Existence of Diffusion Orbits
in a priort Unstable Hamiltonian Systems

Chong-Qing CHENG'& Jun YAN?

ABSTRACT. Under open and dense conditions we show that Arnold diffusion orbits
exist in a prior: unstable and time-periodic Hamiltonian systems with two degrees of
freedom.

1, Introduction and Results

By the KAM (Kolmogorov, Arnold and Moser) theory we know that there are
many invariant tori in nearly integrable Hamiltonian systems with arbitrary n de-
grees of freedom. These tori are of n dimension and occupy a nearly full Lebesgue
measure set in the phase space. As an important consequence, all orbits are stable
in autonomous system with two degrees of freedom, or time-periodic system with
one degree of freedom, in the sense that the actions do not change much along the
orbits. However, the KAM theory does not guarantee such stability when the system
has three or more degrees of freedom for the autonomous case or when it has two or
more degrees of freedom for the time-periodic case, simply because the KAM torus
can not separate the phase space (or integral manifold) into two disconnected parts.

In his celebrated paper [Ar]|, Arnold constructed an example of nearly integrable
Hamiltonian system, where some orbits are unstable. His example is a time peri-
odic system with two degrees of freedom. In Arnold’s example the perturbations
are chosen so specifically that all hyperbolic invariant tori preserve in the perturbed
system. Hence one can use so called Melnikov method to construct transition chain
along which the action has substantial variation. However, in generic case the per-
turbed systems do not possess such a good property, some resonant gaps between
invariant tori break up the transition chain, thus it seems unclear whether one can
apply Arnold’s method to find diffusion orbits. Despite of this technical difficulty,
Arnold asked whether there is such a phenomenon for a “typical” small perturbation.
After near four decades of study some remarkable generalizations of Arnold’s result
have been announced ([X1],[DLS1],[Ma5]). A few years ago, Xia [X1] announced
that Arnol’d diffusion exists in generic a priori unstable systems, recently Mather
announced ([Mab]) that, under so-called cusp residual condition, Arnold diffusion
exists in a priori stable systems with two degrees of freedom in time-periodic case, or
with three degrees of freedom in autonomous case. They claim that diffusion orbits
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can be constructed by variational method. Using geometrical method, some demon-
stration was provided in [DLS2] to show that diffusion orbits exist in some types of a
priori unstable and time-periodic Hamiltonian systems with two degrees of freedom.

In this paper, we study generic perturbations of a priori unstable Hamiltonian sys-
tems which have two degrees of freedom and are time-periodic, and give a complete
proof of the existence of diffusion orbits by using variational method. The approach
of our proof is different from the approaches proposed by Mather and by Xia (cf.
[Ma5] and [X2]). The starting point of our proof is based on the previous work of
Mather ([Ma3], [Ma4]). With his profound insight, Mather opened a way to study
Hamiltonian dynamics in higher dimensions. In [Ma3] Mather established the varia-
tional set-up of time-dependent positive definite Lagrangian systems and showed the
existence of minimal measures. By exploiting the properties of barrier functions in
[Ma4], he introduced the idea of C-equivalence and pointed out a possible way to
construct connecting orbits. The difficulty to apply this method to interesting prob-
lem in higher dimensions is that we do not know the structures of related c-minimal
orbit sets. In this paper we have succeeded in getting sufficient information about
the topological structure of the relevant Mané sets and in providing the proof of a
theorem of connecting C-equivalent Mané sets formulated by Mather in [Ma4]. Con-
sequently, we are able to construct the diffusion orbits crossing the gaps. However,
it appears unclear whether such C-equivalence can be established at the place where
uncountably many whiskered tori cluster together. Fortunately, this is the place
where there is no big gap. Arnold’s mechanism can be used here because a transition
chain of whisker tori clearly exists in this case. Crucially relying on such geometric
structure, we are able to establish local variational principle (cf. [Bs], [BCV]), the
local minimum corresponds to some diffusion orbits crossing these whisker tori. It is
the variational version of Arnold’s mechanism. Another step in our proof is to show
that we can join the orbits constructed by C-equivalence smoothly with the orbits
which realize the minimum of the local variational principle. In this way we do find
some diffusion orbits in generic systems.

Given a Hamiltonian function H (p, q,t) the Hamiltonian equation has the form:
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The Hamiltonian function studied here has the following form:
H(p.q,t) = f(p1) + 9(p2, a2) + P(p, g, t) (1.2)

where p = (p1,p2) € R?, ¢ = (q1,q2) € T?, H € C" (r > 3), P is a time-1-periodic
small perturbation. We assume it satisfies following conditions:

1, f + ¢ is a convex function in p i.e. the Hessian matrix 0,,(f + ¢) is positive
definite, finite everywhere and has superlinear growth in p, (f + g)/||p|| — oo as
Ipl] = oo;



2, it is a priori unstable in the sense that g has non-degenerate saddle critical
point, i.e. Opyq,9° — Opyp2904:0:9 > 0 at (p3,¢5). The function g(p5,¢2) : T — R
attains its maximum at ¢3: g(p3,q5) = maxy, g(p3,q2). Without loss of generality,
we assume (p5,q5) = 0.

Let B, x denote a ball in the function space C"({(p, q) € T>xR? : ||p|| < K} — R),
centered at the origin with radius of e. Now we can state the theorem which was
formulated by Arnold in [Ar]:

Theorem 1.1. Let A < B be two arbitrarily given numbers and assume H satisfies
the above two conditions. There exist a small number ¢ > 0, a large number K > 0
and an open and dense set Sc xk C B ik such that for each P € S i there exists an
orbit of the Hamiltonian flow which connects the region with p1y < A to the region
with p1 > B.

We shall use variational argument to complete the proof. In the section 2, by using
Legender transformation we follow Mather’s work [Ma4] and put this problem into the
Lagrangian formalism. The diffusion orbits are found by searching for the minimal
action of the Lagrangian. Some properties such as upper semi-continuity of some
set-valued functions are also proved in this section. In the section 3, we investigate
the topological structure of some relevant Mané sets. The section 4 is devoted to
the study of the barrier function when the Aubry set contains a codimension one
torus. In the section 5, by making use of the semi-continuity property shown in
the section 2 we obtain the proof of a theorem of connecting C-equivalent Mané
sets, formulated by Mather in [Ma4]|. Based on the understanding of the topological
structure of the relevant Mané sets shown in the section 3, we establish the C-
equivalence among those relevant Mané sets and use this C-equivalence to construct
the diffusion orbits crossing resonant gaps. In virtue of the techniques developed in
[BCV] and the analytic expression of the barrier function obtained in the section 4
we join the orbits constructed by C-equivalence smoothly with the orbits constructed
via transition chain. Thus we obtain the diffusion orbits. In the section 6 we show
the open and dense property.
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2, Variational set-up

Roughly speaking, the diffusion orbits are constructed by connecting different c-
minimal orbit sets, along which the Lagrange action takes its minimum. Therefore,
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we shall study the Lagrangian equation equivalent to the Hamiltonian equation (1.1):

d (0L oL
i(3) 5 =" 2

where the Lagrangian function L({,q,t) is obtained from the Hamiltonian function
(1.1) by using Legendre transformation £: (p,q,t) — (4, q,t) such that

L(g,q,t) = mgx{@, q) — H(p,q,t)}. (2.2)

Here ¢ = ¢(p,q,t) is implicitly determined by ¢ = %—I;. Since we study a nearly

integrable system, the Lagrangian has the form of

L = Lo(QQ,Cj) + Ll(QaQat)

where L corresponds to f + g through the Legendre transformation.

Throughout this paper, we use ¢! to denote the Euler-Lagrange flow determined
by L, use ®* to denote the Hamiltonian flow determined by H. To specify the Euler-
Lagrange (Hamiltonian) flow determined by other functions we add the subscript,

e.g. qﬁtLO, <I>1}+g, etc.

Clearly, the equation (2.1) corresponds to the critical point of the functional

A(y) = / Ly, A, t)dt.

We can think that L is a function defined on TM x T where M = T2. As f + g is an
integrable system and H is its small perturbation, every solution of H is well defined

for t € R. By the assumptions on H, we see that L satisfies the following conditions
introduced by Mather [Ma3]:

Positive definiteness. For every (q,t) € M x T, the Lagrangian function is strictly
convex in velocity: the Hessian Ly, is positive definite.

Superlinear growth. We suppose that L has fiber-wise superlinear growth: for
every (q,t) € M x T, we have L/||¢|| — oo as ||| — oo.

Completeness. All solutions of the Lagrange equations are well defined for all ¢ € R.

Under these conditions Mather established the theory of c-minimal measure and c-
minimal orbits [Ma3, Ma4|. To introduce some basic results of Mather, let us observe
the fact that the functional [ Ldt has the same critical point as [(L — n.)dt does
if n. is a closed 1-form on M x T, whose first de Rham co-homology class is ¢, i.e.
[ne] = ¢, in other words, their Lagrange equations are the same.
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Let I = [a,b] be a compact interval of time. A curve v € CY(I, M) is called a
c-minimizer or a c-minimal curve if it minimizes the action among all curves & €
CY(I, M) which satisfy the same boundary conditions:

b
) = min [ (Lm0, 0. 2:3)

£(a)=v(a) Jq

£(b)=~(b)
As we have the condition of completeness the minimizer must be a C'-curve by
Tonelli’s theorem. Without the completeness the minimizer can fail to be ([BM]). If
J is a non compact interval, the curve v € C1(J, M) is said a c-minimizer if |7 is c-
minimal for any compact interval I C J. An orbit X (¢) of ¢' is called c-minimizing if
the curve mo X is c-minimizing, where the operator 7 is the standard projection from
tangent bundle to the underlying manifold along the fibers; a point (z,s) € TM x R
is c-minimizing if its orbit ¢*(z,s) is c-minimizing. We use Gr(¢) € TM x R to
denote the set of minimal orbits of L — 7, (the c-minimal orbits of L). We shall
drop the subscript L when it is clear which Lagrangian is under consideration. It is
not necessary to assume the periodicity of L in ¢ for the definition of G. When it is
periodic in t, G(¢) € TM x R is a nonempty compact subset of TM x T, invariant
for the Euler-Lagrange flow ¢'.

We can extend the definition of action along a C'-curve to the action on a prob-
ability measure. Let 9T be the set of Borel probability measures on TM x T. For
each v € M, the action A.(v) is defined as the following:

Au(v) = / (L — n.)dv. (2.4)

Mather has proved [Ma3] that for each first de Rham cohomology class ¢ there is a
probability measure g which minimizes the actions over 9%
Ac(p) = inf [ (L —nc)dv.

This p is invariant to the Euler-Lagrange flow. We use M(c) to denote the closure
of the union of the support of all such measures, use —a(c) = A.(u) to denote
the minimum c-action. It defines a function a: H'(M,R) — R, usually called «-
function. Its Legendre transformation 5: H;(M,R) — R is usually called g-function.
Both functions are convex, finite everywhere and have super-linear growth [Ma3]. As
M(c) is defined as the limit measure of c-minimal orbits, the following lemma is a
straightforward result of topological dynamics:

Lemma 2.1. For each co-homological class ¢ and each positive number €, there exists
a positive number Ty = To(c,€), such that if T > Ty and v: [0,T] — M x T is a curve
minimizing the action of L —n., [n.] = ¢, then there is t € [0,T] such that

d(dvy(t), M(c)) <e.

Before starting the existence proof of diffusion orbits we need to introduce some
more concepts and investigate some relevant properties, which shall be made use of
below for our purpose.



We have defined the sets M(c) and G(c). It is easy to see that M(c) is contained
in the set G(c). Between the set G and set M we can also define so-called Aubry set
A(c) and Mané set N (c) as well as the limit point set £(c).

As all orbits are well defined on the whole R, they have w-limit sets and a-limit sets.
Let @(c) be the union of w-limit points of c-minimal orbits X (¢) : [0,00) — T'M x T,
let &(c) be the union of a-limit points of c-minimal orbits X (¢) : (—o0,0] — T'M x T.
We call L(c) = &(c) U a(c) the limit set.

To define the Aubry set and the Mané set let us define

t/
he(z, o', t,t') = min / (L —ne)(dy(s), s)ds + (t' — t)al(c), (2.5)
NeCH([t,t'],M) Ji
y(t)=z,y(t')=2'
’ N . / /
Fo(z,2',s,8") = S:tlrridl he(z, 2’ t,t").
s'=t' mod 1
t'>t+1
he(z,2') = he(z,2',0,1), F.(xz,2") = F.(z,2',0,0) (2.6)
Let
n—1
R (z,2") = min{ Z he(mg,miy1) i mo = x,my, =
i=0
andmz-EMforng'gn},
and let
he®(x, x") = liminf Al (z, z") (2.7)
de(z,2") = W (z,2") + h3° (2, x) (2.8)

Mather showed in [Mad4] that d. is a pseudo-metric on the set {z € M : hg°(z, x) = 0}.
A curve v € CH(R, M) is called c-semi-static if

Aeljay) + o) (b — @) = Fuly(a), 7(b), amod 1, bmod 1)
for each [a,b] C R. A curve v € C1(R, M) is called c-static if, in addition
Ac(Vlfa,p) + a(c)(b—a) = —=F.(y(b),7(a),bmod 1,amod 1)
for each [a,b] C R. An orbit X () = (dy(t),tmod 1) is called static (semi-static) if
~ is static (semi-static). We call the Mané set N (c¢) the union of global c-semi-static

orbits, the set A(c) is defined as the union of global ¢-static orbits, we call it Aubry
set.
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~We use M(c), L(c), A(c), N(c) and G(c) to denote the standard projection of
M(e), L(c), A(c), N(c) and G(c) from TM x T to M x T respectively. We have the
following inclusions ([Be])

M(c) € L(c) C A(e) S N(c) CG(c). (2.9)

The set G(¢) and N(c) have the good property of upper semi-continuity in ¢. Re-
stricted on A(c), the map 7! : A(c) — A(c) is Lipschitz. We use N;(c) = N(c)|i=s
to denote the time section, and so on.

When necessary, we use the symbols Gy (c), N1(c), A(c) and My(c) to denote
the minimal orbit set, Mané sets, Aubry set and Mather set determined by some

Lagrangian L respectively, omitting the subscript L when the Lagrangian is clearly
defined.

To describe these minimal orbit sets, Mather introduced two kinds of barrier func-
tions B, and B}, it is defined as follows

Be(q) = h* (g, 9)
Bl (q) = min{h° (€, q) + h7(g,m) — he(€,m) : ¥V €,m € Mo(c)} (2.10)
Clearly, we have 0 < B¥ < B.. When d.(£,n) = 0 for all {,n € My(c), then B. = B}

([Mad]). It is not hard to see that Ag(c) = {vr € M : B.(z) = 0}. The following
lemma is a modified version of the proposition 2.1 in [Be].

Lemma 2.2. Let M be a compact, connected Riemanian manifold. Assume L €
C"(TM x R,R) (r > 2) satisfies the positive definite, superlinear-growth and com-
pleteness conditions. Considered as the function of t, L is assumed periodic for
t € (—00,0] and for t € [1,00). Then the map L — G, € TM x R is upper
semi-continuous. As an immediate consequence, g(c) 18 a non-empty compact set in
TM x T and the map ¢ — (j(c) s upper semi-continuous if L is periodic in t.

We can consider t is defined on (TV [0, 1]VT)/ ~, where ~ is defined by identifying
{0} € [0, 1] with some point on one circle, and identifying {1} € [0, 1] with some point
on another circle. Let Uy = {((,¢,t) : (¢,t) € M x (TVv[0,1]VT)/ ~, |[C]| < k,},
UX Uy, =TM xR. Let L; € C"(TM x T,R). We say L; converges to L if for each
¢ > 0 and each Uy, there exists ig such that |[L — L;||y, < eif i > 1.

Proof: Since M is connected and compact, any two point 1 xo € M can be con-
nected by a geodesic. Let ¢(z1,x2) be the length of the shortest geodesic connecting
these two points, there is an upper bound K; > 0 of ¢(z1, z2) uniformly for all z1,
To € M. Let
K = max L(q,¢,t).
(g,t)ET? x (TV[0,1]VT)/~
ClI<K:

Given time interval [a, b] with b—a > 1, if we reparemetrize the shortest geodesic y(s)
by ¥(t) = v(l(x1,22)(t — a)/(b — a)), then 4(t) is a Cl-curve such that J(a) = z1,
¥(b) = x5. Clearly, the action of L along this curve is not bigger than K (b — a).
Obviously, there is an upper bound uniformly for all minimizing action of L’ if they
close to L on {||¢|| < K1}, still denoted by K (b — a).



Since the super-linear growth is assumed, there are two constant C' and D such
that L'(q,q,t) > C||q|| — D for all (q,q,t) € TM x [a,b] and for all L’ close to L. It

follows that )
dist(y(a),v(b)) 1 (K + D)
< < —2 .
o _b_a/a lavll < —5 (2.11)

if ~ is a minimizer. As (2.11) holds for any b — a > 1, it implies that there must
be some 7; € [a +i,a+ i+ 1] (i € Z) such that ||¥(r;)|| < C7YK + D). By the
compactness of M x (T V [0,1] V T)/ ~ we see that there exists Ky > 0 such that
Useo,n®*({¢,€:t < (q,1) € M x (T V[0,1] VT)/ ~ [I¢] < CTHEK + D)}) € {q, &,
(¢,t) € M x (TVI[0,1]VT)/ ~, ]l < K2}

Let L; € C"(TM x R,R) be a sequence converging to L, let v;: [a,b] — M be the
minimizer of L; with b — a > 1. By the argument above, we see there exists some
Uk D {&q,t:(q,t) € M xR ||£]| < Ka}, so that [[(L(z,t) — Li(2,t)||u, < €;. Here
€; — 0 as 1 — oo. Thus

/bL(d%(t),t)dt < (K +e)(b—a). (2.12)

As all 7; is a Cl-curve and the actions of L on each «; are bounded by [2.12], the set
{~i}icz, is compact in the C%-topology (cf [Ma3]). Moreover this set is compact in
the C1([a,b], M)-topology as we have ||§;|| < K3 and as 9?°L/d¢? is positive definite
so we can write the Lagrange equations in the form of § = f(q, ¢,t), which implies ;
is bounded in C2-topology.

Let v: [a,b] — M be one of the accumulation points of this set. Clearly, :
[a,b] — M is the minimizer of L and we have

Ac(y) = lim bLi(d%(t)at)dt-

—
3 oo a

We let I; = [-T;,T;] and let T; — oo, there is a sequence of minimizers of L;, ~;:
I, — M. By diagonal extraction argument we can find a subsequence of ~; which
converges C'! uniformly on each compact set to a C'-curve : R — M which is the
minimizer of L on any compact interval of R. This proves the upper semi-continuity
of L — C; L-

Given L periodic in t, we let L. = L — 7. where 7. is a closed one form such that
[Me] = ¢. e is a linear function in ¢. If ¢; — ¢, we can choose a sequence of closed
1-form 7., such that [n.,] = ¢; and |1, —=nc||4<x, — 0. In this case L., — L. implies
¢; — c. Since the c-minimal orbits are independent of the choice of 7;, applying the
argument above we obtain the upper semi-continuity ¢ — Q~(c) 0]

In the application, the set G (c) seems too big to be used for the construction of
connecting orbits in interesting problems. Mané sets seem good candidates. In the
time-periodic case, Mané set can be a proper subset of G(c), N(c) € G(c). It is
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closely related to the problem whether the Lax-Oleinik semi-group converges or not,
some example can be found in [FM]. To establish the connection between two Mané
sets we consider a modified Lagrangian

Lyy=L—-—n—p

where 7 is a closed 1-form on M such that [n] = ¢, p is a 1-form depending on ¢ in
the way that the restriction of p on {t < 0} is 0, the restriction on {t > 1} is a closed
1-form i on M with [a] = ¢ — ¢. Let mg, my € M, we define

T
R o) = inf (L= ().t
Y(=To)=mo J_T,
Y(T1)=m

+ Toa(c) + Tra(d). (2.13)
Clearly 4 m* € M and some constants C,, C,, ,,, independent of Ty, 77, such that

h;?ﬁTl (mo,m1) < hl°(mg,m*) + hl2(m*,ma) + C,,

S CU:H'
Thus its limit infimum is bounded

hOO

mpu(mo,my1) = liminf hloTr (mg, my)

To,Th — o0 K
<Cy,u- (2.14)

Let {T¢}icz, and {T}}icz, be the sequence of positive integers such that T} — oo
(j =0,1) as i — oo and the following limit exists

. T¢ T
lhm hn’ou ! (mo,ml) = h;fu(mo,ml).
1—00

Let v;(t,mg,m1): [=T¢, T{] — M be a minimizer connecting mo and m4

i Ty . .
Bl (g, my) = / (L —n = p)(dvi(t), t)dt + Tha(e) + Tia(d).
~T

From the proof of the lemma 2.2 we can see that for any compact interval [a, b] there
is some I € Z, such that the set {7;};>s is pre-compact in C*([a,b], M).

Lemma 2.3. Lety: R — M be an accumulation point of {~;}. If s > 1 then

Av, Gllsr) =t [ @ w00

TI—TEZL,T1>58
v (s)=n(s)
¥ (11)=7(7)

+ (11 = 7)a(d); (2.15a)
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if <0 then

A, ()= inf /T(L—n—u)(dv*(t)»t)dt

Sl—SEZ,Sl<T s1
7 (s1)="(s)
7 (1= (7}

— (s1 — s)a(c); (2.15b)

if s <0 and > 1 then

Ap, Gllsr) = nf [ @ w0
s1<0m>1 %

¥ (s1)="(s)
v (r1)="(7)

— (51 —s)a(c) — (11 — 7)a(d). (2.15¢)

Proof: To show that let us suppose the contrary, for instance, (2.15b) does not hold.
Thus there would exist A >0, s <7 <0, 81 <7<0, 81 —5 € Z and a curve v*:
[s1, 7] = M with v*(s1) = v(s), v*(7) = v(7) such that

An,, Olls. ) = [ (L0 — W) (dy* (), 0t — (1 — $)a(c) + A.

S1

Let e = 1A. By the definition of limit infimum there exist Te >0 and T;° > 0 such
that

hIoT (mo,my) > hye,(mo,my) —e, ¥V To > T30, Ty > Ti°, (2.16)

there exist subsequences T;"” (j=0,1, k=0,1,2,---) such that for all £ > 0

Tyr —Tg° > s — s1, (2,17)
Tok Ty o
™ (moaml)—hn,ﬂ(mo,m1)| < €. (2.18)

By taking a further subsequence we can assume v;, — 7. In this case, we can
choose sufficiently large k such that ~;, (s) and ~;, (7) are so close to (s) and ~(7)
respectively that we can construct a curve 4/ : [s1,7] — M which has the same
endpoints as v;,: 7 (s1) = 7i(s), 77 (7) = 7:(7) and satisfies the following

A, Gulls) 2 [ (=0 =@ 0.0 (51— )@ + 58, (219)

Let T = To* + (s — 1), if we extend 7;, to R — M such that

fyik(t_sl—*_s)u t§817
’Yzi = 'ygkk (t>7 51 St <,
F)/Zk(t% t >,
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then we obtain from (2.18) and (2.19) that

/ i . .
ha%il* (moyma) <Ar, , (v \[=To, Ti¥]) — Ti*a(c') — Thal(c)

<Ap,, (i |[FT9 1) = Tika(d) = Titale) = A
Sh%?u(m07 ml) — 2e.
but this contradicts (2.16) since Ty > Ta° and T;* > Tj°, guaranteed by (2.17).

(2.15a) and (2.15¢) can be proved in the same way. [
We define

N =1{dy € Gy, , + (2.15a) (2.15b) and (2.15¢) hold }.

This definition is similar to the definition of a Mané set, but L is replaced by L, ,,.

Lemma 2.4. The map (n,u) — N, . is upper semi-continuous. Nyo = N(c) if
[n] = c¢. Consequently, the map ¢ — N(c) is upper semi-continuous.

Proof: Let n; — n and p; — p, let v; € ./\7,72.7,” and let v be an accumulation point
of the set {v; € Ny, . }iez+. Clearly, v € N, .. If v ¢ N, there would be two
point v(s),y(7) € M such that one of the following three possible cases takes place.
Either v(s) and v(7) € M can be connected by another curve v*: [s +n,7] — M
with smaller action

Ap u(Wls: 7)) < An (V' |[s + n,7]) = nafe)
in the case 7 < 0; or there would a curve v*: [s,7 +n| — M such that
Ay (W5, 7]) < Ay (7[5, 7 + 1)) = na(c)

in the case s > 1, or when s < 0 and 7 > 1 there would be a curve v*: [s+nq, 7+ns] —
M such that

A (Vs 71) < A (3]s + 11, 7 + n2]) — naa(c) — naa(c)

where s +ny; <0, 7+ ny > 1. Since v is an accumulation point of v;, for any small
€ > 0, there would be sufficiently large i such that ||y — 7;|lc1[s,g < €, it follows that

Vi ¢ ./\N/’m% but that is absurd.

Let us consider the case that p = 0. In this case, L — 7 is periodic in ¢. If some
orbit v € N, o: R — M is not semi-static, then there exist s <7 € R, n € Z, A >0
and a curve v*: [s,7 + n] — M such that v*(s) = ~v(s), v*(7 +n) = vy(7) and

Ano(Yl[s;7]) = Ano(v"[[s, 7 +n]) — na(c) + A.
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We can extend ~v* to [s1, 7 +n] — M such that s; < min{s,0}, min{r, +n} > 1,
71 > 7 and
v(t), s1 <t <s,
v = (), s<t<T+n,
yit—n), T+n<t<m+n

Since L — 7 is periodic in ¢, we would have
Apo(yls1, 1)) = Ay o(7"y|[s1, 71 + n]) — na(c) + A.

but this contradicts to (2.15c). O

The upper semi-continuity of ¢ — AN(¢) will be fully exploited to build the C-
equivalence among some A (c), the construction of diffusion orbits in this paper
depends crucially on this property. Towards that, we shall also make use of the
Lipschitz property of the Aubry sets. Let m: TM x T — M x T be the projection
along the fibers. Mather discovered the following (cf. [Ma3,4]):

Lemma 2.5. 7: A(c) —» M x T is injective. Its inverse (considered as a map from
A(c) = mA(c) to A(c)) is Lipschitz, i.e. 3 a constant Cr, such that for any x,y € A(c)
we have

dist(m ! (x), 7 ! (y)) < Crdist(z, y).

The concept of of regular Lagrangian is useful for us in this paper. L is said to be
c-regular if the following limit exists for all (z,2’, s, s’)

h(x, 2, s,8") = lim hF(x, 2’ s,s"). (2.20)

k—oo

Lemma 2.6. (Bernard 2002) If M(c) is minimal in the sense of topological dynamics
and if there exists a sequence 7y, of n-periodic curves such Ac(yn) — 0 as n — oo,
then L. is reqular, hence A(c) = N(c) = G(e).

For the completeness sake, we shall present his proof in the appendix. Applying
this lemma to the area-preserving twist map we have the following:

Corollary 2.7. Let w € R\Q be the rotation number and ¢ = f'(w), then L. is
reqular and G(c) = A(c).

3, Structure of some c-minimal orbit sets

Our construction of connecting orbits between different c-minimal orbit sets exploit
fully the upper-semi continuity of the set-valued function ¢ — N(c), and the structure
of the relevant Mané sets.
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Let us consider the Hamiltonian flow ®! which is a small perturbation of <I>§c tg- Let
® and ®si 4 be their time-1-maps. As the cylinder T x R x {(gz2,p2) = (0,0)} = 3
is the normally hyperbolic invariant manifold for ®¢,, and the a priori unstable
condition is assumed, it follows from the fundamental theorem of normally hyperbolic
invariant manifold (cf. [HPS]) that there is € = ¢(A, B) > 0 such that if |P|lcr < €
on the region {|p| < max(|A|,|B]|) + 1} the map ®*** (k € Z) also has a C"~1
invariant manifold ¥(s) C R? x T2, provided that r > 2. This manifold is a small
deformation of the manifold ¥o|{|p,|<max(|],|B])+1}, and is also normally hyperbolic
and time-1-periodic. Let ¥ = %(0), it can be considered as the image of a map :
Yo — R2x T2, ¥ = {p1,q1,p2(P1,q1),q2(p1,q1)}. This map induces a 2-form 1*w on
2o

* d(p2, q2)
v (14 5020
Since the second de Rham co-homology group of X is trivial, by using Moser’s
argument on the isotopy of symplectic forms [Mo], we find that there exists a diffeo-
morphism 11 on Xo|{|p, |<max(|Al,|B|)+1} Such that

(0 h1)"'w = dpy A dgy. (3.1)

Since ¥ is invariant for ® and ®*w = w, we have

(W oth1) Todo (o ¢1)>*dp1 Adgr = dpy A dq

i.e. (o) ! o®o (o)) preserves the standard area. Clearly, it is exact and
twist since it is a small perturbation of ®¢. In this sense, we say that the restriction
of ® on ¥ is obviously area-preserving and twist. If » > 4 there are many invariant
homotopically non-trivial curves, including many KAM curves. As it still remains
open whether the invariant curves of irrational rotation number must be differen-
tiable, we can only assume all these curves are Lipschitz. Given p € R there is an
Aubry-Mather set with rotation number p, which is either an invariant circle, or a
Denjoy set if p € R\Q, or periodic orbits if p € Q. Under the generic condition
we can assume there is no homotopically non-trivial invariant curves with rational
rotation number for ®|y;, and there is only one minimal periodic orbit on ¥ for each
rational rotation number.

) dp1 N\ dq,.

Let us consider the Legendre transformation £. By abuse of terminology we
continue to denote ¥(s) and its image under the Legendre transformation by the
same symbol. Let

seT
which has the normal hyperbolicity as well. Under the Legendre transformation those
Aubry-Mather sets (invariant curves, Denjoy sets or minimal periodic orbits) on X
correspond to the support of some c-minimal measures. Recall H!(M,R) = R2. We
claim that each of these sets corresponds to an interval or a rectangle in H!(M,R),
in other words, for all ¢ in this interval (rectangle), the time-1-section of the support
of the c-minimal measure is exactly this Aubry-Mather set.
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Towards that goal, we introduce the coordinate transformation (p1,qa,p2,q2) —
(p1,q2,p2 + C(q2), g2) where ( is defined in the way such that

dg
a_pz(C(QQ)?(,IZ) - 07 (32)

and let ¢'(p2,q2) = g(p2 + ((q2), g2). By the assumption on g we now have

82g/
—=(0,0 0
aq%( ? )< ?

3291
0p20qa

(0, QQ) =0.

To simplify the notation we still use g to denote the function ¢’. Let Lo be the
Lagrangian obtained from f + g by Legendre transformation, it has the form

Lo(q2,q) = £1(d1) + €2(q2, 42)

where /1 and ¢y are the Legendre transformation of f and g respectively. As g is
a convex function in ps, ¢ = ¢2(p2,92) = O0p,9(p2,q2), we find from (3.2) and the
convexity of g that ¢2(0,¢2) = 0 and 9¢2/dps > 0, thus ¢5 can be written in the form

l2(q2,42) = V(q2) + U(qz, G2)

where V(g2) = —¢(0,¢2), U > 0 is a convex function in ¢, with super-linear growth,
attains its minimum at o = 0 (Vg2 € T). By the assumption, V' has a global
minimum at g = 0 which is non-degenerate.

Now let us consider the § function of Ly. Under the flow qﬁtLO an invariant circle on
¥ with irrational rotation number p is the support of a unique minimal measure 1, o)
whose rotation vector is (p,0). There exist ¢; € R and —oo < ¢; < 0 < ¢ < 0o such
that f1(,,0) is c-minimal for ¢ € {¢1} x [¢5, 5 ]. We have ¢; < ¢3 since the 3 function
of the twist map has corner at rational numbers. 3 is differentiable at some rational
number p/q if and only if there exists a homotopically non-trivial invariant curve
of rotation number p/q, consists entirely of periodic orbits of period ¢ ([Ba],[Ma2]).
From the property that both a and 3 functions are finite everywhere and has super-
linear growth we find that —co < ¢; and ¢ < oco.

Next, let us consider the a function of L. We use ¢ = (c1,¢2) € R? to denote a first
de Rham cohomology class of M. For each ¢ € R x (c;,c5) the action variable on
each c-minimal orbit of Lg takes value (p1,0) which is independent of ¢. Let A*, B*
be such numbers that for each ¢ € [A*, B*] x (c5,c5) the corresponding p; satisfies
the condition

A-1<p <B+1.
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Lemma 3.1. There exists g > 0, if || Pl|cz < €9 on the region {|p| < max(|Al,|B]|)+
1}, there is a strip C = [A*, B*] x [—c3,c3] € HY(M,R) (c5 > 0), such that for each
c € C, the c-minimal orbit set G(c) C X.

Proof: Note the Lagrange flow of L¢ is integrable and is decoupled between two
phase sub-space (q1,¢1) and (g2, ¢2). The second component of the flow gthO, ¢22 has
two homoclinic loops I'™ and I' ™, which can be thought as the graph of the functions
G*(q2), i.e. T = {q2,G*(q2)}. The orbit dg5 on I'" encircles the cylinder T x R
in counter clockwise direction (g2 > 0), the orbit dg, on I'" encircles the cylinder in
clockwise direction (g2 < 0). Clearly we have some positive numbers C’j > 0 such
that -

| 0. d )i = cx

Let
I 1

%OAv ¢ =5-Cy-

It is obvious that for each ¢ € R x (—¢;,c5), Q~L0 is contained in ¥. By the upper
semi-continuity of the set function (¢, L) — Gr(c), there exist € = (A4, B) > 0 and
¢5 > 0 such that if ¢ € [A*, B*] x [—¢, ¢5] and if || L1 > < € then G(c) is contained
in a small neighborhood of G, (c). Here, || - ||c= is the norm in the function space
C?*({(¢,q) e R? x T? : ||4|]| < K} — R), K > 0 is a sufficiently large number. Since
G(c) is invariant, by the normal hyperbolicity of the invariant cylinder, £ ¢ ¥. O

+
C2 —

Although the structure of minimal measures is unclear in general case, we know
very well the structures of those M(c) C X since the time-l-map ® is an area-
preserving twist map when it is restricted to . Under the projection from T'M x T
to TM x {t = 0}, the support of those c-minimal measures are the image of those
Anbry-Mather sets under the Legendre transformation £, they are homotopically
non-trivial invariant curves, Denjoy sets or minimal periodic orbits on . We use I
to denote those Aubry-Mather sets on ¥ in the Hamitonian formalism, let I'(¢) =
03 (T) C X(t), I = Uer(L(T(1)), 1)

Before going onto the study of some c-minimal measures, let us note a fact as
follows:

Proposition 3.2. Let ¢,c* € H'(M,R), u' and u* be the corresponding minimal
measures respectively. If (¢ — c*, p(p')) = (¢ — ¢*, p(p*)) = 0, then a(c') = a(c*).

Proof. By the definition of the o function we find that

vem

- /(L — e )dp + (c* =, p(p))

> — a(c).

—a(d) = inf /(L — e )dv = /(L — 1 )dpt’

In the same way we find that a(c*) < a(d). O
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Lemma 3.3. Assume I' € M(G) for some & = (¢1,8) € [A*, B*] x [—c5,¢5]. There
is an interval I = 1(¢;) = {(c1,c2) € HY(M,R) : ¢1 = é1,a(c1) < co < bley)} with
—o00 < afe1) < 0 < bley) < oo, such that M(c) =T for all ¢ € IntI, M(c) D T for
c € 9I. If there is an invariant curve containing I' we have further M(c) =T for all
cel.

Proof: Let i be a ¢-minimal measure. We have shown in the lemma 3.1 that the
support of 1 must be contained in 3. Note the time-1-map is an area-preserving twist
map when it is restricted on the cylinder, supp(ft)|t=o is exactly an Aubry-Mather
set. When the rotation number is irrational, it follows from the theory for twist map
that p is uniquely ergodic; if the rotation number is rational, we have assumed that
there is only one minimal periodic orbit. Thus, the minimal measure of consideration
here is always uniquely ergodic, i.e. supp(n) = T. Let ®'(2,0) € TM x T be the
Lagrangian flow, z; be the TM component, 7} = dgz. For any invariant measure p, if

supp(p) C X, we have
1 (T
[dn = [ ds [0 6%)an
0

-1 /0 " s [t zdutz)
/1 (i, z)ds|du(a)
27

as T'— oo. Since [ 7du is independent of T, [fjdp = 0. Therefore, it follows from
the proposition 3.2 that () = a(¢) if both & and ¢-minimal measures are on 3 with
¢—¢=(0,c3). As the 3 function for a twist map is strictly convex, M(¢) = M(&).
Let I(¢) = {c € H'(M,R) : ¢; = ¢, M(c) D T}. As the o function is convex and
has super-linear growth, [ is connected and —oo < a < 0 < b < co. What remains
to show is that I is closed. If not, there was a sequence ¢;, — ¢ such that I’ C /\;l(ck)
and T' ¢ M(c), consequently, there would exist x such that A.(ugp) > A.(p), where
pp is the invariant measure on . Let k be sufficiently large so that ¢, is sufficiently
close to ¢, then

Ay (1) = / Ldp — {p(1), k) = Ac(tt) — (p(). e — €) < Aclpip).

On the other hand, it follows from (c—cy, p(pg)) = 0 that A.(pup) = A, (11), thus we
have A., (up) > Ae, (1), but it contradicts to the fact that pg is c¢i-minimal measure.

If there is another measure p which can also minimize the c-action of L when
a(cy) < c2 < b(c1), then (dga, ) = 0. Indeed, for all a(c1) < ¢ < b(e1) we have
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/ (L —c1q1 — 0/242>d,ur :/ (L —c1q1 — 0242>dur

:/ (L —c141 — 02q2>du (by assumption)
=/ (L — g1 — 0'26}2>du + (¢ — c2)(dqa, 1),

thus we can choose ¢}, in the way that (c§ — c2){dqo, ) > 0 if (dqa, ) # 0. But this
contradicts to the minimality of up. Consequently, we always have

/(L — c141)dp = /(L — c1G1)dpg,

which is independent of the value ¢y takes between a(ci) and b(cq), it implies that
p = py since pp is the only c-minimal measure when |cp| < ¢3.

Let us consider the case when I' is contained in an invariant curve and co € OI.
Recall that there exists an invariant curve if and only if the Peier’s barrier function
is identically equal to zero, the Aubry set fl(c) contains a co-dimensional one torus
in this case. Let m be the projection TM x T — M x T. Because the inverse map
71 defined the Aubry sets is Lipschitz and 7T’ contains a codimension 1 torus, any
c-minimal curve v C A(c) can not cross the 2-torus 7' € T2 x T. Thus there exist
0 > 0 such that for any 7' > 0

T
JaRACL
-T

So, if p is also a c-minimal measure and ¢ = (¢1,0), then

-6 < < 27w + 6.

Avlpg) = [(L = exin)ang
= /(L — 141 — ¢c2G2)dp (by condition)

— [@-cidu by (33)
=Ac (1)
it implies that the only minimal measure is pp. [

It follows from the lemma 3.3 that there is a strip S = {(c1,¢2) € H'(M,R) :
a1 € Ryaler) < 2 < b(e1), A" < ¢ < B*, —00 < a(c1) < 0 < b(c1) < oo},
such that if ¢ € intS, the c-minimal measure is on 3 and is uniquely ergodic. If
c€edSN{A* < ¢ < B} and I' € M(c) is contained in an invariant curve, the
c-minimal measure is also uniquely ergodic. In these cases, we have A(c) = N(c).
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In the following, we use I(c1) = {c = (c1,¢2) : a(c1) < c2 < b(eq)} to denote the
maximal interval in the following sense: for each ¢’ = (¢1,ch) with a(er) < ¢ < b(er),
the ¢’-minimal measure has some I' C ¥ as its support, this T is not contained in
the support of any c¢*-minimal measure where ¢* = (¢, ¢}) with either ¢} < a(cq) or
c5 > b(ep).

Lemma 3.4. Let T C X be the support of some minimal measure for ¢ € I(c1), we
assume that it has dense orbit. Then N(c) C ¥ for each ¢ € intI(c1) = {(c1,ca) :
a(c1) < ca < b(er)}. If T is an invariant curve or a Denjoy set contained in an
invariant curve, and z'fc € 0l ={(c1,c2) : ca = alcy) or cog = b(cl)} we have further
that N'(c) consists of T and the c-minimal orbits homoclinic to T.

Proof. Let us consider a c-minimal orbit dy with ¢ € intl(c1) (¢ € I(c1) if ' is
an invariant curve). If this orbit is not contained in M(c) = I, then dy is semi-
asymptotic to I as t — +o00. We say an orbit is semi-asymptotic to an invariant set
I' as t — oo if every invariant subset of its w-limit set that is minimal in Birkhoff
sense is contained in I'. We use the argument in [Bo| to show it. Let NV is a minimal
(in Birkhoff sense) invariant subset of the w-limit set of d, there exists a sequence
tr — oo such that dist(dvy(tx), N) — 0. We claim that there is a sequence T}, — oo
such that

lim sup{dist(dy(t), N) : tx, <t <tr+ T} — 0. (3.4)

k—o0

If not, there exist d > 0, T" > 0 and a subsequence t; of the sequence ¢ such that
dist(dvy(t), N) > d for every j and some s; € [t;,t; + T]. As ~v(¢) is a c-minimal
curve, dv lies in a bounded region of T'M x T, the closure of the orbit is compact.
Thus, for some subsequence ¢; of the sequence ¢;, the sequence dv(¢;) and dv(s;) are
convergent to some points z € N and y € T'M x T respectively, where dist(y, V) > d.
Consequently, ¢ (z) = y for some 0 < ty < T. This contradicts to the invariance of
N to the Euler-Lagrange flow.

Let p, be the probability measure evenly distributed along d~[tg,tx + Tk], 1 be
an accumulation point of {yu,}. As dv is a c-minimal orbit of the Lagrange system
{1 is a c-minimal measure, i.e. g = pp. From (3.4) we see dist(N,T) = 0. As T has
dense orbit, N =T, i.e. the w-limit set of dv has only one minimal invariant subset
' (in Birkhoff sense). In the same way we can show that the a-limit set of dvy has
only one minimal invariant subset T’ also.

Let ¢ € int] and dy € N(c). Note N(c) = A(c) in this case. For each ¢ € 7(T), if
kij — oo (i =1,2) as j — oo are the two sequences such that dy(—ki;), dy(kz;) —
7€), then we claim that

kzj
lim Yo (t)dt = 0. (3.5)

J=00 J _ky;

In fact, for any & € W(F) there exist two sequences k;; — 0o as j — oo (i = 1,2) such
that d’y( kij) — m (&) and dy(kg;) — 7 1(£) as j — oo. It follows from the fact
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that v is c-static that

&Y (y(=k1;),7(0) + hE2 (4(0), v(kg;)) — 0.

If (3.5) does not hold, by choosing a subsequence again (we use the same symbol) we

would have
koj
lim / So(t)dt

J=00 ) _kyj

> 27 > 0.

In this case, let us consider the barrier function B} where ¢ = (c1,¢5). Since
c¢—c =(0,cy — c), we obtain from the proposition 3.2 that a(c’) = a(c), so

koj
Be(v(0)) <lim inf/ (L(dy(2),t) — exa(t) — cya(t) — alc)) dt

=00 J
< lim inf (L(d(t), 1) — 1 (t) — cafa(t) — alc)) dt
J—oo J gy,
ij
+(c2 = ¢5) lim Yo (t)di
J—0o0 —k1;

< —2ca =yl <0

as we can choose ¢, > co or ¢4 < ¢y accordingly. But this is absurd since barrier
function is non-negative.

Now let us derive from (3.5) that there is no c-semi-static orbit that is not contained
in 3. In fact, we find that dy € N ((c1,0)). To see that, we obtain from (3.5) that
the term ca¥2 has no contribution to the action along the curve v|[_x,. r,,):

k:zj k2j
/ (L — 61’71 — Cgﬁg)dt — (L - Cl’yl)dt, as j — OQ. (36)
—kij —kij

Note ki; — oo as j — oo (i = 1,2). If dy ¢ N((c1,0)), there would exist j' € Z*,
k'€ Z, E > 0 and a curve : [—ky;, ko; + k'] — M such that ((—kij) = v(—k1,),
C(koj + k') = ~(kajr)

/%kumww—qm+M@ﬁmﬁ

—ky 0

Koo+ .
z/ (L(dC(8), 1) — eréy + al(er, 0))))dt + E

—ky o

> Fiep0)(V(=Fkjr),v(k2j)) + E (3.7)

k2j/+k/ .
/ Godt
—ky

and

— 0. (3.8)
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The second condition (3.10) follows from the facts that N'((c;,0)) € % and that
Y(=kij) — & € Mo((c1,0)) = Mo(c). Let j — j" be sufficiently large, we construct a
curve ¢": [k, koj + k'] — M such that

(1), t € [=kij, —kiyl;
¢'(t) = <), t € [k, kajr + K';
Yt —k), telkyy +FK koy+ K]
It follows from (3.5~8) that

koj+k' )
/ (L(AC(8),1) — (e, ¢'))dt < / (L(dy(t) — exin)dt — E

—k1; —k1;j

ka;
< [ @@ - e

—k1j
but this contradicts to the property that dy € N(c).

Finally, let us consider the case when ¢ € 9JI and there is an invariant circle
containing I'. In this case, we obtain from the lemma 3.3 that up is the only minimal
measure still. According to the upper semi-continuity of the set-valued function
¢ — N(¢) that N'(¢/) should be in a small neighborhood of N(c) if ¢ is close to c.
It implies that A(c) should contain some orbits outside of . If this is not true,
N (¢’) would be in a small neighborhood of % for some ¢ = (¢, ¢,) with ¢z < a(c;)
or ¢g > b(c1). As we have normally hyperbolic structure in the neighborhood of 3,
any invariant set should be on %, consequently, we would have M(¢/) = T as the
map induced by the Euler-Lagrange flow on this manifold corresponds to a twist
area-preserving map on Y. But this contradicts to the definition of I(cq).

At the beginning of the proof we have shown that any c-minimal orbits must be
semi-asymptotic to the support of the minimal measure if it is uniquely ergodic. What
remain to show is such orbit is homoclinic to the invariant circle in this case. As I is
contained in an invariant circle, denoted by I'*, the Aubry set contains a codimension
1 torus I'* = Urepoa] (@' (L£(T*)), t), because P,(¢q) = Bc(q) for all ¢ € m(I'*) when
w = O1a(c) is irrational, and because the necessary and sufficient condition for the
existence of invariant circle is the Peierl’s barrier function is identically equal to zero.
Due to the Lipschitz property of the Aubry set, any c-minimal curve can not cross
(™), so

k
/ Fo(t)dt <21+ O(||P])), VkeZ .
—k

As d is semi-asymptotic to I', dy enters the small neighborhood of . If dy does not
fall either on the stable manifold or on the unstable manifold, then it will go outside of
the neighborhood again. It implies that d7v is a multi-bump solution of the Lagrange
equation. As we did in the proof of the lemma 3.1, we can construct a curve ¢ by
cutting off all other bumps and leave only one bump. In this case the c-action of ( is
smaller than that of v, but this is absurd. Thus, dy(t) € W (T*) U W (T*)\{T*}

when dy(t) is in a small neighborhood of 3. [
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To each orbit dy homoclinic to I' we can associate an element [y] € H;(M x
T,U,Z) = Z where U is a small neighborhood of 7(I'*) € M x T when T is contained
in an invariant circle I'*. We can see from this lemma that the necessary condition
for a homoclinic orbit {dy} C N(c) is [y] = +1. In general, the time-1-section
No(e)\7(L(T)) is homotopically trivial. By definition we mean that there exists an
open neighborhood U = U™, U; of Ny(c) such that U; NU; = @ if i # j, Up is an
open neighborhood of £(I') and each U; (i # 0) is contractible to one point. In this
case we have

i H1 (U, R) C span([(]),

where i is the standard inclusion map, ¢ = ((1,0) : [0,1] — M with ¢1(0) = ¢1(1).
By the Lipschitz property of A(c) = N(c) in this case, we may choose bounded,
mutually disjoint open sets U; in TM such that 7U; = U; and UU; D No(c). Under
this assumption we have

Lemma 3.5. Assume ¢ = (c1,b(c1)), M(c) = T and Ny(c)\n(T') is homotopi-
cally trivial. Let ¢ = (c1,¢5) with ¢ — b(c1) > 0 being sufficiently small. If
M(c) is uniquely ergodic, then there exists a neighborhood N of No(c') such that
i.H(Nu,R) = 0.

Proof. By assumption, we can choose U= U?;OUZ-, a neighborhood of ./\7(0) such
that (U;) N 7(U;) = @ if i # j, Uy is an open neighborhood of £(I') and each U;
(i # 0) is contractible to one point. By the upper-semi continuity of ¢ — N (c )
N(c) c U if ¢y — b(c;) sufficiently small. We claim that for each z € Uy N N(¢), 3
an integer k(z) € Z, such that ¢*(*)(2) ¢ Uy and there is a uniform upper bound
K € Z4 for all these k(z). If this is not true, for any k > 0, k € Z there is z; € Uo
such that ¢l(zk) € Ug, VO < | < k. Let v be a probability measure distributed
evenly on ¢'(z) (0 <t < k) and let k — oo, we find there is an accumulation point
v, supp(v) C Up. Obviously, v € M(e ). As there is normally hyperbolic structure on
3, the invariant set in Uy must be on 3, it follows that M(c) C ¥, but it contradicts
the definition of I(ey).

By the upper semi-continuity of ¢ — A(¢) and the assumption on the intersection
of the stable and unstable manifolds we see that Ny(¢')\Uy can be covered by finite
mutually disjoint open sets, each of them is homotopic to a point. As each point in
Uy shall go outside under the time-1-map ¢!, the whole Ny(c’) can be covered by
finite mutually disjoint, homotopically trivial open sets. Because M(¢) is assumed
uniquely ergodic we obtain from the lemma 2.5 that N'(¢/) = A(¢/). The Lipschitz
property of A(c’) guarantees that Ny(¢') = Ag(c’) is also homotopically trivial. [

4, Some Barrier functions

In this section we consider a co-homology class ¢ = (¢1,b(c1)) such that A(c)
contains a 2-torus in T? x T, i.e. its time-1-sections has an invariant circle on the
cylinder, and study the relevant barrier functions introduced in [Mad]. The study
for ¢ = (¢1,a(c1)) is the same. According to our assumptions, the rotation number
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of this circle is irrational. To go further with our proof, let us turn back to the
Hamiltonian formalism temporarily to look at something.

Let @5 = ®1; be the time-1-map of the Hamiltonian flow ®%;. It has an invariant
cylinder X. Restricted to the cylinder X this map is clearly twist and area-preserving,
thus the invariant circle I' is Lipschitz. When P = 0, we have the cylinder T x
R x {g2 = p» = 0} as the normally hyperbolic manifold for ®;,,. Each orbit
on this manifold lies in an invariant circle and has zero Lyapunov exponent only.
Both the stable and unstable manifolds have two branches. Each of them has an
invariant fibration {¢1 = p1 = constant,py = G¥(q2)} if we use {q2,G*(g2)} to
denote the homoclinic loops of @, in the space of (g2, p2). Under a small perturbation,
the invariant circle on ¥ is the graph of a small function, i.e. T = {q € T,p =
pr(q1),q2 = qor(q1)}. From the theory of normally hyperbolic manifolds we know
that the fibration has C"~2-smoothness on the base points. As I' is an invariant
circle, all stable (unstable) fibers with base points on I' constitute the local stable
(unstable) manifold W;;*(T') of I'. Both the stable and the unstable manifold have
two branches corresponding to (c1,b(c1)) and (e1, a(cy)) respectively. Let us consider
the branch corresponding to (c1,b(c1)). In the covering space T(T x R), one lift of
a unstable manifold originates from {p = pr(q1), g2 = gor(q1)} and extends to right,
one lift of stable manifold originates from {p = pr(q1), ¢2 = gor(q1)+27} and extends
to left. When P = 0, these two manifolds coincide with each other and are graphs
above 0 < g2 < 27w. Thus, for suitably small a > 0, there exists € > 0 such that if
| P|| < € the unstable manifold is a graph above the region {gar(q1) < ¢2 < 27 — a}
and the stable manifold keeps horizontal in the region {a < g2 < qor(q1) + 27}, i.e.
they are the graphs of some functions in the relevant regions,

W) ={¢,p"(q) : 1 €T, gar(q1) < q2 < 27 — a},
We(T) ={¢,p°(@) 1 € T, a < g2 < or(q1) + 27} (4.1)

Although each stable (unstable) fiber has C"~2-smoothness, the base points of these
fibers fall on a circle for which we can only assume Lipschitz smoothness, these
manifolds are at least Lipschitz, i.e. p*“(q) in (4.1) are at least Lipschitz. We choose
suitably small @ > 0 such that the time for any d~s to cross the strip {a < g2 < 27—a}
is longer than 1. Such assumption is feasible as ®f; is a small perturbation of ®%,
for which this assumption is clearly true.

If there is another invariant circle I'; very close to I', by the smoothness of the
invariant fibration we see that Wy “(I';) are also graphs above the relevant region.
Let I'(A) be the highest circle on ¥ where p; < A, let I'(B) be the lowest circle where
p1 > B. As all invariant circles on X make up a closed set, it is reasonable to assert
that we have some € > 0 such that if || P|| < ¢, the stable and unstable manifolds of all
I' between I'(A) and I'(B) can keep horizontal in the region {a < ¢2 < gor(q1) + 27}
and {gor(q1) < ¢2 < 27 — a} respectively.

As the Hamiltonian system under study has standard symplectic structure, each
horizontal Lagrangian sub-manifold is a graph of some closed 1-form defined on M.
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We know that the stable (unstable) manifold of some smooth isotropic manifold is
a Lagrangian manifold, therefore, if we use (¢,p(q)) (p(q) € C') to denote such a
smooth manifold, then

0 0
o _ 9Pz (4.2)
992 Oq
it follows that there exists a C2-function S(g) and constant vector ¢ € R? such that
oS oS
- = — = Po. 4.3
o0 +c1 = p1, o0 +c2 = p2 (4.3)

If we consider the manifold as the graph of some closed 1-form, ¢ € H'(M,R) is the
cohomology class of this closed 1-form. Since a Lipschitz function is differentiable
almost everywhere, we claim that there exists a C%!-function S so that (4.3) holds,
here we use C**® to denote those functions whose k-th derivative is a-Holder.

Lemma 4.1. Let T’ be an invariant circle on the cylinder ¥, let W**(T") be its
stable (unstable) manifold, which is a graph over a connected open set U C M with
7(T) € U, then there exists Y1 functions S**: U — R and a constant vector ¢ € R?
such that {W5" :qe U} ={(¢,dS*"(q)) +c: q€ U}.

Proof: Let us consider the case of a stable manifold. By the condition that W*(T)
is a graph there is a Lipschitz function p = (p1,p2): U — R? such that W*(T") =
{(¢,p°(q)) : ¢ € U}. Let v be a closed curve which is the boundary of some topological
disk o on W*. Since v is on the stable manifold, ®%, () approaches uniformly to T,
it implies that ®%,(v) is such a closed curve going from a point to another point and
returning back along almost the same path when k is sufficiently large. As &y is a
symplectic diffeomorphism, k can be arbitrary large, we have

// dp/\dq:]{pdq:]{ pdqg = 0. (4.4)
o 2l % (7)

Note p is Lipschitz, by the theorem of Rademacher ([R]), p is differentiable almost
everywhere in U. As + is arbitrarily chosen, (4.2) holds for almost all ¢ € U. Conse-
quently, there exists a C1'!'-function S°* and ¢ € R? such that p® = dS® + c. In the
same way, we obtain a C'M!'-function S* and ¢/ € R? such that p* = dS" + ¢’. As
W7, intersects Wi at the whole I', ¢/ =¢c. O

In fact, for almost all initial points (q,p*(q)), p is differentiable at all ®%,(q,p*(q))
(Vk € ZT). To see that, let O be an open set in U, for each k € Z*, there is a full
Lebesgue measure set Oy C 7(®% {0, p(0)}) where p is differentiable, since ® is a
diffeomorphism, the set

[e.¢]

0" = (N m(®5{0,p"(0W)})

k=0

is a full Lebesgue measure subset of O. For any point ¢ € O*, p is differentiable at
the points 7(®% (q,p*(q))) for all k € Z+.
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Let us consider the Hamiltonian flow. If the locally horizontal stable (unstable)
manifold has the form

Wi ={(g.p>" (¢, 1),t) : (¢.1) € U x T}

and if we call the 2-form Q = > dp; A dg; — dH A dt, then (p*>*,t)*Q = 0. In
the covering space R2 x R we find that there exists S*%(q,t) such that dS®% =
p®*(q,t)dg—H (p*“(q,t),q,t)dt. By applying the standard argument (see for instance
the appendix 2 in [Ma3]), we find that

L3 = L — (0,5%",4) — 9,5*" (4.5)

attains its minimum at 9,5%" as the function ¢. Note LZ’“ = Li—09,5%" is Lipschitz,
dLy"/dt and L exist almost everywhere. Since W*" is a manifold consisting of the
trajectories of the Euler-Lagrange flow, it follows from the Euler-Lagrange equation
dLg/dt = Ly and (4.2) that Ly* = 0 almost everywhere. The absolute continuity of
L implies that L*" is a function of ¢t alone. Therefore, by adding some function of ¢ to
554 we can make L** = 0. Note the local stable (unstable) manifold can be thought
as the graph of some function defined on {(q,t) € T?> x T : a < q2 < qor(q1,t) + 27}
({(q,t) € T?> x T : qor(q1,t) < g2 < 27 — a}), where gor(q1,t) is such a function that
(') = {(¢,t) : @2 = qor(q1, 1)}, qor(q1) = gor(q1,0). The first co-homology group is
R x {0} x R. Thus, there exists a function S%(q,t): {{(q,t) € T? x T : gor(q1,t) <
@ <27 —a} = R, S%(q,t): {(¢,t) € T2 xT:a<q < qr(q,t)+2r} — R and
(¢t,0,a*) such that S*%(q,t) = S%%(q,t) + c;q1 + a*t, where we have used the fact
that both the stable and the unstable manifolds coincide with each other at T'. In
this case we obtain from (4.5) that

L =L —((c1,0),q) — (0,5, ¢) — 0,5

attains its minimum at W*" as the function of ¢ with L®"|y s« = a*. Thus, for all

d~y on T we have

/ (@00~ {(6.0).4) ~ (0,5 (1(8).5).3) -5 (1 (8). 1) —a” )t = 0. (4.6)

— 00

We have mentioned before that the Euler-Lagrange equation for L — 1. is the same
as that for L if 7. is a closed 1-form. In local coordinates we can write n. = (¢(q), ¢).
If we use H,_(p,q,t) to denote the Legendre transformation

Hy (p, ¢,t) = max {<p, q) — (L — (c(a), d>>}
then we obtain
0L
= 50
It implies that H,_(p,q,t) = H(p+ c(q),q,t). As 7. is closed, the coordinate trans-

lation (p,q) — (p + ¢(q),q) is symplectic. Under such a coordinate translation the
horizontal stable (unstable) manifold is the graph of the function p**(q) — ¢(q).

p+c(q)
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We know that T is contained in some Aubry set A(c) = {B, = 0} where ¢ = (cy, c})
with a(cq) < ¢, < b(c1). From above arguments and the proposition 3.2 we can see
that ¢; = ¢} and a* = a(c).

To study the barrier function B, we consider the covering of T? given by T x R,
let T, be the lift of I which is close to T x {2kn} x {p1 = const., ps = 0} x T. Without
lose of generality we single out one lift of the unstable manifold W* that extends from
'y and keep horizontal over {(g,t) € T2 x T : qar(q1,t) < g2 < 27 — a} and single
out one lift of the stable manifold W* that extends from I'; and keep horizontal over
{(g,t) €T?> xT:a < g2 < qor(q1,t) + 27}

Recall ¢ = (¢1,b(c1)). Since L*™ attains its minimum on the local horizontal
stable (unstable) manifold, for ¢ € T X (a, 2w — a) we claim that there exists only one
c-minimal orbit dy$: R™ — T'M as well as only one c-minimal orbit dy%: R~ — T M
such that v*%(0) = ¢. In fact, such an orbit dv3"* lies on the local stable (unstable)
manifold.

There are two steps to verify our claim. The first step is to show that v** does
not cross the codimension one torus I' C T2 x T. It follows immediately from the
lemma 4.2 below. To state this lemma, we define the set of forward and backward
semi-static curves:

N*t(e)={(z,8) e TM x T : mo ¢} (2, 5)|[0,400) 18 c-semi-static},
N=(c)={(z,5) e TM xT: wo ¢} (z, 5)|(=o0,0] 18 c-semi-static}.

Lemma 4.2. If M(c) is uniquely ergodic, u € Ao(c), then there exists a unique
v € T,M such that (u,v) € N (¢) (or Ny (c)). Moreover, (u,v) € Ag(c).

Proof: Let us suppose the contrary. Then there would exist (u,v) € Ag(c) and a
forward c-semi-static curve v (t) with v4+(0) = v and 44(0) # v. In this case, for
any u; € My(c) there exist two sequences k;, k, — oo such that

mo ‘75% (u7 1)) — Uy, 7+(k;> — U
and
ki
lim (L —ne)(¢h (u,v),t)dt + k;a(c)

k;—o00 0
k;
= lim (L = ne)(dy4(t), t)dt + k;a(c)

ki—oo Jo
= ho(u,uy).
Thus, we obtain that
h(wo ¢ (u,v),ua)
=F(m o ¢p" (u,v),u) + h (u, ur)
=Fu(m o 67 (w,0),u) + lim_ Okz (L = ne)(dys (2), )t

>hgo(ﬂ- © ¢Zl(uvv)7u1)
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where the last inequality follows from the facts that 4 (0) # v and the minimizer
must be a C'-curve. But this is absurd. [

For the second step of the proof, we consider the problem in the covering space
T x R and single out a lift of the stable (unstable) manifold of the invariant circle.
The stable (unstable) manifold has two branches: W}’

W =W*" N {gor (q1,t) < go < 27 — a},
W =Wt n{—2r+a < ¢ < gar(q1,t)}-

These two branches of the manifold joined together smoothly at the invariant torus.
Let us consider the unstable manifold. There is a smooth function S*: {—27 4+ a <
q2 < 21 —a} — R such that graph(dS*) = W UW}". Note W*|(4, t)=constant i
below the zero section of the cotangent bundle while W}"| (4, +)=constant is above the
zero section if we restrict them in the sub-cotangent bundle T*T. If L; is sufficiently
small, then there exist some ¢; > 0 and a periodic function g2 = ¢2(q1,t) such that
a2(q1,t) < a, [g2(q1,t) — a| very small and

S*(q1, 27 — g2(q1,t),t) — S™(q1, —q2(q1, 1), t) — 2mwey = 0.

Thus we can extend S" — ¢, periodically so that S* — ¢,qs is a continuous function
defined on T? x T. Note, this function is not differentiable at the 2-dimensional
torus {(q,t) € T3 : ¢2 = q2(q1,t)}. Since L* + a(c) = 0} when it is restricted on
W N {—q2(q1) < g2 < 27 — ¢2(q1)} and strictly positive elsewhere, the backward
c-semi static orbits must lies on W if it approaches T from the right hand side.

There might be another possibility that the backward c-semi static orbits ap-
proaches I' from the left hand side. Similarly, There exist ¢; < 0 and a periodic
function Go = Ga2(q1,t) with |G2(q1,t) — a| very small such that

Su(q17(12(q17t>7t) - Su((h, —2m + (12((]1>t),t) - 27-(-62 = 0.

In this case, we can also extend S* —¢oqo periodically so that S" —¢aqs is a continuous
function defined on T? x T. Because 7*(0) € {a < ¢2 < 27 — a}, and ¢ = (c1, b(cy)),
it is clear that the c-action along the orbit lying on W} is bigger than the c-action
along the orbit lying on W*. This asserts our claim.

Since L*" + a(c) = 0 on W**_ for arbitrary T' > 0 we have

/ T (L(@ve(0),1) = (e, 32(0) = a(e) )dt =S"(v(0),0) — S™(2(~T), ~T)

— b(e1) (325 (0) = 35(~T)),
/0 ) (L(@y: (1)) = (e 42(1) = ale) Jdt =8*(3:(T),T) = §°(3:(0), 0)
—b(e)(3R(T) —35%0). (47
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Since ® is an area-preserving twist map when it is restricted on the cylinder, from
the lemma 2.6 and the corollary 2.7 we see that L. is regular. Therefore, for any
e>0,0<s5<1,0<t<1andq,q" € M, there exists Ky € Z* such that

|hccx>(q/7q*787t)_hf(q/7q*737t)| S{-f, v}(O SKEZ

Since M(c) is uniquely ergodic in this case, for any 6 >0, 0 <t <1, 4% Rt — M
with 7%(0) = ¢ € T X (a,27m — a) and ¢* € M,(c) there exists a sequence of {K;}5°,
(K; € Z) such that

d(y*(t+ Ki), ¢") < 6.

It is easy to construct an absolutely continuous curve (: [s, K; + t] — M such that
()=~ t)ass <t < K;+t—2,d(dC(t),dv*(t)) <das K;+t—2 <t < K; +t and
C(K; +t) = q*. As L® attains its minimum at W?* for each (q,t) € U, it follows from
the convexity of L in ¢ and (4.7) that

K+t
0< / (Lc(d('(t),t)) - a(c))dt
— 5%(q" +(0,2m),t) + S%(¢', 8) — ble1) (a5 — g2)
<o(d),

where L. = L — (¢, q). If v : [s,K; +t] — M is the minimizer of h¥i(q,q*, s, 1),
then

K;+t
0< / (el (0, 1)) — o) )t
K+t
- S 0200+ S g8+ e [ (o

< [ (petac. )~ ate)ar

— S%(q" +(0,27),t) + S%(g, s) + b(c1) (g5 — o)
<o(9).

It is easy to see that dvyj. (t) keeps close to the branch of the stable manifold which
corresponds to the cohomology class ¢ = (¢1,b(cy)) if K; is sufficiently large. Thus,
we have

K+t
/ Sae o ()t = g + 27 — g,
S

Therefore, we assert that for all ¢ € T x (a,27 — a), ¢* € 7(I'¢(c¢)) and s,t € T

hgo(Q7q*7S>t) = Ss(q* + (0’27T>7t) - Ss(qa 8) - b(cl)(Q;< + 27 — q2),
he (", g, 8,t) = 5%(q,8) = §"(q", 1) — ber) (2 — q2)- (4.8)
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In fact, we have seen that (4.8) holds for ¢* € M;(c), ¢ € T x (a,27—a) or q € w(T|,).
As there exists an invariant circle on which the rotation number is irrational, we see
that B.(q) = P,(q) =0 for all ¢ € w(T"), thus d.(q, ¢*) = 0 for all ¢* € M(c) and § €
7(I'), where w = 01a(c), P, is the Peierl’s barrier function. Consequently, we have
he°(q,4) = h®(q,q*)+hs°(¢*, 4). Therefore we obtain (4.8) for any ¢ € T x (a, 27 —a)
and any ¢* € W(f‘t). As dS°[ )y = dS"|(r), by adding a constant we can assume
that S*(q + (0,27),t) = S%(q,t) if (¢,t) € «(T). Since the c-minimal measure is
uniquely ergodic, we have the following

Lemma 4.3. Let q € T x (a,2m — a), then

Bi(q) = 5%(q,0) — §°(q,0) — 2mb(c1). (4.9)

Proof: Since M(c) is uniquely ergodic, by definition of B}, the property S°(q +
(0,2m),t) = S"(q,t) if (q,t) € 7(I") and (4.8) we have

Bi(q) =min {h(6,0) + b (q.m) — hZ(Em)  &m € M(S) |

=min {3°(€.q) +h2(0,€) : € € M(0)
=5"(q,0) — S°(q,0) — 2mwb(c1). O

Next, we consider the stable (unstable) manifold of all invariant circles. Different
invariant circle determines different stable and unstable manifold, so we have a family
of these manifolds. We claim that this family of stable (unstable) manifolds can
be parameterized by some parameter o so that both pi™ and py™ have ;-Holder
continuity in o. Indeed we arbitrarily choose one circle I'y and parameterize another
circle I', by the algebraic area between I', and I'g,

o= / (T (1) - Tolqr))das. (4.10)

This integration is in the sense that we pull it back to the standard cylinder by
Yoy € diff(3g, X) (cf. (3.1)). In this way we obtain an one-parameter family curves
I': TxS — ¥ in which S C [A", B'] is a closed set. Usually, S is a Cantor with positive
Lebesgue measure, A" and B’ correspond to the curves where the action p; < A and
p1 > B respectively. Clearly, for each o € S, there is only one ¢; = ¢;(0) such that
T, = Mol(c) for all ¢ € I(ci(0)) as the rotation number is irrational. We can think
I', as a map to function space C° equipped with supremum norm I': S — C°(T, R),

[T, = oy || = max[I'(q1,01) — (g1, 02)].
q1 €T

Direct calculation shows

2
1
_ > 7 _
o1 — 09| > 50, ({Eg%ll“(thrl) F(q1,02)|) ,
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where (Y, is the Lipschitz constant for the twist map, it follows that
1
[Ty = Loy || < Cslor — 02 (4.11)

where Cy = 1/2C,. Since the stable (unstable) fibers have C"2-smoothness on their
base points on ¥, p* is also %—H(’jlder continuous in o. Thus, there exist two families
of Ct1 functions S%(q,t): {(q,t) : qor,(q1,t) < g2 < 27 —a} — M and S:(q,t):
{(¢;t) : a < @2 < qor, (q1,t) + 2} — M, which are also 3-Holder continuous in o.
Remember for each o € S, B:(U)(q) can always take the value zero as its minimum

in the region {a < g2 < 27 — a}, it follows from the 3-Holder continuity of Sj(’Z) and
the expression of B, given by (4.9) that b(c1(0)) also has 3-Holder continuity in

o. For z € T, there is unique z,(t) € m(I's¢) such that z,(t) = (z,qer, (2,t)). Let
c(o) = (c1(0),b(c1(0))), we have:

Lemma 4.4. For allg € T x (a,2mr —a), z € T and s,t € T the functions S5"(q),
hg‘(’g)(q, 2 (t), s,t), S?U)(%(t)a q,s,t) and B*(U)(q) are %—Hdldefr continuous in o € S.

C

Different from B}, h2° depends on the choice of the closed 1-form 7. (cf. [Mad]).
To guarantee the Holder continuity we choose 1. = (¢(o), ¢) in above lemma.

5, Construction of connecting orbits

Throughout this section we shall make the following hypotheses, their verification
shall be postponed to the section 6.

(H1): For each 0 € S C [A, B'], the set {B;,) = 0}N{a < ¢z < 27 —a} is totally
disconnected.

Remark: By the choice of a, the set {B ) =0} N{a < ¢» < 27 — a} is not empty
since dv, can not cross the strip {a < g2 < 2w —a} under one step of the map ¢, there
must be some points on time-1-section of the minimal orbits whose projection fall
into the strip. By the definition of S, for each o € S, Ag(c(0)) contains an invariant
circle on the cylinder. In this case we have an explicit expression of B¥(q) in the
strip. The hypothesis (H1) implies the minimal critical point set of S(f( o) ~ o)
consists of discrete points, and there must be some minimal points in the interior of
this strip.

(H2): If the rotation number of I' is rational, then the associated c-minimal
measure has its support only at a periodic orbit. The set of minimal homoclinic
orbits in X to this periodic orbit is topologically trivial.

Before making the third hypothesis let us note that the union of all invariant
circles on the cylinder forms a closed set. These circles do not intersect each other,
so the complementary set consists of countably many invariant annulus.

(H3): Let I' be an invariant circle on X, associated with co-homology class c¢. If
this circle is on the boundary of a gap, then for small § > 0 there exists ¢/ = (¢1,c5)
with either 0 < ¢, — b(c1) < § or =0 < ¢ — a(e1) < 0 such that M(¢’) is uniquely
ergodic.
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According to the study in the last section we know that No(¢’) is homotopically
trivial, but this does not guarantee that Ny(c') is also homotopically trivial on M,
since the projection from N'(¢/) — N(¢') is not necessarily injective. If M(c') is
uniquely ergodic, then N(¢/) = A(¢). The Lipschitz property of A(¢’) implies that
No(c') is homotopically trivial in this case. Given arbitrary small d > 0, there are
only finitely many invariant circles which are the boundary of some annulus with
width not smaller than d. Actually, we require the third hypothesis only for these
tori.

The first task in this section is to build a C-equivalent sequence {c(¥}7, where
AV = c1(o”), a(ef?) < ) < b(el?), ™ = ei(0), a(d™) < ™ < b(e{™) and
o’ < o* correspond to two invariant circles which make up the whole boundary of a
gap. Thus a theorem of connecting C-equivalent Mané sets is used to construct the
diffusion orbits crossing this gap. This kind of theorem was discovered by Mather in
[Ma4] where the proof was sketched. To make use of this theorem, we shall give a
complete proof first. A theorem of connecting different G(c) was proved by Bernard
recently ([Be]).

To any subset A of M we associate a subspace of Hy (M, R)
V(A) = ﬂ {iU*Hl(U, R) : U is an open neighborhood of A} (5.1)

where iy.: Hi(U,R) — Hy(M,R) is the map induced by the inclusion. Clearly, there
exists an open neighborhood U of A such that V(A4) =iy, H;(U). Let V1 (A) be the
annihilator of V(A4). In other words, if ¢ € H*(M,R), then ¢ € V* if and only if
{e,h) =0 for all h € V(A). Given ¢ € H(M,R) we define

R(c) = Y (V(Ni(e))*. (5:2)

teT

In [Be] R(c) is defined by using G(c) instead of using N(c).

We say a continuous curve I': R — H!(M,R) is admissible if for each t € R there
exists § > 0 such that I'(t) — I'(¢g) € R(I'(tg)) for all t € [ty — 0,10 + J]. We say c,
¢ € H'(M,R) are C-equivalent if there is an admissible curve I': [0,1] — M such
that I'(0) = c and T'(1) = ¢.

Let U be an open subset of M x T, we can think it as the open subset in M x R
of points (g, t) such that (¢,¢ mod 1) € U. The 1-form p on M X R is called a U-step
form if there is a closed form g on M x T, also considered as a periodic 1-form on
M x R, such that the restriction of pu to t < 0 is 0, the restriction of u tot > 1 is f,
and such that the restriction of u to the set U U {t < 0} U {t > 1} is closed. In the
application in this paper, i is chosen as a closed form on M.

If the first de Rham cohomology class d € R(c), then there exists an open neigh-
borhood U of N (c¢) and a U-step form p such that [a] = d. Such a neighborhood U
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will be called an adapted neighborhood. Indeed, similar to the arguments in [Be],
let us fix a time ¢t € [0,1] and a cohomology class d € V(N;(c))*. There exist an
open neighborhood Q of V;(c) and a § > 0 such that V(Q) = V(N;(c)) and such that
Ns(e) c Qfor all s € [t —d,t+0]. As d € R(c), we can take a closed form i on M
whose support is disjoint from 2 and such that [z] = d. Let p: R — R be a smooth
function such that p = 0 on (—oo,t — 6], p=1o0n [t +d,00) and 0 < p < 1 for all
teRandlet U= M x ((0,t =) U(t+6,1))UQ x [t —d,t+ 0]. Obviously, the form

p=p(t)n

is an U-step form satisfies the required conditions.

Let IT': [0,1] — H'(M,R) be an admissible curve such that I'(0) = ¢ and I'(1) = ¢'.
For each t € [0, 1] and an adapted neighborhood U (t), let n(t) be a closed 1-form on
M such that [n(t)] = I'(¢). There exists 6(¢) > 0 such that I'(s) — I'(t) € R(I'(¢)) and
a U-step form p(s) with [a(s)] = T'(s) = T'(¢) if s € (t — d,¢t + 6). According to the
upper semi-continuity (n, u) — ~n,u proved in the lemma 2.4, we can assume that

T(Noy(ty.u(s)) + €(t) C U(t) (5.3)

if we take suitably small §(¢). In this paper we use U + a to denote the set {z € M :
dist(x,U) < a}. Clearly, there is a finite increasing sequence {t; }o<;<n such that

N
i = 6(t),ti + 6(2:)) o [0,1],
1=0
tio1 > 1; — 5(ti), tiv1 <t + 5(751'), (54)

and (5.3) holds for each t;, and each s € (t; — 0(¢;),t; + 6(¢;)). In the following we
shall use €;, d;, U;, m; and p; to denote €(t;), d(t;), U(ti), n(t;) and u(t;) respectively.
Thus we have

1—1
mi=no+ Y M. (5.5)
5=0

Let us fix some 0 < 7 < N and consider the function hgog ' (mg, my) defined
in (2.13). For each small €& > 0 and (mg,m1) € M x M there exists (T¢,T7) =
(T¢, TH) (X, mg,my) € Zt such that

h?fl (mo,m1) > hy?  (

VI; > T!, j=0,1 (5.6)

*
mOaml) — €,

Obviously, there are infinitely many 7 > T ; (j = 0,1) such that

Aot (mo,ma) = hi? |, (mo,ma)| < €. (5.7)
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Let ~;(t,mg,m1,To,T1): [=To,T1] — M be the minimizer of h;ofl (mg, my), it fol-
lows from the lemma 2.3 that if €] > 0 is sufficiently small, T ; (7 = 0,1) are sufficiently
large, and Tg, T} are chosen so that (5.7) holds, then

dyi(t,mo,my, To, Th) € Ny, 1, (t) + e, YO <t <1, (5.8)

From the Lipschitz property of hgogl (mg, mq) in (mg, m1) and the compactness of
M, we see that there are T = T} (¢;) (j = 0, 1), independent of (mg, m; ), so that (5.6)
holds for all T > T};. We can see also that there exist T} (¢;) > T} (€;) (j = 0, 1) so that
for any (mo, m1) € M x M, there are T; = T;(mo, m1) with T} <T; < T} (j =0,1)
such that (5.7) and C9psequently (5.8) hold. Note that for different (mg, m1), we may
need different T; > TJTL.

We are now ready to construct a connecting orbit joining M (cp) and N (cy). We
consider 7; as the time translation (¢,t) — (q,t + 7;) on M x R, and define the
modified Lagrangian

N-1
L=L-n— > (7). (5.9)
i=0
For each 7 = (19,71, -+ ,7n—1) the following variational problem
- TN+TN-1 N-1
h2"N(m,m',7) = inf / (L— — —7;)" Z) dy(t),t)dt
P =), o ;( )i ) (dy(1), 1)

Y(Tn+TNn—1)=m'

N-1
- Z (1i = Tim1)a(e;) — Toa(eo) — Tna(en)

has a Cl-minimizer (¢, m, m’, 7, Ty, Tv) which is clearly the solution of the Euler-
Lagrangian equation determined by L. We need to show it can be the extremal of L
if we suitably choose 7, Ty and T. We define

A= {? e ZN tmax{T{, i  +1} < 7 — 71 < max{T}, T~ " + 1},

VlSiSN—l,TQZO},

and take the minimum of th’TN (m,m’,T) over A
F;(m,m', Ty, Tn) = min KIOIN (m,m! | 7). (5.10)
Fen L

Let 7 (Tp, Tx) be the minimal point about 7. If v(¢t,m, m’, Ty, Ty) is the minimizer
of Fz(m,m’,Ty,Tn), we claim that for t € [1;,7; + 1] and 0 <i < N — 1

dy(t,m,m', Ty, Tn) € (—TZ’)*</\~/'772._1’M t) + €. (5.11)
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/

In fact, let us to choose m; = (1,1 + 1), m}, = v(7i41) for 0 < ¢ < N — 1. Since
v(t,m,m’, Ty, Tn) is the minimizer of F;(m,m’, Ty, Tn), thus

T
* Ti+1 . *
Aps(r ) = int (L= @y (), 0
v (—=To)=m; —To
v (Tr)=m;
Ty <To<T;
T{<T\ <Ty
— To()é(Ci) — Tloé(CH_1>. (512)

So, we obtain (5.11) from (5.6~8), (5.12) and the choice of TJZ as well as T; (7=0,1).
We define the infimum limit of F; (m,m’, Ty, Tn)

h%"(m,m') = T%I,I%Iilgo Fi(m,m',TO,TN). (513)

Let Tf (j =0, N) be the subsequences such that Tf — 00 as k — oo
|Fy(m,m/, Ty, TN) — h (m,m")| < min{eg, en}, VY E,

as well as
Jim Fi(m,m/, Ty, Txy) = b3 (m,m’),

and let v (t,m,m’') = ~y(t,m,m',T§, Tx) be the minimizer of Fj(m,m’,T§, Tx).
It is easy to see that (5.11) holds also for ¢ = 0, N. From (5.3), (5.12) and the
definition of U; we obtain that dvy(t) is the extremal of L with the boundary condition
Ye(=TE) = m, v (T® + 7% _,) = m/. Clearly, for any compact interval [a, b] the set
{7 }k>E is pre-compact in the C1([a,b], M) topology if k is suitably large. Let ~:
R — M be the accumulation point of {v;}, then dv is the solution of the Euler-
Lagrange equation determined by L and

a(dy) C Alc),  wldy) C Alen).

Consider a bi-infinite sequence (--- ,¢;,---) of C-equivalent cohomology classes
and a sequence (--- ,&;,---) of small positive numbers. Let {7;}°°_ be a monotone
sequence of integers such 79 =0, 7; — +00 as i — Fo00. Let

N
VN = Z (—Ti)*,u,i.
i=—N
For each 7 = (7_n, -+ ,Tn—1) we consider the following variational problem
T T TN+TN-1
h N (mym! ) = inf L/‘ (L'—Uo—-VN)(dWQ%tﬁﬁ
L 7(7T—N77—N):m —T_N—T_N

Y(TN+7N—1)=m'
N-1
— Z (Ti — Ti—1)0é(Cz‘) — T—NOé(C—N) - TN@(CN)
i=—N+1
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Let Ay be the set of 2N dimensional integer vectors defined in the same way as for
A with the subscripts ranging over (—N,--- ;N — 1) instead of (0,--- , N —1). Let
yn (t,m,m', T_n,Tn) be the minimizer of

Fﬂ(mvmlaT—NvTN) = }IllIl hT_N’TN(

!/ -
m,m,TN ).
TEAN L ’ ’ )

With the same arguments above, we can make vy (¢, m, m',T_n,Tn) be the extremal
of L by choosing suitably large T_y, and T. From (5.3) and (5.11) we can see that
dyn passes within a distance of ¢; of each EN(cl) for —N < i < N if we set T' ; suitably
large for each 7 = 0,1 and each —N < i < N. Let v R — M be an accumulation
point of the set {I'n}3~ N,» @7 clearly determines a trajectory of the Euler-Lagrange

flow of L which passes within a distance of ¢; of each ,Zl(cz) for all ¢ € Z. Therefore
we have proved the theorem

Theorem 5.1. (Mather 1993) Suppose ¢y and cy are C-equivalent classes. There
there is a trajectory of the Euler-Lagrange flow of L whose a-limit set lies in A(co)
and whose w-limit set lies in A(cy).

Consider a bi-infinite sequence (--- ,¢;,---) of C-equivalent cohomology classes
and a sequence (--- ,&;,-++) of small positive numbers. Then there is a trajectory of
the Euler-Lagrange flow of L which passes within a distances of €; of each A(c;) in
turn.

The next step is to establish C'-equivalence among some Mané sets of the special L
given by (2.2). Let us consider the first de Rham cohomology class ¢ € H!(M, R) such
that the support of c-minimal measure uniquely sits on I' C . First, we consider
the case that I' is a Denjoy set and there is no invariant circle containing I'. The
rotation number of I' is irrational. By the well-known knowledge we see that the
p-function for the twist map is differentiable at the point of irrational number, it
implies that there is only one ¢; such that [ is the support of c-minimal measure
if ¢ € intl(c;). We see from the lemma 3.4 that N'(c) = M(c) when a(c;) < ¢a <
b(c1). By the upper semi-continuity of ¢ — N(c) we find that there exists § > 0, if
deJ=((ct—0,c140)x (alcr)+9,b(c1)—9) then N(¢') is in a small neighborhood
of m(T'), thus each of such Ny(c) is homotopically trivial. Therefore, all ¢ € J are
C-equivalent.

Next, let us consider the case when I' consists of single periodic orbit. Since the
[B-function of the twist map has a corner at the rational rotation number, there is a
flat piece of the a-function of the twist map, over the interval [c], ¢]. Consequently,
there is a rectangle (c;,ci) x (a(c1),b(c1)) € H*(M,R) such that all c-minimal
measures have their support on I if ¢ is in this rectangle. When ¢ < ¢ < cf,
ale1) < ¢a < bley), N(¢) = M(c). When a(c1) < ¢ < b(c1) and ¢; = ¢] or
c1 = ¢, N(¢) = M(c) U {minimal homoclinic orbit in ¥}. Due to the upper semi-
continuity of ¢ — N(c) and the hypothesis of (H2), we find that there exists § > 0, if
deJ=((cf —dcf +6)x (aler) + 8,b(c1) — &) then Ny(c) is homotopically trivial,
thus all ¢/ € J are C-equivalent.
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Finally we consider the case when I' is contained in an invariant circle on the
boundary of a gap. In this case T is the support of that ¢-minimal measure with
celI(cy) ={(c1,c2) : a(cy) < co < b(¢1)}. Because of the hypotheses (H1), (H3) and
in virtue of the lemma 3.4~6, we have Ny(c) C U = U2 U;, where U; NU; = @ if
i # j, Up is an open neighborhood of T', all other U; (i # 0) are open set contractible
to one point. Let J = (¢; — d0,¢1 + 0) x (a(é1) — d,b(¢1) + 6). Due to the upper
semi-continuity of ¢ — N(c), we can see that Ny(c) € U for all ¢ € J if § > 0
is sufficiently small. To establish the C-equivalent relationship between any two
¢, c € J, let us consider first the special case when ¢, ¢’ € J and ¢ — ¢ = (0,¢3 — ¢)).
Let I'(s) = (c1,8¢2 + (1 — s))ch for 0 < s < 1, obviously, [dgs] is the annihilator of
Vi) (t) Vs € [0,1], t € T. Thus I'(s) is an admissible curve. Second, let us consider
the case when ¢ = (¢1,¢2) € J but ¢o > b(¢1) or ca < a(é1). Under the hypotheses
(H1) and (H3), for any 6 > 0, there exists ¢ = (¢1,c2) with b(¢1) < ca < b(é1) + 6
or a(¢1) — 0 < ¢ < a(é) such that Ni(c) is homopotically trivial for any ¢ € T.
Therefore, 3 6’ > 0 such that for all ¢ € By (c), No(¢') is homotopically trivial.
Replacing 6 with §’ in the definition of J, we find that all ¢ € J are C-equivalent. In
fact, given any two ¢, ¢/ € J, we can construct the admissible curve as follows. Let
T: [0,3] — H(M,R),

sc+ (1 —s)e, 0<s<1
I'(s)=1 (s—1)c+(2—-s)d, 1<s<2
(s=2)+B—s)d, 2<s<3

in which ¢ and & € J are defined in the way ¢o = & > b(¢1) or ¢o = &, < a(c1),
¢1 = c1 and &) = ¢}, both N¢(¢) and N¢(¢') are homotopically trivial.

Lemma 5.2. We assume the hypotheses (H1~3). Let ¢ = (c1(0'),0) and ¢ =
(c1(0*),0) be two co-homology classes such that No(¢) and No(¢) make up the whole
boundary of some given gap with o’ < o*. Then ¢ and ¢ are C-equivalent.

Proof: By assumption, there is no other invariant circle between Ny(¢) and Ny(€). In
this case, we have shown that for any ¢;(0’) < ¢; < ¢1(0*) there is an open rectangle
J(c1) € HY(M,R) containing (c1,0) such that all ¢ € J(c;) are C-equivalent. By
the compactness of the interval [¢1(0”), c1(0*)] there is a sequence {cgi)}?lo such that
Ul oJ (cgi)) D [e1(07),c1(0*)] x {0}. Obviously, the C-equivalence has transitivity.
U

This C-equivalence establishes the existence of the diffusion orbits crossing gaps
as we have the theorem 5.1.

To go further, we need to know more details of U-step forms. Let 7; be any given
closed 1-form such that [n;] = ¢¥) for j = 1,k. A natural question is whether there
exists such kind of u(t) so that wu(t) =n; for ¢t <0 and u(t) = nx for t > 7, + 1 even
though ¢(!) is equivalent to ¢*)? In general, we do not know whether it is true or
not, but in our case, the answer is yes.
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Lemma 5.3. Let ¢V = (cgl),cg)), k) = (cgk),cék)) be two cohomology classes
connected by an admissible curve I, where a(cgl)) < cg) < b(cgl)), a(cgk)) < cgk) <
b(cgk)), and M(cM), M(c®) c . Let g1, ne be two closed one forms such that

[m] = ¢, ] = c®). Then there exists a composition of finite U-step forms u(t)
such that u(t) =mny for t <0 and p(t) =ny fort > 7 + 1.

Proof. Since ® is an area-preserving twist map when it is restricted on the cylinder,
by the hypothesis (H2), there is some ¢ with cgl) <ec < cgk), co = 0 such that its
semi-static minimal orbit set consists of single m-periodic orbit with m > 1. Thus,
for each s € T, N consists of several points, N(c) = U{¢;(s)}. Consequently, there
exist 9 > 0, and 0 < s; < s9 < 1 such that

(u {qi(s0)} + 35) N (u {qi(s2)} + 35) - .

There also exists € > 0 such that 0 < 51 — e < s1t+e€ < s9—€ < Ss9+¢€ <1 and
U{gi(s)} C U{qi(s;)} + 26 when |s — s;| < e for j =1,2.

Let n be an any exact 1-form, we claim there exists a U-step form v such that
v(t) =0 for t <0 and v(t) = n for t > 1, where U is a neighborhood of N(c) =
UsetUi{qi(s)}. Let F: M — R be the function such that n = dF. Let As(q): M — R
be a smooth function A\s = 1 when ||g|| < 4, 0 < As < 1 when § < ||¢|| < 2 and
As = 0 when ||q|| > 2J. Let

Fr=(1- imq —a(s)F P (ixm —ails1))) F,

obviously, supp(dF*) N (U{gi(s1)} + 20) = @, supp(dE) N (U{g;(s2)} + 26) = @. If
we choose
v=p(t—s1+e)dF*+ p(t— sy +€)dF,

where p=0fort <0,0<p<1for0<t<2eandp=1"forallt> 2 then v(t) =0
for t < sy —eand v(t) =dF fort > sy +€. Let U = Uj=12((U{qi(s;)} +0) x [s; —
€,5; +€) UM x ([0,s1 — €] U[s1 + € 50 — €] U[s2 + €, 1]), then dv|y = 0.

Since both [n1] and [ns] are C-equivalent to ¢, there are two composition of U-step
forms vq, vy such that

m +vi(t) = (c,dq) + dFy, t >y
va(t) =0, t<m+1,
(c,dq) + va(t) = n2 + dFy, t > 1.

By the demonstration above, there is a U-step form v such that v(t) = —d(F; + F»)
when ¢t > 1. Clearly, the 1-form u = (—71)*v + v1 + 15 is what we are looking for. [
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The remaining work in this section is to join the orbit crossing the gaps smoothly
with the orbit constructed via Arnold’s mechanism. We shall make use of some ideas
developed in [Bs] and in [BCV], it is showed that the diffusion orbits in several exam-
ples, constructed by transition chains, are actually the orbits which locally minimize
the Lagrange action.

Let us consider the barrier function of those cohomology classes corresponding to
an invariant circle I'. on the cylinder. In this case, My(c) C I'. and d.(&,¢") = 0 for
all €,¢ € m(I'.). Thus

B (q) =, nlgﬂiIAl(C){hi’o(é’, q) + hZ(q,m) — h*(€,n)}
=h (&, q) + hX(q,6), VEen(T.). (5.14)

Under the hypothesis (H1), the set {B} ) = 0} NT x (a,27 — a) is totally dis-
connected for all ¢ € S. Thus, for any given ¢ € S and any ¢ > 0, there are finite
and mutual disjoint balls Be(g;) and 6 = (o, €) > 0 such that UBc(q;) > {B},) =
0}NT x (a,2m — a) and

min{B;,(q) : ¢ € 0B(q:), Vi} > 24, Bl (q:) = 0.

In other words, as a function of q. B:(a) reaches its minimum in {a < ¢ < 27 — a}
away from the boundary

min B — min B? > 24. 5.15
q€0B.(q;) C(a)(q) c(a)(Q)_ ( )

Recall for each z € T, there is unique z, € 7(I's) such that z, = (2, gor, (2)). From
(5.14), (5.15) and the Hélder continuity guaranteed by Lemma 4.4 we find that for
each z € T

min hi?a)(zg, q) + hgfg,)(q, Zgr)—

q€OB(q:)
3
min oo (20, q) + hotyn (g, 267) > =0, 5.16
q€Bc(q:) ()( q) ( )(q ) 2 ( )

provided that ¢’ is sufficiently close to o. As these functions depend on the choice of
closed 1-form 7., to obtain (5.16) we choose 7. = (¢(0), ¢). In general, hg?a)(zg, q) +
hg‘(’U,)(q,zg/) is also the function of z, but its variation over z € T is very small if
o’ is sufficiently close to o, becasue gor, (z) has %—Hélder continuity in o. Since S is
compact, there exist 6 = d(e) and €; = €1(¢,d), independent of o, such that (5.15)
and (5.16) hold if |0 — 0’| < €;.

We say o; is linked with 0,41 by transition torus with some persistency if 041 € S
is so close to o; such that

c1(05) — c1(ojp1)] < -0, (5.17)

AN
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and (5.16) hold where we replace o and ¢’ by o; and ;41 respectively. We say o is
linked with o by transition chain with some persistency if there there is a sequence
0j,0j41, " ,0k—1,0% in S such that for each j < i < k o; is linked with o;41 by
transition torus with some persistency. To be brief, we shall say in the following that
they are linked by transition torus (chain). Note that S C [A’, B’] is compact, we
can find finitely many o € S (0 < k < K) such that we have one of the following
alternatives for each k < K: either oy is linked with o411 by transition chain, or I',,
and I'y, , make up the boundary of an annulus of Birkhoff instability, i.e. there is
no other invariant circle between I';, and I' In the following we shall use I'; to
denote I',, and use z; to denote z,,.

Ok41"

Let us consider a sequence of invariant circles I'; (i = 0,1,--- ,¢,£ + 1) on the
cylinder ¥ such that I'y is linked with I'y through the transition chain I'g,--- ,T'p_1,
and there are two annuli of Birkhoff instability, one has I'g and I'y as its boundary,
another one has I'y and I'yy; as its boundary. By the construction of this transition
chain we know that for each 1 <4 < € there is z; € {B,,) = 0} N (a, 27 — a) such
that for any z € T

i h’oo (2] hoo , i _
semmin helon (2 @) F Mo, (9 Zit)
3
i helo,)(2i,0) + heo, ) (@ 2i41) 2 50. 5.16i
qe%lel(rii) C(Ui)(z q) + c(az+1)(q Z +1) 9 ( 1)

As in [BCV], let us consider the covering of T? given by M = T x R. For each
x; we identify it with its lift in the region T x (0,27) and single out a point on
its lift, z, = =; + (0,2i7m), we also identify each z; with its lift z; + (0,2i7w). For

€ (1,2,...,£ — 1) we introduce a smooth function ¥;: T x R — R which vanishes
outside {q : |¢ — Z;| < 2¢} and such that

V\IJZ(q) = C(Ui+1) — C(O’i) Vq : \q — j?z‘ S €. (518)

If we set
¢i(q) = c(oy) + V¥,(q), (5.19)

then
h'g?(za Q) + hgirl (QJ Z) = hcc?gi)('% Q) + hs?ai_,_l)(q, Z) + \Ijz-l—l(Q) - \I!Z(Q)

Note ¥;11(q) =0 as q € Bc(g;). If we require further that ;41 is so close to o; that
(5.17) holds, we obtain from (5.161) and (5.18) that

min  h3¥(2i,q) + b, (a, zi1)—
anBE(a:i) Cl( q)+ CZ+1<q —|—1)

in h2(zi,q) + h® (q,2i11) > 0. 5.20
qe%’lelgﬁi) . (Z q) H_l(q Z+1) ( )
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Let B = Be(xl) X Be(xQ) XX Be(xf—l); Q = (Q17- . 7(]6—1)7 n = (n07n1,' o ,TLE) €
Z'*+1 and define

-2
[)(Qa 21, 24, ﬁ) = Z hg;ill_ni (Q’m Q’H—l)
i=1
+ hgll o (Zla (h) + h?;_nlil ((M—h Z@)u (521)

We see that B, as the function of @), takes its local minimum in the interior of B if
niy1 — n; is sufficiently large for all 1 <7 < /¢ — 1. In fact, let =7 be the point where
the function of g hgy(2i,q) + b, (¢, zi+1) attains its local minimum in Be(z;), we
find that the function of @

-1
Z hgf (Zi’ qz) + hgf_H (qza Z’H—l)
=1

takes its local minimum at the point (z%,z3,...,2;_;) which is obviously in the
interior of B. Thus, the local minimum of § is in the interior of B if the following
holds

hniJrl_ni

lim eorr (@i qiv1) = RS (G ziv1) + hE L (Ziv1, Qi) (5.22)

MNi41—N;—00

To show this let us state a lemma:

Lemma 5.4. Assume M(c) has a dense orbit. For any mg,my € M, let~: [0, K] —
M be c-minimal curve connecting mgo and my, v(0) = mg, Y(K) = my. For any
>0, any K1 € Z" and any z € Mq(c), 3 Ky € Z*, if K > K then there exists
T € Z* such that ¥(T) € Bs(z), T > K1 and Ko — T > K.

Proof: For any 6* > 0 there is Ky € Z, and k € ZT such that dvy(k) € Mg(c) +6* if
K > Ky, otherwise there would be another c-minimal measure. For any z € Mg(c),
by choosing sufficiently small §* and sufficiently large K there is some T' € Z™ so
that (7T is in d-neighborhood of z. Clearly, for any K; € Z*1 there exists such T
so that T' > K; and Ky — T > K, otherewise there would be another c-minimal
measure also. [

Applying the lemma to this problem we find that for each m € M(¢;), each small
d > 0 and each large K > 0 there exist n* € Z* such that if n > n* then there exists
zn, € Bs(m) such that

he (q,q4") = hit (g, zn) + 2 (20, q')

where n = ny + ny with ny,ne > K. Using the Lipschitz property of hy (m,m’) in
(m,m’) we find that for each small € > 0 the following holds

\h (q,q") — hi (g, m) — B2 (m,q')| < e
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if § is sufficiently small and n* is sufficiently large. Since we consider the M(c;)
which is on the cylinder with irrational number, thanks to the corollary 2.7, we know
that L — (¢;(q), q) is regular for each 0 <1i < ¢+ 1, (5.22) follows from the property
that d.,(m,m’) = 0 for all m,m’ € =(I';). Denote the corresponding minimizer by
v: [ng,ne] — M, we use 7;(t) to denote its restriction on the time interval [n;, n;41].
Once 7(t) reaches its local minimum in the interior of B, standard argument shows

that 5L oL

“(dyi(t), 1) = —FL (dryig (2), ¢
holds at t = n;y;. Note that Lz, = L in the neighborhood of B.(Z;) by the
definition of ¥;(q), we get

Cit1

Yi(nit1) = Yiv1(nit1),
thus (t) is a solution of the Euler-Lagrange equation over the time interval [ng, n¢].

In fact, we can remove the restriction on z; and z, that there is z € T so that
zj = (2,qar;(2)) for j = 1,£. We can replace z; by any point 27 € M(c;) simply
because d., (m,m’) = 0 for all m,m’ € 7(I';) thus the function of Q = (q1,...,qr-1)

-2
D bz qi) + h (i zig) + b (2 1) + h (g, 27)
1=2

—1
= h2(zi,q) + b (@i 2ig1) + B (25, 21) + B (20, 27)
1=1

also reaches its local minimum at the point (z},x3,---,2,_;). So, the Lipschitz
property of hl? enable us to assert that there exist large (Any, Ang,---,Any) and
small 6* > 0, if n; —n;—1 > An;, z; € Bs«(25) for j = 1,4, then as the function of Q,
h(Q, 21, z¢, M) reaches its local minimum in the interior of B.

Now we are ready to construct an orbit 7: R — M such that a(dy) D I'y and
w(dy) D Tyyq.

By the condition, I'; and I';;; make up the boundary of the resonant zone Z; for
i=0,0. Fori=0,0+1welet ¢ be a co-homology class such that {BX,, =0} =T,
For i = 1, we let ¢ be a co-homology class such that c¢(*) = (cgi), b(cgi))), in this
case, {BY,;, = 0} = [';U{its ¢-minimal homoclinic orbits}. Since the C-equivalence
between ¢® and c(“tDhas been established for i = 0,/, in analogy to the proof of
Theorem 5.1 we can find the composition of finite U-step forms v;

Nj
vi=Y (=)l (=12
i=0
such that their cohomology classes are [vi(f)[t<o] = 0, [V1(t);>r1 41] = ) — 0
- - 1

[v2(t)]e<o] = 0 and [v2(t)];>r2 41] = 1) — ¢ where 77 is the time translation
- - 2
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(q,t) — (q,t + TZJ) Moreover, by the lemma 5.3, we can choose those v; such that
v1(t)|t<o = 0, V1<t)’t2‘r}v1+1 = (€1(q) — c(00),dq), va(t)li<o = 0 (see (5.18) for the
definition of ¢;(¢q)) and Vg(t)|tZT]2V2+1 = (c(opy1) — c(o¢),dq). Let nt = (c(00),dq),

ng = (e(a), da), ] = m+ X3 iy and ¢] = [n]], then n, 1, = (e1(a), da), MRy i1 =
(c(oe+1),dg). Based on the proof of Theorem 5.1 we can choose each 1), the adapted
neighborhood U7 and €/ > 0 so that

(/\/'J

1 ’IJ‘z

)+e CUJ Vi=12 0<¢<N,. (5.6ij)
For each ez* > 0, there exist T,gl, T,ZZ € Z4 with T,gz > TIZZ, (k =0,1) such that

hTO n ; (mo,my) > h;? i (mo,m1) — Eg*, vV Ty > T,i;-, (k=0,1),
Y (mg,m1) € M x M,

for any given (mg,my) € M x M there exists Ty, = Ty (mg, m;1) with T,gz <T,< ng
such that
ﬂmTl o) J* ..
<e€. .
hm " H(mo,my) — hm wl i(mo,mq)| < ¢ (5.71j)

Let fyf (t,mo,m1,To,T1): [—To,T1] — M be the minimizer of h:“ Zl (mg, mq). Let Tvgz

1M

be set so large and €/* > 0 be set so small such that if (5.7ij) holds, then

dvy? (t,mo, my, Ty, Th) € Ny i +el Vo<t<l. (5.8ij)
We define the index set for 77 = (17,77, ,T}j\']j)

N = {?j €z max{ 0(i— 1)7T1ji+1} STij —TJ Smax{ D1y lei—’_l}a

Vl1<i<N; ’7’0—0}

and introduce a modified Lagrangian depending on the parameters 77/ (j = 1,2) and

—

n

L —(c(00),4) — (5, + 1) w1, t < mnq,
L L —{c(o;) +0;()VV;(q),q), nj_1<t<mn; 2<j<l-1,
L—<C(Jg),q>+(ng+T]%2+1)*V2, t>np_q,

where p; is a smooth function such that g;(t) = 0 for t < £ (nj41 +n;), 0 < 0; <1
when 3 (nj41 +n;) <t < i(nji1+n;)+1and g; =1 when ¢t > $(njp1 +nj) + 1,
this function is well defined if n; —n;_; > 4. Clearly, L is smooth in

-1 {—1

(dr0,8) € TM x {B\ [ frd f U U T80G0) x (= Lmi 1)
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For each (m,m') € M x M, Q = (q1, - ,qe—1) € B let

T0,Te41 / 51 =2 = . TZ+1 ~
hi (m7m 7Q77- y T 7n) - ( 'ng;* L(d’)/(t),t)dt
—1Lg)=m *
W(Te+1)—m/ 0
’Y(TLJ) q1
7j=1,-

+ Z 7' —7' (cﬁ)—i—noa(cl)

1<i<N;
G=1,2

+ (ng — np—1)a(er) + Toa(co) + Trpr1a(cotr)

where T = Ty + 7']1\]1 + 1, T5 = Top1 +ne + 7']%]2 + 1 and Tp,Tp41 > 0. In virtue
of the lemma 5.4, we can take sufficiently large n} so that any c(cy)-minimal curve
v1: [0,n1] — M with n; > n} has a point vy1(ng) € Bs«(27) with n; —ng > Ang.
Similarly, we can take sufficiently large Anj so that any c(o¢)-minimal curve 7,:
[ne—1,ny] — M with nj—ne_1 > Anj has a point v,(ng) € Bs»(zp41) with nj—ne_q >
ng —ng—1 > Any. We can also take suitable large n; (i = 2,3,---,¢ — 1) so that
n;11—n; > An; for each 1 <4 < /—1. Under these conditions we take the minimum
of K1 (m,m!, Q, 7, 72, ) over B

Ty, T, 1 -2 - . To,T 1 -2 -
W (! 7 720) = min b (ol QU7 7 ).
cB

Let v(t) = y(t,m,m’, 7', 72,7) be the minimizer of h?’n“(m m/, 71,72, 11). Recall
the support of ¥; is a small ball. For each cohomology class under our con51derat10n
here, the support of the minimal measure is on the cylinder, the hyperbolicity of the
cylinder let us see that «(¢) is outside of the support of VW, if both t —n; and n;41 —t
are suitably large, in other words, for t € [ (n;11 + n;), 3(niy1 +n) + 1], y(¢) falls
into the area where (p;(t)VV;(q),dq) is exact. Thus, dv solves the Euler-Lagrange
equation of L for t € [ng, ng] if we repeat the argument for the function h(Q, 21, z¢, 7).

Next, by choosing sufficiently large value for Ty , Tiy,, Tgy and 15 we can

assume TllN1 > n; and T020 > ng_1 + Anj. In this case, let us consider the minimum
To,Te+1 5 =2l =22 = 1 2 11 1 712

of hi (m,m’, 71,7 1) over A* x A* x {T1N1 <ny < Ty, b x {15 +ne—1 <my <

TO20 +ne-1}

To,T,
plotet

T0,Te41
E h

=l =22 -
i )

!/ .
(m,m") = min (m,m', 7,7, 7).
"?1€A177_"2€A2
T11N1 <ni STllNl

T 4ne—1<ne<Tg)+ne_1

Denote by 77*, n} and n} where the the minimum is reached. Let (t) = (¢, m,m’,

TO,TgH) be the minimizer of hTO’T[“(m m'). Let 7y =77 — 7, — 1, To5 = 7' +

j
TR, +1+n. From the proof of Theorem 5.1 we can see that (5.6ij), (5.7ij) and (5. 813)
hold for (—7;;)*y at j =1,2, 0 <14 < N; except for (¢,7) = (0,1), (N2, 2).
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As the third step we consider the limit infimum

0o N e To,Tet1 /
h (m,m’) = %T&f h; (m,m").
Te+1—>OO

Let TF, Tgk+1 be the subsequence so that T — oo, T€k+1 — 00 as k — 00,

TF

R () — B ()| < min{el®, €k}, Y E,
and -
iy 0
klirgo h:" T (mym') = R (m,m'),
k k
and let v: [—T4*,T)F,] — M be the minimizer of h?o ’T“l(m m'), where TF* =

TF +75 +1, Tzk+1 = Te+1 +nj+73 +1. By the snnlla,r argument to prove Theorem
5.1 we can see (5.61j), (5.71j) and (5.8ij) hold for (—7;;)*vx at (4,4) = (0,1), (N2, 2)
also. In this case, dvyx is a solution of the Euler-Lagrange equation induced by L.
For each small 8, dy;, connects T'g 4+ 8 with Tyyq + 6 if k is sufficiently large. Let v
R — M be the accumulation point of {vx}rez+, then a(dy) =Ty and w(dy) =Ty
since A(¢;) =T for i = 0,0+ 1.

The construction of diffusion orbits can be done in the same way when there are
finitely many resonant gaps.

6, Generic property

The construction of diffusion orbits is under the hypotheses (H1), (H2) and (H3).
The task here is to show these hypotheses are dense properties in C"-topology for
r > 3. Since we are interested in the diffusion from {p; < A} to {p1 > B}, a compact
domain for {||p|| < K} x T? satisfies such an requirement if K > 0 is sufficiently large.
The C"-topology is endowed in the usual sense for functions {||p|| < K} x T? — R.

The hypothesis (H1) is made only for those co-homology classes ¢ = (¢1,b(c1)),
such that Mo(c) is contained in an invariant circle on the cylinder. Its Mané set N(c)
consists of the invariant circle and its minimal homoclinic orbits, i.e., { B} = 0}. Let
us look at this issue from the Hamiltonian dynamics point of view.

Since the system is positive definite in p, it has a generating function G(q, q’)

1
Glaod) = __int [ LG(5).4(5),5)ds, (6.1)
~veC*([0,1],M) Jo

v(0)=q,7(1)=q¢'

where (g, ¢) is in the covering space M = R? x R2. Clearly, G(q+ 2mm, ¢ +2mm) =
G(q,q") for all m € Z2. The map ®: (p,q) — (p’,q¢’) is given by

p'=0,G(q,q), p=—-0,G(q,q). (6.2)
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Let 7, be the standard projection from R? to T?, let ¢ € R? and

Ge(q,d') = G(q,q') — (¢, d —q)

then
he(x,x') = r(nl)n Gelq,q') — ale). (see (2.6)) (6.3)
m1(q)=x
m1(q")=a’
As the system is nearly integrable, the matrix ag,qG is non-degenerate everywhere.

Thus we can solve the second equation in (6.2) and obtain somehow more explicit
form of the map (6.2)

/

p = g—g(%q’(p, 7)), ¢ =dq. (6.4)

Let us consider a small perturbation G(q,q") + k(¢ — ¢')G1(¢’) of the generating
function in which 0 < k(q¢—¢') <1, k(q—¢)=1if |¢—¢| < K and k(¢ —¢') =0 if
lg —¢'| > K + 1. We choose sufficiently large K so that {||p|| < max(|A|,|B|)+ 1} is
contained in the set where |¢ — ¢’'| < K. In this set the map will have the form

oG 0G4
r_ Y /
= aq,(q,q(p,q)H ¢

p dPaq), d=da. (6.5)

Note that both stable and unstable manifolds of I keep horizontal over the strip
U ={a<qs <27 — a}, restricting ® to W* and to W* where they keep horizontal,
and projecting it to the underline manifold M along the fibers we obtain two maps
f? and f* on M such that mo ® = f%% onw. We choose G; € C" satisfying its
support supp(G1) = By(q*) mod 2rm C U mod 27wm where m € Z2. We see that
(f)"Y(By(q*)) N By(g*) = @ and f5(By(q*)) N By(q*) = @ if b > 0 is chosen suitably
small. Let us consider the problem in the covering space T x R and assume one
lift of the unstable manifold starting from g3 = 0 to the right, one lift of the stable
manifold starting from ¢ = 27 to the left. From (6.5) we can see that the local
stable manifold is not deformed W?|[¢5 — b < q2 < 27 + gor(q1)] = {q,dS® + ¢(0) :
g3 —b < g2 < 2w+ qor(q1)}, but the unstable manifold undergoes slight deformation,
W ger(1) < @2 < g3 +b] = {q,dS" +dG1 + c(0) : qar(q1) < q2 < g3 +b}. It is
easy to see that the barrier function has the form:

e(0) (@) = 580y (@) = 520y (0) = Gar(q) + 2mb(cr(0)),  if g € By(q) (6.6)

We should note the total action of the minimal orbit may be changed because of the
perturbation, in other words, the associated cohomology class may be subjected to a
small perturbation (c¢1,b(c1)) — (c1,b(c1) £ €).

Let Ri={qe M :|g1—qf| < d, |g2—q3| < d} C By(q*), let S, = SC“(U)—SE(G)—Gl
we define
Z(o) ={q€ Rq: Sy(q) = min S,}.

q€R,
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We say a connected set V' is non-trivial for Ry if either II; (VN Ry) = {¢f —d < 1 <
qg; +d} or IIa(VN Ry) = {q3 — d < g2 < ¢4 + d}, where II; is the standard projection
from T? to its i-th component (i=1,2). Let My 4-(S) = {q : S(q) = mingep, ) S},
we define a set in the function space §(d, ¢*) = C*(Ry4(q*),R),

3(d,¢") = {S € §(d,q") : Mg 4-(S) contains a set non-trivial for Rd(q*)}.
Let

3= {5€3(dq): WMy () ={ai —d < a1 < g7 +d} },

{
32 = {S€3(dq) : Ma(Muy-(9) = {63 —d < @2 < 43+ d} },

then
3(d,q") =31 U2

Our first task is to show for each generating function G € C"(M x M,R) and each
e > 0, there is an open and dense set $(d, ¢*) of B.(0) C C"(R4(q*),R), for each
G1 € $(d, q*), the image of S, from [A’, B’] to § has no intersection with the set 3;.

Obviously, the set 31 is a closed set and has infinite co-dimensions in the following
sense, there exists 91, an infinite dimension subspace of &, such that (S + F) ¢ 3
for all S € 3; and F € D1\{0}. In fact, for each non constant function F(q;) €
C°[qf — d,qF + d],R) with F(q}) =0 and each S € 31, we have S + F ¢ 3;. Thus,
we can choose DM = C%[¢} — d,qf + d],R)/R, which we think as the subspace of
C°%(R4(q*),R) consisting of those continuous functions independent of gs.

On the other hand, as S,: [A’,B’] — & has %—Hélder continuity, the image is
compact and its box dimension is not bigger than 2

Dp (F,) < 2. (6.7)

where §, = {S, : 0 € [A’,B’]}. Clearly, this set is determined by the generating
function G.

Lemma 6.1. There is an open and dense set " C M such that for all F' € D~

(Fo+F)N3I=02. (6.8)

Proof: The open property is obvious. If there were no density property, there would
be n-dimensional e-ball B. C 91 for some £ > 0, such that for each F' € B., there
exists S € §, such that FF+5 € 31 or F+ 5 € 35. For each S € §, there is at
most one F' € B, so that S+ F € 31, for, otherwise, there would be F’ # F such
that F/ + 5 € 31, but we can write F' +S = F' — F + F + S where F + S € 31 and
F'— F € M\{0}, it contradicts to the definition of M. Given F € B, there might
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be more than one element in Sp = Sp ={S € F, : S+ F € 31}. Given any two
Fy, F5 € B, for any S1 € &F, and any S3 € &p,, we have

d(Sl, 82) = maXx |Sl(Q) - ‘92((])’

q€R4(q*)

> max | min  Si(qi,¢2) — min  Sy(qi,q2)|

lg1—a7|<d [g2—g5|<d lg2—q5|<d

1

Z§var|q1_q;|§d|F1(Q1) — Fa(q1)]

1

ng(Flan) (6.9)

where d(-, ) is the C%-metric. It follows from (6.9) and the definition of box dimension
that

DB(%O’) > DB(BE) =n,
but this is absurd if we choose n > 2. The same argument can be applied to the set

d2. U

As C" is dense in C°, an open and dense set $(d, ¢*) of B. C C"(Ry(q*),R) clearly
exists such that for each perturbation of generating function G € $(d, ¢*), we have

S.N3d,q") =2, YoeS.
where by abuse of terminology we continue to denote S, and its restriction Rg(q*)

by the same symbol.

Recall we have defined the set U = T X [a,27 — a] before. Let My (S) = {q :
S(q) = mingey S} and

3= {S c C°(U,R) : My(S)is totally disconnected}.

Given d; > 0, there are finite ¢;; such that U;R4,(g;;) O U. Thus, there exists a
sequence d; — 0 and a countable set {¢;;} such that

ﬂ $(di, qi;) ﬂ3 =d.

i=1,j=1

Therefore there is generic set in B, C C"(U,R), the hypothesis (H1) holds for each
G1 in this generic set. Note U is an annulus, we can write G; = G| + G} so that
both G| and G7 have simply connected support.

The perturbation to the generating function GG can be achieved by perturbing the
Hamiltonian function H — H' = H + §H. Let ®' be the map determined by the
generating function G + kG, the symplectic diffeomorphism ¥ = &' o ®~! is close
to identity. We choose a smooth function p(s) with p(0) = 0 and p(1) = 1, let @/,
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be the symplectic map determined by G + p(s)kG} and let ¥y = &/ o d~L. Clearly,
W, defines a symplectic isotopy between identity map and W. Thus there is a unique
family of symplectic vector field Xs: T*M — TT*M such that

d
— U, = X, o0V,.
ds °

By the choice of perturbation, there is a simply connected and compact domain D g
such that W|p«ynp, = id. It follows that there is a Hamiltonian H;(p, g, s) such
that dH1(Y') = dp A dq(X,Y) holds for any vector field Y. Re-parametrizing s by
t we can make H; smoothly and periodically depend on t. To see that dH; is also
small, let us make use of a theorem of Weistain [W]. A neighborhood of the identity
in the symplectic diffeomorphism group of a compact symplectic manifold M can be
identified with a neighborhood of the zero in the vector space of closed 1-forms on
M. Since Hamiltomorphism is a subgroup of symplectic diffeomorphism, there is a
function H’, sufficiently close to H, such that ® g, o &g = ®L,|—1.

Thus the density of (H1) is proved.

For the hypothesis (H2) let us consider the twist map on the cylinder. In this
case, each co-homology class corresponds to a unique rotation number. Given any
rational number p/q € Q, it is obvious that there is a open dense set in the space of
area-preserving twist map such that there is only one minimal (p, q)-periodic orbit
without homoclinic loop. Take the intersection of countably open dense set we obtain
that (H2) is a generic property.

To verify the (H3), let us consider an invariant circle I', on ¥. There is an interval
I(c1) = {c = (c1,c2) € R? : alc1) < 3 < b(ep)} such that supp(Mo(c)) C Ty iff
c € I(c1). Let U be a small neighborhood of 7(I',). Under the hypothesis (H1), the
set {B} = 0}\U is homotopically trivial for ¢ = (¢1,a1(c1)) and for ¢ = (¢1,b1(c1)).
By the upper semi-continuity of Mafié sets ¢ — N(c), the set Ny(¢) is in a small
neighborhood of {B} = 0} if ¢/ = (¢1,b(c1) + 0) with 6 > 0 sufficiently small. Let us
consider such a minimal measure M(¢’). Let p be an ergodic component of M(c'),
there exists €* > 0 such that dist(supppu,'y) > 3¢* for all o € S. For any € > 0 with
e < €* we can define a C"-smooth function L7 : TM x T — R so that Lf (2,¢) =0

if (2,t) € suppu + 27 % Le, L. = 27 Fer Tl if (2,t) ¢ suppu + 27 %¢ and L7 . takes
the value between 27%¢"+1 and 0 elsewhere. Obviously, p is the unique ergodic
component of ¢’-minimal measure of the Lagrangian

g ]' G o
LZ =L+ > oIg.
k=1

and ||L¢ — L||cr < e. Since (H3) is required only for countable o € S, we can choose
even smaller €, so that the supports of these L7 — L have no intersection.
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Note the perturbation we introduced for (H1) has compact support which has
no intersection with the cylinder, the perturbation we introduced for (H3) does not
touch the set {B[,, = 0} for all o € S, there is a dense set for P such that (H1), (H2)
and (H3) hold. Thus we obtain the density of the perturbation. Since the time for
each orbit drifts from p; < A to p; > B is finite, the smooth dependence of solutions
of ODE’s on parameter guarantees the openness.

Therefore, the proof of the theorem 1.1 is completed.

Appendix

In this appendix we present the proof of the lemma 2.6, given by Bernard in [Be],
for the completeness sake.

Lemma 2.6. If M(c) is munimal in the sense of topological dynamics and if there
exists a sequence 7y, of n-periodic curves such A.(y,) — 0 as n — oo, then L. is

reqular, hence A(c) = N'(c) = G(c).
Proof: As the first step we show that the following limit exists for all (z,t) € M x T:

lim F.(z,z,t,t+n)=0. (A1)

n—oo
By the condition, we can suppose these n-periodic curves 7, are minimizers, their n-
periodic orbits X, (t) = (dy,(t),t) is a compact subset of TM x T. Each subsequence
of X,, has a convergent subsequence in the sense of Hausdorff topology. The limit set
of such a sequence is obviously an invariant subset of M(c). Since M(c) is minimal,
this limit set has to be M(c) itself. Therefore, the sequence of subsets X,, converges
to M(c) in the Hausdorff topology. It follows that each point (z,s) € M(c) is the
limit of a sequence (y(ty),s) with ¢, = s mod 1 for each n. As F, is of Lipschitz we
have

lim sup Fe(z, ,t,t + n) =limsup Fo(yn(tn), yn(tn), 6T+ n)

n—oo n—oo

=limsup 4. (Vn)

n—oo

—0),

which implies (A.1).

Next, we claim that (A.1) implies that L —1, is regular, i.e. for any (z, s), (z/,s’) €
M x T, € > 0, there exists T' such that

F.(x, 2’ t,t') < he(z, 2’ t,t') + €

if ¢t and t’ satisfy t = s mod 1, ' = s’ mod 1 and ¢’ > ¢t + T. Indeed, let K be the
common Lipschitz constant of all functions Fi(-,-,¢,t') with ¢’ > t+1, let ty = s mod
/

1, typ = s’ mod 1, let y: [to,t,] — M be a minimizer with v(to) = = and ~(t;) = 2/,
ie. Ac(vy) = Fe(z, 2’ to,t;). We can make t(, — t( is sufficiently large so that 3 ¢; €



49

[to, tp] such that dist(v(t1),y) < €¢/4K for some y € M(c)|i=¢,, in virtue of standard
argument of topological dynamics. Since h.(z,2’,s,s’) = liminf F.(z,2',t,t"), we
can suppose in addition that

F.(z, 2 to, ty) < he(x, 2, s,8") +

N | ™

Let x1 = y(t1) we have
Fc(x; .’L‘/,to,té)) - Fc<x7$1>t0> tl) + FC($1,$/,t1,t6),
It follows that

€
|FC($, $/,t0,t6) - FC(,I', y,to,tl) - Fa(y»fﬂl,tl,tf))\ S 57
thus

F.(z,y,to, t1) + Fe(y, o', t1,ty) < he(x, 2, s,8") + €.

By the choice of ¢ and ¢’ we know that 3 n € N such that ¢’ — ¢ = ¢, — to + n, so we
have

F.(x,x',t,t") =F.(x,2' tg, to +n)
<F.(z,y,to,t1) + Fe(y,y,t1,t1 + n)
+ F.(y, o', t1 + n, ty +n).
Let n — oo, thanks to (A.1), we obtain
limsup Fi.(z, 2", t,t") < he(z,2',5,8") +e.
As this holds for arbitrary € > 0, we see that L is regular.

As the third step, we claim that L is regular implies that G = . Let v € C1(R, M)
be a minimizing curve, let t, — —oo be a sequence such that s = 5 mod 1 for all
k € Z and such that oo = lim (), let ¢}, — oo be a sequence such that s’ = ¢} mod
1 and such that w = lim(¢},). In this case

A(V'[tk,t;]) = F(’Y(tk)/}/(t;f)atmt;c) - h(a,w, 575/)'

Let us consider a compact interval of times [a, b], where s’ = a mod 1 and s = b mod
1. For k sufficiently large we have

Ac(Viap) = Acite.11) — AcVitr,a)) — Ac(Vp,e1)
taking the limit we obtain
Ac(YVjap) = hela,w, s,5") — he(a,y(a), s,8) — he(v(b),w, 5", s").
On the other hand, we observe that if L is regular then
he(a,w, s, s") < he(a,v(a), s,8) + P(v(a),v(b), s,s") + he(y(b),w, s, s")

it follows that
A(Py‘[a,b]) < @C(7<a)a ,Y(b)7 S, S,)v
hence v is semi-static. It has been shown in [Mad4] that N'(c) = A(c). O
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