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Abstract. We construct examples of Gevrey non-analytic perturbations of an
integrable Hamiltonian system which give rise to an open set of unstable orbits and
to a special kind of symbolic dynamics. We find an open ball in the phase space,
which is transported by the Hamiltonian flow from —oo to 400 along one coordinate
axis, at a speed that we estimate with respect to the size of the perturbation.
Taking advantage of the hyperbolic features of this unstable system, particularly
the splitting of invariant manifolds, we can also embed a random walk along this
axis into the near-integrable dynamics.
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2 J.-P. Marco and D. Sauzin

1. Introduction

1.1. Michael Herman came to see us in October 1999. He had read our joint
work with P. Lochak devoted to the study of the splitting of invariant manifolds for
near-integrable Hamiltonians [LIMSO03], which was motivated by the question of the
optimality of the “stability exponents” in Nekhoroshev’s theorem in connection with
the speed of Arnold diffusion. He had observed that an analogue of Nekhoroshev’s
Theorem would hold if “Gevrey class” Hamiltonians were considered instead of
analytic ones and that the size of the splitting and the speed at which instability
could develop would be easier to evaluate in the Gevrey framework.

He thus proposed to collaborate with us on Nekhoroshev’s theory for Gevrey
quasi-convex Hamiltonians and started to explain a number of ideas he had already
thought of. Several discussions took place in the office of one of us, and we
sometimes saw him forget his cane and stand up to improvise an explanation at
the blackboard, in order to elucidate a point that seemed obscure to us.

Before we were able to contribute in any significant fashion to the research
project, he produced a thick set of notes [He99], which he distributed to a few
close colleagues and to us. Here was the plan of that manuscript:

(I) Examples of instabilities in Hamiltonian systems and their speed
(IN) Nekhoroshev’s estimate for Gevrey classes (in the convex case)
(A) Appendix on Gevrey classes.

It contained a first stability result (N), analogous to Nekhoroshev’s, and a
method (I) to construct examples of unstable Hamiltonian systems in the Gevrey
category, but also in other non-quasianalytic ultradifferentiable classes or in
the C* category. The method of (I) consisted in reasoning at the level of exact-
symplectic mappings (passing from discrete dynamical systems to Hamiltonian
flows at the end by a standard suspension procedure) and coupling the so-called
“standard map”, suitably rescaled, with a well chosen system possessing a periodic
orbit of large period. The first “accelerator mode” of the standard map would
yield a wandering point of the total system, drifting from —oo to 4+oc along one
coordinate axis, provided the coupling function would be adapted to the periodic
orbit. It was essential to have compact-supported functions at one’s disposal at that
stage. The appendix (A) was devoted to technical estimates, which were used, for
instance, to correctly choose the parameters, so as to make the Gevrey distance to
integrability arbitrarily small (and to compare it to the speed of drift).

Both the stability and the instability results needed to be improved and we
worked together to increase the stability time and to lower the drifting time, in
view of making them match. The stability time could indeed be characterized
by a “stability exponent” a (the action variables would remain confined for
|t| < exp(const(1)*), where £ measures the distance of the system to integrability),
but the first result was not as satisfactory as in the analytic case, where Lochak,
Neishtadt and Poschel had succeeded in obtaining a as large as ﬁ for quasi-convex
N-degree-of-freedom Hamiltonians. On the other hand, the method for designing
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Wandering domains and random walks 3

examples left a lot of leeway and could probably result in a smaller “instability
exponent” a* than the one obtained in the manuscript [He99].

A few months later we obtained better estimates for the stability time. Replacing
the strategy of part (N) of [He99], which relied on the approximation of Gevrey
Hamiltonians by analytic ones (as described in (A)) and the classical analytic
normal form, we completely rewrote the normal form in the Gevrey framework
ﬁ, where o denotes the Gevrey
index. We could thus recover the analytic result in the particular case where o = 1,

and ended up with a stability exponent a =

which exactly corresponds to analytic Hamiltonians. The passage from the Gevrey
normal form to the stability result was performed by using Lochak’s periodic orbit
method; we thus obtained, as in the analytic case, a larger exponent a = m
for the solutions passing close to any m-fold resonant surface. But the instability
exponent remained at least two times larger than that in the examples we had at
that time.

Michael Herman gave several seminars on the work in progress and described
the results so far obtained at the Rome conference in September 2000. There he
told one of us that he maybe had an idea to gain a factor 2 in the exponent for the
examples of instability. We should have discussed that matter some weeks later in
Paris. ..

We never knew what idea Michael Herman had had. In the months following his
death, we went on studying his method of producing unstable systems, trying to
make it as conceptual and powerful as possible, and began to think of the writing
of an article that would gather all of this together. We finally realized that we
could get stronger examples of instability, which established the optimality of the
exponents m for 2 < m < N, by using the periodic orbits of a scaled
pendulum in the coupling method. This gave rise to the article [MS03], which
was completed at the end of 2001 (see [Sa03] for a survey of that long paper).

1.2.  The present article is a continuation of [MS03]: we obtain new instability
examples as Gevrey perturbations of the completely integrable Hamiltonian h(r) =
2(rf+---+7r%_,) 4+ ry on the annulus TV x RY. In fact, our method could be

applied as well to yield the same kind of unstable behaviour in perturbations of

1
he = §(€1Tf +oten_1m 1) + TN,

with arbitrary e,...,exy—1 € {—1,41}; the quasi-convexity of h indeed does not
play any role in our constructions (but it plays a role in the exponential stability
we are fighting against). What matters in our constructions is rather the product
structure (the time-1 map ®”< can be written as an uncoupled product of N maps
of T x R).

The first new instability result is the existence of near-integrable systems which
possess wandering open sets, in place of the wandering points we previously obtained
in [MS03]. Namely, we shall be able to construct a sequence (H;);>o of Gevrey
perturbations of h(r), such that there exist for each j > 0 an open set O; satisfying

(@Hj)k(Oj) N O; = for each integer k € Z (where ®* denotes the time-1 map
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4 J.-P. Marco and D. Sauzin

for H;). Indeed, these open sets O; drift from —oo to +oo along the rq-axis
(denoting by 71 the first of the action variables). Such a phenomenon was obtained
in [He99], but with C* systems only, and with the further restriction that & < N—3.
Here we shall reach any value of k and even the Gevrey category. The upshot is an
extension to the multidimensional case of the transport phenomenon which, to our
knowledge, was observed until now only for two-dimensional maps (see [Mei92] for
a survey on transport theory). We can furthermore estimate the speed of transport
as a function of the size of the perturbation. Just as is the case of drifting points
the speed is still given by an exponential, although the corresponding exponent is
only Wl)(a%)’ thus no optimality can be claimed here.

Another interesting feature of that construction can be noticed when considering
the complete orbit of the open domain O; under the continuous Hamiltonian flow.
This is an open connected invariant set, of positive measure, which is contained in
the complement of the KAM set of the perturbed Hamiltonian ;. The system is
therefore non-ergodic in the complement of the KAM set.

Our second result concerns the existence of symbolic dynamics for near-integrable
systems. Here we continue to investigate the relations between our method
and the so-called Arnold mechanism of instability and construct a new sequence
(H;)j>0 of Gevrey perturbations of h such that the time-one map O™ possesses
a two-dimensional normally hyperbolic invariant annulus, the stable and unstable
manifolds of which intersect along two homoclinic two-dimensional annuli. This
(non-generic) phenomenon enables us to obtain explicit examples of a situation
described by Moeckel [Moe02]. The main consequence is that we can replace the
drift along the ri-axis by a random walk: the orbits described in the drift result
correspond to a bi-infinite sequence of upward jumps, whereas in the second result
any sequence of upward and downward jumps can be realized by some orbit which,
so to speak, materializes the symbolic dynamics. Moreover, these jumps occur at
moments which are integer multiples of a certain large integer g;, with a step which
is £1/q; each time, and we can estimate g; quite precisely in terms of the size of the
perturbation (of course it has to be exponentially large). Our coding by symbolic
dynamics is thus more precise than in the standard constructions.

This last construction has interesting byproducts concerning the topic of lower
bounds for the splitting of invariant manifolds, a subject which was also lightly
touched on in [He99]. We showed in [MS03] that our construction could produce
a chain of partially hyperbolic tori with tangent heteroclinic connections from
one torus to its successor, and that the homoclinic splitting could be perfectly
controlled, at least in the drifting direction. Here we shall go farther: we shall be
able to arrange things so as to control all the entries of the splitting matrix. This
is because we use, instead of the pendulum of [MS03], a perturbed pendulum that
possesses transverse homoclinic orbits.

Another byproduct of the random walk construction is the existence of near-
integrable Hamiltonian systems on (T xR)" | which admit an orbit whose projection
onto the first factor T x R is dense (in the first angle variable as well as in the first
action).
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Wandering domains and random walks 5

We shall seize the opportunity of this article to indicate Herman’s construction
of O systems with a wandering domain for & < N — 3. Another work should be
devoted to the systematic study of finite-time stability in the differentiable category
and in ultradifferentiable classes. Here we shall content ourselves with an estimation
of the speed of drift in a C* variant of our unstable system.

We wish to mention that compact-supported functions were already used in the
context of Hamiltonian perturbations and Arnold diffusion in [Do86] and [FMO01].

2. Statement of the main results

2.1. Notations. Let N > 3. For R > 0 we denote by Br the closed ball of
radius R in RN with center at the origin. As in [MS03], we shall work with the
Gevrey spaces defined by

GOME) = {p € C(K) | lllanx < oo},

with real numbers a > 1, A > 0, compact sets of the form K = TV x Br and
Gevrey norms

A|£|a
lellanic = 3 Za 0% llcogo M
(EN2N :

(we shall sometimes omit K in the indices, when there is no risk of confusion). We
have used the following notation for multi-indices of derivation:

|£|:€1+"'+£2N7 0 =0, lan], 8Z:6£11...8Z2N

T2N

and (z1,...,2ony) = (01,...,0n,71,...,7N). DBut since our aim is to describe
dynamics in non-compact parts of the phase space TV x RY, we shall require a
new definition.

Definition. If « > 1 and A > 0, we set
K, = TN X ERya R, = 3ya7 A, = 37V+1A7 Ve N*v (2)

and we define G (TY xR™) to be the complete metric space obtained by endowing

the intersection ﬂ G*Mv(KC,) with the distance
v>1

daa(p,¥) = Y27 min(@ = Pllaa, ik, 1)-

v>1

2.2. A drift result for an open set. If H is a Hamiltonian function generating a
complete vector field, we shall denote by & the time-7 map for 7 € R. We denote
by 7 the translation of step 1 in the r;-direction and introduce a transformation R,
which preserves r; and commutes with 7:

7(017T17927T2a"'79N77'N) - (alvrl+1302vr2a"';0N7rN)a (3)

R(617T1,927T2,...,9N7TN) = (91+9N,T1,92,T27...,0N,TN).
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6 J.-P. Marco and D. Sauzin

THEOREM 2.1. Let « > 1, A > 0, N > 3, h(r) = 3(ri + -+ r%_,) + v,
me{2,...,N —1} and
1
a* = )
2(N —m)(a—1)
There exists a sequence (H;);>0 of functions converging to h in G&M (TN x RY),
such that, for each j > 0, the Hamiltonian system generated by H; is complete and
admits a wandering open set U; that is biasymptotic to infinity.
More precisely, the sets ®Tt (Uj), L € Z, are mutually disjoint and there exists
a positive integer 7; such that

MU = TR U;), (e (4)

The time 7; required to translate by 1 the ri-projection of U; is related to

gj = da,a(h, H;) by inequalities of the form
e (L)) << Zepica(L)). =0

€j Ej Sj Ej
where the positive constants C1 < Cy depend only on a, A and N —m.

The domain U; is located close to the m-fold resonant surface S = {ry =ry =
=1y =0}

dist(z,S) < 3,/&5, x € Uj.

The proof of Theorem 2.1 is contained in Sections 3-5.

Observe that the role of the transformation R is merely to describe the slight
deformation undergone by the domain under the time-7; map of the Hamiltonian,
whereas the most important feature of the dynamics is the drift described by the
translation 7.

Of course, the novelty with respect to [MS03] is mainly the obtention of
wandering domains instead of wandering points. Still, we have tried to estimate
the speed of drift through an “instability exponent” a* like we did in [MSO03]
and, if the factor ﬁ reflects well the proximity of a resonance of multiplicity m,
the factor ﬁ is not so satisfactory. We recall indeed that the optimal exponent
m for individual solutions and we do not know whether it can be attained
with open sets; see Remark 4.2 below.

It is for the sake of clarity and to facilitate the comparison with the classical
Nekhoroshev Theorem that we have formulated our drift result using autonomous
Hamiltonians only, but the Hamiltonians H; can be reduced to non-autonomous

time-periodic Hamiltonians

is

1
5(7"% +"'+r]2\/'—1) +fj(ela"'aaN—lvrlw"vTN—ht)a

(see formula (43) below), which are themselves obtained by “suspending” discrete

H; =

dynamical systems W, possessing wandering domains D, in TN=1 x RN~ (see
Section 5). The sets D; will be polydiscs Ay X -+ X An_1, the Shilov boundaries
of which are Lagrangian tori. Choosing functions f; that are bounded on TV~ x
RY=1 % T and that vanish identically for ¢ € [0, 1], we shall be able to take

Ui = {(0 + On7,7,0n,7n); (0,7) € Dy, On €[0,3], rv € R} (5)
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Wandering domains and random walks 7

We shall also mention in passing results concerning the C* category, using the
semi-norms 1
¢
||SD||ck(K) = ﬁHa <p||CU(K)» (6)
le|<k
with the notation of (1) above (this way, ||¢¥|cx k) < ll@llorx)l¢lloxx)), and
the corresponding distance when dealing with C* functions on a non-compact set.

2.3.  Embedding of a random walk. Leaving the question of the transport of open
sets aside, we shall be able to find near-integrable systems exhibiting instability in
another striking way.

Let 7 denote the projection onto the ri-axis:

m(01,71,02,72, ..., 0N, TN) = T1.

THEOREM 2.2. Let a > 1, A >0, N >3 and h(r) = 1(r} + - + 1% _; +rn).
There exist a sequence (H;)j>o of functions converging to h in G&M(RN x TV)
and a sequence (q;) of positive integers such that, for each j > 0, the Hamiltonian
system generated by H; is complete and its time-q; map contains the random walk
of step qi,- along the r1-axis in the following sense:

For each 1 € {—1,+1}%, there exists x € TN x RN such that

. ((I)eqjﬂj (x)) =m (@(z—l)qﬂu (x)) + %, leZ.
J

Moreover, q; is related to €; = do,a(h, H;) by inequalities of the form

& 1\e" Cy 1\e" X
<qg; < —& — >
= eXp(Cl(g) ) <gq; < 2 exp(@(gj) ), Jj=>0,

where a* = W)(a—l) and the positive constants C; < Cy depend only on a, A
and N.

The proof is given in Section 6.3.
In fact, we shall see that the time-¢; map admits as a subsystem the random
walk, defined as usual as a skew-product over the two-sided Bernoulli shif b:

Plr,k) = (m+ "L b(k)),  me—~Z, rke{-1,+1}%
4qj 4qj

In that result, we can think of the addition of :t S as small upward or downward
jumps, a bi-infinite sequence of which can be reahzed in any prescribed order:
one can always find solutions which oscillate in the prescribed manner exactly at
instants that are multiples of g;. Theorem 2.1 corresponds to the case of the
constant sequence ry = +1 with 7; = qu, except that Theorem 2.2 does not deal
with open sets of solutions.

Still, one can improve slightly the conclusion of Theorem 2.2, replacing the
initial condition z by a set V; that is defined as in (5) but with a (N — 2)-polydisc
Bix{xa}xBsx---xBy_1 instead of the (N —1)-polydisc D; = A xAgx- - X AN-_1.
This yields oscillating submanifolds V; of codimension 2.
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8 J.-P. Marco and D. Sauzin

In addition to the proof of Theorem 2.2 (which corresponds to a particular case
of the situation considered in [Moe02]), Section 6 also contains a study of the
splitting of the invariant manifolds associated with partially hyperbolic circles and
annuli, in the spirit of [LMS03] and [MS03]. These hyperbolic objects are the
traditional features of Arnold’s mechanism.

Moreover, we indicate in Remark 6.2 a variant of the construction yielding an
orbit of ®%™i in (T x R)" whose projection onto the first factor T x R is dense.

2.4.  QOverview of the method. For the convenience of the reader, we include a
heuristic description of our constructions.

Since we shall follow closely [MS03], it is worth recalling the main features of the
method which was introduced there to obtain drifting points. This method deals
with discrete dynamical systems of the annulus A™ = T™ x R™ which are obtained as
perturbations of " : (6,r) — (0 +r,7). Heren = N =1, ho(r) = 3(ri +---+72),
and a suspension procedure is used later to recover continuous Hamiltonian systems
in N degrees of freedom. We split the annulus A™ and the unperturbed map into two
factors: ®ho = $377 x G27aHF37h L A x AP1 — A x A"L. Our main parameter
is a large integer ¢q. The first idea is to consider a g-periodic point a € A"~! on the
second factor and to try to define a “coupling diffeomorphism” ®“s on the product
A x A" 1 50 that ®“s o "0 have a wandering point which drifts along the r;-axis,
with the further requirement that u, — 0 when ¢ — oo (in a suitable Gevrey
function space).

On the first factor A, the interesting part of the dynamics is localized on
the union C, of the circles Cy/, = {(61,71) € A, r1 = k/q}, k € Z. Each
of these circles is invariant under ®37 and supports g-periodic dynamics, even
if ¢ is not the minimal period. On the second factor we only consider the orbit
O(a) = {aw), 0 < s < qg—1} of a = ag under @373+ +37.. The coupling
diffeomorphism ®*< is chosen so as to satisfy the “synchronization conditions”

®%((0,7r1),a) = ((0,71 + 1/q),a),
QU ((01,71), a(5)) = ((01,71), a(s))s 1<s<q—1,
for all (f1,71) € A. Due to the g-periodicity of ®" on C, x O(a), one sees that the
point ((0,0),a) is wandering for ®“« o "0 and satisfies in particular
[@ 0 ®")%((0,0),a) = ((0.4/q),0), L€,

while the first components of the other iterates move around the circles of the
family C,. So ¢? iterations of the coupled diffeomorphism ®%s o ®"0 make the
point ((0,0),a) drift along the ri-axis over an interval of length 1. This is all we
need in order to estimate our instability time.

As is easily checked, a simple way to get the synchronization is to choose u,
of the form uy((01,71),2") = %U(Ol)g@(w’) for ((01,7r1),2") € A x A"~1 where
U'(0) =—1 and

§D(@) =1,  dg9(a) =0,
99(a) =0, dg'P(ai) =0, 1<s<g-1
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Wandering domains and random walks 9

The size of the function u, is seen to be of the order of [|g(?|/g. The main
difficulty of the construction is to ensure the condition € = |juq|| — 0 as ¢ — oo: by
compactness the distance between the initial point a and its nearest iterate tends
to 0 as ¢ — oo, and the values of ¢(? on a and this iterate differ by 1; so any
Gevrey norm of ¢(9 will tend to co when ¢ — oc.

One can convince oneself that the construction is not possible with the second
factor kept equal to ®3(3++m). the periodic points are equidistributed on
periodic tori, and the distance between two of them is just too short. For this
reason we add a perturbation to the initial Hamiltonian hg, splitting the dynamics
on the second factor A1 = A x A" 2 into two parts: the first one is the time-1 map
of a pendulum suitably rescaled, P27 wE 00s(2702) ' \with a new large parameter N,
and the second part is still the integrable twist map $3(r3++m) on A""2. The
main property of this system is that, due to the presence of the pendulum and its
separatrix, one can find g-periodic points a = (9, with arbitrarily large ¢, whose
distance to the rest of their orbit is of the order of 1/N. The introduction of such
a pendulum component in [MS03] was one of the main innovations with respect
to [He99]. In the present article too this will be crucial.

When applied to this system, the previous method leads to a function g(@
whose Gevrey-a norm is exponentially large with respect to N, but this can
be compensated by choosing the parameter ¢ large enough, namely ¢ =
O(exp(const N1/22(n=1))) " This way we keep the Gevrey norms of u, and vy =
— > cos(2mbs) of the same order ¢ = 1/N? and we obtain the connection between
the instability time 7 (for a drift of order one) and the size € of the perturbations u,
and vy

7 = ¢* = O(exp(const (é) el ).

We now come to the necessary modifications from [MS03] to the present article,
in order to obtain drifting open sets instead of drifting points. The global structure
of our new examples will be very close to that we have just described. In particular,
we shall still split the annulus A™ into the same three factors, and the drift will
occur along the action axis of the first annulus. Loosely speaking, we shall try to
keep the same drifting point as above but modify the various functions in order
to produce nondegenerate elliptic dynamics in the neighborhood of its projections
on the three factors. We shall then apply Moser’s invariant curve theorem and
obtain in each factor an open set centred on the projection, having the same global
behaviour. The product of these open sets will give us our drifting domain.

As for the random walk, the main modification concerns the pendulum factor,
on which we shall use a suitable perturbation of the pendulum map, for which both
upper and lower separatrices intersect transversely. We shall get two homoclinic
points, and prove the existence of a horseshoe on which the map is conjugate to a
Bernouilli shift on two symbols, one for the upper point and one for the lower point.
These two symbols will correspond to two distinct zones in the pendulum space,
and a suitable version of the coupling lemma will enable us to generate positive
or negative jumps of the orbits along the first action axis, in any prescribed order.
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10 J.-P. Marco and D. Sauzin

Since these jumps occur at prescribed instants and have prescribed length, we can
think of the motion on the first action axis as a random walk. The most technical
work in that part will be to estimate the number of iterates which is necessary to
get the symbolic dynamics.

3. A method for constructing unstable mappings

3.1.  Discrete version of the Gevrey unstable system. Let A =T x R denote the
annulus. As already mentioned, we shall work with mappings rather than with
flows. Theorem 2.1 will follow from the construction of near-integrable discrete
dynamical systems in A" ~ T*T" = T™ x R", with n > 2. These mappings ¥;
will be compositions of three time-1 maps of Hamiltonian systems and will admit
nearly doubly resonant wandering domains D;.

The case m = 2 will be obtained by “suspension” of Proposition 3.1 below
(see Section 5.2), whereas in the case m > 3 we shall insert m — 2 extra degrees of
freedom before the suspension procedure, obtaining the intermediate system ¥; (see
Section 5.1). The relation between dimensions in Theorem 2.1 and Proposition 3.1
is thus N =n+ (m —2) + 1.

We shall use systematically the notation ® introduced before the statement of
Theorem 2.1. For instance, hg = £(rf + -+ + r2) gives rise to the standard twist
map of A",

oM@, 1) = (0 +r,7),

whereas a function u(#) which does not depend on the action variables r; yields
o%(0,r) = (0,7 — Vu(#)). For each 6 > 0, we shall use the notation Tj for the
translation of step § in the rq-direction:

T5(01,7"1,92,7’2, .. '79nvrn) - (017T1 +5a 027T27~ .. 79n77nn)~ (7)
ProprosIiTION 3.1. Letaw>1, L >0, n >3 and
B 1
S 2n—1)(a—1)

There exist sequences (u;), (vj), (w;) of smooth functions, which have compact
supports contained in (T x [0,3])" and belong to G*“((T x [0,3])"), and a
sequence (q;) of integers such that

ej = max([[ujlla,L; [Vjlla,z, [wjlla.L) ———=0, ¢ —— o0

j—oo
and, for each j, the system

U, =d% o H3(rit o+t o pwi
admits a wandering open set D; such that

() (Dy) = To(Dj), LEL (8)

The number 1; = qf— of iterates required to translate by 1 its ri-projection satisfies
inequalities of the form

Cl ]. a CQ ]- a
8—? exp(Cy (5> ) <71 < g eXP(C2(;j) )s 9)
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Wandering domains and random walks 11

where Cy and Cy are positive numbers which do not depend on j.
Moreover, dist(z, {r1 =12 =0}) < 3,/&; for all x € D;.

The proof of this proposition will occupy us until the end of Section 4.
In fact, we shall have v; = 12V (62), with V(62) = —1—cos(276,) and integers N;
directly related to €;: ’

1
[jllars lwjlla,r < €5 = 5 IV lla,z-
J

The functions w; will be sums of non-interacting potentials of the form
wy = wy (B,72) + wy (63) + -+ w (6,)

(and the functions u; will not depend on the actions r). Our unstable mappings
may thus be written ¥; = &% o ($3"1 x G), with

G= (q;%rSJrvj o @wéj)) " (<I>%T§ . q;wéj)) .y (q)%ri . @wg)).
Correspondingly, our wandering domain D; will be a polydisc By, x Agj) - x A,
the Shilov boundary of which is the Lagrangian torus 86% N Agj) XX A’S]:j)-

There will also be a preliminary C* version of this proposition (Proposition 3.3
in Section 3.4), directly inspired by [He99], which may be used as an introduction
to Section 4, and a more elaborate result in Section 5.3 which is a more exact
analogue of Proposition 3.1 and Theorem 2.1 in finite differentiability.

3.2. Wandering domains for standard maps. As in [MS03], our starting point
is the knowledge of unstable orbits for a certain map of A, which is not close to
integrable (it would have more to do with an anti-integrable limit) but which we
shall be able to embed into some iterate of a near-integrable map of A™.

Given a smooth function U on T and a positive integer ¢, we define the “standard

map

Yo =@V 0 (®271)T 1 A — A.

When there is no risk of confusion, we shall sometimes omit the index U or even
both indices and denote by %, or % this map. Thus

P(O1,71) = (01 +qri, 1 — U (01 +qr1)).
As noticed in [MS03], if U’(0) = —1, the origin is a drifting point:

$(0,0) = (o, g) =y

This point goes from r; = 0 to r; = 1 in ¢ iterations and its orbit is biasymptotic
to infinity (this is known as the “first accelerator mode of the standard map” in
the literature).

The function U(f;) = — 5= sin(276;) was used in [MS03], but we shall be led to
choose a different function by the next proposition, which is suggested by [He99]:
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12 J.-P. Marco and D. Sauzin

PROPOSITION 3.2. Consider the map Yqu with an integer ¢ > 1 and a
function U € C°(T) the derivative of which admits a Taylor expansion at the
origin of the form

U'(61) = =1+ B161 + 3363 + O(67), 0<p1 <2 B3#0. (10)

Then there exists a neighbourhood B, of (0,0) in A (which depends only on the
function U’), contained in the region {|r.| < 1}, such that the domain

T
By = {(9*’ ;)}(0*,“)68* CA

is wandering for 1, u. More precisely, the iterates of By by g u are mutually
disjoint and can be obtained from B, by translation of step % in the ri-direction:

(wq,U)e(Bq) = {(9175 + rl)}(alﬂ“l)qua teZ.

The proposition follows from the following technical lemma, whose greater
generality will be used in Section 4.3 and whose proof is deferred to the appendix.

LEMMA 3.1. Consider the mapping f : R%,0 — R2,0 defined by the formula
fX)Y) = (X +A(Y - B'(X)),Y - B'(X)),

that is f = ®4 o ®B where A(Y) and B(X) are smooth functions defined in real
intervals containing 0 the derivatives of which admit Taylor expansions of the form

A/(Y) =AY + A2Y2 + A3Y3 + O(Y4), Al € R*, A27A3 € R,
and
B'(X)=p(X +bX*) +0(X*), peRDeR, with0< i <2.

Then the origin is an elliptic fized point of f, its eigenvalue A = ¢ is determined

by
A T
cos*yozlf%, f§<'yo<0,

and its first Birkhoff invariant can be written v; = T’ + bI'" with

i 2w A3 , 3iulA2
F_ = ?)A = s F = —
/\—)\( 3+ /\—)\) A=A

3/2 , av1/2 , 2Y1/2 , 533/2 i . . .
where w = 22 +3§3/2f§§‘/2 22077 iR (with the convention \'/? = ¢?0/2),

The absence of quadratic term in the Taylor expansion of B’(X) (or in that of U’(6)
in (10)) is just intended to simplify the calculation of ; which can be found in the
appendix.

As a corollary, it is easy to choose pu and b so as to be able to apply Moser’s
theorem of stability of non-degenerate elliptic fixed points ([Mos62], [SM71, §§31—
34]): as soon as the twist condition v; # 0 is satisfied, every neighbourhood of
the origin contains an f-invariant neighbourhood of this point, because invariant
curves (“KAM circles”) accumulate the origin. Such an invariant neighbourhood
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Wandering domains and random walks 13

will sometimes be called an “elliptic island” in the sequel; it is in fact completely
invariant (i.e. it coincides with its image by f).

Lemma 3.1 implies Proposition 3.2: Assume (10) is satisfied. The idea is simply to
pass to the quotient by the translation r; — rq + %, so that the origin appear as
a stable elliptic fixed point of an area-preserving map of the 2-torus: an invariant
neighbourhood for the quotient map will lift to a wandering domain B, the iterates
of which are obtained by the translation of step %. But, to be able to keep track of
the dependence upon ¢ of this domain, we prefer to begin with the scaling

(Oi,7s) = 0(01,71), 0, =01, r.=qr,
which conjugates 1, and ;. Recalling the definition of 91,
"/}1(0*;7'*) = (9* +T*;T* - U,(e* + T*))a

we observe that we can pass to the quotient by the integer translations along the
ri-direction: v induces a transformation F' of T x T, which admits the origin as a
fixed point and which can be written

FX,Y)=(X+Y,Y+B(X+Y)), BX)=-X-UX),

in local coordinates (X, Y) near the origin of Tx T. Setting A(Y) = —3Y2, we have
F =3 B%) 0 =4 thus we can apply Lemma 3.1 to f = F~', with p = —/3;
and b = (/6.

The origin is thus an elliptic fixed point of F', and it is stable because we have
I' = 0 and IV # 0 in this particular case. By Moser’s theorem, we get an f-
invariant domain containing the origin (surrounded by a KAM circle), which lifts
to a wandering domain B. of v, which in turn gives rise to a wandering domain 3,
by the scaling o. O

In the sequel we shall fix some analytic 1-periodic function U satisfying (10),
so as to have at our disposal wandering domains B, for the maps 1, 7. The next
section indicates a method to construct, starting from v, 7, a map ¥ of A™ which
is close to integrable when ¢ is large (notice that, when ¢ — o0, ¥,y does not
tend to any integrable map!). In fact, in the notation of Proposition 3.1, g; will be
exponentially large with respect to €; and, as a consequence, the domain B, will
be exponentially thin in the r;-direction.

3.3.  The coupling lemma and the strategy for using it. We now give a slight
refinement of the “coupling lemma” which was one of the key ideas of [MS03|
(Lemma 2.1 in that paper):

LEMMA 3.2. Let m,m’,q > 1. Suppose we are given two diffeomorphisms, F :
A™ — A™ and G : A™ — A™ | and two Hamiltonian functions f : A™ — R
and g : A™ — R which generate complete vector fields and define time-1 maps ®F
and ®9. Suppose moreover that A C A™ is completely G9-invariant (i.e. A =
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14 J.-P. Marco and D. Sauzin

’

A Am

G(.A) Gq—l(A)
o E

G
B,

FIGURE 1. Use of the coupling lemma to make By x A drift.

G1(A)) and that, for all ' € A,
gla) =1,  dg(z’)=0,  ¢(G°(2')) =0, dg(G°(2'))=0, 1<s<q-—L

(11)
Then f ® g generates a complete Hamiltonian vector field and the mapping
U=0/%0(Fx@G): A™t™ — pAmE™
satisfies
V(z,2") = (9(2),G"(a")), zeA™ ' €A L, (12)

with 1 = ®F o F9.
We have denoted by f ® g the function (x,2’) — f(x)g(z'), and by F x G the
mapping (z,z') — (F(z), G(z')).
Proof. The proof is an obvious adaptation of that of Lemma 2.1 of [MS03], where
it was already checked that X;g, is complete and that
79z, 2') = (@I (2), T (), (x,2') € AT (13)

Let x € A™ and 2/ € A. Tt is sufficient to prove the desired identity for ¢ = 1;
indeed, it will then be possible to iterate it backwards or forwards thanks to the
GY-invariance of A.

The points (F*(z),G*(z')), 1 < s < ¢ — 1, are fixed points of ®/®9 because
of (11) and (13). Thus

Ve (z,2') = (F*(x), G*(2)), 0<s<qg-1
But for the ¢** iteration, (11) and (13) yield
(2, 2') = BI9(F1(z), GU(')) = (& (FI(x)), GI(«")).
0O

To construct near-integrable mappings with wandering domains, it is thus
sufficient to apply this coupling lemma with ®f o F'4 = Yqu, ¢ = 1 and U like
in Section 3.2, that is with

f=1U(0), F=ao,
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Wandering domains and random walks 15

and to find G, A and g in such a way that the hypotheses of the lemma be fulfilled:
we shall obtain a wandering domain B, x A as illustrated on Figure 1, and the
map ¥ will be near-integrable if %||g|| is small and G is close to integrable, in
the C* or Gevrey-a topology. Since the dynamics of 1, will then appear as a
subsystem of W¢, the time needed for transporting B, x A from 71 =0 to r; =1
will be ¢2.

The choice of G with a globally g-periodic domain A is a new feature of the
present work with respect to [MS03] and constitutes the essential part of the next
sections.

As for the choice of g, we shall use “bump functions” of one variable}, the
existence of which in the Gevrey case is alluded to at the end of Section A.1
of [MS03], and this is precisely the point where the estimates differ from what
we could do for unstable points. Let us indicate now the technical statement:

LEMMA 3.3. Let a > 1, A > 0. There exists ¢ > 0 such that, for each real p > 2,
the space G*M(T), contains a function Np,n Which satisfies

1 1
1 Zf*ﬁ§$§§,

Mp,a(0) = P 1 1 1 (14)
0 zf—ggxg—g orggxgg,
and
1
17p,alla,a < exp(cp=T). (15)
REMARK 3.1. We shall also use non-periodic bump functions 1, which have
compact supports contained in [f%, ]%] and are defined by
. np,A(x) Zf_% <z< %;
M, (@) = .
0 if not.

REMARK 3.2. Analogously, if k > 0, the space C*(T) contains functions which
satisfy (14), but the C* norm grows more slowly with p; in fact, we can have
a C* function n, such that

||77,(;Z)||00(1r) < ep, ¢ eN, 16)

(
where ¢ > 0 does not depend on any parameter, simply by taking n,(0) = m (pf)
for —3 <0 < %, where ny(x) is a fized C> function which vanishes outside [—1,1]
and is equal to 1 identically in [—%,3].

Proof of Lemma 3.3. Let 3 > 0 be determined by o« =1 + %; in view of the proof
of Lemma A.3 of [MSO03], the function f defined by

0 if x <0,
flz) = A N

exp(—=5) otherwise

1 In this article, by “bump function” we mean a function which vanishes identically outside a
given interval I and whose value is 1 at each point of a given subinterval of I.

Prepared using etds.cls



16 J.-P. Marco and D. Sauzin

is known to belong to G**(R) for A large enough with respect to a and A. We

define

oole) = S+ D)= 0). Ble) = [ )

Observe that ¢, vanishes outside [—ﬁ, ﬁL hence

: 1
0 1f3:§—@,

1
K, = fj; pp(a')da’ if x> 4.
P

@,,(m) =

It follows that the function

1 3 3
np,A(Q)Zﬁ‘I’p(@JFQ)‘I’p(@—@)v —350<
p

=

(extended by 1-periodicity) takes the desired values on the intervals specified in the
statement of the lemma.

As for the Gevrey norms, clearly ||oplla,a < ||f\|iA (because of the property
of Banach algebra) and the inequality |[®pllaa < [|Ppllco + A%||@plla,a shows
that ||®p]|a,a is bounded independently of p. Since f is monotonic non-decreasing,
we have ¢,(z) > f(é)2 for |z| < é, thus K, > ﬁexp(—2)\(8p)ﬁ) and the
conclusion follows. a

In the sequel, having fixed @ > 1 and L > 0, we shall define close to integrable

maps of the form

1
U=0a"0 (@i x @), G=oEtIIY o v,

with e = max(%||U®g| a,Ls |V]|a,Ls |W||a, 1) arbitrarily small, in such a way that G
admits a globally ¢g-periodic domain A and g “separates” A from its iterates by G
in the sense of (11).

It is clear that ||g||,z will depend crucially on

d= min dist(A4,G°(A)).
1<s<qg—1
We shall indeed resort to Lemma 3.3 to define g (adapting it to take advantage
of the fact that g can depend on several variables) and this will yield a Gevrey-«
norm of the order of exp(const diﬁ).

But we shall need to take ¢ large to make %HgHa,L as small as € (anyway, we
know in advance that the time of drift 7 = ¢* needs to be large). This will tend
to diminish d and thus to increase ||g||q,r. Hence we shall need to take ¢ even
larger, to compensate this growth. However, it is a priori not obvious to prevent
this increase of ¢ from diminishing in turn the distance d, thus increasing again the
norm of g. We shall see in Section 3.4 a C* example where this method leads to
the limitation & <n — 2.

Faced with such an inflation of norms, we shall use in Section 4 an idea which was
already an important feature of the unstable system of [MS03]. We shall choose
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a system G which is ﬁ—close to integrable, involving a rescaled pendulum (the
integer N will play the role of the scaling parameter), and impose the condition

1

N2’

We shall manage to have ¢ = NM, with M extremely large, but d almost
independent of M. More precisely, d will be larger than (%)ﬁ independently
of the choice of M, thus Lemma 3.3 will provide us with a function g of norm
lglle.z < exp(const N%)7 where v = (n — 1)(a — 1), in view of which we shall
choose M of the order of N exp(const N %) (folrmula (33) below). This way, we

shall obtain a time of drift 7 ~ N*exp(const N7 ), where N = e~1/2,

illgllers Twla.r < vlla. =

3.4. Herman’s examples of C* unstable systems. Following [He99], we now
illustrate our strategy with a first construction, which is very simple but works
only for k < n — 2.

We fix a smooth function S on T such that

1
S(6.) = 0%, <0, <. (17)

-

1
4
PROPOSITION 3.3. Suppose n > 2 and 0 < k < n — 2. There exist sequences (u;)
and (v;) of smooth functions, which converge to 0 in C*(T"), and an increasing
sequence (q;) of integers such that, for each j, the system

U, =% o G (rittri)tv;
admits a wandering open set D; whose iterates (;)%(D;) are mutually disjoint

and satisfy
(U;)"%(D;) =T. (D), LEL

Proof. Let (p;);>o0 be the sequence of prime numbers. We set

qj = PjPj—1---Pj—n+2; jzn—1,

and consider G = &2 T3+ +70)+v5  with
1

0)= (=) s+ () s

v (0) = (= +(=—) +oo

! pj ? Pj—1 ° Pj—n+2

The system G is obviously decoupled and can be written
)2S(0:)

)25(9n).

1,2 1
G=Gyx - xGn G=0""""m
Moreover, in the region R; = {r? + (%)2912 < & (=—1—-)2}, the map G; is

. . . .. . . J—it2 . 16 Pj—it2
periodic with minimal period p;_; 2, since the scaling

2<i1<n.

(0s,74) = 0i(0i,73) = (03, pj—iari)
1
Pj—it2
S(0.) which coincides with the normalized harmonic oscillator 1(r? 4 62) in the

region R, = {r2+6?% < % }. Consequently, all the points of Ro X -+ - x R, (except
those for which (8;,;) = (0,0) for some ¢) are G-periodic with minimal period g;
(the periods pj—_i42 have no non-trivial common divisor because we have used prime
numbers).

conjugates it with the time- map of the Hamiltonian h.(6.,7.) = 3r? +
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21
p

A

oo
FNN

hx

1
FIGURE 2. Iteration of Aif) under ®»

LEMMA 3.4. Given a real § € ]0,1/67] and an odd integer p not smaller than 3,

the domain
5 s
A()—{ <2tz <o, < tan%&)r*}
satisfies AL = @ (AP)) € {16.] < 72% } and

7h*(AS<6))C{%S§|9*|S%}7 1<s<p—1.

Proof of Lemma 3.4. Each point in Agf) is ®"+-periodic with minimal period 1
because AS:S) is contained in R.. Elementary trigonometry yields

AP {0, < Lsin 22} il (AD) € {Lsin T2 <o, | < 1Y,

for 1 <s<p—1 (see Figure 2). We conclude by observing that 22 < sinz < z
for 0 < x < 7/2 and that ¢ is small enough to yield the desired 1nequaht1eb O

We thus choose
A=o, AY xx ailA([s) §=2L
and, using the bump functions furnished by Remark 3.2,
9V (0, 0n) = ep, (02) - Tlop, 1 (On)-
We can apply Lemma 3.2 to
U, =d% o i+t u; = %U ® g,
i

According to formula (12), the dynamics of ¢ = v, v is thus embedded into the
(¥;)%-invariant set A x A. In particular, by Proposition 3.2, we get a wandering
polydisc D; = By, x A with the kind of orbit we wanted.
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It only remains for us to check that e; = max(||u;l|ck(rn), |vjllererny) tends
to 0 when j — oo. With our definition (6) of C*-norms, we have [vj|crpny =

(2)2 4+ (5——)*)ISllck ry and, using (16),

pj Pj—n+2
1 1 Yy ‘.
lesllern = o > I lloomllng oo - Ity ...l
7 Je<k
Cnfl 1 ‘% p
< —IUllcxem Z W(Gpj) o (6pj—nt2)™
q; oot <k 2. .. €pt

(pj +--- +pj—n+2)k

< GGCWIHU”C'C(T)
Pj..-Pj—n+2

The conclusion follows from the Prime Number Theorem which ensures that, for j
large enough, all the numbers p;_;12, 2 < i < n, lie in the interval [%pj,pj] (this
was the interest of choosing successive prime numbers). It is only to ensure the
C*-convergence to 0 of (u;) that we imposed k < n — 2.

This ends the proof of Proposition 3.3. a

It is easy to check that the number 7; = q? of iterates required to translate by 1
the ri-projection of D; satisfies inequalities of the form

C(L)" if0<k<n-3,
TE (L)Y k=,

€j

(18)

We shall indicate later (Section 5.3) a more elaborate construction which yields
better results, without any bound imposed upon k.

As for the size of the polydisc D;, when £ < n — 3 we obtain a diameter ~
(&))"~ ! for its (01,r1)-projection and ,/Z; for the other canonical projections;
when k = n — 2 we find respectively 5?71 and €;.

4. FEzamples of Gevrey unstable systems
We now move on to the proof of Proposition 3.1, applying the strategy described
at the end of Section 3.3. We thus fix @ > 1 and L > 0.

Let (pj)j>o0 be the sequence of prime numbers (inverses of primes will now be
used as action variables to produce periodic points of the integrable twist map).
We define

N; :ij]{ where Nj{ =1if n=2, and NJ{ = Dj—(n-3)Pj—(n—a)---pj if n >3,
(19)

and

v;(6) = %V(eg), V() = —1 — cos(2103). (20)

We shall first define a small function of the form

wi(8,7) = w (B2,72) + W (B3) + - + W (B,),
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and it is only in Section 4.4 that we shall introduce the other ingredients g(/), M;
and u; = ﬁU@g@ (with U like in Section 3.2). In the notation of Lemma 3.2,
this means that we shall have G = G5 x G3 X - - x Gy, with

515+ V(62) @
J

Gy=® o dws Gi=doaw’ 0D 3<i<np

We shall define G3 x --- x G, so as to have a globally N;—periodic domain
Aéj) X o+ X Agj) and the role of A in Lemma 3.2 will be played by a domain

A= AP x AP x - x AP,

where Agj ) is globally N;M;j-periodic for the perturbed pendulum G>. Finally,
setting q; = N;M;, we shall have a wandering domain D; = B,, x A for the

. o %U@)g(j) 1,2 . (])
mapping ¥; = &% x (@21 x G) (of course G is reduced to G2 and A to Aj;

when n = 2).

4.1.  Choice of the map G3 x --- X G,,. The present section is concerned with
the case n > 3 only. If p € N*, the point (0, %) is a parabolic fixed point of
the p'" iterate of the standard twist map P37 A — A; we shall make use of the
bump functions of one variable defined in Lemma 3.3, with the given values of «
and L, to perturb 27 and create ellipticity.

LEMMA 4.1. Let p € N* and

4

2
ﬂp,u(o) :N(%+%)7I2p,l,(0)v O0<p< ]l,-

The point (O,%) € A is a stable elliptic fized point of the p'™ iterate of Gy, =

37 o ®Pru, which is contained in an elliptic island Ap., satisfying A, =
(Gpu)?(Ap,u) C {_ﬁ <6< ﬁ} and

(Gp,#)s(Ap,u)C{%Segl_%}» I<s<p-1
Proof. Let N denote the neighbourhood { -6 <6 <4, |r — %| <4} ofz, = (0, %),

with
1

4p(3p +4)’

and consider the iterates of N” by G, ,. Since the functions 3, , and u(% + ﬁ)

coincide on N, with p|f + 3| < 2§ on that set, we have )
N = BB (N) C {=5 <0 <5, |r— %| <351,
and the inclusions
@%ﬂﬂNUCZ:{%§9§1—%L 1<s<p—-1

follow easily from our choice of §.
Consequently, since ®’»» boils down to identity on ¥, the mappings (Gpp)?®
and (<I>%T2)5 o ®Pe. coincide on N for each s € {1,...,p}.
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o3’
PPBo.u
N A
1 1
- 0 % 1

Applying Lemma 3.1 to (G, )P = (@érz)p o ®Pr.w mear its elliptic fixed point z,,
we get the twist condition v; # 0 (because I' = 0 and 43 = IV # 0 in this case).
By Moser’s theorem, we obtain an elliptic island A, , C N, the orbit of which
obviously satisfies the required properties (see Figure 3). O

We choose

2

. () .
ng) = ﬂpj—7‘,+37#i,j’ Gi = (I)%Ti O(I)wi] ) Az(‘]) = Apj—i+37m,jv 3<i<n, (21)

. -1
with g ; = (max(pj_its, (n = 2)N?||Bp,_iia1lla,r)) , so that

- ; 1
>tz < 572
=3 J

Observe that, since the p;_;13’s are mutually prime, the domain AU = Aéj)
53) is globally periodic for the system G = G5 X - - - x G, with minimal period N;

and

X oo X

n

105 1 1 n—2

AW ﬂ{ g SO S gt Y AT (22)
1=3

GAN) c H{gts<i<i-55=)  1<s<Nj-1  (23)
=3

4.2.  Time-energy coordinates for the simple pendulum. The present section and
the next one are devoted to the obtention of a perturbed pendulum with an elliptic
island of large period, which will be our system G2. We begin with elementary facts
on the pendulum, to prepare the ground for the choice of the perturbation wéj ).
For the sake of clarity, we shall omit the indices j.
Let us introduce the notation
Pr(03,7) = 573+ 15 V(B2), Pa(O,r) = 32 4 V(6.

The mapping ¢*~ is the time-1 map of the Hamiltonian flow generated by Py,
which is obtained from the flow of the normalized pendulum P, by rescaling time
and action:

PPN =5 Lo ®¥ P 00, where (0.,7:) = 0(02,72) = (62, N712). (24)
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R m((M) (M)
2 0 T

FIGURE 4. Straightening of the pendulum flow in R..

Let M € N* (in fact, M will be chosen equal to the integer M, defined
in equation (33) below). We shall be interested in a neighbourhood of the
point (0, T§<M)) that is determined by the conditions

dMP(0, rMy = (0,rM)), M) > 9,

i.e. (0, riM)) is the intersection of {6, = 0} with the unique orbit of P, which has

period M and is located above the upper separatrix 7. = | cos w0,/
The mapping (®7)™ can be described near its fixed point (0,7‘91)) as
follows. Using {#. =0} as a reference section, we define symplectic flow-box

coordinates (7,e) for the normalized pendulum, say, in the region
R.={l6] <% and r, >1}.

Since P.(0,7r,) = %rz — 2, this amounts to considering the canonical change of

*

coordinates

(0,,7,) = &7 (0, 2(e + 2)) ER. & (r,e)=(7(0s,7.),e(04,1.)) ER
(see Figure 4). In particular, the functions e and P, coincide (they are nothing but
the energy function), while the time is given by the incomplete elliptic integral

0
* de

T(Ox,74) = /
0o /2(e(s,m.) = V(0))

In the region {e > 0} (i.e. above the separatrices), the period of motion is given as
a (decreasing) function of energy by the formula

, (0s,74) € Re. (25)

(26)

! do
Tue) = /0 S -V(0)

Thus, T,(e™)) = M with the notation ™) = e(O,r,(kM)) (observe that Ty(e) <

1/v/2e, hence eM) < L),
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In the coordinates (7, e), the flow of P, is straightened: in the domain R,
P (1,€) = (T +te), |t| small enough,
whereas one can check that the mapping (®7*)M takes the form
(@) (re) = (1 + Al(e)ye),  Ale) = M —Ti(e),

for (7€) in a neighbourhood of (0, e(*)) of the form i 17| < 64, le—eM)| < ng) }s
where §, < 1 can be chosen independent of M and p*M) < %e(M) must be chosent
small enough to ensure the return of the orbit to R within a time M. In other words,
locally, ()M must be viewed as generated by a Hamiltonian A.(e) explicitly
computable in terms of the function 7.

Correspondingly, setting ¢ = N M, we obtain a description of ®~ and (CIDP N )q
in a new system of local symplectic coordinates centred at the g¢-periodic
point (0, %r,(kM)) as follows.

We consider the change of coordinates

(X,Y) — (6g,ry) = SNXPN (0, L/ (M) 4 2NY) , (27)

for the inverse of which we have the formulae

_e(f2,Nry) — eM)

X = T(@Q,N’I‘g), Y = N , (92,7‘2) c O'_lR*. (28)

This transformation is symplectic since dX A dY = %dT A de = %de* Adr, =
dfy A dra. We end up with the formulae

™ (X,Y) — (X + 4.Y) (29)
(in the domain corresponding to (fs,73) € 0 'R, N &IV (071R,)) and
(@) (X,Y) = (X +A(Y),Y), AY)=M-T(™ +NY) (30

for | X| < 0. and |Y] < %piM).
The following estimates will be used in the next section:

LEMMA 4.2. Let (0.,74) € Ry admit time-energy coordinates (7, €).
o If1<r, <3, then |7| < |0.] < V11|7|.

o Ife >0, then |0.] > H_il%-

e If0<e< 2™ then |0.] < (2+ M~ 2)|7|.
t For instance, one can fix 8. small enough to guarantee that [—28.,28.] x {e™)} C R for

all M > 1 and choose piM) = min(%e(M),5*/|T;(%e(M>)|). The mean value theorem yields

indeed |T. (e + pSkM)) — T (e)| < 6, because |T7| is decreasing.
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Proof. We can assume 7 > 0 thanks to reversibility.

The first statement is obtained by checking that, because of the conservation of
energy, 1 < 0, = r, < /11 in the time-interval [0, 7].

The second statement is obtained by comparison between the angular
component 7 +— Hie)(T) of the solution obtained by fixing the energy to the positive
value e and that of the separatrix solution 7 +— 9&0)(7) = Larctan(sinh277): we

(e) (0) T
have 0,7 (1) > 0.7 (1) > 1+427r27'2'

The last inequality is an easy consequence of formula (25) with e — V() < e+2
and e < 2eM) < M2, a

4.3.  Elliptic islands of large period for a perturbed pendulum. The point xo =
(0, %r&M)), which corresponds to the origin in the coordinates (X,Y), is ®F~-
periodic with period ¢ = NM, but it is in fact a parabolic fixed point of (®F~)?,
in view of (30). To introduce some ellipticity, we shall compose ®7¥ by a close-
to-identity map which leaves x5 fixed. We shall imitate here the method used in
Section 4.1, but the picture is slightly distorted because it is the pendulum that we
perturb, instead of the standard twist map; this is why we use the symplectic
transformation (f2,72) — (X,Y) defined in 07'R, by X = 70 0(f2,72) and
Y = (eoa(fa,r9) — ™)) /N (according to formulae (27) and (28); see formula (24)
for the definition of o).

Let K = [-1,4] x [1,3] C R, (thus 07'K = [-1,1] x [4,2]). Since the
function 7 defined by (25) is analytic in R., its derivatives satisfy inequalities of
the form [|0%7| oy < C Al¥I, from which we deduce that

To0 € G (0TIK), with ||T 000 < 2'7¥AY,

where Ay is defined by A% = 2471CY 2= (AL*N)I*l. We shall use the bump

Fla—1
functions defined in Remark 3.1. Let us consider

En(X) = (B2 4+ 2o ay (X).

Proposition A.1 from [MSO03] can be applied: the function £y o (7 o o) belongs
to G*L(071K) (and has its Gevrey-(c, L) norm bounded by [|€n||a.ay ). Moreover,
this function vanishes for |7| > 4 and the first statement of Lemma 4.2 shows that,
for N > 14,

<rp <3 = (bo,r2) €0 'R,

1 1
|T|SN and N

thus the formula
Wi (02,72) = iin,0(r2 — %) En (T(02, N72))

defines a function Wy € G*L(T x [0, 3]) which has its support contained in ¢ =K C
2 4

o IR,. Moreover, inside o 1R, the functions Wy and XT + XT coincide in a

neighbourhood of xo, whereas Wy vanishes identically for | X| > ﬁ

Prepared using etds.cls



Wandering domains and random walks 25

LEMMA 4.3. Assume N > max(%,lll). There exists a positive number pun pm
which depends only on N and M such that, if 0 < p < pn m, the point o =

(0, %rﬁM)) is a stable elliptic fized point of the ¢** iterate of

1ri+-Lv (0 w
Gy = 92272 (Z)O(I)u N

contained in an elliptic island Ao which satisfies

}.

Ay = (G2)¥(A) C{ -7 << A 2 <m <

2w

Moreover, if N = pN’ with integers p > 6 and N' > 1,
(G (A) c{E<bh<1-2}  1<i<p-1L

Proof. Let w(fa,73) = pW (62,72) and B(X) = ,u(XT2 + XT4): these functions can
be identified in the region {|X| < g } inside c7'R.. On the other hand, if we
define the function A by A(0) = 0 and A'(Y) = M — T..(e™) + NY), equation (30)
allows us to identify (®77)? and ®4(*) in the region { |X| < 4., |[Y| < ﬁpiM)}
inside 071 R,.

We first determine a neighbourhood of x5 where (G2)? can be written ®4 o &8
when using the coordinates (X,Y’). We shall assume 0 < p < 1.

Let

N={|X|<6[Y|<6}Co'R., &=z min(p{"", G-

We have § < ;& (and even § < —J+ because pko) < 1), therefore the maps ®

and ®F can be identified in A and, since |X + X?3| < 2§ in N,
N =0 (N)C{|X| <4 |Y|<35}.

With a slight abuse of notation, we can consider that G5 coincides with ®~ o 8
on N.

In view of equation (29), we have Go(N) = @P¥(WNW') C {£ -6 < X <
+ +06, Y] < 30} and, recalling that § < %, w = 0 on G2(N). By an easy
induction, we obtain (G3)® = (@PN)S o ®P on N for s > 2 and s small enough to
ensure w = 0 on (G3)* " *(N) = (@PN)S_l(/\/").

Let us check that we can reach the value s = ¢. Writing (@PN)qil(N’) =
(@) (2=F~(N)), with

—Pn U 1 1
) (N)c{—ﬁ—5<X<—N+6, Y] <36},
we see that our choice of § ensures 36 < %ng)7 while % + 6 < 4, since N
is large enough, therefore (<I>PN)q and ®4 coincide on ®~F¥(N’). Moreover, in
that domain, the mean value theorem yields |4'(Y)| < 3N4|T.(3e*))| (because
eM) + NY > Le(M) and |T7]| is decreasing), hence
1 1 1

4 —_—— — —_——
X+A(Y)< N+5+4N< oN
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thus w = 0 on @~ (N7), (@F¥)2(N7), ..., (®F¥)4=1(N”). We have thus proved our
claim.

Having at our disposal this neighbourhood N of zs, in which the ¢** iterate
of Gy can be written ®4 o ®7, we now apply Lemma 3.1.

The Taylor formula gives A'(Y) = A;Y + AY?2 + Az3Y? + O(Y?) with
A; = —NT/(e™M) > 0, Ay = —IN?T/(e™)) and A3 = —iN3T/"(eM)), while
B'(X) = u(X + X?). We thus get ellipticity as soon as y < W
check that the first Birkhoff invariant v; = I' + T" is negative for u small enough.
For this, since IV < 0, it is sufficient to observe that

u—0 3 6A;

and we can

(this is obtained by a straightforward asymptotic analysis of 49, A, w and T") and
that the last quantity is negative, since the Cauchy-Schwarz inequality yields

! do > on o ! a0
</0 (e—V(G))5/2> </0 (e—V(G))3/2/0 (e—v(O)"*

The twist condition ~y; # 0 being fulfilled, Moser’s stability theorem provides us
with the desired g-periodic elliptic island As C N, the orbit of which is well enough
located in view of the above description of the first ¢ iterates of ' under G5 and
Lemma 4.2 (on the one hand, Ay C N C {[62] < (2+M~2)8, 2 <ry < 2} on
the other hand, information on the location of (G2)*N'(Asy) is obtained by observing
that a point in that set—unless it falls outside 0 ' R,—has coordinates (X,Y) with
| X £ %| < ¢ when £ =1 or p—1, hence |f5] > % because 1+ 472X ? is close enough
to 1, and the same is true a fortiori for the intermediate values of £). a

For the sequel, we thus choose

, , 1
ng) — ,UjWva pi = mm(W,NNj,Mj)v (31)
J i e,

with M; as in (33) below. This way,

; 1
[0 lloz < 2
J

Lr24 v (02) 7 .
and Gy =@° * 7 o @ws” (02.72) admits a gj-periodic domain Agj ) as described

in Lemma 4.3, with N = N;, p=p;, N' = Nj and ¢; = N; M;.

REMARK 4.1. We did not try to study the size of Agj) (nor that of AW in
Section 4.1). This size is probably ewponentially small, because W, |la,r is
exponentially large, but it seems to wus that it would be larger (although still
exponentially small) if one would use a function like viny, (02), with v; well

chosen, instead of wéj); however, checking that such a function is sufficient to
create an elliptic island would require more complicated calculations than those of
the proof of Lemma 3.1.
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4.4. Choice of the function g9 and end of the proof of Proposition 3.1. Putting
together the conclusions of Sections 4.1 and 4.3, we obtain a function

wj = w§ (Ba,r9) + w0 (B3) + -+ w (6,)
satisfying || w)||q.z < le and such that G = @22+ +r)+vi(02) o w5 admits a
periodic domain A = Aéj ) x AW of minimal period g;.
Let us define the function
g(j) = 772pj,L(92)§(j)(937 ey b)), g(j) =M2pj @ O M2p;_pisr (32)

and consider the map

u; 1,2 1 j
U =0% o (0271 x (), uj:NijU®g(3),
with U like in Section 3.2 and M as follows:
LEMMA 4.4. Let us denote by [.] the integer part of a real number and use the

same ¢ > 0 (which depends only on « and L) as in Lemma 3.3. There exist an
integer J, which depends only on n, and positive real numbers ¢; < co, which depend
only on n,a, L, such that, with the choice

Mj = [Nj|[Ullap exp((n — 1)e(2p;) =) + 1], (33)
the numbers €; = max(||ujlla,z, |Vjlla,L, |wjlla,) and g¢; = N; M; satisfy
o ||V||a,L N2 Nm < s < o N2 Nm 4
g ="32 o alj exp(c1 N ) < qj < caNj exp(caV; ) (34)
J
forallj > J.

Proof. In view of Lemma 3.3,

199 o,z < exp((n — D)e(2p;) =), (35)
and the definition of M; yields

1

0 1

< NN, exp((n— 1)c(2pj)ﬁ)

lujla,z

Since ||V ||la,z > 2, the number ¢; thus coincides with ||v;||a,z-

On the other hand, if n > 3, we can use tlrie Prime Numbler Theorem to ensure
Nj € [27("’2)p§’_2,p?_2] for j > J, hence ij <p; < 2Nj"j, and the conclusion
follows. |

Lemma 3.2 can be applied to this situation, with F = $37 and f= qijU.
Our function g\¥) satisfies indeed the requirement (11), as is easily checked by
distinguishing the cases where NJ’. divides s and the cases where it does not.
According to formula (12), the dynamics of ¢ = vy, v is thus embedded into the
(¥;)%-invariant set A x A. In particular, by Proposition 3.2, we get a wandering
domain D; = B, x A which satisfies the desired properties.

We end the proof of Proposition 3.1 by renumbering our sequences, replacing j
by J +j.
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REMARK 4.2. Observe that the instability exponent a = m which s
obtained at the end stems from inequality (35), which has dictated our choice of M;
and thus of q;. This inequality reflects the necessity of “separating” through the

function g the set A from its iterates which lie at a distance ~ Dj =~ Nj"%l.
It is the use of Lemma 3.3 which has introduced the factor ﬁ This is to be
compared with Lemma 2.4 of [MS03], where we had managed to introduce the
optimal factor é instead of ﬁ because compact-supported functions were used
somewhat differently in that paper.

In fact, we do not know whether it is possible to get the same instability
exponent for wandering points and for wandering polydiscs. The difficulty is that
the condition that the function ¢\9) be identically equal to 1 on A imposed by the
coupling lemma is much more demanding when A is not reduced to one point. It

can be shown that the exponent ﬁ in Lemma 3.3 is optimal.

5. Proof of Theorem 2.1 and a C* variant
Let >1, A >0, N>3and m € {2,...,N — 1}. We shall apply Proposition 3.1
with

~ mealt)

=y (30

1 N
n=N-m+l,  L=A(1+A"+3+)lelan)”, o)
We set ho(r) = 2(rf + - +71%_1).

5.1.  Nearly m-resonant wandering domains. We suppose in this section that
m > 3 and we wish to obtain nearly m-resonant domains instead of the nearly
doubly resonant domains of Proposition 3.1. To that end, we add m — 2 degrees of
freedom and consider

G(j) _ @%(rn,+1+"'+7‘n+7nf2)+N%j(S(0n+1)+"'+S(0n+m72)),
with the same function S as in Section 3.4 and the same IV; as in Section 4.
We make use of the system [el2 quite in the same way as in Section 3.4: since

. i X . %7‘?—&-#5(9@')
Q(J):Qﬂ_lx_._xggﬁm_% QEJ):@ N7 , n+1<i<n+m-—2

1
N;

map of the Hamiltonian h, (0., r.) = %rf +5(0.) which is reduced to the normalized

and the scaling (0,,7.) = agj)(ﬁi, r;) = (0, N;r;) conjugates Ql(.j) with the time-

harmonic oscillator in R, = {62 +r? < &}, we have a GUY)_periodic domain
; e j _
AU = (07(#)1) R X ...X% (ijlmfz) IR,

with minimal period IV;.
Since N; divides g;, the domain D; = D; x A is wandering for

U, =0 x GU) = @ o pho(FLy 6 gui,
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with )
v = W(V(%) + S(0n+1) + -+ S(9n+m—2))-
J
Moreover,
(¥,)"%(D;) = Te (D;), LteZ (37)
and dist(z,{r1 = ro =0 and rp41 = ... = Tpym-2}) < 3VE; for all x € Dy,

where g; = N%Q(HVHQL + (m — 2)||S||a.z) is the new small parameter.

Since this new parameter is only slightly larger than the ¢; of Section 4 (up to a
multiplicative constant, the true small parameter is in fact 1/N JQ), we can also find
new constants C; < C such that inequalities (9) hold with g; in place of ;.

5.2.  Suspension. Our aim is now to pass from the discrete dynamical system v,
defined on AV !, to a near-integrable Hamiltonian flow. We shall first define a non-
autonomous time-periodic Hamiltonian H,;(6,r,t), where (0,r) € ANl and ¢t € T,
the return map of which coincides with ¥, for the section {t =0} ~ AN-L

If H(0,r,t) is a non-autonomous Hamiltonian function defined on AN =1 x T, we
extend the notation ® by considering the time-1 map of the vector field Xz of
the extended phase space AN~1 x T,

= 0,H(,r1t)
—89H(0,7’,t)
t = 1

Xn

Thus ® is a mapping of AN~ x T, the last component of which is always trivial.
We shall obtain the desired Hamiltonian H;(6,r,t) by applying the following

lemma with v = u;, v = v; and w = wj.

LEMMA 5.1. Assume A and L are related by (36) and set

L Imsallan
fT 778,A7 f’]r N8, A

Let u,v,w : AN~1 — R be smooth functions with support C (T x [0,3])N 1, which
belong to G ((T x [0,3])N 1) and have norms < 1/K,, and

Ky

1
W=0to Mo, ho(r) = (P4 i),

There exists a non-autonomous time-periodic Hamiltonian function H belonging
to GMANTY X T), such that H(0,7,t) = ho(r) if (0,r,t) € AN~ x [0, 1],
Kymax([|ullco, [vllco, [wlleo) < daa(H, ho) < Komax(|[ulla,z; [vlla,z, [lw]la,z)
(38)
and the time-1 map ®H for the corresponding autonomous vector field Xu
of AN=1 x T satisfies

o (2,0) = (¥(x),0), ze ANTL (39)
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Proof. We shall obtain H = ho(r) + f(6,r,t) by adapting the suspension procedure
of [MS03], Section 2.4.1.
Let us fix three periodic functions @1, 2 and @3 depending only on ¢, each one

of total mass 1, such that the first one has support C [3, 1], the second one C [3, 3]
and the third one C [§, 3]. For instance, we may take ¢;(t) = ¢(t — 252) with ¢
as in (36). A simple way of fulfilling (39) is to use H = H* defined by

H* =u® ¢+ (hg +v) ® p2 + w ® 3.

But the limit of H* as w,v,w — 0 is hg ® @9 rather than hyg. We thus apply
the same modification as in [MS03], using @s(t) = fg(cpg(t’) —1)dt' to define an
exact-symplectic time-periodic transformation x* = F;(z) by the formula

Fi(0,7) = (0 + @a2(t)r, 1), 0,r) € AN

(notice that @9 is periodic because fT w2 = 1). The conjugate vector field
in AN~ x T is generated by the Hamiltonian

H = ho(r)+ f(0,r,1), f(z,t) = e1(t)uo Fi(x) + pa(t)vo Fi(z) + @3 (t)w o Fy(z)
and still satisfies (39) because F; is reduced to identity for ¢ = 0. Our final formula
is thus

F(6,1,1) = ea(0)ul6+ Ba(0)r, 1) + 206+ Gal0)r, ) + s (w0 + Ea(0), ) (40

(one can notice that @(t) = —t for t € [0, 3] and Go(t) =1 —t for t € [2,1]).

In order to check (38), let us estimate norms on K, = TV x Bp, for v > 1. We
are in fact dealing with functions which depend on one angular variable (as ¢ and
the @;’s) or on 2(N — 1) variables (as u,v,w); in all cases, their support can be
viewed as a subset of K, (because R, > 3).

On the one hand, since @1, w2 and @3 have disjoint supports and attain the value

Kl - 1/fT T8, A 5
Ky max(([ullco, [[v]co, [[wlco) < [[fllcowc,) < [1fllaa, k.-
On the other hand, we can apply the result on composition contained in Remark A.1
of the appendix of [MS03] to get the inequality
[ llans i, < ll@lla,n, max((lulla,, [0lla,z; [wlla,L)-
It is here that we use the definition of L in (36), to ensure the inequality
(AY + R)l@2lla,n, — Rullzllcory < LY — A7

which is required for applying the composition result (we also use the inequality
(AY + Ry)l@2llan, — Rull@allcory < (AY + Ru)AZllw2llaa, + 3A8]02lcom—
see [MSO03], Section 2.4.1—and the fact that, according to (2), R, A is bounded
by 3*A% independently of v while A, < A).

We end up with

Kymax(|[ullco, [vllco, [w]co) < [[fllaa,.k, < Kemax(|ulla,z, [0]la,z; [w]a,z),

with Ko = ||¢|la.a = K1||7s,Alle.a, whence the conclusion follows, since the right-
hand side is < 1. O
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Applying the lemma to the map ¥, defined in Section 5.1, we obtain a non-
autonomous Hamiltonian H;. Let us consider the “tube of solutions” generated by
the flow of Hj from D; x {0} in the time-interval [0, 1)

Qj = {®"i(z,0); z € D;, t 0,51} ={(0+tr,rt); (6,r) € D;, t €0, 5]}, (41)

where the last identity is due to the fact that H; is reduced to ho(r) for ¢ € [0, §].
We shall now check that

0 H (7Y \ gl (3
oD = T'RUD,), (€L, (42)

where 7; = q? and 7 and R are commuting transformations defined as in (3),
except for the absence of the last component:

7(0177‘17-"79]\77177’.]\771710 = (elarl+17"'70N717TN717t)7
R(O1,71,. .. On—1,7N=1,t) = (1 +t,r1,...,0N—1,"N=1,1).

Notice the relation 7 (x,t) = (T1(x),t), where T; is the translation defined just
above the statement of Proposition 3.1. We observe that

RET @50 (2,0) = 0T ~4(2,0), re AN 1eZ, seR,

where the action of ®*"0 is extended to AN ~! x T in the obvious way: ®h0 (0,7 t) =
(6 + sr,r,t + s). This action coincides with that of ®*#i on the points (z,t) €
AN=L % T such that [t,t +s] C [0,%]. Thus, if (y,t) € D;, we can write
(y,t) = @5 (2,0) = &0 (2, 0) for some z € D; and ¢ € [0, ], and

O (y, 1) = @I (2, 0) = 9 ()7 (2),0)
by virtue of (39), whence

RT @ (y, 1) = R™T @0 ((¥))7 (2),0) = @ (T ()" (), 0).

We conclude that

RAT WD) = | o™ (I (¥) (D) x{0}) = |J @™ (D, x {0})
te[0,] t€[0,1]
by (37), which yields @j. Thus (42) is proved.
Finally, we pass to the autonomous Hamiltonian system generated by
H;(0,r,0n,rn) =7Nn+ H;(0,7,0N), 0,7) e ANL (On,rn) €A (43)

and take U; = Qj x R as wandering domain for ®". This ends the proof of
Theorem 2.1.

REMARK 5.1. One could also take for U; the tube of solutions generated by H;
Jrom D; x {0} x I during the time-interval [0, ], where I is some real interval.
We would still obtain a wandering domain, but relation (4) would persist for
the N — 1 first components only: the last component ry does indeed drift so as
to maintain %T% + rn bounded.
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5.3.  Variants in the C* category. The above construction can be adapted with
little effort to the case of finite differentiability.

Let kK > 0. If we do not care about the size of the wandering domain,
we can use the coupling lemma with the same systems i = Q%U o (@%T%)qj
and G = Gy x G3 X -+- X G,_1 as in Section 4, except that we modify the tuning

of the parameters: ¢; = N;M; with a new value
M; = [(e2e)" Ul er Npy + 1],
where c is the constant appearing in Remark 3.2. Indeed, choosing now

g(j) = Nap, @ g(j)7 g(j) = Nop;, @ Map; s

and observing that

. _ 1 _
lgPllen < et YL 5(20) (2p5) - (20 -nss) ™t < (ce®)" g,
lej<k

we get ||qijU ® gD |er < N%?? hence the small parameter ¢; is still 1/N7 (up to

some multiplicative constant). We therefore obtain a C* version of Proposition 3.1
with

2(E42) 2(7E5+2)
Cle ! <Tj=q]2SCQNj !

for some positive constants C; < Cs. (We would probably obtain larger
wandering domains by replacing the various Gevrey functions 7, ; occurring in
the construction of G by their C* counterpart.)

Inserting m — 2 extra degrees of freedom like we did in Section 5.1 and applying
the suspension procedure of Section 5.2 with minor changes, we end up with
a CF version of Theorem 2.1 where the drifting time 7; satisfies inequalities of
the form

1.a* 1.a* k

Qtﬁ SWS@Qﬁv =N

+ 2.

Observe that “C* version” refers here to the topology, in which our unstable
systems tend to the standard integrable one, and to the way ¢;, i.e. the distance
to integrability, is measured, but all the functions we manipulate are in fact C'*°
(as in Proposition 3.3).

This instability result is to be compared with the C* analogue of Nekhoroshev’s
Theorem in the quasi-convex case. As one would expect, the exponentially long
stability times that are available in the analytic and Gevrey categories must replaced
by shorter times, which are given by some positive power of the inverse of the
small parameter, in the C* category. More precisely, Theorem A from [MS03]
and its addendum can be transposed as follows, for any k > 2: the hypotheses
“h,H € G*E(TN x Bgr)” being replaced by “h,H € CF(TV x Bg)” and ¢
being defined using ||H — h||cx instead of ||H — hl|a,r, the conclusion is that the
confinement property ||7(t) — ro[| < C2e” holds at least for [¢| < C1(2)?, with

k 1

=N IN
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And for solutions starting at a distance /2 of a m-fold resonant surface (defined
by some resonant submodule of codimension d = N — m of Z"), the exponents

improve:
k 1

SR N
“TN-m 2(N —m)

We do not give here any detail of the proof of the C* stability result, preferring
to devote another paper to the systematic study of finite-time stability in the
differentiable category and in ultradifferentiable classes.

6. Splitting, symbolic dynamics and random walk

The aim of this section is to investigate new dynamical behaviours, closely related
to the preceding examples. Many possibilities are clearly left open, but we shall
content ourselves with the case where the pendulum map has transverse homoclinic
points instead of elliptic islands; as we shall see, the functions involved in the
construction are almost the same as in the previous examples. The existence of such
homoclinic points has several new consequences, which will enable us to extend the
results of [MSO03].

Regarding the splitting problem, we shall prove the existence of a one-parameter
family of hyperbolic tori, the invariant manifolds of which split along at least two
orthogonal directions, and we shall also completely describe the structure of the
splitting matrix of these manifolds at their homoclinic points.

Concerning the search for unstable orbits, we shall take advantage of the
existence of a horseshoe associated with the homoclinic point (Birkhoff-Smale-
Alexeiev theorem), and shall be able to construct oscillating orbits: these are
orbits whose ri-projection can take any prescribed sequence of values chosen in
a given set. The drifting orbits biasymptotic to infinity of [MS03]| now appear as
a particular case of this new construction, but we also get much more general ones,
whose complete description will be given in Proposition 6.4.

6.1. Transverse homoclinic points for the perturbed pendulum. The construction
of our homoclinic points will be very similar to that of the elliptic islands in
Section 4.3. The main difference is that we shall make use of a perturbation centred
on the upper point of the separatrix of the pendulum map, instead of the M-periodic
point that we considered in Section 4.3. We shall keep the notation of Sections 4.2
and 4.3, in particular Py (2,72) = 173 + 5=V (02) with V(62) = —1 — cos(262),
and we assume N > 3.

We start again with a straightening symplectic transformation (63, 72) — (X,Y)
defined in 07 *(R.) = {|62] < I, r2 > 3}, which differs from that defined in
Section 4.2 only by its central point. Namely, we set

X:TOO’(@Q,TQ), Y:€OU(927r2)/N7

so {Y = 0} corresponds to the upper separatrix of the pendulum map ®~, and
the upper point on that separatrix has (0,0) as new coordinates. We introduce a
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FIGURE 5. Left: Invariant manifolds of Go = ®FN o ®*SN | Right: Action of ®*SN and &P~ .

compact-supported function
Sn(02,72) = v, (r2 — ) (5 Tanv,an (X)) (44)

whose effect will be to create a local distorsion of the separatrix around its upper
point. As in Section 4.3, the function Sy belongs to G*L(T x [0, 3]) and satisfies

_1
”SNHOz,L < eXp(cNa_l)

where c is a positive real number depending only on a. Moreover, one checks that
the support of Sy is contained in Ry = [— %, 3] X [+, &].

A map of the form ®*5~ | for any real number j, will be referred to as a splitting
map. The right part of Figure 5 shows, in the coordinates (X,Y), the effect of
®H*SN on the axis X = 0, which will be the main feature for the creation of the
splitting of the invariant manifolds in the next lemma.

LEMMA 6.1. The point O = (1/2,0) is a hyperbolic fized point for the map
Ga = MV o §HoN,

Its stable and unstable manifolds W* (0O, Gy) have a transverse intersection at the
homoclinic point hy = (0,2/N). At this point, the angle © of these two manifolds,
measured in the (02,72) coordinates, satisfies tan®© = —4.

Moreover, there exists a connected neighbourhood ZE of hn in the intersection
Rnx N WH(O,Gs) such that the restriction of Py to Y is a bijection onto the

energy segment [—u/8N, u/8N].

Proof. The assertion on O is plain: the map ®*5~ is reduced to identity outside the
set {|02| < 1/N}. Consider the fundamental domain A centred on the point hy for
the invariant manifolds W* (O, ®F~), that is the segment of the upper separatrix
comprised between the points <I>_%PN (hn) and <I>_%P”(hN)7 and denote by A~
and A% its negative and positive iterates under ®~. Observe that, due again to
the form of ®*5¥ A= C W~ (0, G3) and AT € W+(0O, G>). Therefore, the direct
and inverse images of these segments under G satisfy:

Go(A7) C W (0,Gy), GHAY) c WH(O,Gy).

To determine these two images, is is convenient to make use of the straightening
coordinates (X,Y), in which the map ®F~ is just the translation of step 1/N
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along the X-axis. The segments A, A* are the subsets the X-axis defined by
A = [-1/2N,1/2N], At = [1/2N,3/2N| and A~ = —A™", while the support of
dH9N is contained in {|X| < 1/4N}, from which one deduces

Go(AT) = A, GyY(AT)=d H5N(A).

Therefore, in a neighbourhood of hy, the unstable manifold coincides with the
separatrix of the pendulum map, while the stable one is the preimage of that
separatrix by the splitting map (as illustrated on the left part of Figure 5). The
second assertion comes from the diagonal form of the derivative of the change
(X,Y) — (62,72) at the point (0,0).

Finally, the segment X3 will be the rectilinear part of G5 (AT), whose
projection on the Y-axis is the segment [—u/8N,u/8N]. By definition of the
straightening coordinates, this proves the last part of the lemma. O

In the following, we shall denote by ¥} the neighbourhood of the point Ay in
W~ (0, G2) whose projection on the X-axis is the interval [-1/4N,1/4N].

6.2. Splitting of the invariant manifolds. In this section we examine the
consequences of the existence the previous homoclinic point concerning the coupling
of G5 to other degrees of freedom. Our main purpose will be to describe the splitting
of the invariant manifolds of the n-dimensional tori which already appeared in the
example of [MS03]. In the present example, we want to describe not only the
longitudinal splitting but also the transverse one (see the precise meaning below).
We also would like to keep the structure of the system as close as possible to that
of [MSO03], but in order to determine a complete splitting matrix we shall have
to use, in addition to the new map Gs, the coupling functions gl(] )

Section 4.4. Nevertheless, as the construction is very much like that of [MS03], we
shall content ourselves with detailed statements and short proofs.

introduced in

We assume n > 3 in the rest of this section, the case n = 2 being analogous and
simpler. As in the preceding sections, we shall use the sequences (N;) and (N7})
defined in (19). We introduce a new sequence of maps (¥;):

1,241
v, = @TU®(](J) (@%T% o ((1)2 2t N2 V(62) O(I)wSNj) % q)%(rg-i-...-&-ri))’ (45)

with U(61) = & sin(276;), V(62) = —1 — cos(270s), the same function g\9) as

n (32), a function Sy, defined by (44), the same ¢; = M;N; as in Lemma 4.4 and

1
i = Sare T
T NZISN, llaz

Notice that p1; > exp(— cN“ 21 while o L U®g(] lla,rs [[145SN; e, < €5 = I ]\U;’ L.

We finally introduce the following nelghbourhood of the origin in the torus T" 2;

B]:{(o?’”a) ITn2||93|<2p"' |0|<2pj 71+3}
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sogg®~'~®gnzlon3j,andweset

0 = (i ! )
pj Pj+n-3

Our first statement depicts the various hyperbolic objects of ¥;, together with
their invariant manifolds. As in [MS03], one first notices that the (2n — 2)-
dimensional annulus A x {(1/2,0)} x A"~? is invariant under ¥; and normally
hyperbolic in A™. Moreover, for each r{ € R and 7 € R""2 the (n — 1)-
dimensional torus Zyo zo = Cho x {(1/2,0)} x T, where Cpo = T X {9 c A
and Tpo = T2 x {f°} C A"~2  is invariant and partially hyperbolic, with n-
dimensional invariant manifolds.

PROPOSITION 6.1. Let S be the surface of equation 63 =0 in A™.
1. For each 8 € Bj, the 2-dimensional annulus Vé(j) = A x {(1/2,0)} x {(,7D))}

1s invariant under \I/;Vj and partially hyperbolic in A™. Its 3-dimensional stable and

unstable manifolds VVi(Vé(j)7 \I/jvj) satisfy

N o~(j ] N]/ _ A (s _ . NJ/
Ax3f < {(@,#N} c WV W), Axsy < {(0,7D)} c W (VD w).
They admit a 2-dimensional homoclinic annulus inside S:
A x {hy,} < {(0,7D)5} c wH v wl ) nw- (v, win)ns.
2. For each 19 € R and each § € B, the circle Cg)é = Cpox{(1/2,0)} x {(8,79)},
where Co = T X {r{}, is invariant under \I/]-Vj and partially hyperbolic. Its 2-
dimensional stable and unstable manifolds W=+ (C(O)a’ \I/Nj) satisfy
* ®) oW g
C’oxENJ x {(6,7)} c W (COG,\I/. ),
_ N,/-

21" (Cg) x Ty, < {(0,79)} € W€D, w0,
b s )< )
One just has to remark that the (N})™ iterate of Ry, by GY) = @™ o priS;
does not intersect the support {|f2| < i} of the function 7,, 1; the proof is then

Proof. Recall that the support of Sy, is contained in Ry, =

completely analogous to that of the corresponding statement of [MS03]. O

We can now pass to the splitting problem As a consequence of the previous

proposition, one sees that for each 6 € B, the circle CTJ P has two homoclinic
19
orbits I'*, whose intersection with S are the points

wE(0) = ((F1/4,79),(0,2/N;), (6,79) ).

One then observes the following inclusion, relating the invariant manifolds of the

circles CTJ g to those of the invariant tori 7, 0.5 for each r{ € R,
1

N} A

Wi(cf‘;),é’\llj ) = Wi(zﬂg,ﬂj),wj) N (A x A x {(gj(j))}).
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We refer to [MS03], §2.5.4, for a proof in an essentially analogous context. As a
consequence, one sees that each torus 70 ;) possesses an open (n —2)-dimensional
homoclinic manifold, formed by the union of the orbits of the homoclinic points
w(é), 6 € B]—. This remark enables us to give an explicit description of the
invariant manifolds as graphs of suitable functions, in a neighbourhood of one of

the homoclinic points w(f), and thus to fully determine the splitting matrix.

PROPOSITION 6.2. For each 6 € Bj, the splitting matriz S of the invariant

manifolds of the torus T.o sy at the homoclinic point w(f), relative to the

coordinates 0 and r, is diagonal, and its diagonal elements are [%, —% 0,...,0].
J

Proof. Note that both segments Zﬁ have the same projection on the #3-axis, that
we shall denote by Jy. Let O; =T x Jn; ¥ Bj C T™, and let wziJNj — R be the
functions whose graphs are the segments Eﬁj. The manifolds W= (’Z}g’;m ,1;) are,
over the open set Oj;, the graphs of the functions wt O; — R™ defined by:

. U -~ NT
w+(9) =( ?7w§r(02)77:(]))’ w(0) = (P= (90,7‘?),’[1)2 (92),7"(])),
and the splitting matrix has components S;; = 0; (wjJr - wj_)(w(é)) a

Observe that, in the above result, the first diagonal element is exponential small
as indicated in (34); when related to the small parameter ¢}, it is thus characterized
m, whereas the second diagonal element is potentially
much smaller (one can modify the construction so as to make it of the order of

by the exponent

magnitude of exp(— const(:-) M@T)),

REMARK 6.1. The above contruction is only an example, chosen among many
others, for which the splitting matriz is completely depictable. For instance, one can
produce an example of nondegenerate splitting matriz by choosing a new function
99 =99 ® g3 @+ @ ga, with
géj) :T]Nj,L7 93::gn:Ua

a new parameter q; = Nj2|\an)L||a,L||U| le and the same p; = (NJ-QHSNJ.HQ,L)”.
The (2n—2)-dimensional annulus A x {(1/2,0)} x A"~2 and the (n—1)-dimensional
tort Tpo so are still invariant under V;, for all PO = (rd,...,r0). The torus 70 40

r'n

has now 2"~ homoclinic orbits, whose intersection with S are the points
((£1/4,79),(0,2/N;), (£1/4,79), ..., (£1/4,72)).

At these points, the splitting matriz is still diagonal, but the diagonal elements are
now [£2%, -4, :I:?J—’T, e :I:?I—ﬂ.
J J J

6.3. Horseshoe and fibred dynamics over the shift. We now wish to produce
oscillating orbits instead of drifting ones and to prove Theorem 2.2. To generate
positive and negative jumps of the rq-variable, it is necessary to have two zones in
the pendulum space at our disposal, one for each sign; then, to produce a random
walk, it suffices to find orbits visiting these two zones in any prescribed order, and
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to make use of an adapted version of the coupling lemma. Our starting point will be
the creation of two transverse homoclinic points for the perturbed pendulum, which
will enable us to construct adapted symbolic dynamics by the classical horseshoe
method, the two aforementioned zones being two suitable neighbourhoods of the
homoclinic points.

But to make sure that a coupling perturbation of the form which we already
used in the previous sections is still relevant in the present context, we shall have in
addition to control the minimal number of iterates required to produce a horseshoe.
And this will cause new difficulties, since we shall have to take care of the fact that
not only the splitting angle, but also the Lyapounov exponents of the fixed point
go to 0 when j — oo, the latter even being exponentially small with respect to
the perturbation. To overcome that difficulty without introducing cumbersome
estimates, we shall slightly modify our pendulum map in order to facilitate the
local analysis in the neighbourhood of the hyperbolic point.

We introduce a new function V', which differs from the previous one mainly by
the fact that it is exactly reduced to its quadratic part in the neighbourhood of its
maximum. Namely, we choose in G*(T) a function V taking its values in [—2,0]
and satisfying the conditions:

V(O)=-2, V(3)=0, V(@) =-%|0-3%" if [0-3]<3 (46)
(such a function is easily constructed, e.g. using Gevrey partitions of unity). Our
new functions P, and Py have the same expressions as above:

P.(0.,7.) = %rf +V(6,), Pn(02,7m5)= %r% + %V(@),
but they now involve the new function V. Note in particular that the relation
P, oo = N? Py and the conjugacy equation ¥ = g~ 1o d~ P+ o g still remain
valid.

The point O = (%,0) is still a hyperbolic fixed point for the pendulum-
like maps ® and ®FV, the separatrices of which are the curves of equations
ro = £y/=2V(0,) and ry = £+/—2V(6) respectively; we shall denote by
hED = (0,+2) and h%l) = (0,+%) the upper and lower points on them.

To create transverse intersections of the invariant manifolds of O at the points

hg\,il), we shall also modify our previous splitting function. We now set:

Sw(02,72) = (v (2 = 3) +iina (2 + 3)) (X iuvan (X)), (47)

so the behaviour of Sy is exactly the same as that of the previous function in
the neighbourhood of the upper point and we now have an analogous effect in the
neighbourhood of the lower one. We define our new “perturbed pendulum” map
as:

53+~ V(62)
J

o) =o o 1IN (48)

with the functions V' and Sy; just defined by (46) and (47), and with the same N;
as always (defined in (19)) and p; = 1/(N7[Sn,lla,). Note that we still have
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p; > exp(—cN Jﬁ) for a given positive constant ¢, because the supports of the 7
functions involved in the first term of the definition of Sy are disjoint.

Note also that O = (1/2,0) is still a hyperbolic fixed point for Géj), and now
admits the two homoclinic points h%l) =(0,£2).

Finally, we set q; = 2N;M; with M; as in Lemma 4.4, so ¢; is now even
but still satisfies inequalities of the form (34). As in the previous sections, g;
is chosen in order to control the size of the coupling perturbation ijU ® g,
which will be defined later in the construction (equation (49)): we shall still have
120 ® 69 o, 158N, lla . < 5 1= Dolset

The following lemma provides us with the necessary symbolic dynamics for the
q}h power of the function ng ),

+1 -1
PROPOSITION 6.3. Let B§ ) = [—Nij,N%j] X [Nij,Nij] and Bj(, ) = [_N%vzv%} %
[_]\%a_I\%]' There exist a compact set K; C B](H) U B](»_l), invariant under

(ng))qj, and a homeomorphism p; from K; to the space {—1,+1}* conjugating

the restriction (ng))?lé with the shift b on {—1,+1}Z.
J

Moreover, given x € K;, one has pj(x) = (ke)eez if and only if (ng))ij (z) €
Bj* for each ( € Z.

The shift b is defined here by b((k¢)eez) = (K})eez, with k) = k¢y1. The proof of
Proposition 6.3 will be the main part of the present section. To obtain /C;, we shall
first construct an invariant set in the neighbourhood of the fixed point, using the
classical horseshoe method; then the composition by a suitable iterate of the map
ng ) will yield the desired localization inside the boxes B;il). We shall closely follow
Moser’s simple presentation of the horseshoe theorem for two-dimensional systems
([Mos73], Chapter IIT). Our main difficulty here will be to prove that the minimal
number of iterates required to produce a horseshoe for the system Géj ) is smaller
that the number g;. To overcome the difficulty caused by the j-dependence of the
map ng ), we shall take advantage, as far as possible, of the conjugacy between
the pendulum and normalized pendulum maps ®N; and ®F =, and perform our
constructions simultaneously for the two maps.

We shall need some additional definitions based on Moser’s presentation. We
fix a coordinate system (zj,2,) in the plane R%. Given a real number 8 > 0, we
consider the rectangle R = {|z| < 3, |z»] < 8} and a fixed positive number . We
define a (-horizontal curve in R as the graph of a (-Lipschitz map zj, — z, = Yx(21)
defined on the interval |z| < 3, and a (-vertical curve as the graph of a (-Lipschitz
map z, — 2z, = Yp(2y) defined on the interval |z,| < 8. A (-horizontal strip is a
domain of the form:

Sn = {(2n,20) | Vg(zh) <z < (20},
where v, v are two (-horizontal curves such that v{(z,) < v¥(z2p) if |2n| < 8. One
has an analogous definition for the vertical strips S, .

The horseshoe method for producing symbolic dynamics in our problem first
requires to find a rectangle R together with two vertical strips V(= such that
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the images H(F = (Géj))qj (V(il)) intersect R along two horizontal strips. Then
one has to check some cone conditions ensuring the existence of an invariant set
and the conjugacy of the dynamics to a shift. The proof will necessitate several
steps, the first of which is the definition of natural coordinate systems in suitable
neighbourhoods of the fixed point and the separatrices for ™ and ;.

We first take into account the particular form of the function V' and introduce
linearizing symplectic coordinates in the neighbourhood V. = {|6. — %’ < %} of
the hyperbolic fixed point O. Writing @, for 6, — %, we set:

Uy = %(T* +é*)7 Sx = ! (’I“* - é*)’

S

so ds, Adu, = dr.Adf, and P,(0,,r.) = %Tf —
the map &P« ig linear inside V,:

6% = u,s, in V,. As a consequence,

N|—

@P*(u*,s*) = (eus, e 1s,).
We introduce the ball
BS = {Ju.| < 6_37 |ss| < 6_3} C Vs,

which will serve as a reference neighbourhood for O; note that the extremal values
of P, on BY are +e~%. For each 8 €]0,e~°], we define a tubular neighbourhood of
the separatrices by Vi(8) = {|Px| < 8}; remark that V,(3) is moreover invariant
under the flow ®*7 and that By C V. (e™9).

In the subset Vi(8) N {0 < 0, < 1, r, > 0} we introduce the coordinate system
(T4, €4), where 7, is defined as in (25) (beware of the change of V) and e, is the
value of P,; note that e, = u.s, in the common part V,(8) N BY.

We now get the analogous neighbourhoods for the map ®¥~, taking care of the
various transformation formulae (for the sake of clarity, we omit the subscript j in
this paragraph). Writing 0y = 6, — %, the symplectic linearizing coordinates (u, s)
for @~ are defined in V = {|62]| < %} by:

u=WNr+ k), 5= SN - )

and the (uy, s, )-coordinates of a point (6., r.) are related to the (u, s)-coordinates

of o7 (i) by u = J=, s = <. InV we get the simple expression
Pn(02,72) = 313 — 3203 = +us for the Hamiltonian, which yields a time-one

map of the form
oF- (s, 84) = (e% Us, e~ W Sx)-

We finally introduce the neighbourhood B° = o=1(B%) = {|u| < %, |s| < f/;ﬁs}
We shall construct our vertical and horizontal strips in the rectangle B°, which
we endow with the coordinates (z, = u, z, = s). Let us state a first auxillary

lemma, to gather the necessary information relative to the strips.

LEMMA 6.2. There exists an integer jo and a sequence ((j);>j, of positive numbers,
tending to 0 when j — oo, such that, for each j > jo, there exists in B° two Gj-
vertical strips Vj(il), whose images Hj(il) = (ng))qf(xg&”) are two (j-horizontal
strips in B°.
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FIGURE 6. Construction of the symbolic dynamics for Géj) — oNj o @HiN;

Proof. We shall first construct the vertical and horizontal strips Vj(H) and H](+1).
To preserve a certain symmetry, we find it useful to choose a small neighbourhood
Aj of the upper homoclinic point hg\}il) and examine its iterates of order +% and

—% by the map ng ). We shall first select inside A; a subset whose %-backward
iterate will give us the desired vertical strip ij(+1)’ and then prove that the forward
iterate (Géj))qj (Vj(H)) is a horizontal strip in B°. The other strips H](-fl) and
Vj(_l) will be obtained by the same process, using the lower homoclinic point hg\,_jl)
instead of the upper one.

It would of course be easier to perform the constructions for the normalized
map ® only, but we shall need some information relative to the j-dependent
map <I>PNJ', because the splitting map does not possess a simple expression in the
(04, 74) coordinates. So we shall mainly work in the (0,,r.) system for defining
intermediate subsets, but at the same time we consider their (6s,72)-analogues,
obtained by composition by the map o~!.

For each integer m > 1, we define a neighbourhood A, (m) of h, by

Ay(m) = {0, 7:) | 700, 70)| < L, Jes]| < e710%,

and provide it with the coordinates (74,e.). Let v be the smallest integer for
which ®"P+(h,) belongs to the interior of BY. One can fix mg large enough so as
to ensure the inclusion ®*7(A,(m)) € B? when m > mg. Let jo be such that
Nj, > mg. In the following, for j > jo, we shall consider the normalized domains
A,; = A,(N;) and their images A; = ailA*j. The final horizontal and vertical
strips we are searching for will be obtained as the %-forward and %-backward
iterates of a certain subdomain of A, which will be constructed by means of two
successive reductions of A;. More precisely, the final subdomain will be nearly a
parallelogram in the (62,72) coordinates, the boundary of which is composed of
nearly horizontal upper and lower sides, and right and left sides nearly rectilinear
with slope of the order of the splitting ;. The horizontal part of the boundary will
be determined in order that the %—forward iterate be a horizontal strip contained
in BY, while the right and left part will be determined in order that the %—backward

iterate be a vertical strip contained in B°.
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Let us perform the first reduction. We recall that M; = % is integer and
J
denote by D, the set of points z. € A,; such that the iterate OkPx (z.) belongs to
the set

V(e '"n{i<o. <1})uB’
for each k € {1,...,M;}. Remark that
O (Do) = P (A) N {Jua| <MY {e? <5 <070
and observe that the map &P+ gends the 7,-axis on the s,-axis. Let

g = 2o Mi+v=3,

Simple estimates based on the mean value theorem, applied to the derivative
of ®¥P+  show that, for j large enough, D,; is a &;-horizontal strip in R,; =
{|7] < N%, lex| < 1}, relatively to the (7«,es) coordinates, and that the image
H, = M- (D*j) is a horizontal strip in the rectangle By, relatively to the (u., s.)
coordinates. In the following we assume that jy is large enough to ensure that
these two properties hold when j > jo. Therefore, for j > jo, the set D;j = 0D,

is also a Iff—”—horizontal strip in the rectangle R; = 0‘1(R*j)7 relatively to the

j
(u2, s2)-coordinates, and the image H; = SRt (D;) is a horizontal strip in B°,
the Lipschitz factor of which we do not have to make precise. This ends the first
reduction of the initial domain.

The second reduction and the construction of the vertical strip Vj(H) will be
performed simultaneously: we shall now examine the behaviour of the backward
iterate (ng))_qj (H;), and prove that some part of its intersection with B is a
vertical strip in BY, that we shall choose as Vj(H); the corresponding part in D;
will be the reduced domain. This is where the splitting map comes into play.
Indeed, remark that

(G9) 7 (Hy) = @747 0 07195 0 @~ 7% (Hj) = 075 7% (07153 (D)),

so we first have to describe the set & = P HION; (D;). Equivalently, we shall
describe the image &£,; = o(&;). This is in fact another strip, for which we shall
come back to the (7, e.)-coordinates in the neighbourhood of the upper point .
More precisely, we shall limit ourselves to the intersection of £,; with the rectangular
domain R,; = {|7.| < N%, le«| < 1}. We claim that, if j is large enough and j > jo,
the intersection &,; N R, is a strip contained between the graphs of two decreasing
functions v4 < 7, defined on the interval {|7.| < N%}, which furthermore satisfy

1 1 1
_ > < _ B
a SNJ-) =16 %(8Nj) =716
i N 1
_2/”Lij < 74:(7—*)”7;(7—*) < _%a |T*| < F

J
The verification is easy, using Lemma 6.1, since D,; is a {;-horizontal strip and the
ratio &;/p; goes to 0 when j tends to oco.
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Now we can take up the description of (ng)) “Y(H;) = o= TN (&;), which will
D We shall proceed as for the
first reduction of domain and consider the points x, in £,; whose backward iterates
®~FP-(z,) belong to the set (V(e71%) N {0 < 6. < $}) UBY for k € {1,..., M;}.

The problem is now to determine the intersection

lead to the construction of the vertical strip Vj(

B (£,) N {[s.] < e MitvBY,

We claim that this intersection is a horizontal strip Z,;, relatively to the (U, Si)-
coordinates in BY, limited by the graphs of two functions ¢4 < ¢, the derivatives
of which satisfy

C1
max{ ||}l co, [y llco} < u
J

the positive number ¢; being independent of j. The proof of that assertion is
straightforward and left to the reader.

We can now conclude our description of the interesting part of (ng )>—qu (Hj).
It only remains for us to examine the backward iterate ®—(M;—)P- (Z.;), which is
easy since, due to the linear character of the map ® inside BY, our last assertion
directly implies that ®~(Mi=*)P- (7.} is a vertical strip in the rectangle B, with

Lipschitz factor (; = ’%exp(—Q(Mj —v)) tending to 0 when j tends to co. We

denote by V*(;l) that vertical strip, and we finally get the desired vertical strip in
B° by setting Vj(ﬂ) = gfl(V*(;rl)), which is also a (;-vertical strip in BP.

As for the reduction of domain, we now set P,; = &M (V*(;'l)). This is a
small neighbourhood of the point h., contained in the strip &,;, which has nearly
the shape of a parallelogram in the (7,es)-coordinates. More precisely, P; is
obtained as the intersection of &,; with the horizontal strip S.; limited by the
images by ®”* of the two segments s, = +e~Mit¥=3 in Bi. As above, it is not
difficult to see that these images are &;-Lipschitz graphs of functions from the 7-
axis to the e,-axis. Hence the boundary of P,; is composed of two nearly horizontal
parts, the intersections of these two graphs with &,;, and of right and left parts
which are the intersections of the right and left parts of the boundary of &,; with
the horizontal strip S.;. These parts are graphs of functions, the slope of which
is approximately —u;N; in the (0,,r,) variables. Finally, we end up with the
corresponding parallelogram P; = 0~ 1(P,;) in the (f2,72) variables, the boundary
of which has obvious description.

To conclude the proof, it only remains for us to go forward and show that the
image (ng))% (Vj(H)) is indeed a horizontal strip in BY. Just as above, we have to
take care of the occurrence of the splitting map in the chain of iterates. We remark
that

(Géj))qj(vj('*'l)) = @%PNj o ®HiSN; o (IJ%PNJ‘ (V}('H)) = Q%PN]’ o PHISN; (P))

The domain £; = "/ Sn; (P;) is still nearly a parallelogram, the boundary of which
is the image of the previous one: the right and left parts of its boundary are now
the images by the splitting map of the horizontal parts of the boundary of P;,
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while the other two ones are nearly horizontal. For the final step, we go back to
the (7., e,)-coordinates and consider L,; = o(®" SN (P;)). The slope of the right
and left parts of its boundary has a lower bound of the form cop;N;, and this is
enough to ensure that ®%/2N; (L.j) is a ¢;-horizontal strip in B?. The final strip
H J(+1) is therefore a (j-horizontal strip in B, and we are done. This ends the proof
of Lemma 6.2. O

As indicated at the beginning of the proof, we proceed in a similar way to

get two other strips V(=1 and H=1) inside B, with the same Lipschitz factor.
Our last task will be to consider the usual cone conditions inside the vertical and
horizontal strips. Following Moser, given § > 0, we now define two trivial sector
bundles Cj,(8) and C,(8) in the tangent space TB? = B® x R?, whose fibres over
each point are respectively the sectors Cp(0) = {(wy,ws) | |ws| < §|wy|} and
Cyp(8) = {(wu,ws) | |Jwu| < 0 ]ws|}. The following and last auxillary lemma, whose
proof is straightforward, depicts the behaviour of these bundles under positive and
negative iteration by Géj ),
LEMMA 6.3. There exists j1 > jo and a sequence (0;)j>j, of positive numbers,
converging to 0, such that the sector bundle Cy(d;), restricted to VvED v g
invariant under (Géj))qj, and that the sector bundle C,(8;), restricted to H*V U
HEY | s invariant under (ng))qu, Moreover, for each point z € VD u V(=1
and each (wy,ws) € Cy(d;), the image (W), wl) = T, (Géj))qj (wy,ws) satisfies the
dilatation condition |w),| > 5;1 lwa|, and for each point z € HFXVUHY and each
(Wu,ws) € Cy(05), the image (w),,w,) =Ty (Géj))qj (wy,ws) satisfies the contraction
condition |wi| < 0; |ws|.

The horseshoe theorem applies (see [Mos73]) and yields a compact invariant set
K; contained in the union Hj(fl) U HJ(H), and a homeomorphism p; from K; to
{—1,+1}* satisfying the conjugacy equation (G(Qj))f}cj =pjobo ﬁj_l. The coding
sequence p;(x) = (k) of a point z € K; is determined by the sequence of visits of
its iterates in the strips H*Y and H(Y: by construction

(G5 () e H®O, 1.

The last step of our construction will be to send the previous invariant set K; into
the two neighbourhoods B](-il) of the upper and lower homoclinic points. For this,
one just has to consider the image
K; = (G9) 7 (K;) c (GI)F (HED u HEY),

and to set p; = p; o (ng))_%. Since (Géj))% (HED) Bj(-il), the conclusion of
Proposition 6.3 follows. O

We now consider a suitable composed diffeomorphism W¥;, for which we shall
prove the existence of skew-product dynamics, fibred over the shift map on two

symbols. This construction may be seen as a perturbative example of the situation
described in [Moe02]. We have to modify the coupling function, in order to take
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advantage of our two disjoint zones in the pendulum space and choose the sign of
the drift. We define a function

g(J) = géj)(027 Tz)g(j)(937 s 79n)a g(]) = 7721)j‘L @ ® 772pj,n+311,7 (49)
i.e. a function of the same form as in (32), but with

95" (03,73) = iin, 1.(r = ) Mg, £.(02) = fin, 1. (r2 + 2) Mo, 1 (62),  (50)

and we consider the map

1@ ,
U, =% ves™ (Q)%T% X Géj) X (I)%(TgJF“'JFTi))7 (51)
j itz V(0
where Géj) = P oSN = 7 N (@)
us until now in the present section.

0®"°N; is the map which has occupied

PROPOSITION 6.4. For each #9) € B; x {#f)}, the set T; = A x Kj x {0} is
invariant under the map \IJ?. After identification of I; with A x IC;, the restriction
to Z; of \IJ? satisfies the conjugacy equation

where the map P; : A x {—1,1}2 — A x {=1,1}2 is defined by

Pi(zr, k) = (@5 o (@) (21),b(k)) for 21 € A and & = (ke)eez € {—1,1}%.
Proof. We are in a situation comparable to that of Lemma 3.2, with f = qijU,
g = ¢W, F = & and G = ng) x G, where G = ®3i++7)  We
first observe that ®i™™; (K;) lies outside the support of Géj). Let (z1,22) €
Ax K; and z = (z1,29,29)). In view of (13), we readily compute \Ifgrl(x) =
(Fu = (21), (G0~ (2), G151 (21))), hence

L 9@ (GF)% (x2))U

() = (27 (B (). (G5 (22). 29

= ((I) oY o pu (z1), (Géj))q’ (x2), i‘(J)>,
the last equality stemming from the definition of géj ) and that of the coding sequence
for x5. This proves the proposition. O

As a consequence, we can now obtain the random walk behaviour, by an
appropriate choice of the initial point on the first factor. As in (7), we denote
by Ts the translation of step § > 0 along the first action axis in A™.

COROLLARY 6.1. Let GUY) be the diffeomorphism of A" defined by GY) (1, x9, %) =
(xl,GgJ)(xg),;%). For all k = (k¢)eez € {—1,1}%, there exists a point x € A™ such
that

Vi () = Te o GO D@y, rez.

In particular, the sequence (’I“gz))ggz formed by the ri-coordinates of the points

\Ilﬁqj (z) satisfies
(O _ ey Ke

-
1
d;
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Proof. The assertion results of an iterated application of Proposition 6.4, using a
point of the form z = ((0,0),xgj),i(j)), where xgj) = pj_l(/i) and #1) is any point
of Bj x {#1)}. O

Theorem 2.2 is deduced from this result, with NV = n+1, by the same suspension
procedure as in Section 5.2. In view of (51), we can indeed apply Lemma 5.1 with
u= qijU ®g9), v = N%;V(QQ) and w = p;Sn; (02); we get a non-autonomous time-
periodic Hamiltonian H;(6,r,t), from which we obtain the desired Hamiltonian
of T x R**1 as

Hi (0, 0n41,7,Tn41) = Togr + Hji(0,7,0041),
for (0,0,41) € T x T™ and (r,7p4+1) € R x R™.

REMARK 6.2. The ergodicity result contained in § 4 of [Moe02] can also to some
little extent be adapted to our situation, at the price of a slight modification of the
map V;.

According to Proposition 6.4, we can indeed view the restriction (\Ilj)l\]%j as a
skew-product

Pj(x1, k) = (Fu, (21),b(K)),  Fu, = $5U o phart

and consider F_y and Fy1 as two maps randomly iterated on the annulus A.
If we change the definition of géj) in (50) by retaining the first term only, the

new map ¥; defined by (51) now corresponds to the same Fii1 = <I>‘TlJ‘U o 3
but to F_1 = 34, We then recover a particular case of the situation of
Theorem 4 of [Moe02], except that we have not restricted ourselves to a finite-
measure part of the annulus. By the same arguments as Moeckel, we can prove the
ergodicity of the Lebesgue measure Ay for the pair of maps {F_1,F1}. This is
sufficient to get a dense orbit for the skew-product Pj;, and thus an orbit of \Il;z--j
whose first projection onto A is dense (indeed, the non-exitence of non-trivial Borel
subsets of A simultaneously invariant by F_1 and Fiq implies that for any two
non-void open subsets U, U' of A, there exist r > 0 and K1,...,k € {—1,41}
such that F,, oo F. (U)NU" # 0; hence, for any two non-void subsets E,
E' of A x {—1,+1}%, there exists n > 0 such that PHE)NE # 0, since
each of these open sets contains a “rectangle” of the form U x C where C is a
“symmetric cylinder” {k € {~1,+1}2 | Ky = Qs vy Km = Q) for some
finite sequence a_p,, ..., an, and iterates of such rectangles are easy to compute;
topological transitivity follows by standard arguments). However, we were not able
to use this to obtain an ergodic measure for \1,3217 the support of which would have
been I; = A x K; x {2}, simply because A has infinite Lebesque measure and we
cannot invoke Kakutani’s theorem as Moeckel does in the finite measure case.

A.  Appendiz: proof of Lemma 3.1
A.1. We suppose
A(Y) = MY + AY? 4 AY* 400, BI(X) = p(X +bX?) + O(X*),
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with real coefficients such that 0 < pA; < 2, and we wish to study locally
f=®40®B, defined by the formula

f(va):(leYi)7 Xl:X+A/(Y_B/(X))7 Yl:Y_B/(X)
The origin is a fixed point, at which the linear part is given by the matrix

l—uAl A1 )

pro = (A

We thus obtain A = e?° (and A = e~¥7°) as eigenvalue, with y determined by

A
cos%:l—%, —g<70<0,

as indicated in the statement of the lemma. Notice that ¥ = 2sinyy < 0 (it is
understood in that statement that Df(0) is rotation of angle o rather than —v)
and that our assumptions ensure that none of the numbers X, A2, A3, A\* coincide
with 1.

The general theory guarantees the existence of a symplectic change of coordinates
which puts f in Birkhoff normal form at order 2:

v 2 2
S S

X}:Xcosa—}}sina, ?1:Xsina+?cosa, a=%+7"—%

Our aim is to compute the number 7, (which is uniquely determined).

We shall follow the procedure described in [SM71, §§31-34], according to which
we need not care about the symplectic character of the tranformations and can
content ourselves with searching for complex coordinates (£,7n) in which f takes
the form

G =MNA+mén+..), m= 1 —inén+...). (52)
A.2. We first perform a complex linear change of coordinates
r= RO, = ()
to diagonalize D f(0): in these coordinates, f becomes

ry = p(z,y) = Az + p2(z,y) + ps(z,y) + ...,

! (53)
Y1 = Q(xvy) = )\y+q2($,y) + Q3(xay) +..

with ¢(z,y) = p(y, x) because of the realness of f. The computation of v; requires
the knowledge of all the coefficients of the quadratic part
pa(z,y) = Cox® + Doxy + Eoy®,  qo(z,y) = Eyx? + Doxy + Coy?,
and of the coefficient D3 of the cubic part
p3(,y) = Csa®+ Dsa’y+ Esxy®+ Fsy®,  qs(x,y) = Fsa®+ Esz®y+ Dszy®+Csy’.

We leave it to the reader to check that the inverse formulae for the linear change
of coordinates are

X=01-XNz+1-XNy, Y =npx+y)
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and that
2 2
Co=ON2, Dy=2Q, Ey=0)\, Dy=— —&“,(/@H Asp) Q= Ao
PEDY PDY
(54)

A.3. We can now write the conjugation equation to be satisfied by a tangent-to-
identity transformation

z=¢(&n) =E+da(§m)+ds(En)+- oy =0(&n) = n+va(§m)+vs(En)+. .
to pass from (53) to (52):

PAE(L+imén+..), (1 —imén+...)) =
with ¥(€,m) = ¢(n, &) because of the realness condition. The quadratic part of the
transformation is easily obtained by solving ¢2(AE, M) — A2 (&,1) = pa(€,7):

Cs Dy E,
e L CR

$2(&m) = &+

and ¥2(&,m) = ¢a2(n, §).

The coefficient ; is determined by examining the coefficient of £2:

M EPn + ¢3(AE, An) — Ags(€,m) — p3(€,m) =
cubic part of [pZ (5 + ¢2 (ga 77)7 n + d)2 (Ea 77)} )

thus _ <
- A 1 _ 2A _
CyD ——=DsD ——Fs Fs.
[ St St I €
This corresponds to the formula given by [Io79], p. 30.
In view of (54), since 2 € iR, we can write

iAy1 = D3 +

o2y (2= 2 L\ e
iy — D3 = QQ)\< P —&—)\_1—1—)\3_1 = —20°\w,

whence the conclusion follows.
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