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IRINA NENCIU

ABSTRACT. In [14] Nenciu and Simon found that the analogue of
the Toda system in the context of orthogonal polynomials on the
unit circle is the defocusing Ablowitz-Ladik system. In this paper
we use the CMV and extended CMV matrices defined in [5] and
[13, 14], respectively, to construct Lax pair representations for this
system.

1. INTRODUCTION

The aim of this paper is to present new results concerning the Ablowitz-
Ladik (AL) system. More precisely, we use the connection between the
AL system and the theory of orthogonal polynomials on the unit circle
to construct Lax pairs associated to the Hamiltonians in the defocusing
AL hierarchy. Our main investigation focuses on the periodic case, but
these results translate to corresponding statements in the finite and
infinite cases.

We briefly introduce the main players. The defocusing AL equa-
tion was defined in 1975-76 by Ablowitz and Ladik [1, 2] as a space-
discretization of the cubic nonlinear Schrodinger equation. It reads:

(1.1) —ict, = p2(Qpy1 + Q1) — 20,

where o = {a,,} C D is a sequence of complex numbers inside the unit
disk and

P =1— lowl”.
The analogy with the continuous NLS becomes transparent if we rewrite
(1.1) as

—i0y, = Opip1 — 200, + Q1 — |an|2<an+l + an—l)-

Here, and throughout this paper, f will denote the time derivative of

the function f.
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We note that the name “Ablowitz-Ladik equation” that we use here
for (1.1) is sometimes used for a more general equation that was intro-
duced in the same paper [1]. Moreover, (1.1) also appears in the litera-
ture under the name IDNLS (integrable discrete nonlinear Schrodinger
equation). So far, the study of this equation focused mainly around
the inverse scattering transform; see, for example, [3, Chapter 3] and
the references therein. Other aspects of the Ablowitz-Ladik equations
have been further studied, for example, in [8], [9], [10], [11], [12], [16],
and [17].

We will try to understand (1.1) from a different perspective: that of
the theory of orthogonal polynomials on the unit circle. We concentrate
on the periodic problem as it was the first one solved, and our main
results for the finite and infinite defocusing Ablowitz-Ladik systems
follow from the corresponding result in the periodic case.

While more details can be found in Appendix B and we shall freely
use all the notation introduced there, we present here some of the main
notions and relevant results. Let p be a probability measure on the
unit circle. By applying the Gram-Schmidt procedure to 1, z, 2%, ...,
one can define the monic orthogonal polynomials {®,,},>0. They obey
a recurrence relation

D, 1(2) = 29,(2) — @, P (2)

for all n > 0, where

@5 (2) = 2", (1)
is the reversed polynomial, and oo = {a, },>0 is the sequence of Verblun-
sky coefficients. (The use of the same notation as in (1.1) is not a coin-
cidence, as we will see.) If we represent the operator of multiplication
by z on L?*(du) in an appropriate basis, we obtain a 5-diagonal unitary
matrix

Qo poQ1  Pop 0 0
Lo —QpQy —OppP1 0 0
C— 0  prae —aie  p203 P2P3
0 pip2  —Q1py —Qld3  —Qgp3
0 0 0 p30_14 — 30y

This matrix was first discovered by Cantero, Moral, and Veldzquez
[5], and is called the CMV matrix. Furthermore, if the Verblunsky
coefficients are periodic, one can very naturally define the extended
CMV matrix £ (as in (B.9)) and its Floquet restrictions &£ to the
periodic subspaces (see Chapter 11 of [14]).
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The theory of periodic Verblunsky coefficients was first studied by
Geronimus, and, more recently, by Peherstorfer and collaborators, and
Golinskii and collaborators (for detailed references to their work, see
[14]). Simon used the analogy with Hill’s equation to fully develop
the theory for periodic Verblunsky coefficients in [14, Chapter 11]. In
particular, he defines the discriminant A(z) naturally associated to this
periodic problem and finds that

Proposition 1.1 (Simon). Let p (the period of the coefficients) be even.
Let {aj}i;(l] and {’yj}f;é be two elements of DP. The following are
equivalent:

(1) Az {ay}) = Az {5})-

(2) TL,(1—lol?) = [T, (1 Pyl?), and the eigenvatucs of &s({;)723)
and 5(5)({7j}§;(1]) coincide for one 3 € OD.

(3) The eigenvalues ofé’(g)({ozj}?;é) and S(B)({fyj}g;é) are equal for
all 5 € dD.

(4) spec(E({a;}]20)) = spec(E({1;}115)).

When these conditions hold, we say that {aj}g;é and {7]-};’;3 are
isospectral.

Next, we present two examples which represented a first step in es-
tablishing the connection between OPUC and the AL system. For the
full computations which justify our claims, see Examples 11.1.4 and 5
in [14].

Example 1 (Geronimus). Let o € D and define o; = o for all j > 0.
The isospectral manifold in this case is a circle

{a=(1—pHY2%? . 0 € [0,2n]}

if |a| # 0, and a point (or a zero-dimensional torus), a = 0, if |a| = 0.

Example 2 (Akhiezer). Consider ay; = a and agj1 = o, with a, o’ €
D and 5 > 0, to be periodic Verblunsky coefficients with period p = 2.
Again the discriminant is easily computable and

(1.2) Ay = %[eos(@) + Re(aa')].

Let 61 € [0, ) solve cos(f+) = — Re(aa’) & pp’. Note that | Re(aa’)| +
pp’ < 1, and hence there are always solutions, with 0 < 6, < 6_ <.
Hence |A(e?)| < 2 if and only if 460 € [0,,0_]. We are interested in
finding the set of pairs (a, o’) € D? which lead to a given A of the form
(1.2). This can be done explicitly, and the conclusion is that
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e There are no open gaps for |a| = |a/| = 0, and so the isospectral
manifold is a point (0-dimensional torus).

e There is exactly one open gap when o = +a’ # 0, which leads
to the isospectral manifold being a circle.

e There are two open gaps if and only if the isospectral manifold
is a two-dimensional torus.

The two examples above suggest that D fibers into tori, generically of
real dimension p, half of the real dimension of DP. This was proved by
Simon in [14].

Recall that a Hamiltonian vector field Vi is called completely inte-
grable on a domain D contained in a manifold of real dimension 2n if
there exist n integrals of motion Hy = H, H,, ..., H, whose gradients
are linearly independent on D and which Poisson commute. In this
case, the Liouville-Arnold-Jost Theorem (see [4] and [7]) says that if
N =, H;,'(cx) is compact and connected, then it is an n-dimensional
torus. Finding the symplectic structure and the integrable system nat-
urally associated with periodic Verblunsky coefficients and the notion
of isospectrality defined above was the main purpose of the work of
Nenciu and Simon [14, Ch.11, Section 11], that we shall briefly de-
scribe here.

We begin by defining the symplectic structure. We are considering
the problem of periodic Verblunsky coefficients with period p. So we
are interested in a symplectic form on DP, which has real dimension 2p.
Let o = (g, ..., p—1) € D?, and let u; = Re; and v; = Im «; for all
0 <j <p-—1. Then we define our symplectic form by

181
(1.3) w= 52_2duj/\dvj’

j=0 "7
As all of the subsequent computations will involve only the correspond-
ing Poisson bracket, let us note that, for f and g functions on DP, we
have

1%~ L [0f 89 Of 9y
(1.4) {rat=5>_1r [8_?@3_1@ N a_vja_uj]

j=0
p—1
. af dg af Jdg
o 2
(1.5) =i 4 [8@-80« - 804-8&}7
=0 J J J J

where for z = u + v € D we use the standard notation

o _1(o 9N 4 2_1(2 9
9z 2\ou ‘ov) M 8z 2\ou T 'an )
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Lemma 1.2. The 2-form defined by (1.3) is a symplectic form. Equiva-
lently, the bracket (1.4) obeys the Jacobi identity and is nondegenerate.

Proof. w is a sum of 2-forms, each of which acts only on one of the
variables «; for 0 < j < p — 1. But any 2-form is closed in R?, and
hence w is closed. It is also nondegenerate, since the function pj_2 is
positive on D? for each j.

The first result is
Theorem 1 (Nenciu - Simon). With the above Poisson bracket we have
(1.6) {A(2), Aw)} =0
for any z,w € C.

In particular, one has

Corollary 1.3. The Hamiltonian flows generated by A(z) for z € 0D
and by H?;é p; all commute with each other and leave A(w) invariant.

Theorem 1 is proved using the expression of A in terms of Wall
polynomials and the recurrence relations that they obey. For details,
see Section 11.11 of [14] and the references therein.

Moreover, the coefficients of the monic polynomial

me(ﬁpj)A(z)

come in complex conjugate pairs: ¢; = ¢,—;. If we also take into
account the fact that ¢y = ¢, = 1 and ¢, is real, we get that the real
and imaginary parts of the ¢; with 1 < j < £ — 1, together with ¢,/
and H?;é p?, form a set of p commuting integrals. Note that the real
dimension of the space DP of the Verblunsky coefficients is 2p, twice
the number of the Hamiltonians described above.

The next natural question concerns finding Lax pairs associated to
these commuting Hamiltonians.

Remark 1.4. Recall that finding a Lax pair representation

(1.7) L=|[L,P]
for an evolution equation allows one to identify the eigenvalues of L
as conserved quantities. This is usually done in the case when L is

selfadjoint, but essentially the same proof works in the case that we
are interested in, when L is unitary.
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Indeed, let A € S! be an eigenvalue of L, a unitary matrix, and ¢
the corresponding unit eigenvector. Then

= (Lo, 9)
and hence ' ‘ .
= (Lo, ¢) + (L, ¢) + (L, §).
Note that
(L&, ¢) + (L, 0) = (6, L"¢) + (Lo, )
= (6,2¢) + (A0, 0)
= (9,9) + (¢, 9)]
= \(¢, 0)
=0,
as (¢,¢) = 1. So,

A= (Lo.¢) = (L, Pl¢, ¢)
= (P¢,L*¢) — (PL¢, 9)
= (P, \p) — (\P¢, ) = 0.

As it turns out, the coefficients ¢; for which Nenciu and Simon ob-
tained Poisson commutativity are not the Hamiltonians we will be
working with here, while being closely related to them.

A consequence of Theorem 11.2.2 and formula (11.2.17) of [14] is

(1.8) det(z — Qn)) = zp/Q(ﬁpj> [A(z) —

where Q1) is the restriction of £ to the space of p-periodic [*° sequences
(see the definition of Qg) in Section 2). In particular, this shows that
ITZ =0 ,0] and the coefﬁ(:lents of A Poisson commute if and only if Hp 0 P
and the real and imaginary parts of the traces of the first £ powers of
Q1) Poisson commute. These are (essentially, see Proposition 2.5) the
Hamiltonians we will be working with. They are the natural functions
to consider by the fact proved above, that existence of Lax pairs implies
conservation of the eigenvalues, and hence of the traces of powers of
the Lax matrix.

The organization of the paper is as follows: In Section 2 we define the
objects involved in the periodic problem and present the main result,
Theorem 2, and its consequences. Section 3 contains the ideas of the
proof of the main theorem, Theorem 2, while in Appendix A we give
the full computations involved in this proof. Sections 4 and 5 deal with
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the finite and infinite cases, respectively. Finally, Appendix B gives the
necessary background on the theory of orthogonal polynomials on the
unit circle.

2. THE MAIN RESULTS IN THE PERIODIC CASE

We must first define our Hamiltonians K. Essentially, they are
traces per volume of the powers of the extended CMV matrix £.

Consider the periodic Ablowitz-Ladik problem with period p. If p is
even, then let £ be the extended CMV matrix associated to these a’s;
if p is odd, think of the sequence of Verblunsky coefficients as having
period 2p and thus define the extended CMV matrix £.

For each n > 1, we define the Hamiltonians we will be working with
as:

12
(2.1) Ky =~ > &
k=0

For n = 0, we set

p—1
7=0

Finally, for A a doubly-infinite matrix, we set A, as the matrix with
entries
.Ajk, if j <k;
(A= A Hj=k
0, if j > k.

The central theorem of our paper is:

Theorem 2. The Lax pairs for the n'™ Hamiltonian of the periodic
defocusing Ablowitz-Ladik system are given by

(2.2) {€,K,} = [€,i&]]
and

2.3) (8K} = [£0(E))
foralln > 1.

Here we use {€, f} to denote the doubly-infinite matrix with (j, k)
entry {Ejx, f}; also, £ denotes (E™) .

Remark 2.1. The form of Theorem 2, and the main idea of the proof
were inspired by the analogous result of van Moerbeke [18] for the
periodic Toda lattice. But none of the two results implies the other.
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Moreover, in the case of the Toda lattice, the necessary calculations
are very simple due to the tri-diagonal, symmetric nature of the Ja-
cobi matrices naturally associated to that problem. The analogue on
the circle are CMV matrices, whose more complicated structure makes
proving this result computationally much more involved.

But we are dealing with a finite dimensional problem, so we are
interested in finding appropriate finite dimensional spaces to which we
can restrict the operators in (2.2) and (2.3). Also, we want to express
the Hamiltonians K, in terms of these restrictions.

The following lemma is an immediate consequence of the structure
of £; it can easily be proven by induction whenever £ can be defined.

Lemma 2.2. Let n > 1 be an integer. Then £y is identically zero as
a function of the Verblunsky coefficients if one of the following holds:
l7— k| >2n+1
or j —k=2n and j and k are even
or ) —k=—2n and j and k are odd.

In particular, the number of entries which are not identically zero (as
functions of the a’s) on any row of E™ is bounded by 4n.

Recall that the definition of £ depends on the parity of the period
p. This explains why we need to study the cases p even and p odd
separately.

Let us first consider the case of the period p being even. We denote
by X(4) the subspace of °°(Z)
Xy = {u € I°(Z) | tmsap = )

of sequences of period dp. As the Verblunsky coefficients are periodic
with period p, we find that &1 x4, = & for any j, k € Z, and hence
E" restricts to X(g) for all n € Z and d > 1. Moreover, if we denote by

f,id), k=0,...,dp—1, the [*°(Z) vector given by

( ]E:d))j =1 when j = k (mod dp), and 0 otherwise,

we have that {f(()d), éd), . ,55;)_1} is a basis in X(4), and
n n d
€6 ) 5er = €6"); =D E sy
lez

Notice that this sum has only a finite number of nonzero terms for any
choice of n, 7, k, p, and d.
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Let us denote by Q4 the matrix representation of the restriction £ |

X(g) in the basis {féd),éd), . ,§§;f)_1}. Then the matrix representing
E" | X(q) in the same basis is Q))), whose entries are given by

(2:4) .k = D Ekstap

lez
for 0 < g,k <dp—1.

Lemma 2.3. For dp > 2n + 1, we have that
1 n
ETr(Q(d)>
is independent of d and equals K, .

Proof.
dp 1

1
7 11(C) dZQd)kk:

From Lemma 2.2 we know that & = 0 for |[j — k| > 2n. So for

dp > 2n + 1 we get
Q) ek = Z Erhidp = Er
leZ
From this and periodicity we can conclude that
dp 1

éTY Q) dekk ngk—”K

is indeed independent of d. O

If p is odd, we consider the same objects as above, with the extra
constraint that dp, and hence d, must always be even. Recall that
in this case we define £ by thinking of the Verblunsky coefficients as
having period 2p. For d even, we can then define X and Q) as
above, while always keeping in mind that we can use the results we
just proved for dp = %l - 2p.

Therefore, if d is even and large enough, we have that

2 dp 1 2p—1

The last observation we need to make is that in thls case the entries of
& obey

Sjk = gk+p,j+;v :
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This comes from the fact that
Livpgtp = M,
and that £ and M are symmetric. Hence
Enipiir = D LopiMijep = O LuMiy =Y  LyuMu = Ej,
lez lez leZ

as claimed. A straightforward induction shows that

n _on
gk+p,j+p_ jk

for all n, and hence

2p—1

ETT( (@) = 2 Z Epr = ngk = nky
k=0 k=0
also holds for p odd, as long as dp is even and dp > 2n + 1.

So we proved that, with K, defined as in (2.1), we have

1
(2.5) K, = %Tr( (@)
for dp even and greater than 2n + 1.

Let us note that relations (2.2) and (2.3) hold in the sense of bounded
operators on [*°(Z). Moreover, all the matrices in these relations obey
the same periodicity conditions as &, so it makes sense to restrict (2.2)
and (2.3) to X(4) for d > 1. By doing this we get

Corollary 2.4. For all d > 1, with dp even, and n > 1, we have

(2.6) {Q), Kn} = [Qa), 190y +]
and
(2.7) {Q), Kn} = [Qa), Q0 1),

where we denote by Q?d)Hr the matriz representation of (™)1 | X(a) in
. d) (d d
the basis {53 ),é L ,fc(lp),l}

Note that Q?d), . is not an upper triangular matrix, as it contains
entries which are generically nonzero in its lower left corner.

Let us make an observation that will explain why we cannot simply
use the traces of powers of Q(;) even if p is even, but also that we are
not changing by much the Hamiltonians we are most interested in:
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Proposition 2.5. Forp even and 1 <n <% —1, we have that

but

2
21O = Kyt 260

Proof. From formula (2.4) and Lemma 2.2 we see that, for n < £ —1,
1).§j — Z Ji+tp = E5j
lez
for all j =0,...,p— 1. This follows since, for |I| > 1,
=G+ >p>2n+1.
Hence, using (2.1),

If n = £ and j even, the formulae (2.4),(5.2), (5.3), and periodicity
of the Verblunsky coefficients imply that

=2
1) 37 J,j+lp

leZ

=E&L+ &7

j]+p

=&} +Hﬂk

and
=) &
1),j+1,5+1 — Jj+1,5+1+1lp
ez
n
=& 141 T 5j+1,j+1fp
-1
n
Eivrjm T H Pk-
k=0
Therefore,

2
P %) 25n+pHPk Kz + 2Ky,

as claimed. O
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Remark 2.6. An easy computation shows that
{aj,2Re(K1)} = ipj(ej-1 + jp1)
and
{a;,log(Ko)} = iay
for all 0 < j < p— 1. Hence (1.1), the periodic defocusing Ablowitz-

Ladik equation, is the evolution of the Verblunsky coefficients under
the flow generated by the Hamiltonian 2 Re(K;) — 2log(Kj).

From Theorem 2 and Corollary 2.4 we can immediately conclude
that

Corollary 2.7. The Lax pairs for the Hamiltonians Re(K,,) and Im(K,,),
n > 1, are given by

(2.8) {€,2Re(K,)} = [£,iE) +i(EL)]
and
(2.9) {€,2Im(K,)} = [€,& — (E1)7],

while the corresponding statements for Qu, d > 1 and dp even, are
given by

(2.10) {Q),2Re(Ky)} = [Qa), 190 4+ + (L) 4+)7]
and
(2.11) {Q),2Im(Ky)} = [Qa), Qo+ — (L))

In particular, relations (2.10) and (2.11), together with Remark 1.4
and (2.5), imply that
Corollary 2.8.
{£, Re(Ko)} = { K, Im(Kon )} = 0,
and hence B
{Ky, Kin} ={K,,K,,} =0.
Define the doubly-infinite matrix P by

. p—1

P = (_1)15lm%(1‘[p§).

k=0
Proposition 2.9. The Lax pair representation for the flow generated
by Ko = g;é p3 is given by
(2.12) {€, Ko} = [€,P].
In particular, we can conclude that
(2.13) {Ko, K} = {Ko, Kn} =0,
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or, equivalently,
(2.14) {Ko,2Re(K,)} = {Ko,2Im(K,)} =0.

Proof. The Lax pair representation (2.12) is checked by a straightfor-
ward computation. It is based on the fact that the flow generated by
K, rotates all the a’s by the same angle

{oy, Ko} = iKo0y,
while
€, Pljk = En(Prk = Pjj).
The Poisson commutation relations (2.13) and (2.14) follow, as in the

previous cases, by restricting the Lax pair to periodic subspaces and
concluding that the flow preserves eigenvalues, and hence traces. [

From (1.8), Corollary 2.8, and Proposition 2.9, we immediately get
that H§_1 p; and the coefficients ¢ of 2P/2 ( H?;(l] pj> [A(2) —2] Poisson

commute. Note also that, by (1.8), we see that the connection between
the K’s and the c¢’s cannot be explicitly written down. Hence one
cannot write simple Lax pairs in terms of £ for the flows generated by
the c’s.

3. THE PERIODIC CASE: PROOF OF THEOREM 2

The main technical ingredient in the proof of Theorem 2 is the fol-
lowing;:

Lemma 3.1. For alln > 0 and j even, we have

OKni1 Q41 oy P11 on A1 on
- St T —Ct25 T L+l
(3.1) o 2p; 2p; 2pj
Qi _q
)] n S n n
9p, o+l T MG T PiHC 2,04
J
aK”H—l _ gn gn QjOG11 o
Oa.  Pim19i-1 T Y-195 T T T Sty
(3.2) : ) b o
QP o YPi—1 on i Q-1 o
425 T T CilgHl T T o T S+l
2p; 2p; 2p;
OKni1  Qjo1pj-2 oy e = L
T : Gj—2 , 5j—1 Y
(3 3) 804]_1 2/03—1 2)0]—1 2p]—1
QAj-1Pj on QEY. — p.EN
201 J—1j+1 7%, ~ Pi%j+1
i
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0K _ e er j—1Pj=2 o
- =Pj-2Cj15-2 ~ Qj-2C5 1517 T o5 Cjji-2
o 20i1
(3.4) ]_ _ ]_
A5-1% on A5-1Pj on Aj-1%-2 on
B '717' B j717j+1 ]’.771 :
2pj-1 7T 2pja 2pj1

Remark 3.2. Note that, for any n > 1 and 0 < 7 < p — 1, we have

0K, (8Kn)

dp; ap;

and hence one can easily find the derivatives of K, with respect to o
and &; from Lemma 3.1

Proof. The proof reduces to direct computations once one notices that,
by invariance of the trace under circular permutations,

(3.5)

OKpn 1 09 9@ n1 5Q<d))
o5, ‘<n+1>T(a@ Qo+ L5 % T+ Ly
(3.6)

09 a)
- T(@@ e )

We give here the complete proof of (3.1); (3.2) through (3.4) can be
found in a similar way.
Notice that, for j even, o; appears in exactly 6d entries of Q4. So

(3.1) follows by periodicity and by a straightforward computation from
(3.5):

0K, 1 09 (a),ki

- 3 Q d),lk
80@ d " 8CYj (),
o a; a; .,
= D O‘J-Hg 15 3 ,0]+15 i+2,5 p; —j- 1€ 151

.
j —

+ —p.Oéj &7 g1 O4j+15 1,541 Pj+15 42,541
j

O
Before we embark on the proof of the main theorem, we provide

another preliminary result; while the statement is almost certainly not
new, we give a proof for the reader’s convenience.
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Consider an N x N matrix A having the following stair-shape

~ 0 0 0

* x 0 0
A= : :

* * x 0

>
%
%
]

where the stars and 0’s represent rectangular matrix blocks. Formally,
that means that for any row number ¢ there exists a column number
j(7) so that A;; = 0 for all j > j(i), and the function i — j(4) is non-
decreasing. In particular, it is also true that for any column j there
exists a row i(j) so that A;; = 0 for ¢ < i(j). Note in passing that j(7)
and i(j) are not equal.

We will say, somewhat informally, that another matrix A has the
same shape as A if A;; = 0 whenever j > j(i) for all .

Lemma 3.3. Let A be a matriz as above and B an arbitrary N x N
matrix. Then

(3.7) [A, Bi]ij = [A, Bl

for all (i,7) with j > j(i). This implies that, for the same indices (i, j)
with j > j(i), we have

(3.8) [A, B_];; = 0.

Remark 3.4. Note that:

e If A and B commute, then the commutators [A, B, | and [A, B_]
have the same shape as A.

e Also, by transposing these equations, we obtain the same type
of result for “lower triangle shapes.”

e The same type of result holds for doubly-infinite matrices. In
particular, if A and B are two doubly infinite, stair-shaped ma-
trices such that the commutator [A, B] makes sense and equals
0, then the commutators [A,By] and [A,B_] are themselves
stair-shaped.
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Proof. We proceed by direct computation: Let (7,j) be an index so
that j > j(i); equivalently, i < i(j). Then

[A, By]ij = Z Aix By 1k — Z By ik Agj
p 2

= Z AikB+,kj_ Z B+,ikAkj

k<j(i)<j i<i(j)<k
=Y AuBy — ) BuAy
k k

Since B_. = B — B, we get that
[A, B_] = [A, B] — [A, By]
and so the second relation is just a consequence of the first one. 0
We are now ready to prove Theorem 2.
Proof. We will first deal with relation (2.2) for n +1, n > 0:
{€ Knya} =il€, &1]

The left-hand side matrix has two types of entries: the ones outside
the shape of a CMV matrix, which are identically zero, and the ones
inside the shape.

The entries outside the shape are dealt with immediately by apply-
ing Lemma 3.3. Indeed, £ and £" are doubly-infinite matrices, and
they commute; hence, by the third observation above, the commutator
[£, €71 has the same shape as €.

We are now left with the entries (j, k) which are inside the shape.
Before we start computing, we make a short observation. Consider the
doubly-infinite matrix U given by

Ujk = 0jk+1

for all j, k € Z. In other words, U is the left-shift on {*°(Z) in the usual
basis. Note that for a doubly-infinite matrix B we have

(U*BU)]k = Bj—l,k—l and (UBZ/[*)]k = Bj+17k+1.

Consider & = £({ay}) to be a doubly-infinite CMV matrix. We
know that & = LM with

L = diag(...,00,0,64,...)

and
M = diag(...,0_1,01,0;,...).
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It is easily seen that
UL U= M{a;1}) and U M{e; DU = L{a;-1}),
which implies that
(3.9) UE{o;})U = E({aj1})
is also a doubly-infinite CMV matrix. The same is true for

UE{a;})U" = E({ajia}).

We use the notation (2.2)y for the (k,1) entry of relation (2.2), and
similarly for (2.3). Assume we know (2.2); for a fixed pair of indices
(k,1). As for any {a;} the matrix U*E'U is a doubly-infinite CMV

matrix, we know that
(3.10) {UEU, Kpir UEU)Y = iU EU, UEU)T 1.
But
_
(n+1)d
1 * n
= mTY(U(d)(QEd)) Uay)
= n+1(€)

and U is a constant matrix. Therefore,

{UE U, Knn U EUN} = (UHE", Knin (E)IU),,
(3-11) = {515;—1,1—1a Kn+1<5>}

= {8101, Kn1(E)}.

Kno(UEU) = Tl”((u(*d) Qfd)u(d))nﬂ)

On the other hand,
(3.12)
UEU,UEUN = i(UE, (E)TU),, =€ (E)T M 101
= i[5 (E"N 1 = i[E, 5i+1]l—1,k—1-
Plugging in (3.11) and (3.12) into (3.10), one gets relation (2.2);_; 4_1:
(&1 g1, Kpgr } = i[E,EF s g1

If instead of considering U*EU we consider UEU*, we obtain that
(2.2)); implies (2.2);41 g+1. In particular, this means that:
° (22)kk ~ (2'2)k+1,k+1
2-2)k,k71 <~ (2.2)k,k+1
htth-1 © (2.2)k k4
Jir1k < (2.2)p41 ko



18 I. NENCIU

So the proof of relation (2.2) is complete once we prove it for the indices
(k,k), (k,k—1), (k+1,k—1), and (k+ 1, k) with k even.

We note here that we can apply the same reasoning as above to £*
instead of £f, but we do not obtain anything new.

Finally, these relations are proved using Lemma 3.1. We give the
computational details in Appendix A.

The second part of the proof deals with relation (2.3) for n+1, n > 0:

{8, [_(n+1} = [57 Z(ngrl)*]

We shall proceed in very much the same way as with (2.2), while in-
corporating the necessary computational adjustments.
Let us first note that

(e = (&)

So Lemma 3.3 and the subsequent remarks apply here too and we can
conclude that [£,i(E7T1)*] has the same shape as €.

Turning our attention to the entries inside the shape of £, let us note
that using exactly the same reasoning as for equation (2.2) shows that

° (23)kk = (2-3)k+1,k+1

° (2.3)]6,]6,1 - (2-3)k,k+1

° (2-3)k+1,k71 = (2~3)k,k+2

° (2-3)k+1,k <~ (2-3)k+1,k+2~

So again we only have to check four relations; the only difference is that,
in this case, (2.3)k116+1, (2:3)k k1, (2.3)k k42, and (2.3)g41 42 turn out
to be computationally easier to verify. We do this in Appendix A. [

4. THE FINITE CASE

In this section we prove Lax pair representations for the finite Ablowitz-
Ladik system.
We are interested in studying the system

—idy; = pi g1 + 1)

for 0 < j < k — 2, with boundary conditions a_; = aj,_1 = —1. The
idea behind finding Lax pairs for this system is to take one of the a’s
in the appropriate periodic problem to the boundary, and identify all
the objects obtained in this way. As it turns out, they are all naturally
related to both the Ablowitz-Ladik system and orthogonal polynomials
on the circle, and can be defined independently of the periodic setting.

Let us elaborate. As presented in Appendix B, if we start with a
finitely supported measure p on S!, the associated Verblunsky coeffi-
cients are aq,...,ap_2 € D, az_; € S'. The CMV matrix is in this
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case a unitary k£ x k matrix

Cr= LMy
with
ap o
Po  —Q
Ly=
Ap—2  Pr—2
Prk—2 —Qk_3
and
1
a1 pP1
Mf = P11 —Qq
k1
If, in addition, we restrict our attention to the case when ap_; = —1,

then we obtain the following connection between the finite and the
periodic cases:

Lemma 4.1. Let k be even and Cy as above with ay—; = —1. Define a
doubly-infinite set of Verblunsky coefficients by periodicity: ompi; =
foralln € Z and 0 < j < k — 1. Then the extended CMV matriz £
associated to these a’s has the direct sum decomposition

(4.1) E=Epsey),

where S : 1%°(Z) — I*°(Z) is the right k-shift.
In particular, the following also hold:

d—1
(4.2) Qu =P sy
and
(4.3) Ko (8) = %Tr(Cj})

foralld>1 andn > 1.

Proof. Relation (4.1) follows immediately if we observe that p,;—; =0
for all r € Z, and this implies that (see equation (B.10))

M =P S (My).

reZ
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By periodicity, we always have

L=EPs(Ly).

So (4.1) follows from the definition of C; = Ly M. Likewise, (4.2) is
just the restriction of (4.1) to X(4). So then

d—1
Q=P 5(C)
r=0

and by taking the trace we get (4.3). O
Note also that the Poisson bracket (1.4) separates the a’s, and hence
it naturally restricts to the space of (ag,...,ap 2, a1 = —1) € DL,
If two functions f and g depend only on ay, ..., ar_o, then
k—2
1 of dg  Of Og
{figt=5 o [—————
2 ];O J an an an an
k—2

. of dg  Of 89}
Z 2

=1 p — — — s
s / [804]- Oa;  Oaj 0a;

where, as before, a; = u; +1v; forall 0 < j <k — 2.
So the next theorem is an immediate consequence of Theorem 2:
Theorem 3. Let 1
K! = K,(C;) = —Tr(C}
[ = Ku(Cp) = - To(C))

for allm > 1. Then the Lax pairs associated to these Hamiltonians are
given by

(4.4) {Cr. K} = [C,i(CF)4]
and
(4.5) {Cr. K} = [Cri((C})+)7]
for alln > 1.
Or, in terms of real-valued flows, we have
(4.6) {Cr. 2Re(K1)} = [Cr,i(CP)+ +1i((CF)+)"]
and
(4.7) {Cr.2Im(K))} = [Cr. (CF)+ — ((CF)+)]
for alln > 1.

As in the periodic case, since K/ is the trace of C%, we obtain Poisson
commutativity of the Hamiltonians:
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Corollary 4.2. For all m,n > 1, we have that
{KJ, Re(K},)} = {K], Im(K])} = 0

and
{K], K]} ={K],K]} =0.

Remark 4.3. Note that, since a1 = —1, we get pr_1 = 0, and so
Ky = H?;S p? =0 on D*'. But if we define

k—2
Kj=1]~
=0

then
{amv K({} = iKgama
or
{orm, log(K{)} = iauy,.
But, even though Kg acts on the a’s in the finite case in the same way

as K does in the periodic case, there exists no Lax pair representation
for K{ in terms of C 7- The reason is that

Te{Cs, K]} = —iK] (a0 — aj_a),

which is not identically zero on ID*~!, while the trace of a commutator
is always zero.

5. THE INFINITE CASE

Finally, we deal with the infinite defocusing Ablowitz-Ladik system.
By this, we mean that we consider the system whose first equation is

icy = pj (a1 + ajo1)

for all 7 > 0, with the boundary condition ow_; = 0. The idea behind
constructing Lax pairs for this system is to use the finite AL result.
Since each entry in a fixed power of the CMV matrix depends on only
a bounded number of a’s, extending the finite Lax pairs to the infinite
case only requires an appropriate definition of the “infinite” Hamilto-
nians K/, for all n > 1.

Let us explain these claims: Fix ng > 1 and jg, mg > 0. Consider
the finite problem with k very large (k > 20(jo + ko + no) is sufficient,
though a much more precise bound can be found). In this case,

Cim = (C)jm
for all 0 < j,m < jo+ 4, mg + 4 respectively, and 1 < n < ngy. Say we
can define a K such that its dependence on the first k& o’s is the same
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as that of K. Then, for 0 < j,m < jy + 4, mg + 4 respectively, we can
replace “finite” by “infinite” in (4.4) ;) m, and (4.5)j; me-

So the last element we need is K¢, the n'® Hamiltonian for the infinite
problem. It is a function defined on sequences {a;};>¢ of numbers
inside the unit disk, having a certain decay. The condition that it
must satisfy is that

KZL({O((),OQ ey, O = —1,0, 0, ce }) = Kﬂ:({ao,al, ey 01 = —1})
Given that .
K] (Cy) = =Tx(C}
n( f) n I'( f)7

a natural guess for K’ would be
, 1
K, (C)=—="“Tx"(C").
n

But recall that the CMV matrix is unitary, so it is not trace class.
Nonetheless, given the special structure of C, we can define our Hamil-
tonian K following this intuition as the sum of the diagonal entries
of C™. While this statement will be rigorously proved in the following
lemma, the reason why one can sum the series of diagonal entries is
that all of these entries have the same structure for shifted a’s: They
are the sum of a bounded number of “monomials.” By “monomial” we
mean a finite product of a’s and p’s. All the monomials that appear as
terms in the diagonal entries contain at least one « factor. Since all the
a’s and p’s have absolute values less than 1, and if we assume [!-decay
of the sequence of coefficients, the one « factor in each monomial will
ensure convergence of the whole series.

The next Lemma and its proof explore in more detail the structure
of the entries of powers of the CMV matrix and its consequences for
the definition of Hamiltonians in the infinite case.

Lemma 5.1. Let {a;};>0 € I'(N) be a sequence of coefficients with
a; €D forall j > 0. Let C be the CMV matriz associated to these
coefficients. Then the series

(5.1) > ey

k>0

converges absolutely for any n > 1.

Moreover, for any k > 0, we have that Cil . depends only on ag_(2n-1),
ooy Qiyon_1, where all the a’s with negative indices are assumed to be
tdentically zero.

Proof. We prove these statements by making two important observa-
tions.
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The first refers to the general, doubly-infinite case. Let {a;};ez be
a sequence of complex numbers in D, and £ the associated extended
CMV matrix. Notice that the structure of £ is such that there exist
functions ff, and f7, defined on D?® with

_ re
5j,k = f17d1(04j—1, Ay, Oéj+1)
for all j even and j — k = d;, and
__ fpo
Ejvrk = fla (-1, a5, aj41)

for all j even and (j + 1) — k = d;. Here e and o are used to denote
“even” or “odd” respectively, and —2 < d; < 1.

Using this simple remark, one can prove by induction that, for all
n > 1, there exist functions

e o . ]D4n—1 N (C

n,dp Jn,dn,
with —2n < d,, < 2n — 1 such that

n __ fe
gk T n,jfk(aj—@n—l)? o 7aj+(2n—1))

for j even and —2n < j —k < 2n — 1,

]n+1,k = frs,j—k;-y-l(ajf(anl)v e aaj+(2n71))
for jeven and —2n < j+1—k <2n —1, and
Sfm =0

for all the other indices (I, m).

Moreover, for |d,| < 2n — 1, each such function ff/ 4, is a sum of at
most 4” monomials, that is, products of a’s and p’s, and each monomial
contains at least one « factor. The only entries containing only p’s are
the extreme ones:

(5 2) g‘;zjj-i-Qn = f’ri,—?n(aj*(anlﬁ o 7aj+(2n71))
= PjPj+1 " Pj+2n—1

and

o
m—on(Q—(2n-1); "+, Qjy(2n—1))

n —
Eitj—(on—1) =

(5.3)
= Pj—(2n-1)Pj—(2n—2) " " Pj
for all j even.

Fix n > 1. Each monomial in fz/ 4, 1s bounded by the absolute value
of one of the a’s involved, and there are 4™ such monomial terms in
each sum. Putting all of this together, we get that, for all j even, we
have

€551 17l < 4" (Jg—@n-n| + - + @201 ]).
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The second observation we need to make in order to conclude the
convergence of the series (5.1) concerns what changes in all of these

formulae when we introduce a boundary condition oy = —1.
From the discussion above, we see that actually
;‘fk = gﬁk

for 7,k > 4n, as these entries only depend on a’s with positive indices.
(As we remarked earlier, these bounds are not optimal, but they are
certainly sufficient for our purposes.) Hence we also get that

€5

, ’C;L+17j+1‘ < A"(Joj—@n-n| + - + |aj2n-1])
for j > 4n even. So, since the sequence of a’s is in [!, we get that, for

any n > 1, the series (5.1) converges absolutely. O

We can now define our Hamiltonians as
(5.4) K, =K,C) =) Cp\
k=0

They are well-defined by the previous lemma, and, for any fixed j > 0,
only a finite number of terms in the series depends on «;. We can
therefore state our main theorem in the infinite case:

Theorem 4. Let {a;};50 be an I'(N) sequence of complex numbers
inside the unit disk, C the associated CMV matriz, and K" the function
defined by (5.4). Then the Laz pairs associated to these Hamiltonians
are given by

(5.5) €. Ky =[e.icy)
and
(5.6) {C. K.} =[C.q(C})]
for alln > 1.
Or, in terms of real-valued flows, we have
(5.7 €. 2Re(KL)} = [C,iC% +i(CL))
and
(5.8) {€.2Im(K;,)} = [c,C} — (C})"]
for alln > 1.

Proof. For each fixed n and entry (j,1), there exists a k large enough
such that all the entries of C and C™ that appear in (5.5);; and (5.6),,
are equal to the entries of C; and C}, respectively, in the corresponding
finite Lax pairs.
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Moreover, since C;; depends on two a’s, and these appear in only
finitely many of the terms in K, the Poisson brackets on the left-hand
side are well defined finite sums and equal the corresponding Poisson
brackets in the finite case.

Therefore, the results of Theorem 4 follow directly from Theorem 3
and the observations in the proof of Lemma 5.1. 0

Remark 5.2. As in the finite case, we define

Ky=1]#
=0

Recall that

i =1—loy* <2(1 = ay),

and {«;};>0 € I*(N). Therefore K} is well-defined and positive; also
the following Poisson bracket makes sense

{a,log(Kp)} = —2iay.

But, as in the finite case, we cannot hope to find a Lax pair represen-
tation for the flow generated by K} in terms of C. The dependence
of 37:-01Cjj, Ko} on ag is nontrivial, while 3~ [C, Al;; is identically
zero for any infinite matrix A for which the commutator makes sense.

Acknowledgments: The author wishes to thank her advisor, Barry Si-
mon, for his encouragement and advice, and for access to preliminary
drafts of his forthcoming two-volume treatise, [13] and [14]. She also
thanks Percy Deift for suggesting this problem, and Rowan Killip, for
his very helpful remarks on preliminary versions of this paper.

APPENDIX A. THEOREM 2: THE FuLL COMPUTATIONS

We prove relation (2.2) for the necessary indices.
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First let £ = [ be even. Then

{Ek, Kny1} =

; —

Z 2 [a(—ak—lak) 0Kpp1  O(—ap—1ap) aKn-ﬁ-l]
8ozj 864]‘ 8dj 8aj

J

K 0K
2 _ n+1 2 n+1
= pk—lak—a&k_l + PROk—1 B,

QAp_1p—-2
2pK-1
Q10 oy Qk—1Pk en Q102 en
5 k—1k o
Pk—1

o 2 — n n n
= T Pr-1% [Pk—ng—1,k—2 - ak—ng—l,k—l - gk,k—Z

QO 12 Qg Pl—

9 EQk41 opy EPE+1 on kPk—1 on

+pkak_1{——k i — -
+1,k k+2,k k—1k+1

2p 2Pk 2Pk

QpQg—1 op _ n n
—2Pk 5k,k+1 - ak+15k+1,k+1 - pk+15k+2,k+1 :

On the other hand,

n+1 o n+l _ eon+tl
(€, 65 = Ernnr &0 — Eb Err

o — n+1 n+1
= pkfloékgk_Lk + ak*lpkgk-’k_i_l

k?

= Pr—10 [Pk—ka—lgg—l,k—2 — Qp2Pk1E5 1k
— Qo1& ) — ak—lpkgg—Lk—f—l]
+Q—1pPk [pkflo_‘kgl?fl,k+l - O‘kfl@kgl?,kﬂ
+ pkdk+1g;?+1,k+1 + Pkpk+lg£+2,k+1} :

After a few simple manipulations, we find that i{Exx, K11 }+ [5 , 5:&“] ik
equals

k10, [/ om, n n _
9 [(gk,k—ka—ka—l - 5k,k—1ak—20k—1 - 5k,k+1ak—1ak)
— n — n n
- (pkfloékgk—l,k + POk 1&g + pkpk+1gk:+2,k)]
Q10

= () - (€87, =0,

which concludes the proof of (2.2)y.
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The second case we must consider is (2.2);,—1 with k even. Again,
we look first at

; O(pr_10ay,) 0K, I pp_1ay) OK,,
Z{gk,k—I;Kn+1} — ZPQ[ (pk 10ék) +1 (pk 10%) _Hi|

r J 80éj Gdj 8dj 804j
_ 2 [ Qp—10y 0K 4 n Q—1 0l aKn+1:| D1 P OK,41
= Pr_1 | — - — Pr—1

UL 2061 Oak1 20k O " Oay,

_ Pr—10%
2

_ n N n
[pk_gak_lgk,l’k,g - O‘k—2ak—15k71,k71

— n n
- ak—lakgk,k - ak—lpkgk,k+1]

_ Og—10k
—Pk—1Pk [Pkﬂkﬂ&?ﬂ,kﬂ + Pkak+151?+1,k+1 - Tgl?,k+1
Prk—10 O Pr+1 O Olgt1
5 Sk T Gt 5 Sk
On the other hand,
1 1 Pr—10 1 1
[5’ g—TF ]k,k—l = _Pk—lpkgl?jc_ﬂ + 9 (&?jl,kq - gl?: )

If we write £ = £€" and plug in the appropriate entries in the
expression above, we obtain

i{Ek -1, Knt1} + €, gﬁ+1]k,k—1

Pk—10 7
= — 5 [ak_lpkc‘:ﬁkﬂ + pkpk—i-lgg—&-lk + Pkak+lgg+1,k
+ Pr-10kEL_1 J, — Pr—2Pk—1Ep ko — pk_ldk&?,k_l]
Pk—10k n
= PO (e, (£E)] =0

which proves (2.2)g x—1.

Having done these two cases in some detail, we will just present the
main steps in the computations for (2.2);41 x—1 and (2.2)g11 .. A useful
observation is that, since both sides of our identities are polynomials
in the a’s and @’s, one can more easily identify terms by keeping track
of the powers of % that occur.

The right-hand side of (2.2)g11 -1 gives us

n+1 Pk—1Pk n+1 n+1
€, 8 kg1 1 = 9 (gkjl,k—l - gki_l,kJrl)'
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So these are the terms we want to identify on the left-hand side:

H{ &1 61, g1} = Zpi[ ( gal. 2 (‘)5;1 N ( ak@% 2 80;1]
§ J J J J

_ Pr-1Pk
2

n — n —
[ o 8k71,k72pk—2o‘k—1 - 5k71,k71(—04k—204k—1)
n n —
+ (_a’f—lpk)gk,k—l-l - gk—l,kpk—lak

+ (k1) E 1 1 T (—Oékpk+1)(€l?+2,k+1}

2
-1 n — n
+% |:pk—2pk5k,kf2 + QkprEi_1

2 on n
+ 0kCr 1 k1 — 20k 1

— pk,kaE,Zk,Z + ak72pkgl?,kfl

— n 2eon
— appr€y 1 — pkgk—l,k—i-l]

|y |?

M

n =y n
[ﬂk—lpk+15k+2,k + P11 1€
2 n n
+ k111 — O—1Pk—1E g1
n = n
— Pr—1Pk41E% ok — Pr—11E 1

n 2 n
— g 1Pk 1&gy — Pk715k71,k+1}

Pk—1Pk " .
T2 [_ (5 g)k;—l,k—l + gk—l,k+1gk+1,k—1

+ (ggN) k+1,k4+1 5k+1,k—15;?_17k+1}

= —[&, & hrip -

Finally, we deal with (2.2);41 4. As before, we notice that

O
n+1 _ n+1 k—1Pk n+1 n+1
£, o lht1e = Pk—lpkgkq,k T 9 (gkk - 5k+1,k+1)'
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The other side of the identity can be transformed as follows:

] 0 1) 0K, 0 ) 0K,
{Ersr e Knsa} = _ZP?[ (pror—1) il (prcir_1) +1}

; 604]‘ a(l/j 8dj 6C¥j

== Pr—1Pk [55_1,k_2pk—2pk—1 + 52_1,k_1(—04k—2pk—1)]

Qk—1Pk n = on
t— [pk—2pk—1gk,k—2 + pr—10kEL_
n N
+ pk)—lpkgk—l,k-f—l - Qk—?pk—lgk7k—l
— on ~ on
+ pk7104k5k_1,k - Oékflakgk,k
_ n n
+ ozkozk+15k+1,k+1 + akpk+1€k+2,k+1i|
Oékfl‘@kp - n n n
+T — 1&g — Per1Chiak — P11 ki1
n = n n
+ 1&g + 1k + Lo &y
n n
+ Ph-1E4 1 ky1 — O‘k—lgk,k—&-l}
n n
= = Pk-1Pk |:5k71,k72gk72,k + gkfl,kflgkflﬁ]
Ap—1Pk n — n
T [gk,k—2gk—27k + 2pp-1 0y

n n
- 5k+1,k—18k71,k+1 + 2pk—1pk5k—1,k+l
n n
+ E g8k + EL i

n n
= Err1 k181 1 — gk+1,k+2‘€k+2,k+1]

AP [(E"E ) — (EE"enpn ]

—Pk—1Pk(E"E ) k—1.k +

= —[5> gi+l]k+1,k .

This concludes the proof of (2.2),41x, and hence of relation (2.2).
The second part of the proof deals with relation (2.3):

{87 KTH-I} = [87 l(€1+1)*]

We shall proceed in very much the same way as with (2.2), while in-
corporating the necessary computational adjustments.

Again, we only have to check four relations; the only difference is that
in this case (2'3)k+1,k+17 (2-3>k,k+17 (2-3)k,k+2; and (2-3)k+1,k+2 turn out
to be computationally easier to verify.

As before, we start with the diagonal entry, (2.3)x41+1, that we
shall prove in some detail.
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We start by analyzing the left-hand side and observing that

Oéj 8(1]‘ 8dj 804]‘

; 2 oK, I(—apa oK,
{141, Kpa b = ZPJ [ ~ 1) * (—0napi1) +1]

_ _p2dk laKn-i-l + ,02 a a[Evn—i—l‘
kS k+ adk k+1 80Zk+1

So by taking the complex conjugate in this relation, we get that

. [ 2 n+1 2 8Kn+1
kb1, Kn1} = —ppQp1—— + P17
{ ) s fin } k aOék k+1 aOék+1

o — n n
= PrQk+1 [Pkak+1€k+1 k1 T PEPE+1E 12 ki

QO k+1 Ok Pl1
— &t 5 — &k
akpk_l n Q10 o,
+ =&k — — 5 Chrn
2 2
_ n n
+OgPrt1 [pkpk+15k+1 kT Oékpk+15k+1,k+1
PEO 11 Q10542 o
—2 k+2 kT 9 k+1,k+2
Ok 41Pk42 on AkQk+1 o
B Tgk+1,k+3 + vt

On the other hand, we have that

EEE N esrnrr = Y S E e — D (ET)enEien

k—1<j<k+2 E<j<k+3
_ n+1
= 5k+1,k+25k+1,k+2 - gk k+1gk k+1

_ = n+1
= — P& L — PR EL
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Notice that

Kn+1 2 - aKn—H

. o 2
? 5k+1 k+1 Kn+1 = —PrOk+1—7 — T P17
{ s ) } k aOék k+1 3Oék+1

n — n —~ n
= PrQk+1 [(5 CEM kg1 — pkflakgkfl,k+1 + O‘kflakgk,kJrl

OpOt1 @ n O PE+1 en
T CkHLk T T 5 Ckt2k
OkPk—1 op Q10 L,

+ 5 1k — 5 Er bt

— n — n n
Ok Pk+1 [(5 : 5)k+1,k:+2 + ak+1ak+28k+1,k+2 + ak+1pk+2‘9k+1,k+3

PECk+1 ap Q1042 oy
—_ —=£
- 9 k+2,k 9 k+1,k+2

Ok 41Pk+2 on 1077107 R, ey
R 5k+1,k:+3+—2 Eivapsn]-

Therefore, we get that i{& 11, Kng1} + [E, (EFT) kr1401 equals

QO 1
2

n n n
[ = Pe=1Pk—1 o1+ U106E 1+ QPr1E 19 1
=~ n =~ n n
+ Pkak+1g}g+17k + ,Ok+104k+25k+1,k+2 + pkz+1pk+2‘€k+1,k+3}

(ej%e’
= % [ — (€& hyr1prr +(E™- 5)k+1,k+1] =0,

which ends the proof of (2.3)x41.x+1-
We now turn to (2.3)gx11:

n * n PECL+1 n n
£, (‘9++1) ]k,k—H = pkpk+15k111,k+2 + B (glc:ll,k—o—l - gk,:l)
The left-hand side becomes
i{Ek k1, Knt1} = i{prQrs1, Kny1}

— n n
= = PkPk+1 <5k+1,k£k,k+2 + gk+1,k+1gk+1,k+2)

PrOk+1 n n
9 \ ™ Erkr2€iiar T Epi1 pr3Chrahr

n n
= 28001 kaaPrr1Prr2 T Evt koChra ki

n — n
o 25k+1,k+2pk+1ak+2 - 5k,k—15k,1,k
n n
- Sk,kgk,k + gk+1,k+1gk+17k+1>

= —prPri1(E"E ) pr1 — pkc;kﬂ ((ggn)k,k + (5n5)k+1,k+1)-

So we find what we wanted:
{5k,k+17 Kn—H} = i[é’, (gfrl)*]k,k%
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The next entry that we analyze is (2.3)g 4+2. Considering the right-
hand side first, we get

€ (EF ) o =D &y (EF vy — D (EF)jn - Einra
j

J
PkPk+1 [ on+t1 n+1
2 (8k+2,k+2 - gk,k )

If we look at the left-hand side now, we get

{Ekkr2y Kn1} = i{prprs, Kny1}

_ 2 [ _ arpr 9K
g 2py, day,
apr1pr OKni1
+ i [— :
Pht1 20p41  Oapp

QpPr+1 aKnH]
2Pk day,
Q41Pk . 3Kn+1}

2011 OQpy
PkPk+1 n o n
= 5 [@kpk+15k+2,k+l + akpkflgk—l,k

= n ~ n
- ak—lakgk,k + Oék+104k+25k+2,k;+2

n — n
+ arp1pr2€8 0 s T ak+1pkgk+1,k]
|Oék:\2pk+1 cn n
+T Qp1Ck 1k T Pe1Chiak

n n
+ pk—lgkfl,kJrl - ak—lgk,k+1
— n n
— Q1&g — PerEihan
n n
— P11 1 T ak—lgk,k—i-l]
|Oék+1|2pk n en
+—4 PrCriak — QkChyo ki1
— n n
+ Q2E 1 o T PE+2E 41kt
n n
= Pe€ihon T EL 2 i

— n n
- ak+25k+1,k+2 - pk+2gk+1,k+3]
_ PEPE+1

5 (EE" )ik — Erpr2Eison
— (E"hsaker + ElanpEinro]
= _[87 (€i+1)*]k,k+2 )

which immediately implies the equation (2.3) 2.

Finally, we turn to the last relation we have to prove, equation
(2.3)kt+1.k+2. As above, we start with the right-hand side and observe
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that
g gn * o @kpk+1 gn—i—l gn—i—l gn+1
€, (EF) ]k+1,k+2 = T( k+1,k+1 k+2,k+2) = PEPE4+1C k41
Considering the left-hand side now, we have
o 2 a[<n—|-1
= = PrPk+1
{Errrpre Kost } o
k+1,k+25 £nt1 _ap [_ apy1 0K Qpgq 0Kn+1}
L 20000 Okt 2pisn O

= PkPk+1 [pk&k-&-lgg—i-l,k-i—l + PkPk+15£+2,k+1]

Ok Pr+1 _ n n
——5 |~ PeOk1Erpak ~ PePe1Eiiak

n n
= PePr-1E5—1 1 + —1PkER i
_ n n
+ ozk+1ozk+25k+2,k+2 + Oék+1pk+25k+2,k+3
_ n — n
+ ak+1pk€k+1,k - akak+1gk+17k+1]

~ 2
Oék|Oék+1| n n
T4 PkClyof — Oékgk+2,k+1

— n n
+ Q28541 o T PE+2ER 1 s

n —~ n
- Pk5k+2,k - ak+25k+1,k+z
n n
— Prr28k 1 ks T O‘kgk+2,k+1}
o — n n
= PkPr+1 [Pkak+15k+1,k+1 + PkPk+15k+2,k+1]

o
—% [ — (E"E)kr2sr2 + (EE™ k11

— 2pk—1,0k51?—1,k+1 + 20%—1Pk513k+1]

O Pr+1
_ n+l _ SRPkt n+1 _ gntl
—pkpk+lgk,k+1 9 (5k+1,k+1 5k+2,k+2)
— T\ *
- —[5, (€+) ]k+1,k+27

which implies that

{E 142 K1} = —[€, (E) Tht1 425
and hence (2.3)541 k12 holds.

APPENDIX B. BACKGROUND: ORTHOGONAL POLYNOMIALS ON
THE UNIT CIRCLE

In this Appendix we present some of the basic notions and results
related to the theory of orthogonal polynomials on the unit circle. The
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reader interested in more details can check Szegé’s classical book [15].
In our presentation, we follow the upcoming two-volume treatise by
Simon [13, 14].

Let us first recall the definition of the Verblunsky coefficients. Con-
sider a probability measure dp on S* which is supported at infinitely
many points. By applying the Gram-Schmidt procedure to 1, z, 22, . . .,
one obtains the monic orthogonal polynomials {®,,(z)},>0 and the or-
thonormal polynomials
ou(z) = —2nl2)

19| 22 ()

These polynomials obey recurrence relations
(B.1) Dpii(z) = 2Pp(2) — arPr(2),
(B2) Dr11(2) = p(z) — ez ®i(2),

where the ay’s are the recurrence coefficients and ®; denotes the re-
versed polynomial:

(B.3) Op(z) = azt = Bpz) =) @it

Equivalently, ®%(z) = 2*®;(z-1). These recurrence equations imply

k-1

(B4) HCI)ICHL2(dM) = le where Pr =\ 1— |al|2’
=0

from which the recurrence relations for the orthonormal polynomials
are easily derived. The recurrence coefficients oy are called Verblunsky
coefficients and lie in the (open) unit disk D.

The recursion relations for the orthonormal polynomials can be sum-

marized as {iggg] ~ Al 2) lﬁbgjgﬂ 7

where

. 1 z —Ql
Alay, z) = E {—akz 1 ] )

We define the transfer matrix
(B.5) T.(2) = Alap-1,2) ... A(ap, 2)

for all n > 1; hence
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Consider the operator f(z) — zf(z) in L?(dp). We want to represent
this operator as a matrix. The most obvious choice of an orthonormal
set of vectors in L?(du) are the orthonormal polynomials, {¢, }n>0-
This leads to a matrix whose entries can be expressed simply in terms
of the a’s. However, this matrix is typically not sparse: All entries
above and including the sub-diagonal are non-zero; it is also unclear
how to extend this matrix to a doubly-infinite matrix, which will turn
out to be very important when we consider the case of periodic Verblun-
sky coefficients. Moreover, {¢, },>0 is a basis in L*(du) if and only if
{a;}j>0 are not in [*(N).

An alternate approach, due to Cantero, Moral, and Veldazquez [5],
consists of defining two bases in L?(du). Applying the Gram—Schmidt
procedure to

in L?(du) produces the orthonormal basis

27k2¢x(2), Kk even;

(B.6) Xk (2) = {Z(lk)/2¢k(z), k odd,

where & > 0. As above, ¢, denotes the £™ orthonormal polyno-
mial and ¢j, its reversal (cf. (B.3)). If we apply the procedure to
1,271, 2,272 2%, ..., instead, then we obtain a second orthonormal ba-

S1S:

2R 2¢,(2), k even;
210265 (2), K odd.

(B.7) x(2) = xx(1/2) = {

It is natural to compute the matrix representation of f(z) — zf(2)
in L?(dp) with respect to these bases. The matrices with entries

Livige = (Xi(2)225(2)) and My = (@i(2)[x;(2))
are block-diagonal; indeed,
(B.8) Ezdiag(@o,@2,94,...) and M :diag([l],@l,é)g,...),

where
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The representation of f(z) — zf(z) in the {x;} basis is just

Qg pPo PopP1 0 0
Po  —pQ1  —Qpp1 0 0
C—= LM — 0 pra —aqae P2C_Y§ P2P3 7
0 P1P2 —Qp2  —O0i3  —QaP3
0 0 0 P30y —Qi30y

which is called the CMV matrix, and in the {z;} basis, it is C = ML.
Let us note here that throughout the paper we index rows and columns
of matrices starting with 0: for example £;; = &; for all j > 0. The
(infinite) CMV matrix C is the matrix that we use in Section 4 to define
Lax pairs for the flows generated by the Ablowitz-Ladik Hamiltonians
on the coefficients «a;, j > 0.

If the probability measure i on the circle is supported at k—1 points,
then we can define as above the orthogonal polynomials {®,,(2) }o<n<k—2
and the corresponding orthonormal polynomials {¢,(2) }o<n<i—2. They
still obey the same recurrence relations, which allow us to identify the
Verblunsky coefficients aq, ..., a,_o € D and oy, € S*. If, as in the
infinite case, we represent the operator of multiplication by z in the
basis considered by Cantero, Moral, and Veldazquez we obtain a finite
CMV matrix
Note that, since |ay_1| = 1,

Q1 0

I
decomposes as the direct sum of two 1 x 1 matrices. Hence, if we
replace ©,_; by the 1 x 1 matrix that is its top left entry, a,_1, and
discard all ©,,, with m > k, we find that £; and M are naturally k x k&
block-diagonal matrices. As in the infinite case, the finite CMV matrix
Cy allows us to recast the Ablowitz-Ladik hierarchy of equations in Lax
pair form.

Now we turn to the case of periodic Verblunsky coefficients. If the
a’s are periodic with period p even, that is, they obey a4, = «; for all
7 > 0, then we can define a two-sided infinite sequence of coefficients
by periodicity. The extended CMV matrix is

(B.9) E=LM,
where

(B.10) L= @ O, and M = @ 0;,

j even 7 odd
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with ©; defined on [*(Z) by

@j — {aj Pj }

Pj —Q

on the span of §; and ¢4, and identically 0 otherwise. The extended
CMV matrix £ will play an important role in determining the Lax
pairs associated to the Hamiltonian flows of the periodic Ablowitz-
Ladik system.
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