ki(w), k3(y)} > k2(w,y, \), we use (3.2) and,
—p *
if ky = k3(y), (5.4), getting
IxXaPu(NY || < Call T Py (Ao e Ers e (5.7)

_ J Cal@) " ITT P (V) f|elsD ™ emmle=vl it &, = ks(y)

= Cal@) | TP, (N||e™Em@emlz=vl i kb, = Ky (w)
Estimating || xyP.(A)¢]| by (3.2), we get the bound

e PN P N6l < Cawla) () Jargang e‘l‘)g(y))we_mqwzy' )
5.8

with m’ = m,. If k. = ko(w,y,\) + 1 > max{ki(w), k3(y)}, we must have
k2 > 1 and hence Ap, (y) is (w, m, A)-regular. Using (4.3) and (2.2), we get

Lk2

Xy PNl < Carm(y) T Pu(N)elle™ 1. (5.9)
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Ifx € A%Lk (y) N Z%, we may bound the term in z by (3.2) and get (5.8)
1-2p 2

. _ (1-2p)m
with m/ = ==

and another constant Cg,. Since x € A 2 " (y)NZ,
1-p 2
we cannot have x ¢ A 2 , +1(y) N Z® by our choice of b and p. Thus the
T+2p k2

only remaining case is when z € 12122 +1(y), where fl;g +1(y) is defined as in
(5.2) but with 2p substituted for p. If all boxes Ap, (2') with |2/ — 2| <
plx — y| are (w, m, A)-regular, the argument in [Kl, Proof of Theorem 6.4]
still applies, and hence we also get (5.6) and (5.8) with with m' = m,. If
not, there exists 2’ € Ay,41(y) with |2’ — z| < p|a — y| such that A, (@)
is (w,m, \)-singular. Clearly, 2’ € Ay, 1 (y) if and only if y € Ay, 1(2'). In
addition, since k3(y) < k2(w,y, A) we have k3(2') < ka(w,y, ) + 1, as

log (2') < 11log2 + log (y) + log (bLy,+1) < (mLkZH)(HSr1 . (5.10)
Thus, as ko2 > ki(w), we can apply the argument leading to (5.6) in the
annulus Ak2+1(x’ ), obtaining

IXyPoNS] < Cam (@) 1T Pu(N)gle™ el Y (5.11)
< Gl ) 1T~ Pu(N)gfle U mmele=l, (5.12)

where we used |2/ —x| < plz—y| and |2/ —y| > |[z—y|—|2'—x| > (1—p)|z—y].
Estimating || x.P. (A by (3.2), we get the bound

PNl PN < Cawl)(y)" Jargange ™74 (5.13)

with m' = p(1 — p)m,.
The thorem is proved. O

6. DECAY OF THE FERMI PROJECTION

In this section we prove Theorem 3.

Proof of Theorem 3. Let I and I; be bounded open intervals with Ich c
I ¢ Z8%. 1t follows from [GK1, Theorem 3.8] that for all ¢ €]0, 1] we have

la—ylC
E {;ug mef(Hw)Pw(mxyll%} <Cpce ™ forallz,y ezt (6.1)
€bi

We write I = («, 3), and fix § = %dist([,@[l) > 0. Given ¢ €]0, 1], we
choose ¢’ €]¢,1[. Since H, is semibounded, we can choose v > —oo such
that ¥ CJvy, 0co[. We pick a L!-Gevrey function g of class % on |, oo[, such
that 0 < g < 1,g=1lon]|—o0,a— 6] and g = 0 on |G+ d,00[. (See
[BoGK, Definition 1.1]; such a function always exists.) For all E € I we
have PL‘(,E) = g(Hy) + fe(H,), where fr(t) = X|—0c,g)(t) — 9(t) € By, with
fe(Hy) = fe(Hy)P,(I1). Using [BoGK, Theorem 1.4], for P-a.e. w we have

Ixeg(Ho)xyll < Cycre™Coce ¥ forall o,y e z?. (6.2)
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On the other hand, it follows from [GK1, Eq. (2.36)] and the covariance
(2.1) that for P-a.e. w

1 1
X9 (Ho) Xyl < Ixeg(Ho)xall? Ixyg(Ho)xyll} < Cy  for all 2,y € 7.
(6.3)
Since || A||5 < ||A]| |||, for any operator A, we get

_cr gl
IXz9(Ho)xylls < Coeore o™V for all z,y € 74, (6.4)

The estimate (3.22) for all ¢ €]0, 1] now follows from (6.1) and (6.4).
To prove the converse, let us suppose (3.22) holds for some ¢ €]0,1[.) Let
X € Cg< (I). By the spectral theorem,
e X (H,) = / e "EX(E)P,(dE) = — / (e7"Px(E)) PFIAE

=— / (e " x(E)) PPAE.

I w
Thus for all n > 0 we have
[ttt < cxti v [ ip®n| a8 65
I
and hence

o{Jise ) <z { [ o] )

n 2
< C2(1 + 1) /IE{“<x>2P£E)XO"2} dE < Crrmc(l+1)2%, (6.6)

where we used (3.22) to get the last inequality. It follows that

2 [ no_ 2
M(n, X, T) := T/o e_gftE{H(:L‘>2e_”H“X(Hw)XOH2}dt

< Clhyrmc1+T?), (6.7)
hence
liTHi}o%f %M(n,X,T) < oo forall @>2andn>0. (6.8)
It now follows from [GKS5, Theorem 2.11] that I C Z¢. O
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