A NONLINEAR OPTIMIZATION PROBLEM IN HEAT CONDUCTION

EDUARDO V. TEIXEIRA

ABSTRACT. In this paper we study the existence and geometric properties of an optimal
configuration to a nonlinear optimization problem in heat conduction. The quantity to
be minimized is faD I'(z,uy)do, where D is a fixed domain. A nonconstant temper-
ature distribution is prescribed on 9D and a volume constraint on the set where the
temperature is positive is imposed. Among other regularity properties of an optimal
configuration, we prove analyticity of the free boundary.

1. INTRODUCTION

In this paper we study a classical optimization problem in heat conduction, which may
briefly be described as follows: given a surface D in R™, and a positive function ¢ defined
on it (the temperature distribution), we want to surround 9D with a prescribed volume of
insulating material so as to minimize the loss of heat in a stationary situation.

Mathematically speaking, we want to find a function w, which corresponds to the tem-
perature in D®. The function u is harmonic whenever it is positive and the volume of the
support of u is equal to 1. The quantity to be minimized, the flow of heat, is a continuous
family of convex function of u, along 0D.

Our paper was motivated by a series of remarkable papers [1], [2] and [3]. The first two
articles study the constant temperature distribution, i.e., ¢ = C on 0D. All of them treated
the linear case, i.e, I'(x,t) = t. The linear setting allows, in [I] and [2], to reduce the quantity
to be minimized to the Dirichlet integral. Even in the linear case the nonconstant temper-
ature distribution, problem studied in [3], presents several new difficulties. The ultimate
goal of this article is to study the nonlinear case with nonconstant temperature distribution.
The nonlinearity treated in this article has physical importance: problems with a monotone
operator like the type we study in this paper arise in questions of domain optimization for
electrostatic configurations.

The nonlinearity over u, presents several new difficulties as well. For instance, even to
provide a reasonable mathematical model, one faces the problem that it does not make sense
to compute normal derivatives of H'-functions. In [3], this problem could be overcame by
reducing the quantity to be minimized to the total mass of Au. The later quantity can be
thought as a nonnegative measure, whenever u is subharmonic. In the case studied here,
there is no integral representation for [, op L'(%,u,)do. To grapple with this difficulty one
has to be careful in balancing the correct regularity of the constraint set; otherwise, classical
functional analysis methods might not work anymore. Typical arguments used in [2] such
as, changing the minimizer in a small ball by a harmonic function with boundary data equal
to u, is not conclusive anymore. Indeed near 0D, u and the new function agree; therefore,
they have the same normal derivative. To overcome this difficulty, we solve suitable auxiliary
obstacle problems and compare them with the minimizer. Moreover we also inherit all the
difficulties intrinsic to the nonconstant temperature distribution. These difficulties appear
in the results concerning fine regularity results of the free boundary. As noticed in [3], this
is due to the fact that the free boundary condition has a nonlocal character. Inspired by the
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approach used in [3], we overcome such problems by making use of the powerful results on
the behavior of harmonic functions in non-tangentially accessible domains provided in [7].

Our paper is organized as follows: in Section 2 we present the physical problem we are
concerned with. Afterwards, we formulate a penalized version of the variational problem for
the temperature u. As part of our strategy we define suitable constraint sets. These will be
fundamental to overcome some difficulties caused by the nonlinearity. For instance, we shall
initially solve the optimization problem over a weakly closed subset of H' (the sets V5). Un-
like in [3], we shall need to establish all the optimal regularity properties of the minimizers
of these auxiliary problems, i.e. Lipschitz regularity, to be able to prove the existence of a
optimal configuration of the original penalized problem. This is the content of Section 3.
Some basic geometric-measure properties of the optimal configuration such as: linear growth
from the free boundary and uniformly positive density, are contained in Section 4. These
geometric-measure properties allows us to establish a representation theorem in the sense of
[2]. Such a representation theorem turns out to be the right starting point to the journey
of proving fine regularity results to the free boundary. Section 5 is reserved for the optimal
regularity of the free boundary. We initially show the normal derivative of the minimizer
over the free boundary is a Hélder continuous function. This allows us to conclude the free
boundary is a C*® surface. Furthermore, using the free boundary condition found in the
proof of Holder continuity of the normal derivative, we shall conclude that the free boundary
is an analytic surface, up to a small singular set. In the last section we recover the original
physical problem from the penalized problem. The strategy here is to show that for € small
enough, the volume of {u. > 0} automatically adjusts to be 1.

2. STATEMENT OF THE PHYSICAL PROBLEM

In this section we shall state the physical problem we are interested in. Afterwards, we
will present a penalized version of the original problem, which turns out to be more suitable
from the mathematical point of view. In the last section we shall recover the initial problem
from its penalized version. The (real) problem we are concerned with is:

Let D C R™ be a given smooth bounded domain and ¢: 0D — Ry a positive continuous
function. For each domain ) surrounding D such that

Vol.(Q\ D) =1,
we solve the problem
Au = 0inQ\D
u = @ondD
v = 0on 0N

and compute
J(Q) ::/ I'(z,u,(z))do,
oD

where p is the inward normal vector defined on 0D and I': 9D x R — R satisfies:
(1) For each z € 9D fixed, I'(x, -) is convex and

lim [(z,t)do(x) = 400,
t——+oo 9D

(2) For each z € 9D fixed O;I'(x,t) > 0 is nondecreasing in ¢,
(3) For each t € R fixed, 9,;'(, ) is continuous,

(4) If T'(zo,to) = 0 then I'(y,to) = 0 Yy € 9D, otherwise,
constant L > 0.

I'(y,t)
(2,1)

< L, for a universal

—
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Remark 2.1. Notice that if we define hg to be the harmonic function in D¢ taking boundary
values equal to ¢ on 0D and | llim ho(xz) = 0 (see Lemma [3.4), and ¢y := iang(ho)#, the

nonlinearity T has only to fulfill the above conditions on 9D X (¢g,+00). It follows from
the Hopf Lemma that, in the constant temperature distribution, ¢y > 0. In such a case, the
natural nonlinearity to consider is I'(t) = ¢P, for p > 1. Typical nonlinearities in a general
case is of the form T'(z,t) = ¥ (x)y(t), where ¢ is a positive continuous map and v is a
coercive and convex function fulfilling condition 2.

Our goal is to study the existence and geometric properties of an optimal configuration
related to the functional J. In other words, our purpose is to study the problem:

J(u) = / T(z,uy(x))do : u: DY - R, u= ¢ on dD,
aD
Au =0 in {u > 0} and Vol.(supp u) =1
2.1. The Penalized Problem. Instead of working directly on problem ([2.1]) we shall study
a penalized version of it. This grapples with the difficulty of volume constraint. Our first

step toward the right mathematical statement of the penalized problem is to find a suitable
(metric) space to look for minimizers.

(2.1) minimize

Definition 2.2. Let § > 0 be a fixed small positive number. We shall denote by Ds :=
{x € DY : dist(x, OD) < &§}. We define

Vs := {uEHl(DC):uEO, Au>0, Au=0in Ds, and u = ¢ on OD}.
We then define
V.= U Vs.

SN0
The penalized problem is stated as follows: Let € > 0 be fixed. We consider the function
1
1+-(t—1) ift>1
Je = + E( ) itz
1+e(t—1) otherwise.

We shall be interested in minimizing

(2.2) Tw) = [ e unla))do + (> 0}).

among V.
Notice that u is harmonic near 0D; therefore it makes complete sense to compute normal
derivative of functions in V.

3. EXISTENCE OF A SOLUTION TO THE PENALIZED PROBLEM

In this section we shall find a minimizer for the problem (2.2). The strategy is to study,
for each § > 0 fixed, the minimizing problem

(3.1) minimize J.(u) over V;.

Afterwards we shall pass the limit as § goes to zero. The limiting function will be a minimizer
for problem . In the end of this section we shall not only guarantee the existence of
a minimizer but also show the minimizer u. is a Lipschitz function. This is the most one
should hope, since Vu, jumps among d{u = 0}.

Lemma 3.1. Vj is a weakly closed set of H'(DY).

Proof. Let u, — u in the H'-sense. We might suppose, up to a subsequence, that
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(1) Vu, — Vu in [L?(D)]".
(2) un(x) — u(z) for almost every point = € DC.
First of all, u > 0 and u = ¢ on dD in the sense of trace. Indeed, the former is due to the
a.e. convergence. The latter is justified as follows: Let T: H'(D®) — L?(0D) be the trace
map. We have
u—p=T(u—uy) —0, asn — oo,

since T is a continuous linear map. Let ¢ € C’(‘)’O(DC7 R ) be fixed. We compute

/ uAp = — VuVy = — lim Vu, V¢ > 0.
DC DC c

n—oo D

This proves u is subharmonic. Furthermore a same computation as above, for 1 € C§°(Ds),
yields Au = 0 in Dgs. This finishes the proof. O

We recall that for each u € Vi, Au is a positive Radon measure supported in Dg.

Lemma 3.2. For each u € Vy, there holds

Audx:/ uydo.
DC aD

Proof. Let Dy := {zx € DY : dist(x,0D) < 1/k}. We build &, € C°>°(D) such that

&k 1in DY
&k 0on 0D

Let u € Vj be fixed and k be large enough such that 1/k < §. We compute

/ V& Vu = / V&Vu = VE&Vu + EAu
DC Dy Dy,
0Dy,

lim kaVu:/ Audz = lim undA(Dk):/ uydo.
k— o0 DC DC k— o0 dDy, aD

Finally,

O

Lemma 3.3. The functional J, is lower semicontinuous with respect to the H' weak con-
vergence.

Proof. Let {u,}2, C Vs be such that u, — u in H'(D®). We first deal with

J(v) = / I'(z,u,)do.
aD
Consider for the moment the functional

b0) = [ otau,)in
where ¢(z,£) = max (a;(z)[¢] + bj(x)), V¢ € R. We denote by A; := {& € ID :

1<j<m
m
o(z,uu(x)) = a;(x)uy(x) + bj(x)}. Then 0D = |J A;, and we may assume that this
j=1
union is disjoint. Moreover, due to the weak convergence assumed, we have that Awu,, — Au
in H~!. Therefore

/ uydo = Audx < liminf Auy,dr = lim inf/ (un)pdo
oD DC oD

n—oo  Jpo n— oo
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We compute

o) = [ ot = 3 [ a@urb e

< limian/ a;(x)(un)u + bj(x)do
n—oo = r;

< limian/ O((tn),)do
n—00 = r;

= liminf ®(uy,).

In the general case, since I'(x,-) is convex for each x € 9D, I'(z,§) = klim #*(z, &) where

o (z,€) = 1rgaé<k(aj(x)|§| + b;(x)). Finally the weak lower semicontinuity of ® follows by
<j

applying the monotone convergence Theorem.
The weak lower semicontinuity of f€(|{u > O}|) follows easily by the general fact that,
up to a subsequence, u, — u a.e and then

{u > 0}| < liminf [{u, > 0}|.
To finish, we observe that f. is a increasing continuous function, therefore
fe({u > 0}) < f-(liminf [{u, > 0}[) = liminf f.(|{u, > 0}]).
O

Lemma 3.4. Let hg be the harmonic function in D€ taking boundary values equal to ¢ on
0D and lim ho(x) =0 and u € Vj be fized. Then

|z|—o00
/ |Vu|2dx§/ |Vh0\2d$+max<p/ u,do.
D¢ DC 8D aD

Proof. Easily we check that

VuV (u — hy) = / (ho — u)Au
D¢ D¢
and that
Vho : V(ho - u) =0.
DC
Moreover, by the maximum principle we know 0 < u < hy < I%%X. Hence,

/ |Vul*de = Vthod:E—i—/ (ho — u)Audx
D¢ D¢ D¢

/ |Vh0|2dx—|—/ (ho — u)Audz
DC De

/ |Vho|*dx + maxga/ Audz.
DC oD DC

= / |Vh0|2dm+maxga/ u,do,
DC oD 9D

by Lemma [3.2] This finishes the proof. O

IN
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Theorem 3.5. There exists a minimizer ug € Vs for J. over Vy.

Proof. Let {u,}5°; C Vs be a minimizing sequence. Let us denote by o := H"~1(dD) and
M = max . From Lemma there holds

1 , 1 , 1/
- nllde < —— hol?dr + — n)udo.
2Ma/Dc|v“| x*QMa/DcW offde 52 | (un)udo

Thus, from the fact that T'(y, -) is increasing and convex for each y € 9D, we obtain

1 2
1
F(y/ |Vh02dx> +F(y,/ (un)uda)
07 DC 8D «
r(y 1/ Vho|?dx +1/ D(v. () (@) ) do ()
" o Do 0 o Jop s \Un)p .

The last inequality follows from Jensen’s inequality. We now integrate the above inequality
with respect to y and get:

2 /SDF <y2z\14a/Dc Vun|2da:) do(y)
62 < [ rlus [ wnta)aos s [ r( @)oo

/(mr <y;/DC |Vh0|2d:1:> do(y)+L/aDF(:c, (n)u (@) ) dor(2)

The above together with the coercivity of the map t — [, I'(y, t)do(y) implies ||V, || 2 (pe)
is bounded. Lemma [3.1] and Lemma [3.3| complete the proof. O

IA

AN

IN

Now we turn our attention to the minimizing problem (2.2]). The idea is to pass from the
minimizers of (3.1)) to a minimizer of (2.2)). In what follows we shall need some lemmas.

Lemma 3.6. For each w € Vy, fDC wAw is meaningful and there holds

/ (wAw + |Vw|2)da? = / pw,do.
De oD

Proof. For any compact set Z of D, it follows from the mean value theorem that w can be
approximated by a decreasing sequence of smooth functions and therefore uniformly in Z.
Hence fE wAw has a meaning. Let & be like in Lemma We have that

ErwAw = —/ V(&w)Vw.
DC DC
and

/ V(&cw)sz/ V(&w)Vw + V(&w)Vw
DC D¢

Dy



A NONLINEAR OPTIMIZATION PROBLEM IN HEAT CONDUCTION 7

If k is big enough such that 1/k < §, we find

/ V(&w)Vw = V(&pw)Vw + EpwAw
Dy,

Dy,

= / w - wydA(Dy)
0Dy,
oo —/ wydo.
oD

V(&Gw)Vu =2 [ Vw2,
D¢ D¢

This finishes the proof. O

Furthermore,

Lemma 3.7 (An auxiliary obstacle problem). Let u = ul be a minimizer of problem
and B a ball in DC. Then there exists a unique v € H*(D®) minimizing the energy func-

tional
/ \Vv|2dx,
DC

such that v =@ on dD and v =0 in u=*(0) \ B. Such a function satisfies

(1) v e Vs,

(2) 0 <u<wv<supe.
8D

3) /Dc A = 0.

Proof. Let K := {w € H*(D®) : w = ¢ on dD and w < 0 in u~1(0)\ B}. One easily verifies
that K is a closed convex subset of H'(DY). The energy functional is strictly convex and
by the Poincaré inequality it is coercive over K. This implies there exists a unique minimal
energy point v € K. Moreover its variational characterization is:

(3.3) V(0 —-wv) V(w—wv)dr <0 Yw e K.
DC

For every ¢ € H} (DY, R,), we have that v — ¢ € K, so inequality (3.3) says that

Vv - V(dz <0 V¢ € Hy (DY, Ry).
DC
It means Av > 0 in the sense of distribution.
Claim: Av =0 in (u=*(0)\ B)® D D;.
Indeed, let B(y,e) C (u=1(0)\ B)C. For all v € H}(B(y,¢),R,), we may think it as an
element of H} (DY) just by extending it by zero outside of B(y, ¢). Since supp % N (u~1(0)\
B)¢ = (), we conclude that v + 1) as well as v — % lie in K. Then inequality implies

/ Vo - Vo =0.
B(y,e)

This shows that Av =0 in (u~!(0) \ B)®. Once u is subharmonic, we apply the maximum

principle we obtain 0 < u < v < sup ¢. This proves (2). Finally, let us verify item (3). To
aD

this end, let ¢ € H} (DY, R*) and |7| be small. Hence v+ 7w is non positive in (u=1(0)\ B)
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and takes the same boundary values as v. That is, v+ Ti¢v competes against v in the energy
problem. Thus

/ |Vv|2dx§/ \Vv|2dm+27/ V(U’(/))V’U—FTQ/ |V () |2dz,
De De DC De

and once 7 is arbitrary,

0= V(vy) - Vude = —/ YvAvdz.

D¢ D¢

Taking ¢ — 1 yields / vAvdz = 0, as desired. O
DC

We shall need the following result from [2].

Lemma 3.8. Suppose w € H*() is a non-negative semicontinuous function. There exists
a constant ¢ > 0, depending only on dimension, such that, whenever B(x,r) C ) there holds

2
1
7[ wdo -\{yeB<x,r>:w<y>=0}|Sc/ IV (w — ) dy,
r OB (xz,r) B(z,r)

where h is the harmonic function in B(x,r) taking boundary values equal to w on OB(z,r).
Lemma [3.8] is the final ingredient we needed to prove:

Theorem 3.9. Let u = u® be a minimizer to problem . There exists a constant
M = M(e) > 0 independent of §, such that if

1
7][ udo > M,
T JoB(z,r)

then B(z,r) C {u > 0}.

Proof. Let v be the function given by Lemma [3.7] Such a function is admissible for problem

, thus
Je(u) < J:(v).

We recall that 0 < u < v < hg, where hg is the harmonic function defined on Lemma |3.4
Then, for each x € 9D, there holds

co < (70)u(x) < vu(x) < up(x)-
Therefore,

(3.4) / I'(z,u,) —T(x,v,)do > min I (z, co)/ (uy — vy)do.
oD . oD

We also have, from Lemma [3.6] and Lemma [3.7] that

supcp~/ (uy —vu)do / uAu—i—/ |Vu|2—/ vAv—/ |Vol|?
oD oD De De De DC

/ |Vul? —/ |Vol2.

DC DC

We consider now the harmonic function h in B(z,r) taking boundary values equal to u. We
extend h by u outside of B(xz,r). In this way, h € Vs and 0 < u < h < v. Hence, h is
admissible for problem (3.1]) as well as for the energy problem in Lemma Then using

Y

(3.5)

Y
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the minimality property of v, we can replace, in the right hand side of (3.5), Vv by Vh.
That is,

sup ¢ - / (uy — vy)do > / |Vul|? — |Vh|*dz = / |V (u — h)|?dz.
D aD Do B(a,r)

Plugging these inequalities into ([3.4)) we obtain

(3.6) /aD F(uy) —T(vu)do > (T, ) /B(Wl) |V(u— h)|*dx.

We recall that f. is a Lipschitz function with Lipschitz constant equal to % Using this

together with the key fact that J.(u) < J.(v), we end up with

| P) =T < full{> 0}) = full{u> 0})
(3.7)

IN

Sy € Ba,7) s uly) = 0}

Finally, by Lemma [3.§ we get

{B(x,r) nu=t(0)}] = €C(F,<ﬂ)/B( )\V(u—h)Ile’

(3.8) . 9
77[ uao B(x,r ul .
(7‘ 5B (,) d > ‘{ ( ’ ) (O)H

1
> I, p)-
ec(l's )

Hence, if
1 c

- udo > | ——
T]gB(:v,r) €C(F, QO)

{y € B(z,r) : u(y) = 0}| has to be equal to zero. Observe that in this case, u = h in B(z, )
and hence u is harmonic in such a ball. 0

4

Corollary 3.10. There exists a constant K., independent of §, such that all minimizers u?

are Lipschitz functions with ||ul||ri, < K.. Moreover Aud =0 in {u® > 0}.

Proof. Let u = u‘g. We will first show that {u > 0} is an open set. To this end, let z € D¢
be such that u(z) > 0. Since u is subharmonic, for a small r

][ udxr > u(z) > 0.
B(z,r)

Now we take ry > 0 small enough such that

1

— udx > M,.

70 JB(z,r0)
Hence Theorem implies B(z,79) C {u > 0} and Au = 0 in B(z,rg). Let x € Q CC
Q' cc DY, with u(z) > 0. Let d = dist(x, Q' N{u > 0}) and consider the ball B = B(z,d).
Suppose 0B touches d{u = 0}. Then from Theorem for each v > 0, there holds

1
][ udo < M.
4y OB (x,r+7)

Letting v — 0, we get
1

7][ udo < M.
T JoB(x,r)



10 EDUARDO V. TEIXEIRA

Once u is harmonic in B, by the interior estimate of derivatives, we obtain

1
[Vu(z)] §C(N)f][ udo < C(N,e¢).
T JoB(z,r)

On the other hand, if 9B touches 9, then again by the interior estimate of derivatives for

harmonic functions, we find

N

< —

Vu@)] < dist(2, )
O

Theorem 3.11. There exists a minimizer u. € V for the problem . Moreover it is a
Lipschitz function and Aue =0 in {us > 0}.

Proof. Let D be a smooth domain such that D ¢ D, with |D\ D| = 1 and ug the harmonic
function on D\ D, such that ug = ¢ on D, ug = 0 on dD. In this way, ug competes against
u® in (3.1) for all e > 0 and § > 0. Thus

C = Jo(ug) > Jo(ue) > / Iz, (u)u(2))do, Ve >0, 6> 0.
oD

Combining the above with estimate implies that, up to a subsequence, we might assume

that u — wu. in the H'-sense, as 6 — 0. Furthermore, by Corollary we might also

assume that u! — wu. uniformly over compacts. In this way, for each B(x,r) C {u. > 0},

there exists a dy > 0 such that, for all § < 6y, B(z,r) C {u > 0}. This shows that Au. = 0

in {u. > 0}. Finally, Lemma [3.3] implies

Je(ue) = m‘}n Je,

and thus, since in particular w is a minimizer of a problem (3.1) for any § such that Ds C
{u > 0}, uc is Lipschitz, and its Lipschitz constant depends only on e. O

4. REGULARITY PROPERTIES OF SOLUTIONS TO THE PENALIZED PROBLEM

In this section we start the journey of showing regularity properties of an optimal con-
figuration to problem . Optimal regularity of the minimizer has already been obtained
in the previous section. In this section, as well as in the next section, we shall be concerned
with regularity properties of the free boundary. Throughout this section we will denote wu.
by wu.

Theorem 4.1. For 0 < 7 < 1, there exists a constant m.(T) such that if
1

- udo < mg (1),

T JoB(z,r)

then B(z,1r) C {u =0}

Proof. Following the same idea of Lemma we assure the existence of a minimizer to
the energy functional, ch |Vv|?dx, subject to the constraints: v = ¢ on 9D and v < 0 in
B(z,7r) U {u = 0}. As done in Lemma one can show that Av > 0, 0 < v < u and
J vAv = 0. In particular v competes with v in problem ; therefore

(4.1) /aD I'(z,v,) — D(z,uy,)do > e([{u > 0} N B(z,77)]),
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where we have used that f-! is Lipschitz with Lipschitz constant equal to . Also from
Lemma 3.6 we obtain

) i . - < 2_ 2)dx.
(4.2) gggo /{mvu uuda_/Dc (|Vv\ [Vul )dx

Let 6y > 0 be a fixed small number. We may assume B(x,r) C D\ Ds,. Let w be the
harmonic function in Ds, taking boundary values equal to ¢ on 0D and 0 on dD;s,. For
each x € 9D, there holds

u,(X) < vu(x) < wu(x) < Co.
Therefore,

/ I'(z,v,) —T(z,u,)do < maXF,(x, C’o)/ vy, — uydo.
oD oD oD

Combining the above inequalities we end up with

(4.3) e({u > 0} N B(z,7r)|) < C(Rap)/ (|Vv\2 _ |Vu|2)dgc.
DC
Let us consider the auxiliary functions
log <£> if N=2
T
9(p) =
1 1
— if N >3,

and h: B(x,\/Tr) = R,

. S +
) = min fulr), ~ S (ally — D) "}
gt ol =)
where s := max . Extending h by u outside of B(x,+/7r) we see that h = 0 in {u =
B(xz,Tr)
0} N B(z,7r). Hence h competes with v in the energy problem. So we can exchange v by h
in inequality (4.3)) and we get

€
(4.4) ———{u>0}nNB(x,7r)| < / VA2 — |Vu|?)dy.
C(T,¢) B(a,/77) ( )
Since h = 0 on B(x,7r) we may rewrite inequality (4.4]) as
2 € < 2 2
(4.5) /B(m) Vul? + s > 0} N B )| < / (IVhP — [Vul)dy.

B(z,\/Tr)\B(z,77)
Notice that |Vh|? — |Vu|> = —2Vh - V(u — h) — |[V(u — h)|?. In this way we can estimate

/ (VAP — [VuP)dy < —2/ V((u—h)*) - Vhdy
B(z,/Tr)\B(z,7) B(x,\/TT)
= 2/ uVh-vdA
OB(z,/77)
r OB(z,\/7T)

Hence,

9 C(Nv T)
(4.6) / |Vul? + [{u>0}NB(z,7r)| < . s/ udA.
B(x,Tr) C(Fv 80) { } r OB(x,TT)
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On the other hand,

(4.7 / udA < C(N,T) (/ udy —|—/ |Vu|dy> .
OB(x,TT) B(x,Tr) B(z,7r)

We observe that, being u subharmonic, we have from the mean value theorem that

(4.8) s:= max u <¢(N, T)][ udA.
B(z,Tr) OB (z,r)
Finally combining inequalities (4.6), (4.7) and (4.8) we see that if

1
7][ udo < mg(1),
T JoB(w,r)

with m.(7) depending only on dimension, ¢ and 7, then necessarily B(z,7r) C {u=0}. O
We shall denote U := {z € DY : u(z) > 0} and F = {z € D : u(x) = 0}.
Corollary 4.2. Let x € U. There exist constants 0 < ¢, C' < 0o such that
¢ dist(z,0F) < u(x) < C - dist(z, OF)

Proof. Let us denote by d = dist(x,0F). It follows from Theorem (3.9 Theorem and
mean value theorem that

1
mg(f)-dg][ udA = u(z) < M, -d.
2
0B (z,d)
]

Corollary 4.3. There exists a constant 0 < ¢ = ¢ < 1, such that for any x € OF there
holds raB
L FnBanl
|B(x,7)|
for each B(x,r) C D.

Proof. Follows from Theorem that there exists a point y € B(x,r/2) such that u(y) >
me - r. Furthermore, since u is subharmonic, we have, for 7 is small enough

L udA > iu(y) > ey M.,

T"r 0B (z,d) Tr T

where M. is the constant given by Theorem Thus, Theorem implies B(y,7r) C U.
We have obtained the estimate from above. Let us turn our attention to the lower bound
estimate. We shall use the construction made in Theorem[3.9l Let h be be harmonic function
in B(z,r), with boundary value data equal to u. The same type of computation done in

Theorem [3.9] yields
1
(4.9) / IV (u— )y < S|F 0 B(z, ).
B(z,r) €
By Poisson’s integral formula, we may write, for |y — x| < 7r, 0 < 7 < 1,
h(y) < (1 —e(N, T))][ udA.

OB(x,r)

Furthermore, since x € F, u(y) = |u(y) — u(z)| < K - 7r, where K is the Lipschitz norm of
u. Invoking now Theorem we find

h(y) — u(@) > (1 - (N, 7)) f

udA — K -7r > [(1 —c(N,7))m.(1) — KT} - T
OB (xz,r)
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Therefore, for 7 small enough, we obtain

(4.10) h(y) — uly) > cr, Yy € B(x,Tr),

where ¢ depends only on the minimizer u. The classical Poincaré inequality tells us
cN
= |u — h|*dy g/ |V (u — h)[2dy.
T JB(ar) B(x,r)

Combining the Poincaré inequality, (4.9 and (4.10)) we finally get

CN 92 9 1
— B <-|FNB
rgcr ‘ (IaTT)|— €| (.Z‘,T')|,

which finishes the proof. O
We have fulfilled all the hypothesis of the results in [2] section 4. Hence we can state:

Theorem 4.4. Let u = u. be a minimizer for the problem . Then

(1) The n — 1 Hausdorff measure of OF is locally finite, i.e., H"~1(Q N IF) < oo, for
every Q CC D. Moreover there exists positive constants c., C., depending on
N,D,Q and e, such that for all ball B(x,r) C Q with x € OF, there holds

ol < H"il(F N B(z,r)) < C.rm L.

(2) There exists a Borel function ¢ = q. such that Au = qH"~|OF, that is, for any
¢ € Cg°(DC), there holds

- / Vu - Vidx = CqdH™ L.
DC oF
(3) There exists positive constants c. and C. such that
ce < q(x) < Ce,

for H"=Y almost all points x € OF.
(4) For H™ ! almost all points in OF, an outward normal v = v(z) is defined and

furthermore
u(z +y) =q(z)(y-v)" +0(y),
where %‘7) — 0 as |y| — 0. This allows us to define q(x) = u,(x) at those points.

(5) H"L(OF \ 8reaF) = 0.
5. REGULARITY OF THE FREE BOUNDARY

In this section, we shall prove that our free boundary is a analytic surface. Our strategy is
to initially show that the normal derivative of the minimizer is a Héder continuous function
along the free boundary. This allow us to conclude that the free boundary is a C*® surface.
Afterwards, due to a free boundary condition, we shall obtain the analyticity of the free
boundary. This section is based on sections 4 and 5 on [3]. The main tool in our analysis
will be the notion of non-tangentially accessible domains. Our motivation lies in the results
of [1].

Theorem 5.1 (Jerison-Kenig [7]). Let 2 be a non-tangentially accessible domain and let
V be an open set, V and Q0 contained in R™. For any compact set K, K C V, there exists
a constant o > 0 such that for any positive harmonic functions v and w which vanish

continuously on 0D NV, the quotient — is a Hélder continuous function of order a in
w

Kn ‘8D. In particular for any xo € K NOD the limit lim v(@)

L w(a:) exrists.

We now can state the following powerful result:
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Theorem 5.2. Let u = u. be a solution to the problem P.. Then the set U := {x € D¢ .
u(z) > 0} is a non-tangentially accessible domain.

Proof. This result follows from the same analysis as in Theorem 4.8 in [3]. Indeed one should
notice that all the ingredients used to show Theorem 4.8 in [3] were proven to our nonlinear
case. We now follow section 4 in [3] and conclude the proof of Theorem [5.2 g

Corollary 5.3. Let u be a solution to the problem P.. Let U := {x € DY : u(z) > 0}.
Then there exists a (negative) Green’s function G for the Dirichlet problem in U. Moreover,
there exists an exponent o > 0 such that for any fivred y € U the quotient

G(z,y)

is a C function of x up to the boundary, taking values

Gy(z,y)
u, ()
at the reqular points of OU where the normal vector v is defined. Thus, for any smooth
function v, we have

v) = | Gulae)@di™ @)+ [ Gl Ai(a)do
au U
Let us move toward the C'1'® regularity of the free boundary. The idea is to use suitable
perturbations of the free boundary. These perturbations are motivated by the Hadamard
variational formula. To fix the ideas, consider a function p defined in R™ such that
(1) pis radial
(2) p(r) is non-increasing
(3) p(ry=1ifr<i p(r)=0,ifr>1
(4) pe C=(R™),
We denote by I the integral I := fxn
consider the domains
(1) ¥:={reR”:2, >0, 2| <1}
(2) Tt :={y eR":y =2 — dp(x)e, for some z € X}
(3) ¥ :={yeR":y =+ dp(z)e, for some z € L}
The following Lemma is a variant of the Hadamard variational formula. Its proof can be
found in [3].

_op(x)do. For § positive and small real number we

Lemma 5.4. Let v denote the harmonic function in X% (respectively X7 ) taking boundary
values ©,, on |x| =1 and zero otherwise. Then

/ vdo — 1 and
S>+n{z:z,=0}

/ vdo — 1,
X~ NXzy,

as 0 \, 0, where v, is the inward normal derivative at 0%~ .

= S~

We shall denote by R the reduced boundary of OF, i.e., the subset of OF for which (3)
and (4) in Theorem hold, furthermore

1 _
/ V() — (@) [dH" () — 0,
r OFNB(z,r)
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as r — 0. We know R can be chosen so that H"~}(0F \ R) = 0. For z € R, it is possible to
find a function ¢ = ¢(r) so that ¢ is non-decreasing, and if v = v(x) is the outward normal
direction to F' at x,

(1)
(2)

u(a +y) = uy(x)(y - V)T < o(r) if [y <7,
If y € B(z,r) and either y - v < 0 and u(y) > 0, or y - v > 0 and u(y) = 0, then
|yil/| < é(r)

v(y) — (@)l ) <
r OFNB(x,r)
1 _
[ ) - w@ldE ) <
OFNB(z,r)

1
;(b(r) —0asr—0.

Suppose now € R and r > 0. Without loss of generality we may assume x = 0 and
v(x) = e,. We define the sets:

where ¥* and X~ were defined above and we take § = §(r) = <

SH(a,r) = {y - z@en € z+}

r

S (x,r) = {y : % +2¢(T)en € Z_},

r

¢(r)

r

1/2
) . Note that

1 ¢(r)

r

=6d—0asr—0.

The next two lemmas can also be found in [3].

Lemma 5.5. Let w be the harmonic function in S := (S (x,7) UU) N B(z,r), taking
boundary values w in S N IB(z,r) and zero otherwise. Then

11

5 Jaa T )
n

asr — 0.

Lemma 5.6. Let w be the harmonic function in S :=UNX ™ (x,r), taking boundary values
w in S N OB(x,r) and zero otherwise. Then

11
,7/ uw, dH" ™' — Tu?(x),
or Unos—(z,r)

as r — 0, where v is the inward normal to ¥~ (x,r).

Finally we can state the main result of this section.

Theorem 5.7. u, is a Hélder continuous function on R.

Proof. Let x1 and z2 be two generic points in R. Associated to 1 and xs we have functions
¢1 and ¢9 defined above. Without loss of generality we may assume ¢1 = ¢2 = ¢. Suppose
then 0 < r < f5|z1 — 22| and ¢(r) < 1. Consider the sets X (21,7) and 7 (z2,7). We
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denote by v, vy, vs the following functions respectively:

Av =0 in Ay:= ((UUE*(wl,r))\B(xg,r))U(UﬂE*(mg,T))
v =¢ on 0D

v =0 on 0A4p\90D
Av; =0 in A :=UUXF(2q1,7)
(5.1) v =¢ on 0D
vy =0 on 0JA4p\9D
Avy =0 in  Ay:= (U\B(z,r)U(UNZ (z2,7) )
va =¢ on 0D
vo =0 on 04p\9ID

By the maximum principle: v < v and u < vy. By Corollary 5.3} for any € U we can
write:

u@) = [ Golen)d o),
oD
It follows also from Corollary [5.3] that

(5.2) wle) ~ule) = [ Gule.ul)di )
and
(5.3) val2) — ufz) = - /A Gz, y)(v2), () dH" (1)

where A; = X1 (21,7) N AU, Ay = UNOX™ (z2,7) and v is the outward normal. We also
find

(5.4) v(z) = u(z) + /

G ()0 (y)dH" () — / G, y)v, (y)dH" (1)
Ay

Ao
We now fix € dD. For each h > 0 consider the point 2 +hu(x) € U. Consider the sequence
functions Hy, = Hp(z) defined by:

G(z + hu(z),y)
Hi(y) = %
Notice, For each y fixed, Hp(y) converges pointwise to G, (x,y). This observation allow us

to guarantee, up to a subsequence, the existence of a harmonic function H(z): U — R such
that:

(5.5) vu() = upu(z) + A H,(z,y)v(y)dH" " (y) — A H(x,y)v, (y)dH" " (y).
1 2
(From (5.3)), for z € B(xz1,7)NU, y € B(xs,7) NU, we obtain
G(JC,:U) ‘/ u(’l)g),,dHn_l > —C/ U(Ug)den_l,
(y) Az A

u

(5.6) va(x) — u(x) > —sup ‘

by Corollary If wy denotes the harmonic function of Lemma [5.6| (with « = x2), we have
v < wg in UNX™ (x2,r). Therefore, (v2), < (w2), on Asg, so from (5.6) and Lemmawe
obtain

v () —u(x) > —cIdr™uZ(ze) > —cor™.
If wy denotes the harmonic function of Lemma (with = x1), we have
v > wy —cdr’™ in X(zq,r) U (U N B(zq,r)),
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once v > vy and wy = u on (0B(z1,r)) NU. Therefore,

A H,(z,y)v(y)dH" (y) < X H,(z,y)wi (y)dH" " (y)

cor™ / H,(z,y)dH" *(y)
Ay

- /A [H, (z,9) — H, (2, 20)]w (y)dH™ (3)
— Hl,l(m7x1)u,,(w1)I§r”+O(6r").

We also have from Lemma [5.5] that wy < c¢(r) on Ay, thus

(5.7) A H,(z,y)v(y)dH" ' (y) < —H,(x, z1)u, (x1)I67™ + O(5r™).

Let us turn our attention to estimate [, H(z, y)v, (y)dH" 1(y) from below. Since v(z) <
v1(z) < 1, we obtain from (5.2) that

v(z) <u(x)+ ™ in UNE™ (29,7).
If follows therefore that
v(z) < we(x) + er" tw(z) in UNY™ (zq,7),

where wy denotes the harmonic function of Lemma (with £ = z2) and @ is a non-
negative harmonic function in S := U N X~ (x9,7) taking smooth non-negative boundary
values equal to 1 on 95 N 9B(x2,7) and 0 on S N IB(x2,7/2). Then, by the maximum
principle, v, > (ws), + cr™ '@, on Ay. Hence

N H(z,y)v, (y)dH" " (y) > N H(z,y)(w2), (y)dH" " (y)
(5.8) +oant /A G )dH )
= /. H (z,y)(wa), (y)dH" ™" (y) + O(6r™).
Applying Theorem [5.1] to H(z,-) and u, we may write
Hw.y) = 0T 4 o).

Uy, (x9)

Plugging the above into (|5.8) and using Lemma again we end up with

(59> A H(SL‘, y)”v(y)dHn_l(y) > —HZ,(JJ, xQ)UV(xQ)I(STn + O((S’I“")

Finally combining with inequalities and we obtain
vp(z) = uy(x) — I6r" [H,,(x,xl)u,,(xl) - Hl,(m,xg)u,,(xg)} + O(6r™),
and then,
Iz, vu(x)) = T(z,uu(z))
+ Di(z,uu(x))lor™ |:HV(CC,1'2)’LLU(ZL'2) — H,(z, xl)ul,(xl)] + O(6r™).

Since the volume added to U with Xt (z1,7) is I6r™ with error O(6r™), and the volume
taken away from U with ¥~ (xq,7) is Ior™ with the same error, we conclude by integrating
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the above inequality over 0D that
0 < J(v)—J(u)
< [ o un )15 [ H(e s lz) ~ Hyoau, ()] + 06
aD
Dividing by dr™, letting r — 0 and afterwards reversing the roles of x; and x5 gives
(5.10) OT (&, (@) | Hy (0, w2)u (22) = H (21, (1) ] = 0.
aD
It provides us the free boundary condition
(5.11) T (w, uy (2)) | H (, Jun ()| = €
oD

in R. Let us conclude the Holder continuity of u,, on R. We can rewrite (5.10]) as

[ riton o) { P2 () — o)) 4 ) (P BB g,

Uy, (x1) uy (1) uy (72)
and then
(5.12)
uz(xl) — ui(xg) . / Ft(z,uu(x))Mdo = u,(x2) Ay (2, 21) — Hy(x’xQ)dcr
8D Uy (1) op Uy(71) uy (T2)
Let us first analyze the term (=, u#(x))Mda:
oD ul/(xl)

Notice H(xz,z1) = 0 for all z; € R and # € dD. Thus H,(x,2z1) > 0 on R. Since the
maps x — H,(z,z1) and 21 — H,(x,21) are continuous, there exits a constant ¢ such that
H,(z,x1) > ¢ > 0. Moreover, from Theorem there exist constants ¢, and C. such that
0 < ce <uy(z1) < Ce. Furthermore, I'y(z, u,(x)) > Tz, co) > Ig})nft(x,co) > 0, where ¢

is as in Lemma We have concluded there exists a constant m. > 0 such that

(5.13) /aD Ft(x,uu(x))M

uy (1)
Hu(xv') .
uy(+) .

We know from Theorem for each x € 9D fixed, the map

do > m. > 0.

Let us now analyze the term

H,(x,)
u,,()

tinuous. We want to argue that there exists a constant M, such that [

is a-Holder con-

H,(z,-)
Uy (+)
Going back into the proof of Theorem [5.1] we notice that as long as the positive harmonic
functions agree at xg, the C'* norm of the quotient is universally bounded. This fact is due
to the Boundary Harnack Principle (Theorem 5.1 in [7]). Thus we conclude that if a family
of positive harmonic functions satisfying the hypothesis of Theorem [5.1] are comparable in
the sense that they are uniformly bounded below and above, the C“ norm of the quotient
of any two elements of the family is uniformly bounded. In our specific case, let z; € R
and consider V = B(xz1,2r) and K = B(z1,r). Fix Xo € 0K NU. All we have to show is

H(l‘, Xo) ‘
u(Xo) o
observed before, one can assure the existence of a universal constant C, depending only on

| <o

that < M.. Corollary 4.2| assures u(Xy) > c.r > 0. Furthermore, as we have




A NONLINEAR OPTIMIZATION PROBLEM IN HEAT CONDUCTION 19

¢ such that H(z, Xo) < C for all € 9D. Hence, we finally conclude

[Hu(f))] < M.

We now come back to expression (5.12)) with these facts discussed above and conclude u? is
a a-Hoélder continuous and thus w, is %—Hélder continuous. O

It follows now from [2] that the free boundary is a C1'® surface in a neighborhood of any
point of R. We observe furthermore that, if we call

hy) = /a Tyl () H(a)do(e),

one easily verifies that h is a positive harmonic function in U. Moreover h vanishes on OF
and for any y € R,

ho) = | T u @) ol )do(a).
D
Finally we observe that it follows from our free boundary condition (5.11]) that
hy,-u, =C on R.

We have verified all the hypothesis of Theorem 7.1 in [3] which provides the analyticity of
the free boundary.

6. RECOVERING THE ORIGINAL PHYSICAL PROBLEM

In this section we shall relate a solution to the penalized problem (2.2)) to a (possible)
solution to our initial problem . The idea is that for ¢ > 0 small enough, any minimizer
of J. actually satisfies [{u > 0}| = 1. Hence, any solution of problem is a solution to
our original problem.

Lemma 6.1. There exist positive constants ¢ and C, independent of €, such that
¢ < {ue >0} <14 Ce

Proof. As we have already done before, let D be a smooth domain such that D C IND, with
|D~\ D| = 1 and ug the harmonic function on D \ D, such that ug = 1 on 9D, ug = 0 on
0D. Therefore

(6.1) C = J:(up) = /8D L (z, (uw)u)do +1 > Je(u.), Ve > 0.

Thus )
~({ue > 0} = 1) < fe(l{ue > 0} < C.

This proves the estimate from above. Let us turn our attention to the estimate from below.
It also follows from ([6.1) that

/ I'(z, (ue),)do < C.
oD
This together with Lemma [3.4] yields
/ |Vu|?dx < C.
DC

As usual let us denote D; := {y € D : dist(y,0D) < §}. If § is small enough, we can
integrate along lines from 0D and get

|0D]* < C(8)|Ds N {ue > 0}] / (|Vue|® + u?)da.

Ds
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This gives an estimate of |[{u. > 0}| from below. O

Lemma 6.2. There exists a universal constant C, such that ill%lf(us)u < C, foralle > 0.

Proof. As we have shown in the previous Lemma, there exists a universal constant C' such
that C' > J.(ue), for all € > 0. In particular, using Jensen’s inequality we get like in Theorem
0.0l

(6.2) [t (0, o) oty < 2 [ 1o ua)pla))doto)

Moreover

(63) [t = [ (o

We recall that the isoperimetric inequality together with Lemma|6.1| gives a universal bound
by below for H"~1(9F.). Combining this with (6.2)) and (6.3) we conclude

ilr{lsf(ue)u <C.
O

Lemma 6.3. There ezists a universal positive constant ¢ > 0, such that (ug), > ¢, for all
e > 0.

Proof. Let x¢ € OF. Going back into the proof of Theorem [.I] we conclude, by balancing 7
and e, that there exists a universal constant x > 0 such that

][ usdo > K-,
OB (xo,T)

for all € > 0. Let us, hereafter, write u instead of u.. Consider the harmonic function,
vg, in B(xg,r), taking boundary values equal to u. We extend vy by w outside of B(zg,r).
Applying Lemma [3.8 we find

/ (|Vu|2— |Vv0|2)dx > ¢|B(zo,7) N {u = 0},
Br(fo)

where c is universal. Let x; be a regular free boundary point away from xg, i.e., OF is smooth
in B(x1,79), for some ry > 0. Following the idea of the Hadamard variational principle, near
21 we make an inward smooth perturbation of the set {u > 0}, decreasing its volume by 9,
where

0 :=|B(zo,r) N {u =0}

Let P denote the perturbed set. Let v; be the harmonic function in P vanishing on its
boundary and equal to u on dB(x1,7). Then by the Hadamard variational principle,

/ (Vi ]? = |Vul*)dz = ul(21)d, + o(6;).
B(z1,70)

Let v be the minimizer of the energy functional, subject to the constraints: v = 1 on 9D

and v < 0in ({u =0} \ By(z)) U (PN {u> 0}). In this way, [{v > 0}| = |[{u > 0}| and it
competes with u in problem (2.2)). Also we consider the function

vo in B(xg,r)

v:=4¢ v; in B(zy,70)
u elsewhere.
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We observe that v competes against v in the energy problem. Moreover, the balls B(xg,r)
and B(x1,79) are far from 0D. Thus,

0 < / I'(z,v,) —T(x,u,)do < C’r/ v, — uydo
oD oD
< Cp/ Vol? — |Vul2de
DC
< / (|[Vol® — |Vul?) +/ (IVoi]? = |Vul?)
B(wo,r) B(z1,70)
< —cbp +ui(x1)d, + 0(6,).
This implies a universal lower bound for u2(z1), i.e., u, > c. O

Combining the two previous results we obtain

Theorem 6.4. If ¢ is small enough, then any solution to problem 18 a solution to
problem .

Proof. Suppose |{us > 0}| > 1. We can make a inward perturbation of the set {u. > 0}
with volume change V', in such a way that the set of positivity of the new function, u. is
still bigger than 1. Thus

£l > O}) = La(l{ue > 0}) = V.

Such a inward perturbation is made around a point x € R such that u,(z) < Qi%f Uy,. By

Hadamard’s variational principle and Lemma [6.2] we have
/ Vi |> — |Vu|> = ul(z)V +o(V)
DC
< C?V +o(V).

Hence,

0 < / (2, (e)u) = T(@, wp)do + fo (e > 0}) — fe(l{uc > 0}])
oD

IN

1
Cp/ V. |? — |Vul*de — =V
DC €

1

Therefore, € > ep. If [{u. > 0}| < 1, we argue similarly, and again we get an lower bound
for e. Thus if € is small enough |[{u. > 0}| automatically adjusts to be equal to 1. O
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