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Abstract

We consider the standard model problem for a conical intersection of electronic surfaces
in molecular dynamics. Our main result is the construction of a semigroup in order to
approximate the Wigner function associated with the solution of the Schrédinger equation
at leading order in the semiclassical parameter. The semigroup stems from an underlying
Markov process which combines deterministic transport along classical trajectories within the
electronic surfaces and random jumps between the surfaces near the crossing. Our semigroup
can be viewed as a rigorous mathematical counterpart of so-called trajectory surface hopping
algorithms, which are of major importance in chemical physics’ molecular simulations. The
key point of our analysis, the incorporation of the non-adiabatic transitions, is based on the
Landau-Zener type formula of Fermanian-Kammerer and Gérard [FeGel] for the propagation
of two-scale Wigner measures through conical crossings.



1 Introduction

We consider the time-dependent Schrodinger equation
et (a,t) = (~5A+ V(@) vi(a.0),

¥°(q,0) = §(q) € L*(R*,C?),

with matrix-valued potential

V(g) = ( o _qg > ) q=(q1,q2) €R?
q2 q1

and small semiclassical parameter £ > 0. The eigenvalues of the matrix V(q) are E*(q) = +|q|
and meet at ¢ = 0. Their joint graph shows two intersecting cones explaining the notion of a
conical crossing.

It is well known, that away from the crossing region and for small £ the system (1) approxi-
mately decouples into two scalar equations. We denote by x*(q) smooth eigenfunctions of V(q)
corresponding to the eigenvalues E¥(q) and decompose the solution of (1) as

Y(g,t) = ¢ (q, ) x (q) + & (g, ) x " (q)-

Then, the scalar components ¢*(t) € L?(R?, C) approximately satisfy the effective equations of
motion

ie 9™ (q,t)

(—%%4+ + E+(Q)) ¢"(q,1)

o (2)
iedp (q,t) = (—%Az;‘ +E‘(q)) ¢~ (a,1)

as long as (g, t) is mostly supported away from the crossing ¢ = 0. Here,

AN = (FiV, - AT(@)?, AR(Q) = i7F(9), Vot (@)es

is the Laplacian of the covariant derivative with respect to the Berry connection A¥(q). This
form of adiabatic decoupling is at the heart of time-dependent Born-Oppenheimer approxima-
tion. The smaller the adiabatic parameter € > 0, the better the decoupling. Near the crossing
point, however, this decoupling breaks down no matter how small ¢ is and the main concern of
our work is an approximate description of solutions to (1), which come near or pass through
q=0.

To make this more precise, we recall that the solutions ¢*(g,t) of the decoupled system (2)
behave semiclassically, i.e. they can approximately be described by means of the classical flows
Pt : R* — R?* of

i =pt), PO=FL, a0 =a, p0)=po. 3)
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which stem from the Hamiltonian functions A* (g, p) = %|p\2 + E*(q). One possible way formu-
lating such a semiclassical limit is to observe that the Wigner transforms w.(t) := w®(¢*(t)) of
¢*(t) are approximately transported by the respective classical flows,

(50) - (5 )(58) - (2028). o
N————
=: L}

Our main result is an extension of (4) to the case where the solution of (1) comes close to the
crossing. While a semiclassical description is still appropriate near the crossing, the adiabatic
decoupling breaks down. Therefore, the group £ in (4) must be supplemented with off-diagonal
terms describing an exchange of mass between wS and w?. In Section 2, we give (4) a more
precise meaning and extend it to the crossing region by constructing an e-dependent semigroup
L. The semigroup LL is the forward semigroup of a Markov process based on a family of
random trajectories. The random trajectories are just the deterministic solutions of (3), which
jump from one band to the other with a certain probability whenever their distance to the
crossing attains a local minimum. The jump-probabilities are obtained from the solution of the
classical purely time-dependent Landau-Zener problem.

The breakdown of the adiabatic approximation near conical crossings of eigenvalue bands has
generated a lot of research in the context of molecular dynamics as well as in solid state physics,
see for example the review article [Ya] or the monograph [BMKNZ]. The mathematical results on
the propagation through crossings can be organized into two groups. Firstly, the semiclassical
propagation of coherent states. In his pioneering monograph [Ha], Hagedorn has classified
eleven possible types of eigenvalue crossings of minimal multiplicity in molecular dynamics and
has constructed Gaussian wave packets, whose centers pass exactly through the crossing. The
eleven types have crossing manifolds of codimension one, two, three, or five in the nucleonic
configuration space, the conical crossing being the codimension two crossing. Secondly, the
approaches within the framework of microlocal analysis. In [FeGel], Fermanian-Kammerer and
Gérard have derived Landau-Zener type formulae for the two-scale Wigner measure passing
through conical crossings. An analogous result for codimension three crossings is given by the
same authors in [FeGe2]. A central role in the proof of their transition formulae is played by
microlocal normal forms for the time-dependent operator near the crossing manifold. More
precise normal forms have also been found by Colin de Verdiére in [CdV].

The proof of our result as given in this paper heavily relies on the results obtained by Fermanian-
Kammerer and Gérard in [FeGel]|. The key idea is to lift the Landau-Zener type formula for the
two-scale Wigner measure established in [FeGel] to a semigroup acting on the Wigner function.
The main novelty of our result is that it yields an approximate description of the solution to the
Schrodinger equation (1) combining the following three properties. Firstly, since the effective
semigroup acts on the Wigner function, we obtain an effective description for finite values of
e > 0. Secondly, we allow for general initial conditions. Thirdly, the scale /¢ associated with the
non-adiabatic transitions enters the semigroup just via the transition rates and does not require



the introduction of additional variables. As a consequence, our description directly translates
into an algorithm for numerical simulations in concrete applications. In contrast, the previous
mathematical results have one or more of these points as desiderata. While Hagedorn constructs
approximate solutions to (1) and as such obtains very detailed information, his construction
is restricted to special initial states, namely semiclassical Gaussian wave packets with center
passing exactly through the crossing. The approach of Fermanian-Kammerer and Gérard comes
with the difficulty that the two-scale Wigner measure is an object defined only in the semiclassical
limit ¢ — 0 and intrinsically associated with an involutive manifold in the cotangent space of
space-time T*(R; x Rg). Moreover, the two-scale Wigner measures depend on an additional
variable introduced to control the \/e-concentration of the wave function with respect to this
manifold.

We postpone a more detailed discussion of the applicability of our method and its connection
to the trajectory surface hopping algorithms of chemical physics to a forthcoming publication
[LaTe]. There we present, in particular, an implementation of the algorithm based on our semi-
group as well as numerical experiments comparing true numerical solutions of the Schrédinger
equation (1) with solutions obtained by applying our semigroup to the Wigner function of the
initial data.

The plan of this paper is as follows. In Section 2 we introduce the semigroup £L, that transports
the diagonal elements of the Wigner transform through the crossings region, and in Section 3
we formulate our main result. Section 4 together with the appendix provides a self-contained
discussion of the two-scale analysis of the problem, which allows us, in particular, to incorporate
the Landau-Zener type formulae of [FeGel] in the proof of the main result in Section 5.

We end the introduction with some remarks on the origin of the model problem (1) in molecular
dynamics. If the electronic part of the full molecular Hamiltonian has a pair of eigenvalue surfaces
intersecting each other, but which are globally isolated from the remainder of the electronic
spectrum, then the results of [SpTe] allow for a uniform reduction of the full molecular problem
to a two band model of the form

ied(q,t) = —5A8(q.t) + V() ¥(g.t),
¥(g,0) = olg) € L*(R",C?),

where the semiclassical parameter &€ = /m./m, is given through the mass ratio between the
light electrons and the heavy nuclei in a molecule. The potential V(q) is a hermitian 2 x 2-
matrix with eigenvalues intersecting on a submanifold of the nucleonic configuration space R™.
For time-reversal invariant systems, ‘N/(q) is real symmetric. Generically, for such matrices the
crossing manifold is a submanifold of codimension two. Following [Ha|, one first subtracts the
trace of the matrix. Then, a (locally) linear change of coordinates moves the crossing into the
submanifold {qg € R™ | ¢1 = g2 = 0}. Taylor expansion around the point ¢ = 0 provides the
generic form

Vo = (5.0 _T0)volen,  gew,
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with linearly independent vectors a, 3 € R™. The Taylor expansion is justified, if one is interested
only in the behavior of the solutions near the crossing. An appropriate rotation eliminates all
but the first two components of a and § and thus leaves us with linearly independent vectors

a,b € R? and
a-q b-g -

which is the potential of our model problem if a = e; = (1,0)! and b = ez = (0,1)".

2 An Asymptotic Semigroup for the Wigner Function

A straightforward adaption of the Faris-Lavine Theorem to the case of matrix-valued opera-
tors [La] shows the essential self-adjointness of the Hamiltonian

HE = —ZA,+V :—ﬁA+<Q1 ‘”) 5
7 2q (q) 2 Bq — (5)
on C°(R%,C?). By the spectral theorem, the Schrédinger equation (1) has a unique global
solution °(-) € C(R, L?(R% C?)). We are interested in the leading order asymptotics of this
solution for small values of the semiclassical parameter ¢.

Up to a global phase factor, a wave function 1 € L?(R?, C?) can be uniquely represented by its
Wigner function W€ () € L?(R*, Ls.(C?)) given through

W Wa.p) = @m)7 /RM (¢-52)@¢(q+52) P da.

For vector-valued wave functions v, the Wigner function W¢(¢) takes values in the space of
self-adjoint 2 x 2-matrices Lg,(C?). Moreover, the Wigner transformation

We: L}(R%,C?) — L2(RY, La(C?), o — WE()

is bounded, and we also have W¢(1) € Co(R?*, Ls2(C?)). One is tempted to think of the trace
of a Wigner function as a probability density on phase space. However, in general, W¢(¢)(q, p)
may have negative eigenvalues. The analytical power of the Wigner function stems from a direct
relation to expectation values with respect to certain Weyl quantized observables. A convenient
symbol class is

So(1) = C°(RY, L(C?)),

consisting of smooth functions with values in the space of 2 x 2-matrices £(C?), which are
bounded together with all their derivatives. By the Calderon-Vaillancourt Theorem, the Weyl
quantization of an observable a € SJ(1) is a continuous operator on L*(R?, C?) with

la(g, —ieVy)llezy < const. Y 0%l =: ca(a)  forall e>0,
la|<5
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where the index in ¢4 reminds us of the four dimensions of phase space. Thus, for wave functions
¥ € L?(R?,C?) and observables a € S§(1), we have

| (¢, a(q; _ievq)¢>L2(R2) | < cafa) ||¢||%2(R2)7

and the map a — (¢, a(q, —ieV,)Y) is a continuous linear functional on Cp°(R*, £(C?)). An
explicit calculation for Schwartz functions a € S(R*, £(C?)) reveals

(%, alg, —ieVo)b) page) = /

|t (aleg, p) WE(¥)(q, p)) dadp. (6)
R

Hence, we can view the Wigner function W¢(1)) as a continuous functional on any subspace of
admissible observables B C S§(1),

BHC, a — <W8(7p)>a>3/,5 .

In the following, various test function spaces B will appear. The dual pairing (W¢(¢)), a)p 5 will
always be well-defined by either the left or the right hand side of (6).

2.1 Propagation Away from the Crossing

Roughly speaking, as long as the solution 9°(t) of the Schrédinger equation (1) is mostly
supported away from the crossing {¢ = 0}, its leading order asymptotics can be character-
ized conveniently in terms of classical transport equations for the diagonal elements of its
Wigner function We(¢%(t)). For a more precise statement, we need to fix some notation. Let
h(g,p) = £[p|>+V(q) denote the symbol of the operator H® in (5). Let A*(q,p) = 3|p|* + E*(q)
be the classical Hamiltonian function corresponding to the eigenvalue E*(q) = + |q| of V(q).
We denote by IT1*(¢) € L. (C?) the orthogonal spectral projection for E*(q), and observe that
1% € C*®(R? \ {0}, Lsa(C?)). Since the eigenspaces are one-dimensional, the diagonal compo-
nents of a Wigner function are conveniently written as

EWe) T = tr(We(y) I ITE = wi(yv)[IF e LR, L(C?)).

We first study the classical dynamics associated with the Hamilton functions A* and A~, that
is, the Hamiltonian systems (3). Away from the crossing manifold {¢ = 0}, the solution curves
of these systems are well-defined and smooth. Due to the rotational symmetry of E*(q), we
have two conserved quantities, energy A* (¢,p) and angular momentum

gNADp = ql'p:(hPZ—QQpla (q,p)€R4.

Trajectories passing through the set {¢ = 0} at some time ¢, must have zero angular momentum.
As long as p(tp) # 0, these trajectories have a unique continuous continuation through {qg = 0}.
Denoting the zero-energy shell by (A*)~1(0) := {(¢,p) € R* | A*(¢, p) = 0} and the hypersurface
of zero angular momentum by I = {(¢q,p) € R*| ¢ A p = 0}, we define for t € R



@ (qo,po) = (¢ (t),p™(t)) for (go,po) & (AF)~H(0)N 1,
@ (0, p0) = (g0, Po) for  (go,po) € AF)7H0)NT

We note, that {®% (q,p)}scr forms a group for all (¢,p) € R*. Since (AT)71(0) = {(0,0)}, the
mapping R? — R*, (¢,p) — @' (¢,p) is continuous for all ¢ € R. For the dynamics associated
with A\~, however, we only have continuity of the mapping (¢, p) — ®' (¢,p) outside the codi-
mension two set (A\7)71(0)N T = {(¢,p) € R* | ¢ = £(|p|/2) p}. Nevertheless, for any wave
function ¢ € L?(R?,C?) the functions ws (y) o @' are well-defined in L?(R*,C).

Now, let ¥°(t) be the solution to the Schrodinger equation (1). For the moment, we work on
time intervals for which the solution is mostly supported away from the crossing. Such finite
time intervals [0, 7] can be characterized by the existence of an open set {¢ = 0} C U C R*
containing the crossing manifold such that for all ¢ € [0, 7]

/U W (05 (1))(q.p) | dgdp = O(e). (7)

On such intervals [0, 7], one recovers the leading order Born-Oppenheimer approximation, that
is

[, S 0) = i) 0 95) (0.0) ala.p) dadp = O() Q

for all observables a € S(R*, C) with supp (a) N {g = 0} = 0, uniformly in ¢t € [0,7]. For
a stronger result, which implies the above approximation, we refer to Theorem 4 in [SpTe].
Equation (8) means, that away from the crossing the diagonal elements of W¢(¢%(t)) are ap-
proximately transported like classical densities on phase space. This motivates the definition of
a Born-Oppenheimer function

Wio(t) == (w5 (o) o @) ITT + (w (o) o ®ZF) T~ € L*(R*, L(C?))

for t € R. Rephrasing the preceding remarks, we have for all finite time intervals [0, 7] sat-
isfying (7) and for all diagonal observables a € S(R*, £(C?)) with [a(q,p),V(¢)] = 0 and

supp (a) N {g =0} =0
[t (0722 0) = Wi ))a.p) ala.p)) dadp = O() Q

uniformly for ¢ € [0, 7]. This is one way to formulate the leading order time-dependent Born-
Oppenheimer approximation: away from the crossing, where the eigenvalue bands are separated
by a gap, one has adiabatic decoupling of the associated subspaces and within the decoupled
subspaces semiclassical behavior of the solutions of (1).

2.2 Propagation Near the Crossing

It is expected that near the crossing at ¢ = 0 certain solutions ¢°(t) of (1) exhibit transitions
between the subspaces RanIl; and RanIl_ even in the limit € — 0. The goal of our analysis



is to modify the transport equation (4) by taking transfer between the diagonal components
w (1) and we (v) into account.

Following Remark 5.2 in [Ne], we observe that the Hamiltonian —%Aq + V(q) is unitarily
equivalent to the semiclassical Weyl quantization of

11,2 “1({ q4-p q/\p)
1 + . 10
2‘19’ Ip| <q/\p —q-p (10)

Remark 1 This unitary equivalence is achieved by e-Fourier transformation, a change to polar
coordinates (7, ¢), conjugation by the ¢/2-angle rotation matrix, and the observation that the
Weyl quantization of the tempered distributions o(q,p) = |p|~'(q - p) and 7(q,p) = |p| (¢ A p)
reads in Fourier transformed polar coordinates as

o(q, —ieVy) ~ —ied, —ie 27, ) 7(q,—1eVy) ~ —ie % 0y -
¢
We note, that the Weyl operator of the symbol in (10) is the first step for an orbital decomposition
of the Hamiltonian H¢, see [Ne| and for a related result also [AvGo]. The symbol in (10) carries

two key signatures of the classical dynamics: the angular momentum ¢ A p, which is preserved
by the Hamiltonian flows ®,, and the function g - p, which characterizes the hypersurface

S = {(¢g;p) eR*[¢-p=0}

containing the points in phase space, at which the classical trajectories attain their minimal
distance to the crossing ¢ = 0, cf. Figure 1.

The heuristic picture underlying our result is to replace (q,p) in (10) by classical trajectories
(q(t),p(t)) related to the classical flows ®% and to solve the purely time-adiabatic problem

t) Ap(t)
qt) Ap(t) —qt ) o(t), ¢(t) € C2. (11)

) - p(t)

Since the transitions happen only in the region where a trajectory has minimal distance to the
crossing, we linearize the flows around S. The linearizations of the classical flows ®!. at a point
(qx;px) € S are

) =q.+tp. + Ot and  pT(t) = p. Fta/|g| + OF). (12)

The system (11) becomes

: tOEE (0
' g 0 (q,g'p; v! >¢<t>—< _t)w), (13)
=



p(t,)

q(t,)

NN

Figure 1: We see the projections of three neighboring trajectories (¢(t),p(t)) onto configuration space
Rg. The crossing manifold {g = 0} is therefore projected onto the origin. The trajectories attain their
minimal distance to the crossing at the time ¢, when ¢(t.) - p(t.) = 0. The points in phase space where
q - p = 0 build up the jump manifold S.

where we used that |g.|/|ps|?> < 1 near the crossing. We note, that this last expression does not

depend on whether we employ @ﬁr or ®! . However, (13) is nothing but the famous Landau-Zener
problem [Ze]. It is well known, that for

(it )=o) o (e ) = (0)
the solution ¢(t) of (13) satisfies

< |67 (00) 2 > _ < 1=T%(gu,px)  T%(qs,px) > ( W(—z)!Q )

|67 (c0)]? T(qe,ps) 1= T%(gx; pe) |67 (—00)|?

2 2
T°(qe,ps) = exp(—w—j> = exp T M = exp(—z | ) . (14)
€ e ps € |pl

¢F(+00) are the components of the solution ¢, when ¢ is decomposed into the eigenvectors
of the Landau-Zener matrix, for large positive respectively negative times ¢t — +oo. For a
concise review on Landau-Zener type problems we refer to [JoPf]. The subsequent analysis will
indeed show, that the heuristic picture of classical transport in combination with the transition
probability (14) yields a correct description of the leading order dynamics.

with




To incorporate the e-dependent transition probability (14) into the transport of the Wigner
function, we first append to phase space a label j € {—1,1} indicating, whether the description
refers to RanII~ or RanII". We introduce a Markov process defined by the random trajectories

JPI) [0, 00) — R x {—1,1},

where jg(q’p’])(t) = (@?(q,p),j) as long as ¢(t) - p(t) # 0. Whenever the deterministic flow
@;(q,p) hits the manifold S a jump occurs with probability T¢(q(t), p(t)), i.e. j changes to —j
with probability T¢(q(t), p(t)). After the jump the trajectory follows again the deterministic flow
depending on j until the trajectory hits again S. At the jump hypersurface S, the trajectories
are chosen right continuous. On the submanifold S, = {(¢q,p) € S | |p|> = |q|} of closed circular
orbits of <I>1t+ the trajectories do not jump.

Remark 2 We emphasize, that the underlying physics is of course not one of instantaneously
jumping particles. Indeed, for (13) it is known that the transition occurs smoothly within an
v/e-neighborhood of ¢ = 0, cf. [Be, LiBe, HaJo, BeTe]. O

In each finite time interval [0,7] C [0,00) each path (¢,p,j) — JLPD (1) has only a finite
number of jumps and remains in a bounded region of phase space. Moreover, the paths (¢, p, j) —

js(%p,j)(t) are smooth away from S, i.e. on (R*\ S) x {—1,1}. Hence, the random trajectories
JL9P9) qefine a Markov process

{P@PD) | (q,p,j) € R x {~1,1}}

on R* x {1, 1}, see for example I1I-§1 in [Dy]. With the transition function of a Markov process
one associates a backwards and a forwards semigroup, which act on function spaces respectively
spaces of set functions, cf. [Dy] or [Li]. We define the corresponding Markov (backwards) semi-
group on the following space of functions.

Definition 1 A compactly supported function f € Co((R*\ S) x {—1,1},C) belongs to the space
C, if it satisfies the following boundary conditions at the jump manifold:

51_iglof(q—5p,p+6jq/!qtj) = T%(q,p) 51iglof(q+5p7p+5jq/\QI,—j)
= T%(q,p) f(q,p,—J)

and

g;:of(q —op,p+djq/lql, J) (1-T%(q,p)) 51ir£0f(q + op,p — 0jq/lql, )
= (1-T%q,p)) f(g.p,J)

for all (q,p) € S\ Sa-
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Remark 3 The limits in the preceding definition are taken along the linearization of the unique
trajectory of (3) passing through a point in S\ S before resp. after hitting the jump manifold
S, see also (12). &

By construction, the backwards semigroup acting on functions f € C
LE:C—Co (LLf)(g,p,g) = EOPD (TP (1)

leaves invariant the space C. We write continuous compactly supported matrix-valued functions
a € Co(R*\ S, L(C?)) as

a = a " +a I +0all + 1 alIt

with a® := tr (a II*). We denote by Caiag the space of functions a € C.(R*\ S, £(C?)) such that
a=a'lIt +a 11" with a™,a™ € C, and set for a € Cgiag

Llia = (Li(a", a_))i , Lla = (LL a) T+ (LL _a)1T".

With this definition the semigroup L! acts invariantly on Cdiag, and we can now define its action
on Wigner functions by duality.

Definition 2 Let W¢(¢) be the Wigner function of some wave function ) € L?(R%,C?). We
define LLWE(1) as the linear functional

LEWE() : Ching — C,  a " (We () (g, p) (LLa)(q,p)) dgdp.

Since We(¢) € Co(R%, L(C?)) and Lla € Caiag, We clearly have LIWE(y) € C(R?\ S, L(C?)).
Moreover, S C R* has zero Lebesgue measure. Hence,

LLWE(Y) € Ligo(RY, £(C?) .
Analogously to the Born-Oppenheimer function W5, (t), we name
Wig(t) == LeWE(¥o) € Lio (R, L(C?),  te [0,00),

the Landau-Zener function. Wr,(t) incorporates classical transport and e-dependent non-
adiabatic transitions near the crossing. Our main result, Theorem 1, states, that Wf,(t) ap-
proximates the Wigner function of the solution 1 (¢) to the Schrédinger equation (1) in the limit
e —0.

Remark 4 The heuristic argument yielding the Landau-Zener formula (14) also applies to the
generic potential discussed in the introduction

v - (30 0.

b-q —a-q
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If we denote by M = (af,b') the 2 x 2-matrix with row vectors a’,b’ € R?, then the jump
manifold is given by {(g,p) € R* | Mq- Mp = 0}, and the transition probability reads as

7 (Mg, A Mp,)?
To(qs,ps) = S S o VA

3 Main Result

The non-adiabatic transfer of mass between RanII™ and RanII~ in the crossing region is re-
alized in the semigroup £ by jumping at the manifold S with the Landau-Zener transition
probability T¢. Clearly, L. does not correctly resolve the dynamics directly at the manifold S,
but it gives an approximate description of the total non-adiabatic transfer, when the solution
has passed by. Hence, the Landau-Zener function Wf,(t) can only be a sensible approxima-
tion to the true Wigner function W¢(¢%(t)) away from S. Therefore we restrict ourselves to
test functions supported away from S and we also have to assume that the initial data have
negligible mass near the jump manifold S.

Definition 3 A sequence of wave functions (¥°)c~o in L?(R?,C?) is said to have negligible mass
near the jump manifold S, if there exists § > 0 such that

e—0

lim /S [WE(¥5)(g,p)|dgdp = 0
é
with S5 = {(q,p) € R* | |q - p| < 6} the closed §-tube around S.

Initial data with negligible mass near S are, for example, associated with semiclassical Gaussian
wave packets

(2me) ™% exp(— o= |q — qo* + 1 po - q)

with center (qo,po) € R%, |go - po| # 0, or WKB type states f(q)e*®(9/¢ with amplitude f €
L*(R% C) and phase S € C'(R?,C) such that |¢- V,S(q)| > & on supp (f).

Though incorporating non-adiabatic transitions, the semigroup L. still gives a semiclassical
description of the dynamics. Hence, we do not obtain information about the off-diagonal terms
of the Wigner function, which are highly oscillatory and vanish when averaged over time, see
Lemma 3 later on. By choosing observables, which are diagonal with respect to the potential
V' (q), we conveniently suppress the uncontrolled off-diagonal parts of W¢(1)%(¢)). This restriction
to the diagonal components, however, prohibits the resolution of possible interferences between
parts of the wave function originating from different levels. Such interferences might occur if
classical trajectories arrive with the same momentum at the same time at the jump manifold
on the upper and the lower band. A simple condition ruling out such a scenario is the choice

12



of initial data just associated with RanII™, that is ¥§5(q) = ¢5(q) x " (¢q) with ¢ € L*(R?,C).
In this case, all trajectories associated with the flow ®' originate from trajectories of the flow
@' having passed the jump manifold S. Since such trajectories (¢~ (¢),p~ (¢)) do not come back
to S, there are no interferences.

The last issue to be addressed before formulating our main result is rather technical. Since we
must allow for e-dependent initial data, we have to make sure that the family of initial wave
functions (¢§)e>0 behaves properly as ¢ — 0. It turns out that the appropriate condition is
that the sequence of two-scale Wigner functionals (W5 (1/§))e>0 converges to a two-scale Wigner
measure pg. We postpone the definition and discussion of two-scale Wigner functionals and mea-
sures to the following section. However, we note that this assumption is satisfied by all standard
families of initial wave functions (¢f)c>0 like semiclassical wave packets and semiclassical WKB
states and also by initial conditions not depending on ¢ at all. Moreover, the assumption can be
dropped completely, if one is willing to work with subsequences of the initial sequence (¢§)s>0.

Theorem 1 Let (1§)->0 be a bounded sequence in L*(R% C?) associated with RanIl", that is
with we (¥§) = 0, with negligible mass near the jump manifold S. Assume that the sequence of
two-scale Wigner functionals (W5 (1§))e>0 has a weak*-limit py as defined in Definition 4.

Then, for allT > 0 the solution 1°(t) of the Schridinger equation (1) with initial data 1*(0) = ¥
satisfies

liy sup. [t (92 0) = Wiz ) awp) ala.) ) dadp = 0 (15)

for all a € C(R*, £(C?)) with supp (a) C R*\ S and [a(q,p), V(q)] =0 for (¢,p) € R™.

Remark 5 We emphasize, that Theorem 1 extends the Born-Oppenheimer approximation in
a non-trivial way. The transition probabilities T¢(g, p) incorporated into the semigroup LL
result in leading order non-adiabatic transitions for a large class of initial data. All initial wave
functions with phase space support in an y/e-neighborhood of the hypersurface of zero angular
momentum {(q,p) € R* | ¢ Ap = 0} exhibit order one transitions. &

4 Two-scale Wigner Functionals and Measures

In this section we provide a self-contained discussion of the necessary two-scale analysis required
for our proof. Two-scale Wigner measures are measures on an extended phase space R2? x R,
using the extra variable n € R to resolve concentration effects on certain submanifolds of phase
space on the finer scale \/e. They have been introduced by Fermanian-Kammerer [Fe] and
Miller [Mil] for the analysis of propagation through shock hypersurfaces and sharp interfaces.
In this section, we review and extend a number of notions and results from [FeGel], which we
then will use in the proof of Theorem 1. In particular, we pursuit three issues. Firstly, we
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present a self-contained construction of two-scale measures, which just relies on the Calderon-
Vaillancourt Theorem and a two-scale version of the sharp Garding inequality. Secondly, the
two-scale Wigner measures used in [FeGel] are measures on an extended phase space of space-
time T (Ry x Rg) x R, = R"7. Here, we provide a detailed discussion of the necessary tools
to incorporate their Landau-Zener type formula into a description, which is pointwise in time.
Thirdly, the space of observables used in [FeGel] consists of functions, which are constant for
large values of the additional coordinate 1. That space is not invariant under multiplication by
the two-scale transition rate exp(—mn?/|p|?), and we have to enlarge the space of admissible
observables to obtain a well-defined description of the dynamics by means of a semigroup.

To proceed in a transparent way, we quickly fix the symbol classes we are working with and
recapitulate a suitable definition of Wigner measures.

4.1 Symbol Classes and Wigner Measures

With the notation of Chapter 7 in [DiSj], we denote by
S(m) = {a€ C®R*™ L(C?) | Va e NJ"3IC, >0z € R*: [0%(z)| < Com(z)} .

The function m : R?" — [0,00] is an order function, that is, there exist positive constants
C,, > 0 and N,,, > 0 such that

V:E,yERZ": m(z) < Cp <az—y>Nm m(y),

where (z) = (1 + |z|?)"/2. The space S(m) is a Fréchet space. Let k € R and § € [0,1/2]. The
space S¥(m) consists of functions a : R?"x]0, 1], (z,¢) — a(z; ), which satisfy the following two
conditions. Firstly, a(-;¢) € S(m) for all € €]0, 1], and secondly,

VaeNIC, >0V (z,e) e Rx]0,1] : [0%(x;¢)| < Com(a)e o=k,

For us, the two extreme cases 6 = 0 and 6 = 1/2 are the relevant parameters. We note, that

S? /2(m) is a symbol class, within which the semiclassical Moyal product ff. does not have an

0
1/2

S§(m) and vice versa is unproblematic, as the following lemma illustrates.

asymptotic expansion. However, Moyal multiplication of symbols in S7 ., (m) with symbols in

Lemma 1 For all order functions m1 and ms, the bilinear map

S(R?, £(C?)) x S(R?™, £(C?)) — S(R?™, £(C?)),

(afed)(q,p) = (exp(%(Dqu/ - Dqu/))a(q,p)b(q/,p/)) lg=q’ p=p'
extends continuously to a map S§(mq) x S?/2(m2) — S?/Q(mlmg) and has an asymptotic expan-
sion in S?/Q(mlmg)

(at-0)(g,p) ~ Y 4 ((5(DpDy — DyDy)Y alg, p)b(d, 1) lo=g'p=pr = D_ 5
j=0 Jj=0
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_j/z(mlmg) for all j € Ng and that

meaning that ¢; € 51/2

N
aflb — ch € S;/(2N+1)/2(m1m2) (16)
=0

for all N € Ny.

The proof of Lemma 1 follows standard arguments and we postpone it to Appendix A.1.

In Section 2, we have already mentioned that the Wigner function W¢()) of a wave function
Y € L?(R",C?) is a temperate distribution with

| <W€(¢)’a>8’,s | < cu(a) ”@Z)H%%Rn)

for all @ € S(R?", £(C?)) uniformly in ¢ > 0. Hence, for bounded sequences ().~ in
L?*(R",C?) an application of the Banach-Alaoglu Theorem, see Theorem 3.17 in [Ru], gives
existence of a subsequence (Wek (%)), >0, which converges with respect to the weak*-topology
in S’(R?", £(C?)). We denote the weak*-limit points of such subsequences by p. The positivity
of 1 is provided by the semiclassical sharp Garding inequality. In the matrix-valued case, the
sharp Garding inequality has first been proven in [LaNi]. As indicated in Appendix A of [Je|, the
proof relying upon anti-Wick quantization also applies to matrix-valued operators, see Proposi-
tion 1 for an analogous result for two-scale symbols. The semiclassical sharp Garding inequality
states that for non-negative 0 < a € SJ(1), that is for symbols a € C°(R?", £(C?)) with

Vue C*V(q,p) € R*": (u,a(q,p)uhee > 0,
there is a positive constant C' = C(a) > 0 such that for all ¢ > 0 and all 1) € L?(R", C?)
(¥, alq, _iqu)w>L2(Rn) > —Ce H@ZJH%%RH) :

Thus, a weak*-limit point p of (W¢(1)%))c0 is a positive distribution and therefore a positive
matrix-valued Radon measure on phase space R?" called Wigner measure. For an alternative
construction of matrix-valued Wigner measures using smooth square roots and composition of
pseudodifferential operators we refer to [GMMP].

4.2 Two-scale Wigner Functionals

We want to analyze concentration effects with respect to a submanifold in phase space

I = {(a,p) €R" | g(q,p) =0} .

For the Schrédinger equation (1), we will choose g(q,p) = ¢ A p, which is angular momentum,
a conserved quantity under the associated Hamiltonian dynamics. We recall, that ¢ A p also
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appeared explicitly in the Landau-Zener transition rate (14). This rate indicates, that only
trajectories within a /e-neighborhood of I, in phase space, i.e. in a set

{(g,p) eR*| |gAp| < const. e},

experience order one transition probabilities when coming close to the crossing. The Wigner
measure, however, does not resolve this y/z-neighborhood, and a more detailed two-scale analysis
becomes necessary.

For the general statements about two-scale Wigner functionals and measures, we only assume
that g € C*°(R* R) is a smooth polynomially bounded function, that is for all 3 € N} there is
a positive constant C' = C'(3) > 0 and a natural number M = M () € Ny such that

V(g,p) € R*: 10°9(q,p)] < C{(g,p))™.

The function g provides us with a notion of (signed) distance to the manifold I, through
d((g,p),1;) = g(q,p). In the following, the variable € R measures this distance scaled with
Ve, ie. n(q,p) = g(q,p)/+/e. Since we are interested in the limit &€ — 0, the variable 7 is viewed
as an element of the one-point compactification R of R.

We will use observables depending on (¢, p) and on 7 to test the Wigner transform near I, with
respect to the /¢ scale. For a € Cp°(R%, L£(C?)) let

(P)  1[{(@:0))?8"a(q,p,n) llsc < oo for all § € Ng and € Nj,
Jdas € CﬁO(R4,C(C2)) s limyg oo la(-,m) — asolloc = 0.
We define the relevant test function space as
A = {a€CPR" L(C?) | asatisfies property (P)}

and equip it with the topology, which is induced by the family of semi-norms

1{(g:p))? @ a(g,p,n) loo, B ENg, vEN. (17)

We note, that A is a Fréchet space with the Heine-Borel property, that is, closed and bounded
sets are compact. Therefore, A is a Montel space. In the dual A’ of such spaces, every weak*
convergent sequence is strongly convergent, meaning that for a sequence (I, )nen in A’

Vae A: lim l,(a) = l(a) = Vbounded BC A: lim sup|ly(a)—I(a)|= 0,

n—oo n—oo a€EB

see for example Proposition 34.6 in [Tr]. We will use this strong convergence property later on.
For a € A, we denote by

ss(@) = > [{(g.p)" 0a(g,p,n) llos ;

18l1v] <5
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the finite sum over Schwartz norms, which are of the form (17). For observables a € A, the

scaled function

(¢.9) = a=(q,p) := alq,p, “92)

lies in the symbol class SY /2(1), and we observe that c4(a.) cannot be bounded by s5(a) uniformly
in € > 0. Therefore, as in the proof of the Calderon-Vaillancourt Theorem for symbol classes
S9(1) with 6 € [0,1/2], see e.g. Theorem 7.11 in [DiSj], we use the unitary scaling

S° 1 L2(R%,C?) — LA(R%,C?), 4(q) — (S°)(q) := Ve (veq)

and the alternatively scaled symbol
(qap) = aE,Q(va) = a(\/EQ7 \/Epa M\/g/gm) ’

which belongs to the symbol class SJ(1).
Lemma 2 Let a € A and ¢ € L*(R?,C?). Then,

<77Z)> aE(Qv _ievq) ¢>L2(R2) = <S€d}7 (1572(61, _ivq) SE 77Z)>L2(R2) . (18)

Proof. Since a. and a. 2 are Schwartz functions, we just have to carry out an calculation. We
have for ¢ € S(R?,C?)

(,0c(0, =1 V) ¥) oy = (272)72 | W(q) 107070 a-(5L, p) ¥(¢) g’ dpdg.
Substituting ¢ = \/zz, ¢' = v/z2/, and p = \/z€, we obtain
(¥, ac(q, —iEVq) 7/)>L2(R2)

- <02 [ (/A <\/E SEANIY.

- <Sa'¢,a€72(q, _ivq) S w>L2(R2) .

Since ac2(q, —1V,) is bounded, we can conclude (18) also for 1 € L*(R?,C?) by density. O

(Vez')da' dé dz

(ﬁ”f’ﬁé)> .
\/g

For a € A we have c4(ac2) < const. s5(a) uniformly in € > 0. Hence,
A — C s a — <S€’¢), a572(q, _lv(]) Ss’l/)>L2(R2)

defines a continuous linear functional on A, called two-scale Wigner functional W5 (1)) of v, see
also Definition 1 in [FeLa]. We note, that by identity (18) the duality pairing between W5 (1))
and a can also be expressed as

(WE(W),a) 4 4 = /

L (Wa(w)(q,p) a(g, p, Mﬁp))) dgdp.
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Therefore, since W¢(¢)) € Co(R*, L(C?)), the two-scale Wigner functional W (1)) can be viewed
as the distribution

W ()(g,p) (n — 242,

The above representation of the two-scale functional Ws(v) also illustrates its dependance on
the function g chosen to parameterize the distance to the submanifold I,.

In general, the two-scale functional W (1) inherits from the Wigner function W¢(¢) the non-
positivity. However, when passing to the semiclassical limit ¢ — 0, we expect positivity of the
limit points. Indeed, if we additionally assume that there is m € N such that

V(g,p) € R™: | Vg(\/eq,Vep) | < const. Ve {(g,p))™ |

then the following two-scale version of the sharp Garding inequality guarantees positivity when
passing to the limit.

Proposition 1 For each non-negative 0 < a € A there is a positive constant C' = C(a) > 0
such that for all e > 0 and all ¢ € L*(R?,C?)

(w,aa(q, —iEVq)w>L2(R2) Z _C\/g H¢H%2(R2) :

Proposition 1 is proved in Appendix A.2 using anti-Wick quantization.

4.3 Two-scale Wigner Measures

The Calderon-Vaillancourt Theorem and the previous version of Garding’s inequality are all we
need to study the semiclassical limit of the two-scale Wigner functional W5 (v°) for bounded
sequences (1°)c~o in L?(R?, C?).

Proposition 2 Let (1)°).~0 be a bounded sequence in L?(R? C?).

1. (W5(¥°))es0 has weak*-limit points p in A'. All such limit points p are bounded positive
matriz-valued Radon measures on R* x R.

2. Let (W5(¢°))es0 converge to p with respect to the weak*-topology on A'. Then, the se-
quence (We(1p°))es0 converges to a Wigner measure p in S'(R*, £L(C?)), and there exists
a bounded positive Radon measure v on I, x R, such that

/ _alg, p,n)p(dp,dg, dn) =

R4 xR
/ a(q,p,oo)ﬂ(dq,dp)Jr/ ~alg, p,n)v(dg, dp, dn)
R, IgxR

for all a € C.(R* x R, L(C?)), and we have [zv(-,dn) = pl,.
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Definition 4 The measures p introduced in Proposition 2 are called two-scale Wigner measures
of the bounded sequence (¢°)co in L*(R?,C?) with respect to the submanifold I,.

Proposition 2 is the analogue of Theorem 1 in [FeGel]. There, admissible observables are
required to be constant with respect to n for large 1. That property, however, prevents the
definition of a semigroup comparable to L! acting on two-scale observables. Thus, we provide a
self-contained proof for the construction with observables in A in the Appendix A.3, which in
contrast to the proof of [FeGel] avoids the use of Fourier integral operators.

The measures p and v depend on the function g(g,p) chosen to describe the submanifold I,. If
g € C®(R%R) is another function with I, = {g = 0} sharing the same growth properties as g,
then for a € A the scaled function

a:(q,p) = a(q,p, M\/’g’”)
is in C°(R4, £L(C?)). Moreover, there exists f € C°°(R* R) with f(q,p) # 0 for all (¢, p) such
that g(q,p) = f(q,p)9(q, p), and setting ay(q, p,n) := a(q,p, f(q,p)n) we clearly have a. = (ay)e.
Thus, repeating the corresponding two-scale construction and denoting the resulting measures
by p and v, we obtain

plg.p, (@ p)n) = plapm),  vigp, [ (gp)m) = v(g,p.m).

4.4 Propagation of Two-scale Wigner Functionals

Let ¢°(t) € C(R,L?*(R? C?)) be a solution of the Schrodinger equation (1) with initial data
Y5 € L?(R?,C?) and ¢(q,p) = ¢ A p. The two-scale Wigner functional inherits the solution’s
continuous time dependence, that is

W5 (¥°(t)) € C(R, A,

where continuity is understood with respect to the strong dual topology on A’. Indeed, for
bounded subsets B C A, that is sup,cp ||{(q,p))?07al|c < 0o for all B € Ny and v € Nj, we
have for t,t € R

sup | (W5 (°(t) = Wi (0 (), a) 4 4 | <

sup ss(a) [[v(t) = ()] o ey (107 (O)llzzqme) + 195 (E) L2 re) )
and thus the asserted continuity with respect to time. However, passing to the limit ¢ — 0,
we are confronted with the possibility that different points of time ¢ could require different
subsequences (ex(t))ren for convergence to a two-scale measure. In that case, neither continuity
with respect to time nor other properties of the two-scale Wigner functional would carry over
to the two-scale measures. This difficulty is dealt with by restricting the analysis to diagonal
observables.

19



Proposition 3 Let () € C(R, L?(R?,C?)) be the solution of the Schridinger equation (1)
with initial data (¥§)e>o0 bounded L*(R?,C?) such that (W5(1§))e=0 converges to a two-scale
measure py in A’

1. Then, for every T > 0 there is a subsequence (¢g)ren such that

lim (W5 (0 (0),a)y ,  and  lim (W05 (),a)g s

k—o0 k—o0

exist uniformly int € [0,T) for alla € A and a € S(R*, L(C?)), respectively, with vanishing
commutator [a, V] =0 and supp (a) N{qg =0} = 0.

2. For scalar-valued a with the same properties, the limits
leH;O (W3k (g (t))aaﬂi>,4/,,4 = <p§E’aHi>A',A
and
lim (W (g (1)), all®) g, g = (pif, all¥) g,

define positive bounded scalar-valued Radon measures pif and pf on (R*\ {q¢ = 0}) x R
and R*\ {q = 0}, respectively, for all t € [0,T).

3. For scalar-valued observables a with the same properties, we have convergence of the full
sequence

. —t + _
;12% (W3 (¥°(t) — W5 () o @1, all >A/,A =
lim (W2(65(1)) = W2 (5) 0 @5 aT1%) g, o = 0
uniformly on time intervals [0,T] such that for all t € [0,T)

U {®4(a,p) | 3n €R: (g,p,m) € supp (po)} N {g =0} = 0.
je{+}

Remark 6 Without incorporating non-adiabatic transitions, convergence of the full sequence
is only obtained on time-intervals, where the leading order dynamics can be described purely
by classical transport. However, the uniform convergence of subsequences on arbitrary time
intervals [0,7] will later on be extended to convergence of the full sequence in the proof of
Theorem 1. O

Proof. We write a = IITall™ + II"all~ and study
(WE@AO) T T 4 = (00, (T 0T (g, —i2V) 690 e -

The assertions for the one-scale Wigner transform will follow immediately from the correspond-
ing statements for the two-scale transform. As a first step, we establish the claimed uniform
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convergence with respect to time t. Let ¢ € Cp°(R? R) such that ¢ = 1 on {g € R? | 3(q,n) €
R3 : (q,p,n) € supp (a)} and ¢(0) = 0. We have by Lemma 1

T, ITF — (¢2Hi) fe ac e (¢2Hi) € S;/lf(l)

and therefore
<W2£(¢a(t))7 I*a Hi>,4/7',4 =
((6°T1%) (¢, —ieVg)9" (1), ac(q, —ie V) (¢°I1) (¢, —ieV)Y= (1)) o oy + O(VE).

We denote A (g, p) = $|p|? £ |g| and choose initial data ¢§ in D(H¢). We observe, that the first
summand on the right hand side of the previous equation defines a continuously differentiable
function fj}s R — C,

t fig(t) = ((¢°I1)(q, ~ieVg)¥F (1), a=(q, V) ('I1) (a, —ie V)Y () 1o o) -
We have for the derivative
§ifoc () = (1©) 1 ((¢°IF) (g, —ie V) HTY (1), (ac) (g, —ie V) (¢°11) (g, —ieV)y= (1))
— (ie) M (($°11%) (g, —ieV)¥® (¢), ac (g, —ie V) (9*TI) (g, —1e V) HZY (1)) 1 -

We want to show that sup..q ||%fig(‘)”oo < oo to apply the Arzela-Ascoli Theorem. Since
V(pA*) € S§(1), semiclassical calculus gives

(6" 1) — (9AF)2=(6117) € S5 (1)
Thus, it remains to prove a uniform bound in ¢ and ¢ for
(i)t ((SI1F) (g, —ie V) (1), [9AT, acly. (g, =ie V) (G117 (g, —ie V)9 (1)) 1 (19)

However, [pAT, acly. € 5’1_/12(1), since [pAT,a.] = 0 and

{prAE,a.} = D a} = VA E(Dya). — VAT (Dpa).,

where the last identity uses that {\*, ¢ Ap} =0 on R*\ {¢ = 0}. Choosing general initial data
s € L*(R%,C?) and v € D(H®), we clearly have for s,t € R

| Fig(s) = Fos@) [ < [ fe(s) = fals) |+ 1 F3(s) = £ () | + 1 £3(8) = e (B) | -

Denoting the strongly continuous one-parameter group of H¢ by (U¢(t))ier, we obtain for the
first term on the right hand side of the above inequality (and analogously for the third one)

| fie(s) = fi(s) | < | (0§ — o, U (=8)(ITFaeIT) (g, —ie Vo) U ()95 o) |
+ [ (@, U (=) (I acIl) (g, —ie V) US(8) (¥ = ¥5)) 12 g |
< const. [[v5 = ¥l 22y (196]l22) + ¥l 22 )
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while for the second term we have by the bound on the first derivative
| fi(s) — f,(#) | < const. [s —t].

Thus, regardless of the choice of initial data, the sequence ( f{ig)oo is pointwise bounded and
equicontinuous. By the Arzela-Ascoli Theorem, we then have uniform convergence of a sub-
sequence on compact subsets of R, which shows the claimed uniform convergence on intervals
[0,T] for all T > 0.

Secondly, we prove that the two-scale limits define positive bounded scalar-valued Radon mea-
sures pfc for all ¢ € [0,T]. Clearly, the limits define linear forms on the space of functions in A
with support away from {g = 0}. By the standard arguments, which have already been invoked
in the proof of Proposition 2, they extend to linear forms on compactly supported continuous
functions on R* x R with support away from {g = 0}. Such functions, however, are dense
with respect to the sup-norm in C.((R*\ {¢ = 0}) x R, C), and we obtain the measures pi¥ on

(R*\ {g=0}) x R.

Thirdly, we show the asserted transport properties. Omitting the subscript 15 of the function
ffbs for notational simplicity, we have for scalar-valued observables a € A with support away

from {q = 0}
Jim (W3R (% (1)), all®) , 4 = lim [ (1)

uniformly in ¢ € [0,T]. As already noted, the above uniform limit defines a measure pti on
(R*\ {g = 0}) xR for all t € [0,7]. For initial data ¥5 € D(H¢), the function t — f°(¢) is
continuously differentiable with a first order derivative, whose leading order term in ¢ is given
by the commutator expression in equation (19). Thus,

i 0

= lim <(¢Hi)(Q7 _igkvq)wgk (t)v ({)‘iv a})ak (Q7 _igkvfI)((ﬁHi)(% _iEkVQ)wsk (t)>L2

k—oo
= Jim (W5 @ (), (X a}1I5) = / {\*, a}(g,p,n) pi (dg,dp,dn).
On the other hand, by the uniform convergence of (f<*(t))ken,
lim G fo(1) = g lim fo(t) =
& Jim (W50 0). 1) 4, = 5 [ alaup.n) o (da.dp,dn).

which implies

Sor = —{\ i)
for t € [0,T] such that Uje{i}{q);-(q,p) | d3n € R: (¢,p,n) € supp(po)} N{g =0} = 0, or
equivalently pfc (¢,p,m) = poi(q)ft(q,p), n), or

lim (W9 (% (1)) — W (45) 0 @5, all¥) ,, , = 0.
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The assumptioil on the measure py guarantees that the sequences ((W5(¢§), aII¥))_. , converge
to measures p, without extraction of subsequences. Thus, every convergent subsequence of
(W5 (¥=(t)),all¥)),., converges to the same limit point, and therefore the whole sequence
itself has to converge. Observing that

LQ(R27 Cz) X LQ(R2> CQ) - (Ca (fag) = (Ua(t)fv aE(Qa _iqu) Ua(t)g>L2(]R2)
is a bounded bilinear form, we conclude the proof of the transport equation also for the case of

general initial data 1§ € L?(R?,C?) by a density argument. O

The previous Proposition 3 also shows for the Wigner measures ,ufc, that ,u?: = ,uac o @;t on time
intervals [0, 7] such that for all ¢ € [0, T

| {®4(a.) | (¢.p) € supp (po)} N {g =0} = 0.
Je{+}

Since @Y leaves I = {g A p =0} invariant,

1E g = (i o ®11) IR\ (20)
for all times ¢ € R.

While the diagonal components of a two-scale Wigner functional approximately satisfy classical
transport equations, its off-diagonal elements vanish when taking time averages. For a similar
statement in a slightly different context see [Mi].

Lemma 3 Let ¢°(t) € C(R, L?(R?,C?)) be the solution of the Schridinger equation (1) with
arbitrary initial data ¢§ € L*(R*,C?). Then, for all a € A and all t1,t2 € R there exists
a positive constant C = C(a,V,t1,t2) > 0 depending on a, V, t1, and ty such that for all
¥ € L*(R?,C?)

to
| / (WS (1)), [Vyal )y g A7 | < VE C [ 12 ge) -

t1

Proof. Let 95 € D(H®) and a € A. We have for all 7 € R
e L (W5 (05 ()sa) s = (6°(7), [, acla, —ieVg)] 0 (7)) o)

Thus, we analyze the commutator [H®, a.(q, —ieV,)] = [h, ac]y. (¢, —ieVy). Since a is Schwartz
function, we have a. € S?/Q((q>_1<p>_2), and applying Lemma 1 we obtain [h, a.]s. — [h,a.] =:

VET® €S %(1). Thus, with [h,ac] = [V,ac],
ie = (W5 (v°(7)),a) pa =
(W3 (7)), [hya]) g g + Ve (W (7),75(q, —1eV ) U7(7)) 2 ey - 1)
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Integration from t; to ty gives

to

el t i (WA (n),a) padr | = | (W50 (t2)) = W5 (¥ (t1)),a) g1 4|

IN

e s5(a) 1051|172 me)

and

t2

Ve | () (e, —1eVe) V(7)) paee) AT | < Ve ea(rf) [t = tol 105l 72re) »

which together with equation (21) yields the claimed bound for 1§ € D(H¢). A density argument
concludes the proof also for general initial data 1§ € L*(R?, C?). O

Remark 7 The previous proof also applies to general matrix-valued Schrodinger equations with
essentially self-adjoint Hamiltonian, whose symbol is polynomially bounded, and to two-scaled
Wigner functionals associated with more general submanifolds than the hypersurface of zero
angular momentum I = {g A p = 0}. &

Purely off-diagonal symbols a € A with supp (a) N {g = 0} = 0 can be written as a = I[TTall™ +
I~ all*, which implies [V,a] = (AT — A7)a and a = [V, (AT — A7)71a]. Thus, we have for such
off-diagonal observables

to
| t (W5 (1)), a) g4 A7 | < VE C 1451172 g2 -
1

2 4w
4.5 Measures on Rj xR, xR,

We fix some time-interval of interest [0, 7] with 7' > 0 and define a set of admissible observables
on an extended phase space [0,T]; x R, x R;{p as

Ar = {a € C{°(R", L(C?)) | a satisifes property (Pt)} ,
where
(Pt) supp(a) C [0,T] x R® and a(t,7,-) € A for all t,7 € R.

For a € At we set

aé(tv q7 Tvp) = a(ta q77-7p7 ﬂ\/gp) .

and choose a cut-off function yt € C°(R,R) such that xr(t) = 1 for ¢ € [0,T]. Then, we define
for ¢ € C(R, L2(R?, C?))

WiT(qzb) : AT - (C7 a r— <XT1/}7 a&(t7 Q7 —i5vt,q)XT¢>L2(R3) 9
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which is a bounded linear functional by the rescaling identity (18) already used before. The
alternative approach followed up in [FeGel] applies to observables a € S(R”, £(C?)) and treats
Y € O(R,L*(R%,C?)) as a temperate distribution on R3. Then, a. € S(R®, £(C?)), and the
Weyl quantized operator is regularizing, that is

as(t,q,—ieVy,) € L(S'(R?,C?),S(R?,C?)),

see for example Remark 2.5.6 in [Ma] or the proof of Proposition II-56 in [Ro]. For symbols
a € At NS(R?, £(C?)) we have by Lemma 1

XTHe acte xT ~ ac in S} (1),
and therefore
ac(t,q,—ieVig) = xTac(t,q, —ieVig) xT € L(S'(R?,C?),S(R?,C?)).
Consequently,
(X1, as(t, ¢, —1eVig)XTV) 2gey = (¥, a=(t, ¢, —1eVig)) g s -
For different cut-off functions xr, X1 € C*(R,R) with x1(t) = x7(t) =1 for t € [0,T], we have

XTHe e e Xt ~ Xrleact Xt in S7)y(1),

and thus the independence of W3 (1) from the choice of the cut-off function. Balancing the

benefits of the two equivalent approaches of using a cut-off function in L?(R?) versus working
with temperate distributions, we have preferred the natural setting of L2-theory.

For (¢%)es0 in C(R, L*(R?,C?)) with sup,; [|[4°(t)||2r2) < oo, the sequence (W3 p(¥%))e>0
has weak*-limit points pr in A7, which are bounded positive matrix-valued Radon measures
on [0,T] x R® x R. As before, we denote by vt the restriction of a measure pr to the set
{(t,q,m,p,n) € [0, T] x R* x R | (¢,p) € I}.

The following lemma addresses the localization of the measures pr. The analogous statement
for semiclassical measures has been given in Section 3 of [Ge].

Lemma 4 Let ¢°(t) € C(R, L?(R?,C?)) be a solution of the Schridinger equation (1), whose
initial data (V§)e=0 form a bounded sequence in L?(R?,C?). Then, we have for the weak*-limit

points pr € Al of (W257T(1/}€))5>0

supp (pr) C {(t,7,¢,p,n) € [0,T] x R® xR | 7+ [p|* = £|q|} .

For the proof of Lemma 4, we refer to the Appendix A.4. It remains to clarify the relation
between two-scale measures on R;{p x Ry, and their pendant on R7 . x R;{p x R,
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Lemma 5 Let ¢°(t) € C(R, L?(R% C?)) be the solution of the Schridinger equation (1) with
initial data (V5)e=o0 bounded in L*(R%,C?). Let pr be a weak*-limit point of (W31 (¢¥°))es0, and

let pif be the scalar measures introduced in Proposition 3. Then,
(pr, 1" all®), , = / _a*(t,q,7,p,n) pi (dg, dp,dn) 6(r — S|p|* ¥ lq|) dt
T ROXR
for all a € At with supp (a) C [0,T] x R%\ {g = 0} and a® = tr (aIl*).
Proof. Let (ex)ren be a subsequence, such that
Wy (9%F) = oot tr (Wsk (¢ (t))ITF) = pf  uniformly in ¢ € [0,7].
Since pr (7 + 3[p|*> + V) = 0 and therefore supp (tr (prII%)) C {7 + 3|p|* &+ |¢| = 0} , we have

r (pr(t.q.7,p,m) TH(q)) = /Rtr (pr(t.q,d7,p,n) 11*(q)) 6(7 + Slp|* = |q)

as measures on [0, 7] x (Rg \ {0}) x Ri,p x R;, . Thus, it remains to show that

pi (¢,p.m) = /tr (pr(t,q,d7,p,n) II%(q))
R

as measures on [0,7] x (R2\ {0}) x R2 x R,;. We have for symbols a = a(t, q,p,n) € Ar, which
do not depend on 7 and have support away from {qg = 0},

/ e (alt, g, p.m) TT%(q)) p(dt, dg, dr, dp, di)
R xR

= Jim (Oery™, (T acI5)(2, ¢, ek Vo) XTY™) 12 s o2y
= hrn / |XT wsk ) (Hiaaﬂi)(t,q, _iEkvq)wsk (t)>L2(R27C2) dt
= / _tI‘ (a(taqapv 77)H ) ,Oti(dq,dp, dn) dt,

R5xR

which concludes our proof. O

4.6 Measures Near the Crossing: the Results of Fermanian and Gérard

In the following, we summarize the part of the results of [FeGel], which we will use for the
proof of Theorem 1, tacitely using some of the simplifications worked out in [FeLa]. Fermanian-
Kammerer and Gérard introduce the involutive manifold

Irq == {(t,7.q,p) ER® [ gAp =0},
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which contains all the classical trajectories hitting the crossing {¢ = 0}, and a space of admissible
observables

Apg == {a € C*®(R", £(C?) | supp (a) € K xR, K c RS\ {(¢,7,0,0)} compact,
Jae € C°RE x {£1},£(C*)IR>0Vm eROVn| > R:
a(m,n) = aco(m,sgn(n))} .

Theorem 1 of [FeGel] shows, that for a bounded sequence (uf)s~o in L*(R?,C?) there exists a
subsequence (gx)r>o of positive numbers and a positive Radon measure vpg on Irg x R with
values in L, (C?) such that for all a € Apg

; €k (4/Ck AP —
Elklgo Rﬁtr <W (u )(t,T,q,p)a(t,T,q,p,\/e—k)) dtdrdgdp

/ ,tr (CL(t, 7,4,D, 77) VFG(dt7d7—7 dq,dp, d?’]))
IFG xR

+ / tr (aoo(t, 7, ¢, p,sgn(q A p)) u(dt, dr,dg,dp)) ,
RO\ Ipg

where (W€ (u®))s>0 and pu are Wigner transforms and a Wigner measure of (uf).~¢. Theorem 2’
of [FeGel] associates with the solution °(t) € C(R, L?(R?,C?)) of the Schrédinger equation (1)
a measure vpg on R x R, which decomposes as

veg = vpg T + vpg I

with scalar measures VFiG supported in J*P U J57. For the definition of the sets J*P?, J*/ they
choose a point (tg, 70,0, po, 7o) inside the crossing manifold

Src = {(t,7.0,p,n) ER*xR|t R, 7=—3lp|*, p#0,n €R},
a neighborhood (tg, 70,0, po) € U C RS and set

JEP = {(t +5,7,95(0,p),n) €RE X R | (t,7,0,p) € U, s < 0 sufficiently small} ,
JEf = {(t +5,7,85(0,p),n) e RO xR | (t,7,0,p) € U, s > 0 sufficiently small} )

where @', are the classical flows associated with the Hamiltonian systems (3). Outside the
crossing set on (JEP U JH/) \ Srq, the measures I/]ffG satisfy transport equations

VP:“:G(tv T7 Q7p777) - I/I:?tG(O7T7 éti(qap)v 77) )

see Theorem 2’ of [FeGel] or Proposition 2 of [FeLa]. Denoting restrictions of the measures I/FiG

to JEP N Spq and J&/ N Spg by V;EF’Z and V?Fé , respectively, Theorem 3 of [FeGel] shows the
Landau-Zener type formula

+.f +,p
—f . —p
Vg,r, T 1-T Vgpe
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with 7' = T'(p,n) = exp(—m T |3), if I/S and VgF’Z are mutually singular on Spg. A sufficient

condition to meet this singularity requ1rement for positive times ¢t > 0 is the choice of initial
data 5 € L?(R?, C?) with IT"+§ = 0, since then Vb_‘g();’{tZO} =0.

4.7 A Semigroup for Two-scale Measures

In complete analogy to the definition of the e-dependent semigroup L. for the diagonal com-
ponents (w3 (¢(t)),w® (¥(t))) of the Wigner function, we define a semigroup for the two-scale
Wigner measures (p;", p; ) and (v;7,v;) in the following.

We introduce the right continuous random trajectories
J@Pmd) [0, 00) — RY x R,y x {~1,1},

where J(@Pm)(t) = (®%(q, p),n, j) as long as ®%(q, p) ¢ S. Whenever the flow ®%(q,p) hits the
jump manifold S, a jump from j to —j occurs with probability

2
T(p,n) = exp(—mils).
The random trajectories J (¢:p.3) define a Markov process

{p(q,pm,j) | (q,p,m,7) € RY x R, x {-1, 1}} .

The pendant C? to the space of observables C is defined as follows.

Definition 5 A continuous compactly supported function f € C.((R*\ S) x R x {~1 } C)
belongs to to the space C?, if the following boundary conditions at (S '\ Sy) x R x {1 are
satisfied:

S f(q —dp,p—djaflal,n,j) = T(pn) lim f(g+dp,p—dja/lal,n, 7)),

Jim f(q—0p,p—djaflal,n,j) = (1 —T(p,n)) lim f(g+dp,p+djq/lal,n.5)-

By construction, the semigroup

(th)(qu’ 777]') pp— E(%pﬂ?»j)f(j(%pﬂﬁj) (t)) , t>0,

leaves the space C? invariant, that is 7% : C> — C? for all t > 0. We denote the space of functions
a € Ce((RT\ S) x R, L£(C?)) such that a = a™II" 4+ a"II~ with (a¥,a™) € C? by C%,, and set

iag
for a € Cdlag

Tla = (T'(a™,a7))*, Tla = (Tla)IT + (Tla)lI™, t>0.
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We note, that 7 leaves the space Cgiag invariant. To work exclusively on the subspaces Ran (IT%),
we will also need

Tla = Ti(aTI%)

for scalar-valued a € Ce((R*\ S) x E_, C). By duality, we define for matrix-valued Radon measures
p on R* x R with supp (p) N (S x R) = @ the matrix-valued measure 7°p on (R*\ S) x R, that
is, we set

/ _tr (a(g,p,n) (T*p)(dg, dp,dn)) := / tr ((T"a)(g, p,n) p(dq,dp, dn))
(RN\S)xR R4xR

fora € Cfﬁag. Having fixed these notations and definitions, we can formulate the key observation
for the proof of Theorem 1.

Lemma 6 Let ¢°(t) € C(R, L?(R?,C?)) be the solution of the Schridinger equation (1) with
initial data (V5)e>o bounded in L*(R?,C?). Let T > 0 and pif, t € [0,T), be the scalar measures
on (R*\ {g = 0}) x R introduced in Proposition 3. If

po =0 and supp (pg) N (S x R) =0,

then the restrictions l/t:t of the measures ,o?: to I x R satisfy

/_a(q,p,n)l/ti(dq,dp,dn) = / (Ta)(g,p.n) vi (dg, dp, dn)
IxR IxR

for all scalar-valued a € A with supp (a) N (S x R) = 0 and for all t € [0,T).

Proof. We have to work with measures on R* x R and on [0, 7] x R? x R in the following. For all

such measures m, which have support away from the jump manifold S, we define the measure
Tim by

/ a(z) (Tim)(dz) = / (Tta)(x) m(da),

where the scalar-valued « is either in A with support away from S or an observable in At N Apc
with the same support property. The measure Ti(ygté (7 — M%) dt) satisfies the same transport
properties and jump conditions at I NS = {g = 0} as the measure VéEG. Hence,

TLEo(r — A5 dt) = yth on At N Apg .

Since the Hamiltonian flow ®! conserves energy M (q,p) = %\p|2 + |q|, and since AT (q,p) =
A (q,p) for (¢,p) € INS ={q =0}, we have

T (vgo(r —AE)dt) = (Thvg) 6(r—AF)dt  on  Ar.
On the other hand, by Lemma 5

vig = v d(r=AF)dt  on  ApnApg,
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and therefore
vES(T = M) dt = (TIvE)o(r = 5)dt  on  ArnApc.
By continuity with respect to time ¢, we then have
vt = Thyf on C>(R®, £(C?))

for all times ¢ € [0,7], and since l/t:t is a positive distribution, by density the claimed identity

on A. O

5 Proof of the Main Theorem

With the preparation of Section 4 the proof of Theorem 1 is now straightforward. We will
establish (15) by proving separately that uniformly in ¢ € [0, 7]

lim [ tr (WS(¢*(t)) (¢,p) alq, p)) dgdp = / _tr (ag,p) (T"po)(dg,dp,dn))  (23)
=0 JRa R4xR
where the key ingredient is Lemma 6, and
i [t (Wig(0) (@.p)alp) dadp = [t (ala.p) (T'p0) ardpdn) (20
e—0 Jp4 R4xR

uniformly in ¢ € [0, 7], which basically holds by construction of the semigroups.

We write the diagonal observables a under consideration again in the form a = tr (a IIT)IIT +
tr (@II7)II- =: @™ II" 4+ o II". Note that such observables can be viewed as n-independent
elements of 4. By Proposition 3, there exists a subsequence (ex)ren depending on 7' > 0 such
that

Jim (W5 (4% (2)), @) 4

exists uniformly in ¢ € [0, 7. In the following, we will show that all such convergent subsequences
of

(W5 (1), @) aa). (25)

>0
converge to the same limit point

/ _tr (a(g, p) (T"po)(dg, dp,dn))
R4xR

uniformly in ¢, and thus the whole sequence itself has to converge towards this limit point
uniformly in ¢. By the definition of the measures Mti and yti, we have uniformly in ¢

lim [ (W (0) alg, ) dadp = Tim (W5 (0 (1)), ) 4 4

k—oo JRa
= > (/ a’(q,p) ] (dg, dp) + / _aj(q,p)l/f(dq,dndn))-
je{+) RA\I IxR
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By the identity (20) following Proposition 3

/ a*(g,p) pif (dg,dp) = / (a* 0 ®3") (¢,p) 15 (dg, dp) .
R4\J R4\ 1

Since f55 [We(45)(q,p)|dgdp — 0 as e — 0, we also have [p,s We(4§)(q,p) a(q,p) dgdp — 0 as

e — 0 for all a € S(R*, £(C?)) with supp (a) € Ss. This means supp (i0) N S5 = 0, which in

turn implies supp (po) N (Ss x R) = 0. By Lemma 6, we then have for the two-scale measures Vti

/_ai(q,p)vt*(dq,dp,dn) = / (Tia) (¢,p,n) vy (dg,dp,dn).
IxR IxR

Thus, uniformly in ¢

lim tr (Wek(¢%*(t)) a(q,p)) dgdp =

k—oo JRp4
> (/ (aj o ‘P;t) (¢.p) ) (dg,dp) + / _(T}a) (q.p,n) v} (dq, dp, dn)) :
je{+) RA\T IxR
and by definition of the measure pg and the semigroup 7

/Jﬁ%me%®MF:
jef{+) IxR

/R4 _tr ((T*a)(q,p) po(dq, dp. d)) >

/ (T}a) (q,p, 0) 1} (dg,dp) .
, R4\ J
Jje{=x}

Since T'(q,p,o0) = 0, we have
t + _ + gt +
[ (T20) @poonidadn) = [ (a0 ®2) (0.0) i (da. ).
R4\ T RA\T

and therefore, uniformly in t,

lim [ tr (W (% (t)) alg,p)) dgdp = / _tr (a(g,p) (T"po) (dg. dp.dn)) .
k—oo JR4 R4xR

The preceding arguments show that all convergent subsequences of the bounded sequence in

(25) converge to the same limit, and thus the sequence has to converge itself. This proves (23).

In order to establish (24), i.e. to lift the semigroup acting on the measures to a semigroup acting
on functionals, we first have to remove a neighborhood of S. Let x € C*°(R,R) be a smooth
function such that x =0 on [—0/2,0/2] and x = 1 on R\ [4, d]. Since supp (po) N (Ss x R) =0,
we have

t/_U@@MW%NMMMDz/‘JMMW@U@@@WMMMMW-
R4xR R4xR
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Denoting x(g,p) := x(q - p), the set {x (Tta) | t € [0,7]} is a bounded subset of A. Since
weak™*-convergence and strong convergence in A’ coincide, we get uniformly in ¢

/ _tr (alg,p) (T'po)(dg,dp,dn)) = lim (W5 (¥5),X (T"a)) 4 4 -
R4xR e—0 ’
Since the initial data have no mass near the jump manifold S, we find that
(W5 (T s = [ 10 (W Wi)ap) x(a-p) (£La)(a.p) dadp
= lim | tr (W(45)(q,p) (Lia)(g.p)) dgdp

e—0 Jpa

e—0 R4

uniformly in ¢. This shows (24) and the proof is complete.

A Appendix: Two-scale Semi-Classical Calculus

Here, we collect proofs of some of the two-scale results used in Section 4.

A.1 Moyal Multiplication Between S and S?/Q

We start with the proof of Lemma 1, which concerns the asymptotic expansion of the Moyal
product between the symbol classes S{(m1) and S?/Q(mz).

Proof. By Proposition 7.6 in [DiSj], the map
exp(£(DyDy — DgDy)) : S(RY, L(C?)) — S(R™, L(C?))

extends continuously to an operator S?/Q(ml ®mg) — S?/Q (m1®mg). Thus, we only have to show

the asymptotic expansion. Observing, that every differentiation of b produces a factor e71/2 it

is clear that ¢; € Sij/

19 2(m1m2). Proving (16), one defines the smooth mapping

E: R— ,C(S?/Q(ml ®ms)), tr E(t):=exp(L(D,Dy — DyDy)) .

Taylor expansion of order N around t = 0 gives

N
E(e) = > &4 (8E)0) + ENHﬁ/l(l—t)N (ONTLE) (et) dt .
=0 0
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The first summand is nothing else than

N .
Z% (*(D,Dy — DyDy))

while the remainder term can be rewritten as

1
i N+1
%/0 (1-t)N (¥(D,Dy — DyDy)) E(et)dt.

Since E(et) preserves the symbol class S? /2 (m1®meg), and since every differentiation of b produces

an extra factor e /2,

1
i N+1
/0 11—t (5(D,Dy — DyDy))" " E(ct)alq,p) b(q',p') dt |y—gp=p
is a symbol in S;/(2N+1)/2(m1m2), and we are done. O

A.2 Sharp Garding Inequality

The proof of the two-scale version of the semiclassical sharp Garding inequality, Proposition 1,
follows the steps outlined in Exercise 2.22 of [Ma).

Proof. For a € A one defines the anti-Wick symbol
ac,aw (q,p) = 7r_2/ aca(q,p) e PP ag ap e S9(1).
R4

Taylor expansion of a. 2(¢’,p’) around the point (g, p) yields

1
ac2(d,p') = ac2(q,p) + (¢ —q.0' —p) - / (Vaeo)((1—t)g+tq, (1 —t)p+tp')de,
0
and since fR4 e_‘q_q,|2_‘p_p/‘2 dq/ dp/ — 7-‘-27
ac aw(q,p) = az2(q,p) +
1
/ / (@ — g0 —p) (Vaca)(1 = t)g+tq', (1 — t)p + tp/) e =Pl qraq ap'.
R4 J0O

Clearly,

Vaaea(q,p) = Ve (Vqa)(Veq, Vep, g(Veq, Vep)/Ve)
+  (Ona)(Veq, Vep, g(Veq, Vep) /Ve) Vag(Veq, Vep) .
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Since |Vqg(v/eq, vep)| < const. /e ((¢,p))™ for some m € N, and since d,a is capable of com-
pensating polynomial growth, we have

Vyae2 = O(e) inSY(1).
Analogously, Vyaz 2 = O(y/2) in S§(1). Therefore, we obtain c4(ac2 — ac aw) = O(y/€) and
lac2(q; —1Vq) — acaw (¢, —1Vg)llg(r2) = O(VE). (26)

For ¢ € S(R%,C?) we have
s (0. -9,)0(0) = (2m)7 [ P s (85 p) 6 dd dp
2/ i(a=a")p g=l(atq)/2=a*~Ip=¢1* 2(x,8) ¢(q") dz de dg’ dp.
R8

Moreover,

/ oi(1=0)p o~ N(a+a)/2=aPP—lp=¢P gy — oila=0')€ o~ I(a+a)/2=al? / eila-a)p oI g,
R? R?

= qel@a) € ollata)/2=al® o—la=a'P/4 _ 7 oia=0)E o-la—al*/2=1d'~al*/2
and therefore

(&, ac,aw (@, =1V)9) 2 g2y =

(27_‘_)72 ﬂ_l/ ei(q*q’)-f e*‘qfx‘2/27|q/,;p‘2/2 <¢(q>,as72($,€)¢(q/)>cg dr df dql dq _
RS
(27T)—27T—1/R4 (@(2,€), ae2(7,€) B(x, &) dzd€ > 0

with
Ba§) = [ el ) g,
R2
By Lemma 2 and equation (26), we have for ¢ € S(R?,C?)

(¥, ac(q, _iqu)w>L2(Rn) = (S, a-2(q, —1Vy) S° w>L2(R2
= (5 Y, ac aw (¢, —iVy) S€¢>L2(R2) + O(\/E) ||1/’||%2(R2)
> —const. Ve [[9)]|72g2) -

By density, we conclude the proof also for general wave functions ¢ € L?(R?,C?). O
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A.3 Two-scale Wigner Measures

Next, we present the construction of two-scale Wigner measures (Proposition 2). Our construc-
tion is analogous to the standard construction of Wigner measures, as it is based only on the
Calderon-Vaillancourt Theorem and the two-scale version of the semiclassical sharp Garding
inequality.

Proof. We proceed via different steps, firstly showing a uniform bound, secondly positivity of
the limit points, then extending the linear form to continuous functions, and finally proving the
claimed relation to the Wigner measure pu.

A UNIFORM BOUND. Since c4(a:-2) < s5(a) uniformly in ¢ > 0, the Calderon-Vaillancourt
Theorem gives a positive constant C' > 0 such that

| (WE(WF)a) o4 | < C s5a) 97172 ge) -

Since A is a separable topological vector space, an application of the Banach-Alaoglu Theorem,
Theorem 3.17 in [Ru], gives a subsequence (W3*(¢#))., >0, which converges with respect to the
weak*-topology to some p € A’.

PosiTiviTy. By Proposition 1, we have for non-negative 0 < a € A

m (%, ac(q, —iex Vo) ™) [2 g2y

li

k—o0
. 2

> —const. kli)n(’)lo\/&‘k ||1/16kHL2(R2) = 0.

<p’ a>A',A = k:li»Hc}o <W§k (wgk)a a>A”A =

Thus, p is a as bounded positive linear form on A.

EXTENSION TO C.(R* x R, £(C?)). The following considerations coincide literally with the
standard arguments showing that positive distributions are Radon measures. However, since we
have to work with matrix-valued measures on R* x R, we follow up the usual argumentation
ensuring that the matrix-valuedness and the set {n = oo} do not enforce any alterations. For
a € A with values in L, (C?) we have ||a]|oc +a > 0, where ||al|o = SUP(g,p.m)ers [1a(q P, M) £(c2)-
Therefore, ||a||o p(Id) £ p(a) > 0, that is

p(a)] < p(1d) [[a|oo -

For arbitrary a € A, we choose 6 € R such that ep(a) € R. Since p(a*) = p(a), we have by the
preceding observation

p(a)l = 5lp(e’a+ea*)| < p(Id) 5 [e¥a+ e Pa" | < p(1d) [la]ls - (27)

Clearly, we can identify C,.(R* x R, £(C?)) with the space

{a € C(R® L(C?): supp (a) C K x R for some compact set K C R,
S € CRLLE): lim_faln) — ool =0},
n|—00
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and thus we can view A as a subspace of C.(R* x R, £(C?)). For § > 0 and ¢5 € A with
Jgs ¢6(x) dz = 1 and supp (¢5) C {z € R® : |z| < 6} one immediately checks that the convolution
a* s is a function in A, and that A is dense in C.(R* x R, £(C?)) with respect to the supremum
norm. By the bound obtained in (27), p extends uniquely to a bounded positive linear form
on C.(R* x R, £(C?)). By the Riesz representation Theorem, p is a bounded positive Radon
measure on R* x R.

RELATION TO THE WIGNER MEASURE. Let (W5(1)%))es0 converge to p € A’. Since any test
function a € S(R*, £(C?)) can be viewed as an n-independent observable in A, we have for such
functions a

lim <Wa(¢6)aa>3/7 = ;1_1)]% <W28(¢5)»G>A/,A-

e—0

Thus, ((W(¥°),a)s,s)e>0 converges for all a € S(R*, L(C?)). For a € Aj, with

Ar, == {ac Alsupp(a)N Iy xR) =0, lim cs(a(-,n) — ) =0}

In|—o0

there exists ¢ = ¢(a) > 0 such that |g(q,p)| > ¢ for all (¢,p) in the support of a, and hence

l9(v/Eq, v/2p) /\/E| > ¢/+/€ for all (y/2q, /€p) in the support of a. We obtain for all a € N§ with
lal <5
;ig(l)( s?pR4 | 0%a(Veq, Vep, 9(Veq, Vep) /Ve) — 0%ane(Veq, Vep) |
a,p)€
< lim eqa(-,n) —as) = 0.

In|—o0

Denoting (g, p) — Goo (¢, D) := aoo(v/Eq, VEP), We have lim._,o c4(as 2 — aooe) = 0 and therefore
by the Calderon-Vaillancourt Theorem

<p’ a>A/”A = lim <S€1/}€7 aE,Q(Q7 _lvq) Ss¢€>L2 = ;lm <SETZ)E, aOO,E(q’ _lvq) SEwE>L2

e—0 —0

E—

= lim (0% aco(g, —1eVg) ¥%) 2 = / tr (aoo(q,p) 1(dg,dp)) .
R4

By the same arguments employed before, we can approximate a € C’C(R4 x R, L£(C?)) with
support away from I, by observables in (a * ¢5)s>0 in Az, with support away from I, since
lg(q,p)| > ¢ for (gq,p) in the support of a implies |g(¢’,p’)| > ¢ for some ¢ = ¢/(6) > 0 for all
(¢',p') in the support of a * ¢5, and since for all a € N§ with |a| <5

lim_{|0% ((a * ¢5)(-, 1) = Goo * Ps00) loo < 1im [|0% (a(:, 1) — @oo) [loo [|d5l[L1Re) = O

In|—oc0 In|—o0
Thus,
/ _tr (a(q,p,n) p(dg,dp,dn)) = / tr (a(q,p, 00) u(dg, dp))
R*xR R4

and

/ _a(q,p,n) p(dg,dp,dn) = / a(q,p, o) p(dg, dp) ,
R4 xR R4
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which means
plrnr,)<m(@pn) = pleig, (4,0) ®6(n—o00),  (¢,p,m) € R' xR.
Defining v := p| I,xE 38 the restriction of the measure p to I, x R, we obtain

p(a,p,n) = plrag,(¢,p) ®6(n —o0) + vig,p,n).

For a(q,p) = a € A just depending on (¢, p) we have

/ _tr (a(g,p) p(dg. dp,dn)) = lim (4%, a(g, =1eVg)) 2 = / tr (a(q,p) p(dg,dp)) ,
R4xR £— R4

and thus [gv(-,dn) = plr,- 0

A.4 Localization of Two-Scale Wigner Measures

Finally, we provide the proof of the localization property of two-scale Wigner measures in the
cotangent space of space-time, Lemma 4.

Proof. We define a linear operator
H® = —icd, — H° = (14 h)((t,q), —ieViq)
with domain
D(H®) = {¢ € L*(R*,C?) | ¢(-,q) € CY(R,C?) for g € R? ,¢(t,-) € D(H®) for t € R} .
For initial data ¥§ € D(H®) the solution ¥* is in C*(R, D(H¢)). Thus, x1¢° € D(H*) and

e—0

1H Ot )l 2sy = (=iedexr) ¥° [l 2@s) = 0.

The symbol a. need not have any decay properties for large 7. However, since 7 4 h is linear in
7, the reasoning of Lemma 1’s proof gives for a € At

acte(7 +h) — ac(r + h) € S % (1).

For a well-defined pairing with pp, we restrict ourselves to symbols a € At with support
supp (a) C [0,T] x R2 x [11,79] x RS, for some 71,72 € R and have

<:0T7 Cl(T + h) >.A{pw4T = klgrolo <XT¢aka (GE(T + h))((ta Q)v _igk’vt,q) (XTwsk)>L2(R3)
- klggo <XTwEk,ae((t> q), —iekViq) H* (XT¢ak)>L2(R3) -
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Since pr is a distribution of order zero, and since the set of symbols used in the preceding
lines is dense in C.(R% x R, £(C?)), we have pp(7 + h) = 0 as measures, provided initial data
Y5 € D(H®). A || - ||p2(r2)-density argument proves

(pr,a(r+h)apar = 0

for general initial data ¢§ € L?(R?, C?) and observables a € At with compact T-support, while
another || - ||oo-density argument gives pr(7 + h) = 0 in the sense of measures. Observing that
V(q)? = |q|?Id, we finally obtain the claimed assertion on the support of pr. O

Acknowledgements. We would like to thank F. Bornemann, C. Fermanian-Kammerer, T.
Jahnke, C. Lubich, A. Mielke, G. Panati, C. Schiitte, and H. Spohn for helpful comments.
The work has been supported by the priority program “Analysis, Modelling and Simulation of
Multiscale Problems” of the German Science Foundation (DFG).

References

[AvGo] J. Avron, A. Gordon: The Born Oppenheimer wave function near level crossing, Phys.
Rev. A 62, 2000, pp. 062504-1-062504-9.

[Be] M. V. Berry: Histories of adiabatic quantum transitions, Proc. R. Soc. Lond. A 429, 1990,
pp. 61-72.

[BeTe] V. Betz, S. Teufel: Non-adiabatic transition histories, in preparation.

[BMKNZ] A.Bohm, A. Mostafazadeh, H. Koizumi, Q. Niu, J. Zwanziger: The Geometric Phase
in Quantum Systems, Springer Verlag, 2003.

[CdV] Y. Colin de Verdiére: The level crossing problem in semiclassical analysis I, The sym-
metric case, Ann. Inst. Fourier 53, 2003, pp. 1023-1054.

[DiSj] M. Dimassi, J. Sjostrand: Spectral Asymptotics in the Semiclassical Limit. Cambridge
University Press, 1999.

[Dy] E. Dynkin: Markov Processes, Volume 1. Springer Verlag, 1965.

[Fe] C. Fermanian-Kammerer: Propagation and absorption of concentration effects near shock
hypersurfaces for the heat equation, Asymptotic Analysis 24, 2000, pp. 107-141.

[FeGel] C. Fermanian-Kammerer, P. Gérard: Mesures semiclassiques et croisements de modes,
Bull. S. M. F. 130(1), 2002, pp. 123-168.

38



[FeGe2] C. Fermanian-Kammerer, P. Gérard: A Landau-Zener formula for non-degenerated
involutive codimension 3 crossings, Ann. Henri Poincaré 4(3), 2003, pp. 513-552.

[FeLa] C. Fermanian-Kammerer, C. Lasser: Wigner measures and codimension two crossings,
Jour. Math. Phys. 44(2), 2003, pp. 507-527.

[Ge] P. Gérard: Mesures semi-classiques et ondes de Bloch, Séminaire sur les Equations auz
Dérivées Partielles, Ecole Polytechnique, Palaiseau, Exp. No. XVI, 1991, pp. 1-19.

[GMMP] P. Gérard, P. Markowich, N. Mauser, F. Poupaud: Homogenization limits and Wigner
transforms Comm. Pure Appl. Math. 50(4), 1997, pp. 323-379.

[Ha] G. Hagedorn: Molecular propagation through electron energy level crossings, Memoirs
AMS 536(111), 1994.

[HaJo] G. Hagedorn, A. Joye: Time Development of Exponentially Small Non-Adiabatic Tran-
sitions. Math. Phys. Preprint Archive mp_arc 03-401, 2003 (to appear in Commun. Math.
Phys.).

[Je] T. Jecko: Semiclassical resolvent estimates for Schrodinger matrix operators with eigenvalue
crossing, Math. Nachr. 257, 2003, pp. 36-54.

[JoPf] A. Joye, C. Pfister: Exponential estimates in adiabatic quantum evolution, XIIth Inter-
national Congress of Mathematical Physics (ICMP ’97), 1999, pp. 309-315.

[LaNi] P. Lax, L. Nirenberg: On stability for difference schemes: a sharp form of Garding’s
inequality, Comm. Pure Appl. Math. 19, 1966, pp. 473—494.

[La] C. Lasser: Conical energy level crossings in molecular dynamics, PhD thesis, Technische
Universitdt Munchen, 2004.

[LaTe] C. Lasser, S. Teufel: A rigorous surface hopping algorithm, in preparation.
[Li] T. Liggett: Interacting Particle Systems, Springer Verlag, 1985.

[LiBe] R. Lim, M. V. Berry: Superadiabatic tracking of quantum evolution, J. Phys. A 24,
1991, pp. 3255-3264.

[Ma] A. Martinez: An Introduction to Semiclassical and Microlocal Analysis, Springer Verlag,
2002.

[Mi] A. Mielke: Macroscopic behavior of microscopic oscillations in harmonic lattices, unpub-
lished notes 2003.

[Mil] L. Miller: Refraction of high frequency waves density by sharp interfaces and semiclassical
measures at the boundary, J. Math. Pures Appl. 79(3), 2000, pp. 227-269.

39



[Ne| L. Nedelec: Resonances semiclassiques pour I'operateur de Schrodinger matriciel en dimen-
sion deux, Ann. Inst. Henri Poincaré, Phys. Théor. 65, 1996, pp. 129-162.

[Ro] D. Robert: Autour de I’Approximation Semi-Classique, Birkhduser, 1987.
[Ru] W. Rudin: Functional Analysis, Second Edition. McGraw-Hill, 1991.

[SpTe] H. Spohn, S. Teufel: Adiabatic decoupling and time-dependent Born-Oppenheimer the-
ory, Commun. Math. Phys. 224, 2001, pp. 113-132.

[Tr] F. Treves: Topological Vector Spaces, Distributions and Kernels, Academic Press, 1967.

[Ya] D. Yarkony: Conical Intersections: The New Conventional Wisdom, J. Phys. Chem. A 105,
2001, pp. 6277-6293.

[Ze] C. Zener: Non-adiabatic crossing of energy levels, Proc. R. Soc. Lond., Ser. A 137, 1932,
pp. 696-702.

40



