ACCURATE ESTIMATES FOR MAGNETIC BOTTLES IN
CONNECTION WITH SUPERCONDUCTIVITY

S. FOURNAIS AND B. HELFFER

ABSTRACT. Motivated by the theory of superconductivity and more precisely
by the problem of the onset of superconductivity in dimension two, many pa-
pers devoted to the analysis in a semi-classical regime of the lowest eigenvalue
of the Schrodinger operator with magnetic field have appeared recently. Here
we would like to mention the works by Bernoff-Sternberg, Lu-Pan, Del Pino-
Felmer-Sternberg and Helffer-Morame and also Bauman-Phillips-Tang for the
case of a disc. In the present paper we settle one important part of this ques-
tion completely by proving an asymptotic expansion to all orders for low-lying
eigenvalues for generic domains. The word ‘generic’ means in this context that
the curvature of the boundary of the domain has a unique non-degenerate max-
imum.
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1. INTRODUCTION

The object of study in this paper is a magnetic Schrédinger operator with Neu-
mann boundary conditions in a smooth, bounded domain 2. We are interested in
finding an accurate description of the eigenvalues near the bottom of the spectrum.
In particular, we will improve estimates given in [HeMo2] in the case of constant
magnetic field.

Apart from its intrinsic mathematical interest, this question is important for ap-
plications to superconductivity. Precise knowledge of the lowest eigenvalues of this
magnetic Schrédinger operator is crucial for a detailed description of the nucleation
of superconductivity (on the boundary) for superconductors of Type II and for ac-
curate estimates of the critical field He,. These applications will be the subject
of further work and will be published elsewhere. We refer the reader to the works
of Bernoff-Sternberg [BeSt], Lu-Pan [LuPal, LuPa2, LuPa3, LuPad], and Helffer-
Pan [HePa| for further discussion of this subject and to [TiTi] and [S-JSaTh] for
the physical motivation.

Let us fix the notations. The domain @ C R? is supposed to be smooth, bounded
and simply connected. Points (z1,z2) in R? are denoted by z or x. At each point z
of the boundary, we denote by v(z) the interior unit normal vector to the boundary
of Q0. We define the magnetic Neumann operator H by

D(H) > u— Hu = Hpqu = (—ihV, — A(2))*u(z) . (1.1)
Here A(z) = (—x2/2,21/2), so that curlA = 1, and the domain D(H) of the
operator H is defined by

D(H) = {u € H*(Q) |v- (—ihV. — A(2))u| 5, = 0} .

The case of the half-plane, 2 = R x R, will be important for fixing notations.
After a gauge transformation and a partial Fourier transformation we get, in this
case and with A = 1, the family of models on the half-line:

HNS = D2 4+ (. +¢)?, (1.2)

on L?(Ry) and with Neumann boundary conditions at # = 0. Important results
about the operators HV¢ will be recalled in Appendix A; here we only define the
notation that will be used throughout the text. Let (1) (&) be the lowest eigenvalue
of HN. Then & — 1) () has a unique minimum O attained at a point that we
will denote by &. The corresponding unique positive, normalized eigenfunction of
HN:% will be denoted by ug. We also introduce :
u3(0)

5 -

The main result of the paper gives the asymptotic expansion of the lowest eigen-
values of H. We define ;(™ (h) to be the n-th eigenvalue of M, in particular,

p Y (h) = inf Spec Hp.q

and prove the following result.

Cy = (1.3)

Theorem 1.1.
Suppose that Q is a smooth bounded domain, that its curvature 0Q > s — k(s) at
the boundary has a unique mazimum,

K(8) < K(S0) = kmax , for all s # so , (1.4)
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and that the maximum is non-degenerate, i.e.
ko := —£"(s0) # 0. (1.5)

Then, for all n € N, there exists a sequence {Cj(-n)}‘]?’;l C R (which can be calcu-

lated recursively to any order) such that u(")(h) admits the following asymptotic
expansion (for h \,0) :

(oo}
™ (R) ~ Ooh — kmaxC1h*/? + C10y/*\/ 352 (20 — 1)L/ 4 178 3" R/
j=0
(1.6)
Remark 1.2.
The semiclassical limit h ™\, 0 is clearly equivalent to a large magnetic field limit,
since

/ |(=ihV. — BA(2))u(2)[>dz = 32/ (—ig V. — A(2)u(z)[* dz .
Q Q

Remark 1.3.
Previous results on the bottom of the spectrum of Hy o were obtained in [HeMo2],

who gave the two first terms in the expansion of u™) (h) (see [HeMo2, Theorems 10.3
and 11.1]):

1 (h) = Ogh — kmaxC1h%% + O(RP/3) . (1.7)
Remark 1.4.
It is rather reasonable to believe that the proof of Theorem 1.1 can be adapted for
getting a similar result under the weaker assumption that there exists J € N, such
that
k) (s0) =0, for j=1,2,....,J—-1, 18
{ K(QJ)(S()) 7507 ( . )
i.e. the mazimum is non-degenerate of order 2J. However we will not pursue this
further.
If the uniqueness condition in (1.4) is replaced by the assumption that there is
a finite number of mazima (for which (1.5) is assumed to hold), we expect the
ezistence of sequences of eigenvalues z(”)(h) corresponding to each maximum. This
also follows from the techniques applied in the present paper with a little extra work.

For applications to bifurcations from the normal state in superconductivity it
seems important to calculate the splitting between the ground and first excited
states of H(h). Let us define

AR) = 1@ (R) = g O(h) (1.9)
Corollary 1.5.
Under the hypothesis from Theorem 1.1, A(h) admits the following asymptotics :

A(h) ~ C10y*/6kah™/4 + h15/8 3" pilse; (1.10)

Jj=0

where &; = C(Q) - CJ(.I) .

J

The case where 2 is a disc has been analyzed in great detail in [BaPhTa], using
the radial symmetry to reduce the problem to ordinary differential equations. In
this case the splitting A(h) turns out to become zero for a sequence of values of h
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tending to 0. This is a complication in the analysis of bifurcation. Thus, in some
sense, the more ‘generic’ situation considered in this paper has a nicer property.
We recall that for the disc it is reasonable to conjecture from [BaPhTa] that :
A(h) A(h)
—— < limsup ——=
h? h h?

—0

0 = lim inf

h—0

< +00 .

We recall also that in the case of a domain with a unique corner, with a sufficiently
small angle, one has ([Bon2], [BonDa]) :

lim inf Alh) >0.
r—0  h
In our case, (1.10) implies :
A(h
lim (7 ) >0.
h—0 h1

Of course (see Bonnaillie [Bonl] for a discussion inspired by Helffer-Sjostrand
[HeSj1, HeSj2]), if there are multiple minima and symmetries, one expects an ex-
ponentially small gap between the two lowest eigenvalues.

The plan of the paper is as follows. In Section 2 we prove a simple non-optimal
upper bound to the ground state energy. This calculation motivates the more
systematic treatment in Section 3, where we introduce a ‘Grushin problem’ in
order to reduce the analysis to an effective model on the boundary. The effective
model allows us to construct quasimodes whose energy corresponds to the lowest
eigenvalues of H to any order in h. Thus we get the upper bound inherent in
Theorem 1.1. In order to prove that the Grushin approach also gives a lower
bound, we need to prove suitable localization results in phase space. That is carried
through in sections 4 and 5. Finally, in Section 6 we finish the proof of Theorem 1.1.
Appendix A recalls a number of results from the analysis of the half-plane model
that are needed in the calculations. Appendix B contains definitions concerning the
coordinate system near the boundary in which all the calculations will take place.

2. A SIMPLE UPPER BOUND TO THE GROUND STATE ENERGY

This section contains a simple variational estimate of the ground state energy
p(l)(h). The motivation for giving this result is a number of remarks and calcu-
lations appearing in the literature. It turns out that the ‘obvious’ choice of trial
functions does not give as good energy estimates as one might expect. This moti-
vates the more systematic approach in later sections.

Recall that we have defined the constants ©¢ and C; in the introduction.

Theorem 2.1.
Suppose Q is a smooth bounded domain. Let

kmax = sup £(s) = max k(s) ,
s S

be the maximal curvature of the boundary and let

ko = inf  (=x"(s)).

s€k ™ (kmax)

Then the ground state energy M) (h) of the operator H (defined in (1.1)) satisfies

2
lim sup h*”‘*{u“)(h) - (eoh — e C1B3? + Q—CHJ/‘*)} <0.
h—04 2
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Remark 2.2.

Theorem 2.1 does not give the correct coefficient to the h'/*-term (compare with
Theorem 1.1). The trial function used in the proof below is too simple since it only
uses the ground state ug in the mormal variable. This seems to disprove a belief
stated in a remark in del Pino, Felmer and Sternberg [PiFeSt]. See also Remark 3.2
below.

Proof.

The proof consists of an explicit calculation with a suitably chosen test function.
(This is the same test function used in the remark in [PiFeSt]).

Let us consider a point zy on the boundary 0€) such that the curvature of OS2 at
20 18 kmax, the maximal curvature of the boundary. We choose our boundary coor-
dinates (s,t) (see Appendix B) such that = has coordinates (0,0). Let x € C3°(R)
be a standard cut-off function :

x(t)=1for |[t| <1/2, and suppy C (—1,1).

Consider now the test function

Ox(s,t:h) = dolt, 53 h) x(25/|09) x(t/to) , (2.1)

where, for a > 0 to be chosen below,
bo(t, s;h) 1= (200) /AR =5/ 16 =as?/ I igos/ W2 =172y (2.2)

and tg is the constant from Appendix B defining the tubular neighborhood of the
boundary on which one may use boundary coordinates.
We will get an upper bound to the ground state energy of the Neumann problem

by calculating the Rayleigh quotient <¢”‘¢Tf2¢> for a suitable ¢ in the domain of H

D(H). Actually, one could also work with ¢ in the form domain of the corresponding
quadratic form qy.

After a gauge transformation, we can assume that in our boundary coordinates (see
Appendix B) :

A= (A, Ay) = (—t(l - ;m(s)),0> .

From now on, we fix the gauge such that this property is satisfied.
Then

& | Ho) / o / T {10D1 ~ Aa)of? + (1~ () 2(hD, — A1)l

1991/2 Jo
x (1 —tr(s))dsdt .

Now, using the decay properties of uy and the exponential decay of the Gaussian,
we first get :

199 /2 _
@ire)= [ [ (Dol + (1~ (o) 20D, - e}

—~|09]/2
x (1 = th(s))x(2s/1091) x(t/to)? ds dt
+0O(h™).
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Again using the properties of ug (see (A.15)) and of the Gaussian, we get

199 /2

(@[ 1) =h 5/é;\ﬁ/am/z/ o720 M bl (Y221 — ta(s)) ds dt

10921/2 2/71/4

+h_5/8 /201/69/2‘/0 e—2as /h |uO(h—1/2t)|2
t 2

X ‘h1/2§0 + i20sh®* 4+ 1(1 — 5&(5))

x (1 —tr(s)) "t x(25/]09Q))% x(t/to)? ds dt
+ O(h™) . (2.3)

It is then clear that by interpreting (1 —tx(s))~" as )_, - "k(s)" and computing
term by term, the cut-off function in ¢ does not affect the computation modulo
O(h). So we get

(¢ | Ho) ~ (2.4)

|99/2  poo
h5/8m/m/2/0 e 20  put (W Y24) 2 (1 — tri(s)) ds dt
o0 92 2 h1/4 —1/2 2
/ o205 /W | =124 2

|0Q2]/2
+ h_5/8\/2a/
‘h1/2§0 + i2ash®/* 4+ 1(1 — ) (Zt" ) (25/|092))?* ds dt .

—092]/2

The next step is to replace x(s) by its Taylor expansion £T% (s) at 0, which leads
to the equality (modulo O(h>)) :

(9| Ho)
+oo o0 2 1/4

Nh—s/sm/ / 2 Wt (21— k™ (s)) dis
—o00 0

Bl 2052 /W14 1/24\(2
+h_5/8v204/ / e 207/ Wy (R /20

‘h1/2£o+z2ash3/4+t(1 KT (s ‘ (Zt” Toy (g )dsdt (2.5)

Here the cut-off functions have completely disappeared and the integration in the
s variable is now over (—oo, +00).

We omit in what follows the reference to Taylor expansions written in superscript
“Tay” for k and we use for shortness (1 — t(s))~! instead of >, t"k(s)™ in the
next computations.

With the change of variables ¢ = v2ah~'/8s, 7 = h~'/2t, we can continue the
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calculation as

& | He) ~ h/ﬁo /oo = Jul (7) 2 (1 - hlﬂm('j/i )) dodr

—+oo
+h/ / e Juo(r |’€0+7‘ s T‘W(h” ))+th3/8
x (1— hlﬂm(hji )~ dodr

=0 {Ti+ Ty + Ty + Ty + T5 + O(h) }

with (using that x’'(0) = 0, since £(0) = kmax)

+oo 5 oo
T, = / / iy () + (€0 + 7)o ()2 dr do

1 R/ g2
1/2 2 -
“h / / o i (7)) (n(0)+2/<; (0) 5 )dea,
T5 = 2ah3/4/ / (2*“'2|u0(7')|202 dr do
—oco JO
+o00 oo 1 h1/4 2
Ty = h'/? /_OO /0 e_”2|uo(7)|2(§0 + T)QT(K(O) + 5&”(0) 207 ) drdo
+oo oo 1 h1/4 2
A / / e o ()(&0 + )7 (x(0) + 24"(0) 2T drdo
—oco JO 2

Therefore, up to O(h%), we get the equivalence
(@ | Ho) ~ h{So +h'/2Sy )3 + h*/*S5,4}

with
So = @0/6*02 do
Sya =) [ do[ = [ el dr+ [ o+ 7P lun(rP ar
- [ e+ Dl ar]
Saa = 204/026_”2 do

—i—ﬁ”(O)/Z;e_” dO’[—/OOOTug(T)|2dT+AwT(§O+T)2’LL()(T)|2dT
—/OOC 72(& + 7)|uo(1)|? dT:| )

From the known moments of ug (see Lemma A.1 below or Fournais-Helffer [FoHe,
(6.15), (6.16) and (6.17)]) we have

o © 1
| rw@Par =y, [ o+ Plunn) P dr = 3(Ca+ 07,
0 0

%) 3/2 e
/T\ua(r>\2dr:1 63 , / 72 (&0 + 7)luo(7)[? d7 = g+@3/2
0 0
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So with Iy = [~ do, I = [o2e~7" do, we get
So = O0lp ,
o3/

S1/2 = k(0)1o [ ( 5 )+ (C1+@3/2) (%+93/2)}

= —k(0)Io(Cy + ©Y?)

k" (0
Sy/a = I [za - %(C1 + @3/2)} .

Therefore, we finally find
(6 | Ho) = hOoIy — W32k (0)Io(Cy + OF?)

7/4 K" (0) 3/2 15
+ R 20— o (C1+6y)] +0(h+).

We now compute the asymptotics of ||¢||3. Along the same lines as the previous
computations and with the same conventions, we obtain

—+o0 o0 R .
1] ~ / / e~ uo(7) (1 — B/ r(2222)) dodr + O (h)
—00 0
/+Ooe_“2<1 hl/%(hl/g")/mﬂu (1) dr) do + Oui ()
- - 0 unif
oo V2« 0

—+00
_ / e—rr2 (1 _ h1/2,€(%)\/@>0) do + Ounif(hoo)

— 0o

= Iy — h'/2\/Oor(0)Iy — h3/*\/Oq 1 + O(hF) .
So the Rayleigh quotient becomes

(¢ | Ho)
613

Since the curvature s has a maximum at s = 0, we see that k"(0) < 0. We recall
that ¢ depends on « and that we can now optimize over a. We recover first the
fact that the term in O(h%) is obtained without having to specify . In the case

ﬁ

&"(0)Cy | Iy
4o

:@Oh_”(0)01h3/2+(2a— ) h7/4+0( f).

when ko = —k"(0) # 0, which is our main interest, the optimal choice of « is
ko Cy
8
and we get
koCh 1
©O1H0) _ gh — wioyenh®/? + /2L 2yra o)
1112 2 I

In the case where £ (0) = 0, we can choose « as small as we wish and therefore
get

(¢ He)
12

10:/6_02(10':\/E, Igz/oze_ozdozg,

we therefore get the result of the theorem. O

= Ogh — k(0)C1h*2 + o(hT/4) .

Using
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Remark 2.3.

In the case where ky = 0, one would expect that the error term o(h™/*) could be
replaced by (the stronger) O(h®) for some s € (7/4,2] depending on the order to
which the Taylor expansion of k(s) — k(0) vanishes at 0. We will not pursue this
further. See however also Remark 4.6.

3. GRUSHIN TYPE APPROACH FOR UPPER BOUNDS

3.1. Main statements.
In this section we will prove the following accurate result.

Theorem 3.1.
Let Q satisfy the assumptions of Theorem 1.1, and let n € N. There exist a sequence

{CJ(-")}J‘?‘;O C R and a sequence of functions {gf)gn)};";o in L?(QY) such that, for all
N > 0, there exists M > 0 such that, if

M
3 )
ZJ(\Z) (h) = ®Oh - kmaxclh3/2 + Cl \/g@(l)/4 V kz(?n — 1)h7/4 + h15/8 E hj/gcj(n) s

j=0
(3.1)
and
M .
W(ah) =3 WM () (3.2)
=0
then (for h ™\, 0)
I(H = 2062 12 = OBN) 165212 - (3.3)

With the notations of the theorem, we define zgf)(h) as the asymptotic sum

3 <
2 (h) 1= Oph — kmaxC11*/2 + C; \E@é/‘%/kz(zn — DR/ 4 13T RIS
=0

(3.4)

Consequently, zx})(h) is the truncated sum of zég)(h) at rank M.

Remark 3.2.

The lowest approzimate eigenvalue =) (h) agrees with the calculation from Bernoff-
Sternberg [BeSt] (see also [St]) up to the order that they calculate (term of order
R7/*). However, it is different from the result stated in del Pino, Felmer and Stern-
berg [PiFeSt, Remark 4.2] that they claim to be sharp.

Since the operator H is self-adjoint, we can deduce the existence of eigenvalues

near the points with asymptotics zc(g).

Corollary 3.3.
Letn € N, M € N and let Z(Mn)(h) be as above. Then there exist C > 0 and hy > 0
such that

154+ M

dist(z{" (h), Spec(H)) < Ch™s | Vh € (0, hy) -

Proof.
This is clear by the Spectral Theorem. (]
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Remark 3.4.
In particular, the upper bound announced in Theorem 1.1 is a direct consequence
of Theorem 3.1.

Proof of Theorem 3.1.

The proof is fairly long; so we will split it in different steps described in the next
subsections. From now on we will assume that the maximum of x, k. , 1S attained
at s =0.

3.2. Expanding operators in fractional powers of h.

From [HeMo2, (B.8)] we get that the operator H in boundary coordinates becomes

H=a"" [(hDS — A))a" ' (hD, — Ay) + (hD; — As)a(hDy — Az)} , (3.5)
with

a(s,t) =1—1tk(s) . (3.6)
Remark 3.5.
The representation of H given in (3.5) is only defined on functions with support in
[0,t0) x [—|092]/2, +]|0 /2]. We will only apply our operator on functions which are
a product of cut-off functions with functions in the form of linear combination of
terms like h”w(hfis, hfét), withw in S(RxRT). These functions are consequently
O(h®>) outside a fized neighborhood of (0,0). This is similar to the calculations in
the previous section. We will do the computations formally in the sense that :

e [Buerything is determined modulo O(h™);
o a1(s,t) will be replaced by 2 onsoltr(s)";
o r(s) will be replaced by its Taylor’s expansion.

For any n and N, we will find M and construct trial functions 455\2) (expressed
in boundary coordinates (s,t) and in the form (3.2)), localized near (s,t) = (0,0)
and satisfying

IH = 247357 e = O 647 2 . (hDe = A7 o0y =0 (B:7)

By changing back to the original coordinates, this clearly implies (3.3). We will
omit the tilda’s in the following and thus denote by ¢ the trial function in boundary
coordinates.

As in the preceding section (see also Appendix B), we choose a gauge where

Ay = —tay(s, 1), Ay =0; as(s,t) =1 —tr(s)/2.
We make the scaling 7 = h~1/2t, 0 = h='/8s. Then H becomes
P =a"Yh"/Dy + hY*ray)a (h"/® Dy + h'/?1as) + ha~*DraD,,  (3.8)
with
a(o,7) =1—h'?7k(hY30) | as(o,7) =1 —h'2rk(h%0) /2 . (3.9)
Thus

h~tP =a Y (h¥®Dy + 1as)a Y (h*/*D, + 7as) + a ' D,aD- .

‘We now define
P = e~ i0€0/hY =1 poioto/h*® O ,
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and get, after removing the tilda’s from the a’s,
P=qg! ((T +&)+ hS/SDo —7(1 - ag))afl ((7' +&)+ h3/8D, — (1 - a2))
+a 'D;aD, — 0Oy . (3.10)

We assume that x is C'"*° and has a non-degenerate maximum at s = 0. Then, in
the sense of asymptotic series in powers of hé, we obtain

> ik (0
a(o,7) =1 — W' 27k(RY80) =1 — hY27k(0) — TZhl/Q'“/BL'() . (3.11)
, J!
Jj=2
and

k(hY80) £(0) = e kU)(0)
as(o,7)=1-— h1/27? =1- hl/QTT - TZhl/Zﬂ/SajW . (3.12)
j=2

From the asymptotics of a and as, we get (remember the definition of ks from (1.5))
4 0'2 k‘g

a(o,7)" =1+ hY276(0) — 7h3/ — +O(h7/%)

a(o,7)72 =1+ 2h127k(0) — 7h% %02 ky + O(RT/®) |

—7(1 —as(o, 7)) = —hl/QTQ% - 72h3/402% + O(R7/3) . (3.13)
Thus, we can write
P =Py+ h*¥P + h'2Py, + W34 Py + h7/3Q(h) (3.14)
where
Py=D?+(1+&)*—6p, (3.15)
Py = 2D, (1 + &) , (3.16)
P, = —272@(7 + &) + 276(0)(7 + &0)? + £(0) (D2 — D, 7D,)
= #(0)(27(1 + &)? — T3(T + &) +ix(0)D, (3.17)

k koo?
P3:DS'_T0-2k2(7—+£0)2+2T20—272(T+§O)_ 22

D2 - D.7D,
4 T

k2(72 ]f202

= D2 — (27(7 + &)? — 72(1 + &)) S~ o D (3.18)
and where Q(h) admits a complete expansion :
Qh) ~ D Q.
j=0
We define § P by
SP=P P, (3.19)

We search for functions (;5(”)(11) having an asymptotic expansion in h'/® and such
that
2" (h) + 6gh

(P - 3 )¢\ (h) ~ 0, D.¢™ (h;0,0)=0. (3.20)
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The constructed functions will have sufficient decay properties to allow interpreting
(3.20) in the L? sense and therefore, after multiplying by the cutoff appearing in
(2.1), we get (3.7) (which implies (3.3)).

3.3. Reduction to the boundary.

We will now explain the strategy initiated by Grushin [Gru] (and reference therein)
and Sjostrand in the context of hypoellipticity [Sj]. Here we use this strategy
for producing good trial functions and thereby results for the magnetic Neumann
Laplacian.

Let us define the operators Ry, Ry and Ey by :

R} : S(R,) — S(R, x (Ry),) (3.21)
¢(o) = ¢(a)uo(T) = ¢ @ug ,

Ry : S(R, x (Ry),) — S(R,) (3.22)
»—>/ f o‘ T uo
Eo: S(R, x (E)T) — S(Ry x (E)‘r) (3.23)
_Jferte) . ifé Lug,
foo {0, if ¢ ugp .

Here we abused notation and considered Py as an operator on L?((R,),) in order
to define Ey. That Eqy respects the Schwartz space S(R, x (R ),) follows from
Lemma A.5.

Notice that Ry is the Hilbertian adjoint of R, (seen as an operator from
L?*(R, x RY;dodr) into L?(R,)). On the other hand (P — 2) is for z € R for-
mally selfadjoint for the original (h-dependent) L? scalar product inherited from
the change of variable z — (s,t) — (o,7) (that is associated to the measure
(1 — h=27k(h~ic)dodr)) but not for the usual L? associated to the standard
Lebesgue measure dodr.

With the above notations we define matrices of operators

P—z R§ Ey R§
P = (T W) = (B %) Gy

These operators act on S(R, x (R;),) x S(R,). Actually we should better think of
operators applied to formal expansions in suitable fractional powers of h with coef-
ficients in these S spaces. These infinite formal expansions will then be truncated
at a suitable rank for defining our quasimodes. So we prefer to write formal expan-
sions to infinite order, having in mind that we could actually go back to truncated
expansions if we want a given, arbitrarily small, remainder estimate.

We note first that :
Py R{ _
<R5 0 )° Eo=1. (3.25)
An easy calculation gives then :

P(Z)EO = I+IC ;
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where

K= <(6P —Oz)EO (6P —Oz)Rg) .

If we look for z = z(h) satisfying

2(h) ~ Y 2h (3.26)

and having in mind the expansion (3.14), we observe that (6P — z) = O(h%/®) |
when acting on a fixed function in S(R, x (R*);) and can actually be expanded in
powers of h¥, starting from h¥ (P1 — 23). So, if we define

+oo

Jj=0

then the operator is well defined (after reordering) as a formal expansion in powers
of h¥ and

P(2)E0Q00 ~ I . (3.27)
Now,

y 5P — 2)Ey)? 0P — 2)Epl?~1(6P — 2)RT
o (1P 8 1P =B 16P —9ESY

and therefore, if we write

o= () )

o0

. . . 1
we get, in the sense of formal expansions in powers of hs,

(P—2)Ex(2) + R§EL(2) ~ (3.28a)
(P—2)EL(2) + REEZ(2) ~ 0 (3.28b)
Ex(z)~0 (3.28¢)
RO EX(z)~1. (3.28d)
So, in particular, if o + ¢..(c;h) is a function! such that

Ex(2)¢o0 ~ 0, (3.29)

then inserting ¢ in (3.28b) (i.e. inserting <¢0 ) in (3.27)), we find
(P —2)EL(2)¢o0 ~ 0, (3.30)

where everything is well defined modulo O(h>).

IMore precisely ¢oo( -;h) ~ 2ojeN hjgd)j( -), so all the computations have to be expanded in

1
powers of hs.
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3.4. Construction of trial functions.
From the above, we see that EZ (z) is the following asymptotic series,
EZ(2) =Y (~1YRy[(6P — 2)Eol ™' (6P — 2)R{ . (3.31)
j=1

We look as before for
Boo(03h) ~ Y ¢5(0)hI*
§=0

oo
Zoo(h) ~ W82y 4 W22y 4 W32 4 BTN " GHI/S
§=0
such that
E% (200(h))oo(03h) ~ 0, (3.32)
in the sense of asymptotic series in powers of hs. Here the functions ¢; are supposed
to be in S(R,).

Lemma 3.6.
For each n € N, there exists a unique solution (2 (h),#™ (h)) to equation (3.32),
in the sense of asymptotic series, and such that

3 > ,
2" (h) ~ Cy 5 V/Ooks (2n - DR/ 4 BTN pils

5=0
Conversely, for any pair (2(h),¢(h)) such that (3.32) is satisfied, with
z(h) ~ Chi + h& ijocjhé and @(h) ~ ijoh%cpj, there exist n and
c(h) ~ 325 c;jh% such that z(h) = 2 (k) and (k) = c(h)p™ (h).

Proof of Lemma 3.6.
Let us write

EX (200(h)) ~ h¥Ey + W2 By + h¥* B3 + W7/ " hI/SF; . (3.33)
7=0

The terms in this sum will be given in (3.34), (3.35), (3.38), and (3.45) below. Using
the definitions (3.14) and (3.19), and the fact that Ry Ey = 0 and EqRg = 0, we

get modulo terms of order O(h¥),
B (200 (1) ~ =Ry (B/3(Py = 21) + WY2(Py = 2) + W4 (Py = 29) ) R
+hiRy PLEPLRE + O(h7/®) .
Since also Ry (1 + &) R = 0, we find, using (3.16),
Ey=—-Ry(PL—2z1)R3 = 2 . (3.34)
Furthermore, using again (3.17),
Ey=—Ry (P, — 22)R{ = 20 — 6(0)(I11 + N 2)
with -
I, = /0 [27(T + &0)? — T2(7 + &)Jua (T) dT |
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and -
L= z/ wo(7T)Drug(T)dr .

Using Proposition A.2, we get ’

hai+5h=-C,
and therefore

By = 25+ k(0)C . (3.35)
The term E3 becomes, inserting Py and P3 from (3.16) and (3.18),

B3 = —R5 (Ps — z3)R$ + Ry PyE P RT

k20'2

=23 D2+ (I1q + I 2) +4D215 (3.36)
where we have introduced
o0
I, = / (7 + &)uo(T) Py (T + & )uo (1) d7 . (3.37)
0

Using Proposition A.2 and Proposition A.3, we have
1—-4I, =3C1v0Oq, Lii+1p=-C1,

and we therefore get

k‘20'2

E3 = Z3 — 301 AV4 @()Dg — Cl

Remember that % (s) has a non-degenerate maximum at s = 0, so k2 = —&"(0) > 0.
The first terms.
In order to get the equation (3.32) to be satisfied, we choose

zZ1 = 0 , 22 = 7%3(0)01 s (339)

(3.38)

which implies
Ei=0, EB=0. (3.40)
With this choice, (3.32) becomes
0 ~h** Esgo + O(h™®) .
So we determine z3 and ¢g by
Esdo = 0. (3.41)
Let us solve the equation E5¢ = 0. It reads, with ks = —k"(0),

2 k202
Zggf) = C1(3\/ @()DU + 9

)o -

So, after the scaling § = ¢ 5 \’;2@70, we find that z3 should be an eigenvalue of the

harmonic oscillator

Cy g\/eokg (D2 +3%) .

Thus the possible values of z3 are :

Zén) e %J@Tﬂw (2n — 1), where n € N\ {0} . (3.42)
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In particular, using the inequality 3C1v/©g = 1 — 41, < 1 (see Proposition A.3),
we get that zgl) is smaller than the value in Theorem 2.1.

Remark 3.7.

A second look at the calculations above (comparing with Section 2) shows why The-
orem 2.1 does not give the correct ground state energy to order h"/*. By using a
trial state which has the simple form (2.1) and (2.2), we would not see the term
REPlEolear in the first line of (3.36) and therefore the last term, 4D2 15, would
be missing in the second line of (3.36). Thus the harmonic oscillator discussed
above would become

D? +

S

k
201 §2 ’
2

instead. This harmonic oscillator has ground state energy k2201 in agreement with

the result of Theorem 2.1.

The iteration procedure.

Let us define II to be the orthogonal projection on {¢}+. Notice that ¢y depends
on the n chosen in (3.42) even though we do not explicitly recall this dependence
in the notation. We will choose ¢; such that

¢j 1L @9 for all] >0. (343)

The term of order hiT# in (3.32) becomes

j—1
Esgj+ > Frdj1x=0. (3.44)
k=0
Notice that
Fj = — Ry QR + Fj (3.45)

where F'  only depends on 21, 22, 23 and {( i;é. By taking the scalar product with
¢o in the equation (3.44), we therefore get, by using (3.41) and the property that
F5 is self adjoint,

j—2
Gi-allgoll® = (¢o , Ry Qj-1 R do) — (o | Fi—1¢0) — (o | > Frchj—1-k) -
k=0

Since ¢q 7é 0, this equation determines (;_; € C as a function of 21, 22, 23, {(k}i;é
and {¢x }i;é . The property that (;_; € R will be only proved later.

Upon projecting the equation (3.44) on {¢g}*, and remembering the choice
(3.43), we get

7j—1
MEsTg; = ~T1( > Fidy1-x) - (3.46)
k=0

Since IIFE5IT is invertible on {¢o}+, (3.46) together with (3.43) determines ¢;.
Uniqueness.

Suppose that z1, z2 are not given by the choice in (3.39). For concreteness, let us
suppose that z; # 0. Then the equation (3.32) implies that ¢ ~ 0. Thus (3.39) is
the only nontrivial choice.
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Furthermore, in the construction above we imposed that ¢; L ¢o for all j > 0.
Suppose we do not impose that condition. Let ¢, be the solution constructed above
and let ¢; be the new solution. Then we can write each ¢; as

¢j = ¢+ cido with ¢} L ¢g, ¢; €C. (3.47)
‘We now write

$(h) ~ do+ Y W56~ c(h)go + Y W54,
j>1 j>1
with c(h) ~14 Z hi/8e;
j>1

and ¢ L o -

By linearity, we therefore find that f((;f)) is the solution ¢g +Zj21 hi/ ng constructed
above.
This finishes the proof of Lemma 3.6 (|

Using Lemmas 3.6, A.4, and A.5, we can finish the proof of Theorem 3.1. Let
(2" (h), ™ (Rh)) be one of the formal solutions from Lemma 3.6. By stopping the
formal sum at a finite number of terms we obtain partial sums (zJ(\Z)(h), g&”(h)),
solutions to

ES (0 ()65 (h) = B Ry (h) (3.48)

where Ef/] is also defined by stopping the expansion of EX. Since the ¢;’s are
Schwartz functions and all involved operators respect the space S (they are differ-
ential operators whose coefficients are smooth with polynomially bounded deriva-
tives), the remainder Rps(h) in (3.48) is bounded in S. Using Lemma A.5, Lem-
ma A.4 and the fact that all terms in E& preserve the Schwartz space (differential
operators with polynomially bounded, smooth derivatives), we see that EJJ\CI@\Z)(h)
defines a finite sum, whose coefficients are in the space S(R x Ry ). Thus, the
procedure described in Subsection 3.3 above (reduction to the boundary) gives a
solution v (k) = Ey; g\z)(h) to the equation

(P — za(h)ar(h) = O(W™M) .

Here the right hand side is in S and controlled in O(h*) for any semi-norm on S,
thus in particular in the L? norm.

Moreover, H being selfadjoint, we can now prove that (; € R and this finishes
the proof of Theorem 3.1. O

4. SPACE LOCALIZATION
In this section we will prove that the ground state is well localized both in s and

t. In the following Section 5 we will prove a similar (slightly weaker) localization
result in the frequency variable £ corresponding to s.
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4.1. Agmon estimates in the normal direction.
If ¢ is a function with compact support in €2, i.e. ¢ € C§°(Q), then

A [(—ihV — A)¢|* dz = /RZ [(—ihV — A)p|* dz > hl|¢| 72 ey = PllOlIT2(e) - (41)
Since 1 > Og, this implies (compare 1-h with © - h) that functions with energy
below our upper bounds from Theorem 3.1 cannot be localized in the interior of {2
(i.e. away from the boundary), as h — 0. The powerful method of Agmon estimates
can be applied to strengthen this property into an exponential localization of the
eigenfunctions (corresponding to the bottom of the spectrum) in a neighborhood
of the boundary. This is the content of the following proposition.

Theorem 4.1 (Normal Agmon estimates).

Let hg > 0,M € (Og,1). Then there exists C,a > 0 and hy € (0, hg] such that
if (Un)ne(o,ho] 18 a family of normalized eigenfunctions of Hy o with corresponding
eigenvalue p(h) satisfying p(h) < Mh, then, for all h € (0, hq],

20 dist @O0/ (4 (2)[2 4 b |(—ihV — A)up(2)?) de < C . (4.2)

Proof.

The proof is similar to (but easier than) the proof of Theorem 4.9 below. We omit
the details and refer to Helffer-Morame [HeMo2, Section 6.4, p. 621-623] or Helffer-
Pan [HePa|. In [HeMo2] only the ground state is considered, but it is immediate to
see that the analysis goes through for the eigenfunctions corresponding to higher
eigenvalues. ]

As a corollary, we get the weaker but useful estimate for uj; near the boundary.
Corollary 4.2 (Weak normal Agmon estimates).
Let the assumptions be as in Theorem 4.1. For any integer k, there exist C > 0
and hg, such that

||dist (2, 8Q)*up|| L2y < C hE , Vh € (0, ho] . (4.3)
Remark 4.3.
The L? statement in Theorem 4.1 can be converted to an L™ result using the Sobolev
imbedding theorem. See [HeMo2, Theorem 6.3] for details.

4.2. First lower bound.

In order to get good localization properties of the eigenfunctions in the variable
parallel to the boundary (the s variable), we need to improve the lower bound on
the ground state energy from (1.7). We will prove the following improvement of
[HeMo2, Theorem 10.3].

Theorem 4.4. Let Q) be a bounded region with smooth boundary satisfying the
assumptions of Theorem 1.1. Then

D (h) > Ogh — Crkmaxh®? + O(RT/) . (4.4)

Proof. Since Q is bounded, we have kyax > 0. Using the results from [HeMol], we
may localize to the region near boundary points with x(s) > 0, so we may assume
without loss of generality in the proof that x(s) > 0 for all s.

The proof of Theorem 4.4 is similar to the proof of [HeMol, Theorem 10.3].
We just need to do one of the estimates slightly more carefully. In particular, the
proof goes by comparison with the case of a disc. For a disc, one can calculate the
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ground state energy with great precision by using the rotational symmetry. This
was carried through in [BaPhTa]. We state one of their results in the following
form.

Theorem 4.5. Let (Y (h,b, D(0, R)) be the ground state energy of the operator in
(1.1) in the case where curl A = b (independent of v € Q1) and Q = D(0,R); the
disc of radius R. Then there exists C' > 0 such that if

bR%/h > C
then
1 (h, b, D(0, R)) > ©gbh — C1bY2h3/2 JR — Ch?R™2 . (4.5)

Notice that in the case of a disc, the curvature & is constant, x = R™!.

Let p > 0. We can find a sequence {Sj7h};_\r:(g) in R/|0€| and a partition of unity

{Xjﬁ};y:(g) on R/|09Q| such that supp X, NsuppXen = 0 if j ¢ {k — 1,k k + 1}
(with the convention that N(h) +1 =0, 0 — 1 = N(h)). Furthermore, we may
impose the conditions

supp Xjn C S+ [=h7, 071, DY XGn =1, Y |Vl <Ch? . (4.6)
J

J
We will always choose the s, 5, such that |s; 5| < [09]/2.
Let x1, x2 be a standard partition of unity on R :

X24+xa=1, suppxi C(-2,2), X1 = 1 on a nbhd of [-1,1] . (4.7)

Let us define
Xj,h(8:) = Xj.n(s)xa(t/h?) .

We will also consider x; , as a function on Q (by passing to boundary coordinates)
without changing the notation. For ¢ € D(H), we can write

Y= Z X?,h'(/) + eg,hw ) (4.8)
J
with
0;n(x) = x,;(t(x)/h"), for j=1,2. (4.9)
We get by the ‘IMS’-formula :
(| H) = (W H(Y_XGnv +605,9)) (4.10)
J

= (Gt | Hxgnt) — 12 / IV xGm|9]? da
J

- Ba | HOs ) — 1 / V012 dr (4.11)

In particular, for ¢y = ug) being a normalized ground state wave function, we
get using the weak normal Agmon estimates (in the ¢ variable) and the condition
p < 1/2 (we will choose p = 1/8 in the end).

pD(h) =" Oy | Hxgnuy) + O(h*720) . (4.12)

J
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We will write each of the terms in (- | -) in boundary coordinates and compare with
the similar term with fixed curvature. Define

Ay (s,t) = —t(1 — tr(s)/2) , a(s,t) =1 —tr(s) ,

and
B = / el nulVl(s,t) dsdt | (4.13)

with
e[f] :=a ' |(hDs — A I + alhDy f|* . (4.14)

Similarly, we define
Kjn = K(Sjh), Ay jn(s,t) = —t(1 —thjn/2) , ajp=1—1tK;n,

and
Ajp = /ej,h[xjﬁugll)}(s,t) dsdt , (4.15)

with
ejnlf] = aj nl(hDy — Ay ) 17 + ajulhDyf]? . (4.16)

We observe that B, = <Xj,huh) |’ijyhuh )> and will compare B;;, and A; . We
clearly have

elxinu1(s,8) = eznlxinuy 1(s,8) + fils.t) + fols,t) + fa(s,t) . (417)

and

fi= (@ = G )I(hDs — A)xgnug P + (a — azn)|hDe(xgnul )2
fr=aipl(Ar — A gp)xgnuy?
f3 = 20,;,113%{(141 ALJ h)X] huh (hD 14107 )Xj7hu§11)} .

Notice that for s € s, + [—h”, h”], we have, since £'(0) =0,

15(5) — k0] = |5 — 8;0] ’/ (1= 0)sjp + ls) d£‘<0h”(|sjh|+hp) (4.18)

Thus,
la — ajn| = t|s(s) — kjn| < ChP(|sjn| + h°)t
o™t —a; | S ChP(|sjul + ), for &< 2h. (4.19)

We estimate, using (4.19), for any € > 0,
[Fu(s. 0] < Ch (Isjnl + 1)t el ) (s, 1)
< C'eh 420 (|5, 5] + h?) e[y nusV)(s,t) + C'e Th V42 ey nulV) (s, 1)

< C"eh M2 ([ n] + h0)” €515, ) + C TR el ] (s, 1)
(4.20)

We also estimate fo and f3 by
Fals,t) < OR g2 (4.21)
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and
| f3(s, )| < 2Ct°h*(|s; ] + hp)ajf}l‘xg‘,hug)(hl)s - Al,j,h)Xj,hUS)‘

< C'e YA gD 2 Ceh 20 (s ) 4 1) 2 es bl D) (s, 1)
(4.22)

Thus, we get by combining (4.17) with (4.20), (4.21), and (4.22) and integrating,
By = {1 = Ceh!/ ¥ (15| 4+ 17) Y Ay

—C’e_lh_l/4/th[Xj,hug)](s,t) dsdt

— C(h* + e th V% /t4\xj7hug)| dsdt . (4.23)
From Theorem 4.5 we get the estimate
Agn = (Ooh = Curynl® = 1) Il |2
> (©0h = C1 (Kmax — comin(ls;n . D)E/2 = CB2) a1, (4.24)

for some ¢y > 0, using the non-degeneracy of the maximum. Therefore, using that
|s;n] < |09Q/2, we get that, for e sufficiently small and p = 1/8,

{1—Ceh /*+20 (|s; ] + h*) Y Ajn > (Boh — Crkmaxh®? — ChT/4)||x; nul |2,

(4.25)
Therefore, we get from (4.23), for the given choice of € and p =1/8,
S By > (G0 — Culomach® = CHT/4) [l (4.26)
J

—ChA / S el nul)(s, ) ds dt — Ch~ /4 / )| ds dt
J

The weak normal Agmon estimates and easy manipulations (as in [HeMo2]) give
that the last two terms in (4.26) are bounded by Ch7/4. Therefore, the theorem
follows from (4.26) and (4.12), remembering that p = 1/8. O

Remark 4.6. The above proof actually extends to the case where kyax S a non-
degenerate maximum of higher order, i.e.

#(8) = kmax + as?™ + O(|s2V T |
with N > 2 and a # 0. In that case (4.18) becomes
|K(s) — Kl < CRP(|sjp* N1 +hP) . (4.27)
This implies that (4.23) becomes
Bin > {1 — Ceh "2 (s 2N~ + 1°)* Y Ay,

—C’e_lh_l/4/th[Xj,hug)](s,t) dsdt

— C(h% + e a4 /t4|xj7hu§ll) 1> dsdt . (4.28)
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But instead of (4.24), we get
Ajp > {@oh - C (k‘max — ¢ maX(|sj7h|2N, 1))h3/2 C’h2}||xj hu ||2 (4.29)

Since |s|?N > [s|?@N=1) for small s, this implies the result. Actually, in this case
one should be able to optimize the proof above (in particular choose p < 1/8) and
get a better error bound than O(R7/*) in (4.4).

It is convenient to have a lower bound of the operator H in terms of a potential
Uy,. That is our next statement.

Theorem 4.7. There exist €y, Cy > 0 such that, if
7(8) := kmax — €08> (4.30)

and

V@) = {h , if () > 28 (431)

Ooh — C1R(s)h3/2 — Coh™/* | if  t(x) < 2hY/8

(u| Hu) > /QUh(gr:)|u(gc)|2 dx | (4.32)
for all w € D(H) and all h € (0,1].

Remark 4.8. It is very likely that one could replace & by k by k in (4.31) (see also
[HeMol, Proposition 10.2]). However, we do not need this improvement.

Proof. With 6 ,, 03, as in (4.9) and p = 1/8, we have
(u | Hu) = (61 pu ’ Hb1 pu) + (O2,nu ‘ HO2 pu)

—Ch7/4/ lu|? da .
{h1/8<t(z) <21/}

Since (02, pu | Hb2 pu) > h||02 pul|?, it therefore suffices to prove that

(u| Hu) > / Un(a)|u(z)? d (4.33)
Q
for all w € H*(2) and all h € (0, 1], where

~ h, it t(z) > 2n1/8
%@:& (z)

4.34
Ooh — Cr(s)h¥? — T/, it oy <oy, Y

and v = (14 6g)/2 and CY, is some positive constant.
Let ﬂg) be a ground state for H — Uy, with ground state energy (") (h). We will
prove that g (k) >0.

Since ©y < v < 1, the normal Agmon estimates, Theorem 4.1, are also valid for
~(1)
ay, .

Using the ‘IMS’-formula, and notations as in the proof of Theorem 4.4, we get

A >ijhuh)|H Un)xjnti) + /(h—ﬂ’h)|927ha§f)\2dx

—Ch7/4/ iV da .
{h1/8<i(x)<2h1/5}
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Modulo choosing C{, sufficiently big, it therefore suffices to prove that
Z <XJ huh | (H @oh + C1I€( )h3/2)Xj’h’l]§Ll)>
J
> —Ch'/* / S Ixgnay [P . (4.35)
J

)

Since the normal Agmon estimates hold for u( , we can now go through the proof

of Theorem 4.4 with uEL ) replaced everywhere by ﬂgll). We replace ugl) everywhere

by ﬂﬁll), in particular in the definition of A;j and Bjp, which are then denoted by
A;n and B;p, . In particular, we get as in (4.24)

Ajn > {O0h — Ot (Kuax — comin(|s; u |2, 1))h¥2 — Ch?}[xsna > . (4.36)
So
{1— Ceh* 20 (|s; | + h*)* Y A; 1 — (Ooh — Cri(s)h*?) [xs il |12
> —Ch7 |y, nif |2 . (4.37)

Therefore,

Z<Xﬂ huh | (H — ©gh + C1F(s )h3/2)xj,hﬂ§ll)>

J
—Z( 00— (©0h = Cur(s)h™?) ity |

> cwz Iy |

J

_ Ch—1/4/Zt%[xj,ha;”](s,t) ds dt — Ch_1/4/t4 a2 ds dt .
J

Using the weak normal Agmon estimates to bound the last terms by O(h7/4), this
implies (4.35) and therefore finishes the proof of Theorem 4.7. (I
4.3. Agmon estimates in the tangential direction.

Theorem 4.7 can be used to obtain exponential localization estimates in the tan-
gential (s-)variable.

Theorem 4.9 (Tangential Agmon estimates).

Let hg > 0, M > 0. Then there exist C, o > 0 and hy € (0,ho], such that
if (Un)helo,no] 95 @ family of normalized eigenfunctions of H with corresponding
eigenvalue p(h) satisfying the bound

w(h) < Ogh — Crkmaxh®? + MK/* | Wh € (0,h] (4.38)
and if x1 € C§° is the function from (4.7), then, for oll h € (0, hy],

[ e 1) 1079 un (@) P+ (=Y Al ()|} o <
¢ (4.39)
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Proof. First we observe that there exists § > 0 such that, for all § > 0, we have
(with x2 from (4.7))

2

2/11/4
() e () |
2/71/4
= (B Gam)e M a1, )
2/11/4 2,71/4
> <X2(Sh81/8 )Xl(hlt/s)eods‘ /h Up ‘HX2(W)X1(h1t/8)ealsl /h Uh>

R 2 olsl2 /4
_ChQ/‘V(XﬂW)Xl(hlt/s))’ 2Ny, |2 da

9]

s als|?/ht/*
*a2ﬂh3/2/X%(W)Xf(hf/s)S%Q P/ | da (4.40)

But it follows from Theorem 4.7 and (4.38) that if « is chosen such that Ba? <
6001/2, then
s als 2 1/4
<X2(W)Xl(h1t/8)e [s|*/h up, ‘ ('H—u(h) —,604282}13/2)

2/11/4
X X2(W)X1(h1t/s)€als‘ /h uh>

€0C1 52 s alsl2/R1/4 112
> (F— = Co = M)W xa(ggim)xa ()™M e |7 (4.41)
Therefore, it follows from (4.40) and (4.41) that, for « sufficiently small and S
sufficiently big,

HXQ(W)Xl(hf/s )ea|5\2/h1/4u}l ||2

s 2 2qls|?/R'/4
<o [ [Vl (e P P s . (4.42)

Now,

W [ [Voatgimna ol e e < T, (44

2,,1/4
1= C [ i) X Git) e P d

II:=cC 2ol 2 d
{h1/3§t§2h1/8}

On {h'/® <t < 2h1/%} we have |s| < [09]t/h'/8, and clearly |s| < |99|/2, so we
have

II<C ealagl2t/h3/8\uh|2dx .
- {hl/SStSth/g}

By the normal Agmon estimates (Theorem 4.1), this implies that
I11<C.

s 2 2als|?h'/*
Shl/s)‘ e ‘ l

To estimate I, we use that |x5(
get

is bounded uniformly in A and

ISC/|uh|2dm:C.
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s )e2a\s|2/h1/4

Since also x} (57

is bounded uniformly in h, (4.42) implies that

1 (s ) e/ | < C (4.44)
The bound on

/ 2l /R (—ihV = A(@))un (@) da
Q

in (4.39) now follows in the same way by inserting (4.44) in (4.40). O
Corollary 4.10 (Weak tangential Agmon estimates).

Let the assumptions be as in Theorem 4.9. Let x € Co(R), suppx C (—to,to),
with the constant ty from the definition of the boundary coordinates in Appendiz B.
Then, for all k > 0, there exists C' > 0 such that

[ sttt un o) do < O175
Q
The proof of the corollary is immediate.

5. A PHASE SPACE BOUND

For our analysis of the low lying eigenvalues of H, we need, apart from the
localizations in s and t, to have a precise localization in D,. This is the goal of the
present section.

5.1. Main statement and main step of the proof.

Theorem 5.1 (Localization in Dy).

Let M > 0, hg > 0 and x1, x2 € C*(R) be a standard partition of unity as in (4.7).
Let (s,t) be the boundary coordinates introduced in Appendiz B chosen such that
k(0) = kmax and let € in (0,3/8). Then for all N > 0 exists Cy > 0 such that if
(un)he(o,he) B8 a family of normalized eigenfunctions of H = H(h) with eigenvalue
w(h) satisfying

(h) < Ogh — Chkmaxh®? + MK/* | (5.1)
and the operator Wy acting on functions localized near the boundary is defined by
|h'/2Dy — &|

Waxa(t/to) = X1(43/|39DX2(T)X1(48/|59|)X1(4t/t0) (5.2)

with to from (B.1), then
[Wexa(4t/to)unl| . < Cxh™N . (5.3)

and

[(Woxa (4t /to)un | H(R)Wix1 (4t /to)un)| < OnRN . (5.4)

Let us be more explicit about the meaning of the operator Wsx1(t/to). On
the support of ¢ — x1(4t/ty), we can use boundary coordinates (s,t) (see Ap-
pendix B). Thus, for each ¢ € L2(2), f(s,t) := x1(4t/to)¢ is a |0Q|-periodic
function in s. After multiplication by x1(4s/|0€|) we find a function with sup-

port in (f‘a—QQI, @) x R, which we extend by zero to a function (with compact

support) on R x Ry. This function we still denote by x1(4s/|0Q|)x1(t/to)¢. On
JR— 1/2
R x R the meaning of the operator Xﬂw) is obvious (for example using

the Fourier transformation). After multiplying a second time by x1(4s/|0€|) we
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get a new function Xl(48/|8(Z|)X2(M)X1(4s/|89|)xl(t/to)gi) with support

in (— ‘829 L |a2Q l) x R which we may reinterpret as a function on a neighborhood of

the boundary of €2, expressed in boundary coordinates.

Thus, Wsx1(t/ to) is an h-pseudodifferential operator (or rather h'/2~¢-pseudo-
differential operator). We will use elementary commutation properties of such op-
erators. The relevant results (and much more) can be found in introductions to the
subject, such as [DiSj] and [Ro].

Remark 5.2. As a shorter notation, instead of (5.3) and (5.4) we will write
[Waxa (4t/to)un || > + [(Wexa (4t /to)un | H(R)Wex1(4t/to)un)| = Ounis(h™) .

Here the subscript ‘unif’ is included to remind us that the constants (in (5.3) and
(5.4)) are uniform for eigenfunctions in a suitable energy interval (as given in

(5.1)).

Proof of Theorem 5.1.
Let 0 < ¢ < 1/2 and define W, x5, Xs,0, Xt, and xo by

h1/2D5 _ B
Wom o (BD 80l ), (55)
Xo = x1(4t/to) , Xs,0 == Xx1(4s/109Y) , x5 = Xl(s/hl/sf‘s) . (5.6)
‘We will choose § small such that :
0<d<(2—¢)/4. (5.7)

By using the normal Agmon estimates (Theorem 4.1), it suffices to prove the fol-
lowing localized versions of (5.3) and (5.4) :

[Wsxtunl|r2 = unif(hoo) ;
(Waxeun | H(W)Wexiun) = Ounir(h™) .
We start the proof of (5.8) and (5.9) by the easy identities
P IWaxeunl* = RO WS Wxeun | Hun) = Ty (un) + Ta(un) (5.10)
with?
Ty (un) = (Wexeun | HWsxiun) (5.11)
To(up) = %<uh | (e WeWoxieH — 2 Wi HWoxe + Hxe Wi Wexe)un) - (5.12)
We will also use the following estimates
Ixeun]* < 1, (xeun | Hxvun) < Ch. (5.13)

Only the second estimate in (5.13) deserves comment. It is however an easy conse-
quence of the standard identity

xtHxt = $(GH +Hx?) + b2Vl
and of the estimate :
w(h) < Ch, (5.14)
resulting from Assumption (5.1).

2Notice that T; depends also on a choice of a pair (x:, Ws) and that we will have to consider
different pairs in the induction argument.
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Induction argument.
The proof of (5.8) and (5.9) will be obtained by proving by induction that p(N) is
satisfied for any N € N, where p(N) is the following statement.

Statement p(N):
For any x; and W as in (5.5), then

IWaxeunr2 = Ounie (B3N G0 | (5.15)
(Waxeun, | HB)Wxsup) = Ounig (RPN E—9+1) (5.16)

Initialization N = 0.

The estimate (5.15) is trivially satisfied for N = 0 and (5.16) is a consequence
of (5.11), (5.10), (5.14), (5.7) and Proposition 5.7 (Proposition 5.7 is somewhat
stronger than needed at this step).

From N to N + 1.

Suppose now that we have proved p(NN) for some N > 0. Given x; and W, choose
Yt and 1% satisfying the same assumptions, but being slightly ‘larger’, i.e.

XtXt = Xt 5 WW =W .

We introduce ﬁ//s = X&OWX&O. Then we consider ¢y := )ZtAW/Suh instead of wuy,
and assume p(N), with the pair (WS,)Zt). We come back to (5.10) and observe,
using the rough h-pseudodifferential calculus, that T)j(up) = T;(¢n) + Ounir(h™)
(j = 1,2). We notice also that Proposition 5.6 implies that one can take ¢, = ¢p
in Propositions 5.3 and 5.7. Therefore, (5.10) and Proposition 5.7 applied with
vn = ¢p together with p(N) leads to (5.16)ny4+1. Finally, Proposition 5.3 and
(5.16) y+1 give (using (5.1)) (5.15)y4+1 and this finishes the induction.

Thus, (5.3) and (5.4) are proved and we have reduced the proof of Theorem 5.1
to the proof of the three Propositions 5.3, 5.6, and 5.7, which will be given in the
next subsections. O

5.2. Step 2 : Lower bound for the local energy T (¢p).

Proposition 5.3. Let Z € C°(R), E=1 on[—3,1], E=0 on R\ [-1,1]. Suppose
that € € (0,3/8), that 0 satisfies (5.7) and let C > 0. Then there exists ¢y > 0
(depending also on the constants implicit in O(h*) in (5.19) and (5.20) below) and
for all N € N ezists C > 0 such that if oy, € D(H) satisfies

supp @, C {t(z) < 21270} (5.17)
[ onl? + 7k - Ala)en?) do < C (5.18)
Q
/ X (/BN [onl? + BV (—ihY — A@))enydo = O(™),  (5.19)
Q
and
_4s _ hWY?D,— & _, 4s -
e a0 F g Jen e = O (5.20)
Then,

Ty (pn) == (on | Hen) > (@oh — Chkmaxh®? + coh1+2e) lenl> = CnhYN . (5.21)
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Proof of Proposition 5.3. The term T7(py) is an integral

Ti(pn) = / (a*1|(hps — A)gnl? + a|(th)g0h|2) dsdt . (5.22)
We introduce a localized version of T (¢ ),
Tuon) = [ %2 (a7 (AD. = A)nf? +alDi)on ) s (5.23)
Using the localization estimates in s (see (5.19)), we obtain :
Ty (¢n) = Ta(pn) + O(h™) . (5.24)
On the set
{|S| < h1/876} N {t < 2h1/276} ,
we have
a(s,t) =1 — thax + O(W*/*7%) | a”'(s,t) = 1 + thmax + O(RY/*73) |
Ay (s,t) = —t(1 — thmax) + O(RY/4749) (5.25)

Therefore, with
a1(t) =1 —thmax , a2(t) =14 2tkpmax, A(t) = —t(1 — thmax), (5.26)

we get, using (5.24),

Ti(pn) = (1= h¥*73)Qon] + O * %) [ n || + O(h>) (5.27)
where
Olf] = /Xg (ax(8) | (hD, — AWD)F” + (kD) 1) (1) ds it (5.28)
It is clear, using again (5.19), that we can remove the localization x; and get
. . 4 4
Tilen) 2 (1= W )QIE(Garenl + OIS (sanenl + O)
(5.29)
where
Qlf] ::/ (ag(t)|(hDs — AR f) + |(th)f|2)a1(t) dsdt . (5.30)
R

Now the coefficients in Q do not depend on s, so we can make a Fourier decompo-
sition of the quadratic form. Let us define

f(s,7) =AY 41 (hO7) f(s, WY ?7) |
= kmaxh®mx1 (R07/2)

ge(T) == (271')71/2/ e f(s,7)ds . (5.31)

R



MAGNETIC BOTTLES 29

Notice that the function £ is uniformly bounded on RT. Then

Qm:hA%MMQ

%Mh=£m{ﬂ+2ﬂﬂ5aﬂﬂﬂﬂc+ﬂ1—ﬁm5aﬂﬂﬂﬂﬂﬂﬁ
+ g ()21 = R4y dr (5.32)

The form g is the quadratic form on H'(Ry, (1 — h1/2=9p) dr) N L2(Ry,72(1 —
h'/2=9¢) dr) defining a selfadjoint unbounded operator h(¢) on the space L (R, (1—
h1/2=9p) dT) :

1 d

h(¢) = —m%{(l - hl/Q_‘sE)}% + [R2+ (1 - h1/2_5€(r)/2)]2 .

Similarly, we can introduce the quadratic form on H!(R™) N L2(R*, 72d7) :

Qo= [ {0 lg)P + g )P ar

0

with associated operator ho(¢) on L?(R,,dr) which is the Neumann selfadjoint

realization of :
d2
ho(¢) == ~52 + (R3¢ + 1)

In the two cases, the form domain is the same space and the operator domain
involves the Neumann condition at 7 = 0.

Lemma 5.4. There exists co, C', M > 0, such that if |h*/?¢ — &y > Mh'/4=30/2
then

inf Spec h(¢) > O + comin (1, |2 — &|?), (5.33)
and if |WV2¢ — & < MRMA=39/2 ) then
inf Spec h(¢) > {90 +3C11&o| (/3¢ — &)* - Clkmaxhl/Q}
— C(In2¢ = &P + W2 |RY2¢ — &) (5.34)

Proof of Lemma 5.4. The proof is similar to a calculation given in [HeMo2, Sec-
tion 11], so we will be rather brief. Since 0 < ¢ < C,0 < 41 < h=%and 6 € (0,1/2),
we get for all f in the form domain of §(¢),

qclf] < 1+ ChY2=0)gQ[f] + W23 £, (5.35)

and the same inequality is true by exchanging ¢, and qg. Thus, by the variational
characterization of the eigenvalues,

|15 (B(C)) = 15 (50 ()] < CRY2=¥ {1+ p1;(80 () } - (5.36)

Here 11(h) denotes the jth eigenvalue of the self-adjoint operator b (with h = h(()
or ho(¢)) . Now it follows from (A.4) that, for some ¢y > 0,

111(ho(¢)) > O + o min (1, |hY2¢ — &%) ,
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and therefore we get from (5.36), if M is chosen sufficiently big, that
co . B
11(h(<)) = o + 50 min (1, [AY/2¢ — &%) for |Y2¢ — &| > MAVA=%/2
(5.37)

Note that from (5.7), 1/4 —36/2 > 0. For |h'/2¢ — &| < Mh'/4=39/2 | we will con-
struct an explicit trial function for h(¢). With P(;1 being the regularized resolvent
from (A.14) we write

Fe(r) = uo(7) = 2(h/*¢ — &) Py (¢ + &o)uo(1)](7) (5.38)
A2 = &) P (4 &) Py (8 + €)uo(#)] (1) — Tauo (1) }(7)

We note that f¢(7) belongs to the domain of h(¢) and a straightforward calculation
gives that

H{ho — 80 + (hV2¢ — &)2(1 — 4Ly) }fCH < CIhY2¢ — & . (5.39)
where I is the constant from (3.37), i.c
I = /OOO(T + &0)uo(T) B Y[(t + & )uo ()] () dr . (5.40)
Define now
o= fo = hY 2 kmax Py ! [{% +27(E + 1) — T2(E0 + T)}UQ}. (5.41)

Again a straightforward calculation, using the decomposition

B(C) = ho(Q) = h+ 0 (phamrg ik + 26(BV/2C + 7 — WA/2507 22
—(AV2C 4 T)lr TR0

gives that
[{6() = 100 + (11/2¢ = £0)2(1 = 412) + B P NI} e |
< C(IRM2¢ = & + n2 RV = &) (5.42)
with
N = / uo(r){ -t 2r (6o + ) — (60 + 1) buo(r) dr . (5.43)

Using Propositions A.2 and A.37 we get
N=-Cy, 1—4I, = —=3C1& = 3C1|&] - (5.44)

This, together with (5.36) which permits to have a lower bound of p2(h(¢)), finishes
the proof of Lemma 5.4 (see [HeMo2] for a similar argument). We have actually
obtained the better

1(0(0) ~ {O0 + 3C1[&l (h%¢ = §0)? = Crkmach/? |
C(In72¢ = &ol* + W12 |pY2C = &) - (545)

Lemma 5.4 has the following consequence
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Lemma 5.5. Let o, e and 6 satisfying the assumptions of Proposition 5.3. Then
there exists cg > 0 such that

4s
= 3/2 1+2€ _
Q[H(‘ﬁf”)(ph} (@()h Cl maxh + co h /‘\_4 |aQ|)g0h| ( tkmax) ds dt

+ Ounie (™) .

The proof of Lemma 5.5 is immediate.
End of the proof of Proposition 5.3.
Using (5.17) and (5.19), we get that

= 4s -
/ \:(|8Q|)s0h| (1~ thunax) ds dt = (1 + O(h*/*2)) [ pnl| 2o -

Therefore, Lemma 5.5 implies that

4s
Q[E(wm)@h] (©0h — Cikmaxh 3/2 4 cohM e — oRT/A 35)||<Ph||L2(Q- (5.46)

Combining (5.46) with (5.29), and using the choice of § from (5.7), yields (5.21). O
5.3. Step 3 : Preservation of localization.

Proposition 5.6. Let € € (0,3/8) and let § € (0,%). Then there exist a,C > 0

such that if (un)ne(o,hy) 5 the family of functions from Theorem 5.1 and x4, W are
as in (5.5), then ¢p := x:Wsuy, satisfies

/ @M 16, 12 L h=Y(—ih — Az)n | da < C

/Xg(s/hl/H){mF+h*1|( ihY — A@)onl} de = Qs (h) .

Proof of Proposition 5.6.
We only consider the localization in s, since the localization in ¢ is much simpler.
Let us define

T = / X/ h 50N (=ih — A(x))n|? da

We will only prove that T = Oypuit(h*°), the remaining estimate in Proposition 5.6
being easier. We write, with X, := x2(s/h'/57?),

T=Ri+ Ry, (547)
Ry = /yga—w(hps ~A)gnPdsdt, Ry = /y§a|<hpt)¢h|2 ds dt

Since a is a bounded function on supp x; and Wy commutes with D;, we have, with
(-] -) being the inner product on L?([—|0€]/2,|0Q|/2] x R;ds dt),

|Ra| < C{(hD¢)(xvun) | WeXaWs(hDe)(xrun)) - (5.48)
Now, with x; defined by
Xi(s) = x;(2s/nY57%)

WXoWs = (X7 + X3) WX We(XT + X3) - (5.49)



32 S. FOURNAIS AND B. HELFFER

Since € < 3/8, we see by repeated commutations that Y2W,X> = Ounit(h™), so
|Ra| < C(x3(hDy) (xeun) | WeXaWs X3(hDe) (xeun))
+ Ounit (W) || (hD¢) (xeun) || - (5.50)

Now the Agmon estimates in s and t easily imply that Re = Oupit(h°°).
The estimate of Ry is similar but slightly more complicated, since Wy does not
commute with A;. We estimate

IRy < R 4+ R (5.51)
RV = c/ |(hDy + ) (xeWeup)|? ds dt
RP = C/yS|A1 — 112 Waun|* ds dt
On supp X+, |f~11 —t <, s0 R§2) can be controlled like Ry by Oyupir(h™).
For Rgl) we use that W commutes with (hDg + t) and the Agmon estimates in
s, to write
R = C((hDs + t)xeun | WoX2Wo(hDs + t)xeun) + Ounie(h) . (5.52)
Notice that

|(RDs + t)xeun||® < C||(hDs + Ay)xun|® + C < Const . (5.53)

So we can, like for the control of Ry, localize modulo O yyi¢(h°°) on the support of
X2 and get

IR(V| < C(RE(hDy + t)xeun | W2 W X3 (D + ) xsun) + Ounit(h™)
< C/” (h‘D + t)XtuhHQ + Ounlf(hoo)

S CH(”)N(Z(h’D? - Al)Xtuh”Z =+ ||>22Xtuh||2) + Ounif(hoo)

= Ounit (R™) . (5.54)
Here we used the tangential Agmon estimates to get the last inequality. This
finishes the proof of Proposition 5.6. O

5.4. Step 4 : Control of the commutator T5(pp) .

5.4.1. Main statement.

Proposition 5.7. Suppose that € € (0,3/8), that & satisfies (5.7) and let o, C >
0. Then there exists co > 0 (depending also on the constants implicit in (5.56)
below) and for all N € N there exists Cy > 0 such that if o, € D(H) is such that

/ U (on P 4 WY (—ihV — A(w))enl?} de < C (5.55)
/"2(‘9/hl/8*‘5){|</>h\2 + hH(—ihV — A(z))pn|*} dz = O(h™) (5.56)
Then, with Wy and x¢ from (5.5) and

1
To(pn) = §<<Ph | (xeWWoxiH — 2xeWEHWexe + HxeWiWaexe)en) ,  (5.57)
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we have
Ta(pn)| < COhg/g*";((wh | Hen) + h||§0h||2> +CNRY . (5.58)

The proof of Proposition 5.7 is based on successive decompositions of the ‘com-
mutator’.
5.4.2. First decomposition for Ts(opn).
Since x; localizes near the boundary, we can use boundary coordinates (s, t). Thus,
we get, with a = 1 — tk(s),

S

- — ¢
Wr=aWea=W,+Wy: W,:= Xs,0WXs0, W:= ;[VV, k(s)] . (5.59)

Remember that Wy = x5,0Wxs,0- Let 2 € C§°(R) satisfy, Z(s)xs,0(s) = Xxs,0(),
supp = C (—‘%—Su,la—gl). Clearly, To(pr) = To(Z¢n). Now we can calculate the

‘commutator’ in T»(Z¢p);
XeWiWsxieH — 2xa WS HW s xe + Hxe Wy Wi ;

as an (pseudodifferential) operator on L?(R% ), where we extend the curvature func-
tion k(s) (appearing, for instance, in the expression for H in boundary coordinates)
as a periodic function of s € R.

Using the localization estimates in s from (5.56) combined with the fact that x;

commutes with W and W, we therefore get

Talon) = 5 (0C0on | (€ + Co)Cg0n) + Ounie () (5.60)
C1 = W, e W, H]] , Cr:=0C21+C22+Co3, (5.61)
Con = Wixe, [xe, HIW ,  Cop = WAE[W,H], Cos:=[H,W]Wx2. (5.62)

We will calculate and estimate these commutators. We write

H(h) = a ' (hDs — Ay)a” (hDs — A1) + a~(hDy)a(hDy)

=Hi+Ho+Hs+Hy, (5.63)
with
H,y := (hDy — Ay)a"2(hDs — Ay) , Hy = —ih%f(hDs —Ay),
Hy = (hDy)?, o= 20Dy (560

Remark 5.8. The commutator Ca 3 gives the leading order term. This can be
understood by a ‘back-of-the-envelope’ calculation replacing H by the leading terms
from (3.14), i.e. H ~ Py+h3/3P, +h'/2P,. We do not give this formal calculation
here, since we do not justify this approximation.

5.4.3. Control of 5(C1x%o¢n|x2%n). The terms with derivatives in D, are the
most involved.

Commutation with H;.

Since y; commutes with W and Hy, we find

[thv [XtVV, Hl]] = X? [I/Vv [I/Vv Hl“ . (5.65)
The inner commutator becomes

W, Hi = Q1+ Q2 , (5.66)



34 S. FOURNAIS AND B. HELFFER

with
Q1 := (hD, — A))[W,a % (hDs — A;) , (5.67)
Q2 == — {[W Aila™2(hDs — A1) + (hDs — Ay)a™2[W, ;11]} . (5.68)

We calculate the double commutators separately

(W, Q1] = (hDs — A1) W, [W,a ?]](hDs — Ay)

— W, A4)[W,a™?|(hDs — A1) — (hDy — Ay)[W,a ?][W, Ay]
+2[W, AyJa (W, Ay] . (5.69)

Remember that Ay (s,t) = —t(1 — tr(s)/2), a(s,t) = 1 — tk(s). Therefore,

W, Ay] = 2[W, k(s)]/2 = 201270y, [W,[W, Aj]] = K120, ,  (5.70)
(W, a2 = th*/*~0s , (W, [W,a™?]] = th'">0,,  (5.71)
where, after a right multiplication by a cutoff function localizing in [0, ), the O;’s
are bounded (pseudodifferential) operators commuting with the multiplication by
functions ¥(t).
Using (5.70), (5.71), the Cauchy-Schwarz inequality and that [t| < 2h'/27% on
supp xt, we find from (5.69),
[0 0n | DaW: Da W, Hallx2 )|

< C(RF 29 (hD, — Axind oenl?

+ 12722 (hD, = Ay oenll Iaxoenll + B2 ool
< CRPP72 72 ((aupn | H)xeon) + (h+ h272720) [xaonl|?) - (5.72)

Using the condition satisfied by ¢ from (5.7), and the localization estimate in s
(5.56), this implies (5.58) for the expectation value (xZ gon | [x¢eW, [xe W, H1]IX2 o9n)-
Commutation with Hs.

The commutation with H, is similar, but easier.

0sa - 0sa ~

X W, D W, Hal | = —ihxi [W, [W, F](hDs —Ay) — P (W, Ay)]]
. asa 1 . as 1
= =i W, [W, SE](hDy — A1) + 2i [W, )W, Ay)]
. 0sa ~
+ihx 5 (W W AT (5.73)
Now, dsa = —tk'(s), so the new terms to control are
dsa 1/2—¢ dsa 1-2¢
W=l =h 12=¢t O3, (W, W, =] = h' 4 Og (5.74)
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with bounded® O,’s. Thus, for [x;W, [x:W, Hz]], we get

10 0en | Dt W, e W, HallxZ oon)|
< CR272([[txaxz opnll | (RDs = Av)xex3 o@nll + 112xex3 o9nll 1ExeX2 00 )

<C (h2_25_‘5 + h%—%—%) ((xeen | H(A)xegpn) + hlxaen]?) - (5.75)

This implies (5.58) for (x2 o¢n | [xeW, [xeW, Hallx2 0 n)-
Commutation with Hs.
Since W commutes with x; and D;, we can calculate

W, e W, Hsl] = B2W?2[xe, [xs, D]l = —20*W2| 0 x|
t

_ _2h1+26W2|X/1(W)|2 )

(5.76)

The expectation value of this term in the state Xﬁ,o@h will be exponentially small,
due to the normal Agmon estimates, (5.55). Explicitly,

10 0n | Dxe W, e W, HsllxZ oon)|

o 1/2 oa 1/2 t o 1/2
= 2B gn | W2 TN (G5 e U xE oen)
_oat/hl/2 t at/h1/2
< 201 TR | 2 [le 2t/ X1 (5755 llocle YR ol
< CRFe=20h" — O (B (5.77)

In particular, (5.58) is satisfied for the term (x2 gpn | [xeW, [x¢eW, Hs]]x? 0n)-
Commutation with H,.

When we calculate [x:W, [x:W, H4]], we will use the discussion of the previous
paragraph to conclude that if a derivative falls on x;, then the resulting expectation
value becomes exponentially small. Thus,

(O oen | DaW, e W, Hallx2.00n)

) oia oo
= (X2opn | — ih[W, W, == (hD)xZ 02n) + Ounie (h)
. ) Ora -
= —ih{xixZoen | — hIW, [W, ==T(hD)xax? o0n) + Ounie (h) -
(5.78)
From the formula 22 = 1:';52) , we see that all derivatives (in s) of 22 are uni-

formly bounded on the support of x;. We therefore find

o, 2 = o, (5.79)

where O7 is a bounded (pseudodifferential) operator. Thus

|<X§,0<Ph | xeW, [x« W, H4]]X§,O<Ph>| (5.80)
< CR*7 ([ (hDe) XX oenl Ixex 2 oenll) + Ounie (™)
< Ch2=% ((xson | H(R)xeen) + hllxeonl?) + Ounit(h) .

3after multiplication by a cutoff function localizing in [0, o),
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This implies (5.58) for (xZoen | [x¢eW, [xeW, Ha]lx2 0n), and therefore (5.58) is
established for the expectation of C;.

5.4.4. Control of %<C2X§,o¥’h | X?,o@h>~
To estimate this term, we use similar calculations and the decomposition given in
(5.61) and (5.62).

Estimate of (Co,1x2 on , X2 09h)-
For the first term W[Xt, [xt, H]]W, we clearly get, using (5.55) and as for (5.77),

O 00n | W Ixe, e HIIW X2 gn) = —h2 (02 00 | W00 P W2 o on)
= Ounit(h) . (5.81)

Thus, (5.58) holds for the expectation of Ca 1.

Estimate of (C2.2X? o¢n | X2 09n)-

For this term, we notice that [W, Hs] = 0, and calculate, using the O;’s introduced
previously.

02,2 = /WX?[VV, Hi+Ho + H4]
= Wy2 ((hDS — AW, a"2|(hDy — Ay) — [W, A]Ja"2(hDy — A,)

. _ s .
— (hDy — A1)a~2[W, Ay] — ih[W, aga](hDs — Ay
. 8sa/ e . 8@
+ ih LW, Ay = (W, 2 (hDy))

= ﬁ/\xf((hDs — ANth'?=¢O4(hD, — A1) — t2h'/?~¢O1a2(hD, — Ay)
— (hD, — Ay)a™ 220?720, — ith3/*=<O5(hD, — A;)
/
— ih3/2—6t@t201 — ih3/2‘€(’)8(th)) . (5.82)

a3

Here Og (which we used in the last line) and Oy (that will be used below), are
W, L(S)] = h'/2=0g W = th'/>~c0, . (5.83)
a

Therefore, we get (using the pseudo-differential calculus for showing that [Ds, Og] =
O10)

(X3 00 | C2,2X 3 00n)|
< C(hl_zehl_%ﬂ(hl)s — A1)09X2 gonl I(hDs — AL)X2 gepnll
+RER2 2 G| [[(RDs — AD)XE genl
+ hI2RE2T30 (hDy — A1) OgX2 gl X2 oenl]
+ B2 R0 on | I1(ADs — A2 gonll + B2 h2 8|2 pon |
+ BRI gl 1D ol
< Ch322¢ ((on | Hepn) + hllonl?) - (5.84)

So, by (5.7), (5.58) also holds for the expectation of Ca 5.
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Estimate of (Co3x2 o¢n | X2.09n)-
For this last term the approach is equally direct. We calculate :

(W, H] = [W, (hD, — Ay)la™(hDy — Ay) + (hDy — A;)[W,a™?|(hD, — A))
+ (hDy — A)a2[W, (hD, — Ay)]
—»MWfi“MnD — Ay — in S, (D, — )]
~ (L (D)W, (9)
rin W w9, 20 00 + 2L W) 6.8)

The commutators in the above expression can be estimated :

[W,(hD, — Ay)] = —t[ —1[W k(5)], hDs] + t[a 1 [W, k(s)], A1]

K(8)] + hta™ [[W, k(s)], D]
(W, k(s)], K(s)]/2
— —iht? "a(j) (W, (s)] + hta™[W, [k(s), Ds]]

— a7 W, k(s)], 5(s)]/2
= W32 Uy + th¥ Uy + PR U, (5.86)

a2[
-1

with bounded U(;)’s when composed with ¢-cut-off functions.
Thus, when we localize in {|t| < Ch'/?7%}, we get

[W,(hD, — Ay)] = B20~U; | (5.87)

where U is uniformly bounded. Similarly,

(W,a™? = [V, 2 ;2‘12] — 207 [[W, k(s)), W]
— h1725h1726u2 \ (588)
W, %ﬁ = t*a™ [[W, 5(s)], H;(f)} = Bl 2plo2qyy (5.89)
[27 (hDy)] = ih@t(é) : (5.90)

L (nD2y?] = inrD)2 L)+ ind Ly = 2oty ~ ozt
= (hDy)hls + h*Us (5.91)

(W, ()], = =] = W' U , (5.92)
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Thus, we can estimate, after additional controls of commutators,
(X2 09 | C2,3X2 o 0m) |
< C(R 7 onll 1Dy = AW ol
+RTBRI (D — A2 genl | (BDs — AW 2N oonll
+ h2707€[(hDs — A )xE oenll X200l
+ R BR2 32 onl |[(hDs — AD)WXEN oonl
+ B3 0nll” + RO 0 | (RDUW, K(5)]XE oon) | + B2 oionl I
+ BRI 2 Gl | (RDOW X genll + B2 gon?)
< é(h3/2_5_€<80h | Heon) + B> o

+ B0 o0n | (DU W, A o)) (5.93)
Remark 5.9. If, in (5.93), we estimate [W,k(s)] by the easy pseudodifferential
result, i.e. use the bound
[V, 5(s)][| = O(h}/279) |
we can continue (5.93) to get
(X2 0n [ C2ax3 0} < C ('™ (on [ Hepn) + h*~“[lionl|?) -

This would only allow us to take € € (0,1/3) instead of € € (0,3/8) as claimed in
Theorem 5.1. In order to get the optimal range for €, we estimate the commutator
[W, k(s)] slightly better using the ‘Agmon estimates’ in s, i.e. (5.56).

We write £(8) = kmax — $24(s), with & a smooth function with bounded deriva-
tives of all orders. Now,

(W.k(s)] = [R(s)s*, W] = ix(s)[s, [s, W] + 26a(s)[s, W]s + [(s), W]s*

= UL h 2 4 UshY? s + Ush /252 . (5.94)
Therefore, using the estimate (5.56), we get the inequality,
W, w()xE oonl| < CHY==llonll + Ounie (h%) , (5.95)

and finally, (5.58) follows (for the final term Cy 3) by inserting (5.95) in (5.93).
This ends the proof of Proposition 5.7.

6. LOWER BOUNDS IN GRUSHIN’S APPROACH

In this section we finish the proof of Theorem 1.1.

Theorem 6.1. Let (™ (h) be the n-th eigenvalue of H(h) and let z(()g)(h) be the
asymptotic sum given in (3.4). Then pu™(h) has zg)(h) as asymptotic expansion.

It is clear that Theorem 6.1 implies Theorem 1.1. From the estimates in the
previous sections 4 and 5, we know the low-lying eigenfunctions to be localized in
phase space, around the following set (where we denote by & the variable in phase
space dual to s) :

o s (—2n!/87er  2pl/8—a).
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o t € (—2nt/2e apt/2mery
o (€ (—2ns M2 4 GhT2 2pesT 2 4 g nmY/2)
We will choose €; = €3 =: 1), €3 = 3/8 —n, where n < 1/8. Thus, in the remainder
of the section, n will be a fixed (small) constant satisfying,
ne(0,1/8). (6.1)
Remark 6.2.
We only need a space localization in t. There is no localization in the correspond-

ing frequency. This is pleasant, since it avoids possible complications due to the
boundary condition.

More precisely, the localization of u;bn) is analyzed in the following lemma.

Lemma 6.3.

Let M > 0, hg > 0 and let x be a standard cut-off function:
3 3
x€CyPR), x(z)=1, onanbd of [—5,—4—5] , suppx C (=2,2). (6.2)
Then for all K > 0 there exists bx > 0 such that if (un)ne(o,ny) s a family of

normalized eigenfunctions of H with eigenvalue p(h) satisfying

pu(h) < ©gh — Chkmaxh®? + MR/ (6.3)
then, with n from (6.1),
t s |nY2Dg — & 4s X
HUh _X(hl/Q*n)X(hl/S*ﬂ)X( n3/8—1 )X(|8Q|)uhH2 <bgh™ . (64)

Proof of Lemma 6.3.
Define x2 = 1 — x. From Theorems 4.1 and 4.9 we know that
t s oo
(1 - X(h1/2_77 )X( h1/8—n ))uh = Ounif(h ) .

So it suffices to prove that

t s t s |hY/2D, — & 4s
Hx(hl/Q_n)X(hl/g_n )Uh _X(hl/g_n )X(hl/g_n )X( h3/8_77 )X(|GQ|)U’}L 9
= Ounit () . (6.5)

By writing

t ] t S 4s
X( h1/2_7l )X( hl/S—n )’LLh = X( hl/2—y] )X(hl/S—n )X( ‘8Q| )’LLh

t s |ht/2D, — & |hY/2D, — &| 4s
= X(h1/2—77)X(h1/3—77) X h3/8_77 ) XQ( h3/8_77 )}X(lag‘)uh ’

and appealing to Theorem 5.1 we get (6.5) and thereby Lemma 6.3. (]

Proof of Theorem 6.1.
For a definite choice of x (fixed once and for all) as in Lemma 6.3, and u; an
eigenfunction of H satisfying (6.3), define

t s |RY/2Dy — & 4s
hl/g,n)x(hl/gfn )X( h3/8777 )X(|aQ|)Uh 9

(o, 1) = h¥1%4, (W30, hM?7) . (6.6)

~ . 1/2
Y — is€o/h x(
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Calculations will from now on be carried out in the variables (o, 7). All functions
considered will be localized on a scale of order h~" in the (o, 7)-variables. This
implies (in particular) that they are localized to a tubular neighborhood of size
h'/2=" near the boundary in the original coordinates x € Q. The natural measure
in (o, 7)-variables, inherited from L?(£), dz) by implementing unitarily the change
of coordinates, is (1—h'/27k(h~1/80))dodr. However, due to the localization of our
functions (and the boundedness of k) we can replace this measure by dodr (since
Y 27k(h=80) = O(hY/?77) on |7| < Ch™"), without changing our estimates up
to multiplicative h-independent constants. Therefore we can (and will ) do all our
estimates by choosing the norms in L?(R x Ry, dodr) or in L(L?*(R x Ry, dodr)).
Thus all L?-norms below refer to L?(R xR, dodr) and similarly for operator norms.

With these conventions we have, using Theorems 4.1, 4.9 and 5.1, for all eigen-
functions uy, corresponding to eigenvalues p(h) satisfying (6.3), that the correspond-
ing ¢y, (given in (6.6)) satisfies (with error terms Oyt () uniform for eigenfunc-
tions wuy, as long as (6.3) is satisfied),

||¢hHL2 =1+ Ounif(hoo) 5 and Lwh = wh + Ounif(hoo) ) (67)

for all
T o

V(LN (B
L - X( h_n )X(h_n )X(h DU) ? (68)
with x satisfying (6.2) and with n from (6.1). Let us fix an Ly as in (6.8) in the
rest of this Section.

Let Hpamm be the harmonic oscillator on L?(R) defined by

Hyarm = 3C11/O¢DZ2 + C4 k2202 , (6.9)

(compare with Section 3). Clearly, Hyam has eigenvalues

er = C1Oy/ /22 (204 1), (6.10)

with ¢ € N. Let vy be the corresponding (unique up to scalar multiple) normalized
eigenfunction. For N € N, the value C’l@é/ 4\/%N is right in the middle be-
tween two eigenvalues (ex_1 and ey). We define the vector space Vy C L?(R) as
the space spanned by eigenfunctions of Hy,,, corresponding to eigenvalues below
10/ * /63N, ie.

Vn := Ran 1[0’01@})/4\/%N](Hharm) = Span{vg,...,UN_1} - (6.11)

Clearly, dim Vy = N.
Similarly, we define Uy (h) C L*(Q) as the spectral subspace attached to the
interval Iy (h), with

In(h) = (= 00,00k — kmaxC1h*/% + C105/*\/6ky NBT/4] . (6.12)

Let Iy, : L*(R) — Vy and Iy, : L?(2) — Un(h) be the orthogonal projections.
We define a linear map MgN)(h) from Vi to Uy (h) by

N 4
MM (hyve =Ty, 647

(where QS(M") was defined in (3.2)) and extended by linearity. The number My is
chosen fixed, but suffficiently large—the choice My = 10 would suffice.
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Furthermore, we define a linear map /\/lgN)(h) from Uy (h) to Vy by
M (hyuy, = Ty, Ry Lot
where 1y, is defined from wuy, by (6.6). We will prove the following lemma.
Lemma 6.4. Let N € N\ {0}. Then there exists hg > 0, and n > 0 (as in (6.1)
and used in (6.6)) such that for all h < ho, MgN)(h) and MéN)(h) are bijective.
We will prove Lemma 6.4 below. First we apply it to finish the proof of Theo-

rem 6.1.
Lemma 6.4 implies that, for sufficiently small h,

But Corollary 3.3 describes N distinct points of Spec(H) below
O0h — kmaxC1h? + C103/*\ 222N T/4

This finishes the proof of Theorem 6.1. O
Proof of Lemma 6.4.
We only need to prove that MgN)(h) and M(QN)(h) are both injective. Injectivity
of ./\/l(lN)(h) is clear from Section 3, so we only consider injectivity of ./\/lgN)(h).

The key to the proof of injectivity of MgN) (h) is the following lemma.
Lemma 6.5. There exists ng > 0 such that if n < ng in (6.1), then there exists

C > 0 such that for all normalized eigenfunctions up, € Un(h) with corresponding
eigenvalue p(h), we have

| ((h) = Hyarm) Ry Lotn|| < CRM16 (6.13)
where vy, is related to up, by (6.6) and v(h) is defined by
v(h) == b~ u(h) — (Qoh — kmaxCih*?)} . (6.14)
Proof of Lemma 6.5. With P from (3.10) and
A() = B (u(h) — Ooh) (6.15)

we have (using Theorems 4.1, 4.9, and 5.1), uniformly for normalized eigenfunctions
up € UN(h),

(P - )\(h))l/)h = Ounif(hoo) 5 and (P - )\(h))L”(/}h = Ounif(hoo) . (616)

In the rest of the proof of Lemma 6.5 we will often have estimates like (6.16).
We will generally not repeat the phrase ‘uniformly for normalized eigenfunctions
up € Uy (h)’, but the estimates are meant to have such uniformity.

Using (6.16) and the notation from (3.24), we get:

<P }g(h) PST > (Lo(;/)h) _ <Rggo¢h> + Ounis(h) . (6.17)

Furthermore, with & from (3.24),

(720 ) () < (s (B0 9)}(4). o
Here we have 0introduced 0
OP = (P — Py) — A\(h) . (6.19)

In order to proceed we need a bound on the matrix in {-} in (6.18).
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Lemma 6.6.
There exists a constant C' > 0 such that (with n from (6.1))
|Eo(P — Po)Lo|| + ||Ry (P — Po)Lol|| < Ch*/®77. (6.20)

More precisely, with Py, Py and Ps from (3.16)-(3.18), there exists Ng € N such
that, for n satisfying (6.1),

1Eo(P = Fo)Lo — Eo (h3/8P1 +h'2P, + h3/4P3)L0|| < CQT/8=Nom
|Rg (P — Py)Lo — Ry (h*/3Py + h'/2Py + h*/4P3) Lo|| < CAT/S~Non  (6.21)
Furthermore,
B3| Eo Py Lol + h*/3|Rg Py Lo|| < Ch3 =",
h'/2||EoPyLo|| + h'/?|| Ry PoLo|| < ChY?737
h3/4||E0P3L0|| + hg/4HR6P3L0H < CR3/A-n | (6.22)

Proof of Lemma 6.6.
With @ and @y from (3.9) and omitting the tilda’s on the a’s, we have by definition

P=a'[(t+&)+h¥8 D, — 7(1 — as)]a™* [(T + &) + h¥¥ Dy — 7(1 — a)]
+a 'D;aD; — ©q, (6.23)
and therefore
P—=P = {a’l (7 + &) + h*/*Dy — (1 — ag)]a™ ' [(7 + &) + h*/*D,

—-7(1- a2)] — (7 +§0)2} - iDT% + 3r(a;a

We will use the property that L localizes to {r < 2h™",|o| < 2h~"} and that
Ey, EoD., Ry, and Ry D, are bounded. We introduce f := (7 + &) — 7(1 — ag)
and calculate

ot (f + B Dg)a”t (f + h*°Dg) — (7 + &)?

). (6.24)

= (f*/a® = (1 + &)%) + z‘thaLff +2a7 218Dy + z‘a%ah?’/‘*Dc, +a?h¥4D7 .
a a

Thus,
P—-—FPy=0Q1+ Qs+ 93,
where
2/ 2 2, :13/8 dsa d-a
Q1 = f*/a* — (1 + &) +ih ?f"'aT(T) )
0, = —in, 2%
a
Qs =2a"2f(h%/®D,) + z‘aif(h3/4pg) +a"3(h34D2) .
a

Now, on {7 < 2h™", || < 2h~"}, we have

a=1+0MhY*"), 1—ay = O/ 7). (6.25)
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Therefore,
P2la® = (r+ &)+ 0272 . f =00, d,a= ORI,
dya = O(h'/?), aT(a;“) =0(h).

Thus, Q1 = O(h'/2727), so
1o Q1 Loll + || Ry Q1 Lo|| = O(h2~27) .
Furthermore, for all 57 > 0,
DI x(h"a)x(h"Dy) = X(2h"a) D] x (o)X (h" D) , (6.26)
and
D] x(h"0)X (" Dg)|| < ¢;(h™")7 . (6.27)
Using (6.26) and (6.27), we get
| EoQaLoll + || Ry QaLoll = O(h'/?) |
|EoQsLol| + ||Ry Qs Lol| = O(h™"h3/8) + O(RY/2H1/8=np=n) 4 O(p3/4=2) |

This finishes the proof of (6.20).
The more precise estimates, (6.21) and (6.22), follow in the same manner, using
that on {7 < 2h7", |o| < 2R~ "},

a=1-h'"?7(k(0) — 1r1/*6%K"(0) + O(K3/5=m)) |
as =1 — h*271(k(0) — ShY*62K"(0) + O(RPI/8=M)) |
instead of (6.25). We omit the details.

This finishes the proof of Lemma 6.6. (]
Combining (6.17) and (6.18), we get :
Loy = R§ Ry Lotbn, — Eo(OP)Lotbn + Ounie(h™°) | (6.28)
and
RO_ (ap)LO'(/Jh = Ounif(hoo) . (629)

We now introduce an additional localization through an operator L as in (6.8),
which is chosen (slightly 'bigger’ than Lo, i.e.) such that

LLo = Lo + O(h™). (6.30)

We observe that (6.29) is also valid with Lo replaced by LLy and, applying the
(uniformly) bounded operator Ry (OP)L to (6.28), we obtain

Ry (OP)LR§ Ry Lotby, — Ry (OP)LE(OP) Loy, = Ounir(h™) . (6.31)

We again apply Lemma 6.6, (6.31) and the comparison estimates (6.34) and
(6.33) (to be proved below) and obtain that, for all § > 0, there exists 7o € (0, 3),
such that if n < 7g, then

— Ry (R*8 Py + h'/2Py + h3/* Py — A(h)) LR§ Ry Lo,
+ Ry (h*/®Py) LEy (h3/*Py) R§ Ry Lot
= Ounit(h%) + Ounit (R7/57°)|| R§ Ry Lot || -
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Using (6.29), the rapid decay of the function ug, the support properties (in 7) of
L and the pseudo-differential calculus in the o variable for controlling commutators
(in order to push L to the right), we finally get :

— Ry (R*8 Py + h'/2Py + h3/* Py — A(h)) R Ry Lot
+ Ry (B*/8Py) Eo(h*/® PL) R{ Ry Lot
= Ounit (h%°) + Ounit (RT3 °) | RE Ry Lotn| - (6.32)

We get (6.13) from (6.32) by calculations similar to those leading to the expressions
for Fq, Fo, F5 in Subsection 3.4. We just recall that

Ry PIR{ =0, —Ry PR$ = K(0)Cy
and
—Ry P3sR§ + Ry PLEyPiR{ = —Hyam -
This finishes the proof of Lemma 6.5 (]

We now compare (as already used above) various norms and observe :

Lemma 6.7.
Let N € N. There exists ¢ > 0 and hg > 0 such that if 1y, is associated (as in (6.6))
to a normalized eigenfunction up of H with up, € Un(h), then for all h € (0, ho],

IRy Lown|| — ch* < |jyhnl| < |Rg Lotnl| + ch'/* . (6.33)
Proof.
Since clearly |Rqy || = 1, we get from (6.7),

1Ry Lovnll < [[Lotnll = 1]l + Ounis (%) -

This implies the first inequality in Lemma 6.7. To get the second inequality, we
apply (6.28), Lemma 6.6 and (6.7), and get

Y = RE Ry Lo + Ounie(h3/877) . (6.34)
Since ||R{|| = 1 and 1, satisfies (6.7), this implies the lemma. O

Using the self-adjointness of the harmonic oscillators, we get the following propo-
sition.

Proposition 6.8. Let N € N. There exist hg > 0 and C > 0 such that if
((h))he(o,ne) is an eigenvalue of H satisfying with u(h) € In(h) (see (6.12)),
then v(h) (defined by (6.14)) satisfies

v(h) € UNHeo} + [~CRYIS Rt/ (6.35)
Proof. Using Lemma 6.7 above, Lemma 6.5 implies that
dist (v(h), Spec{ Hharm}) = Ounit (R'/16) .
O

Lemma 6.9. Let N € N. There exists ho > 0 such that if h € (0, hol, then
dimUy(h) = N.
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Proof. We know from Section 3 that dim Uy (h) > N. In order to prove Lemma 6.9
we only have to prove that the eigenspace attached to some interval v(h) € [ey —
ChY/16 ¢, + Chl/lﬁ], with ey from (6.10), and £ < N, is necessarily of dimension
< 1. If it was not the case, let uy p, us,, be normalized orthogonal eigenfunctions
corresponding to eigenvalues pi(h) and uo(h) in the interval

Ooh — Chkmaxh® + K"/ *[eg — Ch16 ey + CHM1O]

for some £ = £(h). Let 91 5, 12 5, be defined as in (6.6) and let 11, v5 be as in (6.14).
Let e, and vg be as in (6.10) and below.

For a,b € C (a,b will depend on h) with |a|? + [b|> = 1. We have, using the
almost orthonormality of ¥4 p,, 2 and (6.7),

14 Ounit(R) = |Jaty n + bibo.nl|? < IRy Lo(awr n + bbo.n)||? + Ounie (RY/577) .

(6.36)
With ¢ = £(h) as above, we may choose a, b such that
/ ve(0) Ry Lo(atpr,p + bipap) do =0 . (6.37)

Lemma 6.5 implies that
(e¢ — Hhparm)Rg Lo(ath1,n, + b2 )
= a(v1(h) — Hyarm) Ry Lot1p + b(v2(h) — Hyarm) Ry Lotz + Ounit(h/1)

= Ounit (h'/1°) . (6.38)
Using (6.37), (6.38) implies that

IRy Lo(atpy,n + b p)l| = Ouni(h'/10) (6.39)

which is in contradiction to (6.36). This finishes the proof of Lemma 6.9. g

Thus, for sufficiently small h, Uy (h) = Span{uglj) ;vzl_
Lemma 6.10. Let N € N'. There exists hg > 0 such that
MEUI) = 0,1 + O s (BM19)

for all h < hg and all j € {1,...,N}.

Proof. By induction it suffices to prove the lemma for j = N. By Lemma 6.5 and

the spectral theorem there exists ¢(h) € {0,..., N — 1} such that (with ¢x being

associated to ugN) as in (6.6))

Ry Lown — (vegnys Ry Lown)ve(ny = Ounit(h/10) .
Suppose £(h,) < N — 1 for a sequence {h, } with h, \, 0. Then uéN) € Un_1(hn)
and therefore dimUy_1(h,) > N, in contradiction to Lemma 6.9. Thus,
Ry Lotn — (un—1, Ry Lotn)on—1 = Ounit (R/0)
and therefore
MéN)UELN) = (on-1, Ry Lon)un—1 + Ounie(h/16)
Lemma 6.10 now follows from Lemma 6.7. ([

The injectivity of ./\/léN) clearly follows from Lemma 6.10. This finishes the proof
of Lemma 6.4. (]
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APPENDIX A. ON AN IMPORTANT FAMILY OF ORDINARY DIFFERENTIAL
EQUATIONS

Let us recall for the comfort of the reader the main properties (mainly due
to [DaHe] and [BeSt]), concerning the Neumann realization of H™:¢ in L?(R")
associated to D2+ (z+¢)2. We denote by 1) (¢) the lowest eigenvalue of HV:¢ and
by @¢ the corresponding strictly positive normalized eigenfunction. More simply
we will write p(€) instead of (V) (€) in this appendix. It has been proved that
the infimum inf¢cp inf Spec(HY¢) is actually a minimum. Then one can show that
there exists £y < 0 such that u(£) decays monotonically to a minimum value Oy < 1
and then increases monotonically again. So it can be proved that :

Oy = irgf (inf Spec(HN’E)) = inf Spec(HN:%0) (A1)
and moreover that:
0y =& . (A.2)
It is indeed proved in [DaHe] that
W (&) = [1(§) — Epe(0)” . (A-3)
From (A.3), we get that
1 (&) = =280z, (0) > 0 . (A.4)

We will write ug instead of ¢¢,, and define the constant C; by (1.3).
Let us now recall some formulas appearing in [BeSt]. Define M}, to be the k’th
moment, centered at —&p, of the measure u3(x) dz :

M= [ @t &) uda) do. (A.5)

These moments were calculated in [BeSt].

Lemma A.1.
The first moments can be expressed by the following formulas :

2
= % . M= —“06(0) >0. (A.6)

We will also need a few other results on the model operator.

My=1, M, =0, M,

Proposition A.2.
We have the following identities

9] 2
| r+ 02 = e+ @iy ar = B = S o,
0
o 20 3
z/ wo(T)Drug () dr = —UO( ) =—C;.
0 2 2
Proof.
The first identity clearly follows from the known moments of uZ and (1.3). The
second identity follows from partial integration. O

Proposition A.3.
Forz € R, let E(z) be defined as the ground state energy of the Neumann realization
of

2

H(z):f%+(r+£o+z)2,
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on L*(Ry). Then E(z) is a smooth function and satisfies

E"(0) =2(1 - 415) , (A7)
with Iy from (3.37).
Furthermore,
E"(0) =6C1y/0Oy . (A.8)
Proof.

By analytic perturbation theory, E(z) is analytic and there exists an analytic func-
tion R 3 z — ¢(z) € L?(R,) such that

o)l =1, H(2)p(z) = E(2)¢(2) , ¢(0) = uo . (A.9)
By differentiating the identity ||¢(z)||?> = 1 twice with respect to z, we find
20(¢'(0) | wo) =0, ~[l¢'(0)[I* = R(¢"(0) | uo) - (A.10)

From the equation H(z)¢(z) = E(z)¢(z), and the fact that E(z) is minimal at
z =0, we get, with Py = H(0) — O,
Pog'(0) = —2(7 + &o)uo ,
which implies with P! from (A.13) and (A.14), since ug L (1 + &o)uo (by (A.6)),
¢'(0) = —2P(;1((T+50)u0) + cup (A.11)
for some ¢ € iR. Finally, differentiating the relation E(z) = (¢(z) | H(z)¢(z)) twice
gives us the formula :
E"(0) = 200R(¢"(0) | uo) + 8R(¢'(0) | (7 + &o)uo)
+2(¢'(0) | H(0)¢'(0)) +2. (A.12)
Upon inserting (A.10) and (A.11) in (A.12), we get (A.7). The final identity, (A.8)
is a rephrasing of (A.4) . O
We also have the following easy observation :

Lemma A 4.

Let R{ be the operator from (3.21). Suppose ¢ € S(R), then Rf¢ € S(R x R,).
Proof.

This is an easy consequence of the regularity and decay of ug . O

Finally, we will need the following mapping properties of the regularized resol-
vent.

Lemma A.5.
Let Py be the Neumann realization of
d? 9
_ﬁ'F(T"i—fo) — 0,
on L2(Ry). For ¢ 1 ug we can define Po_ng) as the unique solution f to
Pof = (b 5 f 1 up - (Al?))

Let Pyt € L(L?*(Ry)) be the regularized resolvent :

-1, 0 ) (b H ]
foro= {Polqb, 6 Lug, (A.14)
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(and extended by linearity). Then Py ' is continuous from S(Ry) into S(Ry) .
Moreover, for any a > 0, P(;1 is continuous in L*(R* ; exp —ar).

Proof.

Using the local regularity up to the boundary of Fp, one first gets that B, ! sends
S(Ry) into C*°(R,). For the control at oo, one then observes, after cutting away
from 0, that the problem is reduced to the analysis of inverting the harmonic
oscillator fdd—jz + ()2 — O on S(R), which is a standard result.

For the last statement, we can also observe that, for any real «, the operator

d2
exp—av/T+ 72 (1 + (r+6)* €)' -expay/T+ 72

extends continuously on L?(R) and S(R).
One can also show by the same technique that

Tjugk) (1) € L*(RT ; exp—ar), forall @« >0, and for all j, & . (A.15)
With additional work, one could actually get a better decay. O

APPENDIX B. COORDINATES NEAR THE BOUNDARY.

It is convenient in most calculations to straighten out the boundary by a co-
ordinate transformation. This, quite standard, procedure, will be defined below.
Let zp € 99 and let £ be the length of the boundary 9Q and I =] — £, £]. Let

202
M € C*(I;09) be a parametrization of 9Q such that M(0) = 2y and s is the

distance inside 9 between M (s) and zg. We denote by
T(s) == M'(s),

the unit tangent vector of 9Q at M (s) and the scalar curvature by (s), which can
be defined by

T'(s) = rk(s)v(s) ,
where v(s) is the interior normal unit vector of 9§ at M(s).
Moreover the parametrization is chosen positive :

det (T(s),v(s))=1,Vs € I.
For any z € Q, we denote by #(z) the standard distance of z to 9 :
t(z) = inf —w|.
(2) = ut, |l
So, there exists ty > 0 and a diffeomorphism of class C*° :
¥ Q= Sjyam x (0,t0) (B.1)

such that ¥(z) = w = (s(2),t(2)) and |z — M (s(2))| = t(2) .
We have denoted, for small enough e, by 2. the tubular neighborhood of 92 :

Q. :={z€Q; dist(z,00) < e}

and S} is the circle of radius r is identified with [—mr, 7r[.
So we have the identity

z=M(s(2)) + t(z)v(s(z)), Vz € Q . (B.2)
From this equality, it is easy to check that
T(s(z)) =[1 —t(2)k(s(2))]Vs(z) and v(s(z)) = Vi(z) . (B.3)
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So for all u € H'() such that supp(u) C Q, ,

/ |(hD, — A)ul? dz =
/K [[(hDy — A)v|? + (1 — tr(s)) 2| (hDs — A1)v]?] (1 — tr(s))dw  (B.4)

and
/w\u| dz:/K|v| (1 —tk(s)) dw, (B.5)

with v(w) = u(y =t (w)), K =1 x (0,ty), w = (s,t) and dw = ds dt .

The magnetic potential A satisfies
g1d8+22dt:A1dl'+A2dy .
So

04y, - 0A

[g(w) W(w)] ds Adt = B(z) dz A dy = B(w)[1 — tk(s)] ds Adt, (B.6)

with ¢(z) = w and B defined as :

B(w) = B(z) . (B.7)
This gives :
DA DA, _ -
8—52(10) — g (W) =B Hw))[L —tw(s)] = B(t, s)(1 — tr(s)) - (B.8)

Then we get the identity between differential operators
(hD, — A)? = a"Y[(hDy — Ay)a" (hDy — A1) + (hD; — Ag)a(hD; — As)], (B.9)

where a(w) =1 — tk(s).

The usual Hilbert space L?(€)y,) is transformed to L?(K;a dw).

In the new coordinates and using a gauge transform, we can always assume that
the magnetic potential has no normal component in a neighborhood of 0fQ :

Ay =0. (B.10)
In this case, we have :
Ay = —B(t, s)(1 — tr(s)) (B.11)
where B was introduced in (B.7).
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