Prevalence of exponential stability among
nearly-integrable Hamiltonian systems
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Abstract: In the 70’s, Nekhorochev proved that for an analytic nearly integrable
Hamiltonian system, the action variables of the unperturbed Hamiltonian remain nearly
constant over an exponentially long time with respect to the size of the perturbation,
provided that the unperturbed Hamiltonian satisfies some generic transversality condition
known as steepness. Recently, Guzzo has given examples of exponentially stable integrable
Hamiltonians which are non steep but satisfy a weak condition of transversality which
involves only the affine subspaces spanned by integer vectors.

We generalize this notion for an arbitrary integrable Hamiltonian and prove the
Nekhorochev’s estimates in this setting. The point in this refinement lies in the fact
that we can exhibit a generic class of real analytic integrable Hamiltonians which are
exponentially stable with fixed exponents.

Genericity is proved in the sense of measure since we exhibit a prevalent set of inte-
grable Hamiltonian which satisfy the latter property. This is obtained by an application
of a quantitative Sard theorem given by Yomdin.
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I Introduction:

One of the main problem in Hamiltonian dynamic is the stability of motions in nearly-
integrable systems (for example: the n-body planetary problem). The main tool of inves-
tigation is the construction of normal forms (see Giorgilli [4] for an introduction and a
survey about these topics).

This yields two kinds of theorems:

i) Results of stability over infinite times provided by K.A.M. theory which are valid
for solutions with initial conditions in a Cantor set of large measure but no information
is given on the other trajectories. Russmann ([19], see also [2]) has given a minimal
non degeneracy condition on the unperturbed Hamiltonian to ensure the persistence of
invariant tori under perturbation. Namely, the image of the gradient map associated to
the integrable Hamiltonian should not be included in an hyperplane and this condition is
generic among real analytic numerical functions.
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ii) On the other hand, Nekhorochev ([13], [14]) have proved global results of stability
over open sets of the following type:

Definition I.1. (exponential stability)

Consider an open set Q C R™, an analytic integrable Hamiltonian h : @ — R and
action-angle variables (I,¢) € Q x T™ with T =R/Z.

For an arbitrary p > 0, let O, be the space of analytic functions over a complex
neighborhood Q, C C* of size p around Q x T™ equipped with the supremum norm ||.||,
over €.

We say that the Hamiltonian h is exponentially stable if there exists an open set QcQ
and positive constants p, C1, Cs, a, b and €y which depend only on h and € such that :

i)heO,.

i) For any function H € O, such that ||H — h||, = € < €9, an arbitrary solution
(I(t),(t)) of the Hamiltonian system associated to H with an initial action I(ty) € Q is
defined over a time exp(Ca/c®) and satisfies :

I[1I(t) — I(to)|| < C1€® for |t —to| < exp(Cy/e®)

a and b are called stability exponents.

Rk: Along the same lines, the previous definition can be extended to an integrable
Hamiltonian in the Gevrey class (see [12]).

Definition 1.2. ([13], [14], [16])

Consider an open set 2 in R™, a real analytic function f :Q — R is said to be steep
at a point I € Q along an affine subspace A which contains I if there are constants C > 0,
0 > 0 and p > 0 such that along any continuous curve I' in A connecting I to a point
at a distance d < §, the norm of the projection of the gradient V f(x) onto the direction
of A is greater than CdP at some point; (C,0) and p are respectively called the steepness
coefficients and the steepness index.

Under the previous assumptions, the function f is said to be steep at the point I € ()
if, for every m € {1,... ,n— 1}, there exist positive constants Cy,, 6, and p,, such that f
is steep at I along any affine subspace of dimension m containing I uniformly with respect
to the coefficients (C,, 0,,) and the index py,.

Finally, a real analytic function f is steep over a domain P C R™ with the steepness
coefficients (Cq,...,Cp_1,01,... ,0p—1) and the steepness indices (p1,... ,pn—1) if there
are no critical points for f in P and f is steep at any point I € P uniformly with respect
to these coefficients and indices.

For instance, convex functions are steep with all the steepness indices equal to one. On
the other hand, f(z,y) = 22 —y? is a typical non steep function but by adding a third order
term (e.g. y3) we recover steepness. Moreover, this definition is minimal since a function
can be steep along all subspaces of dimension lower than or equal to m < n—1 and not steep
for a subspace of dimension [ greater than m (consider the function f(x,vy,2) = (z2—y)*+2
at (0,0,0) along all the lines and along the plane z = 0). Also, a quadratic form is steep
if and only if it is sign definite.

In this setting, Nekhorochev proved the following :
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Theorem 1.3. ([13], [14])
If h is real analytic, non-degenerate (|V2h(I)| # 0 for any I € Q) and steep then h is
exponentially stable.

In a previous paper ([16]), it has been proved a real analytic numerical function is
steep if and only its restriction to any affine subspace admits only isolated critical points,
hence the latter condition is sufficient to ensure exponential stability.

On the other hand, a partial reciprocal proposition was also proved: if a real analytic
integrable Hamiltonian admits a restriction to an affine subspace spanned by integer vectors
with an accumulation of critical points then there exists an arbitrary small perturbation
which leads to a polynomial drift of the action variables. In the same direction, Guzzo
([6]) has given examples of exponentially stable integrable Hamiltonians which are non
steep: consider h(Iy,I,) = I? — §I2 where § is the square of a Diophantine number then
its isotropic direction is the line directed by (1,v/d) and this allows to prove that h is
exponentially stable.

IT Results of stability with a Diophantine steepness condition

With the previous observations, we introduce the following notion of Diophantine
steepness on the unperturbed Hamiltonian.

For m € {1,... ,n}, we denote by Graffr(n,m) the m-dimensional affine Grassman-

nian over ES? C R™ (i.e.: the set of affine subspaces of dimension m in R™ which intersect

the closed ball Eg) of radius R > 0 around the origin) and GraffX (n,m) C Graffg(n,m)

is the set of affine subspaces of dimension m in R™ whose direction is generated by integer
vectors of length ||k||1 = |k1]| + ... + |kn| < K.

Definition I1.1.

A differentiable function f defined on a neighborhood of ng) C R™ is said to be
(v, 7)—Diophantine steep for two positive constants v and T, if for any m € {1,... ,n},
there exists a fixed index p,, > 1 and a fixed coefficient C,, > 0 such that for any affine
subspace A, € Graffk (n,m) and any continuous curve T' from [0,1] to A,, N Br with

IT(0) =T (1)|| =7 < &%, we have:

3t, € [0,1] such that [[T(0) — T(t.)|| < r and HPrOjﬁ (Vf(fy(t*)))H > C,rPm

where K>m is the direction of A,,.

Rk: (i) Since R™ is an affine subspace generated by unitary integer vectors then along
any arc in Bgr of length r < v there exists a point where the norm of the gradient Vf is
greater or equal to C,rP (the projection is reduced to the identity in this case).

(ii) With no loss of generality, we will assume that the coefficients (Cy,...,C,) are
equal to one. Indeed, the problem can always be reduced to this case by using steepness
indices slightly greater than the optimal ones.

Under the previous assumptions, we prove our main result of stability with reasonings
already given in a previous paper ([15]) which rely on the construction of local reso-
nant normal forms along each trajectory of the perturbed system together with the use
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of simultaneous Diophantine approximation as in Lochak’s proof ([10]) of Nekhorochev’s
estimates. But this study ([15]) is generalized in three directions. First, we substitute
the original Nekhorochev’s condition of steepness by our weak assumption of Diophantine
steepness given above. Moreover, thanks to a construction of the non-resonant sets directly
in the frequency space, we can remove the non degeneracy condition on the frequency map
(|V2h| # 0) assumed in [15]. Finally, according to the remark given after the definition IL1,
our integrable Hamiltonian h can admit critical points I (while VA(I) # 0 was assumed in
[15]) provided that h satisfies a global steepness condition on the full space R™. Following
Nekhorochev’s terminology ([13]), we will say that such a function is symmetrically steep
(or S-steep).

Now, we specify the regularity of the perturbed Hamiltonian.

Consider a nearly integrable Hamiltonian H(I, ) = h(I) + f(I, ) where (I,¢) €
R™ x T™ with T = R/Z are action-angle variables of the integrable Hamiltonian h.

We assume that # is analytic around a fixed complex neighborhood V,. ;P C C?" of
a real domain P = Br x T" C R™ x T™ where Bpg is the ball of radius R centered at the
origin and :

I,¢) € C?" such that dist(I, Bg) < r and
VT,SP:mBR)st(Tn):{( p) € 2" such that dist( R>_ran}

Re(p) € T ; Maxjeqy,... n} [SMm(p;)| < s

with 1 > 7 > 0, s > 0 and the distance to Bg given by the Euclidean norm in C".

Let ||.||,,s be the sup norm (L*°) for numerical or vector-valued functions defined over
V. sP. We assume that ||f||,,s <1 and that ¢ is a small parameter.

The Hessian matrix is assumed to be uniformly bounded with respect to the norm
on the operators, also denoted by |[|.||, induced by the Euclidean norm: for some constant
M > 1, we have ||07h(I)||, , < M for all I € V,(BR).

With the previous assumptions, we can state the following result which will be proved
in the appendix:

Theorem 11.2.
Consider the positive constants

1 g B

/8: ;a:
142np1...pn1

there exists C1 > 0 and Cy > 0 such that for a small enough perturbation ¢ < Chiy*/* and
for any orbit of the perturbed system with initial conditions (I(tg),¢(to)) € Br x T™ far
enough from the boundary of Br, we have:

L (t) = I(to)[| < R(e) for [t| < T(e),
where R(e) and T (¢) are of order € and exp(Cy/e?).
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Rk. (i) In the regular case where there are no critical points for h and there exists a
uniform lower bound on the norm of the gradient Vh, the previous results are valid with
the exponents:

1
a= ib=(14+7)aand e <C 1/a
@ Dm0 1

(ii) Moreover, under the classical assumption of steepness over any affine subspace, we
1
1+@2n—1)p1...pn-1

Finally, in the quasi-convex case, the integrable Hamiltonian is strongly steep and all
the indices are equal to one, hence we recover the same exponents 1/2n as Lochak and
Poschel ([10], [11], [18]).

(iii) The fact that the exponents of stability are independent of ~y is crucial for our
subsequent reasonings. On the other hand, the threshold of application of this theorem
depends of v which is reminiscent of KAM theory where the latter quantities depend of

Nat

IIT Genericity of diophantine steepness among smooth functions

have r=0and a=0b=

At first order, the set of Diophantine steep function is much wider than the initial class
of steep functions defined in the introduction. Indeed, any linear Hamiltonian h(I) = w.I
with a (v, 7)-Diophantine vector w € R™ is Diophantine steep with indices equal to one (in
order to get a coefficient C,, = 1).

At second order, one can prove that a quadratic integrable Hamiltonian is almost
always Diophantine steep with indices equal to 2 (it can be shown that for any quadratic
form ¢(I) = TAI and for almost all A € R, there exists v > 0 such that the modified
quadratic form gy (I) = T AI + M||I||? is (v, 7)-Diophantine steep for some ~ > 0 provided
that 7 > n?).

In the spirit of these examples, we look for a full measure set of Diophantine steep
function in the space of C* numerical function defined on an open set in R™.

Actually, a set in an infinite dimensional space can be of zero measure only if it is a
trivial set (see [7]). For this reason, Christensen [3], Hunt, Sauer and Yorke ([7]), Kaloshin
([8]) have introduced a weak notion of full measure set in an infinite dimensional space
called prevalence which corresponds to the usual property in a finite dimensional space. In
its simplest setting, a set P is said to be shy if there exists a finite dimensional subspace
F' called a probe space such that any affine subspace of direction F' intersects P along a
zero measure set for the usual Lebesgue measure on this subspace. A set is prevalent if
its complement is shy. Stronger notions of prevalence can be defined (see [7], [8] and the
section IV of this paper).

An example of prevalent set is given by the Morse functions in the Banach space

(C" (Eg),ﬂ%) , ||||cn> where Eg) is the closed ball of radius R centered at the origin

in R™. Indeed, for any function f € C™ (Eg?,R), by an application of Sard’s theorem

on the gradient map Vf one can prove that for almost any linear form w € £ (R™,R),
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the function f, = f + w is Morse and the probe space is given by the linear forms. The
modified function f,, is called a morsification of f (see [1] and [5]).
Here we look for a set P of Diophantine steep functions with fized indices which is

prevalent in C* (Eg),R) for a certain £ € N*. This will be obtained by introducing the

class of Diophantine Morse function and proving its prevalence with reasonings similar to
those used for the usual Morse functions but we have to substitute the Morse-Sard theory
by a quantitative Morse-Sard theory developed by Yomdin ([20], [21]). Moreover, we show
that the Diophantine Morse functions are Diophantine steep with indices equal to two.

I11.1 Diophantine Morse functions

Definition 111.1.1.

We denote by Gr(n,m) the set of all vectorial subspaces of dimension m in R™ and,
for K € N*, Grg(n,m) C Gr(n,m) is the set of vectorial subspaces in R™ generated by
integer vectors of length ||k||1 = |ki| + ... + |kn| < K, moreover Gr(n) = U™ _,Gr(n, m)
and Grg (n) = U, _1Grg(n,m).

A twice differentiable function f € C? (R™,R) defined on a neighborhood of the closed

ball Eg}g C R™ of radius 2R centered at the origin is said to be (v, T)—Diophantine Morse

for some positive constants v and T if, for any K € N*, any m € {1,... ,n} and any
A € Grg(n,m), there exists (e1,...,em) (resp. (fi,-.., fn—m)) an orthonormal basis of
A (resp. of A+) such that the function

fA(aaﬁ) = f (0[161 + ...+ anen +ﬁlf1 + ... +ﬁn—mfn—m)a

which is twice differentiable on a neighborhood of Eg’l) X Fgf_m), satisfies :
Afa gl 0 fa gl
A L ! Vn € R™
(@8] > 7 or |52, ]| > gl e R

for all (o, B) € Eg’” X Eg_m)
The link between the Diophantine Morse functions and the Diophantine steep functions
is given in the following:

Proposition 111.1.2.
With the previous notations, if a differentiable function f € C3 (R™,R) defined on a

(1)

neighborhood of the closed ball By C R™ s (7,7)—Di0phantir§ Morse for some positive
constants v and T, then f is (v,7)—Diophantine steep over Bpr with all the steepness
indices equal to 2.

Rk: Our definition of Diophantine Morse function relies on the choice of an orthonor-
mal basis in any subspaces A € Grg (n) and the eigenvalues of the Hessian matrix which are
extrinsic. But the property of Diophantine steepness involves only the norm of the gradi-

ent V f since H%%(a,ﬁ)” = |[Proja (V£ (a1e1 + ... + amem + Bifi + - + B foom))]]
which does not depend of the considered orthonormal basis.
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Proof: Consider f € C3(R",R) with ||f||[cs < M for some M > 1 over Eé}? such

that
| 2 o [ 5

>_

¥
L Vn € R™
T (n)H > K,HUH (Vn € R™)

2
0a? |(a.s)

for all (o, §) € Bg%m) BE% ™ with A € Grg (n,m).
H(m)

Then, for any continuous curve I' : [0,1] — Bp
have either:

of length r < Inf( 1), we

2MKT™?

Haf" ’>%>r>r2
otherw1se for a € R™ such that ||a —T'(0)|| < 537%= we have:
H@QfA 9P fa Y
9?0 002 |00 2KT
0 fa H Y 0 fa gl
and (|| > ==l = ()| > 57l for all n € R™.
H 9 |10y, KT da® |(a,p) KT

The mean value theorem gives ‘ %(a,ﬂ) - %(F(O),ﬁ)“ = H%‘( 5)(0‘ — I‘(O))H

for some «a, on the segment which connect I'(0) and «;, it implies:

[t

G005 | 2 55z lo - TO)| = la - TO)]

— 2KT

hence, we can ensure at least a variation of size r? on the norm Haf A F(t),B)H along a

path I' of length r < Inf(2MKT , 1).
Moreover, the choice of the orthonormal basis (eq,... ,em) gives

%(a,ﬁ) = Proja (Vf (are1 + ...+ amem + Bifi + -+ BnemFrom))

hence, for an arbitrary path T of length r < Inf (2 IR 1) in the affine subspace x+ A with

A € Grg(n,m) and x € AL, there exists t, € [0,1] such that ‘ Proja (Vf (f(t*))) H > r2.
Finally, any affine subspace spanned by integer vectors of lengths bounded by K € N*

can be seen as the sum x + A for some x € At N Eg_—?) with the direction A € Grg(n).
Hence, the definition of Diophantine steepness for f over Bp is satisfied.»

II1.2 Quantitative Morse-Sard theory and applications

Now we will show that, for a fixed 7 > 0 large enough, any sufficiently smooth func-
tion f € CP (R™,R) can be transformed into a (v, 7)-Diophantine Morse function by adding
almost any linear form. This latter results is proved thanks to an application of a quanti-
tative version of Sard’s theorem due to Yomdin ([20]). We recall the main results of this
theory along the lines of a recent expository book of Yomdin and Comte ([21]).
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For k, m and n € N* such that m < n, consider a mapping g € C*¥*1 (R, R™) defined

on a neighborhood of the closed ball Bg%) C R"™ for some radius R > 0 with the bound

lglless = M > 1.

— MR}“le bounds the Taylor

With the previous assumptions, the quantity Ry(g) i

remainder term at order k over the closed ball B( ),

For any matrix A € M, »)(R) with 1 < m < n, the ordered singular values of A
(i.e.: the eigenvalues of ‘AA) are denoted 0 < A(A) < ... < A\, (A) and, for any x € B(n)
the singular values of dg(x) are denoted \;(z) with ¢ € {1,... ,m}. In other word, dg( )
maps the unit ball in R™ onto the ellipsoid of principal axes 0 < A\j(z) < ... < )\m(m) in
R™.

=(n)

For A = (M, , Am) With 0 < A1 < ... < A, the set & (g,)\ BY ) of A-critical

points and the set A (g, A, B( )) of A-critical values are defined as:

Z(g,)\ B;)) — {z € BY such that A\(z) <\, fori=1,...,m)

andA(g,)\ B( )) g(E (g,)\ B(n))).

Finally, for any relatively compact subset .4 in R™, we denote by M (e,.A) the minimal
number of closed balls of radius € in R™ covering A.

The cornerstone of the quantitative Sard theory is the following:
Theorem 111.2.1. ([20], [21, theorem 9.2])

With the previous notations and assumptions, with Ag =1 and A = (A1,... , A\nm), we
have :

M (5,A (g,)\ BR )> < Cez)\o)\l (E>J for e > Ry (g)

n—j

<e A (f,)\ B(n))) < CiiAOAl---)\j (?)J (Rke(f))m for e < Ry(g)
j=0

where ¢; > 0 and c. > 0 depend only on n, m and k.

Corollary 111.2.2.
With the previous notations and assumptions, for any € €]0,1[, we have :

n+kj

(8 A(Q’A B( >)> Sci)\o)\l...)\j (é) o
j=0

where C > 0 depend only on M, R, n, m and k.
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If Neigh.(A) = UgcaB(z,¢) for a set A C R™ then Neigh, (A (g,)\ B( ))> can be
covered by M (5 A (g, A, B( ))> balls of radius 2¢ and, for the m-dimensional Lebesgue

measure, we have:

Vol (Neighe (A (9,0, B5))) < Vm)@e)™M (e,4 (9,0, B3 ) )

where V' (m) is the volume of the m-dimensional unit ball, finally :

Vol (NeighE (A (g,)\ B(”))>) < éi)\o/\l N )\j (é) T;:rkf —m

=0

for some constant C' which depends only on M, R, n, m and k.

Corollary 111.2.3.
For § €]0,1[ and e = "+, we denote

(n)

A5:A<g, (6, M,... ,M),By ) and As = Neigh, (As)

and we have the bozﬂzdks : o
i) Vol (A5> <Cé " where C > 0 depends only on M, R, n, m and k.

i) for k = 2n, we have Vol (35) <Cs%n .

Proof: Since € €]0, 1[, we have:

e =~ n ~m . ntkj ~ n
v 1(A ) < Ce"ET + (O E MIi—1gem=% < O | em—7r 4+ —— —§em— "5t
SAR =R ) S S VS T

j=1

. (ethmen

and m > 1 implies Vol (55) < (e
5 yields Vol (Ag) <

—|—02(5€ k+1 <016 k+1 —1—6258%.

Finally, the choice € = * and k = 2n allows to obtain

the second estimate.p»

Theorem 111.2.4.
For k €]0,1] and g € C*"*1 (R™,R™) with ||g|lckt1 = M > 1, there exists a subset
C. C R™ such that
Vol (C) < CVk

and, for any w € R™\C,, the function g, (z) = g(x) — w satisfies at any point x € B( o

190 (2)[| > & or ||dg. ()¢ > &[C]] (V¢ € R™).



Proof: We choose C,, = 35 with & = k747, hence:

Vol (C) < €55 = Cv/k.

Now, with our bound on ||g||czn+1, we have A\;(z) < M for any i € {1,... ,m} and

any x € Bg{), hence:

As={z € B such that A (z) < 0} ={z € BY such that 3¢ € R” with ||dg(z)¢|| < 8][¢|[}

2n+1 2n+1

Moreover € = § 2o = K2n+2 > k with kK < 1, then ||g,(z)|| < k implies ||g.(2)|| < €
and g(x) ¢ As since Dist(w, As) > €, hence ||dg(z )§|| > §][C]] for all ¢ € R™.
Finally 6 = k»+1 > k yields:

ldg. ()¢ = [ldg(@)CI| > dlIC]] > slIC]] (V¢ € R™)

and we obtain the second estimate.»

Now, we consider the constants v > 0, 7 > 0 and an arbitrary function f € C*"*2 (R",R)

defined on a neighborhood of the closed ball B%) C R™ with the bound || f||¢2n+2 = M > 1.

Theorem 111.2.5.
Consider v € N*, K € N* and A € Grg(n,m), there exists a subset C/(\V) c B where

Bl(,n) is the open ball of radius v centered at the origin in R™ with :

vol (c)) < C(V)\/;

where the constant 67(;) depends only of n, m, M, R and v such that, for any Q) € B,(,n)\C[(\V)
the modified function fo(x) = f(z) — Q.z satisfies at any point x € B( n

[0afnc e )] = 25 or (|02 fin.cn e Byl = LIl (v € B™)

(the function fa q) is defined with respect to fo along the lines of fa with respect to f in
the definition of a Diophantine Morse function).

Proof: We apply the latter theorem II1.2.4. with the constant K = /K7 on the
function g(a, 8) = Oafa(a, 3) € C*"T1 (R™ R™) in order to obtain a nearly critical set
C. CR™,

Then, for 2 € R™ such that Projs (2) = wie1+...+wmenm, withw = (w1, ... ,wn) € Ck,
the function fo(z) = h(z) — Q.z satisfies 0o f(a,0)(a, B) = Oafr(a, B) —w = gu(a, 3) and:

g (e Bl = [[Pafinn (e D] = 25 or lldgule, B)¢I > 2= 1I¢I (v € RY)

but the differential 92 f(a q)(c, 8) = 92 fa(e, 3) is the restriction of dg to the subspace
R™ x {0} C R™ and admits the same lower bound on its singular values as dg = dg,.
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Next, we consider the set:
C/(\V) = {Q € Bl(,n) such that Proj () = wie1 + ... + wmen, with w = (w1,... ,w,) € Cﬁ}

then we have the estimate
Vol (cg”)) — Vol (Pronl (Co) N ij”) < Vol (Bf,")) Vol (C,.) < V(n)v"C, /%

where V(n) is the volume of the unit ball in R™ and C'is the constant in theorem III.2.4.
computed for a function g € C?**! (R, R™) which depends only of M, R, n and m, finally :

Vol (c)) = 657’;)\/%

=) depends only of n, m, M, R, v.»

where the constant C,

Theorem 111.2.6. (Prevalence of the Diophantine Morse functions)
Consider an arbitrary constant 7 > 2(n? + 1) and a function C*"+2 (Fgﬂ,R) defined

on a neighborhood of the closed ball B( ™) C R™, then, for almost any 2 € R™ there exists

v > 0 such that the function fo(x) = f(I) — Q.I is (v, 7)—Diophantine Morse over B( ),
Consequently, the set of (v,2n? + 3)-Diophantine Morse functions for some v > 0 is
prevalent in C*" T2 (R",R).

Proof: For any v € N* and K € N*, we consider the set C%) = Upm—1UneGrg (n, m)C(V)

with an application of the latter theorem IT1.2.5, we obtain:

Vol (Cg)) Z Card (Grg (n, m))C’( )\/7 <Z C V)) K" \/K:

Now, for a fixed v > 0, the set CA(YU) = Uk en+ Cg) satisfies

Vol (C’(yu)) < (zn: 65;?) (Z Kn2_7-/2> V7

KeN*

and this upper bound is convergent with our assumption on 7.
For C*) = ﬂ7>OC§V) we have Vol (C%*)) =0 and C = U,en-C™") satisfies Vol (C) = 0.
Finally, for any 2 € R™\C, the function fqo(z) = f(z) — Q.z is (y,7)—Diophantine

Morse over Fg) for some v > 0 and we can choose 7 = 2n? + 3 > 2(n? + 1).»

IV Conclusion:

Going back to the dynamic, our result of exponential stability (theorem II.2) together
with the prevalence of Diophantine Morse functions (theorem II1.2.6) implies that for
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an arbitrary real analytic integrable Hamiltonian A and for almost all linear form w €
L (R™,R), the modified Hamiltonian h,(z) = h(z)+w(z) is exponentially stable with fixed
exponents of stability (since the latter quantities depend only of the steepness indices),
indeed :

Theorem IV.1. (Genericity of exponential stability)
Consider an arbitrary real analytic integrable Hamiltonian h defined on a neighborhood

of the closed ball Eg) of radius R centered at the origin in R™.
For almost any Q2 € R™, the integrable Hamiltonian hq(x) = h(I)—Q.1 is exponentially
stable with the exponents :

1
and b= ————.
2 + n? 2(1+2"n)

Proof:

If we choose 7 = 3 + 2n2, the previous theorem II1.2.6. implies that, for almost any
) € R™, there exists v > 0 such that the integrable Hamiltonian hq(I) = h(I) + Q.1 is
(v, 7)—Diophantine Morse.

Hence, according to the theorem III.1.2. the integrable Hamiltonian hq is (v,3 +
2n?)—Diophantine steep with indices equal to two and finally the theorem II.2. ensures
that hq is exponentially stable with the desired exponents a and b.»

We point out with the following example the difference between our result of stability
with the generic theorems of stability which can be ensured with Nekhorochev’s original
work.

We have seen that the function 2 — y? is not steep but 22 — y? + 23 is steep and,
usually, a given function can be transformed in a steep function by adding higher order
terms. Indeed, let J,.(n) be the space of r-jets of the C*>° numerical function of n variables,
Nekhorochev ([13]) proved that the non-steep functions admit a 7-jet in an algebraic set of
Jr(n) with a codimension which goes to infinity as r goes to infinity. With the geometric
criterion for steepness given in [16], one also recover the previous algebraic genericity.
The point is that we have to consider functions with arbitrary steepness indices and,
consequently, we do not obtain uniform exponents of stability for a generic set of integrable
Hamiltonian while here, fixed stability exponents are obtained on a prevalent set.

Different prevalent properties of dynamical systems have been proved in ([7], [8], [9])
but, up to the author knowledge, there is only one result of this kind for nearly integrable
Hamiltonian system due to Perez-Marco ([17]) who proved that the Birkhoff’s normal forms
are convergent or divergent for a generic set of nearly-integrable Hamiltonian. Nevertheless,
he uses a stronger notion of genericity than prevalence since the considered set intersects
any finite-dimensional affine subspace along a full measure set with respect to the finite-
dimensional Lebesgue measure.

12



Appendix: Exponential stability with a Diophantine steepness condition
A.I Description of our proof

First, we begin by an algebraic property : a vector w € R" is said to be rational if it is a
multiple of a vector with integer components. In such a case, the scalar products |k.w| for
k € Z™ such that k.w # 0 admit a lower bound ¢ > 0. Hence, let w € R™ be a rational vector
and K a positive constant then there exist a small neighborhood V of w and a lower bound
¢ > {' > 0 which depends on K such that |k.w’| > ¢ forany w’ € V and all k € Z"\ < w >+
with ||k||; < K. Hence, if we find a second rational vector w € V, then the scalar products
|k.&| admit a uniform lower bound for all k € Z"\{< w >t N < @ >1} and ||k||; < K.
Moreover, if w and w are linearly independent, we have Dim (< w>tN<o >L) =n-—2.
By a simple generalization, we can ensure that if we find a sequence (w1, ... ,w,) of close
enough rational vectors which are linearly independent (i.e.: (wy,... ,w,) form a basis of
R™), then all the scalar products |k.w,| admit a uniform lower bound for k € Z" and
l|k||1 < K with K > 0.

Now, consider a trajectory of the perturbed system starting at a time ¢y which admits
an increasing sequence of times top < t; < ... < t, < to + exp(cK) such that, for some
constants ¢ > 0 and K > 0, each frequency vector Vh(I(t)) is close to a rational vector
wi for each k € {1,... ,n} where (w1,... ,w,) is a basis of R™ composed of rational vectors
which are close enough one to one another to satisfy the previous algebraic property with
the constant K. Then, I(t,) is located in a resonance-free area up to some finite order
and a local integrable normal form can be built up to an exponentially small remainder,
this allows to confine the actions.

In section IV, we assume that there is a high enough density of rational vectors and
prove that the mechanism of Nekhorochev together with the Diophantine steepness of the
integrable Hamiltonian precisely ensure that any trajectory of the perturbed system satis-
fies one of the two following properties. Either, it admits a projection onto the action space
over exponentially long time intervals included in a small area or the previous sequence
of times (¢1,...,t,) and the basis (w1,... ,w,) can be built iteratively. The closeness of
Vh(I(ty)) to wy for k € {1,...,n} is given by an application of a theorem of Dirichlet
about simultaneous Diophantine approximation, which yields a minimal rate of approxi-
mation of an arbitrary vector by rational vectors. This last argument gives an upper bound
on the order K of normalization which can be carried out and imposes our value of the
stability exponents a and b.

A.IT Normal forms and non-resonant areas.

In order to avoid cumbersome expressions, we use the notations u <« v (resp. u *< v,
u = v, u %= v) if there is 0 < C < 1 such that u < Cv (resp. uC < v, u = Cv or uC = v)
and the constant C depends only on the dimension n, the bound M and the exponent 7
but not on the small parameters € and 7.

A.ll.1 Normal forms

Let A be a sublattice of Z™. A subset D C Br C R" is said to be («, K)-non-resonant
modulo A if at every point I € D, we have:

|k.Vh(I)| = |k.w(I)] > aforall I € Dand k € Z}\A
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where Z7}, = {k € Z" such that ||k||; < K} with a fixed K > 0.

In the neighborhood of such a set D, the perturbed Hamiltonian H can be put in a A-
resonant normal form A+ g+ f. where the Fourier expansion of g contains only harmonics
in Z'% N A while the remainder f, is a small general term.

Lemma A.lIl.1 (normal form, [18])
Suppose that D C Bpg is (a, K)-non-resonant modulo A and that the following inequal-
ities hold :
ar

(6%
<« — ;3 r<x«Mn|—,R)|];1x<K.
g K T 1m (K )

Then we can define a real analytic, symplectic diffeomorphism ® : V, . D+ V, /D
where r« = 5, s. = ¢ such that the pull-back of H by ® is a A-resonant normal form
Hod=h+g+ fi up to a remainder f, with

llg rs, *< € and |]f*||r*7s* #< gexp (—cK),

where ¢ is some positive constant.
Moreover, |[Il; o ® — Id;l|, , < r/6 uniformly over V,. s D where Il; denotes the
projection onto the action space and Idy is the identity in the action space. Hence:

VeysD C I (@ (Vi, 5. D)) C Vo 3D.

Corollary A.l1.2.

With the notations of the previous lemma, consider a solution of the normalized system
governed by H o ® and a time t;, € R. Let A\, be the affine subspace which contains I(ty)
and whose direction A ® R is the vector space spanned by A, then

dist (I(t), Ax) = ||1(t) — || *< € for |t —ti| <« exp(cK) and |t| < T

where T is the time of escape of V., s.D.

Proof: We denote by Q the orthogonal projection on < A >*. Since H o ® is in
A-resonant normal form, we have 4 Q(I(t)) = —Q (9, f.) and

() = Ml < [[QUE) = I(tu))I] < [1Q (9p f (1, 0))

_— |t —tg| =< &
provided that |t — tg| <« exp(cK).»

A.lll Nearly periodic tori.

A vector w € R" is said to be rational if there is t > 0 such that tw € Z", in which
case T = Inf{t > 0 / tw € Z"} is called the period of w.

14



Definition and theorem A.lll.1
Consider § > 0 and w € R™"\{0} a rational vector of period T, the set

B,(w) = {I € Bg such that ||Vh(I) —wl|| < o}

1s called a nearly periodic torus.
For K >0 and § > 0 such that 2M KT < 1, the set Bs(w) is (55, K)-non-resonant
modulo the Z-module A spanned by Z*%N < w >=.

Proof:
Lemma A.III1.2 Let Q be the hyperplane < w >L, then for all k € Z"\Q we have
|k.w| > 1/T.

Proof: We have |k.w| =
kd<a>t=<w>"t
Hence |k.col > 1 and |k.w| > 1. »

|k.Tw| = # |k.a for some o € Z™ and |k.a] # 0 since

1 1
T T

Then, since w # 0, we can ensure that dim(A) =n — 1 and for all I € Bs(w):

1 1
VkEZGA\A, we have [k.VI(D)| > [kw| = [k [|VR(I) — wl| > 7 — ME§> o

with our threshold in the lemma. »

Now, for an integer m € {1,...,n}, consider a decreasing sequence of positive real
numbers g1 > ... > o, and m rational vectors (wy,... ,w;,) in R™ with respective periods
bounded by an increasing sequence T < ... < T,, such that ||wj;1 —w,|| < g, for j €
{1,... ,m—1}.

For j € {1,...,m}, we denote by Q; the hyperplanes <wj>L and by Z; the sets
Qi N...NQ,.

Consider a positive constant K then the Z-module (resp. the R-vector space) spanned
by Z} NZ; is denoted by A; (resp. A; @ R).

Lemma A.lIl1.3

With the previous notations, assume that the rational vectors (wy, ... ,wy) are linearly
independent, we can ensure that dim(A; @ R) < n —j for all j € {1,...,m} and if
2M(m —j+ 1)Ko,;T; <1 (Vje{l,... ,m}) then the nearly periodic tori:

B;j = {I € Bgr such that ||Vh(I) —wj|| < (m —j+1)p,}

are (ﬁ,K) -non-resonant modulo A; for j € {1,... ,m}.
Proof: Consider j € {2,...,m} and I € Bj, since the sequence (Ql)1§z<j is decreas-

ing, we have ||w; —wj|| <o+ ...+ 0j-1 < (j—1—1)g foralll € {1,...,7 — 1} and the
assumption ||[VA(I) — w;|| < (m —j +1)p; yields:

|IVRA(I) —wi]| < (m—=0o < (m—1+1)g foralll e {1,...,5—1}.
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Then, the argument of the previous lemma (A.II1.2) ensures that, for all I € B;

1 1
Vie{l,...,j}, Vk € Z%\Q we have |k.Vh(I)| > ™ —M(m—-1+1)Kg > o
! l
with the thresholds of lemma A.IIL3. '
Hence, for all k € U/_ Z%\Q = ZE\N_, 4 = Z\A;, the scalar products |k.Vh(I)|
are lowered by ﬁ for any I € B;.»

A.TV Proof of the main theorem

Now, we build the sequence of rational vectors described in the previous section along
any trajectory and ensure that a drift of the action variables leads to in an area which is
free of resonances up to an exponentially small order. In this case, the main theorem of
the paper is proved.

We will first build it formally with our assumption of steepness and, in the next section,
the use of a simultaneous Diophantine approximation theorem of Dirichlet will prove that
our formal scheme is convergent for an arbitrary trajectory.

Consider an arbitrary trajectory (I(t),¢(t)) of the perturbed system.

Let (w1,...,wn) be a sequence of rational vectors whose periods are bounded by
T <...<T,,. Asbefore, for j € {1,... ,m} we define Q; = <wj>L and Z; = Q;N...NQy;
let also A; be the Z-module spanned by Z% NZ;, and finally d; = dim (A; ® R).

Definition A.IV.1 (fitted sequence)

The sequence of rational vectors (w1, ... ,wn) s a fitted sequence for a trajectory with
an initial time to if there are increasing real numbers t1 < ... < t,,, decreasing positive real
numbers ro > ... > ry,, and constants K > 1 and 0 < v < such that the following
seven properties hold :

Pn

; 7T
<~ andr < Tof| —=, ,
(i) 1o <y and r1 < In (KT 2M>

R
3(m+1)

(17) t; < to+exp(cK) and ||Vh(I(t;)) —w;|| <rj; forje{l,... ,m};
lwjr1 —wjl| < 05 =3r; forje{L,...,m—1}

)

(1i7)

(iv) The dimensions (di,... ,dp) satzsﬁes sdp> .. >dj > > dy, = 0;
)
)

1/ 7r; \Pa _
(v) Tj41 < E(ﬁ) * forje{l,... ,m—1};

(vi) 2M(m —j+ 1)Ko;T; = 6M(m —j+ 1)Kr;T; <1 forj e {1,... ,m}

(vii) The thresholds of lemma A.Il.1 are satisfied with the parameters €, K,r; and —

Rk: (i) The thresholds of lemma A.II1.3 are satisfied according to (vi) and our last
two assumptions make it possible to build a normalizing transformation ®; with respect
to A; on the complex r;/2-neighborhoods of the nearly periodic tori B; :

Vo, 72 (Bj) = Vi, 2 ({1 € Br such that [[VA(I) —w;l| < (m —j+1)g;}).
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(i) In the sequel, we will denote py = p,, and pi = pa, -

Formal construction of a fitted sequence.

Theorem A.IV.2

Consider an arbitrary trajectory (I(t),o(t)) of the perturbed system. If the perturbation
18 small enough, one of the following properties holds

(7) I(t) is bounded over exponentially long time intervals
(ii) or, assuming that there are periodic vectors satisfying the assumptions of the previous

definition A.IV.1, then the trajectory admits a fitted sequence.

Rk: (i) In any cases, the actions are bounded over exponentially long times.
(ii) We make our formal construction going forward in time but the same results are
valid backward in time.

Proof: first step

Consider an arbitrary solution of the perturbed system with some initial condition
(I(to),¢(to)) and a time t§ € [to,to + exp(cK)] such that ||I(t§) — I(to)|| = ro < 7, then
our steepness assumption yields a time ¢; € [0,t§] such that ||[VA(I (t1))|] > r§° and

||I(t1) — I(to)|| < ro; moreover

||Vh(1)||>£fr 0| —1I(t)] < g’
=y ora V=5

In the regular case, we remove this first step since we can use a uniform lower bound
on the gradient VA(I).
Assume that there exists a rational vector w; with a period bounded by 73 such that:

PO
[VA(I()) — wi]| < r < In (Kl ;"yw)

and that (5, K, rq, ﬁ) satisfy the thresholds of lemma A.II.1 (we only need 271 Ke <k 11

and 2717 K < 1 since r1 < rg < R by assumptions), then we have:

Lemma A.IV.3.

Denoting the projections Projq, = Proj— and Proj,,) by Q1 and él, if

Y

<k —— L 1 ith p1 = p =D
€ W1 _ ,
2M \ 2M ! nl b

then there exists a symplectic analytic transformation ®1 defined on a neighborhood of 1(t1)
such that in the normalized coordinates, we have :

(%) Either ||I(t) —I(t1)|]] < % for all t € [ty, to + exp(cK)]
(xx) otherwise Ity € |to,to + exp(cK)|[ such that:
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T1 1 T &
(t2) = I(0)]| < 7 and [|Qu (VA(I(E)]| = (m) .

Proof:

Consider the domain By = {I € Bg such that ||VA(I) —wi|| < mri}. With our last
two thresholds in the definition of a fitted sequence, there exists a normalization ®; with
respect to A from Dy =V, /5 (B1) to Vi, (B1).

In the normalized coordinates, we use the canonical equations of motion and, according
to the corollary A.I1.2, we derive:

() = I(t) = Qu (I(8) = I(t))| = || @1 (1) — I(22))|| #<
for t € [to, Inf (t9 + exp(cK);t)]-

Then, our threshold on € in lemma A.IV.3. and p; > 1 yields:

M - P1 1 r P1
IVA(I(6)) = Th(I(8) + Qi (1(5) — I(E))]] < 5= (—) =3 (m) (4)

finally I(¢;)+ Q1 (I(t) — I(t1)) is a continuous path in A\; = I(t1) +A; ® R, hence we have:

() either ||Q; (I(t) — I(t1))]] < 2’“—1\14 — ||I(t) — I(t)|| < % for all ¢ € [to, to + exp(cK)]
(xx) or there is a time of escape t] € |tg, to + exp(cK)[ with ||Q1(I(tf)—l(t1))||:;—]\l4.

Then, the steepness of h yields ty € [t1,t]] such that:

Ut

Projgy (VA(I(0) + 01 (1) ~ 1(0)))| | > (m) and [|Q1 (I(t2) ~ 1(t0)]] < -

i

and the inequality (A) implies

101 (VA (I(t2)))]] = \

Proj o+ (Vh <I<t2>>>H = (—)

moreover ||I(ts) — I(t1)]| < %.»

Now, we assume that there is a rational vector wy with a period bounded by T5 > T}

X 1 (&1 -
- < < |5 :
such that [|VA(I(£2)) —wal| < ra with r2 < ¢ <2M) ="
Then, we can write:

121 @)l = 11€1 (VR e - 121 (VA(I() ~wa)l| > <—>
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hence (w,ws) are linearly independent and we can ensure that dy < dj, moreover
lwr = wsl| < flwr = VR(I(£2))I| + [IVA(I(t1)) = VAT (E2))|] + [[VR(I(t2)) — wal| < 3
In order to complete the proof of the first step of theorem A.IV.2. we assume that
2T5Ke <k ro 5 2T5ro K <« 1 and 6M (m — 1) KroTh < 1

which allows to apply the lemma A.Il.1 and A.IIL.3.

Recurrence

Assume that an increasing sequence of times ¢; < ... <t; and a sequence of periodic
vectors (wi,...,w;) with respective periods bounded by 77 < ... < T, which satisfy the
assumptions of a fitted sequence have been built up to order j € {0,... ,m — 1}, then a
repeat of the arguments of lemma A.IV.3 shows:

Lemma A.1V.4.

1 ri \"
If e <x oYYi (ﬁ) with p; = pa;, then there exists a symplectic analytic trans-

formation ®; defined on a neighborhood of the action I (t;) such that in the normalized
coordinates, we have :

x) Fither ||I(t) — I(t; <ﬁf0r allt € [t;, tg + exp(cK
J M j

Pj
1 .
(xx) or there is tj11 € |t;,to + exp(cK)| such that HPrOjAj®R (Vh([(tj+1)))H > 3 (—)

Now, we assume that there exists a rational vector w;;; with a period bounded by
Tj+1 such that

. 1 pi
VR (I(tj+1)) —Wj+1H < 711 with 741 < 6 oM )
. . . . ]. Tj P
which implies that HPI‘O_]A].®R(U)]'+1)H > 3\ 307 and ||wj+1 — wj|| < 3rj.

Hence < wj;1 >1¢ A; ® R and we can ensure that d; 1 < d;.
To complete the iterative proof of theorem A.IV.2. again we assume that

2Tj+1K€ <* Tj41 2Tj+17“j_|_1K < 1 and 6(m — j)KMTj+1Tj+1 < 1.

Hence, the construction of a fitted sequence is completed for an arbitrary trajectory
provided that the thresholds in definition A.IV.1. and lemmas A.IV.3. and A.IV.4. are
satisfied, this completes the proof of theorem A.IV.2. »
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Last step
Since d,, = 0, we have located a resonant-free area up to ﬁ given by

B,, = {I € Bpg such that ||[Vh(I) —wpn|| < om = 3rm}

and, in order to confine the actions, we only need to build the integrable normal form over

1
the domain D,,, = V,._ (B,,). This is possible provided that the parameters <s, K, T rm)

satisfy only the thresholds of lemma A.II.1. and A.II1.3 but we don’t need to control the
dynamics as in the lemma A.IV.4.

A.V Complete construction of a fitted sequence.

Now, we have to ensure the existence of a sequence of periodic vectors (w1, ... ,wmn)
such that ||Vh (I(t)) — wg|| < 7 for k € {1,...,m} with rj, < L (T=2)71,

We assume that dy = Dim (A ® R) = n — k hence m = n, with this assumption we
have the lowest rate of decrease of the dimension of the resonant module and, consequently,
the worst estimates on the radius and the time of stability.

k—1 k—1
In the sequel, we will denote m; = 1 and 7 = le = Hpn_l for k€ {2,... ,n}.
=1 =1

Now, we introduce the Dirichlet’s theorem on simultaneous Diophantine approxima-
tion (see Lochak, [10]), which gives the lowest rate of approximation of an arbitrary vector
by an integer one.

Let z € R™ and ) € N*, we can renumber the indices in such a way that x = {(+1, )
for some 2’ € R"™! and ¢ = |||/ where || ||« is the maximum of the components.

The question is now reduced to approximation in R®~!. Dirichlet’s theorem yields
g € N* and I’ € Z"! such that 1< ¢ < Q and ||gz’ — U'||oc < Q™ 7°T.

/

Ifax*=¢ <j:1, %) we have:

§

|27 = zflo < =
q

Q7 = o —all < VA 1oQ 7
q

for the euclidean norm.

One checks easily that x* is a rational vector of period 7 = 9 which satisfies

§
vn—1 1

. Q
¥ -zl < — with — <7 < —.
I | - : :

n—1

If x, = Vh (I (t)), with our assumptions on h, we have

pPo

1 T
& = |7kl oo < NVAUI (k)] < M and & = [|zk|]o, > - [IVh (I (t))]| > %
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Hence, for all k € {1,...,n}, Dirichlet’s theorem ensures the existence of a rational
vector x; € R™ of period 7 such that

Vi1

1
||z — z)|| < ——— with < T +< —Qk

TeQy

1
and in the regular case, we have the bounds i < T =< Q.
With this ingredient, we prove the following:
Theorem A.V.1.

There ezists a positive constant C' (resp. Ko) sufficiently large (resp. small) such that

with
1
gz P ;b:ﬁande@yl/“

ﬁ:— 3 a =
1+ 2nm, 1+7 00

there is a fitted sequence for an arbitrary trajectory of the perturbed system with the pa-
rameters K = Koe=% and ro = Ce® with C = CYPo : T} x< (055)—% and r; < (OEB)M
foranyle{1,... ,n}.

Rk: In the regular case where h does not admit critical points, one can find a fitted
sequence with the parameters

1
a = c b= (1+7)a and £ < O~/
Trn Dt p e T Y

Summary of the thresholds
We need upper bounds 77 <715 < ... < T, on the periods (71, 7z,...,7,) such that:

() 1< K ;5 (i) ro < 7 (idd) r1<%
and for k € {1,... ,n}:

(iv) e < Tt (v) €T K <« 1 (vi) KTy, <« 1 (vid) rg <k 7y

The iterative scheme
With the period 7; of the first rational vector, as in Lochak’s paper we start with
b

r1 = C'— where 3 and C are positive constants.

71

Hence we need:

Vn—1 B
VA (I(t)) — o] < Y < CZ where 1 4< T; < _Ql

e
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and we choose Q1 = (C’sﬁ)_nﬂ.

Here, thresholds (i) to (vii) are ensured if we choose T3 = T; and K, 79, a, b and (3 as
in the theorem A.V.1. with C (resp. Kj) large enough (resp. small enough) and & <« y'/°.

1
For the regular case, we can choose rg = ry, a = L, b=p and 0 < a < — always
147 2n
with the threshold & <& ~'/@.
Then, for I € {2,...,n}, we assume the existence of a sequence of rational vectors

(w1, ... ,w;—1) with periods bounded by T} < ... < T;_ such that ||Vh (I(tx)) — w|| < r
with the parameters (e, K, Ty, ) which satisfy the thresholds (7) to (vii).

According to the previous paragraph we can find a time ¢; with I (¢;) in an area linked
to resonances of lower multiplicity.
Now wy is build in the following way to ensure the last threshold 7y <« r,’;’“_’ll :

— if there is a rational vector w; of period 7; such that ||Vh (I(t;)) — wi|| < 7"

and 7] < Tlp_lf then we set r; = rp’ Yand T; = Tlp_lf,

— otherwise, we use Dirichlet’s theorem to find a rational vector w; of period
Ti such that ||[Vh(I(t;)) —wi|| <x r'7" with T']" < T; < @ for some Q, then we set

n —

r = ;witth:’ﬁandl*<77§WQl~
72an71 TO

7

Let (ji,...,Jq) be the subsequence of {1,... ,n} where 7;, =T}, , hence j; = 1.
Then for | € {jr +1,...,jk+1 — 1}, we have 7, < T; and r; =+ r;'}" which imply

Pjg1—2Piy

p3k+1 1---Pjy
Jk '

1=k and we want rj, ,, <« 7,

Tjpey1—
We use the Dirichlet’s theorem at the ji-th and jx1-th steps of the iterative scheme,

with m = I_IpZ for 1 € {2,... ,n}, hence we need:

Tik41 Tik+1

1 § ( 1 ik 1 - 7;k+1 < 1 ik
73k+1Q1'/( 1) 7;le/( —-1) Q1~/( 1) F P11 P Q1~/( 1)

Jk+1 Jk+1 Jk Jk
. Pijy1—1Pig Pigy1—1Pig Trjk+1/77jk
since Tk —Tjk <T]k+1 Tjk+17 we set ij+1 = ij and
Q= (#Qy, )™ = (3Qy )Y T = = Q) = QT
Jk Jk—1 - Jk—2 -

Finally, the bounds Q;, *= (Csﬂ)f(nﬁl)ﬁj’“ for k € {1,...,q} are sufficient to ensure
our last threshold.
The previous inequality r; <x rlp '7' is also satisfied by construction for any [ in

(. n =10\ dah
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Then, we should check the other thresholds.
First, consider [ € {1,... ,n} with 7, =T}, hence [ € {j1,...,j,} and

vn—1

2n 1)
T = —— with 1 < T} < TWQZ and Q; = (Csﬁ) (n—1)m
j'Vlan—l 0

L1 —(2n—1)m
n 1 T TRQ  (CEP)
hich imply Tirp= (Ce?)™ and = »= — = ~L X1 #< )
which imply Tjr; ( ) n s s o1 7"8’30

For the second case, consider l€{1,... ,n} with 7; <7y, hence l € {jr+1,... ,jr+1—1}
for some k € {0,...,q — 1}. With our construction, we have r; =« r;:/ﬁjk, T, = T;:/Wj’“

and Qj, *= (055)_(n_1)ﬂjk imply Tjr; = (T‘jijk)m/ﬂjk and Tyr; < (CeP)™ together with

SN T/ Ty, BY—(2n—1)m; ™/ i,

2
7] 7 Tjy 7] T rop 0

0
With ro <1 and L < m;, we see that the inequalities:

Tk
—2n+1\ ™
1 T CeP
Tiry »< (C’sﬁ)m and — = -t *< #
T T TOPO

are satisfied at any step of our iterative scheme.

In the regular case without critical points, we obtain the same estimates but with one
instead of 7270 at the denominator.

Finally, the previous choices for @), give the bounds:

T +< (085)—717” and r; *< (C’aﬁ)m for le{2,... ,n}

and in the regular case T} < (Csﬂ)_(n_l)m.
Then all our thresholds are satisfied with our choices of parameters in the theorem
AV.1. »

Now, we can complete the proof of the main result (theorem II1.2.). Indeed an action
can drift at most of a distance r;/M at each step of our iterative process (lemmas A.IV.3.
and A.IV.4.) and we have a drift a length ro at the initial step.

Moreover, the size of each change of coordinates in our iterative scheme is bounded

by & for I € {1,... ,n}, hence in the original variables we have:
| 1(t) — I(to)|] < T +T”+2( + .. 1y if |t —to] < exp(cK)
0 ~To M M 67‘1 Tn) 1 0 explc
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with K = Koe~? and r; < €™ and we get:
[1(t) — I(to)|] < (2n 4 1)rg s= 5770 if |t — to| < exp (cKoe™?)

with the constant ¢ in lemma A.IIL.1.

Now, our threshold on v ensures that any trajectory remains in the domain of h all
along this iterative process.

This complete the proof of theorem I1.2. »
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