A DICHOTOMY BETWEEN DISCRETE AND
CONTINUOUS SPECTRUM FOR A CLASS OF SPECIAL
FLOWS OVER ROTATIONS.

B. FAYAD AND A. WINDSOR

ABSTRACT. We provide sufficient conditions on a positive function so
that its associated special flow over any irrational rotation is either weak
mixing or L2-conjugate to a suspension flow.

1. INTRODUCTION

In his I.C.M. address of 1954 [7], Kolmogorov raised a number of questions
concerning reparameterization of irrational linear flows on T", or equiva-
lently special flows over translations. One of them was to determine what
kind of spectral properties could be displayed by the unitary operator asso-
ciated to the special flow built over an irrational rotation on the circle and
under an analytic roof function.

Kolmogorov noticed that if the rotation angle « is not very well approxi-
mated by rational angles, e.g. a Diophantine, and if the roof function ¢ is
a strictly positive real analytic function, then the special flow T(ta ) built
over the rotation R, and under the function ¢ is analytically conjugate to
a constant time suspension over Ry, i.e. to an irrational linear flow on T?2.
The argument, based on solving an additive cohomological equation, also
proves that, for any irrational angle «, if the roof function is a strictly pos-
itive trigonometric polynomial then the special flow T(twp) is analytically

)

conjugate to an irrational linear flow on T?2.

Later, Shklover proved that for any strictly positive real analytic function
that is not a trigonometric polynomial, there exists an irrational angle o such
that the special flow T(ta’@) has continuous spectrum [10]. Thus, for analytic
functions ¢ that are not trigonometric polynomials, both continuous and
discrete spectra can be obtained depending on a.

These are not the only possibilities. In a recent work, the authors to-
gether with A. Katok, have proved that for every Liouvillean angle « there
exists a strictly positive C'*° function ¢ such that the special flow T(ta,ga) has
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mixed spectrum. When the angle « is exceptionally well approximated by
rational numbers the function ¢ can be made analytic [2]. The roof func-
tions constructed in [2] have blocks of relatively large Fourier coefficients
which appear in a lacunary progression. The possibility that mixed spectra
would be precluded for roof functions with more regular decay of Fourier
coefficients was raised in [5], a slightly reworked part of earlier unpublished
notes [4]. In these notes the authors observe that for a function such as

o(x) = Z 271" cos(2mna)

ne’l

the special flow T(ta ) is conjugated to a linear flow if « is such that there
exists a ¢ > 0 so that for all p € Z and ¢ € N,

Qq‘a— 1—)| > c.
q

Conversely, they show that a sufficient condition for weak mixing is the
existence of sequences {p,} and {¢,} such that

2q"qn|a — @‘ — 0.
an

To prove weak mixing they use a criterion involving the distribution of the
Birkhoff sums of the roof function ¢,

m—1
Sup(@) = 3 (@ + ka),
k=0
along a sequence m,, satisfying R]'» — Id. They are able to choose a
sequence where each m,, is a multiple of a single frequency g¢,.

In order to bridge the gap between the conditions above and prove a
full dichotomy depending on « between continuous and discrete spectrum
for T(ta’@), we consider the distribution of the Birkhoff sums S,,p(z) along
sequences m, which again have the property that R} — Id but which
involve multiple frequencies ¢,. We use conditions on the regularity of the
decay of the Fourier coefficients (c.f. [H1]) to extract for each a a lacunary
representative of the additive cohomology class of . If ¢ is not an L?
coboundary, we use the central limit theorem for lacunary series to study
the distribution of the Birkhoff sums of its lacunary representative and prove
weak mixing. Our motivation for examining lacunary series was a result of
M. Herman [3]:

Theorem. If ¢ is a lacunary Fourier series, and the equation
Pz +a) —¥(r) = p(z)
has a measurable solution 1), then in fact the equation has a solution in L2.

Our result can be viewed as a rigidity result that covers the multiplicative
equation too. Either the additive equation admits an L? solution or else the
multiplicative equation admits no solution.
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2. A WEAK MIXING DICHOTOMY FOR SPECIAL FLOWS
Theorem 1. Let o : T — R be a C? function given by

(,O(.%') _ Z cmeQWimx’

meZ
where the coefficients satisfy the regularity conditions
[H1] there exist Cy, such that

0
Z |Clm|2 < Cm|cm|2
=2

and
o
Z Cop < 0.
m=1
[H2] there exists 0 < Ky < 1/4 such that

oo

Z |Cim | < Kilem]

=2

for all m sufficiently large,
[H3] there exists Ko > 0 such that

o0

D lleun| < Kalem|
=2

for all m sufficiently large.
Then for all o € R\Q we have either
(1) the special flow T(ta ) 15 weak mizing, or
(2) the special flow T(ta ) is L? conjugate to a suspension flow.
2.1. Examples: The hypotheses [H1], [H2], and [H3] restrict the coefficients

along arithmetic progressions. Thus relatively prime frequencies do not
influence each other directly.

Lemma 2.1. A positive C3 function ¢ given by

o(x) =co+ Z cpe? P

|plprime
satisfies [H1], [H2], and [H3].

Regular exponential decay along the appropriate arithmetic progressions
will also suffice.

Lemma 2.2. A positive function ¢ given by

QD(IE) _ Z Cm627rima:’

meZ



4 B. FAYAD AND A. WINDSOR

where the coefficients satisfy the regularity condition
CreFlml < lem| < CoeF2lm
with 1 < k1 /ke < 2, satisfies [H1], [H2], and [H3].

3. THE TooLs

3.1. Arithmetic. Associated to each a € R\Q there is an infinite sequence
of natural numbers {g,} which we call the sequence of best returns. This
sequence can be computed using continued fractions as the denominators of
successive convergents. We introduce the notation

]l = inf | — p|

to measure the distance of z from 0 in T. We call ||ga| the quality of the
return ¢. We have
llgnedl < llgel

for 1 < ¢ < ¢, and ¢, < q¢ < g¢p+1- This justifies our best return nomencla-
ture.

We will use two lemmas from the theory of continued fractions, see [6].
The first relates the speed of growth of the best returns {g¢, } with the quality
of returns.

Lemma 3.1. Let « € RT\Q and let {q,} be its sequence of best returns.
Then

1 1
< < lgne| <
20nt1 Qo+ Qnyt el Gn+1

The second lemma shows that very good returns only occur for best re-
turns ¢, and their multiples.

Lemma 3.2. Let o € RT\Q and let {g,} be its sequence of best returns.If
q € Z\{0} satisfies
1
lgell < 5=
2|q|’
then q = lg,, for some best return q, and some
dn+1

I <
an

3.2. Cohomological Equations. The behavior of the special flow T o
is determined by the cohomology class of the function ¢, see [1], [4], and [5].
o) if

We call two functions, ¢ and @9, (additively) cohomologous (over R
there is a measurable solution 1 to the equation

Yz + o) = P(z) = e1(z) — p2(x).
We call this equation the additive cohomological equation. If a function
is cohomologous to 0 then we call it an (additive) coboundary. Using this
definition we can say @1 and @9 are cohomologous if their difference p1 — s
is a coboundary. Coboundaries have mean 0, hence no positive function can
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be a coboundary. The appropriate notion of triviality for positive functions
is that of being cohomologous to a constant. This corresponds to the asso-
ciated special flow being conjugate to a suspension flow. Throughout our
arguments we will use that fact that we can subtract coboundaries from our
function ¢ without altering the behavior of the special flow.

Lemma 3.3. Let o1 : T — Rt | oo : T — R, and a € R\Q. If p1 and @2
are additively cohomologous, i.e. there exists a measurable (L?) solution 1)
to the additive cohomological equation

Pz +a) —v(r) = ei(x) — pa(x),
then the special flow T(ta 1) is measurably (L?) conjugate to the special flow

In particular, if @s is a constant then the special flow T(ta 18

t
T opa)- )

measurably (L?) conjugate to a suspension flow.

A cohomological equation again appears — this time a multiplicative co-
homological equation — when we study the existence of eigenvalues for the
special flow.

Lemma 3.4. Let ¢ : T — R", a € R\Q, and X\ € R\{0}. If there exists an
increasing sequence {my} such that |mpa| — 0 and

/ IAS . olldz 5 0,

then A is not an eigenvalue of the special flow T(ta o)

Proof. The eigenvalues of the special flow are determined by a multiplicative
cohomological equation. In particular, A is an eigenvalue of the special flow
if and only if there is a measurable solution ¥ of the equation
U(z+ «)

U(x) -

Iterating this we get for any m the equation

627ri>\<p(a:) —

2TiASme(x) _ ¥(z + ma)
U(x)

and thus
U(z + mua)

U(x)
By the property of m,, that |mya| — 0 we have that the right-hand side
converges to 0 in L'. Thus the left-hand side also converges to 0. By Lemma
3.5, if A is an eigenvalue, then

/ IAS . olldz — 0.

Thus the given condition implies that A is not an eigenvalue of the special
flow. O

2T iASmp () _ | — - L
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The absence of eigenvalues other than the simple eigenvalue 0, which
corresponds to the constant functions, implies weak mixing for the flow.
The eigenvalues for the flow form an additive subgroup of R. Thus, to prove
the flow has a continuous spectrum, and is, hence, weak mixing, it suffices
to prove that no sufficiently large A is an eigenvalue.

3.3. Analytical Estimates. We will analyze the cohomological equations
via Fourier techniques. We naturally arrive at considering expressions of
the form |e?™™m — 1|. These quantities are related to the quantities ||ma]|
appearing in Section 3.1.

2mix

Lemma 3.5. The two functions ||z| and |e*™* — 1| are related by

Alzl] <[> — 1] < 2rfja].

In order to use the criterion for the absence of an eigenvalue, Lemma 3.4,
it is necessary to control the Birkhoff sums of the function ¢. When we
consider these sums the following lemma will be crucial. It is an immediate
consequence of Lemma 3.5 that

1 [Jmkal ‘62’”'"”"” —1 |

[mke
(1)
2 ||kal

<2 :
(]

e27rika -1

4. THE STRUCTURE OF THE PROOF

We begin by looking for a conjugacy arising from the additive cohomo-
logical equation. Supposing that the additive cohomological equation has a
solution given by a trigonometric sum and formally solving for the necessary
coefficients yields the formal series

V@) =D e e
meZ
Using Lemma 3.5 we estimate the coefficients by

‘ Cm lem]
e2mime — 11 = 4lmall”

<

If these coeflicients are square summable, then the special flow T(ta ) is

L? conjugate to a suspension flow. Otherwise we must prove weak mix-
ing. There are two different cases depending on exactly how the sequence
{lem|/|lma||} behaves.

Proposition 2. Let ¢ be a C? function satisfying the hypotheses [H2], and
[H3]. If

limsupM =C >0,

m—co [Imafl
then the special flow T(ta ) s weak mixing.

We call this the single frequency weak mixing case. In this case it suffices
to take a sequence m,, in Lemma 3.4 that consists of multiples of single best
returns as in [4]. When this is not possible we use
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Proposition 3. Let ¢ be a C3 function satisfying the hypothesis [H1]. If

. |cm] lem] \2
lim =0 and ( > = 00
m—oo [|mal| 2 lmad|

meZ

then the special flow T}

1s weak mizing.
(a,) 9

We call this the multiple frequency weak mixing case. Our hypothesis
[H1] ensures that the function ¢ is cohomologous to a function in which
the only frequencies which appear are best returns. In this case, it is not
sufficient to take the m, to be a multiple of a single frequency. We will
have to take m,, to be a sum of many frequencies. In this case, no frequency
dominates, and, in fact, the values of S,,, ¢ becomes normally distributed
in the limit.

5. PRELIMINARY REDUCTION

The cohomology classes of those functions ¢ that appear in Theorem
1 admit nice representatives. We emphasize that we get different “well-
adapted” representatives for each o € R\Q.

Lemma 5.1. Let ¢ be a C3 function. Let a € R\Q have the sequence of
best returns {qn}. Then ¢ is cohomologous to the function ¢, defined by

o1 ($) _ Z Cme2m'mm’
|m|eM
where m € M s either 0 or of the form m = lq,, where q, is a best return
satisfying
Gns1 > q
and l is such that lg, < %anrl.
Proof. Define the class M by
(2) M :={m >0:2m?||ma| < 1}
and the function £ by
) i=p(@) —pr(@) = Y cue®™
| &M

We need to show that £ is an additive coboundary. If {(x) = ¢ (x+a) — ()
then ¢ (x) must be given by the formal series

— Cm 2mi
¢($) T Z e2mima _ 16 e
Im|gM
The coefficients of ¢ are estimated, using Lemma 3.5 and (2), by
Cm |em| 1

: < Zm?
e2mima 1| = Lmal = 2 [em]

Since ¢ is C? these coefficients are square summable. Thus, the formal series
is actually the Fourier series of an L? function, and hence, ¢ is a coboundary.
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That M contains only 0, best returns, and multiples of best returns follows
from Lemma 3.2. The estimate on ¢,41 for ¢, € M follows from Lemma
3.1, and the definition of M (2), since

1
<Mlgnall < 55

2¢n+1 2¢2°

6. SINGLE FREQUENCY WEAK MIXING CASE

6.1. Remarks. Under hypothesis [H1] the proof we give is strictly only
requisite for the case C'= oco. If 0 < C' < oo, then hypotheses [H2] and [H3]
are not necessary since in this case ¢ is cohomologous to a function in which
only best returns appear, see Lemma 7.1.

The argument for weak mixing given here is a classical one and is similar
to that given by A. Katok and E. A. Robinson in their 1983 unpublished
notes [4].

6.2. Proof of Weak Mixing. Under hypothesis [H2] it is clear that C
must be achieved along a subsequence {g,(,)} of best returns contained in
M. Let {qy(n} satisfy
I ’Cqs(n)‘ _
=20 [lgsmal]
Fix A € R\{0}. We need to show that there exists a sequence m,, that

serves in Lemma 3.4 to show that A is not an eigenvalue. For our sequence
we take

_ [9s(n)+1
3) My = bpGs(n) = { o) qu(n)-

This sequence is chosen to isolate and inflate the terms corresponding to
multiples of the best return gg(,). For this reason, it is natural to consider
the expression

(4) Gu(@) = Y gy T

‘”qs(n)EM

It is technically easier deal with a function that is nearly constant. Since
¢ is C3 and any trigonometric polynomial with 0 average is an additive
coboundary we may discard finitely many terms from M and suppose that

1
) My, | < =+
( ) Z | m| 16‘ )\‘

|m|eM

We shall denote by ¢, the representative of the cohomology class of ¢ thus
obtained.

We now show that the Birkhoff sums S,,, ¢, are uniformly close to the
Birkhoff sums S, ¢, for all n. The Birkhoff sums S,,, ¢, are much simpler
and we will be able to estimate them directly.
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Lemma 6.1. Suppose ) satisfies (5) and ¢y, is given by (4). For all n,
1
(6) XS (%) = ASm, dn ()] < 3.
Proof. We will show that
‘)‘SanOA(x) - /\Smn(ﬁn(x){ < 2[Al Z e
|m|eM
from which we get the required estimate using (5). We can directly compute

2mimplqro 1

[ ASm,oA(x) = ASm,dn(x)] <A >
|l g€ M :ks(n)

(&
| et

e27rilch|z -1

Using the estimate (1) yields

2rimnlgwa _ 1 ‘ Imnaral
Zrilgra — | gl
For k > s(n) we have 2m,, < |lgx|. For k < s(n) we need to use the fact

that my,, as a multiple of gy(,), produces a better return than does gx. From
the definition of m,, (3) we get

(7)

<2m,,.

||| TN’ ||| < bnqk m As(n)® ”’

laxell = llarall
Using Lemma 3.1 and estimating b,, < q;é"% yields
My QO
Imngroll _ agris "
|||Qk04||| ds(n)
For all |lgi| € M with k # s(n) we have
2mrimplqra
S Y T
emilane — 1 llgwel
which proves the result. O

We estimate the Birkhoff sums 5,,,, ¢, geometrically. In essence, we show
that an appropriately renormalized version of the sum has a derivative that
is of the same magnitude as the length of the range. Since the length of the
range does not go to zero, this is sufficient to conclude that the integral in
Lemma 3.4 does not go to zero.

Lemma 6.2. Let p,, given by (4) satisfy hypotheses [H2| and [H3]|. For
A > 0 sufficiently large there exists € > 0 such that

p{z NS bu(@)] > 1) > ¢

for all n sufficiently large.
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Proof. Let
R, :=sup Sy, ¢n(x) —inf Sy, dn(x)
Dy, = sup |Sm,, ¢, (2))|

We can estimate R, from below using [H2] as

627rimnqs(n) a_1

)

00 ‘ezmmnlqs(n)a -1

R, >4<‘

- C, — - C
627”‘13(n)a’ -1 ds(n) 627r2lqs(n)a -1 ZQS(n)

LD E NS S
lgseyedll  \27 %0V < 1q5(n)

lmngsmyall

> 2
syl

ICQS(n)‘(]‘ - 4K1)

Similarly, we can estimate D,, from above using [H3] as

0 e2m’mnlqs(n)a -1
Dn <2 p e27rilqs(n)a -1 lqs(n) CGQS(n)
I gsmyl
< Ay e g [(1 4 ).
) Tlggmall e

Now consider the number I of intervals of the form [p—f—%,p—i— %] contained in
the range of AS,,,, ¢n. This can be estimated from below by I > [|A\|R,] —1.
For A and n sufficiently large, |A\|[R, > 4 and hence I > |A|R,/2. By
continuity, ASy,, ¢, must cross each interval at least once and hence, by
periodicity, it must cross each interval at least g ,) times. Therefore, we
have for each interval contained in the range of AS,,, ¢,

| 1 § QS(n)
il ASuu(a) € o+ 10+ )} > G-

Multiplying this by our estimate for the number of intervals we get

QS(n) Rn 1- 4K1

> > 0.
4D, 8(1+ K»)

1
p{e IS, dn@)l 2 1} >
U

Thus, combining Lemma 6.1 and Lemma 6.2 we have, for A sufficiently
large, that

1
p{x NS, a(@)]| > §} > €

for all n. Using our criterion for the absence of an eigenvalue, Lemma 3.4,
this shows that A is not an eigenvalue of the special flow. Since A was any
sufficiently large number this shows, by the remark following Lemma 3.4,
that the special flow is weak mixing.
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7. MULTIPLE FREQUENCY WEAK MIXING CASE

We simplify our problem by extracting an even simpler representative of
the cohomology class of ¢. At this point the multiples of the best returns
are used. It is at this point that we use hypothesis [H1].

Lemma 7.1. Let ¢ be a C3 function satisfying hypothesis [H1]. If

|cml

sup —— = K3 < 00,

[mal

then the function ¢ is cohomologous to the function o given by
s02(x) _ Z Cm627rima:’
ImleM’
where m € M’ is either O or a best return q, satisfying qni1 > 2.

Proof. Applying Lemma 5.1 we see it suffices to prove that we may exclude
the multiples of best returns. Let £ be the trigonometric series generated by
the multiples of best returns,

5(95) _ Z clqn62m‘lqnaz.
lllgneM:[1|>2
If &(z) = ¥(z + ) — Y(x), then 1) must be given by the formal series
Cl n il n
TIZ)(.CL') = Z e?wilqnqa _ 1627” .
|l gneM:|[|>2

Using [H1] we get
oo 00 9
Clgn 1 |Cig,] Can 12
. < < K;3.
2‘ e2milgne — 11— 16| g2 IZ; a? T

Thus, since by [H1] the C,, are summable, we have have 1) is actually an L>
function and hence £ is an additive coboundary. g

‘ 2

No individual frequency contributes enough to prove weak mixing. In
order to apply our criterion we need to take a group of frequencies together.
Our weak mixing sequence is of the form

Un
My = Z kas(k)a
k=ln

and [, is an increasing sequence. This satisfies the requirement that ||m,«| —
0 regardless of the exact choices of [,, and u,,.

We now prove a lemma analogous to Lemma 6.1 for our more complicated
situation. Our sequence m,, is chosen to isolate and inflate those coefficients

where
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corresponding to the frequencies {qs(k g, - For this reason it is natural to
define

(8) Pn(T) 1= g, e 2T 4 oo + cqs(n)e2mq8(n)m.

These functions asymptotically capture all the behavior in S,,, ¢(z). Unfor-
tunately, their behavior is not as easy to control as in the single frequency
case.

Lemma 7.2. Let

9) - HSanP Z Sty k)(ﬁk T+ Z b]Qs(] OO-

Then A, — 0 as n — co.

Proof. Define
Of = HSbkqs(k)‘P(x) - Sbkqs(k)(ﬁk(x)uoo

k=ln
If we show that J; is a summable sequence then lim, .., A, = 0 follows
from [, — oo and is independent of the choice of u,. Using the triangle
inequality and Lemma 3.5 we get

|||C.Is(] kas k)am
Op < 4 Z ,”q ‘ qs(y)‘ =4 Z Qj
jEN\{k} s jeN\{k}

We break the sum into two pieces which we will estimate separately,

5k<4ZQ]+4 Z Q;

Jj=k+1

and observe that

For j > k, using the bound for |cm|/|||ma|||, we produce

|Cqs(j)| Kqs)11
lasgyall = 2gs¢)41

Qj = beqsy lasyll

Using the condition (k)41 > qz(k) yields

i qu(k)+l < i qu(k+1) < K
— 2 - 2

j=k+1 24s(j)+1 j=k+1 2¢55) Us(k+1)

This is summable in k. For j < k we produce an estimate analogous to the
one above using the fact that g; produces a better return than does g;,

|Cqus | <K3q$(j)
‘qs(j)a’” B 2QS(k)

Qj = brgsy laswyll H
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Again, using the condition gg)41 > qg(k), we obtain

k—1

Z K3q,j < K3kqsx—1) < Ksk
= 205ty T 205 T 2Gs(k-1)
which is summable in k. O

Thus, Sm,¢(z) is asymptotic to D" Sp.q. . Pk(7). Ignoring the con-
stant term, this sum is of the form

Z Sbkqs(k)(bk(x) = Z dy, cos(qrx + ).

k=ln k=ln

We choose a sequence (I, uy,) with l,, — 0o and such that

Un,
. 2
(10) nh_rgOk_El d; = 1.

For lacunary series ¢, the random variables cos(g,z + r,,) are only weakly
dependent. This observation will allow us to compute the asymptotic dis-
tribution of the sums Sy,, ¢n(z).

7.1. The Distribution of the Birkhoff Sums. The proof of the usual
central limit theorem for lacunary trigonometric sum was carried out by
Salem and Zygmund in 1947 [8]. Unfortunately, the convergence of normal-
ized sums is not exactly what is needed. What is needed is a version of
the “series” central limit theorem [9] for lacunary series. Fortunately, the
proof of Salem and Zygmund carries through with no changes to prove this
theorem.

Theorem 4. Let
Un

Xn(z) = Z Cln COS(q n@ + Tk p)
k=1

for some sequence Q11 > Ak, with A > 1 and some coefficients satisfying

Un

var(X,(x)) = Zcin =1
k=1
and
Ckn — 0 uniformly as n — oo.
Then
X, 2 N (0, 1),

where N(0,1) is the normal distribution with mean 0 and variance 1.
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Proof. We use the method of characteristic functions developed by Lyapunov
to prove the central limit theorem. For simplicity we only prove the case
where gr41,, > 2qx ,, since this is sufficient for us.

Let F, denote the distribution functions for the random variables X,,.
Let ¢, (t) be the characteristic function of the distribution Fy,,

+oo |
Spn(t) = / BZtden(y)'

—00
Our goal is to show that these characteristic functions converge to that of
the normal distribution,
t2
lim @,(t) =e 2.

n—oo

Passing from the integral with respect to the distribution to the integral
with the random variable X,, we get

1 21 Un,
on(t) = o /0 exp(z't kz_:l cos(qrnx + Tk,n))dx'

We use the relation
= (14 2)e? 322+o(|2%)

and the fact > ;" c2 n = 1 to obtain

1

27 Un
on(t) = Dy /0 e H (1—|—itck,n cos(qg nx + rkn))
k=1

1
exp(—itQCz,n cos(qr nx + rk,n))dx.

First we show that the first term is bounded.

2

Un, Un
‘H (1 + itck, p, cos(qrn + rkn)) ‘ < H (1 + tQCz,n)% <
k=1 k=1

The exponent of the second term can be rewritten using the double angle
formula as

Un Un 2

k7
Y @R ncos(@rnt +rEn) =14+ Tn €08 (2qkn® + 2rkp) = 1+ &n(T).
k=1 k=1

The Lebesgue measure of the set of points where [£,(z)] > § > 0 can be
estimated by

1 N
5 J, 5" 452”Z%n =70

since ¢, — 0. Since &, is bounded we have that the convergence in measure
implies L' convergence from which we get that the integral is asymptotic to

21 Un
/ H 1+ itcy,y, cos(qrn@ + repn) ) de.
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Since the first term is the characteristic function of the Gaussian random
variable with mean 0 and variance 1 we simply need to show that

2w Un
(11) / H (1 + itcy p cos(qr nx + Tk,n))dx -1
0 k=1

Using the fact that
cos(mx) cos(nx) = %(cos((m +n)z) + cos((m — n)z)),

we can rewrite the product in the integral in the form

Un
H (1 +itcp cos(qk,naz)) =aopn + Z ayn cos(lx + sp),
k=1 €Ly,

where

Ly :={1>0:1=" bpqy with by € {~1,0,1}}.
k=1

Given that qry1, > 2¢k,, we immediately observe >, ;1 —1grn < qin
from which it immediately follows that the representation of 0 in the form
> bkqk,n is impossible. Thus we have ag,, = 1. Integrating, we immediately

get the proof of the theorem. O

7.2. Proof of Weak Mixing. Let 2z, = m,Acg mod 1. By passing to a
subsequence we may assume that z, — z. Using (10), yields

ASp. bn % N(z,1).

Finally,

Jin [ S p@lds = i [ a0+ ASm,on(@)] = [ lelldu(a) >0,

where w is the measure corresponding to the N(z,1) distribution. This
proves that A\ is not an eigenvalue. Since A € R\{0} was arbitrary this
proves that the special flow has continuous spectrum and is hence weak
mixing.

8. FiINAL COMMENTS

Almost all of our arguments require very weak hypotheses. Every state-
ment with the exception of Lemma 7.1 holds for C3 functions satisfying
the appropriate regularity of decay properties. We should be able to con-
siderably enlarge the class of functions for which our dichotomy holds by
using appropriate uniform estimates similar to Lemma 6.1 rather than the
stronger statements of Lemma 7.1 and Lemma 7.2.
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