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Preface

This book is addressed to readers who want to have a look at the laws of micro and macro world
from a single viewpoint. This is the English translation of our Theory of Non-Geodesic Motion of
Particles, originally published in Russian in 1999, with some recent amendements.

The background behind the book is as follows. In 1991 we initiated a study to find out what kinds
of particles may theoretically inhabit four-dimensional space-time. As the instrument, we equipped
ourselves with mathematical apparatus of physical observable values (chronometric invariants) devel-
oped by A.L.Zelmanov, a prominent cosmologist.

The study was completed by 1997 to reveal that aside for mass-bearing and massless (light-like)
particles, those of third kind may exist. Their trajectories lay beyond regular space-time of General
Relativity. For a regular observer the trajectories are of zero four-dimensional length and zero three-
dimensional observable length. Besides, along these trajectories interval of observable time is also zero.
Mathematically, that means such particles inhabit fully degenerated space-time with non-Riemannian
geometry. We called such space “zero-space” and such particles — “zero-particles”.

For a regular observer their motion in zero-space is instant, i.e. zero-particles are carriers of
long-range action. Through possible interaction with our world’s mass-bearing or massless particles
zero-particles may instantly transmit signals to any point in our three-dimensional space.

Considering zero-particles in the frames of the wave-particle concept we obtained that for a reg-
ular observer they are standing waves and the whole zero-space is a system of standing light-like
waves (zero-particles), i.e. a standing-light hologram. This result links with “stop-light experiment”
(Cambridge, Massachusetts, January 2001).

Using methods of physical observable values we also showed that in basic four-dimensional space-
time a mirror world may exist, where coordinate time has reverse flow in respect to the viewpoint of
regular observer’s time.

We presented the results in 1997 in two pre-prints!.

B. M. Levin, an expert in orthopositronium problem came across these publications. He contacted
us immediately and told us about critical situation around anomalies in annihilation of orthopositro-
nium, which had been awaiting theoretical explanation for over a decade.

Rate of annihilation of orthopositronium (the value reciprocal to its life span) is among the refer-
ences set to verify the basic laws of Quantum Electrodynamics. Hence any anomalies contradict with
these reliably proven laws. In 1987 Michigan group of researchers (Ann Arbor, Michigan, USA) using
advanced precision equipment revealed that the measured rate of annihilation of orthopositronium
was substantially higher compared to its theoretical value.

That implies that some atoms of orthopositronium annihilate not into three photons as required
by laws of conservation, but into lesser number of photons, which breaks those laws. In the same 1987
Levin discovered what he called “isotope anomaly” in anomalous annihilation of orthopositronium
(Gatchina—St.Petersburg, Russia). Any attempts to explain the anomalies by means of Quantum
Electrodynamics over 10 years would fail. This made S. G.Karshenboim, a prominent expert in the
field, to resume that all capacities of standard Quantum Electrodynamics to explain the anomalies
were exhausted.

In our 1997 publications Levin saw a means of theoretical explanation of orthopositronium anoma-
lies by methods of General Relativity and suggested a joint research effort in this area.

1Borissova L. B. and Rabounski D. D. Movement of particles in four-dimensional space-time. Lomonossov Workshop,
Moscow, 1997 (in Russian); Rabounski D.D. Three forms of existence of matter in four-dimensional space-time.
Lomonossov Workshop, Moscow, 1997 (in Russian).



PREFACE 4

Solving the problem we obtained that our world and the mirror Universe are separated with a
space-time membrane, which is a degenerated space-time (zero-space). We also arrived to physical
conditions under which exchanges may occur between our world and the mirror Universe. Thanks to
this approach and using methods of General Relativity we developed a geometric concept of virtual
interactions: it was mathematically proven that virtual particles are zero-particles that travel in zero-
space and carry long-range action. Application of the results to annihilation of orthopositronium
showed that two modes of decay are theoretically possible: (a) all three photons are emitted into our
Universe; (b) one photon is emitted into our world, while two others go to the mirror Universe and
become unavailable for observation.

All the above results stemmed exclusively from application of Zelmanov’s mathematical apparatus
of physical observable values.

When tackling the problem we had to amend the existing theory with some new techniques. In their
famous The Classical Theory of Fields, which has already become a de-facto standard for a university
reference book on General Relativity, L.D.Landau and E.M. Lifshitz give an excellent account of
theory of motion of particle in gravitational and electromagnetic fields. But the monograph does not
cover motion of spin-particles, which leaves no room for explanations of orthopositronium experiments
(as its para and ortho states differ by mutual orientation of electron and positron spins). Besides,
Landau and Lifshitz employed general covariant methods. The technique of physical observable values
(chronometric invariants) has not been yet developed by that time by Zelmanov, which should be also
taken into account.

Therefore we faced the necessity to introduce methods of chronometric invariants into the existing
theory of motion of particles in gravitational and electromagnetic fields. Separate consideration was
given to motion of particles with inner mechanical momentum (spin). We also added a chapter with
account of tensor algebra and analysis. This made our book a contemporary supplement to The
Classical Theory of Fields to be used as a reference book in university curricula.

In conclusion we would like to express our sincere gratitude to Dr. Abram Zelmanov (1913-1987)
and Prof. Kyril Stanyukovich (1916-1989). Many years of acquaintance and hours of friendly conver-
sations with them have planted seeds of fundamental ideas which by now grew up in our minds to be
reflected on these pages.

We are grateful to Dr. Kyril Dombrovski whose works greatly influenced our outlooks.

We highly appreciate contribution from our colleague Dr. Boris Levin. With enthusiasm peculiar
to him he stimulated our writing of this book.

Special thanks go to our family for permanent support and among them to Gershin Kaganovski for
discussion of the manuscript. Many thanks go to Grigory Semyonov, a friend of ours, for preparing the
manuscript in English. We also are grateful to our publisher Domingo Marin Ricoy for his interest to
our works. Specially we are thankful to Dr. Basil K. Malyshev who powered us by his B4KX» M 4-TEX
system?.

L. B. Borissova and D. D. Rabounski

2http://www.tex.ac.uk/tex-archive/systems/win32/bakoma/



Chapter 1

Introduction

1.1 Geodesic motion of particles

Numerous experiments aimed at proving the conclusions of the General Theory of Relativity have also
proven that its basic space-time (four-dimensional pseudo-Riemannian space) is the basis of our real
world geometry. This also implies that even by progress of experimental physics and astronomy, which
will discover new effects in time and space, four-dimensional pseudo-Riemannian space will remain
the cornerstone for further widening of the basic geometry of General Relativity and will become one
of its specific cases. Therefore, when building mathematical theory of motion of particles, we are
considering their motion specifically in the four-dimensional pseudo-Riemannian space.

A terminology note should be taken at this point. Generally, the basic space-time in General Rela-

tivity is a Riemannian space' with four dimensions with sign-alternating Minkowski’s label (+ — ——)
or (—+ ++). The latter implies 3+1 split of coordinate axis in Riemannian space into three spatial
coordinate axis and the time axis. For convenience of calculations a Riemannian space with (+ — ——)

signature is considered, where time is real while space is imaginary. Some theories, largely General
Relativity, also employs (— + ++) label with imaginary time and real space. But Riemannian spaces
may as well have non-alternating signature, e.g. (+ + ++). Therefore a Riemannian space with alter-
nating label is commonly referred to as pseudo-Riemannian space, to emphasize the split of coordinate
axis into two types. But even in this case all its geometric properties are still properties of Rieman-
nian geometry and the “pseudo” notation is not absolutely proper from mathematical viewpoint.
Nevertheless we are going to use this notation as a long-established and traditionally understood one.

We consider motion of a particle in four-dimensional pseudo-Riemannian space. A particle affected
by gravitation only falls freely and moves along the shortest (geodesic) line. Such motion is referred
to as free or geodesic motion. If the particle is also affected by some additional non-gravitational
forces, the latter divert the particle from its geodesic trajectory and the motion becomes non-geodesic
motion.

From geometric viewpoint motion of a particle in four-dimensional pseudo-Riemannian space is
parallel transfer of some four-dimensional vector Q which describes motion of the particle and is
therefore tangential to the trajectory at any of its points. Consequently, equations of motion of particle
actually define parallel transfer of vector Q¢ along its four-dimensional trajectory and are equations
of absolute derivative of the vector by certain parameter p, which exists along all the trajectory of
particle’s motion and is not zero along the way,

DQ* dQ“¢ r dxV

« H

dp dp e dp

a,pu,v=0,1,2,3. (1.1)

Here DQ®=dQ"+T;,Q"dz" is the absolute differential (the absolute increment of vector Q%),
which is different from a regular differential dQ® by presence of Christoffel symbols of 2nd kind

LA metric space which geometry is defined by metric ds? :gaﬁdmadmﬁ called to as Riemann’s metric. Bernhard Rie-
mann (1826-1866), a German mathematician, the founder of Riemannian geometry (1854).
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I'%, (coherence coefficients of Riemannian space), which are calculated through Christoffel symbols
(coherence coefficients) of 1st kind I',, , and are functions of first derivatives of fundamental metric
tensor o>

1 /0g g g
a . ap _ - 194 vp g
Flu‘y =g Fﬂu,p; FI“’#P - D) ( 6131/ + 817/‘ 6{[}p . (12)

When moving along a geodesic trajectory (free motion) parallel transfer occurs in the meaning of
Levi-Civita3. Here the absolute derivative of four-dimensional vector of particle Q% equals to zero

dQ* dz”
re Q" = 1.
TR =0, (13)

and the square of the vector being transferred is conserved along all trajectory Q,Q%=const. Such
equations are referred to as equations of motion of free particles.

Kinematic motion of particle is characterized by four-dimensional vector of acceleration (also re-
ferred to as kinematic vector)
_ dz®

Q _Tpv

in parallel transfer by Levi-Civita equations of four-dimensional trajectories of free particle are ob-
tained (equations of geodesic lines)

(1.4)

d?x LT dzt dz”
dp? B odp dp

=0. (1.5)

Necessary condition p#0 along the trajectory of motion implies that derivation parameters p are not
the same along trajectories of different kind. In pseudo-Riemannian space three kinds of trajectories
are principally possible, each kind corresponds to its type of particles:

e non-isotropic real trajectories, that lay “within” the light hyper-cone. Along such trajectories

the square of space-time interval ds?>0, while the interval ds is real. These are trajectories of
regular sub-light-speed particles with non-zero rest-mass and real relativistic mass;

e non-isotropic imaginary trajectories, which lay “outside” the light hyper-cone. Along such tra-
jectories the square of space-time interval ds?<0, while the interval ds is imaginary. These are
trajectories of super-light-speed tachyon particles with imaginary relativistic mass [18, 19];

e isotropic trajectories, which lay on the surface of light hyper-cone and are trajectories of particles
with zero rest-mass (massless light-like particles), which travel at the light speed. Along the
isotropic trajectories the space-time interval is zero ds?=0, but the three-dimensional interval is
not zero.

As a derivation parameter to non-isotropic trajectories space-like interval ds is commonly used.
But it can not be used in such capacity to trajectories of massless particles ds=0. Therefore as early
as in 1941-1944 A.L. Zelmanov in his doctorate thesis proposed another variable that does not turn
into zero along isotropic trajectories, to be used as derivation parameter to isotropic trajectories [6],

do* = (—gik + 901’%k> da'dz®, (1.6)
goo
which is a three-dimensional physical observable interval [6]. L.D.Landau and E. M. Lifshitz also ar-
rived to the same conclusion independently (see Section 84 in their The Classical Theory of Fields [1]).
Substituting respective differentiation parameters into generalized equations of geodesic lines (1.5),
we arrive to equations of non-isotropic geodesic lines (trajectories of mass-bearing particles)

A2z~ dz* dx”
— o — — 1.
ds? " ods ds 0, (1.7)

2Coherence coefficients of Riemannian space (Christoffel symbols) are named after German mathematician Elvin
Bruno Christoffel (1829-1900), who obtained them in 1869. In the Special Relativity space-time (Minkowski space) one
can always set an inertial system of reference, where the matrix of fundamental metric tensor is a unit diagonal tensor
and all Christoffel symbols become zeroes.

3Tullio Levi-Civita (1873-1941), an Italian mathematician, who was the first to study such parallel transfer [3].
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and to equations of isotropic geodesic lines (light propagation equations)

d%z® o dat dz”
do? W do do

=0. (1.8)

But in order to get the whole picture of motion of particle, we have to build dynamic equations of
motion, which contain physical properties of particle (mass, frequency, energy, etc.).

From geometric viewpoint dynamic equations of motion are equations of parallel transfer of four-
dimensional dynamic vector of particle along its trajectory (absolute derivative of dynamic vector by
parameter, not equal to zero along the trajectory, is zero).

Motion of free mass-bearing particles (non-isotropic geodesic trajectories) is characterized by four-
dimensional impulse vector

(1.9)

where myg is rest-mass of particle. Parallel transfer in the meaning of Levi-Civita of four-dimensional
impulse vector P® gives dynamic equations of motion of free mass-bearing particles
dp« dz”

45 + Iy, P* 75 = 0, P,P* = m2 = const. (1.10)

Motion of massless light-like particles (isotropic geodesic lines) is characterized by four-dimensional
wave vector w dz®
K= ——— 1.11
o (1.11)
where w is specific cyclic frequency of massless particle. Respectively, parallel transfer in the meaning

of Levi-Civita of vector K® gives dynamic equations of motion of free massless particles
dK* dz”

— 4+ I K* = K, K*=0. 1.12
do o do 0, 0 (1.12)

Therefore we have got dynamic equations of motion for free massless particles. These are presented
in four-dimensional general covariant form. This form has got its own advantage as well as a substantial
drawback. The advantage is invariance in all transitions from one frame of reference to another. The
drawback is that in covariant form the terms of the equations do not contain actual three-dimensional
values, which can be measured in experiments or observations (physical observable values). This
implies that in general covariant form equations of motion of particle are merely an intermediate
theoretical result, not applicable to practice. Therefore, in order to make results of any physical
mathematical theory usable in practice, we need to formulate its equations with physical observable
values. Namely, to calculate trajectories of certain particles we have to formulate general covariant
dynamic equations of motion with physical observable properties of these particles as well as through
observable properties of an actual physical frame of reference of the observer.

But defining physical observable values is not a trivial problem. For instance, if for a four-
dimensional vector Q% (as few as four components) we may heuristically assume that its three spatial
components form a three-dimensional observable vector, while the temporal component is observable
potential of the vector field (which generally does not prove they can be actually observed, though),
a contravariant 2nd rank tensor Q*° (as many as 16 components) makes the problem much more
indefinite. For tensors of higher rank the problem of heuristic definition of observable components is
far more complicated. Besides there is an obstacle related to definition of observable components of
covariant tensors (in which indices are the lower ones) and of mixed type tensors, which have both
lower and upper indices.

Therefore the most reasonable way out of the labyrinth of heuristic guesses is creating a strict
mathematical theory to enable calculation of observable components for any tensor values. Such
theory was created in 1941-1944 by Zelmanov and set forth in his dissertation thesis [6]. It should
be noted, though, that many researchers were working on theory of observable values in 1940’s. For
example, Landau and Lifshitz in later editions of their well-known The Classical Theory of Fields [1]
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introduced observable time and observable three-dimensional interval, similar to those introduced by
Zelmanov. But the authors limited themselves only to this part of theory and did not arrive to general
mathematical methods to define physical observable values in pseudo-Riemannian space.

Over the next decades Zelmanov would improve his mathematical apparatus of physical observable
values (the methods of chronometric invariants), setting forth the results in some later papers [7, 8,
9, 10]. Similar results were obtained by C.Cattaneo, an Italian mathematician, independently from
Zelmanov. However Cattaneo published his first study on the theme in 1958 [11, 12, 13, 14].

A systematic description of Zelmanov’s mathematical methods of chronometric invariants is given
in our two pre-prints [15, 16]. Therefore in the next Section of this Chapter we will give just a brief
overview of the methods of theory of physical observable values, which is necessary for understanding
them and using in practice.

In Section 1.3 we will present the results of studying geodesic motion of particles using the tech-
nique of chronometric invariants [15, 16]. In Section 1.4 will focus on setting problem of building
dynamic equations of particles along non-geodesic trajectories, i.e. under action of non-gravitational
external forces.

1.2 Physical observable values

This Section introduces Zelmanov’s mathematical apparatus of chronometric invariants.

To define mathematically which components of any four-dimensional values are physical observable
values, we consider a real frame of reference of some observer, which includes coordinate nets, spanned
over some physical body (body of reference), at each point of which real clock is installed. The body
of reference being a real physical body possesses a certain gravitational potential, may rotate and
deform, making the space of reference non-uniform and anisotropic. Actually, the body of reference
and attributed to it space of reference may be considered as a set of real physical references, to which
observer compares all results of his measurements. Therefore, physical observable values should be
obtained as a result of projecting four-dimensional values on time and space of observer’s real body
of reference.

From geometric viewpoint three-dimensional space is spatial section x°=ct=const. At any point
of the space-time a local spatial section (orthogonal space) can be done orthogonal to the line of time.
If exists space-time enveloping curve to local spaces it is a spatial section everywhere orthogonal to
lines of time. Such space is known as holonomic space. If no enveloping curve exists to such local
spaces, i. e. there only exist spatial sections locally orthogonal to lines of time, such space is known as
non-holonomic.

We assume that the observer rests in respect to his physical references (body of reference). Frame
of reference of such observer in any displacements accompanies the body of reference and is called
accompanying frame of reference. Any coordinate nets that rest in respect to the same body of
reference are related through transformation

=0 _ ~0(,0 1 2 3 s si (01,2 03 oz

=1z (m,x,x,x), :c::c(x,x,:c), 8300:0’ (1.13)
where the latter equation implies independence of spatial coordinates in tilde-marked net from time
of non-marked net, which is equivalent to setting coordinate net of concrete and fixed lines of time
x'=const in any point of coordinate net. Transformation of coordinates is nothing but transition
from one coordinate net to another within the same spatial section. Transformation of time implies
changing the whole set of clocks, i.e. transition from to another spatial section (space of reference).
In practice that means replacement of one body of reference along with all of its physical references
with another body of references that has got its own physical references. But when using different
references observer will obtain quite different results (observable values). Therefore physical observable
values must be invariant in respect to transformations of time, i. e. should be chronometrically invar-
iant values.

Because transformations (1.13) define a set of fixed lines of time, then chronometric invariants
(physical observable values) are all values, invariant in respect to these transformations.
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In practice, to obtain physical observable values in accompanying frame of reference we have to
calculate chronometrically invariant projections of four-dimensional values on time and space of a real
physical body of reference and formulate them with chronometrically invariant (physically observable)
properties of the space of reference.

We project four-dimensional values using operators that characterize properties of real space of
reference. Operator of projection on time b is a unit vector of four-dimensional velocity of observer’s
frame of reference (four-dimensional velocity of body of reference)
o dz®
b = A (1.14)
which is tangential to four-dimensional observer’s trajectory in its every point. Because any frame of
reference is described by its own tangential unit vector b, Zelmanov called the vector a monad. The
operator of projection on space is defined as four-dimensional symmetric tensor

hop = —Gop +babs, " =—g*" + b7, (1.15)

which mixed components are
RS = —gf + bab”. (1.16)

Previous studies show that these values possess necessary properties of projection operators
[6, 10, 16]. Projection of tensor value on time is a result of its contraction with monad vector.
Projection on space is contraction with tensor of projection on space.

In accompanying frame of reference three-dimensional observer’s velocity in respect to the body
of reference is zero b’=0. Other components of the monad are

1 gio
b():go ba:\/goo b:g baii. (117)

\/.gﬁ ) [e3% ) 2 (1% \/9070

Respectively, in accompanying frame of reference (b*=0) components of tensor of projection on
space are

b =

oo =0, hoo:—g°°+g—i0, h=0,

hoi =0, W= —g", hy =85 =0,

hio =0, hi0 — _gi0, ho — ;;(; ’ (1.18)
hik:*gikJrgOgi%, hik = —gik, hi = —gi =6t .

Tensor hqp in three-dimensional space of an accompanying frame of reference shows properties of
fundamental metric tensor
hi by = 0 — beb" = 6y, o= 0 1 0 |, (1.19)
0 0 1

where 4% is a unit three-dimensional tensor?. Therefore, in accompanying frame of reference three-

dimensional tensor h;; may lift or lower indices in chronometrically invariant values.
Projections on time T and space L* of a certain vector Q% (1st rank tensor) in accompanying
frame of reference (b*=0) are
Qo

T =0"Qq = bOQO = \/QR’ (1.20)
L0 =n9Q° = - % qQr, i = h,Q° = 5Q" = Q~. (1.21)

goo

4Tensor 5}; is the three-dimensional part of four-dimensional unit tensor 62‘ , which can be used to replace indices in

four-dimensional values.
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Below are some projections of 2nd rank tensor Q*? in accompanying frame of reference

T = b6’ Qap = b°b°Qoo = % , (1.22)
00

L9 = ORY QY = Tk ik pik — pi phQef — Q. (1.23)
Y00
Experimental check of invariance of the obtained physical values in respect to transformations
(1.13) says that physical observable values are projection of four-dimensional value on time and spatial
components of projection on space.
Hence, projecting four-dimensional coordinates z® on time and space we obtain physical observ-
able time

9o i
T=+/goot + T 1.24
V e (1.24)
and physical observable coordinates, which coincide with spatial coordinates z. Similarly, projec-
tion of elementary interval of four-dimensional coordinates dx® gives elementary interval of physical
observable time

goi i
dr = \/goo dt + dx*, 1.25
goo c\/gﬁ ( )

and elementary interval of physical observable coordinates dz’. Respectively, physical observable
velocity of particle for an observer is three-dimensional chronometrically invariant vector
_ dxt

Codr’

i

(1.26)
, i
which is different from the value m:ddit7 which is the vector of its three-dimensional coordinate
velocity.
Projecting fundamental metric tensor on space we obtain that in accompanying frame of reference
physical observable spatial metric tensor consists of spatial components of tensor of projection on space

hihbg™® = g% = —h* RERgas = gir — bibk = —hik . (1.27)
Therefore the square of physical observable interval do is
do? = hipdzidz®. (1.28)

Four-dimensional space-time interval formulated with physical observable values can be obtained
by substituting g.s from (1.15)
ds* = 2dr?* — do?. (1.29)

But aside for projections on space and time four-dimensional values of 2nd rank and above also
have mixed components which have both upper and lower indices at the same time. How do we find
physical observable values among them, if any? The best approach is to develop a generalized method
to calculate physical observable values based solely on their property of chronometric invariance and
allowing to find all observable values at the same time in any tensor. Such method was developed by
Zelmanov and set forth as a theorem.

Zelmanov theorem

“We assume that Q%) are components of four-dimensional tensor Qf; { of r-th rank, in which all
upper indices are not zero, while all m lower indices are zeroes. Then tensor values

k... m ik
TP = (goo) 00,0 (1.30)

make up chronometrically invariant three-dimensional contravariant tensor of (r—m)-th rank. Hence
tensor T% P is a result of m-fold projection on time by indices a, 3. ..o and projection on space by

r—m indices i, v ... p of the initial tensor Qp 5 7 ”.
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An immediate result of the theorem is that for vector Q¢ two values are physical observable, which
were obtained earlier by projecting

Qo
V900’

For a symmetric 2nd rank tensor Q®” the three values are physical observable ones, namely

i

B Qo = 20 | i Quy = 2L

goo v/ 900

The calculated physical observable values (chronometric invariants) have to be compared to the

references (the standards of measure) — observed properties of the space of reference which are specific

for any particular body of reference. Therefore we will now consider the basic properties of the space
of reference with which the final equations of our theory are to be formulated.

Physical observable properties of the space of reference are obtained with the help of chronomet-

rically invariant operators of differentiation by time and spatial coordinates

0_ 1 9 0 _ 9 goi O
ot /goo Ot’ ort 9zt goo 00’

bQn = Rt Q* = Q" (1.31)

hLhEQP = Q™. (1.32)

(1.33)

which are not commutative, i.e. difference between 2nd derivatives with respect to time and space
coordinates becomes not zero
*82 *82 1 *8
— — - = —F—, (1.34)
oxiot  Otdxt 2 Ot

*82 *82 2 *a
I e e e T (1.35)

Here A;j is a three-dimensional antisymmetric chronometrically invariant tensor of angular veloc-
ities of rotation of the reference’s space

1 [/ 0vg ov; 1
Ai = — - — — F1 — F; i) s 1.
P72 (8:1:1 8:6’“) toa (Fiv, = Fievs) (1.36)
where v; stands for rotation velocity of space
v; = P (1.37)

1/ 900 ’

Tensor A;; being equal to zero is the necessary and sufficient condition of holonomity of space
[6, 10]. In this case go;=0 and v;=0. In non-holonomic space A;;7#0 is always not zero. Therefore,
tensor A;j, is also a tensor of the space’s non-holonomity®.

The value F; is a three-dimensional chronometrically invariant vector of gravitational inertial force

F, =

c? ow  Ov; 9
(axi - at), w=c"(1-+/900), (1.38)

where w stands for gravitational potential of the body of reference’s space®. In quasi-Newtonian

approximation, i.e. in a weak gravitational field at speeds much lower than the speed of light and in
absence of rotation of space F; becomes a non-relativistic force

ow

YT or

5Special Relativity space-time (Minkowski space) in Galilean frame of reference and some cases in General Relativity
are examples of holonomic spaces A;;=0.

6Values w and v; do not possess property of chronometric invariance of their own. Vector of gravitation inertial force
and tensor of angular velocity of space’s rotation, built using them, are chronometric invariants.

2 —w

(1.39)
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Because the observer’s body of reference is a real physical body, coordinate nets it bears are
deformed. Consequently the space of a real body of reference is deformed too. Therefore comparison
of observable values with physical references of the body of reference has to take into account the
field of deformation of the space of reference, i.e. that the field of tensor h;x is not stationary. In
practice stationary deformation of space is rather rare: field of deformation varies all the time which
should be as well taken into account in measurements. This can be done by defining in equations a
three-dimensional symmetric chronometrically invariant tensor of deformation velocities

1*0hg . 1*on* . 0lnvh
D == , D" =—= , D=Df=——F7—, h = det ||hix]| - 1.40
b= > : etlhacll . (1.40)
Given these definitions we can generally formulate any geometric object in Riemannian space with
observable parameters of the space of reference. For instance, Christoffel symbols that appear in
equations of motion are not tensors [2]. Nevertheless, they can be as well formulated with physical
observable values [6, 15, 16]

1 1 ow w
0o _ k
FOO = —g —w E (1 - Cj) v 7| (1'41)
2
1 w2
ko k
Tho=— (1- g) F*, (1.42)
rg = Lt 0w (Db yap ot Lurt (1.43)
02 02 1_ % 61‘2 % i 62 7 ) .
c
k= L WY (pryoak Lo ph 1.44
0= \1=% ; + ¢-+02Uz , (1.44)
Ly = @ —D;j + 2Un |V (D" + A7) +v; (D} + A) + C—Qviij +
c? Lo 5 (1.45)
V; Vj 1 n
5 - - | — o3 (Fivj + Fjvi) — Ao, ¢,
+2<8x]+8x’> 202( v+ Fyvi) " }
1 1
=A% -5 {vi (D} + AF) +v; (DF + AF) + @viijk} : (1.46)

where Afj are chronometrically invariant Christoffel symbols which are defined similarly to regular
Christoffel symbols (1.2) but through physical observable metric tensor h;; and chronometrically
invariant differentiation operators

Ny = h" Do = A ( Ohjm | "0 _ 8}”’“) : (1.47)

Ok oI oxm

We have discussed the basics of mathematical apparatus of chronometric invariants. Now hav-
ing any equations obtained using general covariant methods we can calculate their chronometrically
invariant projections on time and on space of any particular body of reference and formulate them
with its real physical observable properties. From here we arrive to equations containing only values
measurable in practice.

Naturally, the first possible application of this mathematical apparatus that comes to our mind is
calculation of chronometrically invariant dynamic equations of motion of free particles and studying
the results. Partial solution of this problem was obtained by Zelmanov [6, 10]. We presented the
general one in our previous works [15, 16]. The next Section will focus on the results of our study.
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1.3 Dynamic equations of motion of free particles

Absolute derivative of vector of motion of particle to scalar parameter is actually a four-dimensional
vector
dQ*

dp

Therefore chronometrically invariant (physical observable) components of equation of motion are
defined similarly to those of any four-dimensional vector (1.31)

N* =

o dz¥
+I'5,Q" pi (1.48)

N oN 1 i
\/g(o)o N gxo/goo N v/ 900 (QOONO ool ) ’ (-49)
= NP = by N + hi N"*. (1.50)

From geometric viewpoint this is a projection of vector N on time and spatial components of
its projection on space in accompanying frame of reference. In a similar way we can project general
covariant dynamic equations of motion of free mass-bearing particles (1.10) and of free massless
particles (1.12). The technique to calculate these projections is given in details in our previous
publications [15, 16]. As a result we arrive to chronometrically invariant dynamic equations of motion
of free mass-bearing particles

d
g - ?FV + Dzkv vk =0, (1.51)
d (mvi) ) y
T+2m( L ALV = mF 4 mAL vV =0, (1.52)
-
and of free massless particles
dk k k
i —F + — Dixc’ 'k =0, (1.53)
d (kct , , . ,
%4—2/{( Zk—i—A}j‘) & —kF 4 kA P =0, (1.54)
-

where m stands for relativistic mass of mass-bearing particle, k:% is wave number that character-
izes massless particle and ¢’ is three-dimensional chronometrically invariant vector of light velocity.
As seen, contrary to general covariant dynamic equations of motion (1.10, 1.12), chronometrically
invariant equations have a single derivation parameter for both mass-bearing particles and massless
particles (which is physical observable time 7).

These equations were first obtained by Zelmanov [6]. But later it was found that function of time

gt they include is strictly positive [15, 16]. Physical time has direct flow dr>0. Flow of coordinate

time dt shows change of time coordinate of particle z°=ct in respect to observer’s clock. Hence the

sign of the function shows where the particle travels to in time in respect to observer.
Function of time g—t [15, 16] is obtained from the condition that the square of four-dimensional
velocity of particle is constant along its four-dimensional trajectory u,u®=g,gu®u’=const. Equations

in respect to % are the same for sub-light-speed mass-bearing particles, for massless particles and

for super-light-speed mass-bearing particles and have two solutions, which are

dt Vit c?

() __wvtEke (155)

dr )1 2 (1 _ u;)
c

As shown in [15, 16] time has direct flow if v;vidc2>0, time has reverse flow if v;v'+c?><0, and

flow of time stops if v;vi4+c?=0. Therefore there exists a whole range of solutions for various types of
particles and directions they travel in time in respect to observer. For instance, relativistic mass of

particle, which is projection of its four-dimensional vector on time \/I;L:im is positive if particle
00
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travels into future and negative if it travels into past. Wave number of massless particle %:ik is
00

also positive for movement into future and is negative for movement into past.
In the studies [15, 16] we also showed that chronometrically invariant dynamic equations of motion

of free mass-bearing particles with reverse flow of time gt <0 that travel from future into past are

d , .
——d:r_b - gFZ—V’ + gDikvlvk =0, (1.56)
d (mvi)
—g +mF 4 mAL v = 0. (1.57)
-
For free massless particles that travel into past we arrive to
dk k .k ,
o 0—2Fic’ + gDikc’ck =0, (1.58)
d (kc')
0r +EF 4+ kAL ' =0. (1.59)

For super-light-speed mass-bearing particles equations of motion are similar to those for sub-light
speeds, save that relativistic mass m is multiplied by imaginary unit .

Equations of motion of particles into future and into past are not symmetric due to different
physical conditions in case of direct and reverse time flows, and some terms in equations will be missing.

Besides, in our previous studies [15, 16] we considered motion of mass-bearing and massless par-
ticles within the wave-particle concept, assuming that motion of any particles can be represented as
propagation of waves in approximation of geometric optics. In this case the dynamic vector of massless
particles will be [1]

4
K,=—, 1.60
ppe (1.60)
where 9 is wave phase (eikonal). In a similar way we consider dynamic vector of mass-bearing particles
_hoy
P, = 1.61
“ coze’ (1.61)

where 7 is Plank constant. Wave phase equation (eikonal equation) in approximation of geometric
optics is the condition K,K*=0. Hence chronometrically invariant eikonal equation for massless
particles will be

1o\ 00 oy
= ( ot > h ozt OzF 0, (1.62)
and for mass-bearing particles
1 [(*0y\> i TOW*OY  mac?
< at) R B (1.63)

Substituting wave form of dynamic vector into general covariant dynamic equations of motion
(1.10, 1.12) and their projection on time and space we obtain wave form of chronometrically invariant
equations of motion. For mass-bearing particles the equations are

d (*9y i "OY i KOV

id7<8t>+Fﬁxz Div* 55 =0, (1.64)

d ik *8¢ _ i -7 *a¢ k km *aw

R -
:l: 62 a h Amkv 8:1/'” = 0,

where “plus” in alternating terms stands for motion of particles from past into future (direct flow
of time), while “minus” stands for motion into past (reverse flow of time). Noteworthy, contrary to
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corpuscular form of equations of motion (1.51, 1.52) and (1.56, 1.57) these equations are symmetric in
respect to direction of motion in time. For massless particles wave form of chronometrically invariant
equations of motion shows the only difference: instead of three-dimensional observable velocity of
particle v¢ it includes three-dimensional chronometrically invariant vector of velocity of light c’.

The fact that corpuscular equations of motion into past and into future are not symmetric leads
to evident conclusion that in four-dimensional non-uniform space-time there exists a fundamental
asymmetry of directions in time. To understand physical sense of this fundamental asymmetry in
previous study we introduced the mirror principle or observable effect of the mirror Universe [16].

Imagine a mirror in four-dimensional space-time which coincides with spatial section and therefore
separates past from future. Then particles and waves traveling from past into future (with positive
relativistic mass and frequency) hit the mirror and bounce back in time, i.e. into past. And their
properties take negative values. And vice versa, particles and waves traveling into past (with negative
relativistic mass and frequency) bounce from the mirror to give positive values to their properties and

to begin traveling into future. When bouncing from the mirror the value v changes its sign and
equations of wave propagation into future become equations of wave propagation into past (and vice
versa). Noteworthy, when reflecting from the mirror equations of wave propagation transform into
each other completely without contracting or adding new terms. In other words, wave form of matter
undergoes full reflection from our mirror. To the contrary, corpuscular equations of motion do not
transform completely in reflection from our mirror. Spatial components of equations for mass-bearing
and massless particles, traveling from past into future, have an additional term

2m (D + AL ) v, 2k (DL + Ajl) ¥, (1.66)

not found in equations of motion from future into past. Equations of motion of particle into past
gain an additional term when reflecting from the mirror. And vice versa, equations of motion into
future lose a term when particle hits the mirror. That implies that either in case of motion of particles
(corpuscular equations) as well as in case of propagation of waves (wave equations) we come across
not a simple “bouncing” from the mirror, but rather passing through the mirror itself into another
world, i.e. into a mirror world.

In this mirror world all particles bear negative masses and frequencies and travel (from viewpoint
of our world’s observer) from future into past. Wave form of matter in our world does not affect events
in the mirror world, while wave form of matter in the mirror world does not affect events in our world.
To the contrary, corpuscular form of matter (particles) in our world may produce significant effect on
events in the mirror world, while particles in the mirror world may affect events in our world. Our
world is fully isolated from the mirror world (no mutual effect between particles from two worlds)
under an evident condition Divk:—Aﬁvk, at which the additional term in corpuscular equations is
zero. This becomes true, in particular, when Di=0 and A;’ =0, i.e. when dynamic deformation and
rotation of the body of reference’s space is totally absent.

So far we have only considered motion of particles along non-isotropic trajectories, where
ds?=c%dt?>—do?>0, and that along isotropic (light-like) trajectories, where ds?=0 and c?dt*=do?#£0.
Besides, in our previous studies [15, 16] we considered trajectories of third kind, which, aside for
ds*=0, meet even more strict conditions c?dt?*=do?=0

1 i
dr = 1—§(w+viu) dt=0, (1.67)

do? = hyda'dz® = 0. (1.68)

We will refer to such trajectories as degenerated or zero trajectories, because from viewpoint of a
regular sub-light-speed observer interval of observable time and observable three-dimensional interval
are zero along them. We can as well show that along zero-trajectories the determinant of fundamental
metric tensor of Riemannian space is also zero g=0. In Riemannian space by definition g<0, i.e. the
metric in strictly non-degenerated. We will refer to a space with fully degenerated metric as zero-space,
while particles that move along trajectories in such space will be referred to as zero-particles.
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Physical conditions of degeneration are obtained from (1.67, 1.68)

w+ viut = 2, (1.69)
i, k 2 w2
giru'u® =c (1 - 6—2) . (1.70)
Respectively, mass of zero-particles M, which include physical conditions of degeneration, is dif-
ferent from relativistic mass m of regular particles in non-degenerated space-time and is

M= : —, (1.71)

i.e. is a ratio between two values, each one equals to zero in case of degenerated metric, but the ratio

is not zero”.

Corpuscular and wave forms of dynamic vector of zero-particles are
M dzx® _h oy
e odt’ “ cox>’

Then corpuscular form of chronometrically invariant dynamic equations of motion in zero-space is

(o3

(1.72)

MDgu'u* =0, (1.73)
d i % n, k
o (Mu') + MALu™u* =0. (1.74)
Wave form of the same equations is
Diu* =0 1.75
k u axm Y ( )
d oLl : *o
— [ h* RN R = 0. 1.76
dt < 3:6’“) * mkY n (176)
Equation of eikonal for zero-particles is
3 SOY ¥ O
Rk =0, 1.77
Ozt Ok (1.77)

and is a standing wave equation (information ring). Therefore, from viewpoint of a regular sub-light-
speed observer all zero-space is filled with a system of standing light-like waves (zero-particles), i.e.
with a standing-light hologram. Besides, in zero-space observable time has the same value for any
two events (1.67). This implies that from viewpoint of a regular observer velocity of zero-particles is
infinite, i.e. zero-particles can instantly transfer information from one point of our regular world to
another, thus performing long-range action [15, 16].

1.4 Introducing concept of nongeodesic motion of particles. Problem
statement

We obtained that free motion of particle (along geodesic lines) leaves absolute derivative of dynamic
vector of particle (four-dimensional impulse vector) zero and its square is conserved along the trajec-
tory of motion. In other words, parallel transfer is effected in the meaning of Levi-Civita.

In case of non-free (non-geodesic) motion of particle absolute derivative of its four-dimensional
impulse is not zero. But equal to zero is absolute derivative of sum of four-dimensional impulse of
particle P® and impulse vector L%, which particle gains from interaction with external fields which

"This is similar to the case of massless particles, because given vZ =c? values mo=0 and +/ 1—v2/c?2 =0 are zero,

but their ratio is m=——20__£0.

£/ 1-v2/c?
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deviates its motion from geodesic line. Superposition of any number of vectors can be subjected to
parallel transfer [2]. Hence, building dynamic equations of non-geodesic motion of particles first of all
requires definition of non-gravitational perturbation fields.

Naturally, external field will only interact with particle and deviate it from geodesic line if the
particle bears physical property of the same kind as the external field does. As of today, we know of
three fundamental physical properties of particles, not related to any others. These are mass of particle,
electric charge and spin. If fundamental character of the former two was under no doubt, spin of
electron over a few years after experiments by O. Stern and W. Gerlach (1921) and their interpretation
by S. Gaudsmith and G. Ulenbek (1925), was considered as its specific moment of impulse caused by
rotation around its own axis. But experiments done over the next decades, in particular, discovery
of spin in other elementary particles, proved that views of spin particles as rotating gyroscopes were
wrong. Spin proved to be a fundamental property of particles just like mass and charge, though it has
dimension of moment of impulse and in interactions reveals as specific rotation moment of particle.

Gravitational field by now has received geometric interpretation. In theory of chronometric invari-
ants gravitational force and gravitational potential (1.38) are obtained as functions of only geometric
properties of the space itself. Therefore considering motion of particle in pseudo-Riemannian space
we actually consider its motion in gravitational field.

But we still do not know whether electromagnetic force and potential can be expressed through
geometric properties of space. Therefore electromagnetic field at the moment has no geometric in-
terpretation and is introduced into space-time as a separate tensor field (Maxwell tensor field). By
now the basic equations of electromagnetic theory have been obtained in general covariant form?®. In
this theory charged particle gains four-dimensional impulse C%Ao‘ from electromagnetic field, where

A is four-dimensional potential of electromagnetic field and e is particle’s charge [1, 4]. Adding this
extra impulse to specific vector of impulse of particle and actuating parallel transfer we obtain general
covariant dynamic equations of motion of charged particles.

The case of spin particles is far more complicated. To calculate impulse that particle gains due
to its spin, we have to define the external field that interacts with spin as a fundamental property
of particle. Initially this problem was approached using methods of quantum mechanics only (Dirac
equations, 1928). Methods of General Relativity were first used by A.Papapetrou and E. Corinaldesi
[20, 21] to study the problem. Their approach relied upon general view of particles as mechanical
monopoles and dipoles. From this viewpoint a regular mass-bearing particle is a mechanical monopole.
A particle that can be represented as two masses co-rotating around a common center of gravity is a
mechanical dipole. Therefore, proceeding from representation of spin particle as a rotating gyroscope
we can (to a certain extent) consider it as a mechanical dipole, which center of gravity lays over the
particle’s surface. Then Papapetrou and Corinaldesi considered motion of mechanic dipole in pseudo-
Riemannian space with Schwarzschild metric, i. e. in every specific case when rotation of space is zero
and its metric is stationary (tensor of deformation velocities is zero).

No doubt the method proposed by Papapetrou is worth attention, but it has a significant drawback.
Being developed in 1940’s it fully relied upon view of a spin-particle as a swiftly rotating gyroscope,
which does not match experimental data of the recent decades®.

There is another way to tackle the problem of motion of spin particles. In Riemannian space
fundamental metric tensor is symmetric gog=gg.. Nevertheless we can build a space in which metric
tensor will have arbitrary form g.g7#gga (such space will have non-Riemannian geometry). Then a
non-zero antisymmetric part can be found in metric tensor'®. Appropriate additions will also appear

8Despite this, due to complicated calculations of energy-impulse tensor of electromagnetic field in pseudo-Riemannian
space, specific problems are commonly solved either for certain particular cases of General Relativity or in Galilean
frame of reference in a flat Minkowski space (space-time of Special Relativity).

9As a matter of fact, considering electron as a ball with radius of 7e=2.8-1013 cm implies that linear speed of its

rotation on the surface is u= 2mrf)r =2.10'! cm/s which is about 70 times as high as the light speed. But experiments
e

show there are no such speeds in electron.

10Generally, in any tensor of 2nd rank and above symmetric and antisymmetric parts can be distinguished. For
instance, in 2nd rank fundamental metric tensor g,g= % (ga3+g3a) +% (gagfgga) =Sap+ Naog, where S, is sym-
metric part and N,g is antisymmetric part of tensor g,3. Because metric tensor of Riemannian space is symmetric
JdaB=9pBa, its antisymmetric part is zero.
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in Christoffel symbols I'}, (1.2) and in Riemann-Christoffel curvature tensor Rog,,. These additions
will cause a vector transferred along a closed contour not to return into the initial point, i. e. trajectory
of transfer becomes twisted like a spiral. Such space is referred to as twisted space. In such space spin
rotation of particle can be considered as transfer of rotation vector along its surface contour, which
generates local field of space twist.

But this method has got significant drawbacks as well. First, with g.s7#gs. functions of compo-
nents with different order of indices may be varied. The functions have to be fixed somehow in to order
to set a concrete field of twist, which dramatically narrows the range of possible solutions, enabling
only building equations for a range of specific cases. Second, the method fully relies upon assumption
of spin’s physical nature as a local field of twist produced by transfer of vector of particle’s rotation
along a contour. This, in its turn, again implies the view of spin particle as a rotating gyroscope with
a limited radius (like in Papapetrou’s method), which does not match experimental data.

Nevertheless, there is little doubt in that additional impulse, which a spin-particle gains, can
be represented with methods of General Relativity. Adding it to the specific dynamic vector of a
particle (effect of gravitation) and accomplishing parallel transfer, we obtain general covariant dynamic
equations of motion of a spin-particle.

Once we have general covariant dynamic equations of motion of spin and electric charged particles
obtained, we should project them on space and time of accompanying frame of reference and express
through physical observable properties of the space of reference. As a result we arrive to chronomet-
rically invariant (physical observable) dynamic equations of nongeodesic motion of particles.

Therefore, the problem we are going to tackle in this book falls apart into a few stages. First, we
should build chronometrically invariant theory of electromagnetic field in pseudo-Riemannian space
and arrive to chronometrically invariant dynamic equations of motion of charged particle. This prob-
lem will be solved in Chapter 3.

Then, we have to create a theory of motion of a spin-particle. We will approach the problem in
its most general form, assuming spin a fundamental property of matter (like mass or electric charge).
In Chapter 4 detailed study will show that field of non-holonomity of space interacts with spin giving
particle additional impulse.

In Chapter 5 we are going to discuss observable projections of Einstein equations. Proceeding from
them we will study properties of physical vacuum and how they are dealt in cosmology.

In Chapter 6 we prove that fully degenerated space-time (zero-space) is an area inhabited by
virtual particles, and build geometric concept of annihilation of particles using methods of General
Relativity. Within the concept, we explain anomalous rate of annihilation of othopositronium.

But before turning to these studies we would like to have a look into four-dimensional tensor
analysis in terms of physical observable values (chronometric invariants). Original publications by
Zelmanov gave a very fragmented account of the subject, which prevented a reader not familiar with
this mathematical apparatus from learning it on their own. Therefore we recommend our Chapter 2
to readers who are going to use mathematical apparatus of chronometric invariants in their theoretic
studies. For general understanding of our book, though, reading this Chapter may be not necessary.



Chapter 2

Tensor algebra and the analysis

2.1 Tensors and tensor algebra

We assume a space (not necessarily a metric one) with an arbitrary frame of reference z®. In some
part of the space, there exists an object G defined by n functions f, of coordinates x®. We know the
transformation rule to calculate these n functions in any other frame of reference z® in this space.
Given all this G is a geometric object, which in the frame of reference z“ has axial components f,, (z%),
while in any other frame of reference Z® it has components f, (Z%).

We assume a tensor object (tensor) of zero rank is any geometric object ¢, transformable according
to the rule P

Y= W@a (2-1)

where the index takes in turn numbers of all coordinate axis (such notation is referred to as by-
component notation or tensor notation). Zero rank tensor has got a single component and is also
known as scalar. Scalar in space is a point to which a certain number is attributed.
Consequently, scalar field!! is a set of points in space, which have some common property. For
instance, mass of a material point is a scalar, while distribution of mass in gas makes up a scalar field.
Contravariant tensor of 1st rank is a geometric object A“ with components transformable according
to the rule } o7

a _ ApZT
A= AT (2.2)

From geometric viewpoint it is a n-dimensional vector. For instance, vector of displacement dx®
is a contravariant tensor of 1st rank.
Contravariant tensor of 2nd rank A®? is a geometric object with components transformable ac-
cording to the rule e
8 0z~ 0z

AP = A =2 .
oxH dzv

From geometric viewpoint this is an area (parallelogram) constrained by two vectors. Therefore
2nd rank contravariant tensor is sometimes referred to as bivector.

Similarly, contravariant tensors of higher ranks are

Axo — Aumfaﬁ e 0z7 .
oz ox”

Vector field or field of tensors of higher rank is also space distribution of these values. For instance,
because mechanical stress characterizes both magnitude and direction, its distribution in a physical
body can be presented as a vector field.

Covariant tensor of 1st rank A, is a geometric object, transformable according to the rule

~ Oxt
Ao=Aumer.

11 Algebraic notations of a tensor and of a tensor field are the same: field of a tensor is represented as a tensor at a
point in space, but its presence at other points in this part of the space is assumed.

(2.3)

(2.4)

(2.5)

19
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In particular, gradient of scalar field of any invariant ¢, i.e. the value Aazagli%, is a covariant tensor
of 1st rank. That is, because for a regular invariant we have @ =¢, then
op  0p Ozt Op Ozt
oi>  Ozk 9i*  Ozr 9T’

(2.6)

Covariant tensor of 2nd rank A,g is a geometric object the transformation rule for which is

ozt dz”

Apg = A, —— . 2.7
Similarly, covariant tensors of higher ranks are
~ ® T
An.o =A Or Ou (2.8)

HoToze 0z

Mixed tensors are tensors of 2nd rank and above with both upper and lower indices. For instance,
mixed symmetric tensor Ag is a geometric object transformable according to the rule

Y Oz 9P

Tensor objects exist both in metric and non-metric spaces, where distance between any two points
can not be measured.

A tensor has a™ components, where a is dimension of the tensor and n is the rank. For instance,
four-dimensional tensor of zero rank has 1 component, 1st rank tensor has 4 components, 2nd rank
tensor has 16 components and so on. But indices, i.e. axial components, are found not in tensors
only, but in other geometric objects as well. Therefore, if we come across a value in by-component
notation, this is not necessarily a tensor value.

In practice, to know whether a given object is a tensor or not, we have to know the equation for
this object in a certain frame of reference and to transform it to any other frame of reference. For
instance: are coefficients of coherence of space, i.e. Christoffel symbols, tensors?

To know this, we have to calculate the values in another (tilde-marked) frame of reference

A=A (2.9)

- ~ao T ™ 1 agua 891/0 8gﬂv
FZV — aol_‘m/,aa Lo = 5 < BEY + 9 00 (2.10)
proceeding from values in non-marked frame of reference.

Now we are going to calculate the terms in brackets (1.10). Fundamental metric tensor, just like
any other covariant 2nd rank tensor, is transformable to tilde-marked frame of reference according
to the rul

o the rule 5t O™

e = 957 i e

(2.11)

Because g.r depends upon non-tilde-marked coordinates, its derivative by tilde-marked coordinates
(which are also functions of non-tilde-marked ones) is calculated according to the rule
6957’ agET Oz*

0z~ dar 07 (2.12)

Then the first term in brackets (2.10) taking into account the rule of transformation of fundamental
metric tensor, is

~ P IS5 T T 2 .€ € 2.7
00us  0ger Oz Oz Ox o (317 0%z 0zt 0%z ) (2.13)

97”7  OxP 0F¥ OFF 070 0% 9FVOTH | OTM HFVOI°

Similarly, calculating the rest of the terms of tilde-marked Christoffel symbols (2.10), after trans-
position of free indices we arrive to
~ O0x® Ozf 0z" dz™  O*xf

F v,o — T A~ A~ O~ T A~ A~ N~ 2'14
e P oFk 07 07 | VT 077 OFHOTY (2.14)
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P 9z 9+ OTv Oz OTHOIV

re, =T (2.15)
We see that coeflicients of space coherence (Christoffel symbols) are transformed not in the way
tensors are, hence they are not tensors.
Tensors can be represented as matrices. But in practice, such form may be illustrative for ten-
sors of 1st and 2nd rank (single-row and flat matrices, respectively). For instance, elementary four-
dimensional displacement tensor is

dz® = (dxo,dml,dxz,da:?’) , (2.16)
and four-dimensional fundamental metric tensor is

goo go1 go2 gos
go gu g2 g3 | (2.17)
920 921 g22 G23
930 931 932 g33

Gap =

Tensor of 3rd rank is a three-dimensional matrix. Representing tensors of higher ranks as matrices
is even more problematic.

We now turn to tensor algebra — a part of tensor calculus that focuses on algebraic operations
over tensors.

Only same-type tensors of the same rank with indices in the same position can be added or
subtracted. Adding up two same-type n-rank tensors gives a new tensor of the same type and rank
with components being sums of respective components of the tensors added up. For instance, sum of
two vectors and sum of two mixed 2nd rank tensors are

A®+B*=D% A%+ B§=Dj. (2.18)

Multiplication is permitted not only for same-type, but for any tensors of any ranks. FExternal
multiplication of n-rank and m-rank tensors gives an (n+m)-rank tensor

AwgBy = Dug,, A BT =DP. (2.19)

Contraction is multiplication of same-rank tensors when indices are the same. Contraction of
tensors by all indices gives a scalar value

AB*=C, Al B =D. (2.20)

Often multiplication of tensors implies contraction by not all indices. Such multiplication is referred
to as internal multiplication which implies contraction of some indices inside the multiplication

AoeB’ =D,  Al,BS7=D}. (2.21)

Using internal multiplication of geometric objects we can find whether they are tensors or not.
There is a so-called theorem of fractions.

Theorem of fractions
“If B° is a tensor and its internal multiplication with a geometric object A (o, o) is tensor D (o, 3)

A(a,0) B°? = D (a,p), (2.22)

then this object A (a, o) is also a tensor” [10].
According to it, if internal multiplication of an object A, with tensor B? gives tensor D?

Ao B = D? | (2.23)

then object A, is a tensor. Or, if internal multiplication of some object A% and tensor B°? gives
tensor DA
A% BB = D, (2.24)
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then object A% is a tensor.
Geometric properties of metric space are defined by its fundamental metric tensor g,g, which may
lower or lift indices in objects of metric space!?. For example,

gapAP = A, 9" 97" Ao = AP. (2.25)

In Riemannian space mixed fundamental metric tensor g2 equals to unit tensor g8=g,,g7?=0".
Diagonal components of four-dimensional unit tensor are ones, while the rest are zeroes. Using the
unit tensor we can replace indices

05Ag = Ao,  ONOTAM = A7, (2.26)

Contraction of 2nd rank tensor with fundamental metric tensor gives a scalar value known as spur
of tensor or trace of tensor

g*P Ay = AT (2.27)

For example, spur of fundamental metric tensor in four-dimensional Riemannian space equals to
the number of coordinate axis

9apg™’ =97 =g+ 91 +95+g5 =4 (2.28)

Physical observable metric tensor h; (1.27) in three-dimensional space has properties of fundamen-
tal metric tensor. Therefore it can lower, lift or replace indices in chronometrically invariant values.
Namely, we can calculate squares of four-dimensional objects. Respectively, spur of three-dimensional
tensor is obtained by means of its contraction with observable metric tensor.

For instance, spur of tensor of velocities of space deformation D;j, (1.40) is a scalar

h* Dy, = D™, (2.29)

that stands for absolute value of the speed of relative expansion of elementary volume of space.

Of course our brief account can not fully cover such a vast field like tensor algebra. Moreover, there
is even no need in doing that here. Detailed accounts of tensor algebra can be found in numerous
mathematical books not related to General Relativity. Besides, many specific techniques of this
science, which occupy substantial part of mathematical textbooks, are not used in theoretical physics.
Therefore our goal was to give only a basic introduction into tensors and tensor algebra, necessary for
understanding this book. For the same reasons we have not covered issues like weight of tensors or
many others not used in calculations given in the below.

2.2 Scalar product of vectors

Scalar product of two vectors A% and B?® in four-dimensional pseudo-Riemannian space is value
gapA“BP = A,B* = A,B° + A;B'. (2.30)

Scalar product is contraction because multiplication of vectors at the same time contracts all
indices. Therefore scalar product of two vectors (1st rank tensors) is always a scalar value (zero
rank tensor).

If both vectors are the same, their scalar product

JapA®AP = A A% = AgA® 4 A A (2.31)
is the square of vector A¢. Consequently length of a vector A is a scalar

A =A% = 1/ gagAcAB, (2.32)

12In Riemannian space metric has quadratic form d32:ga5dm°‘dmﬂ, and respectively fundamental metric tensor is a
2nd rank tensor gog-
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Because four-dimensional pseudo-Riemannian space by its definition has indefinite metric (i.e.
sign-alternating signature), then length of four-dimensional vector may be real, imaginary or zero.
According to this, vectors with non-zero (real or imaginary) length are referred to as non-isotropic
vectors. Vectors with zero length are referred to as isotropic vectors. Isotropic vectors are tangential
to trajectories of propagation of light-like particles (isotropic trajectories).

In three-dimensional Euclidean space scalar product of two vectors is a scalar value with module
equal to product of lengths of the two vectors multiplied by cosine of the angle between them

A;B' = |A'[|B'| = cos (A7 BY) . (2.33)

Theoretically at every point of Riemannian space a tangential flat space can be set, which basic
vectors will be tangential to basic vectors of Riemannian space at the tangential points. Then metric
of tangential flat space will be metric of Riemannian space at this point. Therefore this statement is
also true in Riemannian space if we consider the angle between coordinate lines and replace Roman
(three-dimensional) indices with Greek ones.

From here we can see that scalar product of two multiplicated vectors is zero if the vectors are
orthogonal. In other words, scalar product from geometric viewpoint is projection of one vector
onto another. If multiplicated vectors are the same, vector is projected onto itself and the result of
projection is its length’s square.

We will denote chronometrically invariant (physical observable) components of arbitrary vectors
A® and B® as

, at =AY, (2.34)

b = B (2.35)

Then the other components are

1. 4
a+ Zv;a
el Ay=—a— S, (2.36)
1-5 c

C

A° =

1 .
b+ Lo b
Bt gy b (2.37)
1-% c
C2

Substituting values of observable components into formulas for A,B® and A,A* we arrive to
AaB® = ab - a;b" = ab — hira'bF, (2.38)
AL A® = a? — a;a’ = a® — hjgala®. (2.39)

From here we see that the square of vector’s length is difference between squares of lengths of
its projections onto time and space. If both projections are equal, the vector’s length is zero and it
is isotropic. Hence isotropic vector equally belongs to time and space. Equality of time and space
projections also implies that the vector is orthogonal to itself. If temporal projection is “longer”, it
becomes real. If spatial projection is “longer” the vector becomes imaginary.

Scalar product of four-dimensional vector with itself can be instanced by square of length of space-
time interval

ds? = gagd:ro‘da:'g = dzodz® = dzodz® + dz;dx’. (2.40)

In terms of physical observable values it can be represented as
ds* = Pdr? — daydz® = Adr? — hypdz'de® = Adr? — do?. (2.41)
Length of interval ds=+/gapdz®dz® may be real, imaginary or zero depending upon whether

ds is time-like c?dT?>do? (sub-light real trajectories), space-like c?dr?<do? (imaginary super-light
trajectoties) or isotropic c?dr?=do? (light-like trajectories).
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2.3 Vector product of vectors. Antisymmetric tensors and pseudotensors

Vector product of two vectors A® and B® is a 2nd rank tensor V? obtained from their external
multiplication according to the rule

(2.42)

o B
Vel =A% B%] = I‘A ; ’

« Q) __
(A*B° — APB )=5| Be B#

As seen, here the order in which vectors are multiplied does matter, i. e. the order in which we write
down tensor indices. Therefore tensors obtained as vector products are antisymmetric tensors. In an
antisymmetric tensor V*#=—V5A* indices being moved “reserve” their places as dots gn, V% :Vo;.ﬁ ,
thus showing from where an index was moved. In symmetric tensors there is no need of “reserving”
places for moved indices, because the order in which they appear does not matter. In particular,
fundamental metric tensor is symmetric tensor gag=gga, while tensor of space curvature R7; is
symmetric in respect to transposition by pair of indices and is antisymmetric inside each pair of
indices. Evidently, only tensor of 2nd rank or above may be symmetric or antisymmetric.

All diagonal components of any antisymmetric tensor by its definition are zeroes. For examlpe, in
antisymmetric 2nd rank tensor we have

N |

Voo = (A% B°] = = (A“B® — A°B®) = 0. (2.43)

1
2

In three-dimensional Euclidean space absolute value of vector product of two vectors is defined as
the area of the parallelogram they make and equals to product of modules of the two vectors multiplied
by sine of the angle between them

[Vik| = 47| |BY| = sin (47 B¥). (2.44)

This implies that vector product of two vectors (antisymmetric 2nd rank tensor) is a pad oriented
in space according to directions of the forming vectors.

Contraction of an antisymmetric tensor V, 5 with any symmetric tensor A*?=A4%AP is zero due to
its properties Voa=0 and Vog=—V3,

VagA®AP = Vg APA° + Vi, APA* + Vg ATA° + v, ATA% = 0. (2.45)

According to theory of chronometric invariants physical observable components of antisymmetric
2nd rank tensor VP are values

Vy! Ve 1, ;
=0 — 2 (abl — ba'), 2.46
v/ 900 Voo 2 ( ) (2.46)
i 1., i
szi(a ¥ — akb?), (2.47)

expressed through observable components of its forming vectors A% and B%. Because in an anti-

symmetric tensor all diagonal components are zeroes, the third observable component % (1.32) is

also zero.
Physical observable components V* (projections of V% upon spatial section of four-dimensional

K
space-time) are the analog of vector product in three-dimensional space, while the value \}/3‘7, which
00

is space-time (mixed) projection of tensor V%, has no analogs among components of a regular three-
dimensional vector product.

Square of antisymmetric 2nd rank tensor, formulated with observable components of forming
vectors, is

1 . . o1 ) .
VoVl = 3 (a;a’bpb® — a;b'axd®) + abasb’ — 5 (@%bib' —baia’) . (2.48)

The latter two terms in the formula contain values a (2.34) and b (2.35), which are projections of
multiplied vectors A* and B® onto time and therefore have no analogs in vector product in three-
dimensional Euclidean space.
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Antisymmetry of tensor field is defined by reference antisymmetric tensor. In Galilean frame of
reference'® such references are Levi-Civita tensors: for four-dimensional values this is four-dimensional
completely antisymmetric unit tensor e*®*¥ and for three-dimensional values this is three-dimensional
completely antisymmetric unit tensor e’*™. Components of these tensors, which have all indices
different, are either +1 or —1 depending upon the number of transpositions of indices. All other
components, i.e. those having at least two coinciding indices, are zeroes. Moreover, for the signature
we are using (+ — ——) all non-zero components bear the sign opposite to their respective covariant
components'®. For example, in Minkowski space

_ 0123 _ _ 0123
9ao9BpGurJure€’P"T = googi1goagsse T = —e 7,

23 123

(2.49)
GiakBIm~€PT = gr1g2gs3e’?® = —e

due to signature conditions goo=1 and g11=g22=gs3=—1. Therefore, components of tensor e*’** are

0123 — ] 1023y 1203 _ g 1230 _ _q
(2.50)
eor2s = —1, e1023 =+1, e1203 =—1, e1230 = +1,
and components of tensor €** are
e =141, B =-1, eB'=141, epz=-1, enz=-+1, ey =1 (2.51)

Because the sign of the first component is arbitrary, we can assume e°'2=—1 and e'?3=—1.
Subsequently, other components will change too. In general, four-dimensional tensor e®?*¥ is related
to three-dimensional tensor e?*™ as e%Fm=¢ikm

Multiplying four-dimensional antisymmetric unit tensor e®?*¥ by itself we obtain a regular 8th
rank tensor with non-zero components, which are presented in the matrix

52 6 8o oo

T “p Yy
58 oF & o
T T Y
AN VA

« v —
eBu Corpy = —

(2.52)

Other properties of tensor e®P* are obtained from the previous one by means of contraction of
indices

R
a T P
e PMepryy =—| 68 02 68 |, (2.53)
T T
o T P
adure, . =—2( % 0% ) = —2(s8f - shse
e Megry = =2 5 5B = —2 (6267 — 6262), (2.54)
P e o5 = —602, e PMenp,, = —662 = —24. (2.55)

Multiplying three-dimensional antisymmetric unit tensor e’*™ by itself we obtain a regular 6th
rank tensor

| 50 o
efme, = oF ok oF . (2.56)
o o o

Other properties of tensor €™ can be expressed as

eikmersm = - ( gi glsc > = 6257]? - 6:;55’ (2.57)

13Galilean frame of reference is the one that does not rotate, is not subject to deformation and falls freely in a flat
space-time (Minkowski space). Here lines of time are linear and so are three-dimensional coordinate axis.

141n case of signature (— + +4) this is only true for four-dimensional tensor e*#¥, Components of three-dimensional
tensor e?*™ will have same signs as the respective components of €;z, .
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eFMerim = 205, € Meip, = 267 = 6. (2.58)
Completely antisymmetric unit tensor defines for a tensor object its respective pseudotensor marked
with asteriks.
For instance, four-dimensional scalar, vector and tensors of 2nd, 3rd, and 4th ranks have respective
four-dimensional pseudotensors of the following ranks

1
V*aﬁuy — eaﬂul/v? V*aﬂu — eaBMVVV? V*aﬁ — §eaﬂpuvﬂu7

1 L (2.59)

Ve = Eea,ﬁuuvﬁwj , V* _ ﬂeaﬁwjvaﬁul/ ,
where 1st rank pseudotensor V*® is sometimes called pseudovector, while zero-rank pseudotensor
V* is called pseudoscalar. Tensor and its respective pseudotensor are referred to as dual to each
other to emphasize their common genesis. Similarly, three-dimensional tensors have respective three-

dimensional pseudotensors
V*ikm — eika V*zk — eikam
) )
1. 1. (2.60)
V= *elkakm, V* = 7ezkm‘/;km .
2 6
Pseudotensors are called such because contrary to regular tensors, they do not change being re-
flected in respect to one of the axis. For instance, being reflected in respect to abscises axis rl=—z",
2?=32, 23=%3. Reflected component of antisymmetric tensor V;;, orthogonal to z! axis, is Voz=—"Vas,
while its dual component of pseudovector V** is

1 1
722! iemm‘rkm 5(6123‘53 6132V32) Vas
(2.61)

- 1~ 1~ 1 - -
7l — 5e1lcmvlm _ 5eklmvkm = (6213‘/23 4 6312‘/32> — Vs

Because four-dimensional antisymmetric tensor of 2nd rank and its dual pseudotensor are of the
same rank, their contraction is pseudoscalar

VagV*P = VeV, = " B,5,, = B*. (2.62)

Square of pseudotensor V**? and square of pseudovector V**, expressed through their dual anti-
symmetric tensors of 2nd rank are

Vaag V7 = eapu VI PPV, = —24V,, VI (2.63)
ViV = eipm VeV, = 6V VE™. (2.64)

In non-uniform and anisotropic pseudo-Riemannian space we can not set a Galilean frame of refer-
ence and the reference of antisymmetry of tensor field will depend upon non-uniformity and anisotropy
of the space itself, which are defined by fundamental metric tensor. Here reference antisymmetric ten-
sor is a four-dimensional completely antisymmetric discriminant tensor

ea,@,uz/

Ea,@,ul/ — — ) Eaﬂ;u/ — eaﬁuu\/?g' (265)

Here is the proof. Transformation of a unit completely antisymmetric tensor from Galilean (non-
tilde-marked) frame of reference into an arbitrary (tilde-marked) frame of reference is

_ 0z Ox" Ox® Ox”
Cafur = @W%@eo’ysf - Jea,@;tl/a (266)

where J =det H gafj
z

is called the Jacobian of transformation (the determinant of Jacobi matrix)
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J=det|| 07y 0z, 0z, 0z, |. (2.67)

Because metric tensor g.g is transformable according to the rule

ozt dz”

~o( = A~ o~~a 1Z8) 2~68
then its determinant in tilde-marked frame of reference is
ozt dz”
§=det || ———~——g.. || = J%g. 2.69
9 U oz 978 9r 9 ( )
Because in Galilean (non-tilde-marked) frame of reference

1 0 0 0

0 -1 o0 0
g = det ||gag|| = det 0 0 -1 0 = -1, (2.70)

0 0 0 -1

then J2=—g?. Expressing €,p,, in an arbitrary frame of reference as Fog,, and writing down metric
tensor in a regular non-tilde-marked form, we obtain Eag#,,:eagm,\/jg (2.65). In a similar way we
0z
0x®
But discriminant tensor E“?*¥ is not a physical observable value. Physical observable reference of
antisymmetry of tensor fields is three-dimensional chronometrically invariant discriminant tensor

obtain transformation rules for components E*#¥  because for them g :gi 2. where J = det H

e = hhh) by E7HP = b, BT, (2.71)
Eapy = WERGREY By pp = b Egagy (2.72)

which in an accompanying frame of reference (b'=0), taking into account that \/—g=1/h+/goo, will
take the form ]

. . ) ezkm
E'Lkm — bOEO'Lkm — \/QEEO'Lkm — \/E , (273)
30 _ Eoikm _ f
Eikm = b Eoikm = —— = €ikmV 1. (2.74)

1/ 900

With its help we can transform chronometrically invariant (physical observable) pseudotensors.
For instance, from chronometrically invariant antisymmetric tensor of space’s rotation A;; (1.36) we
obtain observable pseudovector of angular velocity of rotation of space Q“z%a““mAkm.

2.4 Introducing absolute differential and derivative to the direction

In geometry a differential of a function is its variation between infinitely close points with coor-
dinates x® and x®*+dzx®. Respectively, absolute differential in n-dimensional space is variation of
n-dimensional values between infinitely close points of n-dimensional coordinates in this space. For
continuous functions, we commonly deal with in practice, variations between infinitely close points
are infinitesimal. But in order to define infinitesimal variation of a tensor value we can not use simple
“difference” between its values in points % and x“+dz®, because tensor algebra does not define the
ratio between values of tensors at different points in space. This ratio can be defined only using rules
of transformation of tensors from one frame of reference into another. As a consequence, differential
operators and the results of their application to tensors must be tensors themselves.
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For instance, absolute differential of a tensor value is a tensor of the same rank as the value itself.
For a scalar ¢ it is a scalar

9 . a
In accompanying frame of reference (b'=0) it is
Dy = d —dx’. 2.7
R TR (2.76)

We can see that aside for three-dimensional observable differential there is an additional term that
takes into account dependence of absolute displacement D¢ from flow of physical observable time dr.

Absolute differential of contravariant vector A%, formulated with operator of absolute derivation
V (nabla) is

Aa
DA® = V, A%z = ‘; dz® + %, A*dz® = dA® + %, APda”, (2.77)

IO'

where V, A is absolute derivative A% by coordinate % and d stands for regular differential

0A”
VU-Aa == % + FZCJAM, (278)
d= %adﬁ (2.79)

Notation of absolute differential with physical observable values is equivalent to calculation of
projection of its general covariant form onto time and space in accompanying frame of reference

gOaDAa

T =b,DA* = , B'=hDA". 2.80
v/ 900 ( )
Denoting observable components of vector A% as
Ay . »
_ , ¢ = A, 2.81
7 Ve &80
we arrive to its other components
1, i
w ©+ ¢viq @
Ag = (17—), AV=IT_C€C2° = Ai=—q — Zv;. 2.82
0 12 2 1— % q c v ( )

Taking into account that regular differential in chronometrically invariant form is

*0 . *0

d=dr— +dz'—

"ot T g

and substituting Christoffel symbols in accompanying frame of reference (1.41-1.46) into values T

and B? (2.80), we arrive to chronometrically invariant (observable) projections onto time and space
of absolute differential of vector A

(2.83)

1 . )
T =b,DA* = dp + - (—Fig'dr + Dixq'da"), (2.84)
C

Bl = hiDA? = dgi + (%dmk + qde) (D, + A}i) — %FidT + AL gk (2.85)

To build equations of motion we will also need chronometrically invariant equations of absolute
derivative of a vector to a direction, tangential to trajectory of motion. From geometric viewpoint a
derivative to direction of a certain function is its change in respect to elementary displacement along
a given direction. Absolute derivative to direction in n-dimensional space is change of n-dimensional
value in respect to elementary n-dimensional interval along a given direction. For instance, absolute
derivative of a scalar function ¢ to direction, defined by a curve z*=z® (p), where p is a parameter
along this curve, shows the “rate” of change of this function
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Dy dop
=Fr - F, 2.86

In accompanying frame of reference it is

Dy *0pdr *Opdxt
—_— = =" . . 2.
dp at dp + ox' dp (2:87)

Absolute derivative of vector A% to direction of curve %=z (p) is

DA* dz®  dA“ dz°®
=V, A% — e AR 2.88
dp v dp dp t o dp (2.:88)

Its physical observable projections onto time and space in accompanying frame of reference are

DA*  dp 1 . dT  dx®
N =L+ - (-Fi¢"=— + Dy — 2.89
- ( 05+ Dua dp) (2.89)
- DA°  dq o dz® L dT 4 y @ . dr ; da*
B = 2 LA ) (D4 A - ER Sl AL g 2.90
Ly dp (C dp +q dp (D + 45) c dp+ mkd p (2.90)

Actually, these projections are “generic” chronometrically invariant equations of motion. But once
we define a particular vector of motion of particle, calculate its observable components and substitute
them into given equations, we immediately arrive to particle’s equations of motion formulated with
physical observable values.

2.5 Divergence and rotor

Divergence of a tensor field is its “change” along coordinate axis. Respectively, absolute divergence of
n-dimensional tensor field is its divergence in n-dimensional space. Divergence is a result of contraction
of field tensor with operator of absolute derivation V. Divergence of vector field is a scalar value

0A°

A% = —
Vo o0x°

+T9, A", (2.91)

Divergence of field of 2nd rank tensor is a vector

Vo F7% = 97 + g, F* +Tg, FoH, (2.92)
while it can be proven that I'7 , is
Oln./—
rg, == V9 (2.93)

oxH

To do this we will use the definition of Christoffel symbols and write down I'7 | in detailed form

1 dg dg dg
I, =9""Tuop==g"" | 22 7L ZRT ) 2.94
on =9 Tuee =59 (axo T Der T oar (2:94)

Because o and p here are free indices, they can change places. As a result, after contraction with
tensor g”? the first and the last terms cancel each other and I'7, takes the form

1 _0g
[ — —grodpo 2.
on =359 5. (2.95)

Values g”° are components of a tensor reciprocal to tensor g,,. Therefore each component of
matrix g7 is

po a?
e det [|gpo | » (2.96)
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where af? is algebraic cofactor of a matrix’ element with indices po, equal to (—1)” +J, multiplied

by determinant of matrix obtained by crossing the row and the column with numbers ¢ and p out
of matrix g,,. As a result we obtain a””=gg”°. Because determinant of fundamental metric tensor
g=det ||g,o| by definition is

N(ap...«
g = (=)Mo 910 I2(02) T3(an) - (2.97)
@Qp...Qx3

then the value dg will be dg=a”?dg,-=99"°dg,s, or

d
;g = 9" dgpo - (2.98)

Integration of the left part gives In (—g), because ¢ is negative while logarithm is only defined for

a positive function. Then dln (—g) :79. Taking into account that (—g)1/2:% In (—g), we arrive to

1
dlny/—g = igp”dgpa , (2.99)
and I'g, (2.95) takes form
1 _Jg Oln./—g
o _ _ po PO _
5. = 59" 50 et (2.100)

which had to be proven (2.93).

Now we are going to calculate physical observable components of divergence of vector field (2.91)
and field of 2nd rank tensor (2.92). The formula for divergence of vector field A® is a scalar, hence
VA% can not be projected onto time and space, while it is enough to express is through chronomet-
rically invariant components of A% and through observable properties of frame of reference. Besides,
regular operators of derivation should be replaced with chronometrically invariant ones.

Assuming notations ¢ and ¢' for observable components of vector A% (2.81) we express other
components of the vector through them (2.82). Then substituting regular operators of derivations,
expressed through chronometrically invariant operators

1 0_79
1/90081' n (915’
*0 0 1 *0

w
Van=1- 3, (2.101)

- = -+ v, 2.102
ort Ozt + 2’ ot ( )

into (2.91), and taking into account that 1/—g :\/ﬁw/ goo after some calculations we arrive to

1 (*0p *o¢t  *0lnvh 1
AT == D _ 4 g Y=o Fq 2.103
v c(8t te >+5‘$’+q ox? c? 9 ( )
In the third term the value 9lnvh

IV Ad 2.104
ot i ( )

stands for chronometrically invariant Christoffel symbols Ag?i (1.47) contracted by two symbols. Hence
similarly to definition of absolute divergence of vector field (2.91), the value

*6(11’ i*aln\/ﬁ *8qi
+4q — =

N AL v A
p o D +q'Aj; = "Vig (2.105)

stands for chronometrically invariant divergence of vector ¢°. Consequently we will call physical
divergence of vector ¢* the chronometrically invariant value

1 .
Fiq', (2.106)

Vig' = *Vig' —
c
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in which the additional term takes into account that the pace of time is different on opposite walls of
an elementary volume [10]. As a matter of fact, in calculation of divergence we consider an elementary
volume of space and calculate the difference between the amounts of “substance” which flows in and
out of the volume over an elementary time interval. But presence of gravitational inertial force F*
(1.38) results in different pace of time at different points in space. Therefore, if we measure durations
of time intervals at opposite walls of the volume, the beginnings and the ends of the interval will
not coincide making them invalid for comparison. Synchronization of clocks at opposite walls of the
volume will give the true picture, i.e. the measured durations of the intervals will be different.
The final equation for V,A% will be

1 [/ *0p ~
A% == D) + *V,q'. 2.1
Vo C((,)t + )+ Viq (2.107)

The second term in the formula is physical observable analog of a regular divergence in three-

dimensional space. The first term has no analogs and falls apart into two parts: % is variation
in time of temporal projection ¢ of four-dimensional vector A%; D is variation in time of volume
of three-dimensional vector field ¢¢, because spur of tensor of deformation velocities D=D? is rate of
relative expansion of elementary volume in space of reference.

Equation V,A7=0 applied to four-dimensional vector potential A of electromagnetic field is
Lorentz condition. In chronometrically invariant form Lorentz condition is

* T 1 *880
Vig' = p; ( 5 +<pD>. (2.108)

Now we are going to calculate physical observable components of divergence of an arbitrary anti-
symmetric tensor F*%=—FP* (later we will need them to obtain chronometrically invariant Maxwell

equations)
OF7® OF°®  0Oln/—g
Vo F7% = e F¥ 4+ T FoF = Fer 2.109
ox® *ow lou Ox° + OxH ( )
where the third term I'g, F°* is zero because of contraction of Christoffel symbols I'g,,, symmetric by

lower indices o, and antisymmetric tensor F7# is zero (as a symmetric and an antisymmetric tensors).
The term V,F?% is four-dimensional vector, so its chronometrically invariant projections are

T =b,V,F°*  B'=hlV,F’®=VY,F" (2.110)
We denote chronometrically invariant (physical observable) components of tensor F*° as
Fy'

Fi="-%  Hg*=Fk (2.111)
v/ 900

Then the rest non-zero components of the tensor, being formulated with physical observable com-
ponents (2.111) are

1
F® = “u,E*, (2.112)
C
1 1 1
0 n n
= E; — —v,H," — svpv, E" |, 2.113
0= (B ot~ oo, (2.113)
i 1 ik
. BE'— zuH
FO’L = Cvk F()i = _\/QOOEia (2114)
goo
& x 1 1
.Flv, = —Hz—_ — - B, Fy,=Hjp + — (’UiEk — ’UkEi), (2115)
C C

and the square of tensor F*P is
Fo3F*’ = HyH* — 2E,E". (2.116)
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Substituting the components into (2.110) and replacing regular operators of derivation with chrono-
metrically invariant operators after some algebra we arrive to

V,F? *OE! *9lnvh 1

T = = _ + B! T ZH¥A, 2117
500 8372 + ail?l c ik 5 ( )
. *(9H”“ *lnvh 1 .1 (*OFE* .
=V, Fo = +HF — = ZF.H* - = DE'), 2.118
" oz 2k c < ot T ) ( )

where A;i is antisymmetric chronometrically invariant tensor of non-holonomity of space. Taking into
account that

*9E' _,*0lnvh
Ox’ B ox’

is chronometrically invariant divergence of vector E* and that

= *V,E"’ (2.119)

. 1 ) ~ )
*ViH* — c—2FkH”“ = *V,H* (2.120)

is physical chronometrically invariant divergence of tensor H** we arrive to final equations for physical
observable projections of divergence of an arbitrary antisymmetric tensor F*8

A
= *V,E' — ~H"*A;,, (2.121)
C
. ~ 1 /(*OFE! ,
B = *V,H* - = DE'). 2.122
Vi c( ot + ) ( )

We now calculate physical observable components of divergence of pseudotensor F**3_ dual to the
given antisymmetric tensor F8
1

= Eopu F*. (2.123)

F*ocﬁ E(X/BMVF#V , F*aﬁ = 3

We denote observable components of pseudotensor F**# as
Fyt
v/ 900 ’

because there are evident relations H**~H" and E*'**~E® between these values and observable com-
ponents of antisymmetric tensor F*? (2.111) because of duality of the given tensors F*% and F**8.
Therefore, given that

H*i — E*z’k _ kaik7 (2.124)

Fi' Ly
\/900 2°

the other components of pseudotensor F**? formulated with observable components of the dual tensor
FoB (2.111) are

Fb = e E, (2.125)

1 1
FJ:O = %ngkpq |:Hpq + E (’Uqu — ’Uqu):| y (2126)
pro— L (omy +15 (0, By — vgE,) —
7 2\/97 rq q q-=p
) . (2.127)
——€ pquka — —skpqvlvk (vpEq — qup)} ,
2 3

*01 1 % 1
F 0 = 279005 Pq [Hpq + E (’Uqu — 'Uqu):| 5 (2128)
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1
F*Oi = 5\/ gOOsiqupq7 (2129)
*-k -kp 1 kpq 1 mkp
F'" =e"E, — 2o Vi Hp, — 3 ViVme E,, (2.130)
1
Fiigp = €ikp | EX — quH”q ; (2.131)
while its square is
FrapF*? = &1 (E,H;q — EiHpy), (2.132)

where €74 is three-dimensional chronometrically invariant discriminant tensor (2.73, 2.74). Then
observable components of divergence of pseudotensor F**% are

Fxo * H*z 201 1 .
vo 0- _ 8 _ H* 8 n_\/ﬁ _ *E*ZkAik;, (2133)
Voo O ot

*9lnvh 1 1(*3[{*1‘

_ 7F E*Zk _
2k ot

7 ox' ox"
or, outlining chronometrically invariant divergence *V;H * and chronometrically invariant physical
divergence *V; E*** similarly to (2.119, 2.120) we obtain

+ DH*Z) , (2.134)

UF*-G . 1 .

VoF§® g i Lpig, (2135)
v/ 9oo ¢
. _ ) 1 *8H*'L .

VUF*az — *VkE*zk _ E ( at + DH’”) . (2136)

Aside for vector divergence, antisymmetric tensor and 2nd rank pseudotensor we as well need to
know observable projections of divergence of 2nd rank symmetric tensor (we will need them later to
obtain chronometrically invariant laws of conservation). Because these formulas have been already
obtained by Zelmanov, we will take them from his lectures [10].

Denoting observable components of symmetric tensor 7% as

T Ti , : ,
0 _ ), 0O _ Kgi, Tk =Nk (2.137)
goo v/ goo
according to [10] we obtain
I8 *0 , S22
Volg _ "0p +pD 4+ DjypyN* + ¢*V,K' — ZF,K*, (2.138)
V900 ot c
V, T =c¢ +eDK' + 2¢ (Dj + AL) K* + 2 *VpN** — FN** — pF". (2.139)

ot

Along with internal (scalar) product of tensor with operator of absolute derivation V, which is
divergence of this tensor field, we can consider difference of covariant derivatives of tensor field. This
value is referred to as rotor and from geometrical viewpoint is “rotation” (vortex) of tensor field.
Absolute rotor is a rotor of n-dimensional tensor field in n-dimensional space (though this notation
is rather uncommon compared to absolute divergence). Rotor of four-dimensional vector field A% is
covariant antisymmetric 2nd rank tensor defined as'®

04, 04,
o Oz Qv

I5For example, see Section 98 in well-known P. K. Raschewski’s book [2]. Actually, rotor is not a tensor (2.140), but
its dual pseudotensor (2.142), because invariance with respect to reflection is necessary for rotation.

F[l.l/ = v,uAl/ - VVA[L (2140)
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where VA, is absolute derivative of A, by coordinate x*

8A -
Rotor contracted with four-dimensional absolutely antisymmetric discriminant tensor E** (2.65)
is a pseudotensor

(2.142)

FaB = gaBur (v A, — V,A,) = EPr <5Au 8Au> .

drr  Oxv

In electrodynamics F},,, (2.140) is the tensor of electromagnetic field (Maxwell tensor) which is a
rotor of four-dimensional potential A of electromagnetic field. Therefore later we will need formulas
for observable components of four-dimensional rotor F},,, and its dual pseudotensor F*P expressed
through observable components of four-dimensional field vector A%* (2.81) that form them.

Let us calculate components of rotor F,,, (taking into account that Fyo=F 00—0 just like for any
other antisymmetric tensor). As the result after some algebra we obtain

W\ ($p 9 1706
Foi (1 a ?) (cQFZ R > ’ (2.143)
P — “0¢;  Oqi | ¢ (*avi B *(%k)
T 0k o oz 92 (2.144)

L, 00 00N L T0n | "0
c\ ok o) T E\Tar T Mot )

) © k k *8<p 1 *BQk
F o_ _ ¥ F T — 2.145
0 3k + (&U’“ + c ot )’ ( )
1 ® "¢ 170qr | 29 1 *0 1*9qm
F<O — - — e — ™A 5 m - -
" 1-Y [62 T ok ¢ ot N 2 mk * e z™ - c ot
> (2.146)
_ E/Um *aqm o *8qk o ﬁ’U v Fm
c dzF Oz™ c* o ’
i pim [ 0@m  TOqp\ 1o, TOp 1. TOgm @ i 20
Fl=hn" —— | = =h" — = h" Lo Ft 4+ ——AY 2.147
i < P 5 - v 9™ 2 Vg ot + 3 VL + o ke ( )
pEm -—— | - 5F

_ E [ ( c Ot ) ? *

> ; ) (2.148)
1 " dn * dm 2@ k
hmk _ Am
T2 ¢’ (ax oz" ) c?
[ ia ) * 1* .

G o _ e (200 1700k) @ g (2.149)

\/QT \/gT ozk ¢ Ot c?

*6(,] *8q 24,0 )

Fik — gia kB pimpkn mo_ o) ZX ik 2.150
=99 aB = axn 8xm c ’ ( )

where (2.149, 2.150) are physical observable projections of rotor F),,. Respectively, observable pro-
jections of its dual pseudotensor F**8 are

F*-i aF*ai ) 1 *H *H m
0 _ 90 _ 8zkm - (i’: _ qk _ fAkm , (2151)
V/9oo /900 Ox Ox ¢
wik _ _ikm [ ¥ “0p  170qm
Pt (BRa) (2452

where F§'=goo F**'=goo E**"* F,,, can be calculated using components of rotor F},, (2.143-2.148).
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2.6 Laplace and d’Alembert operators
Laplace operator is three-dimensional operator of derivation
A =VV =V?=g4*V,V,. (2.153)

Its generalization in four-dimensional pseudo-Riemannian space is general covariant d’Alembert
operator

o= g“BVan. (2.154)
In Minkowski space these operators take the form
02 02 0?
A = 2.155
Oxlox! * 0x20x? + 0x30x3’ ( )
2 2 2 2 2
0= 190 g 4 0 = 19 A . (2.156)

2ot Ozlox! 0x2022 0x30x3 2 Ot2

Our goal is to apply d’Alembert operator to scalar and vector fields in pseudo-Riemannian space
and to present the results in chronometrically invariant form. First, we will apply d’Alembert operator
to four-dimensional field of scalar ¢, because in this case the calculations will be much simpler (absolute
derivative of scalar field V,, ¢ does not contain Christoffel symbols and leads to a regular derivative)

Oy Op 8290
Op = ¢*°V .V SN e M i [ i NRNCTC S 2.1
=49 aVP =49 9&(9 ﬁ)—g 92 OB (2.157)

Components of fundamental metric tensor will be formulated with values of theory of chronomet-
rically invariants. For components ¢g®* from (1.18) we obtain g?*=—h*. The values g°° are obtained

from formulas for vector of linear velocity of space rotation v'=—cg%+/goo

) 1 ot
01
= —— . 2.158
g T ( )

Component g% can be obtained from the property of fundamental metric tensor g,,g°"=g~.
Expanding this equation for a=0, 5=0

9009° = 900g™ + goig” = & =1, (2.159)
and taking into account that
w2 1 w
goo = (1 - Cj) ) goi = —=V; (1 - *) ; (2.160)
we obtain the expression for ¢°° value

1-— %vivi ' _
gOO [ C— Uiyl = hikylvk = 1}2_ (2161)

w 2’
=
(-

Substituting the obtained formulas for components of fundamental metric tensor into Oy (2.157)
and replacing regular operators of derivation with chronometrically invariant ones we arrive to d’Alem-
bertian for scalar field in chronometrically invariant form

1 *OZQD ) *82<p
== —p* = =g 2.162
= 2o Oxt0xk L ( )

where *0O is chronometrically invariant d’Alembert operator and *A is chronometrically invariant

Laplace operator
1 *82 . *82
W= — —hiF— 2.163
c2 ot? Oxidxk’ ( )
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* 82
Oxiozk
Now we apply d’Alembert operator to an arbitrary four-dimensional vector field A® in pseudo-
Riemannian space

A =g**V,*V, = ik (2.164)

OA® = "'V, V, A (2.165)

Because OA® is four-dimensional vector, its chronometrically invariant (physical observable) pro-
jections onto time and space are

T =b,0A% = b,g""V,V, A, (2.166)
B' = hi0A = hlg"'V,V, A°. (2.167)

In general, obtaining chronometrically invariant d’Alembertian for vector field in pseudo-
Riemannian space is not a trivial task, as Christoffel symbols are not zeroes and formulas for projec-
tions of second derivatives take dozens of pages'6. The main criterion of correct calculations is Zel-
manov’s rule of chronometrically invariance: “Correct calculations make all terms in final equations
chronometric invariants. That is they consist of chronometrically invariant derivatives of observable
components of vector field and chronometrically invariant properties of the frame of reference. If any
single mistake was made during calculations, the terms of final equations will not be chronometric
invariants”.

Hence, after some algebra we obtain that chronometrically invariant projections of d’Alembertian
for vector field in pseudo-Riemannian space (2.166, 2.167) are

. 170 *0gt 1 i*(‘?go i "o
T = Dgo——?)a(qu )——F o C2F i h’“Alka L
1% D*dp 1 _, *0g™
_hzk D n A n - _ = i F’Z k 2.168
caxl[(kJrk)H 5 cma i F g+ (2.168)

D 1 _
+ G RF S Fg" 5 Dy D ;;;D,’;qugh%z; (Dot Amn) ¢"

)

4 1, D *dq' iy (0"
B = *0A4'4+— — iy A k [y _
+Cz ot [(Di+A45) ¢*] += 2 ot + ( L+AL) ot
170 (‘PFl) 1 ,;"0p k 8q Lo mi | amiy 0P
3 a aF W*?F aat o PTHAT) gmt
Iy i Lo ok @ i D i G\ n

{8 (Bht?) +f§ [ DRt A2)] - (0 80

where *Og and *Oq’ result from application of chronometrically invariant d’Alembert operator (2.163)
to values p=Aq//goo and q'=A* (physical observable components of vector A%)
1 *8280 ) *(92@ ) 1 *82qi *a2qi
*Op = — — Rk Oyt = — pFm ) 2.170
YT 2o Oxt ok 7= 2 a2 Oxkdz™ ( )
D’Alembert operator from tensor field, which equals to zero or not zero gives d’Alembert equations
for the same field. From physical viewpoint these are equations of propagation of waves of the field. If

16This is one of the reasons why practical applications of theory of electromagnetic field and moving charge are mainly
calculated in Galilean frame of reference in Minkowski space (space-time of Special Relativity), where Christoffel symbols
are zeroes. As a matter of fact, general covariant notation hardly permits unambigous interpretation of calculation
results, unless they are formulated with physical observable values (chronometrically invariants) or demoted to a simple
specific case, like one in Minkowski space, for instance.
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d’Alembertian is not zero, these are equations of propagation of waves triggered by some “external”
source or by their distribution in space (d’Alembert equations with “source”). For instance, the sources
in electromagnetic field are charges and currents. If d’Alembert operator for the field is zero, then these
are equations of propagation of waves of the given field not related to any “sources” introduced into
the space. Therefore, equality to zero of all terms not under chronometrically invariant d’Alembert
operator *O sets physical conditions of propagation of observable waves of the studied field in four-
dimensional space-time, where gravitational force F* is zero and neither rotation A;; and deformation
D;}., same as any additional media. In this case chronometrically invariant equations of propagation of
waves of field A* are obtained from (2.170) made equal to zero in a very simple form. If gravitational
potential of space is not zero while the space itself rotates or is subject to deformation (presence of
any of these geometric properties will suffice), then, as seen from (2.168, 2.169), equations of wave
propagation become pretty more complicated to take account of every of the above geometric factors.
If the area of space-time under consideration aside for the tensor field in question is filled with another
medium, the d’Alembert equations will gain an additional term in their right parts to characterize the
media, which can be obtained from the equations that define it.

2.7 Conclusions

We are now ready to outline the results of this Chapter. Aside for general knowledge of tensor and
tensor algebra we obtained some convenient tools to facilitate our calculations in the next Chapters.
Equality to zero of absolute derivative of dynamic vector of particle to a direction sets dynamic
equations of motion of this particle. Equality to zero of divergence of vector field sets Lorentz condition
and equation of continuity. Equality to zero of divergence of 2nd rank symmetric tensor sets laws
of conservation, while equality to zero of antisymmetric tensor (and of pseudotensor) of 2nd rank
set Maxwell equations. Rotor of vector field is tensor of electromagnetic field (Maxwell tensor).
D’Alembert equations are equations of propagation of waves in generalized form, i.e. not only in
approximation of geometric optics. This was a brief list of applications of mathematical techniques
of which we came into possession. For instance, if we now come across an antisymmetric tensor or
a differential operator, we do not have to undertake special calculations of their physical observable
components, but may rather use already obtained general formulas from this Chapter.



Chapter 3

Charged particle in pseudo-Riemannian space

3.1 Problem statement

In this Chapter we will set forth the theory of electromagnetic field and moving of charged particles
in four-dimensional pseudo-Riemannian space, where all properties of field will be in chronometrically
invariant forms (i. e. expressed through physical observable values).

Electromagnetic field is commonly studied as vector field of four-dimensional potential A% in four-
dimensional space-time (pseudo-Riemannian space). Its temporal component is scalar potential of
electromagnetic field ¢, while the three-dimensional components make up so-called wvector-potential
A'. Four-dimensional potential of electromagnetic field A% in CGSE and Gaussian systems of units

has the dimension
A [g/? em?/?2 7Y, (3.1)

Its components ¢ and A® have the same dimensions. Therefore, studying electromagnetic field is
substantially different from studying gravitational field: according to the theory of chronometrically
invariants gravitational inertial force F'* and gravitational potential w (1.38) are functions of geometric
properties of space only, while electromagnetic field (i.e. the field of A% potential) has not been
“geometrically interpreted” yet and we have to study it just as an external vector field introduced
into space-time.

Equations of classical electrodynamics, — Maxwell equations that define the relationship between
strengths of electric and magnetic fields, — were obtained long before theoretical physics accepted
the terms of distorted pseudo- Riemannian space and even flat Minkowski space. Later, when electro-
dynamics was set forth in Minkowski space under the name of relativistic electrodynamics, Maxwell
equations were obtained in four-dimensional form. Then general covariant form of Maxwell equa-
tions in pseudo-Riemannian space was obtained. But having accepted general covariant form Maxwell
equations became less illustrative, which used to be an advantage of classical electrodynamics. On the
other hand, four-dimensional equations in Minkowski space can be simply presented as scalar (tem-
poral) and vector (spatial) components, because in Galilean frame of reference they are observable
values by definition. But when we turn to distorted, non-uniform and anisotropic pseudo-Riemannian
space, the problem of comparing vector and scalar components in general covariant equations with
equations of classical and relativistic electrodynamics becomes non-trivial. In other words, a question
arises which values can be assumed physical observable ones.

Thus the equations of relativistic electrodynamics in pseudo-Riemannian space should be formu-
lated in respect to physical observable components of electromagnetic field and observable properties
of observer’s frame of reference. We are going to tackle the problem using mathematical apparatus of
chronometric invariants, i.e. projecting general covariant values onto time and space of a real body
of reference, which physical and geometric properties are reference one in our measurements. The
results we are going to obtain this way will help us to arrive to observable generalization of the basic
values and laws of classical and relativistic electrodynamics in such a form that takes into account
effect of physical and geometric properties of the frame of reference (the body of reference) on results
of measurements.

38
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3.2 Observable components of electromagnetic field tensor. Invariants of
the field

By definition, tensor of electromagnetic field is rotor of four-dimensional electromagnetic potential A
and is also referred to as Mazwell tensor

04, 04,
F,=V,A -V,A, = ar  Bgt (3.2)
As seen, the formula is a general covariant generalization of three-dimensional values in classical
electrodynamics
7 ? 1 82 i —
=— - =rot A .
vl rot A, (3.3)

H
where ﬁ is vector of strength of electric component of the field. Value ¢ is a scalar potential, A is a
three-dimensional vector-potential of electromagnetic field, and

+ g+ k4 (3.4)

?77g -0 =0
Y y 0z

is gradient operator of a scalar function in regular three-dimensional Euclidean space.
In this Section we are going to discuss which components of general covariant tensor of electro-
magnetic field Fi, g are physical observable values and to define relationship between these values and

three-dimensional vector strengths of electric field ? and magnetic field ﬁ in classical electrodynam-
ics. The latter vectors will be also obtained in pseudo-Riemannian space, which generally is distorted,
non-uniform and anisotropic.

An important note should be taken. Because in a flat four-dimensional space-time (Minkowski
space) in an inertial frame of reference (i.e. the one that moves linearly and with constant velocity)
the metric is

ds* = Adt* — dz* — dy* — dz?, (3.5)

and components of fundamental metric tensor are

goo = 1, goi = 0, g11 = g2z = g3z = —1, (3.6)

no difference exists between covariant and contravariant components of four-dimensional potential A
(partially, this is why all calculations in Minkowski space are simpler)

@ = Ay = A°, A=Al (3.7)

In pseudo-Riemannian space (and in Riemannian space in general) there is a difference, because
metric has more general form. Therefore scalar potential and vector-potential of electromagnetic field
should be defined as physical observable (chronometrically invariant) components of four-dimensional

potential A%
A o A
0 =b"A, = x/g% . ¢ =RLAT = AL (3.8)

Other components of A%, being not chronometrically invariant, are formulated with ¢ and ¢’ as

1, i
»+ cviq ®
AO = 1776&7 Ai = —q; — E’Ui . (39)
62

Note that according to the theory of chronometric invariants, covariant chronometrically invariant
vector ¢; is obtained from contravariant vector ¢ as a result of lowering the index using chronomet-
rically invariant (observable) tensor hi, i.e. g;=h;.q*. To the contrary, a regular covariant vector
A;, which is not a chronometric invariant, is obtained as a result of lowering the index using four-
dimensional fundamental metric tensor A;=g;o,A%.
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According to the general formula for the square of a vector (2.39), the square of four-dimensional
vector of electromagnetic potential A% in accompanying frame of reference is

A A% = gaﬁAaAa = 902 - hikqiqk = ‘102 - q2’ (3.10)

and is: real value, if p?>¢?; imaginary value, if ?<q?; zero (isotropic) value, if p?=¢>.

Now using components of four-dimensional potential A® (3.8, 3.9) in definition of electromag-
netic field tensor Fi 5 (3.2), formulating regular derivatives with chronometrically invariant derivatives
(1.33), and using formulas for components of rotor of an arbitrary vector field (2.143-2.150) we obtain
physical observable (chronometrically invariant) components of the tensor Fig

Fyi 9" Foo - <*830 1 *3qk> P i
—0_ _J “O0a _ ik T - = F", 3.11
v/ 900 v/ 900 ok ¢ Ot 2 ( :
ik _ _ia kB _ primrkn _ _ ik
Fik = giaghB o = pimp, (830” axm> LA, (3.12)

We denote chronometrically inveriant (physical observable) components of electromagnetic field
tensor as )
i Fy! ik ik
B =— H'™ = F*, (3.13)
v/ 900

and covariant chronometrically invariant values formed with their help

*Qp  1*0q;
_ k __ ?
By = haB* = =20 + - — LF, (3.14)

* *

Hik = himhpn H™" = aaag; - % - %Aik ) (3.15)
while mixed components H,""=—H"" are obtained from component H ik using three-dimensional
chronometrically invariant metric tensor h;y, i.e. H;"=hy; H “m Tn this case deformation of space of
reference Dik:% %}?k (1.40) is also present in these formulas, but in an implicit way and appears
when we substitute components qr=hg.,q™ into formulas for time derivatives.

Besides, we may as well formulate other components of electromagnetic field tensor F,, 5 with its
observable components E* and H* (3.11) using formulas for components of arbitrary antisymmetric
tensor (2.112-2.115). This is possible because generalized formulas (2.112-2.115) contain variables
E* and H in “implicit” form, irrespective of whether they are components of a rotor or of an
antisymmetric tensor of any other kind.

In Minkowski space, when acceleration F?, rotation A;; and deformation D;, of the space of

reference are zeroes, the formula for the component E; becomes

Jdp 104,

E;, = -+ — , 3.16

Oxt + c Ot ( )
or in three-dimensional vector form -
10A

E=Veq-22 3.17

SO—’_ c 8t ) ( )

which, up within the sign, matches the formula for ﬁ in classical electrodynamics.

Now to formulate strength of magnetic field in three-dimensional vector form we use components
of pseudotensor F**# which is pseudo-Riemannian space is dual to Maxwell tensor of electromag-
netic field F**#=1E*frF,, (2.123). According to (2.124) physical observable components of this
pseudotensor are values

)
= i, Erik — prik, (3.18)
V900

*4
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Using formulas for components of pseudotensor F**# obtained in Chapter 2 (2.125-2.131) and
formulas for E; and H;j (3.14, 3.15) we arrive to expanded formulas for H *i and E*

1 “Oqm  0qn 29 L
¥ — Zgimn B e | — _gmnpr 3.19
26 ( Oz 9pm c mn 26 mn s ( )

, . *0p 1*0q ;
ik — gikn P F, — i n) = _gtknp 3.20
© <02 dz" ¢ Ot ) c g (3.20)

We can see that the following pairs of tensors are dual conjugate: H*' and H,,,, E*** and E,,.
Chronometrically invariant (physical observable) value H** (3.19) includes the term

€ Ban  Bgm 5¢ (*Vodm — *Viman) , (3.21)

which is chronometrically invariant rotor of three-dimensional vector field g,,, and the term

1. 2¢p 20 .
—" = A, = —QF, 3.22
25 c c ( )

where Q*izéaim”Amn is chronometrically invariant pseudovector of angular rotational velocity of
space of reference. In Galilean frame of reference in Minkowski space, i.e. in absence of acceleration,
rotation and deformation, the formula we obtained for chronometrically invariant pseudovector of
strength of magnetic field H** (3.19) takes the form

*i 1 imn BQM 8‘]n
H = e <8x” (%m), (3.23)

or in three-dimensional vector form, is

H=rotA. (3.24)

Therefore, the structure of pseudo-Riemannian space affects electromagnetic field due to the
fact that observable (chronometrically invariant) vectors of electric strength E; (3.14) and magnetic
strength H** (3.19) depend upon gravitational potential and rotation of the space of reference itself.

The same will be true as well in flat Minkowski space, if a non-inertial frame of reference that rotates
and moves with acceleration is assumed as the observer’s frame of reference. But in Minkowski space
we can always find a Galilean frame of reference (which is not true in pseudo-Riemannian space),
because Minkowski space itself does not accelerate the frame of reference and neither rotates nor
deforms it. Therefore such effects in Minkowski space are purely relative.

In relativistic electrodynamics we introduce invariants of electromagnetic field (or simply field
invariants)

Jy = F, F" = 2Fy, F% + F F*, (3.25)

Jo = F F*" = 2F, F*% + Fy F** (3.26)

The former is a scalar, while the latter is a pseudoscalar. Formulating them with components of
Maxwell tensor we obtain

Jy = HypH* —2E,E',  Jy =™ (B Hip — EiHpp) (3.27)

and using formulas for components of dual pseudotensor F*#*¥ obtained in Chapter 2 we can present
the field invariants as

Jy=—2(E;E'— H.;H"), Jy = —4E;H™. (3.28)

Because J; and Jy are invariants we can maintain that:

e if in any frame of reference squares of lengths of vectors of strengths of electric and magnetic
fields are equal E?=H*2, the equality will preserve in any other frame of reference;
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e if in any frame of reference vectors of strength of electric and magnetic fields are orthogonal
E;H**=0, the orthogonality will preserve in any frame of reference.

Electromagnetic field that satisfies conditions E?=H*? and E; H**=0, i.e. the one in which both
field invariants (3.28) are zeroes is referred to in electrodynamics as isotropic. Here the term “isotropic”
stands not for location of field in light-like area of space-time (as is assumed in space-time theory),
but rather for the field’s property of equal emissions in any direction in three-dimensional space.

Invariants of electromagnetic field can be also formulated with chronometrically invariant deriva-
tives of observable scalar potential ¢ and vector-potential ¢* (3.8) of the field

J =2 |:himhkn< 9gi an> qm ik dp "0p thk Op *0q, 1 Rk 9q; *Oqy,

dzF ozt oz" ax' ozF ¢ ozt Ot & ot ot (3.20)
80 i 20 4 "0qi 20700 ;i  2070qi i P '
2P0, — Lgimng 2 Wpi 2P Wipi P ppi|

* 2 c ¢ ox" + 2 ot + S ot A
17 . *0qm  *O0qn 4o | (T0p 170q; ¢

— _ mn e _ 79*1 _ - _ 7FZ . .

J2 2 [5 ( ox™ 83:"‘) c Oz’ o & (3.30)

Physical conditions for isotropic electromagnetic field are obtained by equaling the latter formulas
(3.29, 3.30) to zero. Doing this we can see that the conditions of equality of three-dimensional lengths
of vectors of strengths E?=H*? and their orthogonality E;H*'=0 in pseudo-Riemannian space at
the same time depend upon not only properties of the field itself (i.e. scalar potential ¢ and vector-
potential ¢*) but also upon acceleration F*, rotation A;;, and deformation D;; of the space of the body

of reference. In particular, vectors E; and H*' are orthogonal when the space is holonomic Q**=0,

while three-dimensional field of vector-potential ¢* is rotation-free aim"( ggﬁ — 8?1:% ) =0.

3.3 Chronometrically invariant Maxwell equations. Law of conservation
of electric charge. Lorentz condition

In classical electrodynamics the dependencies between strengths of electric field E (g2 cm~1/2571)

and magnetic field ﬁ [gl/ 2em—1/2 s~ 1] are set forth in Mazwell equations, which result from general-
ization of experimental data. In the middle 19th century J. C. Maxwell showed that if electromagnetic
field is induced in vacuum by given charges and currents, the resulting field is defined by two groups
of equations [4]

Group 1 Group II
rotH — 1@ = 417, ot E + lﬁ =0, (3.31)
c Ot c c Ot
dvE = 4rp, divH =0,

where p [g!/? cm~3/2 s~ 1] stands for distributed electric charge density (the amount e [g'/? cm?/2s~1]

of charge within 1 cm?®) and 5 [g'/2ecm~1/252] is the vector of current density. Equations that

contain field-inducing sources p and 7 are known as the first group of Mazwell equations, while
equations that do not contain field sources are referred to as the second group of Mazwell equations.

The first equation in Group I is Biot-Savart law, the second is Gauss theorem, both in differential
notation. The first and the second equations in Group II are differential notation of Faraday law of
electromagnetic induction and the condition of absence of magnetic charges, respectively. Totally, we

have 8 equations (two vector ones and two scalar ones) in 10 unknowns: three components of ﬁ,
—
three components of ﬁ, three components of j , and one component of p.

H
The dependence between the field sources p and j is set by equation

op .. —
% +divy =0 (3.32)
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called the law of conservation of electric charge, which is a mathematical notation of an experimen-
tal fact that electric charge can not be destroyed, but is merely re-distributed between contacting
charged bodies.

Now we have a system of 9 equations in 10 unknowns, i.e. the system that define the field and
its sources is still indefinite. The 10th equation which makes the system of equations definite (the
number of equations should be the same as that of unknowns) is the Lorentz condition, which constrains
potentials of electromagnetic field and is

19

5 T div A =o. (3.33)

The Lorentz condition stems from the fact that scalar potential ¢ and vector-potential Z} of
electromagnetic field related to strength values ﬁ and ﬁ with (3.3) are defined ambiguously from
them: E and H in (3.3) do not change if we replace

Z:_AbwL?\I/, goch'fla—\y,
c Ot
where v is an arbitrary scalar. Evidently, ambiguous definition of ¢ and X permits other dependencies

between the values aside for Lorentz condition. Nevertheless, it is Lorentz condition that enables
transformation of Maxwell equations into wave equations.

(3.34)

é
Here is how it happens. The equation divﬁzo (3.31) is satisfied completely if we assume ﬁ:rot A.
In this case the first equation in Group II of Maxwell equations (3.31) takes the form

1 A
ot | B+ 294 ) 2o, (3.35)
c ot
which has the solution N
Fo_ v, 124 (3.36)
c Ot
Substituting ﬁ:rot A and ﬁ (3.36) into Group I of Maxwell equations we arrive at
—  10? A — 18<p CAr—
10 (.. —

2
where A= 88 5+ 68 5+ 88 is regular Laplace operator.

Constraining potentials ¢ and A with Lorentz condition (3.33) we bring equations in Group I to
the form

g = —dmp, (3.39)
OA = _4?”7, (3.40)

2
where D:%a—Q—A is regular d’Alembert operator.

The result of applying d’Alembert operator to a field are equations of propagation of waves of
the field (see Section 2.6). Therefore the obtained result implies that if Lorentz condition is true
Group I equations (3.31) are a system of equations of propagation of waves of scalar and vector
potentials of electromagnetic field with sources (charges and currents). The equations will be obtained
in the next Sections. So far we are going to consider general covariant Maxwell equations in pseudo-
Riemannian space to obtain them in chronometrically invariant form, i.e. formulated with physical
observable values.
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In four-dimensional pseudo-Riemannian space Lorentz condition has general covariant form

0A°
JA° = re A4 =0, 41
v 97 +I'g, 0 (3.41)

i.e. is a condition of conservation of four-dimensional potential of field A*. Law of conservation of
electric charge (continuity equation) is

V,j% =0, (3.42)

where j¢ is four-dimensional current vector (also referred to as shift current), observable components
in which are electric charge density .
_ 1 Jo

C /900 ’

(3.43)

and three-dimensional vector of current density j°. Using the formula for divergence of vector field
in chronometrically invariant form, which we obtained in Chapter 2 (2.107), we arrive to Lorentz
condition (3.41) also in chronometrically invariant form

1*0p | -
- =D+ *V;¢' — <Fiq" =0, 3.44
o TPt Vi - g Fu (3.44)
and to continuity equation in chronometrically invariant notation as well
*0p 1 )
D+ *V;5*— =F;j'=0. 3.45
5 TP+ Vi = S Fj (3.45)

Here D:Djf:*ala%\/ﬁ stands for spur of tensor of deformation velocities of space (1.40) — the

rate of relative expansion of elementary volume, while *V; is operator of chronometrically invariant
divergence (2.105).

Because F; (1.38) contains derivative of gravitational potential w=c?(1—,/ggp), the term %Fiqi
c
in the obtained formulas (3.44, 3.45) takes into account the difference in time pace at opposite walls
of the elementary volume. The formula for gravitational inertial force F; (1.38) also accounts for
non-stationary state of rotation velocity of space v;. Besides, gravitational potential and velocity of
space rotation appear in chronometrically invariant derivation operators (1.33)

9 1 *a 9 1 *d

A S 3.46

ot 1-T o’ o 0xi 2 ot (3.46)
c

Therefore, the condition of conservation of vector field streams A% (3.44) and j< (3.45) directly

depend upon gravitational potential ar*ld velocit¥ of space rotation.

Chronometrically invariant values %@B and gtg are changes in time of physical observable values
¢ and p. Chronometrically invariant values @D and pD are observable changes in time of three-
dimensional volumes, filled with values ¢ and p.

In absence of gravitational inertial force, rotation and deformation of space, the obtained chrono-
metrically invariant formulas for Lorentz condition (3.44) and electric charge conservation law (3.45)
become

10¢ Oq 8ln\/ﬁi_
EE+8xi_ ozt ! =0, (347)

op 0j° Olmvh ,

— - — : = 4
ot = Oxt oxt 0, (3.48)
which in Galilean frame of reference in Minkowski space are
19  9¢" _ op 9

cot Taw =Y atTam (3.49)
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or, in a regular vector notation

1
7(9790 + div

%
A
c Ot

—o, P iawT -0, (3.50)
ot
which fully matches notations of Lorentz condition (3.33) and electric charge conservation law (3.32)
in classical electrodynamics.
Let us now turn to Maxwell equations. In pseudo-Riemannian space each pair of equations merge
into a single general covariant equation

v, FHo = 4%]‘“, V,F* =, (3.51)

where F'*? is contravariant form of electromagnetic field tensor, and F*#“ is dual pseudotensor. Using
chronometrically invariant formulas for divergence of antisymmetric 2nd rank tensor (2.121, 2.122)
and for its dual pseudotensor (2.135, 2.136), obtained in Chapter 2, we write down Maxwell equations
in chronometrically invariant form

1
*viElflekAikiﬁlﬂ'p
C

- Group I (3.52)
o1 a1 E : ar ’
*kalk_*ngHlk—* ( 0 —|—DEZ> zijz
c c\ Ot c
;1 *ik
Vi H*"—=E""A;,=0
C
p— Group II. (3.53)
o1 a1 H ;
*VkE*lk—ﬁFkE*lk—* ( 9 _|_DH*7,) =0
c c ot

Chronometrically invariant Maxwell equations in this notation were first obtained by J. del Prado
[22] and N. V. Pavlov [23] independently. Now we transform chronometrically invariant Maxwell equa-
tions in a way that they include E’ and H** as unknowns. Obtaining these values from definitions

(2.125, 2.124, and 2.111)
1

) ) *0 1*0qpm ;
gk =i (G, - 0 - L) - (3.55)

and multiplying the first equation by €74 we arrive to

(62,69 — §9 62) H™™ = HP4, (3.56)

5iqu*i = %&,ipqsimnHmn = %

Substituting the result as H*=c¢™*H,, into the first equation in Group I (3.52) we bring it to
the form

.2
*V,E' — EQ*mH*m = 4mp, (3.57)

where Q*izésim"Amn is chronometrically invariant pseudovector of angular velocity of rotation of
the space of reference. Substituting the second formula E**=—¢?*™E,(3.55) into the first equation
of Group II (3.53), we obtain

2
Vi H + 20, B =0. (3.58)
(&

Then substituting H*=e™* H,,, into the second equation in Group I (3.52) we obtain

; 1 ; 1 (*0E" *0lnvh _,\ 4«
*vk (szkH*m) . *QFkEmZkH*m B E ( nfE”) T
C

o + ot =2 (3.59)
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and after multiplying both parts of it by v/A and taking into account that *V;e™*=0 we bring this
formula (3.59) to the form

gikm ey, (H*m\/’)

or, in another notation

—e* ™ By HynVh — laﬁ (E\/E) — %ji\/ﬁ, (3.60)

C

ey, (Ham Vi) - lai (E'VR) = in i, (3.61)

where ji\/ﬁ is volume density of current and *%k: *Vk—%F k is chronometrically invariant physical
c

divergence (2.106) that accounts for different time pace at opposite walls of elementary volume.

The obtained equation (3.60) is chronometrically invariant notation of Biot-Savart law in pseudo-
Riemannian space.

Substituting E**=—¢*mE,, (3.55) into the second equation in Group II (3.53) after similar trans-
formations we obtain it in the form

ey (B f) +-2 (H\/E) ~0, (3.62)

which is chronometrically invariant notation of Faraday law of electromagnetic induction in pseudo-
Riemannian space.

The final system of 10 chronometrically invariant equations in 10 unknowns (two groups of Maxwell
equations, Lorentz condition and continuity equation) that define electromagnetic field and its sources
in pseudo-Riemannian space becomes

.2
*ViE' — =Qum H™ = 47p
c

1% An Group I, (3.63)
ikm xv7 - i _ 0
¢ Vi (H*m\/ﬁ) c ot (E \/ﬁ) ¢’ vh
o2
*V.H*" + EQ*mEm =0
Group II (3.64)
) ~ 1*0 . ’
ikm * -~ *1 —
s () 12 () =
1* ~
170 +2p+ *Vigt =0 Lorentz condition, (3.65)
c Ot c
81;0 +pD+ *V;j'=0 equation of continuity. (3.66)

In Galilean frame of reference in Minkowski space the determinant of physical observable metric
tensor v/h=1, it is not subject to deformation D;,=0, rotation ,,,=0 or acceleration F;=0. Then
chronometrically invariant Maxwell equations, obtained in pseudo-Riemannian space (3.63, 3.64),
bring us directly to Maxwell equations in classical electrodynamics in by-component (tensor) form

OE"

o i 47Tp

T

I 67

ikm ((OHim  OHup\ laE’ A Group L, (3.67)
¢ oz oz™ c ot ¢’
OH*

or "

) Group II. (3.68)

=0

iem (0Bm OBy 10H"
€ ozF  oz™ c Ot



CHAPTER 3. MOTION OF CHARGED PARTICLE 47

The same equations put into vector notation will be similar to classical Maxwell equations in
three-dimensional Euclidean space (3.31). Besides, the obtained chronometrically invariant Maxwell
equations in four-dimensional pseudo-Riemannian space (3.64) show that in absence of rotation of
space chronometrically invariant mathematical divergence of magnetic field is zero *V;H**=0. In
other words, magnetic field conserves in holonomic space. But divergence of electric field in this case
is not zero *V;E'=4mp (3.63), i.e. electric field is linked directly to density of electric charges p.
Hence a conclusion that “magnetic charge”, if it actually exists, should be linked directly to the field
of rotation of the space itself.

3.4 Four-dimensional d’Alembert equations for electromagnetic potential
and their observable components

As we have already mentioned, d’Alembert operator being applied to field gives equations of propa-
gation of waves of that field. Therefore d’Alembert equations for scalar electromagnetic potential ¢
are equations of propagation of waves of scalar field ¢, while for three-dimensional vector-potential

X these are equations of propagation of waves of three-dimensional vector field Z)

General covariant form of these equations for four-dimensional potential of electromagnetic field
was obtained by K.P.Stanyukovich in his book [24]. Using Group I of general covariant Maxwell
equations VUF’”:%T]'“ (3.51) and Lorentz condition V,A7=0 (3.41) he arrived to general covariant
equation in respect to four-dimensional potential A of electromagnetic field

OA* — R3A° = —4—”3 : (3.69)
where RG=¢“"'R?, 5,
vature. The term RO‘A’B is absent in the left part if Ricci tensor is zero, i.e. metric of space satisfies
Einstein equations away from masses (in vacuum). Also that term can be neglected in case space cur-
vature is not significant. But even in flat Minkowski space the problem can be considered in presence
of acceleration and rotation. Even this approximation may reveal, for instance, effect of acceleration
and rotation of body of reference on observable velocity of propagation of electromagnetic waves.
The reason for the above discussion here is that obtaining chronometrically invariant projections
of d’Alembert equations in full is a very labor intensive task. The resulting equations will be too bulky
to make any unambiguous conclusions. Therefore we will limit the scope of our work to obtaining
chronometrically invariant d’Alembert equations for electromagnetic field in non-inertial frame of
reference in Minkowski space. But that does not affect other Sections in this Chapter. Calculating
chronometrically invariant projections of general covariant four-dimensional d’Alembert equations

4
0A® = f%ja (3.70)

is Ricci tensor and R?Lﬁa is four-dimensional Riemann-Christoffel tensor of cur-

using general formulas (2.168, 2.169) and taking into account that p:ﬁ Joaj® is observable charge
00

density, in the space without dynamic deformation and in the linear approximation (without high
multiplicity members — weak fields of gravitation and space’s rotation) we obtain

170 *dq’ O " O
* F; Fi— —F AR —— —
o g () =GR+ GF g+ NG (3.71)
1 %0 1, ’
— REZ T (A g™) + ZRIEA™ " =4
h Caxl( knq )+Ch e Amnq P,
0 1 ,%9¢" 170(eF") 1 _*8p 1 _,*0q¢
*OA A — A - = - =F'"—— 4+ S F —
+2a( )+2 Moot 5ot o @ ok
mi *8(10 k km *8 i 1 *8 -1

) ] ) * n * 7 4 )
+(AznAzp—AzmAzp)qp+%( AEE zmA'n)m,m o A | = 25
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We see that physical properties of space of reference F*, A;,, D;, and curvilinearity of three-
dimensional trajectories (characterized by A};m) make some additional “sources” that along with
electromagnetic sources ¢ and j* form the waves that run through electromagnetic field.

Let us now analyze the results. First we consider the equations we obtained (3.71, 3.72) in Galilean
frame of reference in a flat Minkowski space. Here metric takes the form as in (3.5) and therefore
chronometrically invariant d’Alembert operator *O (2.163) transforms into regular d’Alembert oper-

ator *D:lﬁfh“c *.82 :la—QfA:D. Then the obtained equations (3.71, 3.72) will be
o2 " 9rioxF 2o d ’

Dp =4mp,  O¢'=——j, (3.73)

which fully matches equations of classical electrodynamics (3.39, 3.40).

Now we return to the obtained chronometrically invariant d’Alembert equations (3.39, 3.40). To
make their analysis easier we denote all terms in left parts, which stand after chronometrically invariant
d’Alembert equations *O, as T in the scalar equation (3.39) and as B? in the vector equation (3.40).
Transpositioning the variables into the right parts of equations and expanding the formulas for *O
operator (2.173) we obtain

1 %62 .

> atf — RR AV Vo =T + dmp), (3.74)
1 *9%¢' mk * * i i, Am
2 ar Ve Ved =B+ -5 (3.75)

where h'F *V,; *V;=*A is chronometrically invariant Laplace operator. The structure of their parts
say that if potentials ¢ and ¢* are stationary (i. e. do not depend on time), d’Alembert wave equations
become Laplace equations that characterize statical states of field

*Np =T +4mp, (3.76)
A 4 .
*Agt = Bi + %g (3.77)

Field is uniform along a certain direction, if its regular derivative to this direction is zero. In
Riemannian space field is uniform if its regular (general covariant) derivative is zero. In accompanying
frame of reference projection onto time and space non-uniformity of tensor field characterizes the
difference from chronometrically invariant operator *V; [8, 10]. In other words, if for a certain (e.g.
scalar) value A the condition *V;A=0 is true, the field is observed as uniform.

Therefore, chronometrically invariant d’Alembert operator *0O is the difference of 2nd derivatives
of operator %:7?7 which characterizes observed non-stationary state of the field, and of operator *V,,
which characterizes its observable non-uniformity. If a field is stationary and uniform at the same
time, left parts in d’Alembert equations (3.74, 3.75) are zeroes, and only field sources in the right

parts are left. That means the field does not generate waves, i.e. it is not a wave field.

In non-uniform stationary field (*V,;#0, %*a—?: ), d’Alembert equations (3.74, 3.75) characterize

a standing wave

—h**V * Vi =T + 4np, (3.78)
) . 4 .
— "V, Vg = B 4 (3.79)

In uniform non-stationary field (*V;=0, %B—?#O) d’Alembert equations describe changes of the

field in time depending from the state of the sources of the field (charges and currents)

1 *02%p

e = T + 4mp, (3.80)
1 *aqu . 4 .
— = B"+ —j". 3.81
2 Ot? * ¢’ ( )
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In inertial frame of reference (Christoffel symbols are zeroes) general covariant derivative equals

*

to the regular one *Vﬂngze and chronometrically invariant scalar d’Alembert equation (3.74) is

i *8230 i *82(p
c Ot? Oztoxk

=T + 4mp. (3.82)

Here the left part takes the most simple form, which facilitates more detailed study of d’Alembert
equation for scalar field. As known from theory of oscillations in mathematical physics, in regular
(not chronometrically invariant) d’Alembert equations

10% i 0%

Op= — -t — : .
L4 a? Ot? g Ozioxk (3.83)

the term a is absolute value of three-dimensional velocity of elastic oscillations that spread across
the field .

Expanding chronometrically invariant derivatives by spatial coordinates (3.46) we bring scalar
d’Alembert equation (3.82) to the form

1 NP O 2F 9
2 2 2 Ak T2 Vi
c c ot 0z'Or ¢ —wox"ot (3.84)
R* vy [ Op

k
Fp—=T+4
v kat +4dmp,

1
E_wor ot ' &2

where v2=h;,v*v* and the second chronometrically invariant derivative to time formulates with regular

derivatives as 52 92 dw O

e _ A R S————— (3.85)
ot? (1 w) ot c2 (1 w) ot ot
- -2
c

02

We can now see that the larger is the square of space rotation velocity v2, the lesser is effect of
physical observable non-stationary state of field (%&(E value) on propagation of waves. In the ultimate

case, when v —c, d’Alembert operator becomes Laplace operator, i.e. wave d’Alembert equation
becomes stationary Laplace equation. At lower velocities of space rotation v <c one can assume that
observable waves of field of scalar potential propagate at the light speed.

In general case absolute value of observed velocity of waves of scalar electromagnetic potential

V(p) becomes
1
V(p) = 5. (3.86)
-z

From the formula for chronometrically invariant value (3.85), which is observable acceleration of
increment of scalar potential ¢ in time, we see that it is the more different from “coordinate” value
the higher is gravitational potential and the higher is the rate of its change in time

2 2 *x 92
350_(1 w) 0%y 1 Owdy (3.87)

o2\ ) o2 T 2wt ot

In the ultimate case, when w—c? (approaching gravitational collapse), observable acceleration of
increment of scalar potential becomes infinitesimal, while coordinate rate of growth of the potential

%Ste’ to the contrary, becomes infinitely large. But under regular conditions gravitational potential w
contributes only smaller corrections into acceleration and velocity of growth of potential ¢.

* 02
All said in the above in respect to physical observable scalar value 0 is also true for vector ob-

2
ble value -2°4" 1, h trically invariant d’Alembert 6tt 010 pik_*0?
servable value ——s— ecause cnronometrica. mvarian empert operator == —5 T
vabie v o2 At P 2 01 9z 0"
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shows difference from scalar and vector functions only in the second term — Laplace operator, in which
chronometrically invariant derivatives of scalar and vector values are different from each other

_ *8@ * k __ *6qk
Ozt Vig© = Ozt

*Vip +AF g™ (3.88)
If space rotation and gravitational potential are infinitesimal, chronometrically invariant d’Alem-
bert operator for scalar potential becomes

10% 4 0%

Y= 202 dzi0Lk

(3.89)

and electromagnetic waves, produced by scalar potential ¢ propagate at the speed of light.

3.5 Chronometrically invariant Lorentz force. Energy-impulse tensor of
electromagnetic field

In this Section we are going to formulate physical observable components of four-dimensional force
with which electromagnetic field affects electric charge in pseudo-Riemannian space. The problem
will be solved for two cases: (a) for a point charge; (b) for a charge distributed in space. Also, we are
going to calculate physical observable components of energy-impulse tensor of electromagnetic field.
In three-dimensional Euclidean space of classical electrodynamics motion charged particle is char-
acterized by vector equation
dp e
e eE + ° [ H, (3.90)
where 7:m7 is three-dimensional vector of particle’s impulse and m is its relativistic mass. The
formula in the right part of this equation is referred to as Lorentz force.
The equation that characterizes the change of kinetic (relativistic) energy of a charged particle

E=mc = — (3.91)

due to work accomplished by electric field to displace it within a unit time takes a vector form as

follows dE

and is also known as live forces theorem.
In four-dimensional form, thanks to unification of energy and impulse, in Galilean frame of reference

in Minkowski space both equations (3.90, 3.92) takes the form
au* e _ dx”

=-F*U°, U® = —/—,
mo¢ ds c ° ds

(3.93)

and are referred to as Minkowski equations (F'% is the electromagnetic field tensor). Because the
metric here is diagonal (3.5), hence

B [ u? »  [dx 2 dy\” dz\>

and the components of four-dimensional velocity of particle U* are

UOZL Uizluii
/ 2’ c | 2’

1 U 1 U

& 2

(3.95)
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, i
where ulz% is three-dimensional velocity of particle. Once components %F U’ in Galilean frame

of reference are

e e FEu
7F_?,'UU=—77, (3.96)
c c 2
-1
c
e . 1 . e .
*-F.ZUJ = - (eEl + *elkmukH*m) ’ (397)
c 2 c
ey1-Y%
c

then temporal (scalar) and spatial (vector) components of Minkowski equations (3.93) are (in Galilean

frame of reference as well) iE
E = —eEiU/i, (3'98)

dp’
dt
The above relativistic equations, save for the sign in the right parts, match the live forces theorem
and equations of motion of charged particle in classical electrodynamics (3.90, 3.91). Note that
difference in signs in the right parts is conditioned only by choice of signatures: we use space-time
signature (+ — ——), but if we accept signature (— + ++), the sign in the right parts of the equations
will change.
We now turn to chronometrically invariant representation in pseudo-Riemannian space of four-
dimensional impulse vector @a:%F.‘;‘ U?, which particle gains from interaction of its charge e with
electromagnetic field. Its physical observable projections are

=— (eEi + geikmukH*m> ) p' = mu'. (3.99)

7= ¢Ee” (3.100)
€ +/900

. e . e . .
B = -F:U° = = (F:U° + FLUF) . 3.101
c ¢ ( -0 + -k ) ( )

Given that in pseudo-Riemannian space components of U“ are
1

jvivi +1 ) 1 %
Uo= ¢ . U= (3.102)
1— Lz (1 — M) ¢ 1— ﬁ
c c? c
then, taking into account formulas for rotor components (2.143-2.159) we obtained in Chapter 2, we
arrive to 3 3
e “0p  1%0qi ;
T=———r= — 4+ - - S F , 3.103
) 2 <8xl+c ot ¢? >V ( )
C 1-— v
c
, e 0o  1%0qr e
B=————{ 4+ — +——— — 5F | I
2 { ((%ck N c Ot 2 F i
NE- =z (3.104)

+ [hiMh’m ( Oam _ aq") = Q‘K’Ai’“} vk}.
Cc

oz" ox™

Scalar value T, to within multiplier — %, is a field’s work to displace charge e in pseudo-Riemannian
c

space. Vector value B?, to within multiplier %, in non-relativistic case is a regular force that acts on

charged particle from electromagnetic field in pseudo-Riemannian space

. . . 1 .
P =cBi = —e (E + slka*mvk) , (3.105)
C
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and is observable Lorentz force. Note that alternating signs stem from the fact that in pseudo-
Riemannian space quadratic equation in respect to % has two roots (1.55). Respectively, the “plus”
sign in the Lorentz force stands for particle’s motion into future (in respect to the observer), while
the “minus” sign denotes motion into past. In Galilean frame of reference in Minkowski space there
is no difference between physical observable time 7 and coordinate time ¢. Hence Lorentz force (3.99)
obtained from Minkowski equations will have no alternating signs.

If charge is not a point one but is distributed in space, Lorentz force @“:%F > U? in Minkowski
equations (3.93) will be replaced by four-dimensional vector of Lorentz force density

1
jo=—2F3 (3.106)

where four-dimensional vector of current density j":{cp; ji} is defined from Group I of general
covariant Maxwell equations (3.51)

j7 = iV“FW' (3.107)

Physical observable components of Lorentz force density f< are

fo 1.
— 1 3.108
1/ 900 c ( )
i L T TN SR L, .
f'=pE"+ EH'k] = EpE + Es H,nj - (3.109)

In Galilean frame of reference in Minkowski space temporal and spatial projections of vector of
current density (3.109) are
I
fo _a_lg7 (3.110)
c

T=rE+2(7:8, (3.111)

where 7 is density of Lorentz force that acts on spread charges, while ¢ is density of heat power
released into current conductor.

Now we transform density of Lorentz force (3.106) using Maxwell equations. Substituting ;7
(3.107) we arrive to

1 1 1
, = -F,,j° = —F,,V,F' = — F,,F*°) — F*°V ,F,,|. 3.112
f J A Vu An [Vu( ) Vu ] ( )

c

Transpositioning indices p and o (also known as mute or free indices), by which we add-up, and
taking into account antisymmetry of Maxwell tensor F,,3 we the second summand to the form

1 1 1
FHOVuFog = 5 F' (VuFy + VoFp) = =5 Y7V, Fpy = S FYV, Fyg (3.113)

As a result, for f, (3.112) and its contravariant form we obtain

1 1
fo==1-Vu (F""FW + 465F0‘5Fa5> : (3.114)
v 1 wo - 1 78 nle7c}
Denoting the term
1 1
- (- FrFY + 4g‘“’F°‘ﬂFaﬁ> =T, (3.116)

we obtain the expression
fr=v, T, (3.117)
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i.e. four-dimensional vector of density of Lorentz force f¥ equals to absolute (general covariant)
divergence of value TH¥, referred to as tensor of energy-impulse of electromagnetic field. Its structure
shows that it is symmetric TH’=T"* while its trace (given that trace of fundamental metric tensor
Guvg"r=0,=4) is zero

1 1 v [e3 1 g [e3
Ty = gu T = (— F" Fuo + 599" F ﬁFaﬁ> = (- F"Fe + F*PF,5) =0. (3.118)

Physical observable components of energy-impulse tensor are values
T . T ) )
=, Ji=—=0 Utk = 21k (3.119)
goo v/ 900
where ¢ is observable density of field, J* is vector of observable density of impulse, and U** is tensor of
observable density of impulse flow. Calculating the values for energy-impulse tensor of electromagnetic
field (3.116) we obtain the expressions

E2 H*2
P ki (3.120)
8

. C ik
oY 121
J 471_5 k (3 )
U = g?ht — = (B'ES + HOH), (3.122)

7

where E2=h;; E'E* and H*?>=h;, H** H**. Comparing the formula for ¢ (3.120) with that for density
of energy of electromagnetic field from classical electrodynamics
E? + H?
W=—"— 3.123

ik (3.123)
where EQ:(ﬁ; ﬁ) and H 2:(ﬁ; ﬁ), we can see that chronometrically invariant value ¢ we have
calculated is observable density of energy of electromagnetic field in pseudo-Riemannian space. Com-
paring the formula for chronometrically invariant vector J* (3.121) with that for Poynting vector in

classical electrodynamics
- (E.H"H
§ . 3.124
47_[_ ( Y ) ) ( )

we can see that J is observable Poynting vector in pseudo-Riemannian space. Correspondence of the
third observable component U (3.122) to values in classical electrodynamics can be established using
similarities with mechanics of continuous media, where three-dimensional tensor of similar structure
is tensor of tensions for elementary field volume. Therefore, U®* is chronometrically invariant tensor
of strengths of electromagnetic field in pseudo-Riemannian space.

Now we can obtain identities for chronometrically invariant components of vector of density of
Lorentz force, which right parts are already formulated with charge density p and current density j°
(3.108,3.109), i.e. with sources of electromagnetic field. Using equation f*=V,T"" we will formulate
the left parts with observable components of tensor of energy-impulse of electromagnetic field (3.120—
3.122). Using ready formulas for observable components of absolute divergence of symmetric 2nd rank
tensor (2.138, 2.139), we obtain

*0 1 y ~ 1 A
8; +qD + DU + *ViJ' = S FJ = ~Bij', (3.125)
*a‘]k k k k- 7 * ik k k 1 kim .
S DJ* 4 2(DE 4 AY) T4 VU™ — F* = pBF 4 M H i (3.126)

The first chronometrically invariant identity (3.125) shows that if observable vector of current
density j° is orthogonal to vector of strength of electric field E*, the right part turns to zero. In general
case, i.e. in case of arbitrary orientation of vectors j* and E°, observable change of electromagnetic

field density in time (% value) depends upon the following factors:
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1. rate of change of physically observable reference volume of space, filled with electromagnetic
field (gD term);

2. change of observable strength of field under action of surface forces of volume deformation
(%DMU“ term);
c
3. effect of gravitational inertial force that decrease or increase observable density of field impulse
(%Fiﬂ term);
c ~
4. observable “spatial variation” (physical divergence) of field impulse density (*V;J* term);
5. magnitudes and mutual orientation of current density vector j¢ and electric strength vector E?

(the right part of the equation).

The second chronometrically invariant identity (3.126) shows that observable change in time of

* k
vector of density of electromagnetic field impulse ( 8{ value) depends upon the following factors:

1. rate of change of observable reference volume of space, filled with electromagnetic field
(DJ* term);

2. change of deformation forces and Coriolis forces of the space itself, which is accounted by the
term 2(DF+A%)J?;

3. effect of gravitational inertial force on observable density of electromagnetic field (¢F* term);

4. observable “spatial variation” of field strength *6iU ik,

5. observable density of Lorentz force (the right part defined by value f’“:pEkJr%eMmH*i Jm-

In conclusion we consider a specific case of isotropic electromagnetic field. Formal definition of
isotropic field with the help of Maxwell tensor [4] is a set of two conditions

Fu F' =0,  F,F* =0, (3.127)

which implies that both field invariants J1=F,,, F*", Jo=F,, F**" (3.25, 3.26) are zeroes. In chrono-
metrically invariant notation, taking into account (3.28), the conditions take the form

E?*=H*  EH"=0. (3.128)

We see that electromagnetic field in pseudo-Riemannian space is observed as isotropic one given
that in observer’s frame of reference three-dimensional lengths of vectors of strengths of electric and
magnetic fields are equal, while Poynting vector J* (3.121) is zero

c

J_47T

ehm L H, ., = fsik’"hmkEkH*k = 0. (3.129)
7r
In terms of observable components of energy-impulse tensor (3.120, 3.121) the obtained conditions
(3.128) also imply that
J =cq, (3.130)

where J=v/J2 and J?=h;,J'J*. In other words, length J of observable vector of density of impulse
of isotropic electromagnetic field depends only upon density of field g itself.

3.6 Equations of motion of charged particle obtained using parallel transfer
method

In this Section we will obtain chronometrically invariant equations of motion of test charged mass-
bearing particle in four-dimensional pseudo-Riemannian space with presence of electromagnetic field.
Generally, using the method described herein we can also obtain equations of motion for a particle,

which is not a test onel”.

17A test particle is one with charge and mass so small that they do not affect electromagnetic and gravitational
fields in which it moves. Mass-bearing particles (rest-mass is non-zero) are particles which move along non-isotropic
trajectories.
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The equations in question are chronometrically invariant projections onto time and space of general
covariant equations of parallel transfer of four-dimensional summary vector

« (a7 € (a7
QY =P+ A, (3.131)

«
where P"‘:modi is four-dimensional dynamic vector of particle that moves (in this case) along a
S Y p g

non-geodesic trajectory, and -5 A is four-dimensional impulse that the particle gains from interaction
of its charge e with electrome(m:gnetic field A%, which diverts its trajectory from a geodesic line. Given
this problem statement, parallel transfer of superposition on non-geodesic eigenvector of particle and
the diverting vector is also a geodesic one
A (pay € ga) o (pn gu)dw”
ds (P +c2A )+F’“’(P JchA ds

By definition geodesic line is a line of constant direction. This means that the one for which any
vector tangential to it at a given point will remain tangential along the entire line being subjected to
parallel transfer [10].

Equations of motion of particle may be obtained in another way, by considering motion along line
of the least (extremum) length using least action principle. Hence, extremum length lines are also
lines of constant direction. But, for instance, in space with non-metric geometry length is not defined
as category. Therefore lines of extremum length are neither defined and we can not use the least
action method to obtain the equations. Nevertheless, even in non-metric geometry we can define lines
of constant direction and derivation parameter to them. Hence one can assume that in metric spaces,
to which Riemannian space belongs, lines of extremum length are merely a specific case of constant
direction lines.

Hence, general formulas for chronometrically invariant projections of equations of parallel transfer,
obtained in Chapter 2, take the form

—0. (3.132)

dp 1 dt - dz®
| —Fd— 4+ D..gt— | = 1
ds + c < iq ds + ikq ds ) 07 (3 33)
dg’ gdzk  , dr . iy P odr o dak
- — — AL - — 4N T ——= 134
d8+<c R (Di+AR) A" =0, (3.134)

where s (space-time interval) is parameter of derivation to the trajectory, ¢ and §' are observable
projections of the summary vector of charged particle Q% (3.131) onto time and space

- QO 1 e
— b, Q% = - Po+ S 4,), 3.135
4 Q N \/QR( 0T 3 0) ( )
§=hQ"=Q =P 4 Sal (3.136)
C

Physical observable projections of dynamic vector of a real mass-bearing particle are
P A T
0 = 4m, P'=-mv'=-p', (3.137)
v/ 900 c c
where “plus” sign stands for particle’s motion into future (in respect to observer), while “minus”

. i
appears if particle moves into past, and pl:m% is chronometrically invariant three-dimensional

impulse of particle. Observable projections of four-dimensional impulse % A are
c

e Ay e e . e .
/g0 e 07214Z B §q17 (3.138)

where ¢ is scalar potential and ¢' is vector-potential of electromagnetic field — chronometrically
invariant components of four-dimensional field potential A (3.8). Then values ¢ and §*, i. e. physical
observable projections of summary vector Q< (3.135, 3.136) take the form
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G =+tm+ c%(p, (3.139)

. 1 . e .
i==(p+—=q). 3.140
q C(p+62q> ( )

We now substitute the values ¢ and §* into general formulas for chronometrically invariant equa-
tions of motion (3.133, 3.134). Moving the terms that characterize electromagnetic interaction into
the right parts we arrive to chronometrically invariant equations of motion for mass-bearing charged
particle in our world that moves into future in respect to a regular observer (direct flow of time)

dm m e dy

i ik
o Fv —|— lev 2 dT+ (Fiq —Dirg'v"), (3.141)
d (mv* , . , ,
M—sz—i—2m (Di+AL) vPEmAL v =
dr cdd c o e (3.142)
k k i i %
= e () (D Al) + S F A

as well as to ones for mirror-world particle, that moves into past in respect to the observer (reverse

flow of time)
_dm

m edp e . e
P EV+D; —— L~ (Fi¢"—Dipg'v"), 3.143
d’r 2 A% + kV 2 dT+C ( iq kqv ) ( )
d (mv’ . 4
7(mv ) +mFi4mAL v v =
dr cdd e o e (3.144)
k k i -7 i i
= o (B (Diral) + Z = Cal

The left parts of the obtained equations fully match those of equations of motion of free mass-
bearing particles. The only difference is that these equations include observable characteristics of
non-free particle that characterize its non-geodesic motion (therefore the right parts here are not
zeroes). These right parts account for the effect that electromagnetic field makes on particle, as well
as the effect from physical and geometric properties of space (gravitational inertial force F, rotation
Ajx,, and deformation Dy, of space and curvilinearity of coordinates A? ;). Evidently, for a non-charged
particle (e=0) the right parts turn to zero and the resulting equations fully match chronometrically
invariant equations of motion of free mass-bearing particle in our world (1.51, 1.52) and in the mirror
world (1.56, 1.57).

We are now considering the right parts of the obtained equations of motion in details. These are
absolutely symmetric ones for particles that move either into future or past and change their sign
once the sign of the charge changes. We denote the right parts of temporal projections of equations
of motion (3.141, 3.143) as T'. Given that

do_ e 00
dr ot Oxt’

then using the formula for chronometrically invariant strength of electric field in covariant form FE;
(3.14), we can represent T as

(3.145)

e . eT0p e (YOg N ooe i e
T— _Ctpyi_ ¢ 9%, ¢ _ D, i —(l——z)Fi. 3.146
C2 \4 2 8t +03 < ot kq 4 +C3 q CV ( )

Substituting the formula into temporal projections of equations of motion (3.141, 3.143) and
multiplying them by c2, we obtain equation for relativistic energy E=+mc? of particles that move
into future and into past, respectively

dE "0y

i — mFEv' +mD; v vk —eE;v' 6W+

€ *61 ;
+< 2 —Dw’“)v%(q - L) R,
c\ Ot c c

(3.147)
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dE ; ; ;0
—— —mFv' + mDyviv® = —eEivi —e L.
dr ot
¢ /0 el o (3.148)
() s (g2,
c\ Ot c c

where eE;v' is work done by electric component of the field to displace the particle in unit of time.
The obtained temporal observable projections of equations of motion of charged particle (3.147,
3.148) make theorem of live forces in pseudo-Riemannian space, presented in chronometrically invariant
notation, i.e. formulated with physical observable values. As can be easily seen, in Galilean frame of
reference our equation (3.147), obtained for particles with direct flow of time, take the form of temporal
component of Minkowski equation (3.98). In three-dimensional Euclidean space the obtained equation

(3.147) transforms into the theorem of live forces from classical electrodynamics %zeﬁ? (3.92).

We now turn to the right parts of spatial projections of equations of motion (3.142, 3.144). We
denote them as M?, because these are the same for particles that move either into future or into past
and change their sign once the sign of particle’s charge changes. Because

dqi _ *aqi k*aqi

) 3.149
dr ot " Ok ( )
- L *Oh* ik
and in it, taking into account, that —5— = —2D (1.40)
*aqz *8 ; ; ; *3%
5 = o (h'*qx) = —2Djq* + h kﬁ , (3.150)
then M takes the form
9 o .
M = —Epik Lk + % (F’ + Alkvk) + EA”’qu—k
o . c o e (3.151)
5 (" = B0) D= S = S

Using formulas for chronometrically invariant components E? (3.11) and H® (3.12) of Maxwell
tensor F, 3, we write down the first two terms from the formula for the value M? (3.151) and the third
term as

e .. 0q ep ; i 0
——hiF— 4 L F' = —eE" + eh' 3.152
c ot + c? ek te Oxk’ ( )
€L 4ik € imon [ 04m  "Oqn € rrik
—A =—h —_— = - —H . 3.153
EREL A ( ozn  Oz™ ) 2 vk ( )
We write down value H** as H*=¢™* [, (3.56). Then we have
€P ik € Jim.n *8qm *aqn € _ikm
—A =—h — - — H, vy, 154
VT g ( oz 8:6’") 2:° vk (3.154)
) . 1 . . . *0
M= —e (EZ + 6lkak;H*m> + < (qk - ka) D; + eh”“if +
2c c c Oz (3.155)
e . e . *O¢m  *Oqi e . *0¢" e . ’
*AZk —_ pim k _ _ Tk — ZAL g™ k
oA < azk  oz™ ¢ 9gF e RV
and the sum of the latter three terms in M? equals
* * * %
ihimvk ( 8(];: _ 8%) _ Evk 8qk _ EAflkank —
2c 8;3 8:17 C 61‘ (3 156)

_ih *aqk’ e k*aqz i ) y *ahkm
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Finally the spatial part of chronometrically invariant equations of motion of mass-bearing charged
particle that move into future and into past (3.142, 3.144) take the form, respectively

d i ) ) )
$77nﬁ”+2m( ;CJrA'kZ)V +mALvvE =
. 1 . e ® . . *8(p
_ Ei - _ikm Hom e ( k__ ¥ k) D¢ hzk: )
e ( + 50 Vi > + g v kT € 9ok + (3.157a)
e . e . *0g" e ,*0q" *ORhem,
,Alk — __pvm k hzm n k
+ e TR Yk gem T oY 9z*F  2c ox™ "’
d (mvi)
— + mF 4+ mAL v
-
1 e *0
(E’ + 5 ”“”ka*m) + - (qk £ k) +eht 2 (3.157b)
c c c oz
e . e . *3qk e *(9q ) *ORhm,
*Alk _ Zpim k hzm n_k )
+ c Ok 2c Vk ox™ 20 oxF  2c v ozx"

From here we see that the first term —e(EZ 5“”" v H *m) in the right parts of the equations is

different from chronometrically invariant Lorentz force <I>=—e(Ei+%Eikmka*m) by coeflicient 1/2

at the term that stands for magnetic component of the force. In Section 9 herein we are going to show
the structure of electromagnetic potential A® at which the other terms in M? fully compensate the
coefficient 1/2 so that only Lorentz force is left in the right parts of chronometrically invariant spatial
equations of motion of charged particle.

3.7 Equations of motion, obtained using the least action principle as
a partial case of the previous equations

In this Section we are going to obtain chronometrically invariant notation of equations of motion of
mass-bearing charged particle, using the least action principle. The principle says that action S to
displace a particle along the shortest trajectory is the least, i.e. variation of action is zero

b
5/ ds=0. (3.158)

Therefore, equations of motion, obtained from the least action principle are equations of the
shortest lines.
Elementary action of gravitational and electromagnetic fields to displace charged mass-bearing
particle is [1]
dS = —mycds — %Aadxa, (3.159)

where ds is elementary space-time interval. We see that the value is only applicable to characterize
particles that move along non-isotropic trajectories (ds#0). On the other hand, obtaining equations
through method of parallel transfer (constant direction line) is equally applicable to both isotropic
and non-isotropic trajectories, along which ds=0. Moreover, parallel transfer is as well applicable to
non-metric geometries, in particular, to obtain equations of motion of particles in fully degenerated
space-time (zero-space). Therefore equations of the least length lines, obtained through the least
action method, are merely a narrow specific case of constant direction lines, which result from parallel
transfer.

But we are returning to the least action principle (3.158). For mass-bearing charged particle the

condition takes the form
b b b
5/ ds = —5/ mgcds—é/ £ Aadz® =0, (3.160)
a a a c
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where the first term can be denoted as

b b
—6/ mocds = —/ mocDU,0z% =
a a (3.161)
:/ moc (dUnds — T'q ,, UPda”) 6.

We represent variation of the second integral from the initial formula (3.160) as the sum of the

follow terms
e b o b b
—75/ Aypdx® = —= / 5Aadxa+/ A,déz® | . (3.162)
c a c a a

Integrating the second term part by part we obtain
b b
/ Agddz® = Andz°|" — / dA,bz°. (3.163)
a a

Here the first term is zero, as the integral is variated with the given values of coordinates of
integration limits. Taking into account that variation of covariant vector is

04, 94,

B B
0A, = 928 oz, dA, = 928 dx”, (3.164)
we obtain variation of electromagnetic part of action
e b e [Y/0A, 0A,
—7(5/ Aydz® = —f/ dz®6xP — —26x%da” ) . (3.165)
c Jq c ), \ 0xf dzP

Transpositioning free indices o and § in the first term of the formula and accounting for variation of
gravitational part of the action (3.161) we arrive to variation of the total action (3.160) of gravitational
and electromagnetic fields on particle as

b b
5 / ds = / [moc(dUa — T, Utda”) — SFaﬁdxﬂ 5z°, (3.166)

where Fig= gﬁg — gAg
T

Because value dx® is arbitrary the formula under integral is always zero. Hence, we arrive to general
covariant equations of motion of mass-bearing charged particle

“w
is Maxwell tensor, and U ":% is four-dimensional velocity of particle.

dUq .y e
moc (ds Ty UPU > == wsUP, (3.167)

or, lifting « index, we arrive to more convenient form

dUue D €
moc< = +T9,U"U ) = EFf;; Us. (3.168)

Therefore, the obtained equations (3.168) are Minkowski equations in pseudo-Riemannian space.
In Galilean frame of reference in a flat Minkowski space of Special Relativity the transform into regular
relativistic equations (3.93).

Projecting the general covariant Minkowski equations (3.168) onto time and space in accompanying
frame of reference we obtain chronometrically invariant Minkowski equations in pseudo-Riemannian
space for a charged mass-bearing particle that moves in our world

dE

i mE;v' + mDyvivF = —eE;v?, (3.169)
-
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d (mv® . . 4 . 1.
% —mF" +2m (Dy+A;L) vF + mAL vV = —e (E + glkmka*m> ) (3.170)
T c
and for a charged mass-bearing particle in the mirror world
dE - , -
g mE;v' + mDyvivF = —eE;v', (3.171)
d (mv? 4 , 1
(;nv) +mF 4+ mAL vV = —e (El + Elkmka*m> . (3.172)
T c

Scalar equations of motion, both in our and the mirror worlds, represent theorem of live forces.
Vector equations are three-dimensional Minkowski equations, which right parts have chronometrically
invariant Lorentz force (calculated in pseudo-Riemannian space). As easily seen, in Galilean frame
of reference in Minkowski space these equations turn into theorem of live forces (3.92) and regular
equations of motion of charged particle (3.90) from classical electrodynamics.

Evidently, the right parts of the equations (3.169-3.172), obtained through the least action method,
are different from the right parts of equations of motion (3.146, 3.157) obtained by parallel transfer.
The difference is in absence here (3.169-3.172) of a few terms that characterize the structure of
electromagnetic field and that of the space itself. But as we have already mentioned, the least length
lines, described by equations based on the least action principle, are only a specific case of constant
direction lines, defined by parallel transfer. Therefore there is little surprise in that equations of
parallel transfer, as more general ones, have additional terms, which account for the structures of
space and electromagnetic field.

3.8 Geometric structure of electromagnetic four-dimensional potential

In this Section we are going to find a structure of four-dimensional potential of electromagnetic field
A% that conserves the length of summary vector Q%=P®+-5 A% in parallel transfer.

As known, parallel transfer in the meaning of Levi-Civita conserves the length of vector Q® being
transferred, i.e. constancy condition QQ,Q%=const is true. Given that the square of vector length is
invariant in pseudo-Riemannian space, this condition must be true in any frame of reference, including
the case of observer accompanying his body of reference. Hence we can analyze the condition, formu-
lating it with physical observable values in accompanying frame of reference, i.e. in chronometrically
invariant form.

Components of vector Q% in accompanying frame of reference are

w ey
Qo = (1 - 0—2) (j:m + 6—2) , (3.173)
1w c2 2 ¢ ’ ’
2
1 1
Qi=—- (mvi + E(h) - = (:I:m + %) Vi , (3.175)
c c c c
. 1 . e .
Q' == (mvi+5q), (3.176)
c c
and its square is 5
N e i 2me 1
QaQ* = mj + I (¥* —aiq") + = (iw —Lvid > : (3.177)

From here we can see that the square of length of summary vector of mass-bearing charged particle
falls apart into the following values:
e square of length of four-dimensional eigenvector of particle’s impulse P, P*=m3;

e square of length of four-dimensional impulse 5 A% that charged particle gains from electromag-
c

netic field (the second term);
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e the term 2ﬂf(:l:go—%viqi), that describes interaction between gravitational “charge” of particle
c

m and its electric charge e.

In the formula for square of vector Q® (3.177), the first term m2 is conserved in any case. In other
words, it is an invariant, that does not depend upon frame of reference. Our goal is to calculate the
conditions, under which the whole formula for square of vector Q* (3.177) is conserved.

We propose that vector-potential of the field has the structure

¢ = %vi. (3.178)

In this case!® the second term (3.177), which is square of 5 A®, is
c

62 62()02 V2

Transforming the third term in a similar way, we obtain formula for square of vector Q< (3.177)
in the form

2 2 2 2
o 92 € v 2mge v
Then introducing notation for scalar potential of electromagnetic field
o= (3.181)
2
1-— Y
2
we can represent the obtained formula (3.180) as
2 2
2
QaQ® =m?2 + c fo + M = const. (3.182)
c c

From here we see that length of summary vector Q% of charged mass-bearing particle conserves in
parallel transfer (i. e. is an invariant not depending upon frame of reference), if its observable potentials
@ and ¢" in the field are related to four-dimensional field potential A% as

A ©0 i i P
1/ 900 1_ V—; c
c

Then for four-dimensional vector 5 A%, that characterizes interaction of charged particle with
c

electromagnetic field we have
e Ao ey e . epy V
- = , SA = (3.184)
C* /900 V2 C C V2
C2 1— = 1-— =
c c

[
Note that the dimensions of vectors 5 A% and P"‘:modd% in CGSE and Gaussian systems of

Q

units are the same and equal to a mass m [g].
Comparing physical observable components of both vectors we can easily see that the analog for
relativistic mass m in particle’s interaction with electromagnetic field is the value

ep___epo
s =
C 2
c? 1_%

C

, (3.185)

18 A similar problem could be solved, assuming that gt==+ %vi. But in comparative analysis of of the two groups of
equations only positive values of qizfgvi will be important, because observer’s physical time 7, by definition, flows from
past into future only (reference time), while interval of physical observable time dr is always greater than zero.
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. i
where ey is potential energy of charged particle that travels at observable velocity vzz% in electro-

magnetic field (which rests in respect to the observer and his body of reference). In general, scalar
potential ¢ is potential energy of the field itself, divided by unit of charge. Then ey is relativistic
potential energy of particle with charge e in electromagnetic field, while ey is its rest potential energy.
When particle rests in respect to field, its rest potential energy equals to relativistic potential energy.

Comparing E=mc? and W=ep we can conclude that W/c? is electromagnetic analog for rela-
tivistic mass m. Respectively, WO:%%O is electromagnetic analog for rest-mass mg. Then physical

observable value %Ai:%vi is similar to %pi:%mvi (observable vector of impulse of mass-bearing

particle, divided %y ligh% speed). Therefore, when particle rests in respect to field, its “electro-
magnetic” projection onto space (vector value) is zero, while only its temporal projection (poten-
tial rest-energy epo=const) is observable. But if a particle moves in field at velocity vi, its ob-
servable “electromagnetic” projections will be relativistic potential energy ey and three-dimensional
impulse %(gvi.

Having obtained chronometrically invariant components of vector C%AO‘ (3.184) calculated for the

given structure of components of vector A® (3.183), we can restore it in general covariant form,
formulating with scalar potential of resting charged particle g in electromagnetic field. Taking into
account that component A® is

. . ©w ® 1 d.’EZ d:l?l
A== Pyi— il 3.186
=y \/7‘72 cdr  P%ds’ ( )
1"
c
we obtain the desired general covariant notation of A
dx® e epo dz®
A% = pg—, — A= ——. 3.187
07 s c? 2 ds ( )
At the same time, projecting the obtained formula for A% (3.187) onto time and space
Ao %o i i P
=tp=t—ie, A'=¢=>v, 3.188
v/ goo 1 v2 c ( )
-2
c

we obtain alternating signs in temporal projection, which was not the case in the initial temporal
projection of the value (3.183). Naturally, a question arises: how did temporal observable component
of vector A®, initially defined as ¢, at the given structure of vector A% (3.187) accept the alternating
sign? The answer is that in the first case observable values ¢ and ¢’ are defined proceeding from
general rule of building chronometrically invariant values. But without knowing the structure of the
projected vector A% itself, we can not calculate them.

Therefore in formulas for temporal and spatial projections (3.183) the symbols ¢ and ¢* merely
denote observable components without revealing their “inner” structure. On the other hand, in
formulas (3.188) value ¢ and ¢* are calculated using formulas gaz\/ﬁA0+\/g%Ai and ¢'=A*, where

the structure of components A° and A’ is given. Hence in the second case value +¢ results from
calculation and sets a concrete formula

(3.189)

Therefore calculated values of chronometrically invariant components of vector % A have the form
c

A . .
S By W Ly (3.190)
c \/9070 C 9 1 V2 C C
¢ -2
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where “plus” sign stands for particles of our world that travel from past into future (direct flow of
time), while “minus” stands for mirror-world particles that travel into past in respect to us (reverse
flow of time). The square of length of this vector is

2 2, 2 2 2, 2
Y B .4 (1 . V) = £ _ const (3.191)
C

ct c?
along the entire trajectory of particle’s motion (parallel transfer lines). Vector —AO‘ itself has real
length at v2<c?, zero length at v?=c? and imaginary length at v2>c?. But here we limit our study
to real form of the vector (sub-light particles), because light-like or super-light charged particles are

unknown to us. o
Comparing formulas for vectors P*=my d:f and %A“:@% we can see that both vector are

collinear, i.e. are tangential to the same non-isotropic trajectory, to which derivation parameter s is
assumed. Hence in this case dynamic vector of particle P% is co-directed with action of electromagnetic
field on it (particle moves “along” field).

We are going to consider the general case of not co-directed vector. From the square of summary
vector Q% (3.177) we see that the third term is doubled scalar product of vectors P* and %Aa.

Parallel transfer of the two vectors conserves their scalar product
D (P,A%) = A“DP® + P*DA* =0, (3.192)
because absolute increment of each vector is zero. Hence we obtain

2e

2 1
C—2PaAa = Zw <:|:<p vlq> = const, (3.193)

that is, scalar product of P® and 5 A® is conserved. Consequently lengths of both vectors are
c

conserved too. In particular
A AY = ©* — qiq" = const. (3.194)

As known, scalar product of two vectors is product of their lengths multiplied by cosine of the angle
between them. Therefore parallel transfer also conserves the angle between vectors being transferred

Ccos (Po‘/;jélo‘) = L = const. (3.195)

moy/¢? — qiq"

Taking into account the formula for relativistic mass m, we can re-write the condition (3.193) as

follows

2 L2 2moel  vig
= p.A° Mot T T — const, (3.196)
C

A

or as relationship between scalar and vector potentials

1 i
SR 4 _ 2 TL _ const. (3.197)

2 c 2
1— Y 1—Y_

For instance, we can find the relationship between potentials ¢ and ¢° for a particle in field, when
four-dimensional vector of particle P® is orthogonal to four-dimensional impulse %5 A%, which particle

gains from field. Because parallel transfer of two vectors conserves the angle between them, according
to general formula (3.195) cosine of angle between these orthogonal vectors is zero along the entire
trajectory

1 )
P,A* =+p — —v;¢" =0. (3.198)
c
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Consequently, if particle travels in electromagnetic field so that vectors P* and A* are orthogonal,

then scalar potential of field is

1 .
o= iEViql, (3.199)

i.e. is scalar product of two chronometrically invariant vectors: observable velocity of particle v¢ and
particle’s vector-potential in field ¢°.
Now we are going to obtain the formula for the square of summary particle’s vector Q% taking

«
into account that structure of four-dimensional electromagnetic potential is Ao‘:cpoddis (3.187), i.e.

that field vector A is collinear to particle’s impulse vector P%. Then

2 2 2

a m i, € i €
QaQ* =m? — ViV +—= (502 —qiq ) =mg+ — 9 - (3.200)

ct ct

Multiplying both parts of the equation by ¢* and denoting relativistic energy of particle as E=mc?,
we arrive to
E? — p? + e2p? — e2qiq' = EE + %t (3.201)

where p?=p;p’, p'=mv’ is three-dimensional chronometrically invariant potential of particle, ey is
potential energy of charged particle in electromagnetic field, eq" is three-dimensional impulse that
particle gains from interaction between its charge and electromagnetic field.

3.9 Building Minkowski equations as partial case of the obtained equations
of motion

In Section 3.6 we obtained chronometrically invariant (observable) projections of general covariant
equations of motion of mass-bearing charged particle in pseudo-Riemannian space. There the initial
general covariant equations of motion were obtained using method of parallel transfer of particle’s
summary vector.

In the same Section we showed that temporal observable projection (3.147) of these equations
of motion in Galilean frame of reference takes the form of the temporal component of Minkowski
equations (3.98). In three-dimensional Euclidean space our chronometrically invariant scalar equation
(3.147) becomes theorem of live forces of classical electrodynamics (3.92). But the right parts of spatial

observable projections, instead of chronometrically invariant Lorentz force ®'=—e (Ei—i-%aikmvk H *m) ,

have the term —e(Ei—l—Qlcsikmka *m> and some other additional terms that depend upon observable

characteristics of electromagnetic field and the space itself. Therefore for three-dimensional observable
projections of equations of motion in pseudo-Riemannian space, obtained through parallel transfer,
the principle of correspondence with three-dimensional components of Minkowski equations is set
non-trivially.

On the other hand, equations of constant direction lines, obtained through parallel transfer in
pseudo-Riemannian space, are a more general case of the least length lines, obtained with method
of the least action. Note that equations of motion, obtained from principle of the least action (in
Section 3.7), have the structure matching that of Minkowski equations. Hence we can suppose that
temporal and spatial projections of our equations of motion of charged particle, as more general ones,
in a certain special case can be transformed into spatial projections of equations of motion, obtained
from the least action principle.

To find out exactly under what conditions this can be true, we are going to consider the right parts
of spatial projections of equations of motion (3.157), which contain the mismatch with Lorentz force.
For analyzes convenience we considered the right parts as separate formulas up denoted as M*. Using
physical observable component H®* (3.12) of Maxwell tensor F,s, we write down the term ec—fAikvk

from M? as

€ _ikm
- — H*mv y 3.202
206 k ( )

e ; e .
%Azkvk — pimyn (
C

*Om *Ogn
2c

oz dx™
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where e*"H, =H®*. Now we substitute into (3.157) the observable components of potential of
electromagnetic field A® as of (3.188). With this potential, impulse vector % A% that charged particle
c

gains from electromagnetic field is tangential to trajectory. Using the first formula qm:%vm we
arrive to dependence of the right part under consideration from only the scalar potential of electro-

magnetic field
, co1 , *0p  ep *0 v
Mi=—e(E 4+ -y Hpp ) +eb™® (1 - 5 ) == +Zh"— (1-— . 3.203
( c ¥ ) ( o ) ox* 2 dx* e ( )

Substituting relativistic formula for scalar potential ¢ (3.181) into this formula we see that the
sum of the last two terms becomes zero

P 0 v ep,ix 0 v
—h 1—-— —h 1-—]=0. 3.204
2 Ok ( 02> 5 Ok c? ( )
Then M? takes the form of chronometrically invariant Lorentz force in pseudo-Riemannian space
. . 1 .
M'= —e (Ez + EzkakH*m> , (3.205)
c

which is exactly what we had to prove. Therefore, spatial projections of equations of motion of charged
mass-bearing particle, obtained through parallel transfer method in pseudo-Riemannian space, match

spatial projections of equations of motion, obtained using the least action principle, in a specific case

where four-dimensional electromagnetic potential has the structure as A%=yy dg (3.187). Conse-

quently, given this structure of electromagnetic potential in Galilean frame of reference in flat space-
time, our chronometrically invariant equations of motion fully match Minkowski equations and in
three-dimensional Euclidean space take the form of equations of motion in classical electrodynamics.

Now we are going to consider the right part ¢>T of scalar equation of motion (3.147) under condition
that vector A% has the structure as mentioned in the above and is tangential to trajectory of particle’s
motion. Substituting observable components ¢ and ¢* for vector A% of the given structure into (3.146),
we transform value T to bring it to the form

*0 *0
AT = —eEv' — ¥ —|— (aphzkv ) — oDyt | v =
ot ot (3.200)
i *Op v? ep ep *8vk ’
= — CE,L'V — eﬁ (1 — C2> + C leV V + 7Vk ot

Substituting relativistic definition of potential ¢ (3.181) into the first derivative and after derivation
returning to ¢ again we obtain

] *a ) *8 k
AT = —eEv' — 679027 (hikvzvk) + eszkv v + e<p kiv =
ot c ot (3.207)
Ohix, ok *ov ep eg& *ovk , .
Ez ‘ 2 Dz = - Ez 1’
ev202<8t +Vk6t> AR A eV

because we took into account that
of the space Dy (1.40).

Therefore the right part of scalar chronometrically invariant equation of motion of charged parti-
cle fully matches temporal projection of four-dimensional Minkowski equations in pseudo-Riemannian
space. Consequently if four-dimensional vector-potential of electromagnetic field is tangential to four-
dimensional trajectory of charged particle, then equations of motion obtained through parallel transfer
fully match equations of motion obtained using the least action principle. Noteworthy, this is yet an-
other illustration of the geometric fact that the least length lines, obtained from the least action
principle, are merely a very specific case of constant direction lines, which result from parallel trans-
fer method.

“Ohik _
ot

=2D;;, by definition of the tensor of deformation velocities
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3.10 Structure of the space with stationary electromagnetic field

It is evident that setting a particular structure of electromagnetic field imposes certain limits on
motion of charged particle, which, in its turn, imposes limitations on structure of pseudo-Riemannian
space where the motion takes place.

We are going to find out what kind of structure pseudo-Riemannian space should have so that
particle moved in stationary electromagnetic field.

Chronometrically invariant equations of motion of charged mass-bearing particle in our world have
the form

dE i ik dp e i ik

E_mFiV +mD;v'v® = —654—; (Fiq —Dirq'v ) , (3.208)
d (mv' . ) )
M—mFl—ﬂm (D +AL) vF+mAL v V=

dr o d , ecp (3.209)

k 7 -4 7 [ n
=——— A —F —fA
cdr c(c —|—q)( Caa k') kqv

Because we assume electromagnetic field to be stationary, field potentials ¢ and ¢* depend upon
spatial coordinates, but not time.
Observable components of electromagnetic field tensor (Maxwell tensor) for a stationary field are

_w
g 90 _¢p_0p om\l—2) <1 62) (3.210)
Yoort 2t O oz’ ’ '
1 L, Ogm  Ogn  2¢
H* = —gmnp — — ~gimn _ G 2P, ). 211
2° 2° <8x" dz™ ¢ (3:211)

From here we can arrive to limitations on metric of the space, imposed by stationary state of
electromagnetic field.

Hence, the formulas for E; and H*?, along with chronometrically invariant derivatives of field vector
and scalar potentials, also include chronometrically invariant properties of the space of reference:
vector of gravitational inertial force F; and tensor of space non-holonomity (rotation A;). Evidently,
for a stationary electromagnetic field of reference physical observable properties of space

c? ow  Ov; 1 (0vr  Ov; 1
Fi= 9t A= ;T —5 (Fivgp — Fr; 3.212
A —w (8:& ot ) k=5 (83& (%k) + 902 (Fivg kV;) ( )

should be stationary as well.

From these definitions we see that: values F; and A;; are stationary (do not depend upon time)

if linear velocity of space rotation is stationary too, i.e. %? =0. Consequently, %20 condition, i.e.

stationary rotation of space turns chronometrically invariant derivative to spatial coordinates into a
regular derivative
0 0 1*0v; 0
oxt  Oxt 2 Ot  Oxt’

(3.213)

Because chronometrically invariant derivative to time is different from a regular derivative only
0

down to multiplier 90 (1 w) 8?’ regular derivative of stationary value is zero too.

For tensor of deformation velocities D;; in case of stationary rotation of space we have the follows

*ale 1 *6h,k 1*0 1 1 agzk
=5 = 5 A 4 i — . 214
a2 ot 26t(gk+ M’“) T2 ot (3:214)

Because the right parts of the equations of motion are stationary, the left parts should be the
same too. This implies, that the space is not deformed. Then according to (3.124) three-dimensional
coordinate metric g;; does not depend upon time and chronometrically invariant Christoffel symbols
A;k (1.47) are stationary as well.
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Observable components of Maxwell tensor (3.210, 3.211) follow Maxwell equations (3.63, 3.64),
which for a stationary field are

E' 01 ;
Oz Oz ¢ A Group I, (3.215)
etk Uy (Hamv/h) = VR
C
H* Invh ., 2
O™ OWhpi 2 pm
O O ¢ Group II. (3.216)

Eikm *%k (Em\/ﬁ) =0
Then Lorentz condition (3.65) and equation of continuity (3.66), respectively, take the form as down
*Vigt =0,  *V;j'=0. (3.217)

Therefore we have found the way that stationary state of electromagnetic field affects physical
observable properties of pseudo-Riemannian space and the basic equations of electrodynamics.

In the next Sections we will use these results to solve equations of motion for charged particle in
pseudo-Riemannian space (3.208, 3.209) in three specific cases of stationary fields: (a) in stationary
electric field (magnetic component is zero); (b) in stationary magnetic field (electric component is
zero); (c) in stationary electric and magnetic fields.

3.11 Motion of charged particle in stationary electric field

We are going to consider motion of charged mass-bearing particle in stationary electric field in pseudo-
Riemannian space. Magnetic field is absent, i.e. does not reveal itself for the observer.

What conditions should pseudo-Riemannian space satisfy to allow existence of pure “electric type”
stationary electromagnetic field? From the formula for magnetic strength of stationary field

0¢;  Oqr  2p

Hin = 5% = 50— o Ak (3.218)
we see that H;,=0 provided two conditions:
1. vector-potential ¢’ is irrotational 8—%:8%;
oz" O

2. the space is holonomic, i.e. A;,=0.

Strength of stationary electric field E; (3.210) is the sum of spatial derivative of scalar potential
¢ and the term %FZ that characterizes interaction between field with potential ¢ and field of gravi-
¢

tational inertial force F;. But on the Earth surface the ratio of gravitational potential and the square

of light speed is
& P w . GM@

2 2Ry

~ 10710, (3.219)

Therefore in conditions of a real Earth laboratory the second term in (3.210) may be neglected so
that F; will only depend upon spatial distribution of scalar potential of field

_ v
ot

Because the right parts of equations of motion that stand for Lorentz force are stationary, the left
parts should be stationary too. Under the conditions we are considering this is trues if deformations
velocity tensor is zero, i.e. space is not deformed. Therefore, if stationary electromagnetic field has
non-zero electric component and zero magnetic component, then pseudo-Riemannian space should
satisfy the conditions as:

E;

(3.220)



CHAPTER 3. MOTION OF CHARGED PARTICLE 68

1. gravitational potential is negligible w~0;
2. space does not rotate, i.e. A;;=0;
3. space is not deformed, i.e. D;;=0.

Besides, to make calculations easier we assume that for our measurements the structure of three-
dimensional space is close to that of Euclidean space, i.e. A;k%O.

Then chronometrically invariant (physical observable) equations of motion of mass-bearing charged
particle in our world we obtained up (3.208, 3.209) will take the form

dm  edy

— = 221
dr c2dr’ (3.221)
d N edq
- (mv') = e (3.222)

From scalar equation of motion (theorem of live forces) we can see that change of relativistic energy
of particle E=mc? is due to work done by electric component E;.
From vector equation of motion we can see that three-dimensional observable impulse of particle

2
changes under action of the term d—q Assuming that four-dimensional potential of field is tangential
to the world line of particle, we, as shown in Section 9, will get three-dimensional Lorentz force
®'=—¢FE"’ in the right part of the vector equation. That is, in the considered case three-dimensional
impulse of particle also changes under action of strength of electric field.
Both groups of Maxwell equations for stationary field (3.215, 3.216) in this case take a simple form

OF"
% =4mp
x Group I, (3.223)
ji=0
e OF
gthm Sk O} Group II. (3.224)

Integrating scalar equation of motion (called theorem of live forces) we arrive to so-called integral
of live forces
e
m+ C—f = B = const, (3.225)
where B is integration constant.
Another consequence from Maxwell equations is that in this case scalar potential of field satis-
fies either:

2 2 2
1. Poisson equation %—F%—F%z@w, if p£0;
2 2 2
2. Laplace equation %@+%§+%§=0, if density of charges p=0.
x Yy z

We have found out the properties of a pseudo-Riemannian space that allows motion of charged
particle in constant electromagnetic field. It would be natural now to obtain exact solutions of
equations of motion of particle for a certain particular case. But unless a particular structure of the
field itself is set by Maxwell equations this can not be done. Hence to simplify calculations we assume
electric field uniform.

We assume that covariant vector of strength of electric field F;, which is chronometric invariant,
is directed along the z axis. Following Landau and Lifshitz (see Section 20 of The Classical Theory
of Fields [1]) we are going to consider the case of charged particle repulsed by field, i.e. the case of
negative value of electric field strength and increasing coordinate z of particle (naturally, in case of
particle attracted by field the strength is positive while the coordinate of particle will decrease). Then
components of the vector E; are

E, =FE, =—FE = const, E,=FE3=0. (3.226)
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Because uniformity of electric field implies Ei:g(%:const, then scalar potential ¢ is function of
x
x that satisfies Laplace equation
*p OE
0x2  Or
This result formula implies that uniform constant electric field satisfies condition of absence of
density of charges p=0.
We assume that particle’s motion is co-directed with vector electric field strength F;, i. e. is directed
along x. Then its equations of motion with Lorentz force in the right part will be (in by-component
notation)

0. (3.227)

dm__idf_ e dp i_ide

am. _ Wi ax
dr c2dr c? dzt 2 dr’

d de\ d dy\ d [ dz\ _
g (de> =ek, I (de) =0, i <md7_> =0. (3.229)

Integrating scalar equation of motion of charged particle (theorem of live forces), we arrive to
integral of live forces in the form

(3.228)

el

m=—xz+B, B = const. (3.230)
c

Constant B can be obtained from the initial conditions of integration m|T:0:m(0) and m|T:0:x(0)
at the moment 7=0. As a result the constant equals

el
B = mo) — —5 Z(0) - (3.231)

2
Then the solution (3.230) of scalar equation of motion takes the form

eF
m = ? (.’E — x(o)) + mo) - (3.232)

Substituting the obtained integral of live forces into vector equations of motion (3.229) we bring
them to the following form (dot stands for derivation to physical observable time 7)

E E
62i32+<B+62:c)jc':eE,
C C

E E

‘1—2¢y+ <B+662:E> ij=0, (3.233)
E E

62:&2—1—<B+62w>é:0.

C C

From here two last equations are equations with separable variables

ek el
i 2 E_ 2 (3.234)
_— = E 5 —_ = E’ 5 .
Y B+ 6—2:1: * B+ 6—290
c c

which can be integrated. Their solutions are

& . Cy

y.: ) z = )
B E
B+Sa B+
C C

(3.235)

where C; and C; are integration constants which can be found setting the initial conditions §|-—o=%o)
and &|,—o=12 (o) and using the formula for B (3.121). As a result we obtain

Cl = m(o) y(o) s 02 = m(o) 73(0) . (3.236)
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Now we are going to solve the equation of motion along z axis, i.e. the first one from (3.233). To
do this we replace j::g—f:p. Then

d’x dp dpdz ,
T =" -—-—= —-——— . 3-237
YT T dt  dvar P (3.237)
As a result the above equation of motion along x axis transforms into an equation with separable
variables

pdp eFdx
5 = B (3.238)
1-— % B + 72511‘
c c

which is a table integral. After integration we arrive to the solution

2 C
1— % = % ,  Cs3 = const. (3.239)
¢ B + 72"13
c

Assuming p=:i|;—o=1(g) and substituting B from (3.231) we find the integration constant

O]

C3 = my\/1— poRk (3.240)
In the case under consideration we can replace interval of physical observable time d7 with interval
of coordinate time dt. Here is why. In The Classical Theory of Fields Landau and Lifshitz solved
equations of motion of charged particle in Galilean frame of reference in a flat Minkowski space [1].
Naturally, to be able to compare our solutions with theirs we consider the same specific case —
motion in stationary and uniform electric field (see Section 20 in The Classical Theory of Fields).
But in stationary and uniform electric field, as we showed earlier in this Section, using methods of

chronometric invariants, F;=0 and A;;=0, hence

w 1 .
dr = (1 - 6—2) dt — —vida' = dt. (3.241)
In other words, in the four-dimensional area under study where particle travels in this case the

metric is Galilean one.
Substituting variable p:% into the formula (3.239) we arrive to the last equation with separable

variables
2
el
B+ —uz| —C?
dﬁ B C\/( 2 ) 3

= 3.242)
g (
c
which solution is
c? eF \? 9
ct = B B+ —x| —C5 +Cy, Cy=const, (3.243)
c

where integration constant C4, taking into account the initial conditions at the moment ¢=0, is

m(o)C A
C4 = — oE .CE(O) . (3.244)

Now formulating coordinate x explicitly from (3.243) with ¢ we obtain the final solution of equation
of motion of charged mass-bearing particle along x axis

62

el

2E2
\/664 (ct —Cy)?+C2 — B, (3.245)
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or, after substituting integration constants

oo (mo) () mod
T\ cE ) T\ eE 2| T e TPO-

If the field attracts charged particle (electric strength is positive E3=FE,=F=const), we will obtain
the same solution for  but bearing the opposite sign

e2E?
B\/ a (ct — Cy)* + C2

2

TTeE

. (3.247)

In The Classical Theory of Fields [1] a similar problem is considered, but Landau and Lifshitz
solved it through integration of three-dimensional components of general covariant equations of motion
of charged particle (three-dimensional Minkowski equations) without accounting for theorem of live
forces. As a result their formula for x is

1
r=— (moc?)® + (ceEt)”. (3.248)

2
This formula fully matches our solution (3.245) if z:(g)— k=0 and the initial velocity of particle

is zero #(g)=0. The latter stands for significant simplifications accepted in The Classical Theory of
Fields, according to which some integration constants are assumed zeroes.

As seen, even when solving equations of motion in Galilean frame of reference in flat Minkowski
space method of chronometric invariants gives certain advantages revealing hidden factors that are
left unnoticed when solving regular three-dimensional components of general covariant equations of
motion. That means that even when physical observable values coincide with coordinate values, it
is geometrically correct to solve a system of chronometrically invariant equations of motion, because
theorem of live forces, being scalar equation of motion, inevitably affects solution of three-dimensional
vector equations of motion.

Of course in case of non-uniform non-stationary electrical field some additional terms will appear
in our solution to reflect more complicated and varying in time structure of field.

Now we are going to calculate three-dimensional observable trajectory of particle that moves in
stationary uniform electric field.

To do this, we integrate equations of motion along axis y and z (3.235), formulate time from there
and substitute it into the solution for z we have obtained.

First, substituting the obtained solution for z (3.245) into equation for ¢, we obtain equation with
separable variables

d C
@ _ L , (3.249)
dt B’ 2 2
04 (Ct — 04) + 03
integrating which we have
mo) Y(o) € eEt+mq &
Y= %y(o) arcsinh w + Cs, (3.250)
moyctl 1l — @
(0) 2

where Cs is integration constant. After substituting the initial condition y=y) at the moment ¢=0
into here we find formula for the constant Cj

Cs =yo) — PO YO e sinh 7@ (3.251)
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Substituting the constant into y (3.250) we finally have

mo) Yo C eEt+mp T
(0) Y(0) arcsinh (0) (0)

T
Yy=9Yo) + —m— _— B O N
el .2 .92
1 %o Z(0)
mo)c\/ L — 2 cAjt— 2

Formulating from here ¢ with y and y o) and taking into account that a=arcsinh b if b=sinh a and
substituting arcsinh b= In(b++/6241) into the second term we have

.2 .
1 [, T . Y — Y(0) Z(o) +¢ .
t=— 1-—>* sinh | ———¢eF +In——ru—| — . 3.253
R Gk 2 in Moo e n m(o) (o) ( )
c

.2
Z(0)

— arcsinh (3.252)

62

Now we substitute it into our solution for z (3.246). As a result we obtain the desired equation
for three-dimensional trajectory of particle

2 P2 _ . + 2
T =1z + MOy % cosh yiy(o)eE +1In ol L T (3.254)
eF c m(0) Y(0) € i%o) eF
=z

The obtained formula implies that charged mass-bearing particle in our world in uniform stationary
electric field travels along a curve based on chain line, while factors that deviate it from “pure” chain
line are functions of the initial conditions.

Our formula for particle’s trajectory (3.254) fully matches the result obtained in The Classical
Theory of Fields

m(g) C E
= DO oY (3.255)
eF m(o) y(o) C
2
formula 20.5 in [1]) once we assume that (g _o e =0, and the initial velocity of particle & 4)=0 as
(0) el (0)

well. The latter condition suggests that the integration constant in scalar equation of motion (theorem
of live forces) is zero, which is not always true.
At low velocities of motion after equaling relativistic terms to zero and expanding hyperbolic cosine
2 14 16
into series cosh bzl—i—%—i—%—}—%—l—. .. our formula for three-dimensional trajectory of particle (3.254)
takes the form (higher order terms withheld here)

L ¢E v - v0)’

: (3.256)
2m o) Uy

T = ()

i. e. particle travels along parabola. This conclusion, once the initial coordinates of particle are assumed
zeroes, also matches the result from The Classical Theory of Fields

eFEy?

__eBy (3.257)
2m o) U3y,

T

Integration of equation of motion along axis z gives the same results. This is because the only
difference between equations in respect to  and z (3.235) is a fixed coefficient — integration constant
(3.236), which equals to the initial impulse of particle along axis y (in the equation for §) and along
axis z (in equation for 2).
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We are going to find dynamic properties of charged particle in stationary uniform electric field
— its energy and impulse. Calculating the relativistic square root (accounting for the assumptions
we made)

) .2 .2
e 11— Lo 0 T4
V2 T2 g2+ 52 (0) 2
1—— =4/1— = (3.258)

B eF
m<0)+CT (z—2(0))

g MO 2 _ M) A +eE (x— () (3.259)
2 . . . ’ ’
\/1—V2 L o T 90 + o
c )

which for a particle’s velocity much lower than that of light speed is
E=m(c®+eE (z— (). (3.260)

Relativistic impulse of particle is obtained in the same way, but the formula being bulky is with-
held here.

We have studied motion of charged mass-bearing particle of our world in stationary uniform electric
field. Now we consider motion of mass-bearing charged particle of the mirror world under the same
conditions. Its chronometrically invariant equations of motion, taking into account the constraints
imposed here on geometric structure of space, are

dm e dy
o Edr (3.261)
d ; e dq’

In other words, the only difference from equations of motion for our-world particle (3.221, 3.222)
is the sign in theorem of live forces.

We assume that electric strength is negative (field repulses the particle) and that the particle’s
motion is co-directed with vector of field strength along axis . Then integrating theorem of live forces
for the mirror-world particle (3.261) we obtain

el
where integration constant, calculated from the initial conditions, is
el
B = m) + szl‘(g) . (3.264)

Substituting the results into vector equations of motion (3.262) in by-component notation, we have

(comp. 3.233)
E E

C C
E E
760—255@) + <B - ‘ZQ:E> =0, (3.265)
E E
— sy <B— 623:) 5=0.
C C

After some algebra similar to that done to obtain trajectory of charged particle in our world, we
arrive to

, (3.266)
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2

where C3 = mgy{/ 1+ c( ) and Cy cm(eoigrm). Or,
(e (., o0\, Mo 3 967
r = — GT + 072 — | ct + eE + eE + .’E(O) . ( . )

The obtained formula for coordinate x of mirror-world charged particle, repulsed by field, is
similar to that for our-world particle attracted by field (3.247) when electric strength is positive
FEi=FE,=F=const. Hence an interesting conclusion: transition of particle from our world into the
mirror world (the one with reverse flow of time) is the same as changing the sign of its charge.

Noteworthy, similar conclusion can be done in respect to particles’ masses: purported transition
of particle from our world into the mirror world is the same as changing the sign of its mass. Hence
our-world particles and mirror-world particle are mass and charge complementary.

Let us find three-dimensional trajectory of charged mass-bearing particle of the mirror world in
stationary uniform electric field. Calculating y in the same manner as for charged our-world particle,
we have

mo) Y(o) € eEt +my T
Y=y + 1o Yo © arcsin —— 0O aregin ——@ L (3.268)

ek i i
myc\/ 1+ (0 cA\l1+ %
c

Contrasted to the formula for our-world particle (3.252) this formula has regular arcsine and “plus”
sign under the square route.
Formulating time ¢ from here with coordinates y and yg)

.2 .
1 & - +
t=—qmo)c 1—|—@ sin weE + In O | mo) (o) ¢ 5 (3.269)
el c m(0) Y(0) € 33%0)

1+—~

and substituting it into our formula for z (3.267) we obtain the equation of three-dimensional trajectory
of charged mass-bearing particle of the mirror world that travels in uniform stationary electric field,

2 j?2 _ . 2
T =x(0) — HEO R + Q cos weE + arcsin w0 IO (3.270)
ek c m(0) Y(o) € %0) el

1+—-

In other words, the motion of the particle is harmonic oscillation. Once we assume the initial
coordinates of the particle equal to zero, as well as its initial velocity Z(p)=0 and the integration
constant B=0, the obtained equation of the trajectory takes a simpler form

m(0) c? eEy

r=— cos - . 3.271
ek m(0) Y(0) ¢ (321

At low velomty of motion, equaling relativistic terms to zero and expanding into the cosinus series
4 16 2
cosb=1— g, +Z, %, +. ..Nl—% (which is always possible within a smaller part of trajectory), we

bring our formula for three-dimensional trajectory of the mirror-world particle (3.270) as

LB (v - v0)”

: (3.272)
2m o) Uy

Tr = :L’(O)
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which is equation of parabola. That means charged mirror-world particle at low velocity travels along
a parabola, as does our-world particle.

Therefore, relativistic charged particle from our world in uniform stationary electric field travels
along a chain line, which at low velocities becomes a parabola. Relativistic charged mirror-world
particle travels along a harmonic trajectory, smaller parts of which at low velocities becomes parabola
(as is the case for our-world particle).

3.12 Motion of charged particle in stationary magnetic field

Let us consider motion of charged particle when electric component of field is absent while stationary
magnetic field is present. In this case physical observable vectors electric and magnetic strengths are

*p dp ¢ 1 Ow
E; = - - =L - = - =0, 3.273
ozt 2 ozt 2 _ Y ox? ( )
2
1 U (O0m  0q0 2
HY = = zmnHmn _ —imn _ o 7Amn 274
2¢ 2° <8z" ox™ c 70 (3:274)

because in “pure” magnetic field p=const (E;=0) then gravitational effect can be neglected. From
(3.274) we can see that magnetic strength H** is not zero, if at least one of the following condi-
tions is true:

1. field of potential ¢ is rotational;
2. the space is non-holonomic, i.e. A;7#0.

We are going to consider motion of particle in general case, when both conditions are true, because
non-holonomic space we will use later as the basic space for a spin-particle. As we did in the previous
Section, we assume deformation of space to be zero and three-dimensional metric to be Euclidean
one g;r=9%;;. But the observed metric hik:fgikJrc—lzvivk in this case is not Galilean, because in

non-holonomic space h;x#—gix-

We assume that the space of reference rotates around axis z at constant angular velocity, that is
Q12=—09=0. Then linear velocity of rotation of space v;=;,x* has two non-zero components
v1=Qy and vo=—x, while non-holonomity tensor has the only non-zero components Ajo=—As;=—1.
In this case the metric will take the form

ds® = Pdt* — 2Qydtdx + 2Qxdtdy — dz® — dy?® — dz°. (3.275)

In a space with this kind of metric ;=0 and D;;=0. In the below we will use this metric to study
motion of charged particle in stationary fields. In the previous Section, which focused on motion
in stationary electric field, we also assumed Christoffel symbols to be zeroes. In other words, we
considered motion of particle in Galilean frame of reference in Minkowski space. But in this Section
three-dimensional observable metric h;; is not Euclidean because of rotation of space itself and thus
Christoffel symbols A, (1.47) are not zeroes.

If linear velocity of rotation of space is not infinitesimal compared to speed of light, components
of observable metric tensor h;; are

Q2 2 QZ 2 Q2
hi1 =1+ ;J , hog =1+ 21‘ , hia = —% , hsz=1. (3276)
c c c
Then the determinant of this tensor and components of h** are
02 (22 + 42
h = det || k|| = hirhos — h3y =1+ M (3.277)

1 QQ 2 1 Q2 2 Q2
h11:h<1+ f) h22:h(1+ ;’) pi2= 22 0 pss g (3.278)
C C
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Respectively, from here we obtain non-zero components of chronometrically invariant Christoffel
symbols A% (1.47)

294 2
AL = i (3.279)

272, 2\’
c4<1+Q ($2+y)>
c

292 2
02 (1—!— )
1 C
A12

= ; (3.280)
QQ 2 2
c? <1+(x 2+y )>
C
Q2 2
292 1 +
Ny =22 S (3.281)
c - Q (ac +y°)
C2
Q2y2
292y 1 + )
N2 = — ¢ , 3.282
11 C2 ) N Q2 (1,2 + y2) ( )
02
292 2
0 (1 n )
A2, = ¢ , (3.283)
QZ 2 2
c? <1+(m 2+y )
C
2Q4 2
N2, = — Ty (3.284)

2(.2 2 '
c4<1—|—Q (m;y))
c

We are going to solve equations of motion of mass-bearing charged particle in stationary magnetic
field. To make calculations easier we assume that four-dimensional potential of field A® is tangential to
the world line (four-dimensional trajectory) of particle. Because electric component of field is absent,
strength E; does not perform any work, i.e. the right parts of scalar equations of motion turn into
zeroes. Therefore, chronometrically invariant equations of motion of mass-bearing charged particle
from our-world (3.208, 3.209) in stationary magnetic field are

d
Ny, (3.285)
dr
d .
. (mv?') + 2mA; v + mAL v —zsmmka*m. (3.286)
-

For mirror-world charged particle that moves in stationary magnetic field, the respective equations

of motion are J
m
_ =0 3.287
o, (3.287)

d e .
— A} = ——*my . H,... 3.288
i (mv') + mAL v o€k ( )

Integrating theorem of live forces for our-world particle and mirror-world particle we obtain, re-

spectively
mz%:const:B, —mz%:const:B, (3.289)
v v
1-= 1-Z
? ?



CHAPTER 3. MOTION OF CHARGED PARTICLE 7

where B and B are integration constants. That implies v2=const, i.e. module of observable velocity
of particle stays constant in absence of electric component of field. Then vector equations of motion
for our-world particle (3.286) can be represented as

dv?® ) . .
dv F2AVE 4 AL vk = - S gikmy p (3.290)
T mc

Respectively, vector equations of motion of mirror-world particle (3.288) will have the form
e

dv? ) )
di AV = e (3.291)

Strength of magnetic field in these equations is defined from Maxwell equations for stationary field
(3.215, 3.216), which in absence of electric strength and under the constraints we assumed in this
Section, are

Qum H*™ = =2mep

, Ar Group I, (3.292)
Ezkm *Vk (H*m\/ﬁ> — ljl\/ﬁ
C
. OH* nvh .,
g 90 L0 nvh Group II. (3.293)
oz’ oz’

From the first equation of Group I we see that scalar product of pseudovectors of field of non-
holonomity of space and of magnetic field strength is function of density of charge. Hence if density
of charge p=0, pseudovectors (2,; and H* are orthogonal.

In the below we consider two possible orientations of magnetic field in respect to field of non-
holonomity of space.

A Magnetic field is co-directed with non-holonomity field

We assume that pseudovector of strength of magnetic field H* is directed along axis z, i. e. in the same
direction as pseudovector of angular velocity of space rotation Q*Z:%elkmAkm. Then pseudovector of
angular velocity has one non-zero component Q*3=%Q, while pseudovector of magnetic strength has
avl aVQ

2¢
B2 4 3 ) = Hyy = L (DL D2 L g 204
(e 12+¢ 21) 2=\ 2z oy + . (3.294)

1
H*3 — §E3mnHmn _

N |

The condition ¢=const stems from absence of electric field. Hence Maxwell equations Group I

(2.392) will be
2
Q*gH*B _ % (8V1 aV2) + 2909 _ 727T'Cp
& &

or Oy

0 dr
Ay (#aVB) = T3 VR (3.295)

() -

#=0

*3
Equations in Group II (3.293) will be trivial turning into simple relationship %Hz—:O, i.e.

H*3=const. Actually this implies that the stationary magnetic field we consider is uniform along
z. In the below we assume the stationary magnetic field to be fully uniform, i.e. H**=const. Then
from the first equation from Group I (3.295) we see that magnetic field is uniform provided that

8V1 an 9092
_ 22 = =TI = t. 2
( iy > const, P oz = cons (3.296)
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Hence charge density p>0 if scalar potential of field ¢<0. In this case the other equations from
Group I (3.295) will be

4w Oy T T o

1 ialn\/ﬁ 2 ialn\/ﬁ' (3.297)

20,2, 2
Because hzl—l—L;_y) (
c
field is only non-zero in strong field of non-holonomity, i.e. when rotation velocity is comparable to
speed of light. In a weak field of non-holonomity h=1, hence j!=3;2=0.
Now having obtained magnetic strength from Maxwell equations we write down by-component
notation of vector equations of motion of our-world charged mass-bearing particle (3.290, 3.291)

3.277) this implies: vector of current in stationary uniform magnetic

20 [zyi 0222
= { s <1 4 >y] + ALE? + 20 aygt
_ eH [ Qzyi 0222\ .
+AgYt = - [— z <1+ 2 )y] ,
20 [Q%zyy 0%y? (3.298)
Sy [ Eas <1+ 3 H + AL + 200 d)+
c c
, eH [ Q%xyy 022\ .
+A§2y2=mc[— il Sl ) K1
z=0,
and those of mirror-world particle
H [ Qzyi Q%2
&+ A3% + 200,87 + Dgpy® = = {— iyx + <1 + ;3 > y] )
mc C cC
H[ Qyy 0%y? .
G4 A3 a2 4 20300 + Ayy? = % [_ ot L (1 ILE ) x] , (3.299)
c c

z2=0.
2
The terms in the right parts that contain Q—Q appear because in rotation of space three-dimensional

observable metric h;, is not Euclidean. Hence in the case under consideration there is difference
between contravariant components of the observable velocity and its covariant components. The right
parts include the covariant components

QQ QQ 2
Vo = hoav' 4 hoov® = ==Y 4 (1 +— ) 7, (3.300)
c c
QQ QQ 2
vi = huv! Fhpv? = 2y (1 + ) i (3.301)
C c

If rotation of space is absent, i.e. 2=0, the equations of motion of charged mass-bearing our-world
particle (3.298) up within a sign match equations of motion in stationary uniform magnetic field as
given by Landau and Lifshitz (formula 21.2 in The Classical Theory of Fields)

H H
=g,  j=——i, =0, (3.302)
mc mc

while our equations (3.298) imply that

H H
i=-y =28 3=o0. (3.303)
mc mc
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The difference stems from the fact that Landau and Lifshitz assumed magnetic strength in Lorentz
force to bear “plus” sign, while in our equations it bears “minus”, which is not that important though,
because only depends upon choice of signature.

If the space rotates (is non-holonomic), the equations of motion will include the terms that contain

2 4
Q, Q—Q, and 9—4. In a strong field of non-holonomity solving equations of motion is a non-trivial task,

which is likely to be tackled in future with computer-aided numerical methods. Hopefully, the results
will be quite interesting.

We are going to find exact solutions in weak field of non-holonomity, i.e. truncating terms of the
second order of smallness and below. Here equations of motion we obtained (3.298, 3.299) for charged
mass-bearing our-world particle are

H H
P2y ="ty G20 =i, 5=0, (3.304)
mc mc

and for charged mass-bearing mirror-world particle are

eH eH
i=-—y, j=—2, 2=0. (3.305)
me me
First we approach equations for our-world particle. The equation along z axis can be integrated

straightaway. The solution is
z = Z(o)T + Z(0) - (3.306)

From here we see that if at the initial moment particle’s velocity along z is zero, the particle will
be moving within zy plane only. The rest two equations we from (3.304) we re-write as

dz dy

— =—(20 ] = = (20 3 .

7 (22+w)y, 7, = 2 +tw)d, (3.307)
where we denote w:% for convenience. The same notation was used in Section 21 of The Classical

Theory of Fields. Then, formulating & from the second equation, we derivate it to the observable time
4 and substitute into the first equation. As a result we obtain
2 .

d7y 2 .
) +(2Q+w)y=0, (3.308)

which is equation of oscillations; it solves as

y=Crcos(2Q+w) 7+ Cosin (2Q 4+ w) T, (3.309)
where C1=¢q) and 02:23;2(78:&) are integration constants. Substituting ¢ (3.309) into the first equation
(3.307) we obtain the expression

dz

== (2Q + w) Y(o) cos (22 + w) T — §joy sin (22 + w) 7, (3.310)
-
after integration of which we have
L (0
= 2Q) — 2Q) 311
& = go)sin (2Q +w) T 29+wcos( +w)7+Cs, (3.311)

where integration constant C3=i )+ 25%(?1—)w'

Having all constants substituted, the obtained formulas for & (3.311) and g (3.309) finally trans-
form into

L Y(0) . J(0)
& = Y(o)sin (2Q+w) 7 — 20+ o O (2Q+w) T+ 30 + T (3.312)
J = 0y €08 (22 + w) T+ —O§in (20 + w) 7. (3.313)

20+ w
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Hence the formulas for components of velocity of particle ¢ and y in stationary uniform magnetic
field are equations of harmonic oscillations at frequency that in a weak field of non-holonomity is
20+w=20+

From integral of live forces in stationary magnetic field (3.289) we see that the square of particle’s
velocity is a constant value. Calculating v2=&2+g2+42 for our-world particle we obtain that the value

2 _ 42 2 ») . Y(0)
V2= Eo) + o) T Ho) T2 (f”(O) 30 +w) 8
) (3.314)
o)

20+ w

" [ 40

20+ w + Y0y sin (2Q + w) 7 —

cos (22 + w) T:l
is constant v2=const, provided that ngi‘(o)—i—%y)(ii)wzo.

Integrating © and ¢ to 7 we obtain coordinates of our-world particle in stationary uniform mag-
netic field

O . 1 . J(0)
x—[2g+wsm(29+w)T y(o)cos(2Q+w)T} 2Q+w+(x(0)+2ﬂ+w>7—+c4’ (3.315)
Y= [y'(o) sin (2Q 4+ w) 7 + 25(% cos (22 + w) T:| O +Cs, (3.316)
where integration constants are
Y(0) (0
Cy= , Cs = + —. 3.317
4 = Z(0) 20+ w 5 = Y(0) 20+ W)Q ( )

From the formula for z we see that particle performs harmonic oscillations along z provided

that the equation a'c(o)—|—ﬁy2(_0|_—)w:0 is true. This is also the condition for constant square of particle’s

velocity (3.314), i. e. satisfies the integral of live forces. Taking this into account we arrive to equation
of trajectory of particle within zy plane

1 (o) 2Cy
4yt = —— |97 - x
YT earw? |07 ko)’ | 201w
. Jo) (3.318)
X [y(o) cos (2Q 4+ w) T+ 20 + o sin (29 +w)r] +
+ |90y sin (22 + w) 7 + Yo) cos(2Q 4 w) T 2C5 +C3+C2.
20+ w 20+w TP

Assuming for the initial moment of time jjo)=0 and integration constants Cy and Cj5 to be zeroes,
we can dramatically simplify the obtained formulas for coordinates of particle (3.315, 3.316)

1 .
Xr = —my(o) COS (2Q + L(J) T, (3319)
r .
Y= sq ol sin 20+ w)T. (3.320)

Given this, our equation of trajectory (3.318) transforms into a simple equation of a circle
-2
Y0

(20 + w)?

Hence if the initial velocity of charged our-world particle in respect to the axis of uniform magnetic
field (z axis) is zero, particle moves within zy plane along a circle with radius

2 +y? = (3.321)

Y(0) Y(0)
,— - (3.322)
H )
20 +w 2 1+ e
mc
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which depends upon the strength of the field and the velocity of space rotation. If initial velocity
of particle along the direction of magnetic field is not zero, it moves along a spiral line with radius
r along the field. In general case particle moves along ellipse within xy plane (3.318), which shape
deviates from that of a circle depending upon the initial conditions of the motion.

As can be easily seen, our results match those in Section 21 of The Classical Theory of Fields

1 1
= g = i 3.323
x Y(0) COSWT , Yy =~y sinwr, ( )

once we assume rotation of space 2=0, i.e. in absence of field of non-holonomity. Given this, the

radius r:@:%y(o) of particle’s trajectory does not depend upon velocity of rotation of space. If

Q=£0, field of non-holonomity of space disturbs motion of particle in magnetic field adding up with

field of magnetic strength, due to which correction value 2€2 to the term w :em—hcr appears in equations

of the theory. In a strong field of non-holonomity, when €2 can not be neglected compared to the speed
of light, the disturbance is even stronger.

On the other hand, in non-holonomic space the argument of trigonometric functions in our equa-
tions contains a sum of two terms, one of which stems from interaction of particle’s charge with
strength of magnetic field, while another is a result of rotation of the space itself, which depends
neither from electric charge of particle, nor from presence of magnetic field. This allows considering
two special cases of motion of particle in non-holonomic space.

In first case, when particle is electrically neutral or magnetic field is absent, its motion will be

the same as that under action of magnetic component of Lorentz force, save that this motion will be
caused by angular velocity of rotation of space 2§2, comparable to w :em—}g.

How real this case may be? To answer this question we need at least an approximate assessment
of the ratio between velocity of space rotation (2 and magnetic field H in a special case. The best
example may be an atom, because on the scales of electronic orbits electromagnetic interaction is a
few orders of magnitude stronger than the others and beside, orbital velocities of electrons are relati-
vely high.

Such assessment can be made proceeding from second case of special motion of charged particle
in uniform stationary magnetic field, when

el _

mc

-2Q, (3.324)

is true and hence the argument of trigonometric functions in equations of motion becomes zero.
We consider the observer’s frame of reference, whose space of reference is attributed to atomic
nucleus. Then the ratio in question (in CGSE and Gaussian systems of units) for electron in atom is

Q e 4810710
H 2mec 18.2-10-28 3.0- 1010 8.8-107, (3.325)

where their “minus” sign stems from the fact that Q and H in (3.324) are oppositely directed. Hence
field of non-holonomity if the nucleus is the basic factor that affects motion of orbiting electron and
is dominant compared to magnetic component of the Lorentz force.

Now we are going to solve equations of motion of mirror-world particle in stationary uniform
magnetic field we obtained in non-holonomic (self-rotating) space (3.305), which match equations of
motion in absence of field of non-holonomity (rotation) of space by Landau and Lifshitz [1]

&= —wy, i =wi, 5=0. (3.326)

The solution of the third equation of motion (along z axis) is a simpler integral z=z(g)7+2(q)-
Equations of motion along x and y axis are similar to those for our-world particle, save for the
fact that the argument of trigonometric functions has w instead of w—+2¢)

T = g0y sinwr — % coswT + &gy + % ) (3.327)
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Y = Y(0) COSWT + L sinwr . (3.328)

Hence the formulas for components of velocity of mirror-world particle & and y are equations of
eH

harmonic oscillations at frequency w=77.

Consequently, their solutions, i.e. formulas for coordinates of mirror-world particle in stationary
uniform magnetic field are

T = % <yi}0) sinwt — g(g) cos w7‘> + <$'(0) + y;o)> T+ Cy, (3.329)
Y= % <y(0) sin wt + % cos w7‘> + Cs, (3.330)

where integration constants are
Ca =2 + % o G=yot & (3.331)

As we have already mentioned, integral of live forces in stationary magnetic field (3.289) implies
constant relativistic mass of particle and hence constant square of its observable velocity. Then putting
solutions for velocities of mirror-world particle &, y, 2 in the power of two and adding them up we
obtain that

v =g + 9oy + 2oy +2 <x(0) + o )> < %+ o) sinwr - yfdo)COSW) (3.332)

is constant v2=const provided that .
F0) + % —0. (3.333)

From the formula for = (3.329) we see that particle performs purely harmonic oscillations along
x provided the same condition (3.333) is true. Taking this into account, putting in the power of two
and adding up z (3.329) and y (3.330) for mirror-world particle in stationary uniform magnetic field,
we obtain its trajectory within zy plane

) .
I Yy 20y (. .
P +y?=— (y?o) + @;)) - = (y(o) COS WT + Yo smw7'> +
w w w w

] 2C
+ (])(0) sin wt + % cos w7‘> 75 +C2 + 052 ,

(3.334)

which only differs from our-world particle trajectory (3.318) by w+2Q replaced with w and by values
of integration constants (3.331). Therefore charged mirror-world particle, with zero initial velocity
along z (the direction of magnetic strength), moves along an ellipse within zy plane.

Once we assume o), as well as constants Cy and Cs to be zeroes, the solutions become simpler

1. 1. .
xr = —;y(o) COS WT , Yy = ay(o) SIwT . (3.335)

In such simplified case mirror-world particle that rests in respect to the field direction makes a
circle within xy plane

0
2 2 _
with radius r—ﬁ Hy(o) Consequently, if the initial velocity of a mirror-world particle along

the direction of magnetic field (z axis) is not zero, the particle moves along a spiral line around
the direction of magnetic field. Hence motion of charged mirror-world particle in stationary uniform
magnetic field is the same as that of our-world particle in absence of non-holonomity of space.
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B Magnetic field is orthogonal to non-holonomity field

We are going to consider the case of pseudovector of magnetic field strength H*! is orthogonal to
pseudovector of non-holonomity field of space Q*i:%EikWAkm. Then the first equation from Group I
of Maxwell equations for stationary magnetic field (3.292) implies that density of charges is zero p=0.

We assume that strength of magnetic field is directed along y (only component H*?=H is not
zero), while non-holonomity field is still directed along z (only component Q*3=( is not zero). We
also assume that magnetic field is stationary and uniform. Hence the only non-zero component of
magnetic strength is

N ov ov
H*? = H3) = % <a; - 8z1> = const. (3.337)
Then in weak non-holonomity field equations of motion of our-world particle will be

H H
P20y =5 o208 =0, 5=-"T4 (3.338)

me me

or, denoting w = em—}g,

42y =wz, §j—2Qc =0, Z=—wl. (3.339)

Derivating the first equation to 7 and substituting 4 and Z into it from the second and the third
equations we have

Z+ (4% +w) i =0. 3.340
(

Replacing variables £=p we arrive to equation of oscillations

N _ H\?
P+t =0, O =402 + w2 = /402 + (fm> , (3.341)

which solves as
p = Cicoswt + Cysinwr, (3.342)
M
where C1=12 o) and CQZN(—EQ)) are integration constants. Integrating £=p with respect to 7 we obtain
w
the expression for z as

2= -9 ginpr — ~(—g) cos WT + T (g + ~(—g) ) (3.343)
w w w
where x(0)+x~(—g):03 is integration constant.

Substituting #=p (3.342) into equations of motion in respect to y and z (3.339) after integration
we obtain

.20, 200, ~ . 2Q
g = 350(0) sin Wt — ﬁm(o) CosWT + Yoy + ﬁx(o) , (3.344)
. w .. ~ w ., .o~ . w ..
¢ = =51 (0) COSWT — ~T(g) SINWT + 20y — =310 (3.345)
. 29@(0) . WZ (o) . . . .
where o)+ = =Cy and Z(g)— = =(C}; are new integration constants. Then integrating these

equations (3.344, 3.345) with respect to 7 we obtain final formulas for y and z

2Q (. ~ L Z) . - . 2Q . 2Q)
Y= _ﬁ (x(o) COSWT + o SINWT | + Yo)T + ?33(0)7' + Yo) + Fl’(o) ) (3.346)
w (. ~ o EQ) .~ . w . w .
2= = <x(0) cos wT + = smun') + 207 — —EoT + 20) — =40 (3.347)
920 .
where y(o)+ ;2(0) =Cs and z(o)—wg(go) =C7.
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Provided that =0, i. e. rotation of space is absent, and that some integration constants are zeroes,
the above equations fully match well-known formulas of relativistic electrodynamics for the case of
stationary magnetic field directed along z axis

T - T ~
z =9 sinwr,  y=yo) +9%0T, z= 2O cosr. (3.348)
w w

Because integral of live forces implies that square of observable velocity of particle in station-
ary magnetic field is constant, we can calculate v2=22+g2+22. Substituting into here the obtained
formulas for velocity components, we obtain

. . : 2. . : Ty | . .o~ L) -
v2 = avfo) + y(QO) + 2(20) += (&(0) + 2Q(0) — wi(0)) ((%) + &gy sinwr — % cos wr) ) (3.349)

2

i.e. v*=const provided that

."15(0) + QQQ(O) — wz'(o) =0. (3.350)

Three-dimensional (spatial) trajectory of particle in stationary uniform magnetic field, orthogonal
to field of non-holonomity, can be found calculating x?+y2+22

.9
1 X
x2+y2+z2:w2<i¢%o>+£>+C§+C§+C$+(CE+C§)TQ+

+2 (C4C6 + 0507) T+ |:(WC7 — 2906) + 2 (UJC5 — 2906) T:| X (3351)

. ~ &0 . -\ 1 203 (. ~ E) . -
X m(o)coszJrTsmwT §+? x(o)cosawf?smcm- R

which includes a linear and a quadratic (to time) terms, as well as a parametric and two harmonic
terms. In a specific case, if we assume integration constants to be zeroes, the obtained formula (3.351)
takes the form of a regular equation of a sphere

2 2 2 1 .2 x%O) (3 352
Ty = Eo =2 ) .352)
which radius is
..2
L/, o)
_ 2 3.353
T a x(o) + wz ) ( )

2
where @:\/4924—(412:\/492—1—(%) . Therefore charged our-world particle in stationary uniform

magnetic field, orthogonal to field of non-holonomity, moves on a surface of a sphere which radius
depends upon magnetic strength and velocity of space rotation.

In a specific case, when field of non-holonomity is absent and the initial acceleration is zero, our
equation of trajectory simplifies significantly becoming an equation of sphere

1 1 mc
2, .2, 2 .2 . .
4y 2= %0 r= ) =~ (3.354)

with radius that depends only upon interaction of particle’s charge with magnetic field — the result
well-known in electrodynamics (see Section 21 in The Classical Theory of Fields).

For mirror-world particle that moves in stationary uniform magnetic field, orthogonal to field of
non-holonomity, the equations of motion are

eH eH
i=—2, =0, F=——1. (3.355)

mc mc
These are only different from equations for our-world particle (3.338) by absence of the terms
that include space rotation velocity €2. In practice that means that in the mirror world the solutions
simply do not depend upon rotation of space and match the solutions in our world provided field of

non-holonomity is absent.
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3.13 Motion of charged particle in stationary electromagnetic field

In this Section we are going to focus on motion of charged particle under action of both magnetic and
electric components of stationary electromagnetic field.

As a “background” we will consider non-holonomic space that rotates around z axis at a constant
angular velocity Q;2=—02;=0, i.e. the space with metric as of (3.275). In such metric space F;=0
and D;;r=0. We will solve the problem assuming that the field of non-holonomity is weak and hence
the three-dimensional observable space has Euclidean metric. Here Maxwell equations for stationary
field (3.215, 3.216) are

Qum H*™ = —2mep

) A . Group I, 3.356
e Gy (Ho V) = = j'Vh =0 (3359
C

Qe E™ =0

) Group II 3.357
e (Envh) =0 ’ (3.857)
because the condition of observable uniformity of field is equality to zero of its chronometrically
invariant derivative [8, 10], while in the specific case under consideration chronometrically invariant
Christoffel symbols equal to zero (metric is Galilean one) and chronometrically invariant derivative
is the same as regular one. Hence Maxwell equations imply that the following conditions will be
true here:

e field of non-holonomity and electric field are orthogonal to each other (2., E™=0);
e field of non-holonomity and magnetic field are orthogonal to each other, charge density p=0;
e current is absent (j'=0).

The last condition implies that presence of current or currents j'#0 stems from non-uniformity of
magnetic field.
Given that field of non-holonomity is orthogonal to electric field we can consider motion of particle

in two cases of mutual orientation of fields: (1) HIE and ﬁ”ﬁ), (2) ﬁ”? and HLQ.

In either case we assume that vector of electric strength is co-directed with x axis. In the back-
ground metric (3.275) pseudovector of space’s rotation is co-directed with z. Hence in the first case
magnetic strength is co-directed with z, while in the second case it is co-directed with x.

Equations of motion of charged particle in stationary electromagnetic field in case of vector of
electromagnetic strength co-directed with x are as follows. For our-world particle

dm el dx
—_ = 3.358
dr c2 dr’ ( )
d i ik i L ikm
. (mv') +2mAvE = —e [ E' + € ViHm |, (3.359)
-
and for mirror-world particle
dm eF;dx
—_— = 3.360
dr c2 dr’ ( )
4 (mv') = —e | E' + Libmy b (3.361)
dr ¢ xme ’

As we did before, we will consider the case of a particle repulsed by filed. Then components of
strength of electric field F;, co-directed with x, are (in Galilean frame of reference covariant and
contravariant indices of tensor values are the same)

9
Elemza—(’;:const:—E, Ey=Ey=0. (3.362)
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Integration of theorem of live forces gives integral of live forces for our world and the mirror world
(respectively)

E ~
m="y2+B, m=-Za+B. (3.363)

Here B is our-world integration constant and B is mirror-world integration constant. Calculated
from the initial conditions at the moment 7=0 these are

el ~ el
B = m(g) — 071‘(0) R B = mo) + gl‘(o) , (3.364)

where m ) is relativistic mass of particle and z(g) is displacement of particle at the initial moment
of time 7=0.
From the obtained integrals of live forces (3.363) we see that the differences between the three

case under study, due to different orientation of magnetic strength ﬁ, will only reveal themselves in
vector equations of motion, while scalar equations (3.358, 3.360) and their solutions (3.363) will be
the same.

Note that vector ﬁ can be also directed along y axis, but can not be directed along z, because in
%
space with such metrics co-directed with z is field of non-holonomity {2 while Group II of Maxwell

equations require strength E to be orthogonal to ﬁ

Now taking into account the results of integration of theorem of live forces (3.363) we will write
down by-component notations of vector equations of motion of particle in stationary uniform electric
and magnetic fields for all three cases under study.

H
1. We assume that ﬁj_ﬁ and ﬁ” Q, i.e. the vector magnetic strength ﬁ is directed along
z (parallel to the field of non-holonomity of space). Then out of all components of the vector of
magnetic strength the only non-zero one will be

0 0 2
(Vl — \/2) + %’01412 = const = H . (3.365)

! dy oz

c

Consequently, vector equations of motion for our-world particle in by-component notation will be

E E H
%CEQ-F <B+ 662:10> (i +209) = eE — %y
E E H
i+ (B + €2m> (5 - 204) = “~a, (3.366)
c c
E E
e (B+62x>;7;: ,
c c
and for mirror-world particle
elb ~ el eHd
6—2962—1— (B—CQx>x:eE—y,
E ~ eF H
g+ <B - ‘32:1;) j="4, (3.367)
c c c
E ~
=2 Tz + (B—2x>z:

Besides, Group I of Maxwell equations require that in the case under study, when magnetic field
and non-holonomity field are parallel, the condition should be true

Qs H™ = —27¢p, (3.368)

where Q,3=0Q=const and H*3=H=const. Hence this mutual orientation of non-holonomity and mag-
netic field is only possible in case density of electric charge as a field source p£0.
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— -

2. ﬁHﬁ, ﬁLQ, and ﬁLQ, i.e. magnetic and electric strengths are co-directed with z, while
non-holonomity field is still directed along z. Here out of all components of magnetic strength only
the first component will be not zero

6V2 8V3
HY=Hy =2 (S2 -3 ) —const = H 3.369
23 c <Bz 39) cons ) ( )
while vector equations of motion for our-world particle in by component notation become
E E
60—23;«2 + (B + 60233) (i 4 2Q9) = eE,
ek ek eH
el . el . eH .
C—szJr BJrc—Zx =9,
and for mirror-world particle
eE ~ ek .
—z°+ | B— C—Q:c T =ekF,
c
E ~ E H
i+ (B - 62x> j=—s (3.371)
c c c
E ~ E H
Szt (B-Sa)i="2y,
c c c

Now that we have equations of motion of charged particle for all three cases of mutual orienta-
tion of stationary fields (i.e. electric field, magnetic field and non-holonomity field) we can turn to
solving them.

A Magnetic field is orthogonal to electric field and is parallel to non-holonomity field

We are going to solve vector equations of motion of charged particle (3.366, 3.367) in non-relativistic
approximation, i. e. assuming absolute value of its observable velocity negligible compared to the speed

of light. Hence we can also assume particle’s mass at the initial moment of time equal to its rest mass
m
0 oy, (3.372)
v
P

(o) =

can be truncated. Given

We assume electric strength E to be negligible as well, thus the term eETa:
c

that, vector equations of motion of charged particle will transform as follows. For our-world particle
H H
mo (i42909) = eE— g, mo (j—20%) = <&, mei =0, (3.373)
c c
and for mirror-world particle
H H
moi = eE — S0, moj = i, moei=0. (3.374)
c c

These equations match those obtained in Section 22 in The Classical Theory of Fields [1] in case
field of rotation of space Q=0 and strength of electric field is co-directed with x.

The obtained equations for mirror-world particle are a specific case of our-world equations at Q=0.
Therefore we can only integrate our-world equations, while the mirror-world solutions are obtained
automatically by assuming (2=0. Integrating equation of motion along z we arrive to

z= 2(0)7' + 2(0) - (3.375)

Integrating the second one (along y) we arrive to

H
§= (29 n e) z+Ch, (3.376)
mopcC
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where integration constant is Clzy(o)—(QQ—F%)w(o).
Substituting ¢y into the first equation (3.373) we obtain second-order differential equation in

respect to ©

.. 2 ek 2 .
_ N 3.377
T+ wx — +w(0) — w(o) , ( )
where w:2ﬂ+ﬁl—lgc. Introducing a new variable
A el 2 .

we obtain equation of harmonic oscillations

i +w?u=0, (3.379)

which solves as
u = Cycoswt + Cysinwr, (3.380)
where integration constants are Co=uq), 03:%. Returning to variable x by reverse substitution

of variables we finally obtain

+a0) - 2. (3.381)

1 /. eF .%"(0) .
T=—1Y0) — cosz—&-TsmwT—&—

mow mow?

Substituting the formula into the obtained equation for g (3.376), after integration we arrive to
formula for y

1 E x E T
y=— (g)(o) _ ) sinwr — —2 coswr + 672 + Yoy + oM (3.382)
w mow w mow w
Vector mirror-world equations have the same solutions, but because for them Q=0, the frequency
equals w :1%—[0{6.

Energies of our-world and mirror-world particles are E=mc? and E=—mc?, respectively.
Three-dimensional impulse of our-world charged particle in stationary uniform electromagnetic
field (when magnetic field is orthogonal to electric field and is parallel to non-holonomity field) takes

the form

1 . el . . .
D =meT = | — — MoY(0) | SINWT + MoZ(g) COSWT ,
w

20mg eH el . .
+ — —9Y0) | T MoY(o) +
w we mow

20mg eH . el . .
+ + — Yo) — — | COSWT + Z(g) SINWT | ,
w wce mow

P =mpz = moZ(o) -

2 .
PP =moy =
’ ( (3.383)

From here we see that impulse of our-world charged particle in the given configuration performs

harmonic oscillations along x and y, while along z it is a linear function of observable time 7 (if initial

velocity 27#0). Within zy plane the oscillation frequency is wz?Q—!—%.

In the mirror world given this configuration of electric field, magnetic field and non-holonomity
field we have, respectively

1 eE . . .
p = | — — mMoY() | SINWT + MoZ (o) COSWT ,
w
E E .
p? = et + mg Ky(o) = > COSWT + Z(g) SINWT | , (3.384)
w mow

P =moZ( ,
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where contrasted to our world the frequency is wzﬁb—{)fc.

We should note obtaining exact general solutions of equations of motion of charged particle in
electric field and magnetic field at the same time is rather problematic, because elliptic integrals have
to be solved in the process. Possibly in future in case of any practical necessity the general solutions
will be obtained on computers, but this evidently stays beyond the goal of this book. Presumably
Landau and Lifshitz faced a similar problem, because in Section 22 of The Classical Theory of Fields
when considering a similar problem (but contrasted to this book, they used general covariant methods

and did not account for non-holonomity of space) they obtained equations of motion and solved them
assuming velocity to be non-relativistic and electric field weak EE—QJ:%O.
c

B Magnetic field is parallel to electric field and is orthogonal to non-holonomity field

We are going to solve vector equations of motion of charged particle (3.370, 3.371) in the same
approximation as we did in the first case. Then for our world and for the mirror world these will be,
respectively

E H H
P2 = 2=, 5=y (3.385)
mo mopc mocC
E H H
P =z i= Sy (3.386)
mo mopcC mocC
Integrating the first equation of motion in our world (3.385) we obtain
. eE .
&= T 2Qy + C1 , C1 = const = &gy + 2Qy(0) - (3.387)
0
Integrating the third equation (along z) we have
H H
z= Ly + Cs, Cy = const = Z0) — Ly(o) . (3.388)
mocC moc

Substituting the obtained formulas for # and Z into the second equation of motion (3.385) we
obtain linear differential 2nd order equation in respect to y

2 H’Z
. 2 € 2QeF
i+ (49 + m202> =
0

H
T 4+200 — S0y, (3.389)
mo mopcC

We are going to solve it with method of replacement of variables. Introducing a new variable u

1 e?H?

u=y+— (;mHCCQ - 2ch> ;o wr=40+ e (3.390)
we obtain equation of forced oscillations
i 4wy = 2B (3.391)
mo
which solution is sum of general solution of free oscillations equation
i+ w?u=0, (3.392)
and of a partial solution of inhomogeneous equation that can be presented as
4©=Mt+ N, (3.393)

where M=const and N=const. Derivating @ twice to 7 and substituting the results into the inho-
mogeneous equation (3.391) and then equating the obtained coefficients for 7 we obtain the linear

coefficients SOeE
M= N=o. (3.394)
mow
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Then the general solution of the initial inhomogeneous equation (3.391) becomes

20eE
e (3.395)

u = C3coswt + Cysinwt + 3
mow

where integration constants can be obtained by substituting the initial conditions at 7=0 into the

obtained formula. As a result we have C3=u) and 042@.

Returning to the old variable y (3.390) we find the final solution for this coordinate

1 H
y=1|Y0) +—=3 s Co +29C1 | | coswt +
(0) w? \mgc
j 1 [eH 20eE (3.396)
+ Yo sinwr — — <eC’2 + 2901) + 7627'.
w w? \mgc mow

Then substituting this formula into equations for & and Z after integration we arrive to solutions
for z and z

E 40° 20
z = 2670 (1 - 2) % — " (yo) + A) sinwr +

@ . (3.397)
2Qy(0)
+ 5 coswt + (C1 +2Q4) 7 + Cs,
H y H
r= L [(y(o) + A)sinwr — YO os wr} — <6A — C’2> T4 Cs, (3.398)
mocw w moC
where a convenience notation was introduced
1 H
A=— (602 - 2901> , (3.399)
w mopcC
while the new integration constants are
2Qy eHYy
Cs=mo— —2O | (g =z + 2O (3.400)
mocw

If we assume Q=0, then from coordinates of our-world charged particle (3.396-3.398) we immedi-
ately obtain solutions for mirror-world charged particle

ek

2 .
x = —QmOT +Z)T + (o), (3.401)
Y= 2O coswr + 22 gin gy — 2O 4 Y(o) » (3.402)
w w w
2= 2O gnwr — YO coswr + Y + 2(0) - (3.403)
w w w

Consequently, components of three-dimensional impulse of our-world charged particle in stationary
uniform electromagnetic field (when magnetic field is parallel to electric field and is orthogonal to non-
holonomity field) take the form

492 . .
pl = mo () + eE <1 — 2) T — 2mo§d [yfuo) sinwTt + (y(o) + A) COSWT — % — A} ,
w

2QeFE
p* =mo [F0) coswT — w (y(o) + A) sinwr| + 62 , (3.404)
w

H ' 2QeFE
PP = mok) + — [(wo) + A) coswr + YO ginwr — A+ == 5T — y(O)} ,
c w mow
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2772
: H
where the frequency is w =, [4Q2+ €5 —.

In the mirror world, given this configuration of electric field, magnetic field and non-holonomity
field, components of three-dimensional impulse of charged particle are

pt = moT (o) + 2eET,
p* = my (Y(0) coswT — Z(g) sinwr) , (3.405)
p® =my (z'(o) COSWT — P(o) Sin w7) ,

eH
m(o)C'

where contrasted to our world the frequency is w =

3.14 Conclusions

In fact the theory we have built in this Chapter can be more precisely referred to as chronometrically
invariant representation of electrodynamics in pseudo-Riemannian space. Or, because the mathemat-
ical apparatus of physical observable values initially assumes pseudo-Riemannian space, simply as
chronometrically invariant electrodynamics (CED). Here we presented only the basics of this theory:

e chronometrically invariant components of electromagnetic field tensor (Maxwell tensor);

e chronometrically invariant Maxwell equations;

e law of electric charge conservation in chronometrically invariant form:;

e chronometrically invariant Lorentz condition;

e chronometrically invariant d’Alembert equations (wave propagation equations) for scalar poten-

tial and vector-potential of electromagnetic field;

e chronometrically invariant Lorentz force;

e tensor of energy-impulse of electromagnetic field and its chronometrically invariant components;

e chronometrically invariant equations of motion of mass-bearing charged particle;

e geometric structure of four-dimensional potential of electromagnetic field.

Evidently the whole scope of chronometrically invariant electrodynamics is much wider. In addition
to what has been done we could obtain chronometrically invariant equations of motion of charge
distributed in space or study motion of particle that bears its own electromagnetic emission, which
interacts with the field or deduce equations of motion for particle that travels at an arbitrary angle
to field (either for individual particle or a distributed charge), or tackle scores of other interesting
problems.



Chapter 4

Particle with spin in pseudo-Riemannian space

4.1 Problem statement

In this Chapter we are going to obtain dynamic equation of motion of particle with inner mechanical
momentum (spin). As we mentioned in Chapter 1, these are equations of parallel transfer of four-
dimensional dynamic vector of particle Q%, which is the sum of vectors

Q™ = P* 4 §°, (4.1)

o
where P% :modd% is four-dimensional vector of impulse of particle and S is four-dimensional impulse

that particle gains from its inner momentum (spin), which makes its motion non-geodesic. Therefore
we will refer to S as four-dimensional spin-impulse of particle. Because we know all components
of dynamic vector of impulse P, to define summary dynamic vector Q¢ we only need to obtain
components of spin-impulse S¢, which are functions of particle’s spin.

Hence our first step will be defining particle’s spin as geometric value in four-dimensional pseudo-
Riemannian space. Then in Section 4.2 herein we are going to deduce four-dimensional impulse S
that particle gains from its spin. In Section 4.3 our goal will be dynamic equations of motion of
spin-particle in pseudo-Riemannian space and their chronometrically invariant (physical observable)
projections onto time and space. Other Sections will focus on motion of elementary particles.

So, absolute value of spin is +nh, measured in fractions of Planck constant, where n is so-called
spin quantum number. As of today it is known [5] that for various types of particles this number
may be n=0,1/2,1,3/2,2. Alternating sign + stands for possible right-wise or left-wise inner rotation
of particle. Besides, Planck constant A has dimension of impulse momentum [gcm?s~1]. This alone
hints that spin’s tensor by its geometric structure should be similar to tensor of impulse momentum,
i. e. should be an antisymmetric 2nd rank tensor. We are going to check if other source prove that.

The second Bohr postulate says that the length of electron orbit should comprise integer number
of de Broglie wavelengths )\:%, which stands for electron according to wave-particle concept. In other

words, length of electron orbit 277 comprises k& de Broglie wavelengths

drr — kA =k (4.2)
p

where p is orbital impulse of electron. Taking into account that Planck constant with a bar is h:%,
equation (4.2) should be
rp =kh. (4.3)

Because radius-vector of electron orbit r* is orthogonal to vector of its orbital impulse p*, this
formula in tensor notation is vector product

[’I‘i;pk] = kn'* (4.4)

From here we see that Planck constant deduced from the second Bohr postulate in tensor notation
is antisymmetric 2nd rank tensor.

92
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But this representation of Planck constant is linked to orbital model of atom — of the system more
complicated than electron or any other elementary particle. Nevertheless spin, also defined by this
constant, is an inner property of elementary particles themselves. Therefore according to the second
Bohr postulate we have to consider geometric structure of Planck constant proceeding from another
experimental relationship which is related to inner structure of electron only.

We have such opportunity thanks to classical experiments by O. Stern and W. Gerlach (1921). One
of their results is that electron bears inner magnetic momentum L ,,), which is proportional to its
inner mechanical momentum (spin)

Me
Mey  —nh 45
o Lomy =1, (4.5)

where e is charge of electron, m, is its mass and n is spin quantum number (for electron n=1/2).
Magnetic momentum of a contour with area S=nr?, which conducts current I, is L(yy=IS. Current

equals to charge e divided by its period of circulation T:% along this contour
eu
I=—| 4.6
27r (46)

where u is linear velocity of charge circulation. Hence, in accordance with the definition L(m)=IS,
inner magnetic momentum of electron is

1
Ly = Seur, (4.7
or in tensor notation!'® 1 1
Lzﬁl) = 5e [rzguk] =3 [Tz;plfm)} ) (4.8)

where 7’ is radius-vector of circulation of inner current of electron and u* is vector of circulation
velocity. From here we see that Planck constant, being calculated from inner magnetic momentum of
electron (4.5), is also a vector product of two vectors, i.e. antisymmetric 2nd rank tensor

Me [ ik | _ ., #ik

e [r ,p(m)] =nh"", (4.9)
which proves similar conclusion based on second Bohr postulate.

Subsequently, considering inter-atomic and inter-electronic quantum relationships in four-

dimensional pseudo-Riemannian space, we arrive to four-dimensional antisymmetric Planck tensor
e , which spatial components are three-dimensional values R

hOO hOl h02 h03
th hl 1 h12 h13
h20 h21 h22 h23
h30 h31 h32 h33

R = (4.10)

This antisymmetric tensor heP corresponds to dual Planck pseudotensor B*P :%Eo‘ﬁf“’hw. Sub-
sequently, spin of particle in four-dimensional pseudo-Riemannian space is characterized by antisym-
metric tensor nhi%’ , or by its dual pseudotensor nh**?. Note that physical nature of spin does not
matter here, it is enough that this fundamental property of particle is characterized by a tensor (or
a pseudotensor) of a certain kind. Thanks to this approach we can solve a problem of motion of
spin-particle without any preliminary assumption on their inner structure, i.e. using purely formal
mathematical method.

Hence from geometric viewpoint Planck constant is antisymmetric 2nd rank tensor with dimensions
of impulse momentum irrespective of through what values it was obtained: mechanical or electromag-
netic ones. The latter also implies that Planck tensor does not characterize rotation of masses inside

Y9Equations (4.8) and (4.9) are given for Minkowski space, which is quite acceptable for the above experiments. In
Riemannian space result of integration depends upon the integration path. Therefore radius-vector of a finite length is
not defined in Riemannian space, because its length depends upon constantly varying direction.
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atoms or any masses inside elementary particles, but stems from some fundamental quantum rotation
of space itself and sets all “elementary” rotations in space irrespective of their nature.

Specific rotation of space is characterized by three-dimensional chronometrically invariant (observ-
able) tensor A; (1.36), which results from lowering indices A;z=h;mhr, A™" in components A™" of
contravariant four-dimensional tensor

1 /0b ob
AP = ch**hPva,, v=o |l - 2. 4.11
c Auy au 2 (8.’13” 8.’13”) ( )
In accompanying frame of reference (b'=0) auxiliary value a,, are
1 ow Ov; 1 [ 0v; Oug
—0, ag=— (2*_ g = — _2R ) 4.12
00 T 50 <3xl ot ) ik = o (8:1:’C 8371) (412)
and components of four-dimensional tensor of space rotation become
1 [/ Ovy ov; 1
A :O, AlifAl :O, A1 == = — +7Fz’l) 7F’Ui . 4.13
0 0 = —Au =1 ( oo axk) o P F). (419

In absence of gravitational field tensor of angular velocities of space rotation formulates with linear
velocity of rotation v; only, hence we denote it as A,3=Q.3

Qoo =0,  Qpi=-Q=0, Qik_;<g;§§;);>. (4.14)

On the other hand, according to wave-particle concept any particle corresponds to a wave with
energy E=mc?=hw, where m is relativistic mass of particle and w is its specific frequency. In other
words, from geometric viewpoint any particle can be considered as wave defined within infinite prox-
imity of geometric location of particle, which specific frequency depends upon certain distribution of
angular velocities wqg, also defined within this proximity. Then the above quantum relationship in
tensor notation becomes mc2=h? Wag-

Because Planck tensor is antisymmetric, all of its diagonal elements are zeroes. Its space-time
(mixed) components in accompanying frame of reference also should be zero similar to respective
components of four-dimensional tensor of angular velocities of space rotation (4.14). Values of spatial
(three-dimensional) components of Planck tensor, observable in experiments, are +% depending upon
direction of rotation and make three-dimensional chronometrically invariant (observable) Planck tensor
7*. In case of left-wise rotation components h'?, k?*, B3 are positive, while components h'®, B2,
h2! are negative.

Then geometric structure of four-dimensional Planck tensor, represented as matrix, becomes

0 0 0 0
0 0 h —h
0 - O h
0 » —-h O

hoP = (4.15)

In case of right-wise rotation components h'?, A?*, B3! change sign to become negative, while
components i3, B3?, h*! become positive

0 0 0 0
«3_| 0 0 —hA &
h” = 0 h 0 —h (4.16)
0 —h h 0
The square of four-dimensional Planck tensor can be calculated as follows
hap h*? = 207 [(911922 —9%2) + (911933 — 913) + (922933 — 933) + (4.17)

+2(g12923 — 922913 — 912933 + 913923 — 911923 + 912913) ] )
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and in Minkowski space, when frame of reference is Galilean one and metric is diagonal (2.70), it equals
to haghaﬂ =6h2. In pseudo-Riemannian space the value haghaﬂ can be deduced by substitution of
dependency of three-dimensional components of fundamental metric tensor from observable three-
dimensional metric tensor hik:fgik+c%vivk and space rotation velocity into (4.17). Hence, though

physical observable components h'* of Planck tensor are constant (bear opposite signs for left and
right-wise rotation), its square in general case depends from angular velocity of space rotation.

Now having components of Planck tensor defined, we can approach deduction of impulse that par-
ticle gains from its spin as well as dynamic equations of motion of spin-particle in pseudo-Riemannian
space. This will be the focus of the next Section.

4.2 Spin-impulse of a particle in the equations of motion

The additional impulse S* that particle gains from its spin can be obtained from considering action
for spin-particle.

Action S for a particle that bears inner scalar field k, with which some external scalar field A
interacts and thus displaces the particle by interval ds, is

b
S = a(kA)/ kAds, (4.18)

where o 4) is a scalar constant that characterizes properties of the particle in a given interaction and
equalizes dimensions [1, 4]. If inner scalar field of particle k corresponds to external filed of 1st rank
tensor A, then action to displace particle by that field is

b
S:a(kAa)/ kAadl‘a. (419)

In interaction of particle’s inner scalar field k with external field of 2nd rank tensor A,g this action
of field to displace the particle is

b
S = a(kAaﬁ)/ kAagdmo‘dmﬁ. (4.20)

And so forth. For instance, if specific vector potential of particle k£ corresponds to external vector
field A, then action of this interaction to displace the particle is

b
S = a(kaAa) / kaAadS . (421)

Besides, action can be represented as follows irrespective of nature of inner properties of particles
and external field

ta
S = / Ldt, (4.22)
ty

where L is so-called Lagrange function. Because the dimension of action S is [ergs=gcm? s~!], then
Lagrange function has dimension of energy [erg_zg cm?s72]. And derivative from Lagrange function

. ?
to three-dimensional coordinate velocity ul:ddit of particle

oL
8Ui _p’L

(4.23)

is covariant notation of its three-dimensional impulse p’=cP? which can be used to restore full notation
for four-dimensional impulse vector of particle P%*. Hence having action for the particle, having
Lagrange function outlined and derivated to coordinate velocity of particle, we can calculate the
additional impulse that particle gains from its spin.
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As known, action to displace free particle in pseudo-Riemannian space is?°

b
S:/ mocds . (4.24)

In Galilean frame of reference in Minkowski space because non-diagonal terms of metric tensor are

zeroes, space-time interval is
2
ds = \/ gapdr®dzP = cdty]1 — 1:—2 , (4.25)
b ta u?
Sz/ mocds :/ moc?y /1 — C—zdt. (4.26)
a t1

Therefore Lagrange function of free particle in Galilean frame of reference in Minkowski space is

u2
L =moc*y/1— = (4.27)

Derivating it to coordinate velocity we arrive to covariant form of its three-dimensional impulse

u2
_ oL _ NI mow (4.28)

from which, having indices lifted, we arrive to four-dimensional impulse vector of free particle as

and hence action becomes

1 dz® dz®
pe=-_T0 9 _ % (4.29)

c u? dt 0" ds
)
c

(07
Because here in the final formula both multipliers, mg and ddis’ are general covariant values, i.e.

do not depend upon choice of a particular frame of reference, this formula obtained in Galilean frame
of reference is also true in another arbitrary frame of reference in four-dimensional pseudo-Riemannian
space.

Now we are going to consider motion of particle that possesses inner structure, which in experi-
ments reveals itself like its spin. Inner rotation (spin) of particle nh*® in four-dimensional pseudo-
Riemannian space corresponds to external field A,g of rotation of space. Therefore summary action
of spin-particle is

b
S = / (mocds + a(s)haﬂAagds) ) (4.30)

where o) [s cm 1] is a scalar constant that characterizes particle in spin-interaction. Because constant
of action may include only characteristics of particle’s properties or physical constants, a,) is evidently
spin quantum number n, which is function of inner properties of particle, divided by speed of light
a(s):%. Then action to displace particle, produced by interaction of the spin with field of non-
holonomity of space A, is

b b
S = a(s)/ haﬁAaﬁds = %/ fLaBAagds. (4.31)
a a

20In The Classical Theory of Fields [1] Landau and Lifshitz put “minus” before action, while we always have “plus”
before integral of action and Lagrange function. This is because the sign of action depends upon signature of pseudo-
Riemannian space. Landau and Lifshitz use signature (— + ++), where time is imaginary, spatial coordinates are real
and three-dimensional coordinate impulse is positive (see in the below). To the contrary, we stick to Zelmanov’s [10]
signature (+ — ——), where time is real and spatial coordinates are imaginary, because in this case three-dimensional
observable impulse is positive.
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A note should be taken that building four-dimensional impulse vector for spin-particle using the
same method as for free particle is impossible. As known, we first obtained impulse of free particle
in Galilean frame of reference in Minkowski space, where formula for ds presented with interval of
coordinate time dt and substituted into action had simple form (4.25). It was shown that the obtained
formula (4.29) due to its property of general covariance was true in any frame of reference in pseudo-
Riemannian space. But as we can see from the formula of action for spin-particle, spin affects motion
of particle in non-holonomic space A,37#0 only, i.e. when non-diagonal terms go; of fundamental
metric tensor are not zeroes. In Galilean frame of reference, by definition, all non-diagonal terms in
metric tensor are zeroes, hence zeroes are velocity of space rotation v;= — - and non-holonomity

00
tensor Ang. Therefore it is pointless to deduce formula for spin-particle impulse in Galilean frame
of reference in Minkowski space (where it is a priori zero), instead we should deduce it directly in
pseudo-Riemannian space.
In arbitrary accompanying frame of reference in pseudo-Riemannian space four-dimensional inter-
val ds can be presented in the form

2 gt 2
ds = cdr\[1-2 = cdt (1—w+?“ ) 1- -, (4.32)
c c ) ( w+viul>
e
C

) i _ i
where coordinate velocity of particle ul:% can be expressed with its observable velocity VZ:% as
- ul 9 hiputu®
V7' — — AVA— ; 5 - (4.33)
1w + v;u w + v;u
2 1——
c c

Then the additional action (4.31), produced by interaction of spin with field of non-holonomity of

space, becomes
to AN 2
szn/’thkal_w+gﬂ) g (w31
t c c

Therefore Lagrange function for action produced by particle’s spin is

i\ 2 2
L:mwAw¢Q_w+MU)_“. 4.35)

Now to deduce the additional impulse produced by spin we only have to derivate the Lagrange
function (4.35) to coordinate velocity of particle. Taking into account that hes , being a tensor of inner
rotation of particle, and A, (4.13), being a tensor of specific rotation of space, are not functions of
velocity of particle, after derivation we obtain

2
oL mn 0 w + v;u u? 1 nh™" An
”:&RZM’AWWM¢Q_¢¥)_}?:_8#(W+W% (4.30)
1=
c

where v;=h;,vF. We compare (4.36) with spatial covariant component p;=cP; of four-dimensional
(0%
impulse vector P"‘:modd% of mass-bearing particle in pseudo-Riemannian space. For mass-bearing

particle in our world that travels from past into future in respect to an usual observer (direct flow of
time), three-dimensional covariant impulse equals

pi = P = cgiaP* = —m (v + Vi) = —— o (v + v3) - (4.37)
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From here we see that four-dimensional impulse vector S® that particle gains from its spin (i. e.
spin-impulse of particle) is

o 1 y dz®
S = gnh” Auyg, (438)
or, introducing notation no=nh*"A,,=nh™" A.,, to make the formula simpler
1 dz®
S = —mnyg—. 4.39
2™ s (4.39)
Then the summary dynamic vector Q% (4.1) that characterizes motion of spin-particle is

dx® 1 dx®
a_ pa g ga L T nhMYA y—. 4.40
@ + mTgs T K ds (4.40)

Therefore spin-particle in non-holonomic space (A,,7#0) actually gains additional impulse that
deviates its motion from geodesic (free-particle) trajectory and makes it non-geodesic. In absence
of space rotation (holonomic space) values A,,=0 and the spin does not affect motion of particle.
But there is hardly an area in space where rotation is fully absent. Therefore spin most often affects
motion of particle in the subject domain of atomic physics, where rotation is especially strong.

4.3 Equations of motion of spin-particle

Dynamic equations of motion of spin-particle are equations of parallel transfer of summary vector
*=P*+8% (4.40) along the trajectory of motion of the particle (its parallel transfer) in four-
dimensional pseudo-Riemannian space
4 oy oy 1o (e gny B g (4.41)
ds w ds ’ ’
where the square of vector being transferred conserves along the entire trajectory Q,Q%=const.
Our goal is to deduce chronometrically invariant (physically observable) projections of these equa-
tions onto time and space in accompanying frame of reference. These equations in general notation,
as obtained in Chapter 2, are

dp 1 _ .dr 1 dz”

L — Z“F¢'— + ~Dyq' —— =0, 4.42
ds ¢ gs + ¢k g ( )
dq’ @ da L dT ; y p __dr : da*

r - g Ay - L F — 1+ N\Y m—— = 4.4
ds (c i 1 s (Di+ 4¢) ¢ ds Tom g 0, (4.43)

where ¢ is projection of summary vector @, on time and ¢’ is its projection on space

Qo Py So

=b,Q% = = + , 4.44
4 @ 1/ 4900 1/ 900 1/ 4900 ( )
¢ =h,Q*=Q =P +S". (4.45)

Therefore attaining the goal requires deducing ¢ and ¢°, substituting them into (4.42, 4.43) and

o
canceling similar terms. Projections of impulse vector of mass-bearing particle Pa:modd% are

Py R
=+m, P! = —-mv’, 4.46
1/ 900 c ( )

and now we have to deduce projections of spin-impulse S®. Taking into account in the formula for
S% (4.39) that space-time interval, formulated with physical observable values, is ds=cdr/1—v2/c?,
we obtain components of spin-impulse S¢

g0 _ 1 nh™" Ay, (vivi £ ¢?)

= > ,
¢ v 2 I—E
1-— ¢ P
2 c
C

(4.47)
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St = givzv 5 (448)
1- —
CZ
1 w\ nh™" Apn
So =% (1 0—2) — (4.49)
2
1 nh™A,,,
Si= -5 = (v £ vy), (4.50)
C2

also formulated with physical observable values. From here we see that physical observable projections
of spin-impulse of particle are

\ZOR = :Izc—lzn, St = C—li,’nvi, (4.51)
where 7 is —
n= 7’”; , (4.52)

while alternating signs, which results from substituting function of time % (1.55) indicate motion of

particle into future (the upper sign) or into past (the lower sign). Then the square of spin-impulse is
1 dz®dz? 1

SaS® = gapS* S’ = gnggaﬁw = 6*4773’ (4.53)

and the square of summary dynamic vector Q¢ is

2 1
QaQa = ga,@QaQﬁ = m(2) + CiszTIO + Cjn(% . (4~54)

Therefore the square of length of summary vector of spin-particle falls apart into three parts,
namely:
e the square of length of specific four-dimensional vector of impulse of particle P, P¥=m};

e the square of length of four-dimensional spin-impulse of particle S, S "‘:C%ng;
e the term %mono that describes spin-gravitational interaction.
c

To effect parallel transfer (4.41) it is necessary that the square of transferred summary vector
conserved along the entire path. But the obtained formula (4.54) implies that because mo=const the
square of summary vector of spin-particle Q% conserves only provided that ny=const, i.e.

_ Ino
Ox™
Dividing both parts of the equation by dr, which is always possible because elementary interval
of observer’s physical time is greater than zero?!, we obtain chronometrically invariant condition of
conservation of the square of summary vector of spin-particle

dno dz®*=0. (4.55)

dno _ "Ono | ;0o

e = . 4.
dr ot T Oxk 0 (4.56)
Substituting here ng = nh™" A,,,, we have
mn [ F0Amn 0Amn\
nhi < e > ~0. (4.57)

21The condition d7=0 only has sense in generalized space-time, where degeneration of fundamental metric tensor g 8
is possible. In this case the above condition defines fully degenerated domain (zero-space) that hosts zero-particles,
which are capable of instant displacement, i.e. are carriers of long-range action.
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To illustrate the result we formulate three-dimensional chronometrically invariant tensor of angular
velocity of space rotation A;; with pseudovector of three-dimensional angular velocity of this rotation

] 1 .
Q% = 2™ A, (4.58)

which is also a chronometric invariant. Multiplying Q** by €;,,

Vieipg = 3™ <ipg A = 5 (57767 = 6307") Amn = Apg (4.59)

we obtain (4.57) as

* *

(sian*i) + Vka—fk (Eian*i):| =

Q

D
~

) . (4.60)
. [\}E(;{Z (x/ﬁﬂ) +v’“\/1mfk (\/EQ)] —0.

Gravitational inertial force and tensor of non-holonomity are related through Zelmanov’s identities,
one of which (formula 13.20 in [10]) is
20 (\/EQ) +e9F*V,F, =0 (4.61)
Vh Ot J ’ '
or, in a different notation

Ay 1 “9A. 1 (*OF, *OF,
— (*ViF; — *V,;F,,) = —_— = =0,
ot T (Ve ViFi) (8:1:’ aﬁ)

ot 2

(4.62)

where 7% *V; Fy, is chronometrically invariant (observable) rotor of field of gravitational inertial force
Fy. From here we see that non-stationarity of tensor of angular velocity A; is due to rotor character
of field of gravitational inertial force F;; in the space of the body of reference. Hence taking into
account equation (4.61) our formula (4.60) becomes

1
— A"V, F 4+ nh ™ e Ve

\/E(;ZC (vri) =0, (4.63)

or in another notation

nh Vi Fy = nh™emn v’ <Q Dk + pye ) . (4.64)

Now we should recall that this formula is nothing but expanded chronometrically invariant notation
of the condition of conservation of the square of summary vector (4.57). The left part (4.64) equals

+ 2nh (*V1F2 — *VQF:[ + *V1F3 — *V?,Fl + *Vng — *V3F2) , (465)

where “plus” and “minus” stand for right and left frames of reference, respectively. Therefore the
left part of formula (4.64) is chronometrically invariant rotor of gravitational inertial force. The right
part (4.64) depends upon spatial orientation of field of pseudovector of angular velocities of space’s
rotation 2*%.

Hence to conserve the square of transferred vector of spin-particle it is necessary that the right and
the left parts of (4.64) are equal to each other along the entire trajectory of the particle. In general
case, i.e. without any additional assumptions on geometric structure of the space of reference, this
requires balance between rotor field of gravitational inertial force of space of reference and spatial
distribution of pseudovector of angular velocity of its rotation.

If field of gravitational inertial force is vortless, the left part of the conservation condition (4.64)
is zero and this condition becomes

PR ™ iV

\}m;"k (Vhar) =o. (4.66)
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After denoting chronometrically invariant derivative as ;fk :—8ik —l——ClQ Vg %? we have
1 0 ; 1 *0 )
mn k *1 *1 _
nA" [a - (\/EQ ) L (\/EQ )} =0. (4.67)

Since the field of force F; is vortless, because of (4.66) the second term in this formula is zero.
Therefore the square of summary vector of spin particle conserves in vortless field of force F; provided
that chronometrically invariant formula (4.66) and the formula with regular derivatives are zeroes

nh 9 (\/HQ) ~0. (4.68)

1

mn k

EimnV ﬁ 8.’L‘k

For mass-bearing particles this is the case, for instance, when v¥=0, i.e. when particle rests in
respect to observer and his body of reference. In this case equality to zero of derivatives in (4.68) is
not essential. But massless particles travel at the speed of light, hence for such in vortless field of
force F; the derivatives %(\/ﬁﬂ*’) must be zeroes.

x
Now we are going to obtain chronometrically invariant dynamic equations of motion of spin-

particle in pseudo-Riemannian space. Substituting (4.46) and (4.51) into (4.44) and (4.45) we arrive
to observable components of summary vector of spin-particle

1 1 .1
p==+ <m + 27}) , ¢ =-mv'+ —nv'. (4.69)
c c c

Having these values substituted for ¢>0 into (4.42, 4.43) we obtain chronometrically invariant
equations of motion of mass-bearing spin-particle that travels from past into future

dm m_ , m i 1 d77 n i N i

ar chiV + CjDz’kV vE = —EE F C4Dz’kV vk (4.70)
d _ . . . .

e (mvz) +2m ( Lt Akl) vF —mF + mA;kV"vk =

L d (4.71)

. 2 i - 7 %
= - () = = (Dh+ A1) v+ FF = B ol

For mass-bearing spin-particle that travels from future into past, having the values (4.69) substi-
tuted for <0 the equations become

dn m_, , m ; 1d , )
T v+ gDikVZVk = gdfz + C%Fivl - C—ZDikVZVk, (4.72)
i i i gn 1d i g i
e (mv ) +mF + mAL vV == T2 (77V ) - ? - *A vV (4.73)

We wrote down the obtained equations in a way that the left parts have geodesic part, which
describes free (geodesic) motion of particle, while the right parts have the terms produced by spin,
which makes its motion non-geodesic (non-geodesic part). Hence for moving no-spin particle the right
parts become zeroes and we obtain chronometrically invariant dynamic equations of motion of free
particle. In the next Sections such form of equations will facilitate their analysis.

Within wave-particle concept massless particle is described by four-dimensional wave vector
K o‘:%%, where do?=h;,dz'dx” is three-dimensional physical observable interval, not equal to
zero along isotropic trajectories. Because massless particles travel along isotropic trajectories (light
propagation trajectories), vector K¢ is also isotropic one: its square is zero. But because the dimen-
sion of wave vector K is [s~!], equations of motion of massless particles, obtained with its help, have
the dimension different from that of equations of motion of mass-bearing particles. Besides, this fact
does not permit building uniform formula of action for both massless and mass-bearing particles [10].

On the other hand, spin is a physical property, possessed by mass-bearing and massless particles
(photons, for instance). Therefore deduction of equations of motion of spin-particles require using
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uniform dynamic vector for both types of particles. Such vector can be obtained by applying physical
conditions that are true along isotropic trajectories,

ds®> = c?dr* —do®* =0,  cdr=do #0, (4.74)

[0
to four-dimensional impulse of mass-bearing particle P :modi
ds

o« dz*  mdz®  dz®
P =mo—_ = - =me . (4.75)

As a result observable three-dimensional interval, not equal to zero along isotropic trajectories, be-
comes the derivation parameter, while the dimension of entire formula, contrasted to four-dimensional
wave vector K [s~1], coincides with that of four-dimensional impulse vector P“ [g]. Relativistic mass
m, not equal to zero for massless particles, can be obtained from its energy equivalent using E=mc?
formula. For instance, photon energy of E=1Mev=1.6-10"% erg corresponds to its relativistic mass of
m=1.8-10"28 g.

Therefore four-dimensional impulse vector (4.75), depending upon its form, may describe motion
of either mass-bearing particles (non-isotropic trajectories) or massless ones (isotropic trajectories).
As a matter of fact, for massless particles mo=0 and ds=0, therefore their ratio in (4.75) is a 0/0
indeterminance. However the transition (4.75) solves the indeterminance, because relativistic mass
(motion mass) of massless particles m#0 and along their trajectory do#0.

Evidently that in the form applicable to massless particles (i.e. along isotropic trajectories) the
square of P (4.75) equals to zero

«@ I¢] 2
P,P* = go3P*PP = ngaﬁ%% = m2% =0. (4.76)
Evidently also t(lxlat physical observable components of four-dimensional impulse vector for massless

: o __ dx
particles P =m- - are

P 1
0 —4m, P' = —mc’, (4.77)
Vv goo c

where ¢! is three-dimensional chronometrically invariant vector of light velocity (its square equals
ci'=h;pc'cF=c? in an accompanying frame of reference).
Along isotropic (light-like) trajectories spin-impulse of particle (4.39) is also isotropic

1 dz® l dz® 1 dx“

S%=Sn— = — = =n— 4.78
2™ s Eledr 2 do (4.78)
because its square is zero
1 dxdzP 1 ,ds?
508 = g03S*SP = —n?gup——— = —n°—= =0, 4.79
Gap AT 9B 2 AT o2 (4.79)

and hence the square of summary dynamic vector of massless spin-particle Q*=P*+S5“ is also zero.
Observable projections of isotropic spin-impulse (spin-impulse of massless particle) are

So 1 o1
o = :I:;n, St = L (4.80)

while its observable projection coincides with the one for mass-bearing particles (4.51), and the spatial
projection instead of observable velocity v (4.51) has vector of observable light velocity c. Subse-
quently, observable components of summary vector of massless spin-particle are

1 ;1 .1
p==+ <m + 217) , q' = -mc' + —5nc. (4.81)
c c c
Having these values substituted for positive ¢ into the initial formulas (4.42, 4.43), we arrive to

chronometrically invariant dynamic equations of motion for massless (light-like) spin-particle that
travels from past into future
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P Ducicr = —= T e - %Dikcick, (4.82)
C C C

d .
e (mc') 4 2m ( + A}l ) & —mF 4+ mAL, ek = (453)
1d X . ) .
_ Wy _ 2L (D Al k sz—fﬁz k
ngT(UC) 02( Kt k-)c+cz 2 k€ e
For massless spin-particle that travels from future into past, having the values (4.81) substituted
for <0, the equations become

dm m 1 dn n K
_I P4 D Dyeich = D Fid = 2Dy, 4.84
dT C + kC 2 dT + C KCC ( )
i i i o 1 d n Fi_ LN
e (mc ) +mEF* +mA;,.c k= Zar (nc) 02 2 5 A ck (4.85)

4.4 Physical conditions of spin-interaction

As we have shown, spin (inner mechanical momentum) of particle interacts with external field of
ob, 0Ob,

space rotation — field of non-holonomity tensor A*? écho‘“h'@”< o (‘9m> which is a function of

rotor of four-dimensional vector of observer’s velocity b®. In electromagnetic phenomena particle also

interacts with external field of 2nd rank tensor — field of Maxwell tensor F,g= gﬁﬂ ZAC‘
P

it seems natural to compare physical observable components of Maxwell field F,,3 to their analogs for
non-holonomity field Aqg.

In the previous Chapter we obtained that field of Maxwell tensor has two groups of observable
values, produced by covariant tensor Fig itself and by its dual pseudotensor Frof=1 Eaﬁ/“’FW, where

Therefore

E*Brv is four-dimensional completely antisymmetric discriminant tensor that produce pseudotensors
in four-dimensional pseudo-Riemannian space

Vv 4oo ’ ’ v goo

Similar components of general covariant tensor of non-holonomity A,z (4.11) and of pseudotensor
A*O‘ﬁ:%Eo‘B’“’Aw, deduced in accompanying frame of reference are

Af AG?
1/ 900 1V goo

Comparing these formulas with those for observable components of Maxwell tensor and pseudoten-
sor (4.86), also deduced in accompanying frame of reference, we see that spin-interaction presents only
the analog for “magnetic” component H*=A*=h"™npF" A, . of non-holonomity field. The analog for

=H*,  FrF = prik (4.86)

=0, A*=pimpkng, . =0, A**=p. (4.87)

. 1
“electric” component of non-holonomity field in spin-interaction turns to be zero £ ’:%:0. Which
00

is no surprise, because spin (inner field of rotation) of particle interacts with external field of non-
holonomity of space and both fields are produced by motion.

Besides, for non-holonomity field the analog of “magnetic” component H*=A*-£() can not be dual
to zero value H*'= j—gL 0. Similarity with electromagnetic field turns out to be incomplete. But full

00

matching could not even be expected, because tensor of non-holonomity and tensor of electromagnetic
field have somewhat different structures: Maxwell tensor is a “pure” rotor Fa,@:%—g’qg, while
x

tensor of non-holonomity is an “add-on” rotor A®? :;cho‘“hﬁ”(gb gg > On the other hand we

have no doubts that in future comparative analysis of these fields with such similar structures will
produce theory of spin interactions, similar to that of electromagnetic field.
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Incomplete similarity of non-holonomity field and electromagnetic field also leads to another result.
If we define force of spin-interaction in the same way we define Lorentz force <I>O‘:%F, U7, the obtained

formula ®*="19 A% U will include not all the terms from the right parts of equations of motion of
c

spin-particle. But an external force that acts on particle, by definition, must include all factors that
deviate the particle from geodesic trajectory, i.e. all terms in the right parts of dynamic equations
of motion. In other words, four-dimensional force of spin-interaction ®“ [gs~!] is defined by general

covariant formula
DS*  dS“ dx?
= F"‘ SH— 4.88
ds ds ds ( )

o

which projection onto space (after being divided by ¢) gives three-dimensional force of spin-interaction
@' [gcms™2]. For instance, for mass-bearing our-world particles from (4.71) we have

i 1d i 2n i ANk i i
From further comparison of electromagnetic and spin-interaction, using similarity with electro-
magnetic field invariants (3.25, 3.26) we deduced invariants of non-holonomity field

Ji = AgpA®P = Ay A" = €i4ne® Q™ Q,, = 20,07, (4.90)
Jo = AggA*P = 0. (4.91)

Hence scalar invariant J;=2,,;Q*" is always non-zero, because otherwise the space would be
holonomic (not rotating) and spin-interaction will be absent.

Now we are approaching physical conditions of motion of elementary spin-particles. Using the
definition of chronometrically invariant vector of gravitational inertial force

B oxt ot

w
5ln(1—2> %

C

we formulate non-holonomity tensor A;; with gravitational potential w of reference’s body and linear
velocity v; of rotation of reference’s space

Ay = % <*6”’“—*3”i> F F (4.93)

Ozt Oxk Ozt

From here we see that non-holonomity tensor A;; is a three-dimensional observable rotor of lin-
ear velocity of space rotation with two additional terms, produced by interaction between field of
gravitational potential w and field of space rotation.

On the other hand, because of small absolute value of Planck constant, spin-interaction only affects
elementary particles. And as known, on the scales of such small masses and distances gravitational in-
teraction is a few orders of magnitude weaker than electromagnetic, weak (spin) or strong interactions.

Keeping this fact in mind, we can assume that for spin-interaction in the formula for non-
holonomity tensor A;; (4.93) gravitational potential w—0. Then on the microscopic scales of ele-
mentary particles A; is physical observable rotor in “pure” notation

1 *8’1)k *8%
Ak = 2 ( dxi 8xk> ’ (4.94)

while the gravitational inertial force (4.92) will have only inertial part

*B’Ui 1 5vi 81)1'
F,=— =— =——". 4.
ot 1- Yot ot (4.95)

C2
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Zelmanov’s identities (see formulas 13.20 and 13.21 from [10]), that link gravitational inertial force
and space rotation

279
Vi ot
for elementary particles (w—0) become

1 0 . 1 ... (0% *0%v;
- \/Eﬂ*l - Z'jk < 9 k — J > = 07
N ( ) T35 \ovat  astor

1 *Ovy,
* Q*k__ -~ 7"k
Vi 2 ot

N 1
(VRQ'T) + 75V R =0, 7,0+ SRt =0 (4.96)

(4.97)
k—o.

*
If we substitute here ggk =0, i. e. assume that the observable rotation of space is stationary, we

obtain *V**=0, i.e. pseudovector of angular velocity of space rotation will conserve. Then the first
(vector) equation will become

) *aQ*i
D™ =0 4.98
+— : (4.98)
from which we see that D= detHDjﬂf “9ln \[, i.e. rate of relative expansion of elementary volume

of space is zero D=0.
Therefore, these equations suggest that for elementary particles (w—0) in stationary rotation

*6vk

of space ( ol =0) tensor of angular velocities of this rotation conserves *V;Q**=0 and relative

expansion (deformation) of the space is absent D=0.

It is possible, that stationarity of field of non-holonomity of space (as the external field in spin-
interaction) is the necessary condition of stability of elementary particle. Out of this we may conclude
that long-living spin-particles should possess stable inner rotation, while short-living particles must
be rotors.

To study motion of short-living particles is pretty problematic as we do not have experimental data
on structure of rotors that may produce them. At the same time the study for long-living ones, i.e.
in vortless (stationary) field of space rotation, can give exact solutions of their equations of motion.
We will focus on these issues in the next Section.

4.5 Motion of elementary spin-particles

As we have mentioned, Planck constant, being a small absolute value, only “works” on the scales
of elementary particles, where gravitational interaction is a few orders of magnitude weaker than
electromagnetic, weak and strong ones. Hence assuming w—0 in equations of motion of spin-particles
(4.70-4.73) and (4.82-4.85), we will arrive to equations of motion of elementary particles.

Besides, as we obtained in the previous Section, in stationary rotation of space (*8vk =0) on the
scales of elementary particles the trace of tensor of space deformation velocities is zero D=0. Of
course zero trace of a tensor does not necessarily imply the tensor itself is zero. On the other hand,
deformation of space is a rare phenomenon and for our study of motion of elementary particles we
will assume D, =0.

In Section 4.3 we showed that in stationary rotation of space the condition of conservation of
spin-impulse of particle S* becomes (4.68)

nR™E iV

\fa = (WQ) - (4.99)
*8vk

On the other hand, with ot =0 Zelmanov’s identities we applied for elementary particles (4.97)
imply that

o0k G\F 1 0
* *k *k
Vi = Dk + &T’“ —f—amk (\/EQ >_O. (4.100)
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The first condition is true provided that ﬁ%(\/ﬁg*k):o This is true if pseudovector of
x
0
Vh'
in this case the second condition (4.100) is true too.
Taking the above into account, from the formulas (4.70, 4.71) we obtain chronometrically invariant

equations of motion of our-world mass-bearing elementary particle that travels into future in respect
to an regular observer (direct flow of time)

angular velocity of space rotation is

Q= Qfé) = const, (4.101)

dm 1 dn
d ; ; ; 1d ; 2 ; .
g (mv') + 2mA; v+ mAL vV = e (nv') — C—ZA}CZ.V’c - %A;kvnvk, (4.103)

and from (4.72, 4.73) we obtain the equations for mirror-world mass-bearing elementary particle that
travels into past (reverse flow of time),

dm 1 dn
- 4.104
dr  c2dr’ (4.104)
d i i 1d i N
o (mv') + mAL vV = ~Zu (nv') — ?Ankvnvk. (4.105)

In this case scalar equations of motion (temporal projections) are the same for mass-bearing
particles in our world and in the mirror world.
Integrating scalar equation of motion for direct flow of time

— —)dr=0 4.106
/n_o dr (m+02) T ’ ( )
we obtain
m—+ % = const = B, (4.107)
c

where B is integration constant that can be defined from the initial conditions.
To illustrate physical sense of the obtained live forces integral, we use analogy between observable

«
components of four-dimensional impulse vector of particle P"‘:modd% and those of spin-impulse

Sa:"—g % Both vectors are tangential to the world line of motion of particle, while their observable
c
components are
=+m, =+=n, S'=-Snv. 4.108
N c c N N (4.108)

Using analogy with relativistic mass of particle +m we will refer to the value :I:%n as relativistic
c

spin-mass. Then %770 is rest spin-mass of a particle. Further, live forces theorem for spin elementary
c

particle (4.107) implies that with the assumptions we made the sum of relativistic mass of elementary
particle and of its spin-mass conserves along the trajectory.

Now using live forces integral (solution of scalar equation of motion) we approach vector equations
of motion of our-world mass-bearing elementary particle (4.103). Substituting (4.107) into vector
equations of motion (4.103) having the constant canceled we obtain

dv? - .

-+ 24 VE 4 AL vivR =0, (4.109)
i.e. pure kinematic equations of motion (non-geodesic one, in this case). The term A?,v"vk, which
is contraction of chronometrically invariant Christoffel symbols with observable velocity of particle,
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is relativistic in the sense that it is a quadratic function of velocity of particles. Therefore it can be
neglected provided that observable metric h;z=— gik—l—%vivk along the trajectory is close to Euclidean
one. Such is possible when velocity of space rotation iscmuch lower than the speed of light, while three-
dimensional coordinate metric g;; is Euclidean one. Then the diagonal components of observable
metric tensor are

hi1 = hoy = h3z = +1, (4.110)

while the other components h;;,=0 if i£k. Noteworthy, the four-dimensional metric can not be Galilean
here, because three-dimensional space rotates in respect to time. In other words, though space in this
case is a flat Euclidean one, four-dimensional space-time is not a flat Minkowski space but is a pseudo-
Riemannian space with metric

ds? = goodx®dx® + 2go;dxdx? + gikdmidxk = (4.111)
= c2dt? + 2gp;cdtdx’ — (da:l)2 — (dm2)2 — (dx3)2. )

We assume that space rotates at constant angular velocity Q=const around a single axis, axis z2,

for instance. Then linear velocity of the space of reference v;=;,2* becomes
v1 = Q02 = Qu, Vg = Qorz! = —Qu, (4.112)

where A;p=;,. Then tensor of space non-holonomity A;, has only two non-zero components

Ajg = —As =-Q. (4.113)

Taking this into account vector equations of motion of our-world elementary particle (4.109)
become gl v dv?
A% v A%

— 4 20v% = — —20v! = — =0. 4.114

ar 0, dr v =0 dr 0 ( )

The third equation solves immediately as
V2 = V?O) = const. (4.115)

3
Taking into account that V3:%, we represent coordinate z° as
2 = vl + 3y, (4.116)

where 5’3?0) is the value of coordinate z2 at the initial moment of time 7=0. Now we formulate v? from
the first equation (4.114)

1 dv!
2
— 4.11
VT T (4.117)

having this formula derivated to dr

dv? 1 d*v?

e L 4.118

dr 20 dr2’ ( )
and having it substituted into the second equation (4.114) we obtain

d*v? 9 1

T T =0, (4.119)

i. e. equation of free oscillations. It solves as
vt = C] cos (20271) + Cy sin (2Q7), (4.120)

where C; and Cy are integration constants (4.119), which can be defined from the conditions at
the moment 7=0

d 1
V%o) =C, % 70: —2QC, sin (2Q7)|__, + 2QC5 cos (2Q7)|._, - (4.121)
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1
Thus lev(o Co= —Q) where V%o):%h-:& Then the equation for v! finally solves as

1 1 V%O) ;
V' = V(g cos (2Q7) + 5q S (2Q7), (4.122)
i.e. velocity of elementary particle along x! performs sinusoidal oscillations at frequency equal to
double angular velocity of space rotation.

Taking into account that vlf(fix we integrate the obtained formula (4.122) to dr. We obtain

1 ol
z! = MO sin (2Q71) — MO (2Q7) + Cs. (4.123)
2Q) 402

Assuming that at the initial moment 7=0 the value :1:1::0%0) we obtain the integration constant
!

V(o)
Cs= m 492 Then we have
1 _ Yo ¥lo) ¥lo)
T =50 sin (2Q7) — 402 cos (2Q7) 4 g + 102 (4.124)

i.e. coordinate z! of elementary particle also performs free oscillations at frequency 2.
Now having the obtained v! (4.122) substituted into the second equation (4.114), we arrive to

dv?

o = QQV( ) cos (207) + V(O) sin (2Q7), (4.125)

which after integration gives formula for v
v2 = vl sin (207) — % cos (2Q7) + Cy . (4.126)

1
v
Assuming for the moment 7=0 velocity v2:v(20), we obtain the constant ngv(20)+%. Then

1
. V(o 0
vi= V%o) sin (2Q7) — % cos (2Q7) + 0) + 2(9) (4.127)
2
Taking into account that vzz%, we integrate the formula to dr. Then we obtain the formula

for coordinate 22 of elementary particle

vl Vi T
z? = —ﬁ sin (2Q71) — % cos (2Q7) + ( 0T+ ;S)l +Cs. (4.128)

1
v
Integration constant can be found from the conditions mQZx%O) at 7=0 as C’5=x%0)+%. Then
coordinate x? finally is

vl

0
sin (2Q7) — 2((2) cos (2Q7) + 95(0) + Q(Q) (4.129)

V%of V<o>
20 402

z? = V%O)T +

From this formula we see: if at the initial moment of observable time 7=0 elementary particle had
velocity V(ZO) along 2 and acceleration \'7%0) along z!, then this particle, along with free oscillations of

coordinate 2 at frequency, equal to double angular velocity of space rotation €2, is subjected to linear

Vio)T
displacement by AxZ—v 0T+ Q

Refering back to live forces integral (solution of scalar equation of motion) for a spin elementary
particle m—i—%:B:const (4.107), we define integration constant B. From (4.107), presented as
c

2
m0+n—0—B\/1—— (4.130)
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we see that the square of observable velocity of particle v2=const. Because components of observable
velocity of particle have been already defined, we can present the formula for its square, which, because
the three-dimensional metric in question is a Euclidean one, becomes

I T T = ]+ o]  [v]
2
M‘”J MOMO
2Q Q

o (4.131)
, ¥
MORESTS:

9
+ 20

Vl
lv%o) sin (2Q7) — O cos (2Q7) ] .

We see that the square of velocity conserves, if \'1(20):0 and v%o)zo. The integration constant B
from the live forces integral is

1 2 2
B=—— (mo - 778) , Vi = (v%o)) + (v?o)) = const, (4.132)
C
_ Yo
62

while the live forces integral itself (4.170) becomes

1
mt = o (me+ L), (4.133)
c2 2 c?
V()
O
2
i.e. is the condition of conservation of the sum of relativistic mass of particle m and its spin-mass %
c

A note should be taken here concerning all we have said in the above on elementary particles.
Taking into account in no=nh""" A, that A,,,=€mn:Q**, we obtain

No = nh"™" A, = 2nhg, Q. (4.134)

where h*kzéenmkhmn. Formally, A, is a three-dimensional pseudovector of the inner momentum of
elementary particle. Hence 7 is a scalar product of three-dimensional pseudovectors: that of inner
momentum of particle h.; and that of angular velocity rotation of space Q**. Hence spin interaction
is absent if pseudovectors of inner rotation and external rotation of space are collinear.
Now we refer back to equations of motion of spin-particles. Taking into account integration con-
stants, vector equations of motion solve as
1

v
vli= v(lo) cos (2Q7), zt = % sin (2Q71) + :L‘(lo) )

V1 v1
v2 = V%O) sin (2Q7), 2= ,% cos (207) + % T 37%0) ’ (4.135)
v =Yoy @ =Vig)T + () -

We are going to look at the form of spatial curve along which our-world mass-bearing particle
moves. We set a frame of reference so that the initial displacement of particle is zero x§0):x?0):x?0)=0.
Now all its spatial coordinates at an arbitrary moment of time are

3

t=r=asin (2Q7), z’=y=a[l—cos(2907)], z*=z=br, (4.136)

1
v
where a:%, b:V:()’O). The obtained solutions for coordinates are parametric equations of a surface,

along which mass-bearing particle travels. To illustrate what kind of surface it is, we switch from
parametric notation to coordinate one, removing parameter 7 from the equations. Putting formulas
for z and y in the power of two we obtain

Q
2% 4+ y? = 24 [1 — cos (2Q7)] = 4a®sin? (1) = 4a® sin® % . (4.137)
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The obtained result reminds of a spiral line equation z2+y?=a?, z=br. However the similarity
is not complete — the particle travels along the surface of a cylinder at a constant velocity b:v?o)

along its z axis, while the radius of the cylinder oscillates at frequency € within the range?? from
1
v
(0) kb

zero up to the maximum 2a:ﬁ at z=%5¢

So our-world three-dimensional trajectory of mass-bearing elementary particle reminds of a spiral
line “wound” over an long oscillating cylinder. Particle’s life span is the length of the cylinder divided
by its speed along z axis (cylinder axis). Oscillations of the cylinder are energy “breath ins” and
“breath outs” of the particle.

That means that the cylinder we obtained is the cylinder of events of particle from its birth in our
world (act of materialization) through its death (dematerialization). But even after death (decay) of
particle the cylinder of events does not disappear completely, but splits into a few cylinders of events
of other particles, produced by the decay either in our world or in the mirror world.

Therefore analysis of births and decays of elementary particles in General Relativity implies anal-
ysis of branch points of cylinders of events taking into account possible branches that lead into the
mirror world.

If we consider motion of two linked spin-particles that rotate around a common center of masses,
for instance, that of positronium (dumb-bell shaped system of electron and positron), we obtain a
double DNA-like spiral — a twisted “rope ladder” with a number of steps (links of particles), wound
over an oscillating cylinder of events.

Now we are going to solve equations of motion of mass-bearing spin-particle in the mirror world, a
world with reverse flow of time. Under physical conditions we consider (stationary rotation of space at
low velocity, absence of deformation and Euclidean three-dimensional metric), these equations (4.104,
4.105) become

dm 1 dn
= 4.1
dr  c2dr’ (4.138)
d A 1d .
— = ——=— Y. 4.1
77 (mv') === () (4.139)

Solution of the scalar equation is live forces integral in the form m+%:B:const, as was the case

c
for our-world particle (4.107). Substituting it into vector equations (4.139) we solve them as

dv’

pr 0, (4.140)
hence vi:viO =const. That implies that from viewpoint of a regular observer mirror-world mass-
bearing particles travel linearly at a constant velocity, as contrasted to observable motion of our-world
particles that travel along oscillating “spiral” line.

On the other hand, from viewpoint of a hypothetical observer of the mirror world, motion of
our-world mass-bearing particles will be linear and even, while mirror-world particles will travel along
oscillating “spiral” lines.

We could also analyze motion of massless (light-like) spin-particles in a similar way, but we don’t
know how adequate in such case would be our assumption that linear velocity of rotation of space of
reference is much smaller compared to speed of light. And it was this assumption thanks to which we
were able to obtain exact solutions of equations of motion of mass-bearing elementary spin-particles.
Though in general, the methods to solve equations of motion are the same for mass-bearing and
massless particles.

4.6 Spin-particle in electromagnetic field

In this Section we are going to deduce and analyze chronometrically invariant dynamic equations of
motion of particle that bears electric charge and spin, and travels in external electromagnetic field in

22Where k=0,1,2,3,... If V?O) =0, particle simply oscillates within zy plane (plane of cylinder’s section).
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four-dimensional pseudo-Riemannian space. The method to be used is projection of general covariant
equations of parallel transfer of summary vector on space and time

Q* =P* + C%Aa +S°, (4.141)

were P® is four-dimensional impulse vector of particle that travels, in this case, along a non-geodesic
trajectory. Respectively, the rest two terms are four-dimensional impulse that particle gains from
interaction of its charge with electromagnetic field and the impulse gained from interaction of the spin
with field of non-holonomity of space.

Note, that because vectors P* and S¢ are tangential to four-dimensional trajectory (the world
line), we will assume that the third vector A% (four-dimensional potential of electromagnetic field) is

also tangential to the world line of particle. In this case the vector is A%=¢ dg while the formula
z%v (see Section 3.8) sets the relationship between scalar potential ¢ and vector potential q° of
electromagnetic field.
Then physical observable components of ¢ and ¢* of the summary vector of charged spin-particle,
which are sums of similar components of all three added-up vectors, become

~ ey n Lo 1 i
cp::t(m+c—2+c—2), ¢ = Zmv +C—3(7]+eg0)v, (4.142)

where m is relativistic mass of particle, ¢ is scalar potential of electromagnetic field, while 1 describes
interaction of particle’s spin with external field of non-holonomity of space

m=—t = = (4.143)
A%

Generally these equations can be deduced in the same way as those for charged particle and spin-
particle severally, save that now we have to project absolute derivative of the sum of the three vectors.
Using formulas for ¢ and @ (4.142), we obtain chronometrically invariant equations of motion of
charged mass-bearing spin-particle that travels in our world (from past into future)

dm m _ , m ik 1d ntep i ntep ik
E — ?Flv + ?Dzkv vV = —?E (n + €(p) + 64 FiVl — 7Dzkv v, (4144)
e (mvi) + 2m (D}, + Aj. ) V8 —mF 4 mA vV =
T (4.145)

d q 2tep) i iy kL Mtep L mtep o,
— 2y () V] = = (D + ARV 4 T B - T A,

as well as equations of motion of charged mass-bearing spin-particle that travels in the mirror world
(i.e. from future into past),

d 1d .
_Tm @FV —|— lev vk ﬁdi (n+ ep) + n ‘i‘4€<101:1ivZ n+ e‘iDDZkV (4.146)
T C
s (mv') + mF" + mAL, v = ~Zu [(n+ep)v'] — 1 +26<p Fi- +2e¢ AL VR (4.147)
T c c

Parallel transfer in Riemannian space conserves length of transferred vector. Hence its square
is invariant in any frame of reference. In particular, in accompanying frame of reference it is also
constant and is

QaQa = 9Gagp (Pa + %Aa + SQ)(—Pﬁ + C%AB + SB> =

2
_ epo dz® dz® _ e<p0 o
_gaﬁ(mo-F +62> dS dS ( 0+ +C2>.

(4.148)
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In Section 3.9 we already showed that orientation of four-dimensional electromagnetic potential A
along the world line substantially simplifies the right parts of chronometrically invariant equations of
motion of charged particle. The right part of vector equations of motion is chronometrically invariant

Lorentz force ®i=—e (Ei—l—%aikmka *m>, while the right part of the scalar equation is scalar product

of electric strength vector E; and chronometrically invariant velocity of particle. Keeping this in
mind, we present chronometrically invariant equations of motion of charged mass-bearing spin-particle
(4.144-4.147) in a more specific form. For particle that travels in our world (i. e. from past into future,
direct flow of time), we have

d n 1 n i 1 Yl ik € i
e (m—i— 2) 2 <m+ 02) Ev' + =z (m—|— = Djpv'v® = —C—2Eiv, (4.149)

d n i n i 4
[ ) nle2) o

(4.150)
n i n i ongk N
—\m+=5|F'+({m+—=5 AV = —e E—i—gs ViHm |,

c c

and for particle in the mirror world that travels from future into past (reverse flow of time), we have

d n 1 n i 1 n ik € i

d M\ i n i n i onok i L ikm
dTKm+62)v]+<m+CQ>F 4—<m+C2 AL vV = —e E+E€ viH.m ). (4.152)

Now to make concrete conclusions on motion of charged spin-particles in pseudo-Riemannian space
we have to set concrete geometric structure of the space. As we did in the previous Section, where we
analyzed motion of non-charged particles, we will assume that:

e because gravitational interaction on the scales of elementary particles is infinitesimal, so we can
assume w—0;

*
e rotation of space is stationary, i.e. g;}k =0;

e deformation of space is absent, i.e. D;,=0;
e three-dimensional coordinate metric g;pdz’dz” is Euclidean, i. e. three-dimensional metric tensor
s g — -1,i=k
gik = 0’ Z#k )
e space rotates at a constant angular velocity © around 3=z, i.e. components of linear rotation
velocity of space are v;=01222=Qy, Vo= 2'=—Qz.
Keeping in mind these constraints, metric of space-time on the scales of elementary particles
becomes
ds? = Adt? — 2Qydtdz + 2Qzdtdy — dz® — dy® — dz?, (4.153)

while physical observable characteristics of the reference’s space in the space-time with the metric are
Fi = 0, Dzk = O, A12 = 74421 = 79, A23 = A31 =0. (4154)

As we did in the previous Section looking at motion of elementary spin-particles, we assume that
velocity of space rotation is much less than speed of light (weak field of non-holonomity of space). In
such case physical observable three-dimensional metric h;x is Euclidean and all Christoffel symbols A; k
become zeroes, which dramatically simplifies the involved algebra. Then chronometrically invariant
equations of motion of charged mass-bearing spin-particle in our world (in by-component notation)

become p I
= Q) — ,EE.E 4.1
dr (m c? 2 tdr’ (4.15)
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d (m + 772) vl 1
d—c +2 <m + Z) Qv = —¢ (El + Elkmka*m> ,
T c c

d < N ) v2

1 4.1

), (m + Z) vl = e <E + Ekaka*m> , (4.156)
dr C c

d (m + Z) V3 1
N7 _ . <E3 + 53kmka*m> ,
dr c

while for mirror-world particle these are

d n e _ dx’
e 1) = En2 (4.157)

c c dr’

d (m + 7’2> vl 1
—_— 7 = ¢ (El + Elkmka*m) ,

c
dr c
Ui 2
d (m + 2) v
N\ ), ( g Lok, H*m> 7 (4.158)
dr c

d (m + 772) V3 1
N4, (E + sakmvkﬂ*m) |
c

From scalar equation of motion in our world (4.155) and in the mirror world (4.157) we see that
the sum of relativistic mass of elementary particle and of its spin-mass (property of spin-interaction
with non-holonomity field) equals to work of electric field to displace this charged particle along dx
interval. From vector equations of motion we see that in our world (4.156) as well as in the mirror
world (4.158) the sum of spatial three-dimensional impulse vector of particle and spin-impulse of
particle along z3=z is defined only by Lorentz force’s component along the same axis.

Now our goal is to obtain trajectory of elementary charged spin-particle in a particular electro-
magnetic field with known properties. As we did in Chapter 3, we will assume electromagnetic field
constant, i.e. not dependent from time. The strengths F; and H** are

d¢
E, = ——, 4.159
Y dat ( )
i 1, 1, 8(@Vm) 8(‘)0Vn)
H* = —gimnpg — _ — cimn - — 20 Al . 4.160
25 208 dx™ dx™ v ( )
In Chapter 3 we tackled a similar problem — solving equations of motion for charged mass-

bearing particles, but without taking spin into account. Evidently, in a specific case when spin is zero,
solutions of equations of motion of charged spin-particle, as more general ones, should coincide with
those obtained in Chapter 3 within “pure” electrodynamics.

To compare our results with those obtained in electrodynamics, it would be reasonable to analyze
motion of mass-bearing spin-particle in three typical kinds of electromagnetic fields, which were under
study in Chapter 3 as well as in The Classical Theory of Fields by Landau and Lifshitz [1]: (a) uniform
electric field with magnetic component absent; (b) uniform magnetic field with electric component
absent; (c) uniform electric and magnetic fields.

On the other hand, electrodynamics studies motion of regular (not elementary) particles and it
is not a priori evident that all three cases mentioned in the above are applicable, given the metric
constraints, typical for micro-world. Here is why.

First, spin of particle affects its motion only if external field of non-holonomity (rotation) of
space exists, hence tensor of non-holonomity A;;#0. But from the formulas for electric and magnetic
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strengths F; and H*' (4.159, 4.160) we see that non-holonomity of space only affects magnetic strength.
Hence we will largely focus on motion of elementary particle in magnetic field.
Second, scalar equation of motion of mass-bearing charged spin-particle (4.155)

myd 1 en
(mo—|— 02) = = = C2E1v (4.161)

1— —
2

in non-relativistic case, when particle’s velocity is much less than speed of light, becomes
Exv'=0, (4.162)

i.e. electric field does not perform work to displace charged particle under constraints on metric,
typical for the world of elementary particle. Because we are looking at stationary field, the obtained
condition (4.162) can be presented as

. Op . Opdrt dyp
Envi=_tvi=_20 ¥ 4.1
NV T i T oxidr  dr ’ (4.163)
which implies that scalar potential of field ¢ = const and
. o ovy,  Ovy, ov,,  Ovy,
H* = —¢'™mn — -2 — . 4.164
2¢° [ ozn  Ox™ < ozn  Ox™ (4.164)

For relativistic charged elementary particle electric field reveals itself (i. e. performs work to displace
it) provided that the absolute value of its velocity is not stationary

1 770> dv? e ;
. DN Evi0. 4.165
VQ%(mO+c2 dr c? v ( )
22 (1_2>
c

Hence electric component of field, given the constraints on metric, typical for elementary particles,
reveals itself only for relativistic particles, which velocity is not constant along the trajectory. Hence
all “slow-moving” particle fall out of our consideration in electric field.

Therefore, the general case, i.e. motion of elementary particle at arbitrary velocity (either low
or relativistic one) should be only studied for stationary magnetic field (when electric component is
absent). This will be done in the next Section.

4.7 Motion in stationary magnetic field

In this Section we are going to look at motion of charged spin-particle in stationary uniform mag-
netic field.

As we did in the previous Section, we will assume that space-time has the metric (4.153). Then
F;=0 and D,;;=0. Field of non-holonomity is stationary. In rotation around z out of all components of
non-holonomity tensor only the components Ajo=—A5;=—Q=const are not zeroes, i.e. space rotates
within zy plane at a constant velocity (2.

Under the considered conditions the value no=nh™" A,,,,, which describes interaction between spin
(inner rotation) of particle and external field of non-holonomity (rotation) of the space itself, is

o = nh™" A = n (B2 Ara + B Ag1) = —2nkQ, (4.166)

where the sign before the product Af) depends only upon mutual orientation of A and €. “Plus”
stands for co-directed i and 2, “minus” implies they are oppositely directed.

Equations of motion of charged spin-particle become (provided potential A“ is oriented along the
world line): for our-world particle

4 (s 1) <o, (4.167)
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d n i n -7 % € _ikm
. [(m + c2> v } +2 (m—l— 02> A v 4 ( ) AN =—c s Ho, (4.168)
and for mirror-world particle
d U
= -) = 4.1
% (s 2) -0, 1o
d ) .
. [(m + c%) vz} + (m + ) AR fgslkmka*m. (4.170)

Having theorem of live forces integrated (scalar equation of motion), we obtain integral of live
forces for charged spin-particle in stationary uniform magnetic field. In our world and in the mirror

world it is
erﬁ2 = B = const, m—i—% — —B = const, (4.171)
c c
where B is integration constant in our world and B is that in the mirror world. We can obtain these
constants having the initial conditions at 7=0 substituted into (4.171). As a result, we obtain

Mo nhmnAmn
5 Mo nhmnAmn
B = —mo — (272 = —moy — 072 . (4173)

The formulas for live forces integrals (4.171) imply that in absence of electric component the square
of velocity of charged spin-particle conserves v2=h;,v'vF=const.
Having the formulas for live forces integrals substituted into (4.168, 4.170), we arrive to vector

equations of motion in our world and in the mirror world, respectively

d .
dl + 245 w8 + AL vvE —%E’kmka*m , (4.174)
c
dv' - ;
d‘;’ LV = —%alkmka*m. (4.175)
c

These are similar to equations of motion of non-spin charged particle in stationary magnetic field
(3.290, 3.291), save that here the integration constant from live forces integral, found in the right part,
is not equal to relativistic mass m, as it was in electrodynamics (3.290, 3.291), but to the formula
(4.171), which accounts for interaction of spin with field of non-holonomity of space. The same is true
for by-component notation of vector equations (3.298, 3.299).

For those of our readers with special interest in the method of chronometric invariants we will
make a note related to by-component notation of equations of motion. When obtaining components
of the term A}jvk, found only in our-world equations, we have, for instance, for i=1

AP = Al + AV = 12 A vt 4 A Ay v, (4.176)
where Aj3 = —Ay; = —§. Then obtaining A;' and A;' we have
Al =h'm Ay, =M A+ A2 A = W2 A, (4.177)
Ay = ™M Ay, = R Agy 4+ A2 Agy = WM Ay, (4.178)
where hA'! and h'? are elements of a matrix reciprocal to matrix h;y

h22 h12 _ h12

plt = 22 e
h h

(4.179)

Then because determinant of three-dimensional observable metric tensor (see Section 3.12) is
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02 (22 + 42
h = det [[h|| = 1+ % ) (4.180)
the unknown value A4;1v* (4.176) is
0 Q2 QQ 2
Al == [CZa:yw + <1 + Cf > y} . (4.181)

Component A}f,vk, found in equation of motion along y, can be found in a similar way.

Now we are going to refer back to vector equations of motion of charged spin-particle in stationary
uniform magnetic field. We are going to approach them in two possible cases of mutual orientation of
magnetic field and non-holonomity field.

A Magnetic field is co-directed with non-holonomity field

We assume that field of non-holonomity is directed along z and is weak. Then vector equations
of motion of mass-bearing charged spin-particle, in by-component notation, become: for our-world

particle
eH

eH
s 4 o0n — O i o0s — ¢ . 4,189
E+2W=——py, §-20=-—pi, Z=0, (4.182)
and for mirror-world particle
H H
=0y, j=-"mi, £=0. (4.183)

=Y, Y
cB cB

These equations are also different from those for non-spin charged particle in stationary magnetic
field, co-directed with weak non-holonomity field (3.104, 3.305) only by having in the right part the
integration constant from live forces integral, which describes interaction of spin with field of non-
holonomity, instead of relativistic mass of particle.

Using ready solutions from Section 3.12 we can immediately obtain the formulas for coordinates
of our-world charged spin-particle

Y(0)

1

z = — [§(0) €08 (2Q + w) T + & (0) sin (2Q + w) 7] 0o TPt oo (4.184)
Y = [J0) sin (2Q + w) 7 — &g cos (2Q + w) 7] ! + Yoy — *o) (4.185)

20+ w 20+ w’

and those for mirror-world particle
1. L Y(0)
r=-- (9(0) cOSWT + &gy sinwt) + (0) + 0 (4.186)
.. . . (o)

y=- (y(o) sinwt — &) cos wT) + Y0y — — (4.187)

which are different from solutions for charged particle in electrodynamics only by the fact that fre-
quency w accounts for interaction of spin with field of non-holonomity.
In our world masses of particles are positive, hence frequency w is

2 2
v v
eH\|1— MO} eH\|1— MO}
eH c2 02
7= — (4.188)

"o 2nh$ ’
mc + E moc + ? moc F

w =

where the sign in the denominator depends upon mutual orientation of 7 and : “minus” stands
for co-directed h and € (their scalar product is positive), while “plus” implies they are oppositely
directed, irrespective of choice of right or left-hand frame of reference.
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Masses of particles that inhabit the mirror world are always negative
m= " <o, (4.189)
v
O]
c

%

Hence in the mirror world frequency w is

2 2
v v
eH“l——(g) eH\/lf—(g)
eH
= — = c (4.190)

2nhQ -

w =

n Y
mc + - —moc + - —moc F

Note that the obtained formulas for coordinates (4.184-4.187) already took account of the fact that
the square of particle’s velocity is constant both in our world and in the mirror world (respectively)

Yo

. Jo .
_ Yo _ 4.191
T tonre =0  Fot =0 (4.191)
which results from integral of live forces (Section 3.12).
The third equation of motion (along z) solves simply as
z = é(O)T + Z(0) - (4.192)

The obtained formulas for coordinates (4.184-4.187) say that mass-bearing charged spin-particle
in stationary uniform magnetic field, parallel to weak field of non-holonomity, performs harmonic
oscillations along x and y. In our world the frequency of the oscillations is

2

H v
G=20tw=20+— "oy 1- P (4.193)

mOCZFT ¢

In the mirror world particle performs similar oscillation at frequency w, as obtained in (4.190).
In a weak field of non-holonomity nAf) is much less than energy moc?, because for any small value

a it is true that lqlzaglzta, for low velocities we have
-~ H 2nhS)
w%2ﬂ+e<1j: " 2). (4.194)
mocC mocC

If at the initial moment of time the displacement and the velocity of our-world particle satisfy the

conditions .
Lo
0, YO T o0y 0, (4.195)

T+ 20 +w -

it will travel, like a charged non-spin particle, within zy plane along a circle?

-2
2 2 Yo

4yt —20 4.196
(20 + w)? (4.196)

But in this case, its radius equal to

Yo Yo
" 20+ w 2 ( )
20 + L 1— m
2nhs) C2
mocC F

23We set axis y along the initial impulse of the particle, which is always possible. Then all formulas for coordinates
will have zero initial velocity of particle along x.
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will depend upon absolute value and orientation of the spin. If the initial velocity of charged particle
with spin oriented along magnetic field (along z axis) is not zero, it travels along magnetic field along
spiral line with the same radius r (4.197).

Mirror-world particle, provided its displacement and velocity at the initial moment of time satisfy
the conditions

Yo Zo
o+ =0,  yo—_ =0, (4.198)
will also travel along a circle
-2
2 2 _ %
4y = =%, (4.199)
with radius ) )
r=%_ Yo . (4.200)
R S MO
2nhS) 62
—mopcC F
c

In general case, i.e. with no additional conditions (4.195, 4.198) imposed, the trajectory within zy
plane will be not circle.

Now we are going to obtain energy and impulse of charged spin-particle in magnetic field. Using for-
mulas for live forces integrals, we can find that the value noinhmnAmn:n(h12A12 +7’L21A21):72nh§2.
Then for mass-bearing our-world particle we have

2 2nhQ
Eiot = Bc® = moc” ¥ 2nfl} = const, (4.201)
2
1-
2

and for mass-bearing mirror-world particle we have

_ _ 2
E,s = B = M = const . (4.202)
V%O)
1 W)
2

Because in this Section we assumed that electric component of field is absent, electromagnetic field
does not contribute into the total energy of particle (as known, magnetic field does not perform work
to displace electric charge).

From the obtained formulas (4.201, 4.202) we see that the total energy of spin-particle is constant,
while its absolute value depends upon mutual orientation of particle’s inner momentum % and angular
velocity of space rotation Q.

The latter statement requires some comments to be made. By definition scalar value n (absolute
value of spin in & units) is always positive, while & and Q are numerical values of components of
antisymmetric tensors h** and €2;;,, which take opposite signs in right or left-handed frames of reference.
But because we are dealing with the product of the values, only their mutual orientation matters,
which does not depend upon choice of right or left-handed frame of reference.

If h and 2 are co-directed, the total energy of our-world particle Fy,; (4.201) is the sum of its
relativistic energy E=mc? and “spin-energy”

B, — LBQQ , (4.203)
s
CQ

i.e. the total energy is greater than F=mc?.

If 7 and 2 are oppositely directed, the value E;.; is the difference between the relativistic energy
and the spin-energy. Such orientation permits a specific case, when myc?=2nh{2 and therefore the
total energy becomes zero (this case will be discussed in the next Section).
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For negative masses particles, which inhabit the mirror world, the situation is different: the total
energy Eyo (4.202) is negative and by its absolute value is greater than relativistic energy E=—mc?,
provided that A and ) are oppositely oriented.

The formula for the total three-dimensional impulse of charged spin-particle in magnetic field in

our world is

, 2 ¥ 2nhQ) ; 2nhQ ;
Diot = o€ TV Gi — F ”7‘717 (4.204)
2 2
21 — m 21 — m
c c

i.e. is an algebraic sum of relativistic observable impulse p’=mv® and of spin-impulse that particle
gains from field of non-holonomity. The total impulse of spin-particle is greater than relativistic
impulse, if 7 and 2 are co-directed and is less then relativistic impulse otherwise.

In case of opposite mutual orientation of A and 2 the total impulse of spin-particle becomes zero
(and so does the total energy) provided the condition moc?=2nhQ is true.

For mirror-world particle in magnetic field spatial impulse is

) - 2 1 2nhQ) | : 2nh$2 ;
Dot = TTMeC F MG F ”7‘,1’ (4.205)
]2 Yo P
c c

i. e. the particle moves more slowly if 4 and () are co-directed and faster otherwise.
Components of velocity of charged spin-particle in magnetic field co-directed with non-holonomity
field, taking into account conditions (4.191), in our world are

T = g0y sin (2Q + w) T — #(g) cos (2Q +w) T, (4.206)
¥ = 90y cos (2Q + w) T + &gy sin (2Q + w) T, (4.207)
and in the mirror world they are
T = Yoy sSinwT — F(g) cOSWT, (4.208)
Y = ¥(0) COSWT + Z(g) SinwT . (4.209)

Then components of the total impulse of particle are (the initial impulse within zy plane is directed
along y): for our world
1 moc® F 2nhQ) .

Piot = — 5 Yo
21— 1o
2

9 moc? F 2nh) .

sin (2Q + w) 7, 4.210
)

Piot = — ——="Y(0) cos 2 + w) T, (4.211)
MO
21— —~
2
moc? F 2nhQ .
Piot = 0722’(0) ) (4.212)
21 1@
2
where w is as of (4.189); and for the mirror world
—moc® F 2nhQ) . .
Pot = O—Qy(o) sinwTt, (4.213)
MO

c24/1 3
c
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—moc? F 2nhs)
Pl = —0C Ty ) coswr, (4.214)
MO
21— —5~
2
—moc? F 2nhQ) |
Piot = 0—22(0) ) (4.215)
ENFRMO!
2

where w is as of (4.190). Noteworthy, though strength of magnetic field does not appear in the the
total energy Ei, it appears in that for the total impulse, being part of the formula for w (4.190).

B Magnetic field is orthogonal to non-holonomity field

Now we are going to approach motion of mass-bearing charged spin-particle in magnetic field, orthog-
onal to field of non-holonomity of space. Of course we are still assuming magnetic field is stationary
and uniform. So field of non-holonomity is directed along z and is weak, while magnetic field is di-
rected along y. Then vector equations of motion of spin-particle will be similar to those for non-spin
particle, as obtained under the above field conditions for a non-spin particle in our world (3.338)

. . eH, eH .
The difference from (3.338) is that here the denominator of the right part instead of the relativistic

mass contains integration constant from the live forces integral, which accounts for interaction between
the spin and the non-holonomity field. After integration the equations solve as

-2 =0, i= (4.216)

Ty . - T Z (o)

= — ST — §COS@T+ZU(0) +t = (4.217)
20/, - Zo) .~ . 2Q0 20 491
y = = T(g) COSWT + — sinwr + Yo)T + ?m(o)r + Yoy + ?m(o) , (4.218)
w (. ~Z) .~ ) w w .
i=— (x(o) cosWT + —= s1nw7') + 20T — =07 + 2(0) — =70 (4.219)

which are different from the respective solutions for a non-spin particle by the fact that frequency @
here depends upon spin and its mutual orientation with field of non-holonomity

5 N 2
o2 2 (1 _ V(g)>
C
= VAR fw? = 402+ (4.220)

< ) 2nm)2'
moce F

Subsequently, equation of trajectory of a spin-particle is similar to that of a non-spin particle. In
a specific case, i.e. under certain initial conditions, the equation of its trajectory is that of a sphere

1
2. 2., 2 .2
Ty 2T = i), (4.221)

which radius, as contrasted to the radius of trajectory of non-spin particle, depends upon spin of
particle and its orientation in respect to the field of non-holonomity

1
r= .’ﬁ(o) . (4.222)

5 N2
22 ( _ V(0)>
2
402 +

( ) 2nhﬂ>2
moc” F B
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For mirror-world particle vector equations of motion in weak field of non-holonomity, orthogonal
to magnetic field (and directed along y), are

eH .
—z

eH .
— -
cB

cB

T = , 4 =0, Z= , (4.223)
i.e. are different from equations of motion of our-world particle (4.216) by absence of the terms that
contain space rotation velocity 2. As a result their solutions can be obtained from the solutions for
our world (4.217-4.219) if we assume W=w. Subsequently, equation of trajectory of spin-particle in

the mirror world is

9 _ 2nhQ
2 2 2 1 22 —Toc” T & .
MO)
eH 1-— 5
C

The formula for the total energy of spin-particle E,; in magnetic field, orthogonal to field of non-
holonomity, is the same as it was for the case of parallel orientation of fields. But the formulas for
components of the total impulse (4.201, 4.205) are different, because they include velocity of particle
that depends upon mutual orientation of magnetic field and non-holonomity field. In this particular
case, where the fields are orthogonal to each other, components of particle’s velocity (obtained by
derivation of formulas for coordinates) in our world are

5
T = () cos WT + % sin T, (4.225)
.20 .~ 201, ~ . 2Q)
Y= = &) sinWr — —5d() coswT + (o) + =40 (4.226)
. w .. ~ w . .~ . w ..
zZ= ﬁ.’[(o) COSWT — EI(O) SIn Wt + Z0) — ﬁl‘(o) s (4227)
and in the mirror world are )
& = o) coswr + 2 sinwr, (4.228)
w
Y= Y(0) » (4.229)
z= ;x(o) CcoSWT — :17(0) sin wt + Z(O) — ECE(O) . (4.230)

Now we assume that the initial acceleration of particle and the integration constants are zeroes
and set axis x along the initial impulse of particle. From a frame of such consideration we obtain
components of its total impulse in our world

2
moc® F 2nhs) ~
Pros = %x(o) coswT, (4.231)
MO

c2

9 moc® T 2nkh 200

Prot = — F——— 5 %0 sinwr, (4.232)
241 - Yo
CQ
2 F 2nhQ _
Piot = wg%) sinwr, (4.233)
Vi ¢
A1 — —+~
62

and in the mirror world, respectively
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—moc? F 2nhQ _
Piot = M%) coswT, (4.234)
MO
A2\l - —~
C2
—moc? F 2nhQ) .
Piow = —— o) = 0, (4.235)
02 ]_ — m
C2
—moc? F 2nh{) _
Piot = Mi(o) sinwT . (4.236)
MO
A2\l — —~
62

As easily seen, the solutions obtained here can be transformed into respective ones from electro-
dynamics (Section 3.12) by assuming i—0.

4.8 Law of quantization of masses of elementary particles

Scalar equations of motion of charged spin-particle in electromagnetic field in our world and in the
mirror world are, respectively

d n e i d n e i
- (m+ 0—2) =SB, -— (m+ 0—2) - - S B (4.237)
The equations can be easily integrated to produce live forces integrals
n n =
m+ % =B, —(m+g>:B, (4.238)

where B is integration constant in our world and B is that in the mirror world. The constants depend
only upon the initial conditions. Hence it is possible to choose them as to make the integration
constants zeroes.

We will find out under what initial conditions integration constants in the scalar equations of
motion become zeroes. For charged spin-particles in our world and in the mirror world (4.238),

respectively
n

m+ 5 =0, —(m+c—772>=0, (4.239)
while the right parts of the vector equations of motion (4.150, 4.152), which contain three-dimensional
invariant Lorentz force, also become zeroes. In other words, with integration constants in scalar
equations equal to zero electromagnetic field does not affect particles.

Having relativistic square root cancelled in (4.239), which is always possible for particles that have
non-zero rest-masses, we can present these formulas in a notation that does not depend upon velocity
of particle. Then for our-world mass-bearing particles we have

moc® = —nh™" Apn (4.240)

and for mirror-world mass-bearing particles we have
moc® = nh™" Ay, - (4.241)
We will refer to these formulas (4.240, 4.241) as the law of quantization of masses of elementary

particles, which reads:

Rest-mass of spin-particle is proportional to energy of interaction of its spin with field
of non-holonomity of space, taken with the opposite sign.
Or, in other words:

Rest-energy of mass-bearing elementary particle, which has a spin equals to energy of
interaction of its spin with field of non-holonomity of space, taken with the opposite sign.
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Because in the mirror world energy of particle has negative value, “plus” in the right part of (4.241)
stands for energy of interaction in the mirror world taken with the opposite sign. The same is true
for “minus” in (4.240) for our world.

Evidently, these quantum formulas are not applicable to non-spin particles.

Let us make some quantitative estimates that stem from the obtained law. We will obtain nu-
merical values of ng=nh"" A,,», which characterize energy of interaction between spin and field of
non-holonomity (“spin-energy”), as follows. We formulate tensor of angular velocities of space rotation
A, with pseudovector of the rotation Q*izéaim"Amn

; 1, 1
O eimn = 55’pqsimnqu =3 (0P,0% — 6P02) Apg = Amn - (4.242)

Hence A,,,, = €imn2**. Then because

1

is Planck pseudovector, the value ng = nA™" €smn2** is
o = 2nh. 0, (4.244)

i.e. is double scalar product of three-dimensional Planck pseudovector and three-dimensional pseu-
dovector of space rotation velocity, multiplied by particle’s spin quantum number (scalar).

As known, scalar product of two pseudovectors is product of their absolute values (modules)
multiplied by cosine of angle between them. Then if A,; and Q*" are co-directed then the cosinus is
positive, hence -

; - =
no = 2nh Q" = 2nhQcos(h; Q) >0, (4.245)
while if they are oppositely directed, then
- =
h;Q

no = 2nh.Q* = 2nhQ cos( ) <0. (4.246)

Therefore for our-world mass-bearing particles integration constant from live forces integral be-
comes zero, provided that pseudovectors h.; and Q** are oppositely oriented. For mirror-world particles
the constant becomes zero if pseudovectors %,; and ** are co-oriented.

This implies that if energy of interaction of mass-bearing spin-particle with field of space’s non-
holonomity becomes equal to its rest-energy E=mgc?, impulse of particle reveals itself neither in our
world nor in the mirror world.

We assume that axis z is co-directed with pseudovector of angular velocity of space rotation Q**.
Then out of all three components of Q** the only non-zero one is

1 6312

1
Q3 = M4, = = (3124 32 Ag)) = 31241, = = Ay 4.247
5 mn = 5 ( 12 + 21) 12 Jh 12 ( )

To simplify the algebra we assume that three-dimensional metric g; is Euclidean, while the space
rotates at constant angular velocity 2. Then components of linear velocity of rotation are v;=Qx,
vo=—Qy, and A1o=—C. Hence

6312 A12 Q
= A = — = ——, 4.248
"= Vh Vi (4.248)

The square root of determinant of observable metric tensor, as defined from (4.180) is
T 0 @2 +y?)
Vh = /det ||hg|| = \/1 t——Qa (4.249)

Because we are dealing with very small coordinate values on the scales of elementary particles,
we can assume vh~1 and according to (4.248) also Q*3=—Q=const. Then the law of quantization
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of masses of elementary particles (4.240) becomes: for mass-bearing particles in our world and mass-
bearing particles in the mirror world, respectively
_ 2nhQ) 2nh$2

3 mo=-——"%5 -

(4.250)

Mo

C C

Hence for elementary particles in our world that bear spin the following relationship between their
rest-masses mg and angular velocity of space’s rotation €2 is true
m002

Q= . 4.251
2nh ( )

This means that rest-mass (the true mass) of observable object, under regular conditions not
dependent from properties of observer’s references, on the scales of elementary particles becomes
strictly dependent from such; in particular, from angular velocity of space’s rotation.

Hence, proceeding from the quantization law, we can calculate frequencies of rotation of observer’s
spaces, corresponding to rest-masses of our-world particles. The results are given in Table 1.

Elementary particles Rest-mass | Spin Q,s!
LEPTONS

electron e, positron e™ 1 1/2 | 7.782-10%°
electron neutrino v. and

electron anti-neutrino 7. <4-1074 1/2 <3-.10'
p-meson neutrino v, and

p-meson anti-neutrino 7, <8 1/2 <6-10%
u~-meson, u-meson 206.766 1/2 | 1.609-10%
BARIONS

nuclons

proton p, anti-proton p 1836.09 1/2 1.429 - 10%
neutron n, anti-neutron i 1838.63 1/2 | 1.431-10*
hyperons

A%-hyperon, anti-A°-hyperon 2182.75 1/2 1.699 - 10
Y -hyperon, anti-X+-hyperon 2327.6 1/2 | 1.811-10*
Y.~ -hyperon, anti-X ~-hyperon 2342.6 1/2 | 1.823-10**
Y% hyperon, anti-X°-hyperon 2333.4 1/2 1.816 - 10
E~-hyperon, anti-=~-hyperon 2584.7 1/2 | 2.011-10*
Z°%hyperon, anti-Z°-hyperon 2572 1/2 2.00-10%*
Q™ -hyperon, anti-{2~-hyperon 3278 3/2 8.50-10%

Table 1. Frequencies of rotation of observer’s space of reference,
which correspond to mass-bearing elementary particles

The results from Table 1 say that on the scales of elementary particles observer’s space is always
non-holonomic. For instance, in observation of electron r,=2.8-107'3 cm linear velocity of rotation
of observer’s space is v =Qr=2200km/s?4. Because other elementary particles are even smaller this
linear velocity seems to be the upper limit??.

So, what have we got? Generally observer compares results of his measurements with the body
of reference, but the body and himself are not related to the observed object and do not affect it
during observations. Hence in macroworld there is no dependence of the true properties of observed
bodies (e. g. rest-mass of particle) from properties of the body and space of reference — these can be
arbitrary, just like for any non-related objects.

24The value v equals to velocity of electron in the first Bohr orbit, though when calculating velocity of space rotation
(see Table 1) we considered a free electron, i.e. the one not related to an atomic nucleus and quantization of orbits in
atom of hydrogen. The reason is that “genetic” quantum non-holonomity of space seems not only to define rest-masses
of elementary particles, but to be the reason of rotation of electrons in atoms.

25Interestingly, angular velocities of rotation of spaces of barions (Table 1) up within the order of magnitude match
the frequency ~10%23 s~1 that characterizes elementary particles as oscillators [36].
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In other words, though observed images are distorted by influence from physical properties of
observer’s frame of references, the observer himself and his body of reference in macroworld do not
affect measured objects in any way.

But the world of elementary particles presents a big difference. In this Section we have seen
that once we reach the scales of elementary particle, where spin, a quantum property of particle,
significantly affects its motion, physical properties of the space of reference (the body of reference)
and those of the particle become tightly linked to each other, i. e. body of reference affects the observed
particle. In other words, observer does not just compare properties of the observed object to those
of his references any longer, but instead directly affects the observed object. The observer shapes its
properties in a tight quantum relationship with properties of the references he possesses (body and
space of reference).

This means: when looking at effects in the world of elementary particles, e.g. spin effects, there
is no border between the observer, i.e. his body of reference, and the observed elementary particle.
Hence we get an opportunity to define relationship between field of non-holonomity of space, linked to
the observer, and rest-masses of the observed particles — objects of observations, which in macroworld
are not related to the body of reference. Therefore, the obtained laws of quantization of masses are
only true for elementary particles.

Please note that we have obtained the result using only geometric methods of General Relativity,
not methods of probabilities of quantum mechanics. In future, this result may possibly become a
“bridge” between these two fields.

4.9 Compton wavelength

We have obtained that in observation of elementary particle with rest-mass of mg the frequency

of non-holonomity of observer’s space is Q= Tgfl% (4.251). We are going to find the wavelength

that corresponds to that frequency. Assuming that this wave, i.e. wave of non-holonomity of space,
propagates at light speed A\Q2=c, we have

c h
= — =2n— . 4.252
A Q nmoc (4.252)

In other words, when we observe mass-bearing particle with spin n=1/2 the length of non-
holonomity wave equals to Compton wavelength of the particle Xczm—oc.

What does that mean? Compton effect, named after A. Compton who discovered it in 1922 is
“diffraction” of photon on a free electron, which results in decrease of its own frequency

AXN=Xg— A = (1 —cos?) = A5 (1 —cos?d), (4.253)

e
where A\; and A\ are photon wavelengths before and after the encounter, ¥ is the angle of “diffraction”.
The multiplier A¢, specific to electron, at first was called Compton wavelength of electron. Later it
was found out that other elementary particles during “diffraction” of photons also reveal their specific

wavelengths \.= h or, respectively, X.= That is, every type of elementary particle (i.e.

moc’ mgc:
electrons, protons, 101eutrons etc.) have their ov?zn Compton wavelengths. The physical sense behind
the value was explained later. It was obtained, within an area smaller than X., elementary particle
is no longer a point object and its interaction with other particles (and with observer) is described
by quantum mechanics. Hence the X.-sized area is sometimes interpreted as “the size” of elementary
particle, in a sense in which we can speak of “size” of elementary particles at all.

As for the results we obtained in the previous Section, these can be interpreted as follows: in
observation of mass-bearing particle angular velocity of rotation of observer’s space grows up the level
that makes the wavelength, which corresponds to such velocity, equal to Compton wavelength of the
observed particle, i.e. to the “size” inside which the particle is no longer a point object. In other
words, it is angular velocity of space rotation (wavelength of the field of non-holonomity of space)
that defines observable Compton wavelength (specific “sizes”) of mass-bearing elementary particles.
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4.10 Massless spin-particle

Because massless particles do not bear electric charge, their scalar equations of motion in our world
and in the mirror world are, respectively,

d n d n
e LAY _7( 7)20, 4.254
dr (ercQ) dr m+02 ( )

Their integration always gives the constant equal to zero, hence we always obtain the formulas as
of (4.239). Hence for massless particles in our world and in the mirror world, respectively

me? = —n, me? =1n. (4.255)

On the other hand, the term “rest-mass” is not applicable to massless particles — they are always
on the move. Their relativistic masses are defined from energy equivalent E=mc?, measured in
electron-volts. Subsequently, massless particles have no rest spin-energy no=nh"" A .

Nevertheless, Planck tensor found in spin-energy 7 enables quantization of relativistic masses of
massless particles and angular velocities of space rotation. Hence to obtain angular velocities of space
rotation for massless particles we need an expanded formula of their relativistic spin-energy 7, which
would not contain relativistic square root.

Quantum mechanics speaks of “spirality” of massless particles — projection of spin onto direction
of impulse. The reason for introducing such term is the fact that massless particle can not rest
in respect to a regular observer, as it always travels at light speed in respect to such. Hence we
can assume that spin of massless particle is tangential to light-like trajectory (either co-directed or
oppositely directed to it).

Keeping in mind that spin quantum number n of massless particles is 1, we assume for them that

n=h""Ann, (4.256)

where A,,,, is three-dimensional tensor of angular velocities of rotation of massless particles’ space
(light-like space).

Hence to obtain relativistic spin-energy of massless particle (4.256) we need to find components of
tensor of angular velocities of rotation of light-like space. We are going to build the tensor similar to
four-dimensional tensor of angular velocity A? (4.11), which describes rotation of space of a frame
of reference that travels in respect to observer and his body of reference at an arbitrary velocity
(non-accompanying frame of reference). As a result we obtain

~ 1 - =5 . ob, 0b
AP = Echo‘“hﬂ“aw, Ay = 50— 6;’ ,

(4.257)

where b is four-dimensional velocity of light-like frame of reference in respect to observer and
RO = — g 4 hpH (4.258)

is four-dimensional generalization of “observable” metric tensor of space of light-like frame of reference.
The space inhabited by massless particles is an area of space-time, which corresponds with four-
dimensional light-like (isotropic) cone set by equation gagdxadxﬁ =0. This cone exists at any point of
Riemannian space with alternating signature (+ — ——), i. e. at any point of four-dimensional pseudo-
Riemannian space.
Four-dimensional vector of velocity of light-like frame of reference of massless particles is

. dz® 1dz® -~
a _ S o — 4.2
b o o bab 0, (4.259)

its physical observable components in frame of reference of a regular “sub-light-speed” observer are

bo . 1dzt 1,
=41 bt == == 4.260
’ c dr R ( )
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while the other components of isotropic vector (4.259) are

- 1 1. ~ 1
0 _ _
b’ = 900 (cgvicl + ].> 5 b1 = 7; (Ci + Ui) , (4261)
where ¢’ is chronometrically invariant vector of light velocity.
Now we are going to consider properties of massless particles’ space in details. The condition of

isotropy of four-dimensional velocity of massless particle b,b*=0 in chronometrically invariant form

becomes

higc'c® = ¢ = const, (4.262)
where h;y is observable metric tensor of space of reference (of a regular “sub-light-speed” observer).
Components of four-dimensional tensor h*8 (4.258), which three-dimensional components make up

observable metric tensor of space of massless particle h**, are

1 ) ) 1 )
vpv® £ 20k + —zvkvnckc” v EdH+ —zvkckcl _ _ 1
h% = € , h% = € h* =h* 4 e, (4.263)

2 ’
2 w w c
C (1—C2> C<1 C2>

where “plus” stands for space with direct flow of time (our world) and “minus” stands for reverse-time
(mirror) world.

Now we have to deduce components of rotor of four-dimensional velocity of massless particle, found
in the formula for tensor of rotation of massless particle’s space (4.257). After some algebra we obtain

w
1-—= *
2 Oc; 1 (9 Ocy, 1 [/ 0v; Oug

agpo =0, ag = C (+F - : Qi = — | — — — | £ — L ). (4.264

apo ,  Qos 262 ( i ot > Qi % (axk oz 2 axk oz ( )

Generally, to define spin-energy of massless particle (4.256) we need covariant spatial components
of tensor of rotation of its space, i.e. components with lower indices A;x. To deduce them we take
the formula for contravariant components A% and lower their indices, as for any chronometrically

invariant value using three-dimensional observable metric tensor of observer’s space of reference.
Substituting into

A% = ¢ (RORMagy + BOR ™ gm + B W0y + B R i (4.265)

the obtained components hP and (a8, We arrive to

- . 1 /0c, Ocp 1
Aik — pimpkn |:2 <3m” _ 33;7”) + @ (Fncm — chn):| +

, 1 (0v,, Ov, 1
i[5 (G~ ) s (Foom — P +

4.266
*0cm *0Cm ( )

ot ot
L irkn kpin dcm,  Ocp vy, Ovp
* 22¢ (c'h ch) [(8:1;" oz™ + oz"  ox™ )|’

The value %(21;% - g;’%)+# (Fpvm—Fvy), by definition, is chronometrically invariant (ob-

servable) tensor of angular velocities of rotation of observer’s space of reference A,,,, i.e. tensor of
non-holonomity of non-isotropic space®S.

+ <12an11 + 1> (Ckhzm . Czhkm) o (vkhzm o vihkm)
C

26We will refer as non-isotropic space to an area of four-dimensional space-time where particles with non-zero rest-
masses exist. This is the area of world trajectories along which ds7#0. Subsequently, if interval ds is real, the particles
travel at sub-light speeds (regular particles); if it is imaginary, the particles travel at super-light speeds (tachyons).
Space of both types of particles is non-isotropic by definition.
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By its structure the value % (gCT”ﬁ— ggﬂn ) —i—% (Frncm—Fmen) is similar to tensor A,,,,, but instead

of velocity of rotation v; of non-isotropic observer’s space it has components of covariant light velocity
cm=hmnc"™. We denote that tensor as Amn, where the inward curved cap means the value belongs to
isotropic space®” with direct flow of time — the “upper” part of light cone, which in twisted space-time
gets “round” shape. Then

o 1 (9c¢,, Oc, 1
Amn = 2 (83:“ B 8:5'7") * 202 (Fnem — Frcn) - (4.267)

In a specific case, when gravitational potential is negligible (w=20) the tensor becomes

i % (acm Ocn ) , (4.268)

ox™  OJxz™
i.e. is chronometrically invariant rotor of light velocity. Therefore we will refer to Ay as rotor of
isotropic space.
The following example gives geometric illustration of rotor of isotropic space. As known, the
necessary and sufficient condition of equality A,,,=0 (condition of space holonomity) is equality
to zero of all components v;=—c 901‘0’ i.e. absence of space rotation. Tensor /vlmn is defined only

in isotropic space, inhabited by massless particles. Outside isotropic space it is senseless, because
the “interior” of the light cone is inhabited by sub-light-speed particles, while tachyons inhabit its
“exterior”.

Our subject are spin massless particles, i.e. photons. From (4.268) it is seen that presence of
field of non-holonomity of isotropic space is linked to rotor character of velocity of motion of massless
particles c,,. Hence photons are rotors of isotropic space, while photon spin results from interaction
between the inner field of the rotor with external field of tensor Ay,.

To make the explanations even more illustrative, we depict areas of existence of different types
of particles. Light cone exists in every point of space. Equation of light cone gagdxadxﬁzo in
chronometrically invariant notation is

Ar? — hgata® =0, hipxiz® = o2. (4.269)

On Minkowski diagram the “interior” of light cone is filled with non-isotropic space, where sub-
light-speed particles exist. Outside there is also an area of non-isotropic space, inhabited by super-
light-speed particles (tachyons). The specific space of massless particles is space-time membrane
between these two non-isotropic areas. The picture is mirror-symmetric: in the upper part of cone
there is sub-light-speed space with direct flow of time (our world), separated with spatial section from
the lower part — a sub-light-speed space with reverse flow of time (mirror world). In other words,
the upper part is inhabited by real particles with positive mass and energy, while the lower part is
inhabited by their mirror “counterparts”, whose mass and energy are negative (from our viewpoint).

Therefore, rotation of sub-light-speed non-isotropic space “inside” the cone involves the surround-
ing light membrane (isotropic space). As a result, the light cone begins rotation described by tensor
Appn — rotor of isotropic space. Of course we can assume a reverse order of events, where rotation of
the light cone involves “the content” of its inner part. But because particles “inside” the cone bear
non-zero rest-mass they are “heavier” that massless particles on the light membrane. Hence the inner
“content” of the light cone is too inertial media.

Now we return to the formula for relativistic spin-energy of massless particle n:hm"flmn (4.256).
By lowering indices in contravariant tensor of non-holonomity of isotropic space Atk (4.266) we obtain

0 (cmEvm) O (ckivk)} e [5‘ (cmEvm) O (ci:tvi)} }+

~ o 1
k ktAi+ 52 c {c [ G ERD % 9™

*Ocy, *Oc; 1 *Oc; *Ocy,
e — vl —c; .
+ <vZ ot %o > + (02 () ) <ck % Yo >

27We will refer as isotropic space to an area of four-dimensional space-time, inhabited by massless (light-like) particles.
This area can be also called light membrane. From geometric viewpoint light membrane is the surface of isotropic cone,
i.e. the set of its four-dimensional elements (world lines of light propagation).

(4.270)
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Having A, contracted with Planck tensor 7* we have

ik ¥ 1 n *de; *Ocy *Ocy, *0c; ik
n = no+nh"" A+ [(czvnv 1) (ck % S or + Vicar Uk, nh" +

+21?nhikcm {ci [8(cmivm) a(ckivk)] . [8(Cm:§vm)_6(ciivi)]}y

oz* - a™ ox" oz™

(4.271)

where “plus” stands for our world and “minus” — for the mirror world.

The value ng=n+1/1—v2/c? for massless particles is zero, because they travel at speed of light.
Hence keeping in mind that ny=nh™"A,,, we obtain an additional condition imposed on tensor of
non-holonomity of isotropic space A;;: at any point of trajectory of massless particle the following
condition must be true

R A = 20 (A2 + Aoz + A31) =0, (4.272)

or, in another notation, Q' +Q2+Q3=0.

Therefore, in an area, where observer “sees” massless particle, angular velocity of rotation of non-
isotropic observer’s space equals to zero. Other terms in the formula for relativistic spin-energy of
massless particle (4.271) are due to possible non-stationarity of light velocity ggz and other depen-
dencies which include squares of light velocity.

We analyze the obtained formula (4.271) to make two simplification assumptions:

1. gravitational potential is negligible (w=0);
2. three-dimensional chronometrically invariant velocity of light is stationary.

In this case the formulas for A;; and fvlik, i.e. for tensor of space non-holonomity and for rotor of
isotropic space, become
1 /0v, Ov; v 1 [/ Ocs Oc;
A== [ == = , A== | == — , 4.273
T (8:# 830’“) S (&vz ozk ( )

and relativistic spin-energy of massless particle (4.271) becomes

o 1 I
n=n (h’kAik + (QcicmhlkAkm> . (4.274)

Therefore the value n (4.274) that describes action of spin of massless particle, is defined (aside
for spin) only by rotor of isotropic space and in no way depends upon non-holonomity (rotation) of
observer’s space of reference.

To make further deductions simpler we transform 7 (4.274) as follows. Similar to pseudovector of
angular velocity of space rotation Q*'=1c%#m4, . we introduce pseudovector

o 1 . o
O = 55“""14%, (4.275)

which can be formally interpreted as pseudovector of angular velocity of rotation of isotropic space,
i.e. of space where only isotropic curves exist — trajectories of massless (light-like) particle travelling
at light speed.

Subsequently, Apn=crmnS2*™. Then the formula for 7 (4.274) can be presented as

oo 1 . o
n=n (hﬂ + QCicmh’kskan*") : (4.276)
C

That means that inner rotor (spin) of massless particle only reveals itself in interaction with rotor
of isotropic space. The result of the interaction is scalar product h*iﬁ*i, to which spin of massless
particle is attributed. Hence massless particles are elementary light-like rotors of isotropic space itself.

Now we are going to estimate rotations of isotropic space for massless particles with different
energies. At present we know for sure that among the massless particles are photons — quanta of
electromagnetic field.
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Spin quantum number of photon is 1. Besides, its energy E=hw is positive in our world. Hence
taking into account integral of live forces (4.255), for observable our-world photons we have
o 1 . o
hw = R + = i B e O (4.277)
c
We assume that pseudovector of rotation of isotropic space 2*' is directed along z, while light

velocity is directed along y. Then the relationship (4.277) obtained for photons becomes hw:2h§ul, or,
after having Planck constant cancelled,

v w27y

O== =7, 4.278
i.e. frequency Q) of rotor of isotropic space, each interacts with photon spin, up within a constant
coincides with its own frequency v. Thanks to this formula, which results from the law of quantization
of relativistic masses of light-like particles, we can estimate angular velocities of rotation of isotropic
space, which correspond to photons with different energy levels. Table 2 gives the results.

Kind of photons Frequency fl, s7!
Radiowaves 103 -10

Infra-red rays 101t -1.2.10%°
Visible light 1.2-10%%-2.4.10'°
Ultraviolet rays 2.4-10" -10'7

X-rays 1017 -10°

Gamma rays 10'° - 10%® and above

Table 2. Frequencies of rotation of isotropic space,
which correspond to photons

From Table 2 we see that angular velocities of rotation of isotropic space of photons in gamma
range match rotation frequencies of regular (non-isotropic) space of electrons and other elementary
particles (see Table 1).

4.11 Conclusions

Here is what we have discussed in this Chapter.

Spin of particle is characterized by four-dimensional antisymmetric 2nd rank Planck tensor, which
diagonal and space-time components are zeroes, while non-diagonal spatial components are +h de-
pending upon orientation of spin and choice of right or left-handed frame of reference.

Spin (inner vortex field of particle) interacts with external field of non-holonomity of space; as
a result, particle gains additional impulse that deviates its trajectory from geodesic line. Energy of
the interaction is found in scalar equation of motion (live forces theorem), which must be taken into
account when solving vector (spatial) equations of motion.

Partial solution of scalar equation is law of quantization of masses of elementary spin-particles,
which unambiguously links rest-masses of mass-bearing elementary particles with angular velocities
of rotation of observer’s space, as well as between relativistic masses of photons and angular velocities
of rotation of their isotropic (light-like?®) space.

28Because the area of existence of light-like particles is the area of four-dimensional isotropic trajectories, the terms
“isotropic space” and “light-like space” can be used as synonyms.



Chapter 5

Physical vacuum and the mirror Universe

5.1 Introduction

According to the recent data the average density of matter in our Universe is 5-10-1073% g/cm3. That
of substance concentrated in galaxies is even lower at ~3-107%! g/cm?®, which seems to be due to
so-called “hidden masses” in galaxies. Besides, astronomical observations show that most part of the
cosmic mass is accumulated in compact objects, e. g. in stars, which total volume is incomparable to
that of the whole Universe (“island” distribution of substance). We can therefore assume that our
Universe is predominantly empty.

For a long time the words “emptiness” and “vacuum” have been considered synonyms. But since
1920’s geometric methods of General Relativity have showed that those are different states of matter.

Distribution of matter in space is characterized by energy-impulse tensor, which is linked to ge-
ometric structure of space-time (fundamental metric tensor) with equations of gravitational field. In
Einstein’s theory of gravitation, which is an application of the geometrical methods of General Rela-

tivity, the equations referred to as Einstein equations are?’
1
Raog — igagR =—2Tys+ Aas, (5.1)

which aside for energy-impulse tensor and fundamental metric tensor, include other values, namely:
° RM:R;&, is Ricci tensor, which is a result of contraction of curvature Riemann-Christoffel
tensor R,g,5 by two indices;

e R=g°PR,p is scalar curvature;

. %z%:1.862~10’27 [cm g~1] is Einstein gravitational constant, where G=6.672-10~% is gravi-
c

tational constant [cm® g~!s~2]. Note that some researchers prefer to use not a :% 6, 8, 10],
c

. To understand the reason we have to look at chronometrically invariant com-

but 2 :87CT—4G [1]

X . h_ . . CTS _Tis
ponents of energy-impulse tensor T,3: Goo —P 18 observable density of mass, \/HE_J is vector

of observable density of impulse, and c?T**=U"* is tensor of observable impulse flux density

[8, 10]. Scalar observable component of Einstein equations is G :—ﬂm—l—)\. As known, Ricci

goo goo
tensor has dimension [cm™2], hence Einstein tensor G,g and the value 389%180:%3 has the
c

same one. Consequently, it is evident that the dimension of energy-impulse tensor 1,3 is that
3] 81G
. A
equations, we actually use not energy-impulse tensor itself, but ¢*T,g, which scalar and vector
2 3 .
observable components are density of energy Qogng and energy flux QQ:CQ J
oo V900

That implies that when we use

of mass density [gcm in the right part of Einstein

29The left part of Einstein field equations (5.1) is often referred to as Einstein tensor Gag:Raﬁ—%gagR, i.e. in brief
notation Gog=—2Tag+Agas-

131
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e ) [cm~?] is a cosmological term that describes non-Newtonian forces of attraction or repulsion,
depending upon sign before A (A>0 stands for repulsion, A<0 stands for attraction). The
term is referred to as cosmological one, because it is assumed that forces described by A grow
up proportional to distance and therefore reveal themselves on a full scale at “cosmological”
distances comparable to size of the Universe. Because non-Newtonian gravitational fields (-
fields) have never been observed, for our Universe in general the cosmological term is |A\|<10756
(as of today’s measurement accuracy).

From Einstein equations (5.1) we see that energy-impulse tensor (which describes distribution of
matter) is genetically linked to metric tensor and Ricci tensor, and hence to Riemann-Christoffel cur-
vature tensor. Equality of Riemann-Christoffel tensor to zero is the necessary and sufficient condition
for the given space-time to be flat. Riemann-Christoffel tensor is not zero for curved space only. It
reveals itself as increment of vector V¢ in its parallel transfer along a closed contour

1
AV! = =Ry VAo, (5.2)
where AcP7 is the area of this contour. As a result, the initial vector V* and vector Ve4+AV®
have different directions. From quantitative viewpoint the difference is described by K, referred to as
four-dimensional curvature of pseudo-Riemannian space along the given parallel transfer (for detailed

account to Chapter 9 in Zelmanov’s lectures [10])

. tan ¢
K=1
Acl,—go Ao

: (5.3)

where tan ¢ is the tangent of angle between vector V* and the projection of vector V¢+AV® on the
area constrained by the transfer contour. For instance, we consider a surface and “a geodesic” triangle
on it, produced by crossing of three geodesic lines. We transfer a vector, defined in any arbitrary point
of that triangle, parallel to itself along the sides of the triangle. The summary angle of rotation ¢
after the vector returns to the initial point will be p=X—7 (where ¥ is the sum of the inner angles of
the triangle). We assume curvature of the surface K equal in all its points, then

t
MP_¥_ const, (5.4)
o

where o is the triangle’s area and =Ko is called spherical excess. If =0, then the curvature K=0,
i. e. the surface is flat. In this case the sum of all inner angles of the geodesic triangle is 7 (flat space).
If ¥>7 (the transferred vector is rotated towards the circuit), then there is positive spherical excess
and the curvature K>0. An example of such space is surface of a sphere: a triangle on surface of
a sphere is convex. If X< (the transferred vector is rotated counter the circuit), spherical excess is
negative and the curvature K<0.

Einstein postulated that gravitation is curvature of space-time. He understood curvature as not
equality to zero of Riemann-Christoffel tensor R,p,s7#0 (the same is assumed in Riemannian geom-
etry). This concept fully includes Newtonian gravitational concept, i.e. Einstein’s four-dimensional
gravitation-curvature for a regular physical observer can reveal itself as: (a) Newtonian gravitation; (b)
rotation of three-dimensional space; (c) deformation of three-dimensional space; (d) three-dimensional
curvature, i.e. when Christoffel symbols are not zeroes (see Section 13.5 in Zelmanov’s lectures [10]).
According to Mach Principle, on which Einstein theory of gravitation rests, . ..the property of inertia
is fully determined by interaction of matter” [25], i.e. curvature of space-time is produced by matter
that fills it (in a certain form). Proceeding from that and from Einstein equations (5.1) we can give
mathematical definitions of emptiness and vacuum:

e emptiness is the state of space-time for which Ricci tensor R,3=0, i.e. absence of substance

T.3=0 and non-Newtonian gravitational fields A=0. Field equations (5.1) in emptiness are as
simple as Ragzo?’o;

30If we put down Einstein equations for empty space Raﬁfégag R=0 in a mixed form RgféggRZO, after contrac-

tion (Rg‘—% g3 R=0) we obtain R—é4R:O, i.e. scalar curvature in emptiness R=0. Hence field equations (Einstein

equations) in empty space are R,g=0.
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e vacuum is the state in which substance is absent T,3=0, but A#0 and hence R,37#0. Emptiness
is a specific case of vacuum in absence of \-fields. Equations of field in vacuum are

Rap — %gaﬁR = Agas - (5.5)
Einstein equations are applicable to the most varied cases of distribution of matter, aside for
the cases when the density is close to that of substance in atomic nuclei. It is hard to give accurate
mathematical description to all cases of distribution of matter because such problem is too general one
and can’t be approached per se. On the other hand, average density of substance in our Universe is so
small 5-10-1073° g/cm?, that we can assume it is nearly vacuum. Einstein equations say that energy-
impulse tensor is functionally dependent from metric tensor and Ricci tensor (i.e. from curvature
tensor contracted by two indices). At such small values of density we can assume energy-impulse
tensor proportional to metric tensor T,,3~gqg and hence proportional to Ricci tensor. Therefore aside
for field equations in vacuum (5.5) we can consider field equations as

Rag = kgags, k = const, (5.6)

i. e. when energy-impulse tensor is different from metric tensor only by a constant. This case, including
absence of masses (vacuum) and some conditions close to it and related to our Universe, where studied
in details by A.Z.Petrov [3]. Spaces for which energy-impulse tensor is proportional to metric tensor
(and to Ricci tensor) he called Einstein spaces.

Spaces with R,g=kg.s (Einstein spaces) are uniform in every their point, have no mass fluxes,
while the density of matter that fills them (including any substances, if any) is every where constant.
In this case

R = g°PRop = kgapg™® = 4k, (5.7)

while Einstein tensor takes the form
1
Gag = Rag — §ga5R = —k‘gag s (5.8)

where kg.g is the analog of energy-impulse tensor for matter that fills Einstein spaces.

To find out what types of matter fill Einstein spaces, Petrov studied algebraic structure of energy-
impulse tensor. This is what he did: tensor T, 3 was compared to metric tensor in an arbitrary point;
for this point the difference To3—£gqs is calculated, where ¢ are so-called eigenvalues of matrix T, g;
the difference is equaled to zero to find & values which make the equality true. This problem is also
referred to as the problem of matrix eigenvalues®!. The set of matrix eigenvalues allows to define the
matrix’s algebraic type. For sign-constant metric the problem had been already solved, but Petrov
proposed a method to bring a matrix to canonical form for indefinite (sign-alternating) metric, which
allowed using is in pseudo-Riemannian space, in particular, to study algebraic structure of energy-
impulse tensor. This can be illustrated as follows. Eigenvalues of matrix Ti, g are similar to basic
vectors of metric tensor matrix, i.e. are a sort of “skeleton” of T, (skeleton of matter); but even if
we know what is the skeleton like, we may not know exactly what are the muscles. Nevertheless, the
structure of such skeleton (length and mutual orientation of vectors) we can judge on the properties
of matter, such as uniformity or isotropy, and their relation to curvature of space.

As a result, Petrov obtained that Einstein spaces have three basic algebraic types of energy-impulse
tensor and a few subtypes. According to algebraic classification of energy-impulse tensor and curvature
tensor, all Einstein spaces are sub-divided into three basic types (so-called Petrov classification)?.

Type I spaces are best intuitively comprehensible, because field of gravitation there is produced by
a massive island (“island” distribution of substance), while the space itself may be empty or filled with
vacuum. Curvature of such space is created by island mass and by vacuum. At the infinite distance
from the island mass, in absence of vacuum, space remains flat. Devoid of island mass but filled with

31Generally, the problem of matrix eigenvalues should be solved in a given point, but the obtained result is applicable
to any point of the space.

32Chronometrically invariant interpretation of algebraic classification of Einstein spaces (or, in other words, of Petrov
fields of gravitation) was obtained in 1970 by a co-author of this book (L. B. Borissova, née Grigoreva [26]).
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vacuum, Type I space also bears curvature (e.g. de Sitter space). Empty Type I space, i.e. the one
devoid of island masses or vacuum, is flat.

Types II and III spaces are more exotic because are curved by themselves. Their curvature is
not related to island distribution of masses or presence of vacuum. Types II and III are generally
attributed to radiation fields, for instance, to gravitational waves.

A few years later E.B. Gliner [27, 28, 29] in his study of algebraic structure of energy-impulse
tensor of vacuum-like states of matter (Thg~gag, Rag=kgap) outlined its special type for which all
four eigenvalues are the same, i.e. three space vectors and one temporal vector of “ortho-reference” of
tensor T, are equal to each other®®. The matter that corresponds to energy-impulse tensor of such
structure has constant density u=const, equal to the value of coinciding eigenvalues of energy-impulse
tensor p=¢ (the dimension of [u]=[T,5]=[gcm~3]). Energy-impulse tensor itself in this case is®*

Top = HGap - (5.9)
Equations of field at A=0 are
1
Ra[-} - §gaﬁR = —&UGaps , (510)
and with cosmological term A#0
1
Rop — igaﬁR = —®fgag + AJas - (5.11)

Gliner called such state of matter p-vacuum [27, 28, 29], because it is related to vacuum-like states
of substance (Ths~gas, Rap=Fkgas), but is not exactly vacuum (in vacuum T, 3=0). At the same time
Gliner showed that spaces filled with p-vacuum are Einstein spaces and three basic types of p-vacuum
exist, which correspond to three basic algebraic types of energy-impulse tensor (and curvature tensor).
In other words, Einstein space of each type (I, I, and III), if matter is present in them, is filled with
p-vacuum of corresponding type (I, II, or III).

Actually, because for “ortho-reference” of energy-impulse tensor of p-vacuum all three space vectors
and one temporal vector are the same (all four directions are equal), p-vacuum is the highest degree of
isotropy of matter. Besides, because Einstein spaces are uniform and density of matter in their every
point is everywhere equal [3], then p-vacuum that fills them does not only have constant density, but
is uniform as well.

As we have seen, Einstein spaces can be filled with p-vacuum, with regular vacuum 7,3=0 or
with emptiness. Besides, there may exist isolated “islands” of mass, which also produce curvature.
Therefore Type I Einstein spaces are the best illustration of our knowledge of our Universe as a whole.
And thus to study geometry of our Universe and physical states of matter that fills it is to study
Type I Einstein spaces.

Petrov has proposed and proven a theorem: “Any space with constant curvature is Einstein space”
(see Section 13 in [3]). And also that “...Types II and III Einstein spaces can not be constant curvature
spaces”. Hence constant curvature spaces are type I spaces according to Petrov classification (Einstein
spaces). If K=0 Type I Einstein space is flat. This makes the study of vacuum and vacuum-like states
of matter in our Universe even simpler, because by today we have well studied constant curvature
spaces. These are de Sitter spaces, or, in other words, spaces with de Sitter metric.

In de Sitter space T,3=0, and A#0, it is spherically symmetric, filled with regular vacuum and
does not contain “islands” of substance. On the other hand we know that the average density of
matter in our Universe is rather low. Looking at it in general, we can neglect presence of occasional
“islands” and inhomogeneities, which locally distort spherical symmetry. Hence our space can be
generally assumed as de Sitter space with radius equal to that of the Universe.

33If we introduce a local flat space, tangential to Riemannian space in a given point, then eigenvalues £ of tensor
T,p3 are values in oath-reference, corresponded to this tensor, as contrasted to eigenvalues of metric tensor gog in
ortho-reference, defined in this tangential space.

34Gliner used signature (—+-++), hence he had To3=—pgas and because observable density is positive p:% =—u>0,
Gliner had negative p values. In our book we use signature (+ — ——), because in this case three-dimensional observable

interval is positive. Hence we have u>0 and Tog=pgag-
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Theoretically de Sitter space may bear either positive (K>0) or negative (K <0) curvature. Anal-
ysis (J.L.Synge) shows that in de Sitter world with K'<0 time-like geodesic lines are closed: test
particle repeats its motion again and again along the same trajectory. This hints some ideas, which
seem to be too “revolutionary” from viewpoint of today’s physics [30]. Consequently, most physicists
(Synge, Gliner, Petrov, et al.) have left negative curvature de Sitter space beyond the scope of their
consideration.

As known, positive curvature Riemannian spaces are generalization of a regular sphere, while the
negative curvature ones are generalization of Lobachewski-Bolyai space, an imaginary-radius sphere.
In Poincaré interpretation spaces with negative curvature reflect onto the inner surface of sphere.
Using methods of chronometric invariants, Zelmanov showed that in pseudo-Riemannian space (which
metric is indefinite) three-dimensional observable curvature is negative to four-dimensional curvature.
Because we percept our planet as a sphere, the observable three-dimensional curvature of our world
is positive. If any hypothetical beings inhabited the “inner” surface of Earth, they would percept it
as concave and their world will be negative curvature one.

Such illustration inspired some researchers for the idea of possible existence of our mirror twin, the
mirror Universe inhabited by antipodes. Initially it was assumed that once our world has positive cur-
vature, the mirror Universe must be negative curvature space. But Synge showed ([30], Chapter VII)
that in de Sitter positive curvature space space-like geodesic trajectories are open, while in negative
curvature de Sitter space they are closed. In other words, negative curvature de Sitter space is not a
mirror reflection of its positive curvature counterpart.

On the other hand, in our previous studies [15, 16] (see also Section 1.3 herein) we found another
approach to concept of the mirror Universe. Study of motion of free particles with time flow reversed in
respect to that of observer, showed that observable scalar component of their four-dimensional impulse
vector is negative relativistic mass. Noteworthy, particles with “mirror” masses were obtained as a
formal result of projecting four-dimensional impulse on time and was not related to changing sign
of space curvature: particles with either direct or reverse flow of time may either exist positive or
negative curvature spaces.

These results obtained by geometric methods of General Relativity inevitably affect our view of
matter and cosmology of our Universe.

In Section 5.2 we are going to obtain formula for energy-impulse tensor of vacuum and at the same
time the formula for its observable density. We will also introduce classification of matter according
to form of energy-impulse tensor (7T-classification). In Section 5.3 we are going to look at physical
properties of vacuum in type I Einstein spaces; in particular, we will discuss properties of vacuum in
de Sitter space and make conclusions on global structure of our Universe. Following this approach in
Section 5.4 we will set forth the concept of origination and development of the Universe as a result of
Inversion Ezplosion from the pra-particle that possessed some specific properties. In Section 5.5 we
will obtain the formula for non-Newtonian gravitational inertial force that is proportional to distance.
Sections 5.6 and 5.7 will focus on collapse in Schwarzschild space (gravitational collapse, black hole)
and in de Sitter space (inflational collapse, inflanton). Section 5.8 will show that our Universe and
the mirror Universe are worlds with mirror time that co-exist in de Sitter space with four-dimensional
negative curvature. Also we will set forth physical conditions, which allow transition through the
membrane that separates our world and the mirror Universe.

5.2 Observable density of vacuum. T-classification of matter

Einstein equations (field equations in Einstein gravitation theory) are functions that link curvature
of space to distribution of matter. Generally they are Rog—3gasR=—2Tag+Agas. The left part, as
known, describe geometry of space, while the right one describes matter. The sign of the second term
depends upon that of A. As we are going to see, the sign of A, i. e. behavior of Newtonian gravitation
(attraction or repulsion) is directly linked to the sign of vacuum density.

Einstein space are defined by condition T,,3~g.g, field equations for them are R,g=kgas. Such
field equations can exist in two cases: (a) when T,37#0 (substance); (b) when T,3=0 (vacuum).
But because in Einstein spaces, filled with vacuum, energy-impulse tensor equals to zero, it can not
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be proportional to metric tensor, it contradicts with the definition of Einstein spaces (Tag~gag)-
So what is the problem here? In absence of any substance (i.e. in vacuum) field equations become
Rag—% 9JapR=Agag, 1. €. curvature is produced by A-fields (non-Newtonian fields of gravitation) rather
then by substance. In absence of both substance and A-fields R,3=0, i.e. space empty but generally
is not flat.

As a result we can see that A-fields and vacuum are practically the same thing, i.e. vacuum is
non-Newtonian field of gravitation (we will call this physical definition of vacuum). Hence A-fields are
action of own potential of vacuum.

This means that the term Agog can not be omitted in field equations in vacuum, whatever small
it is, because it describes vacuum, which is among the reasons that make space curved. Then field
equations Rag—39gasR=—2Tap+Agas can be put down as

1 ~
Rap = 59apR = —Tap, (5.12)

in the right part of which the 2nd rank tensor
~ v A
Taﬂ = Tag + Tag = Taﬁ — ;gaﬁ (513)

is energy-impulse tensor that describes matter in general (both substance and vacuum). The first
term here is energy-impulse tensor of substance. The second term

o A
Top == 9as (5.14)

is analog to energy-impulse tensor for vacuum.

Therefore because Einstein spaces may be filled with vacuum, their mathematical definition is
better to be set forth in a more general form to take account for presence of both substance and
vacuum (A-fields): Tpg~gqs- In particular, doing this helps to avoid contradictions when considering
Einstein empty spaces.

Noteworthy, the obtained formula for energy-impulse tensor of vacuum (5.14) is a direct conse-
quence of field equations in general form.

If A>0, then non-Newtonian forces of gravitation repel and the physical observable density of
vacuum is negative

T, A A

soTo_ Ay (5.15)
Yoo ® ®

while if A<0 (non-Newtonian forces of gravitation attract) the observable density of vacuum is, to the

contrary, positive .
. Too A [A|
p=—=—-—=—2>

p S =0 (5.16)
00

The latter fact, as we will see in the next Section, is of great importance, because de Sitter space
with A<0, which is constantly negative (four-dimensional) curvature space filled with vacuum only
(no substance present), best fits our observation data on our Universe in general.

Therefore proceeding from studies by Petrov and Gliner and taking into account our note on
existence of own energy-impulse tensor (and hence physical properties) in vacuum (A-fields), we can
set forth “geometric” classification of states of matter according to energy-impulse tensor. We will
call this T-classification of matter

I. emptiness: T,3=0, A=0 (space-time without matter), field equations are R,3=0;
II. vacuum: T,3=0, A\#0 (produced by A-fields), field equations are Gog=—Agag;

III. p-vacuum: Tog=pgas, p=const (vacuum-like state of substance), in this case field equations
are Gog=—2[gag;

IV. substance: T,37#0, Tog7g.s (this state comprises both regular substance and electromag-
netic field).
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Generally energy-impulse tensor of substance (Type IV in T-classification) is not proportional
to metric tensor. On the other hand, there are states of substance in which energy-impulse tensor
contains a term proportional to metric tensor, but because it also contains other terms it is not
p-vacuum. Such are, for instance, ideal fluid

b p
Top = (P - ?) UaUs — 29a85 (5.17)

and electromagnetic field
Taﬁ = FpanUgozﬁ - Faan{r , (518)

where F,,F?? is the first invariant of electromagnetic field (3.27), Fg is Maxwell tensor, and p is
fluid pressure. If p=pc? (substance inside atomic nuclei) and p = const, energy-impulse tensor of ideal
fluid seems to be proportional to metric tensor.

But in the next Section we will show that equation of state of p-vacuum has fully different form
p=—pc? (state of inflation, expansion in case of positive density). Hence pressure and density in atomic
nuclei should not be constant as to prevent transition of their inner substance into vacuum-like state.

Noteworthy, this T-classification, just like equations of field, is only about distribution of matter
that affects space curvature, but not about test particles — material points which own masses and
sizes are so small that their effect on curvature of space can be neglected. Therefore energy-impulse
tensor is not defined for particles, and they should be considered beyond this T-classification.

5.3 Physical properties of vacuum. Cosmology

Einstein spaces are defined by field equations like R,g=Fkgng3, where k=const. With A#0 and
Tos=pgap space is filled with matter, which energy-impulse tensor is proportional to fundamental
metric tensor, i.e. with g-vacuum. As we saw in the previous Section, for vacuum energy-impulse
tensor is also proportional to metric tensor. This means that physical properties of vacuum and those
of p-vacuum are mostly the same, save for a scalar coefficient that defines composition of matter
(A\-fields or substance) and absolute values of the acting forces. Therefore we are going to consider
Einstein space filled with vacuum and p-vacuum. In this case field equations become

1

Rag = 59apR = = (21 = A) gag - (5.19)

Putting them down in a mixed form and then contracting we arrive to scalar curvature
R=4(z2u— M), (5.20)
substituting which into the initial equations (5.19) we obtain field equations in final form

Rap = (@p — A) gagp (5.21)

where the term sep—A=const=k.
Now we are going to look at physical properties of vacuum and pg-vacuum. We deduce chronometri-

cally invariant components of energy-impulse tensor: observable density of matter p:T 0 observable

9o
density of impulse J 1:%, and observable tensor of strengths U*=c2T"*.
00

For energy-impulse tensor of p-vacuum T,3=pgqg physical observable components are

T
p="2—y, (5.22)
goo
) T
Ji=0 g, (5.23)

1/ 900

U* = 2T%* = —uc®ht* = —pc? k. (5.24)



CHAPTER 5. VACUUM AND THE MIRROR UNIVERSE 138

For energy-impulse tensor Taﬁ:—% Jgap (5.14) that describes vacuum, observable values are

soTo_ A (5.25)
goo x®
o cTi
Ji=—% =0, 5.26
v/ 900 ( )
vy o A . .
Uk = 2T = Ze2htt = —pc2hi*. (5.27)
®

From here we see that vacuum (A-fields) and p-vacuum have constant density, i.e. are uniformly
distributed matter and are also non-emitting media, because energy flux c2J? in them is zero
3rri 3mi
o cT; ’ c’T,
62J2:70: s CQJZ:70:0. (528)
v/ 900 v/ 9oo
In the frame of reference that accompanies the medium, tensor of strengths equals (according to
Zelmanov’s works [6, 8])
Uik = pohix — aix = phik — Bik (5.29)

where pg is equilibrium pressure, defined from the equation of state, p is the true pressure, oy is

2nd type viscosity (viscous strengths tensor) ﬂikzaik—%ahik is its anisotropic part (1st type viscosity,

which reveal itself in anisotropic deformation), where a=c! is trace of 2nd type viscosity tensor.
Formulating tensor of strengths for y-vacuum (5.24) in the frame of reference that accompanies

p-vacuum itself, we arrive to
Ui, = phix = —pc*hik , (5.30)

and similarly to tensor of strengths for vacuum (5.27)
Uik = phir = —pc i, (5.31)

This implies that vacuum and p-vacuum are non-viscous media (c;=0, §;,=0) which equations
of state3>

p=—pc2, p = —pc. (5.32)

Such state of matter is referred to as inflation because at positive density of matter pressure
becomes negative and the media expands.

These are the basic physical properties of vacuum and p-vacuum: uniform (p=const), non-viscous
(i1,=0, Bix=0), and non-emitting (c2J'=0) media in the state of inflation.

From general physical properties we are going to turn now to analysis of vacuum that fills constant
curvature spaces, in particular, de Sitter space, which is the closest approximation of our Universe as
a whole.

In constant curvature spaces Riemann-Christoffel tensor is (see Chapter VII in Synge’s book [30])

Rogvs = K (9ar985 — 9as98+) » K = const. (5.33)

Having the tensor contracted by two indices, we obtain the formula for Ricci tensor, which subse-
quent contraction allows to deduce a scalar value. As a result we have

Rog = —3Kgag, R=-12K. (5.34)

Assuming our Universe a constant curvature space, we obtain field equations formulated with

curvature
3K gap = —2Tap + Agap - (5.35)

35Equation of state of distributed matter is dependence of its pressure from density. For example, p=0 is equation
of state of dust media, p=pc? is equation of state of matter in atomic nuclei, p:% pc? is equation of state of ultra-
relativistic gas.
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We put them down in Synge’s notation as (A—3K) gag=aTas. Then energy-impulse tensor of
substance in constant curvature spaces is
A—3K

Top = ——9as- (5.36)

From here we see that in constant curvature space the problem of geometrization of matter solves
by itself: energy-impulse tensor (5.36) contains metric tensor and constants only.

De Sitter space is a constant curvature space where T,g=0 and A#0, i.e. the one filled with
vacuum (substance is absent). Then having energy-impulse tensor of substance (5.36) equaled to zero
we obtain the same result as did Synge: in de Sitter space A=3K.

Taking into account this relation, the formula for observable density of vacuum in de Sitter world

becomes
. A 3K 3K c?
P ™ e T T 8rG

Now we are approaching the key question: what is the sign of four-dimensional curvature in our
Universe? The reason to ask is not pure curiosity. Depending from the answer the de Sitter world
cosmology we have built may fit the available data of observations or may lead to results totally alien
to commonly accepted astronomical facts.

As a matter of fact, given that four-dimensional curvature is positive (K >0) density of vacuum will
be negative and hence inflational pressure will be greater than zero — vacuum contracts. Then because
A>0 non-Newtonian forces of gravitation are those of repulsion. We will then witness struggle of two
actions: positive inflational pressure of vacuum, which tend to compress the space, and repulsion forces
of non-Newtonian gravitation. The result will be as follows: firstly, because A-forces are proportional
to distance, their expanding effect would grow along with growth of radius of the Universe and the
expansion would accelerate. Secondly, if the Universe has ever been of size less than the distance, at
which contracting pressure of vacuum is equal to expanding action of A-forces, the expansion would
become impossible.

If to the contrary the four-dimensional curvature is negative (i.e. K'<0), the inflational pressure
will be less than zero — vacuum expands. Besides, because in this case A<0, non-Newtonian forces of
gravitation are those of attraction. Then the Universe can keep expanding from nearly a point until
density of vacuum becomes so low that its expanding action becomes equal to non-Newtonian A-forces
of attraction.

As seen, the question of curvature sign is the most crucial one for cosmology of our Universe.

But human perception is three-dimensional and a regular observer can not judge anything on sign
of four-dimensional curvature by means of direct observations. What can be done then? The way out
of the situation is in theory of chronometric invariants — a method to define physical observable values.

Among the goals that Zelmanov set for himself was to build tensor of curvature of three-dimensional
non-holonomic space, which would possess properties of Riemann-Christoffel tensor and, at the same
time, would be chronometrically invariant. Zelmanov decided to build such tensor using similarity
with Riemann-Christoffel tensor, which results from non-commutativity of the second derivatives from
an arbitrary vector in a given space. Deducing the difference of the second chronometrically invariant
derivatives from an arbitrary vector, he arrived to

(5.37)

24, F0Q
¢z 0Ot

VitVeQr — Ve TVQr =
which contains chronometrically invariant tensor

S JAS RV ; :
! ki

Hlki] = 81‘; - ozt + A;?A;cm - AZEAim )
which is similar to Schouten tensor from theory of non-holonomic manifolds®®. But in general case
in presence of space rotation (A;,#0), tensor Hj;/ is algebraically different from Riemann-Christoffel

+H;il Q; (5.38)

(5.39)

36J. A. Schouten built the theory of non-holonomic manifolds for an arbitrary number of measurements, considering
m-dimensional sub-space in n-dimensional space, where m<n [31]. In theory of chronometric invariants we actually
consider an (m=3)-dimensional sub-space in (n=4)-dimensional space.
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tensor. Therefore Zelmanov introduced a new tensor
1
Cikij = 1 (Hikij — Hjka + Hirji + Huje) (5.40)

which was not only chronometrically invariant, but also possessed all algebraic properties of Riemann-
Christoffel tensor. Therefore Cji; is tensor of curvature of three-dimensional space of reference of
observer, who accompanies his body of reference. Having it contracted, we obtain chronometrically
invariant values

which also describe curvature of three-dimensional space. Because Cji;ij, Cij, and C are chronomet-
rically invariant, they are physical observable values. In particular C is three-dimensional observable
curvature [8, 10].

Concerning our analysis of vacuum properties and cosmology, we need to know how observable
three-dimensional curvature C' is linked to four-dimensional curvature K in general and in de Sitter
space in particular. We are going to tackle this problem step-by-step.

Four-dimensional Riemann-Christoffel curvature tensor is a 4th-rank tensor, hence it has n*=256
components, out of which only 20 are significant. Other components are either zeroes or contain each
other, because Riemann-Christoffel tensor is:

e symmetric by each pair of indices Rngys=Rys503;

e antisymmetric in respect to transposition inside each pair of indices Ragys=—Rga~s,

Raﬂ’y(;:*Ra,@(S’y;
e its components are constrained with the relationship R, s,5)=0, where round brackets stand for
transpositions by indices 3, v, 9.

Significant components of Riemann-Christoffel tensor produce three chronometrically invariant
(physical observable) tensors
2B i _ _cﬂ

goo V00

Tensor X** has 6 components, tensor Y% has 9 components, while tensor Z%/*' has only 9 due
to its symmetry. Components of the second tensor are constrained by Yy =Yije+Yjki+Yri;=0.
Formulating the values with chronometrically invariant properties of space of reference and having
indices lowered we obtain

Xik — ZUkl — _ 2 Riik (5.42)

*0D; . 1, " 1
Xij = —5, L — (D + A}) (Dji + Ajr) + 5 ("ViF; + "V;F) — ?Fz’Fj ; (5.43)
2
Yije = *Vi(Djr + Aji) — "V (D + Aig) + C*QAiij , (5.44)
Zinj = Dir,Dij — DDy + A Ay — AuArj + 2455 Ak — 0y - (5.45)

From these Zelmanov formulas we see that spatial observable components of Riemann-Christoffel
curvature tensor (5.45) are directly linked to chronometrically invariant tensor of three-dimensional
observable curvature Cjpy;.

Now we are going to deduce the formula for three-dimensional observable curvature in a constant
curvature space. In this case Riemann-Christoffel tensor is as of (5.33), then

Roior = =K hixgoo , (5.46)
K
Roijie = ~/g00 (vihix — vihis) (5.47)

1 1
Rijkl =K hikhjl — hilhkj + ?’Ui (’Ulhkj — ’Ukhjl) + ijj ('Ukhil — 'Ulhik) . (5.48)
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Having deduced its physical observable components (5.42), we obtain Having deduced its chrono-
metrically invariant (physical observable) components (5.42), we obtain

X* = Kn*, vk =0, ZU" =K (h*h' - hRIY), (5.49)
hence spatial observable components with lower indices will be
Zijiu = K (hirhji — hahjy) . (5.50)
Contracting this value step-by-step we obtain
Zj =275 =2Khy,  Z=12]=6K. (5.51)

On the other hand, we know the formula for Z;;i; in an arbitrary curvature space (5.45), which
explicitly contains tensor of three-dimensional observable curvature. Evidently it is true for K=const
as well. Then having the general formula (5.45) contracted we have

Ziy = Dilek —DyD + Ai}gAﬁ + 2A%A54 — CQCZ'Z , (5.52)
Z =h"Zy = Dy, D* — D* — A, A% — 2O (5.53)

In a constant curvature space Z=6¢?K (5.51), hence in such space the relationship between four-
dimensional curvature K and physical observable three-dimensional curvature C' is

6c°K = Djp D™ — D? — A A — 2C. (5.54)

From here we see that in absence of rotation and deformation of space four-dimensional curvature
has the opposite sign in respect to three-dimensional observable curvature. In de Sitter space (because
there rotation and deformation are absent) we have

K=-2c, (5.55)
6
i. e. three-dimensional observable curvature equals C=—6K.

Now we are able to build a model for development of our Universe relying upon two experimental
facts: (a) the sign of observable density of matter, and (b) the sign of observable three-dimensional
curvature.

Firstly, our everyday experience shows that density of matter in our Universe is positive however
sparse it may be. Then to ensure that density of vacuum (5.37) is positive, the cosmological term
should be negative A<0 (non-Newtonian forces attract) and hence four-dimensional curvature should
be negative K <0.

Secondly, as D.Ivanenko wrote in his preface to J. Weber’s book [25] “Though the data of cos-
mological observations are evidently not exact, but, for instance, McWittie [32] maintains that the
best results of observation of Hubble red shift Ha75-100km/s -Mpc and of average density of matter
p~10~3! g/sm? support the idea of non-disappearing cosmological term A<0”.

As a result we can assume that density of vacuum in our Universe is positive and three-dimensional
observable curvature C>0. Hence four-dimensional curvature K <0 and hence cosmological term A<0.
Then from (5.37) we obtain observable density of vacuum in our Universe, formulated with observable
three-dimensional curvature

A 3K C

=—>0, 5.56
ES S 2% ( )

i.e. inflational pressure of vacuum is negative p=—pc? (vacuum expands). And because uniform
distribution in space is among the physical properties of vacuum, negative inflational pressure also
implies expansion of the Universe as a whole.

Therefore observable three-dimensional space of our Universe (C>0) is a three-dimensional ex-
panding sphere, which is a sub-space of four-dimensional space-time (K <0), a space with generalized
Lobachewski-Bolyai geometry.
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Of course de Sitter space is merely an approximation of our Universe. Astronomical data say
that though “islands” of masses are occasional and hardly affect the global curvature, their effect on
space curvature in their vicinities is significant (deviation of light rays within the gravitational field
and similar effects). But in study of the Universe as a whole we can neglect occasional “islands”
of substance and local non-uniformities in curvature. In such cases de Sitter space with negative
four-dimensional curvature (observable three-dimensional curvature is positive) can be assumed the
background space of our Universe.

5.4 Concept of Inversion Explosion of the Universe

From the previous Section we know that in a de Sitter space A=3K, i.e. that according to its phys-
ical sense A-term is the same as curvature. For three-dimensional spherical sub-space observable
curvature C=—6K is

C= 2k (5.57)
where R is observable radius of curvature (sphere radius). Then four-dimensional curvature of space-

time equals 1

6R2’
i.e. the larger is the radius of sphere, the less is curvature K. According to astronomical estimates, our
Universe emerged 10-20 billion years ago. Hence the distance covered by a photon since it was born
at the dawn of the Universe is Ry~102"-102?® cm. This distance is referred to as radius of the horizon
of events. Assuming our Universe as whole to be a de Sitter space with K <0 for four-dimensional
curvature and hence for A-term A=3K we have the estimate

1
K=——+~-10"%cm2 (5.59)
6R2,

K= (5.58)

On the other hand, similar figures for the horizon of events, curvature and A-term are available
from Roberto di Bartini [29, 30], who studied relationships between physical constants from topological
viewpoint. In his works the space radius of the Universe is interpreted as the longest distance, defined
from topological context. According to di Bartini’s inversion relationship

Rp

the space radius R (the longest distance) is an inversion image of gravitational radius of electron
p=1.347-1075% cm in respect to radius of spherical inversion r =2.818-10~1% cm, which equals to clas-
sical radius of electron (according to di Bartini — radius of spherical inversion). The space radius
(the largest radius of the horizon of events) equals

R = 5.895-10% cm. (5.61)

From topological context di Bartini also defined the space mass (the mass within the space radius)
and the space density, which are

M= 398-10"g, p= 9.87-10"3* g/cm?. (5.62)

As a matter of fact, studies done by di Bartini say that the space of the Universe (from classical
radius of electron up to the horizon of events) is an external inversion image of the inner space of a
certain particle with size of electron (its radius can be estimated within the range from the classical
radius of electron up to its gravitational radius). From other viewpoints the particle is different from
electron: its mass equals to space mass M=3.986 -10°7 g, while that of electron is m=9.11-10"28 g.

The space within that particle can not be represented as a de Sitter space. As a matter of fact, the
density of vacuum in de Sitter space with K <0 and observable radius of curvature r =2.818-10~'2 cm is

3K 1

ﬁ:—iz

~ 53 = 339 10° g/cm?, (5.63)
X xr
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while that inside di Bartini’s particle is

=—— =9.03-10% g/cm®. 5.64
P=523 g/ (5.64)

On the other hand, an outer space, being the inversion image of the inner one, according to its
properties can be assumed as a de Sitter space. Let us assume that a space with radius of curvature,
equal to di Bartini radius R=>5.895 -10%° cm, is a de Sitter space with K<0. Then four-dimensional

curvature and A-term are

1
K =—cms = —48: 107% em ™2, (5.65)

1
A=3K = —oms = 144 107 cm ™2, (5.66)

i.e. are five orders of magnitude less than the observed estimate, which equals [A\|<10756. This can
be explained because the Universe keeps on expanding and in a distant future absolute values of its
curvature and the cosmological term will grow down to approach the figures in (5.65, 5.66), calculated
for the longest distance (the space radius). Estimated density of vacuum in de Sitter space within the

space radius is )
3K 3K
P = 87T2 ~7.7-1034 g/cm® (5.67)

is also less than observed average density of matter in the Universe (5-10-1073° g/cm?) and is close
to the density of matter within the space radius according to di Bartini 9.87-10734 g/cm3.

To find how long will our Universe keep expanding we have to define the gap between the observed
radius of the horizon of events Ry and the radius of curvature R. Assuming the maximum radius of
the horizon of events in the Universe Ry (max) equal to the space radius (the outer inversion distance),
which according to di Bartini is R=5.895-10% cm (5.61), and comparing it with the observed radius
of the horizon of events (Rz~10%"-10%% cm), we obtain AR:RH(maX)—RHz5.8-1029 cm, i. e. the time

left for expansion is
_ AR

t ~ 600 billion years. (5.68)

These calculations of the density of vacuum and of other properties of de Sitter space pave the
way for conclusions on the origin and evolution of our Universe and allow the only interpretation of
di Bartini’s inversion relationship. We will call it cosmological concept of Inversion Explosion. The
concept based upon our analysis of properties of de Sitter space using geometric methods of General
Relativity, and di Bartini’s inversion relationship as a result of contemporary knowledge of physical
constants. We can set forth the concept as follows:

In the beginning there existed a single pra-particle with radius equal to classical radius
of electron and with mass equal to mass of the entire Universe.

Then the inversion explosion occurred: a topological transition inverted matter in the pra-
particle in respect to its surface into the outer world, which gave birth to our expanding
Universe. At present, 10—20 billion years since the explosion, the Universe is in the early
stage of its evolution. The expansion will continue for almost 600 billion years.

At the end of this period the expanding Universe will reach its radius of curvature,
at which non-Newtonian forces of gravitation, proportional to distance, will equalize
inflational expanding pressure of vacuum. The expansion will discontinue and stability
will be reached, which will last until the next inversion topological transition occurs.

Parameters of matter at stages of evolution are calculated in Table 3 — pra-particle before the inversion
explosion, the stage of inversion expansion at the present time, and the stage after the expansion.

The reasons for topological transition, which led to spherical inversion of matter from pra-particle
(Inversion Explosion), remain unknown. .. but so do the reasons for the “emerge” of the Universe in
some other contemporary cosmological concepts, for instance, in the concept of the Big Bang from a
singular point.
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Evolution Age, Space Density, A-term,
stage years radius, cm g/cm3 cm ™2
Pra-particle 0 2.82-107% | 9.03.10% ?
Present time 10-20-10° | 10%*-10%® | 5-10-1073° <1075
After expansion 623-10° | 5.89-10% 9.87-107%* | 1.44-107%
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Table 3. Parameters of matter at stages of evolution of the Universe

5.5 Non-Newtonian gravitational forces

Type 1 Einstein spaces, including constant curvature spaces, aside for having occasional “islands
of matter” may be either empty or filled with uniform matter. But empty Type I Einstein space
(curvature K=0) is dramatically different from not empty one (K=const=£0).

To make our discourse more concrete, we are going to look at the most typical examples of empty
and not-empty Type I Einstein space.

If an island of mass is a ball (spherically symmetric distribution of mass in the island) placed into
emptiness, then curvature of such space is produced by Newtonian field of gravitation of island and
such is not a constant curvature space. At an infinite distance from the island space becomes flat
again, i. e. constant curvature space with K=0. A typical example of field of gravitation produced by
spherically symmetric island of mass in emptiness is a field described by Schwarzschild metric

r dT2 .
ds? — (1 _ 79) Adt? — - —r? (d92 + sin® 9d<p2) )

r

(5.69)

where 7 is distance from the island and 4 is its gravitational radius.
In Schwarzschild metric space rotation and deformation are absent. Components of vector of
gravitational inertial force (1.38) can be deduced as follows. According to the metric (5.69), goo is

Tg

=1—-—= 5.70
goo o ( )

then derivative from potential w=c?(1—,/goo) is
ow _ 2 Agoo (5.71)

@ _21 /900 61‘1

Having this derivative substituted into the formula for gravitational inertial force (1.38) in absence

of rotation we have )
cryg 1

27“21,7;9’
r

2
C'Ty

F'=— .
2r2

F =

(5.72)

Therefore, vector F* in Schwarzschild metric space describes Newtonian gravitational force, which
is reciprocal to square of distance r from the mass (the source of field).

If space is filled with spherically symmetric distribution of vacuum and does not include an island
of mass, its curvature will be everywhere the same. An example of such field is that described by
de Sitter metric

2 2
ds? = (1 — )\;) Adt* — % s (d@2 + sin? 0d<p2) )

(5.73)

3

Note that though de Sitter space has not islands of mass that produce Newtonian fields of gravi-
tation. So, in de Sitter space we can consider motion of small (test) particles, which own Newtonian
fields are so weak that can be neglected.
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De Sitter metric space is a constant curvature one, which becomes flat space only in absence of
A-fields. Rotation or deformation are also absent here, while components of gravitational inertial force
vector are
_ Ac? r

e . 5.74
Y 3 (5.74)

3

i.e. vector F? in de Sitter space describes non-Newtonian gravitational forces, proportional to r: if
A<0, those are attraction forces, if A>0 those are repulsion forces. Therefore forces of non-Newtonian
gravitation (A-forces) grow along with distance at which they act.

Therefore we can see the principal difference between empty and non-empty Type I Einstein space:
in empty one with an island of mass only Newtonian forces exist, while in the one filled with vacuum
without islands of mass there are non-Newtonian gravitation forces only. An example of “mixed”
Typel space is that with Kottler metric [35]

2 2
b d

ds? — (1+ag+> c2dt2—%—r2 (d6*+ sin® 0dyp?) |
T

ar® b
byt
ar b (5.75)
F = 70273 27’2 Fl = 762 (Wb>
ar? b’ 3 22 )’
SR

where both Newtonian and A-forces exist: it is filled with vacuum and includes islands of mass, which
produce Newtonian forces of gravitation. On the other hand, F. Kottler proposed his metric with two
unknown constants a and b to define which some additional constraints are required. Hence despite
some of attractive features of Kottler metric, only two its “ultimate” cases are of practical interest for
us — Schwarzschild metric (Newtonian forces) and de Sitter metric (A-forces).

5.6 Gravitational collapse

Evidently, representing our Universe as either a de Sitter space (filled with vacuum without islands of
mass) or a Schwarzschild space (islands of mass in emptiness) is a certain approximating assumption.
The real metric of our world in “something in the between”. Nevertheless, in some problems dealt
with non-Newtonian gravitation (produced by vacuum), where influence of concentrated masses can
be neglected, de Sitter metric is optimal. And vice versa, in problems with field of concentrated masses
Schwarzschild metric is more reasonable. An illustrative example of such “split” of models is collapse
— a state of space-time in which ggo=0.
Gravitational potential w for an arbitrary metric is (1.38). Then

2

w2 2w w
gooz(l—?> =1- S5+, (5.76)

i.e. collapse (goo=0) occurs at w=c?.

Commonly, gravitational collapse is considered — compression of an island of mass under action
of Newtonian gravitation until it reaches its gravitational radius. Hence “pure” gravitational collapse
occurs in Schwarzschild metric space (5.69), where only Newtonian field of spherically symmetric
island of mass in emptiness is present.

At larger distances from concentrated mass gravitational field becomes weak and Newtonian law
of gravitation becomes true. Hence in a weak field of Newtonian gravitation potential is

w=M (5.77)

r

where G is Newton-Gauss gravitational constant, M is mass of the body that produced that field of
gravitation. In a weak field the third term in (5.76) is small and can be neglected; hence the formula



CHAPTER 5. VACUUM AND THE MIRROR UNIVERSE 146

for ggp becomes

2GM
=1- 5.78
goo 2r ( )
i. e. gravitational collapse in Schwarzschild space occurs if
2GM
=1 5.79
=1, (579)
where the value 9GM
Tg= "3 (5.80)

which has the dimension of length, is referred to as gravitational radius. Then goy can be presented as

goo =1— s (5.81)
T

From here we see that at r=r, in Schwarzschild space collapse occurs. In such case all mass of
spherically symmetric body (the source of Newtonian field) becomes concentrated within its gravi-
tational radius. Therefore the surface of a spherical body, which radius equals to its gravitational
radius, is referred to as Schwarzschild sphere. Such objects are also called black holes because within
the gravitational radius escape velocity is above that of light and hence light can not be emitted from
such objects outside.

As seen from metric formula (5.69), in Schwarzschild field of gravitation three-dimensional space
does not rotate (go;=0) and hence interval of observable space (1.25) is

dr:,ﬁgoodtz,/l—%gdt, (5.82)

i.e. at the distance r=r, interval of observable time equals zero d7=0: from viewpoint of an external
observer the time on the surface of Schwarzschild sphere stops3”. Inside Schwarzschild sphere interval
of observable time becomes imaginary. We can also be sure that a regular observer who lives on the
surface of the Earth, apparently stays outside its Schwarzschild sphere with radius of 0.443 cm and
can only look at process of gravitational collapse from “outside”.

If r=ry then the value

1
gi1 = —71 T (5.83)

r
grows up to infinity. But the determinant of metric tensor gog is

g=—r*sin®0 <0, (5.84)

and hence space-time inside gravitational collapser is generally not degenerated, though collapse is
also possible in zero-space.

At this point a note concerning photometric distance and metric physically observable distance
should be taken.

The value r is not a metric distance along axis z'=r, because the formula for metric (5.69) contains

dr? with coefficient (1—7”79) . Value r is photometric distance defined as function of illumination

produced by a stable source of light and reciprocal to square of distance. In other words, r is radius
of non-Euclidean sphere with surface are 47r? [10].

904
/900

space rotation (1.37). Only assuming g,;=0 and v;=0 the condition of collapse can be defined correctly: for an external
observer time on the surface of collapser stops dr=0, while four-dimensional interval equals to ds?=—do2=g;,dx?dz".
From here a single conclusion can be made: on the surface of collapser space is holonomic (collapser does not rotate).
In our previous studies [15, 16] we showed that zero-space collapses if it does not rotate. Here we proved a more
general theorem: if goo=0 space is holonomic irrespective of whether it is degenerated (g=0, zero space) or for it g<0
(space-time of General Relativity).

37At goo=0 (collapse) interval of observable time (1.25) equals to def%’Uidxi, where v;=—c is velocity of
c
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According to theory of chronometric invariants, metric elementary observable distance between
two points in Schwarzschild space is

2
do =

L Te r2 (d6? + sin® 0dy?) . (5.85)
r

At O=const and p=const it is

G:/z\/EdT:
r

(5.86)

/ 2 dr

T1 1 _ rfg
r

and is not the same as photometric distance r.

Now we are going to define metric of space-time inside Schwarzschild sphere. To do this we
formulate external metric (5.69) for radius r<r,. As a result we have

2
as? = — (2 1) ear® + ,,gd’" 2 (d6° + sin? 0dy?) (5.87)
g1

r

Introducing notations r=ct and ct=F we obtain

2d£2
ds? = rcg — (T—‘ti — 1) di? — 2dt? (d92 + sin? 9d<p2) , (5.88)
T's 1 \e
ct

i.e. metric of space-time inside Schwarzschild sphere is similar to the external metric provided that
the temporal coordinate and the spatial coordinate r swap their roles: photometric distance r outside
black hole is coordinate time ct inside, while coordinate time outside black hole ¢t is photometric
distance 7 inside.

From the first term of Schwarzschild inner metric (5.88) we see that it is not stationary and exists
within a limited period of time

t=-"2. (5.89)

For the Sun, which gravitational radius is 3km, life span of such space would be approximately
<107%s. For the Earth, which gravitational radius is a small as 0.443 cm, life span of inner Schwarz-
schild metric would be even less at 1.5-107!!s.

Comparison of metrics inside gravitational collapser (5.88) and outside of the collapsed body (5.69)
implies that:

1. space of reference of both metrics is holonomic, i.e. does not rotate (A4;,=0);

2. external metric is stationary, vector of gravitational inertial force is Flz—G—éw;

r
3. internal metric is non-stationary, vector of gravitational inertial force is zero.

Now we are going to give external and internal metrics more detailed analysis; to make it simpler
we assume f=const and p=const, i.e. out of all possible spatial directions we limit our study to radial
directions only. Then the external metric will be

dr?

2 _ Ty 2 7,2
ds? = (T 1>cdt t (5.90)
r
while the internal metric is, respectively
2 172

ds? = 4 (T—‘i - 1) dr?. (5.91)
41 et
ct

Now we will define physical observable distance (5.86) along radial direction to the attracting mass
(gravitational collapser)
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/ dr
g = —_— =
L Ts
r
From here we see: at r—r, observable distance

0g =rgln /Ty + const, (5.93)

V=)l (V4 PR + const (592)

and is a constant value. This means that Schwarzschild sphere, defined by photometric radius r4, for
an external observer is a sphere with observable radius o=y In/r,+const (5.93). Therefore for an
external observer gravitational collapser (black hole) is a sphere with constant observable radius, on
which surface time stops.

Now we are going to analyze gravitational collapser’s interiors. Interval of observable time (5.82)
inside Schwarzschild sphere is imaginary for an external observer

dr =iy /2 — 1 dt, (5.94)
T

or, in “interior” coordinates r=ct and ct=7 (from viewpoint of an “inner” observer),

dF = ———di. (5.95)

Hence for an external observer the internal “imaginary” time of collapser (5.94) stops at its surface,
while the “inner” observer sees the pace of observable time on the surface grow infinitely.
From external viewpoint three-dimensional metric distance inside collapser according to (5.87) is

d
02/77‘:—\/r(r—rg)—i—rgarctan,/r—g—1—|—const, (5.96)
T r
S
r
or, from viewpoint of the “inner” observer

&:/,/%—mr. (5.97)

From here we see: at r=ct=r, for an external observer observable distance between any two points
converges to a constant, while for the “inner” observer observable spatial interval grows down to zero.

In conclusion we will address the question of what happens to particles, which fall from “outside”
on Schwarzschild sphere along a radial direction. External metric can be presented as

ds®> = Pdr? —do?, dr = (1 — %) dt, do= dr ) (5.98)

s

r
For real-mass particles ds?>0, for light-like particles ds?=0, for super-light-speed tachyons ds?<0
(their mass is imaginary). In radial motion towards black hole these conditions can be represented as:

; ; dr\’_ 2 g\’
1. mass-bearing real particles (E) <c (1—7) ;

2 2
2. light-like particles (%) =c? (1—%") ;

2 2
3. imaginary particles-tachyons (%) >c? (1—7”79) .

On Schwarzschild sphere r=r,. Hence di:O, i.e. any particle, including light-like one, will stop
there. Four-dimensional interval on Schwarzschild sphere is space-like

ds* = —do?, (5.99)

i.e. ds?<0. This implies that Schwarzschild sphere is filled with particles with imaginary rest-mass.
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5.7 Inflational collapse

There are no islands of mass in de Sitter space, hence field of Newtonian gravitation is absent too
— gravitational collapse is impossible. Nevertheless, condition ggo=0 is a purely geometric definition
of collapse, not necessarily related to Newtonian fields. Subsequently, we can consider it in any
arbitrary space.

We are going to look at a de Sitter metric space (5.73), which describes non-Newtonian field of
gravitation in a constant curvature space without islands of mass. In this case collapse may occur due
to non-Newtonian gravitational forces. From de Sitter metric (5.73) we see that

Ar?

goo =1— 3 (5.100)

i. e. gravitational potential w=c?(1—,/goo) in de Sitter space is

2
w=c? (1— 1- A;:) (5.101)

Because it is a potential of non-Newtonian gravitation, produced by vacuum, we will call it
A-potential. From this formula we see that A-potential equals to zero if de Sitter space is flat (in
this case A=3 and K=0).

Because in de Sitter space A=3K, hence

o goo=1—Kr?>0 at distances r <\/%;

° goozl—Kr2<O at distances r >\/%;

_ 2_ ; __1

e goo=1—Kr?=0 (collapse) at distances r i

At curvature K<0 the value ggo=1—Kr? is always greater than zero. Hence collapse is only
possible in a de Sitter space with K>0.

In Section 5.3 we showed that space in our Universe as a whole has K<0. But we can assume
presence of local non-uniformities with K >0, which do not affect curvature of the space in general.
In particular, on such non-uniformities collapse may occur. Therefore it is reasonable to consider
de Sitter space with K >0 as a local space in the vicinities of some compact objects.

Three-dimensional physical observable curvature C' is linked to four-dimensional curvature with
relationship C=—6K (5.55). Then assuming three-dimensional space is a sphere, we obtain Cz#

(5.57) and hence K :—é (5.58), where R is three-dimensional observable radius of curvature. In
case K <0 value R is real, at K>0 it becomes imaginary.
Collapse in de Sitter space is only possible at K>0. In this case observable radius of curvature is

imaginary. We denote R=iR*, where R* is its absolute value. Then in de Sitter space with K >0

1
K=——= 102
— (5.102)
and the collapse condition ggo=1—K7r? can be represented as
r=R*V6, (5.103)

i.e. at the distance r=R*+/6 in de Sitter space with K >0 the value goo=0 and hence observable time
stops and collapse occurs.

In other words, an area of de Sitter space within radius r=R*\/6 stays in collapse. Taking into
account that vacuum that fills de Sitter space stays in inflation, we will refer to such collapsed area as
inflational collapse, while the value r=R*\/6 (5.77) will be referred to as inflational radius rin¢. Then
collapsed area of de Sitter space within inflational radius will be referred to as inflational collapser
(or as inflanton).
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Inside inflanton K >0 (observable three-dimensional curvature C'<0). In this case density of vac-
uum is negative (inflational pressure is positive, vacuum compresses) and A>0, i.e. non-Newtonian
forces repulse. This means that inflational collapser (inflanton) is filled with vacuum with negative
density and is in the state of fragile balance between compacting pressure of vacuum and expanding
forces of non-Newtonian gravitation.

Interval of observable time in de Sitter space with K >0 is

2
dTZMdtzmdtZ\/jdh (5.104)
Tinf

i.e. on the surface of inflational sphere observable time stops dr=0. The signature we have accepted
(+ — ——), i.e. the condition ggo>0 is true at r<rius.
Using inflational radius we represent de Sitter metric with K >0 as

2 d 2
ds? = (1 - :2) e —— LR PO (5.105)
Tinf

Components of gravitational inertial force (5.74) in this case are

C T T
P = — Fl=c2—. 5.106
1 1 Tz Ti2nf ¢ ri2nf ( )
7,2

inf

Now we are going to deduce observable distance and observable inflational radius. To make calcu-
lations simpler we assume f=const and p=const, i.e. out of all spatial directions only radial one will
be considered. Then observable three-dimensional interval is

dr r
0= [ Vhi1dr = | ————= = rjur arcsin
/ H / V1—Kr? ! Tinf

and hence observable inflational radius is constant

+ const, (5.107)

Tint dr T

——= = S Tinf -
0 \/1—K7‘2 2 f

In Schwarzschild metric space, which we looked at in the previous Section, collapser is a col-
lapsed compact mass, which produces curvature of space as a whole: regular observer stays outside
gravitational collapser.

In de Sitter metric space collapser is vacuum, which fills the whole space. Collapse area in de Sitter
space is comparable to surface, which radius equals to radius of curvature of space, hence regular
observer stays under the surface of inflational collapser and “watches” it from inside.

To look beyond inflational collapser we present de Sitter metric with K>0 (5.105) for r>ri,s.
Considering radial directions, in coordinates of a regular observer (“inner” coordinates of the collapser)
we obtain

(5.108)

Oinf =

2 d 2
ds® = — (2 - 1) e e — (5.109)
Tinf L -1
ri2nf

or, from viewpoint of an observer, who styes outside collapser (in “external” coordinates of this
collapser r=ct and ct=r)

2 172 272
9 codt ct 5
2

Tinf
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5.8 Concept of the mirror Universe. Conditions of transition through
membrane from our world into the mirror Universe

As we mentioned in Section 5.1, attempts to represent our world and the mirror Universe as two
spaces with positive and negative curvature failed: even within de Sitter metric, which is among the
simplest space-time metrics, trajectories in positive curvature spaces are substantially different from
those in negative curvature spaces (see Chapter VII in J. L. Synge’s book [30]).

On the other hand, numerous researchers, beginning from P. Dirac, intuitively predicted that the
mirror Universe (as the antipode to our Universe) must be sought not in a space with opposite
curvature sign, but rather in a space with different sign of mass and energy. That is, because masses
of particles in our Universe are positive, then those of the mirror Universe particles must be evidently
negative.

Joseph Weber [25] wrote that neither law of universal gravitation nor relativistic theory of gravita-
tion ruled out existence of negative masses; rather, our empirical experience says they have never been
observed. Both Newtonian theory of gravitation and General Relativity predicted behavior of negative
masses, totally different from what electrodynamics prescribes for negative charges. For two bodies,
one of which bears positive mass and another bears negative one, but equal to the first one in absolute
value, it would be expected that positive mass will attract the negative one, while the negative mass
will repulse the positive one, so that one will chase the other! If motion occurs along line that links
the centers of the two bodies, such system will move with constant acceleration. This problem was
studied by H.Bondi [37]. Assuming gravitational mass of positron to be negative (observations say
its inertial mass is positive) and using methods of quantum electrodynamics, L. I. Schiff obtained the
difference between inertial and gravitational masses of positron. The difference proved to be much
greater than the error margin in the experiment by E6tvos, who showed equality of gravitational and
inertial masses [38]. As a result, Schiff concluded that negative gravitational mass in positron can not
exist (see Chapter 1 in J. Weber’s book [25]).

Besides, “co-habitation” of positive and negative masses particles in the same space-time area
would cause ongoing annihilation. Possible consequences of “mixed” particles with positive and neg-
ative masses were also studied by Ya.P. Terletskii [39, 40].

Therefore the idea of the mirror Universe as a world of negative masses and energies faced two
obstacles: (a) experimentum crucis, which would point directly at exchange interactions between our
world and the mirror Universe, and (b) absence of theory that would clearly explain separation of
worlds with positive and negative masses in space-time of General Relativity.

In this Section we are going to tackle the second (theoretical) part of the problem. In the next
Chapter we will show that the experimentum crucis has been actually accomplished in the recent
decade by various researchers (anomalous rate of orthopositronium annihilation), but in absence of
proper theoretical “back-up” its results have not been interpreted as proof of existence of the mirror
Universe and are still open for discussion.

We are going to look at the term “mirror properties” as applied to space-time metric. To solve
the problem we present the square of space-time interval in chronometrically invariant form

ds® = c*dr* — do?, (5.111)
where .
do?* = hipda'dz", (5.112)
w 1 i w + vul
dr = (1 - cj) dt — —vida’ = (1 - c2> dt. (5.113)

From here we see that elementary spatial interval (5.112) is a quadratic function of elementary
spatial increments dz®. Spatial coordinates z° are all equal, i. e. there is no principal difference between
translational movement to the right or to the left, up or down. Therefore we will no longer consider
mirror reflections in respect to spatial coordinates.

Time is a different thing. Physical observable (observer’s own) time 7 of regular observer always
flows from past into future, hence d7>0. But there are two cases when time stops. Firstly, it is possible
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in a regular space-time in a state of collapse. Secondly, this happens in zero-space — degenerated four-
dimensional space-time. Therefore the state of an observer, whose own time stops, may be regarded
transitional one, i.e. unavailable under regular conditions.

We will consider the problem of the mirror world for both d7>0 and dr=0. In the latter case the
analysis will be done separately for collapsed areas of regular space-time and for zero-space. We begin
the analysis from a regular case of d7>0. From the formula for physical observable time (5.113) it is
evident, that this condition is true when

w+ v < 2. (5.114)

In absence of space rotation (v;=0) it becomes w<c?, which corresponds to space-time structure
in state of collapse.
The square of four-dimensional interval (5.111) can be expanded as

2
ds® = (1 — u;) Adt? — 2 (1 — u;) vidztdt — hipdzidz® + —zvivkda:’dmk, (5.115)
c c c

on the other hand )

v .
ds® = dr? — do? = Pdr? <1 — 2) , v2 = hyvivE. (5.116)
c
Let us divide both parts of the formula for space-time interval ds? (5.115) by different values in
accordance with the kind of space-time trajectory of particle (real non-isotropic, zero isotropic, or

imaginary non-isotropic):
27,2 v . e : 2
1. c*dr?| 1— 5 ] if space-time interval is real ds“>0;
c

2. c%dr? if space-time interval equals zero ds?>=0;

2
3. c2d7'2<"21> if space-time interval is imaginary ds<0.
c
As a result in all cases we obtain the same quadratic equation in respect to function of coordinate

time of the object dt from the observer’s own time dr

dt\? u,vi dt 1 1 ,
() S\ A +——0= (4vivkvzvk — 1) =0, (5.117)
dr 21— w dr - w c
02 02
which has two solutions
dt 1 1 )
(dT> _ 1 (@W + 1) , (5.118)
1 1 — 07
dt 1 1 )
2 1-— ?

Having coordinate time of the object ¢ integrated to 7 we obtain

1 v, dz’ dr
t= = e :t/ w T+ const. (5.120)
oz -z

It can be easily integrated if space does not rotate and gravitational potential w=0. Then the
integral is t==47+const. Proper choice of the initial conditions can make integration constant zero.
In this case the formula for coordinate time ¢ becomes

t==+7, T>0, (5.121)
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which graphically represents two beams, which are mirror reflections of each other in respect to 7>0.
We can say that observer’s own time serves here as the mirror (membrane), while the mirror itself
separates two worlds: one with coordinate time (observable change of temporal coordinate) that
flows from past into future ¢t=7, and the other, mirror one, where coordinate time flows from future
into past t=—7.

Noteworthy, world with reverse flow of time is not like a videotape being rewound. Both worlds are
quite equal, but for a regular observer values of temporal coordinate in the mirror world a negative.
The mirror (membrane) in this case only reflects flow of time, but does not affect it.

Now we assume that space does not rotate (v;=0), but gravitational potential is not zero (w=0).
Then coordinate time equals

d
t= j:/ T + const. (5.122)
1=
C

If gravitational potential is weak (w<c?), the integral is

t==4 <T+612/wd7'> — + (14 At), (5.123)

where At is a correction to take account for presence of field w, which produces acceleration. Value w
may define any scalar field — either field of Newtonian potential or field of non-Newtonian gravitation.

If gravitational field produced by potential w is strong, integral will become as of (5.122) and
will depend upon potential w: the stronger is field w, faster flows coordinate time ¢ (5.122). In the
ultimate case, when w=c?, t—o0. On the other hand, at w=c? collapse occurs (d7=0). We will look
at that case in the below, but now we are still assuming w<c?.

Now we are going to look at coordinate time in Schwarzschild and de Sitter spaces. If potential w
describes Newtonian gravitational field (Schwarzschild metric space), then

dr dr

Ar r

which implies that the closer we approach the gravitational radius of the mass, the bigger is the
difference between coordinate time and observer’s own time. If w is potential of non-Newtonian field
of gravitation (de Sitter metric space), then

dr dr
S
Ar
Vit e
Tinf
which implies that the closer is photometric distance r to inflational radius of collapser, the faster (in
its absolute value) flows coordinate time ¢. In the ultimate case at r—ri,¢ coordinate time t—oco.
Therefore in absence of rotation of space but in presence of gravitation coordinate time ¢ flows the
faster the stronger is potential of field.

Now we turn to a more general case, when both rotation and gravitational field are present. Then
integral for ¢ takes the form (5.120), i.e. coordinate time in non-holonomic (rotating) space includes:

(5.125)

1. “rotational” time determined by presence of the term v;dz?, which has dimension of rotational
moment divided by unit mass;

2. regular coordinate time, linked to pace of observer’s own time.

From integral for ¢ (5.120) we see that rotational coordinate time, produced by rotation of space,
exist independently from observer (because does not depend from 7). For an observer who rests on
Earth’s surface (anywhere aside for the poles) it can be interpreted as time flow determined by rotation
of the planet. It always exists irrespectively of whether observer records it in this particular location
or not. Regular coordinate time is linked to presence of observer (depends from his own time 7) and
to the field that exists at the point of observation; in particular, to field of Newtonian potential.
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Noteworthy, at v;7£0 temporal coordinate ¢ at the initial time of observation (when observer’s own
time 79=0) is not zero.
Presenting integral for ¢ (5.120) as
%vidxi +dr
t= / Cliw , (5.126)
-5
we obtain that the formula under the integral sign is

e positive, if %vidxi>:1:d7';
c
o zero, if %vidxi::tdr;
c
e negative, if %Uidmi<$dr.
c

Hence coordinate time ¢ for real observer stops if scalar product of rotation velocity of space by
physical observable velocity of the object is v;vi=+c?. This happens when absolute values of both
velocities equal to that of light, and are either co-directed or oppositely directed.

An area of space-time which satisfies condition v;vi==+c?, at which coordinate time stops for a real
observer, is the membrane (the mirror) that separates areas of space with positive and negative time
coordinate — areas with direct and reverse flow of time.

It is also evident that no real (material) observer can accompany such space of reference (or body
of reference).

We will refer as the mirror space to an area of space-time where coordinate time takes negative
values. We are going to analyze properties of particles in the mirror space in respect to those of
particles in regular world, where temporal coordinate is positive.

Physical observable components of four-dimensional impulse vector of mass-bearing particle

dz®
Po = my 5.127
mo (5.127)
i.e. of a particle with non-zero rest mass are [15, 16]
Py dt . m .
=m— =+m, P = —v', 5.128
Voo dr c ( )

where “plus” stands for direct flow of coordinate time, while “minus” stands for reverse flow of
coordinate time in respect to observer’s own time. Square of four-dimensional impulse of mass-bearing
particle is

P,P* = g, P*PP =m2, (5.129)

’«/PaPa

Therefore any particle with non-zero rest-mass, being a space-time (four-dimensional) structure,
is projected onto time as dipole, which consists of positive mass +m and negative mass —m. But
in projection of P“ onto three-dimensional space both projections merge into a single one — three-
dimensional observable impulse p‘=mv®. In other words, each observable particle with positive rela-
tivistic mass has its own mirror twin with negative mass: particle and its mirror twin are only different
by the sign of mass, while three-dimensional observable impulses of both particles are positive.

Similarly, for four-dimensional wave vector

wdz®  dz®

while its length is

=mo. (5.130)

Y= =k— 5.131
c do do ’ ( )
that describes massless (light-like) particle, physical observable projections are [15, 16]
K ok
O — 4k, Ki=Z(. (5.132)

1/ 900 c
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This implies that any massless particle, as a four-dimensional object, also exists in two states: in
our world with direct flow of time it is a massless particle with positive frequency, while in the world
with reverse flow of time it is a massless particle with negative frequency.

We define material Universe as four-dimensional space-time, filled with substance and fields. Then
because any particle is a space-time dipole object, we can say that the material Universe as a com-
bination of basic space-time and particles is also a four-dimensional dipole object, which exists in
two states: as our Universe, where masses of particles and the temporal coordinate are positive, and
as its mirror twin (the mirror Universe), where masses of particles and the temporal coordinate are
negative, while three-dimensional observable impulse is positive. On the other hand, our Universe and
the mirror world have the same background four-dimensional space-time.

For instance, analyzing properties of the Universe as a whole, we neglect action of Newtonian
fields of occasional islands of substance and hence assume the space of our Universe to be a de Sitter
space with negative four-dimensional curvature (three-dimensional observable curvature is positive,
see Section 5 in this Chapter). Hence we can assume that our Universe as a whole is an area in
de Sitter space with negative four-dimensional curvature, where the temporal coordinate and masses
of particles are positive, and vice versa, the mirror Universe is an area of the same de Sitter space,
where the temporal coordinate and masses of particles are negative.

The membrane that separates our Universe and the mirror Universe in the basic space-time and
does not allow them to “mix”, thus preventing total annihilation, will be discussed at the end of
this Section.

Now we are turning to dipole structure of the Universe for d7=0, i. e. for collapsed areas of regular
space-time (collapsers) and for degenerated space-time (zero-space).

As we have shown, condition dr=0 is true in a regular (non-degenerated) space-time when collapse
occurs and the space is holonomic (does not rotate). Then

dr = (1 - ;”—2) dt = 0. (5.133)

This condition is true for collapse of any type, i.e. for any type of gravitational potential w,
including non-Newtonian potential. At dr=0 (5.133) four-dimensional metric becomes

ds? = —do? = —hpdzidz® = gipdaida® = gipuiuFdt?, (5.134)
hence in this case absolute value of the interval ds equals
|ds| = ido = i/ hjuiu® dt = dudt, u? = hgu'u®, (5.135)

and four-dimensional impulse vector on the surface of collapser is

d 6]
pe = mOJ—U . do=udt. (5.136)
Its square is
PP = g,sP*PP = —m2 (5.137)

hence length of vector P* (5.136) is imaginary

VPP

The latter, in particular, implies that surface of collapser is inhabited by particles with imaginary
masses. But, at the same time, this does not imply that super-light-speed particles (tachyons) should
be found there, because their masses are imaginary too. On surface of collapser the term “observable
velocity” is void, because observable time stops there (dr=0).

Components of four-dimensional impulse vector of particles found on surface of collapser (5.136),
can be formally presented as

= img. (5.138)

po="0C  pi 0y (5.139)

u u
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But as a matter of fact we can not observe them because at the surface of collapser own time of a
. X2
regular (real) observer stops. On the other hand, velocity ulz%, found in this formula, is coordinate

one and does not depend from observer’s own time. Hence we can interpret spatial vector Pi:%ui

3
as coordinate impulse of particle and mgc as its energy on the surface of collapser. Here energy

of particle has only one sign and thus the surface of collapser as four-dimensional area of space-time
(material Universe) is not a dipole four-dimensional object that exists as two mirror twins; surface of
collapser (irrespective of its nature) exists in a single state.

On the other hand, the surface of collapser goo=0 can be regarded as a membrane that separates
four-dimensional areas of space-time before the collapse and after the collapse. Before collapse ggo>0
and observer’s own time 7 is real. After collapse gog<0 and thus 7 becomes imaginary. When observer
crosses the surface of collapser his own time subjects to 90° “rotation”, swapping roles with spatial
coordinates.

The term “light-like particle” has no sense at the surface of collapser, as for light-like particles
do=cdr and on the surface (d7=0) for them

. hirdzidz®  do  cdr
= : gk = e = —= —— =
u = hiputu 12 pm pn 0. (5.140)

Observer’s own time also stops (d7=0) in a fully degenerated space-time (zero-space): there, by
definition, d7=0 and do=0 [15, 16]. These conditions (conditions of degeneration) can be presented as

. . w\ 2
w+ vut = 2, giru'u® = 2 (1 — —2) . (5.141)
c
Particles found in degenerated space-time (zero-particles) bear zero regular relativistic mass m=0,
but non-zero mass M (1.71) and non-zero constant-sign impulse

M= m . p= M. (5.142)

1 _
1-— =z (w+viuz)

Therefore, mirror twins are only found in regular matter — massless and mass-bearing particles
not in state of collapse. Collapsed objects in regular space-time (collapsers, including black holes),
which do not possess the property of mirror dipoles, are common objects for our Universe and the
mirror Universe. Zero-space objects, which neither possess the property of mirror dipoles, lay beyond
the basic space-time due to full degeneration of their metric. It is possible to enter “neutral zones”
on surfaces of collapsed objects of regular space and in zero-space from either our Universe (where
coordinate time is positive) or the mirror Universe (where coordinate time is negative).

Now we need to discuss the question of the membrane that separates our world and the mirror
Universe in the basic space-time thus preventing total annihilation of all particles with negative and
positive masses.

In our world dt>0, in the mirror Universe dt<0. Hence the membrane is an area of space-time
where dt=0 (coordinate time stops); i.e. it is an area where

dt 1 1,
T2
C

which can be also presented as the physical condition

1 1 -
dt = W (21)Z-d:cZ + d7> =0. (5.144)
1- 2 \¢c
2
The latter notation is more versatile, because of being applicable not only in General Relativity
space, but also in generalized space-time that permits degeneration of metric.
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Physical conditions inside the membrane t=const (i.e. dt=0) according to (5.144) are defined by
the formula

vidz® £ c2dr =0, (5.145)

which can be also presented as ]
vVt = 42 (5.146)

This condition is scalar product of velocity of space rotation and observable velocity of the space
of reference (body of reference) of the observer. It can be presented as

viv' = |vg] [v*] cos (vl/,;l) = +c% (5.147)

From here we see that it is true when absolute values of velocities v; and v equal to that of light
and are either co-directed (“plus”) or oppositely directed (“minus”).

Thus the membrane from physical viewpoint is a space which experiences translational motion
at light speed and at the same time rotates also at light speed, i.e. travels along right or left-hand
light-like spiral. In the world of elementary particles such space may be attributed to particles that
possess property of spirality (e.g. photons).

Having dt=0 substituted into the formula for ds? we obtain metric inside the membrane

ds* = gdaida®, (5.148)

which is the same as on the surface of collapser. Because it is a specific case of space-time metric with
signature (+ — ——), then ds? is always positive. This implies that in the area of space-time, which
serves the membrane between our world and the mirror world, four-dimensional interval is space-like.
The difference from space-like metric on the surface of collapser (5.134) is that during collapse rotation

of space is absent (g;z=—h;x), while in this case gik:—hik—i—%vivk (1.18). Or
c

ds? = gippdaide® = —hjpdaida® + Gvivkdxzda:k, (5.149)
c

i. e. four-dimensional metric in the membrane becomes space-like due to rotation of space which makes
the condition v;dz'==+c2dr true.

As a result regular mass-bearing particle (irrespective of the sign of its mass) can not in its
“natural” form pass through the membrane: this area of space-time is inhabited by light-like particles
that move along right or left-handed light-like spirals.

On the other hand the ultimate case of particles with m>0 or m<0 are particles with relativistic
mass m=0. From geometric viewpoint the area where such particles are found is tangential to areas
inhabited by particles with either m>0 or m<0. This implies that zero-mass particles may have
exchange interactions with either our-world particles (m>0) or mirror-world particles (m<0).

Particles with zero relativistic mass, by definition, exist in an area of space-time where ds>=0 and
c?dr?=do?=0. Equalling ds® to zero inside the membrane (5.148) we obtain

ds® = gipdz'dz® = 0. (5.150)

Analysis shows that this condition may be true in two cases: (1) when all dz‘=0; (2) three-
dimensional metric is degenerated §= det||g;x||=0.

The first case may occur in regular space-time at the ultimate conditions on surface of collapser:
when all the surface shrinks into a point, all dz'=0 and the metric on the surface according to
ds?’=—h;dzidr =g, dx'dz* (5.134) becomes zero.

The second case occurs on surface of collapser in zero-space: because in zero-space we have the

. 2 .
condition gikdxldxk:(l—%) c2dt?, then at w=c? then gikdw’dxkzo always.
c

The first case is asymptotic because never occurs in reality. Hence we can expect that “middlemen”
in exchanges between our world and the mirror Universe are particles with zero relativistic mass (zero-
particles) on surfaces of collapsers in degenerated space-time (zero-space).
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5.9 Conclusions

We have shown that our Universe is observable area of basic space-time where temporal coordinate is
positive and all particles bear positive masses (energies). The mirror Universe is an area of the basic
space-time, where from viewpoint of regular observer temporal coordinate is negative and all particles
bear negative masses. Also, from viewpoint of our-world observer the mirror Universe is a world with
reverse flow of time, where particles travel from future into past in respect to us.

The two worlds are separated with the membrane — an area of space-time inhabited by light-like
particles that travel along light-like right or left-handed (isotropic) spirals. On the scales of elementary
particles such space can be attributed to particles that possess spirality (e. g. photons). The membrane
prevents mixing of positive and negative-mass particles and thus their total annihilation. Exchange
interactions between the two worlds can be effected through particles with zero relativistic masses
(zero-particles) under physical conditions that exist on surfaces of collapsers in degenerated space-
time (zero-space).



Chapter 6

Annihilation and the mirror Universe

6.1 Isotope anomaly and Ar-anomaly of orthopositronium. The history
and problem statement

Recently our colleague B. M. Levin in connection with his experimental studies of anomalies of or-
thopositronium decay suggested that the results of precision measurements of these anomalies (Ann
Arbor, Michigan, USA, 1982-1990 and Moscow—Gatchina, Russia, 1984-1987) may be explained by
exchange interactions between our world and the mirror Universe [44], which presumably occurs during
the experiments.

In a nutshell, the problem that has been a subject of discussions for over a decade is as follows.

Positronium is an atom-like orbital system that includes electron and its anti-particle, positron,
coupled by electrostatic forces. There are two kinds of positronium: parapositronium SPs, in which
spins of electron and positron are oppositely directed and the summary spin is zero, and orthopositro-
nium TPs, in which the spins are co-directed and the summary spin is one. Because a particle-
antiparticle system is unstable, life span of positronium is rather small. In vacuum parapositronium
decays in 7~1.25-1071%s, while orthopositronium is 7~1.4-10"" s after birth. In a medium the life
span is even shorter because positronium tends to annihilate with electrons of the media. Due to law
of conservation of charge parity parapositronium decays into even number of vy-quanta (2, 4, 6,...)
while orthopositronium annihilates into odd number of y-quanta (3, 5, 7,...). The older modes of
annihilation are less probable and their contributions are very small. For instance, the rate of five-
photons annihilation of TPs compared to that of three-photons annihilation is as small as As~10~6\5.
Hence parapositronium actually decays into two y-quanta SPs—27, while orthopositronium decays
into three y-quanta TPs—37.

In laboratory environment positronium can be obtained by placing a source of free positrons into
a matter, for instance, one-atom gas. The source of positrons is ST-decay, self-triggered decays of
protons in neutron-deficient atoms3®

p—n+el +u,.. (6.1)

Some of free positrons released from BT-decay source into gas quite soon annihilate with free
electrons and electrons in the container’s walls. Other positrons capture electrons from gas atoms
thus producing orthopositronium and parapositronium (in 3:1 statistical ratio).

Temporal spectrum of positrons (number of positrons vs. life span) is the basic characteristics
of their annihilation in matter. In particular, in such spectrum one can see parts corresponding to
annihilation with free electrons and annihilation of SPs and TPs.

In inert gases temporal spectrum of annihilation of free positrons generally reminds of exponential
curve with a plateau in its central part, known as “shoulder” [41, 42].

In 1965 P. E. Osmon published [41] pictures of observed temporal spectra of annihilation of posit-
rons in inert gases (He, Ne, Ar, Kr, Xe). In his experiments he used 2?NaCl as a source of 37-
decay positrons. Analyzing the results of the experiments, Levin noted that the spectrum in neon

381t is also known as positron 3-decay. During 3~ -decay in nucleus neutron decays n—p+e +ve.

159
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was peculiar compared to those in other one-atom gases: in neon points in the curve were so widely
scattered, that presence of a “shoulder” was unsure. Repeated measurements of temporal spectra
of annihilation of positrons in He, Ne, and Ar, later accomplished by Levin [43, 44], have proven
existence of anomaly in neon. Specific feature of the experiments done by Osmon, Levin and some
other researchers in the UK, Canada, and Japan is that the source of positrons was 22Na, while the
moment of birth of positron was registered according to v,-quantum of decay of excited 22*Ne

22*Ne — ??Ne + 1 , (6.2)

from one of products of 8*-decay of ?2Na. This method is quite justified and is commonly used,
because life span of excited 22*Ne is as small as 7 ~4-10712 s, which is a few orders of magnitude less
than those of positron and parapositronium.

In his further experiments [45, 46] Levin discovered that the peculiarity of annihilation spectrum in
neon (abnormally wide scattered points) is linked to presence in natural neon of substantial quantity
of its isotope ?2Ne (around 9%). Levin named this effect isotope anomaly. Temporal spectra were
measured in neon environments of two isotopic compositions: (1) natural neon (90.88% of 2°Ne, 0.26%
of 2!Ne, and 8.86% of ??Ne); (2) neon with reduced content of 22Ne (94.83% of 2°Ne, 0.22% of ?!Ne,
and 4.91% of ?2Ne). Comparison of temporal spectra of positron decay revealed: in natural neon
(composition 1) the shoulder is fuzzy, while in neon poor with ??Ne (composition 2) the shoulder
is always clearly pronounced. In the part of spectrum, to which TPs-decay mostly contributes, the
ratio between intensity of decay in poor neon and that in natural neon (with much isotope ?2Ne) is
1.85+0.1 [46].

The relationship between anomaly of positron annihilation in neon and presence of 22Ne admixture,
as shown in [45, 46], hints on existence in gas neon of collective nuclear excitation of > Ne isotopes. In
the terminal stage of 3+-decay nuclear excitation of ?2*Ne (life expectancy 7~4-10"12s) is somehow
passed to a set of 22Ne nuclea around the source of positrons and is taken away by nuclear -
quantum after a long delay at the moment of self-annihilation of orthopositronium (free positrons and
parapositronium live much longer).

Hence collective excitation of 22Ne atoms seems to be the reason of isotope anomaly (phenomenol-
ogy). On the other hand it is still unclear what is the material carrier that passes excitation of nuclear
22*Ne to the surrounding 2Ne atoms and what links orthopositronium with this collective excitation:
by far collective nuclear excitation is only known in crystals (Mossbauer effect, 1958).

In 1990 Levin [47] suggested that as a result of relationship between orthopositronium and collective
nuclear excitation, 1-photon mode of its annihilation should be observed. But decay of TPs into
one y-quantum would break laws of conservation of Quantum Electrodynamics (QED). To justify
this phenomenological conclusion without breaking QED laws, Levin in his generalization study [48]
suggested, that in the specific experimental environment annihilation of some orthopositronium atoms
releases one y-quantum into our world and two 7y-quanta into the mirror Universe, which makes them
unavailable for observation. However before any experiments are accomplished to prove or disprove
existence of such “l-photon” mode or any theory is developed to explain the observed effect, the
problem still welcomes discussion.

Another anomaly is substantially higher measured rate of annihilation of orthopositronium (the
value reciprocal to its life span) compared to that predicted by QED.

Measurement of orthopositronium annihilation rate is among the main tests aimed to experimental
verification of QED laws of conservation. Before the middle 1980’s no difference between theory and
practice was observed, as the measurement precision stayed at the same low level.

In 1987 thanks to new precision technology a group of researchers based in the University of
Michigan (Ann Arbor) made a breakthrough in this area. The obtained results showed substantial gap
between experiment and theory. The anomaly that the Michigan group revealed was that measured
rates of annihilation at A(exp) =7.0514+0.0014 pus~! and AT (exp) =7-0482+0.0016 ps~! (with unseen-
before precision of 0.02% and 0.023% using vacuum and gas methods [49, 50, 51, 52]) were much higher
compared to Ap(gheor) =7-0038320.00005 us~! as predicted by QED [53, 54, 55, 56]. As a result the
measured anomalous effect was 0.2% from theoretically predicted value, i.e. the effect was 10 times
higher than the measurement precision 0.02%! The effect was later called Ar-anomaly [48].
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Theorists foresaw possible annihilation rate anomaly not long before the first experiments were
accomplished in Michigan. In 1986 Robert Holdom [57] suggested that “mixed type” particles may
exist, which being in the state of oscillation stay for some time in our world and for some time in
the mirror Universe, possessing negative masses and energies. In the same year S. Glashow [58] gave
further development to the idea and showed that in case of 3-photon annihilation TPs will “mix up”
with its mirror twin thus producing two effects: (1) higher annihilation rate due to additional mode of
decay TPs—nothing, because products of decay passed into the mirror Universe can not be detected;
(2) the ratio between orthopositronium and parapositronium numbers will decrease from TPs SPs=3:1
to 1.5:1. But because at that time (in 1986) no such effects were reported, Glashow concluded that
no interaction is possible between our-world and mirror-world particles.

On the other hand, by the early 1990’s these theoretic studies encouraged many researchers world-
wide for experimental search of various “exotic” (i.e. not explained in QED) modes of TPs decay,
which could lit some light on abnormally high rate of decay. These were, to name just a few, search
for TPs—nothing mode [55], check of possible contribution from 2-photon mode [60, 61, 62] or from
other exotic modes [63, 64, 65]. As a result it has been shown that no exotic modes can contribute to
the anomaly, while contribution of TPs—nothing mode is limited to

(TPs—mnothing) < 5.8-107* (TPs—37) . (6.3)

In a generalization study in 1995 Levin pointed out [48] that the program of critical experiments
was limited to search of 1-photon mode TPs—~\27’ involving the mirror Universe and to search of the
mode TPs—nothing. The situation has not changed significantly over the past five years. The most
recent (as of time of writing of this book) publication on this subject in May 2000 [66] still focused on
Holdom-Glashow suggestion of possible explanation of Ar-anomaly by interaction of orthopositronium
with its mirror-world twin, as well as on search of TPs—nothing mode. But no theory has been yet
suggested to prove possibility of such interaction and to describe its mechanism.

The absence of theoretical explanation of Ar-anomaly encouraged G.S. Adkins et al. [67] to suggest
experiments made in Japan [68] in 1995 as an alternative to the basic Michigan experiments. No
doubt, high statistical accuracy of Japanese measurements [68] puts them on the same level with the
basic experiments [49, 50, 51, 52]. But all Michigan measurements possessed the property of a “full
experiment”, which in this particular case means no external influence could affect wave function of
positronium. Such influence is inevitable due to electrodynamic nature of positronium and can be
avoided only using special technique. In Japanese measurements [68] this was not taken into account
and thus they do not possess property of “full experiment”.

As early as in 1993 S. G. Karshenboim [69] showed that QED had actually run out of any of its
theoretical capabilities to explain orthopositronium anomaly. Given that we assume our goal as to
study the annihilation anomaly in another domain, using methods of General Relativity. To do this,
we are going first to study process of annihilation in general with methods of chronometric invariants
and then to apply the results to parapositronium and orthopositronium. As a result we should be able
to answer the question of what channels of annihilation of orthopositronium are physical observable
in our world and whether “drain” of some energy into the mirror Universe is possible.

6.2 Zero-space as home space for virtual particles. Interpretation of
Feynman diagrams in General Relativity

Feynman diagrams are graphical description of interactions between elementary particles. The dia-
grams clearly show that the actual carriers of interactions are virtual particles. In other words, almost
all physical processes rely upon emission and absorption of virtual particles [70].

Another notable property of Feynman diagrams is that they are capable of describing particles (e. g.
electrons) and antiparticles (e. g. positrons) at the same time. In this example positron is represented
as electron that moves back in time [70].

According to QED, interaction of particles at branching points of Feynman diagram conserves
four-dimensional impulse. This suggests interpretation of Feynman diagrams in General Relativity.
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As a matter of fact, in four-dimensional pseudo-Riemannian space, which is the basic space-time
of General Relativity, the following objects can get correct formal definitions:

1. free particle as particle that moves along geodesic trajectory;
2. non-free (dependent) particle as particle that under action of external non-gravitational fields
moves along non-geodesic trajectory;
3. antiparticle (either free or dependent) as particle that travels back in time in respect to regular
observer [15, 16].
Hence to translate Feynman diagrams into “geometrese” we only need formal definition of virtual
particles in General Relativity.
In QED virtual particles are particles for which contrary to regular ones the relationship between
energy and impulse is not true

E? - p* = E7, (6.4)

where E=mc?, p>=m?v?, Ey=mqc?. In other words, for virtual particles E?—c?p?#£E?2.
In pseudo-Riemannian space this relationship in chronometrically invariant form is similar [15, 16]
but p?=h;,p'p*, where p'=mv' stands for (physical observable) vector of particle’s impulse.
Dividing both parts of the equation by c*, we obtain

s P’ 2
m” — 5 =mq, (6.5)
which is chronometrically invariant notation of the requirement of constancy of four-dimensional
impulse vector of mass-bearing real particle
dz® dz®
P,P* = g3 P*PP = m3gag———— = mj 6.6
a Gap 098 ds ds 0 (6.6)

in parallel transfer along trajectory, where ds2>0, i.e. along sub-light-speed trajectory. For super-
light-speed particles (tachyon), which four-dimensional impulse vector is

dx®
P* =mg—— .
mo PR (6.7)

the relationship between mass and impulse (6.5) becomes

P’ 2 2

2= (tmg)~, (6.8)
therefore rest-mass of tachyons is imaginary. For photons, i.e. particles that move along isotropic
(light-like) trajectories, rest-mass is zero and the relationship between mass and impulse transforms as

m? =2 (6.9)

where relativistic mass m is defined from energy equivalent E=mc?, while observable impulse p’=mc?
is expressed through chronometrically invariant vector of light velocity.

So equations (6.5, 6.8, and 6.9) characterize relationship between mass and impulse for regular
particles that inhabit pseudo-Riemannian space. Interactions between them are carried by virtual
particles. Given that, to geometrically interpret Feynman diagrams we need geometric description of
virtual particles.

By definition the relationship between mass and impulse (6.5) is not true for virtual particles. From
geometric viewpoint that implies that the square of four-dimensional impulse of virtual particles does
not conserve in parallel transfer. In Riemannian space, in particular in four-dimensional pseudo-
Riemannian space (the basic space of General Relativity) the square of vector conserves in parallel
transfer by definition. That implies that trajectories of virtual particles lay in a space with non-
Riemannian geometry, i. e. outside four-dimensional pseudo-Riemannian space — the basic space-time
of General Relativity.
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In our studies [15, 16], not related to virtual particles, we showed that trajectories along which
the square of vector being transferred does not conserve lay in fully degenerated space-time
(g =det||gapl|=0), also known as zero-space. In pseudo-Riemannian space g<0 is always true by
definition. Hence zero-space lays beyond four-dimensional pseudo-Riemannian space and its geom-
etry is not Riemannian. Besides, as was shown, relativistic mass of particles that zero-space hosts
(zero-particles) is zero and from viewpoint of our-world observer their motion is perceived as instant
displacement (long-range action).

Analysis of the above facts brings us to the conclusion that zero-particles can be equaled to virtual
particles in generalized space-time (9<0), which we also considered in our previous studies. This space
permits degeneration of metric and considering not only motion of regular massless or mass-bearing
particles, but also their interaction by means of exchange with virtual particles (zero-particles) in
zero-space. In fact, this is the way of geometric interpretation of Feynman diagrams in General
Relativity.

We are going to show why the square of a vector being transferred does not conserve. Zero-space
is defined by the following conditions

ds? = 2dr? —do®> =0, Adr? =do* =0, (6.10)
i. e. physical observable time and physical observable three-dimensional interval are degenerated

1 . )
dr = (1 — %) dt — S vidz" =0, do? = hipdz'dz® = 0. (6.11)
c c

Substituting into the second condition the formula for physical observable metric tensor
1
hik = —gir + Vilk (6.12)

dividing the equation by dt? and substituting v;u’=c?—w from the first condition, we arrive to inner
coordinate metric of zero-space

4 2
dp® = gipda'dz® = (1 — %) cdt* # inv, (6.13)

which is not physical observable value and not zero. Hence coordinate metric of zero-space can be
deduced from the condition of degeneration of three-dimensional observable metric and is not invariant
by definition.

In particular, because metric of zero-space du? is not invariant, the square of four-dimensional
vector in zero-space does not conserve

dz®
U® = —
dt ’

But applying theory of observable values to this situation again shows us the way out. Because
within that theory we consider all values from viewpoint of a regular observer in pseudo-Riemannian
space, then all values, including those in zero-space, can be expressed through parameters of his space
of reference. Therefore zero-particles from viewpoint of a regular observer possess four-dimensional
impulse (1.72) which square is zero and conserves

) 2
U, U® = giku’uk = <1 — 20—2) c? 2 const. (6.14)

dz® _ M dz*

M? ds?
J -
Mo c dt’

PP = =0 (6.15)

2 dt? ’
because in zero-space, by definition, ds?=0. But once we turn to the frame of reference of a hypothet-
ical observer in zero-space, i.e. to the space with metric du? (6.13), the square of transferred vector
does not conserve any longer.

Now we are going to see what kinds of particles zero-space hosts. First we look at degeneration
conditions (1.69, 1.70) in absence of gravitational potential (w=0). These are

viut = 2, ginulu® = 2, (6.16)
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i.e. in absence of gravitational potential zero-particles travel at coordinate velocities, that equal to

light speed
u =/ giuiuF =c. (6.17)

The first condition of degeneration is scalar product of the velocity of space’s rotation and three-
dimensional coordinate velocity of particle

viu' = vucos (vi;ut) = . (6.18)

Because u=c, this condition is true if vectors v; and u’ are co-directed (or coincide like in this

case). Hence in absence of gravitational potential zero-particles move at forward velocity equal to

speed of light at the same time rotating at light speed as well. We will refer to such particles as virtual
photons. Zero-space metric along their trajectories is

dp® = g daidx® = 2dt* # 0, (6.19)

similar to metric do?=c?dr?#£0 along trajectories of regular photons in pseudo-Riemannian space.
Now we will look at degeneration conditions (1.69, 1.70) when gravitational potential w0. Here

. ) w\ 2
vut = —w, u? = gpdzida® = (1 — —2) 2. (6.20)
c
Then scalar product v;u’=c?—w can be represented as
- — w — w
viu' = vu cos (vg;ut) = ve (1 - —2) cos (v;; ut) = (1 - —2) . (6.21)
c c

This equation is true given that vectors v; and u’ are co-directed and v =c, i.e. when particle
travels in zero-space at velocity which magnitude equals to

v=e(1-2), (6.22)

and rotates along with space at speed of light v=c.
But when we turn to metric along zero-trajectories in presence of gravitational potential

. 2
dp? = gipdzidz® = <1 - %) cdt?, (6.23)
c
we see that the “temporal” parameter here is the following variable (“gravitational” time)

w
t, = (1 - 3) t, (6.24)
c
i. e. coordinate velocity of zero-particles along such trajectories depends upon gravitational potential

) dz? ut
v = . 6.25
== (6.25)

C2

Because of the second degeneration condition (6.20) the square of coordinate velocity of these
zero-particles equals to square of light speed

i d zd k
f = %U}IQ = 82, (626)
(-3

i.e. they are virtual photons as well. Basing on the first degeneration condition we can as well show
that in presence of gravitational potential they also rotate at speed of light

2 7
Uy = GikU,U

viul = . (6.27)
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Noteworthy, considering virtual mass-bearing particles is senseless, because all particles in zero-
space by definition possess zero rest-mass and therefore are not mass-bearing particles. Therefore only
virtual photons and their varieties are virtual particles.

Now we are going to define virtual particles in the state of collapse, i.e. when w=c?. We will refer
to them as virtual collapsers. For them the degeneration conditions (1.69, 1.70) become

vut =0, gindz'da® =0, (6.28)

i.e. zero-collapsers either rest in respect to the space of reference or for an observer in zero-space
the world around him compacts into a point (all dz*=0), or three-dimensional metric is degenerated
g=det||gir||=0.

Metric of zero-space along trajectories of virtual collapsers is

dp’® = ggda'dz® = 0. (6.29)

Therefore two kinds of virtual particles can exist in zero-space, which is four-dimensional degen-
erated space-time:

1. virtual photons with forward motion and rotation at light speed;
2. virtual collapsers that rest in respect to the space.

We can assume that all interactions between regular mass-bearing and massless particles in four-
dimensional pseudo-Riemannian space, i.e. in the basic space-time of General Relativity, are effected
through an exchange buffer, in which capacity zero-space acts. Material carriers of interactions within
such buffer are virtual particles of the two aforementioned kinds.

In our previous studies [15, 16] from considering motion of particles in the frames of particle-
wave concept we obtained that eikonal equation (wave phase equation) for particles in zero-space
is standing wave equation (1.77). Hence virtual particles are actually standing waves and hence
interaction between regular particles in our space-time is transmitted through a system of standing
light-like waves (a standing-light hologram), that fills the exchange buffer (zero-space).

6.3 Building mathematical concept of annihilation. Parapositronium and
orthopositronium

In this Section we are going to focus on process of annihilation using the same methods which are
employed in General Relativity to study motion of particles.

From geometric viewpoint positronium is a system of two charged particles with spin, linked to-
gether with electromagnetic force. The only difference between parapositronium and orthopositronium
is that the summary spin of TPs is one, while that of SPs is zero.

As we showed in Chapter 4, charged particle with spin is characterized by four-dimensional sum-
mary impulse vector d
0 ds

If spin-impulse of particle is directed along its four-dimensional trajectory, i.e. is co-directed with
its impulse vector P¢, then four-dimensional spin-impulse of particle is

Q¥ =Py S+ Sae pa—py 6.30
2’

o 1 dzx® y
= EWOK ) 1o = nh* AL, (6.31)
and hence the summary impulse vector is
Q* = (mo+ gg) U+ A (6.32)

As a matter of fact this summary vector characterizes charged elementary particle with spin that
bears rest-mass 0
Mo = Mg + 672 R (633)
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where mg is rest-mass of particle. The second term stands for additional “spin-mass” which spin
particle gains from interaction with external field of non-holonomity of space. In other words, TPs is
different from SPs by bearing additional “spin-mass”.

Now we will estimate how strong may be effect of “spin-mass” on motion of electron and positron
in orthopositronium. Value 7y can be calculated as

no = nht”A,, = 2nhQ, (6.34)

where () is angular velocity of space rotation, which for positronium can be obtained from the 2nd
Bohr postulate mQr2=kh.

Substituting the values of electron-positron rest-mass m.=9.1-10"28 g and of orthopositronium
radius r=10.6-10"% cm, which equals to double radius of Bohr orbit (we re considering the first level

k=1), we obtain
Mo _ 1n—32
2= 107*g, (6.35)
i.e. “spin-mass” is 107°m, for electron and positron. At higher orbital levels in orthopositronium
“spin-mass” will be k times greater.

Evidently, before the moment of annihilation the relative distance between electron and positron

£=1\/9ap€oeP, &%= -dv, (6.36)

is real. Here £% is an infinitesimal vector that connects points of two neighbor trajectories, v is a
parameter, constant along each of two trajectories, but different for a neighbor one by dwv.
In chronometrically invariant form this distance looks like

E=Vx2—r2, 77 =hyrirt, (6.37)

where values £ . . .35
X= e T £, (6.38)
are physical observable projections of vector £%.

At the moment of annihilation electron and positron (as space-time objects) merge into the same
event, i.e. four-dimensional interval £ between them becomes zero. Evidently, in this case three-
dimensional observable distance r between them also becomes zero. And from (6.37) we have x=0. In
other words, at the moment of annihilation physical observable time interval x and spatial distance r
between electron and positron are zeroes. This actually implies that the process of annihilation takes
place in zero-space.

Hence we will consider annihilation of electron and positron as a process of exchange with virtual
photons in zero-space. We can assume that positron emits virtual photons while electron absorbs
them (or vice versa). From mathematical viewpoint such description is quite correct provided that
generalized four-dimensional space-time, which metric can be fully degenerated g=det ||gng||<0, is
considered the basic space-time. Such generalized space-time can be represented as a combination of
four-dimensional pseudo-Riemannian space (basic space-time of General Relativity) and zero-space,
which metric is degenerated.

For a regular observer the distance between electron and positron in zero-space is nil. But this
does not imply they coincide in zero-space itself, because the “externally” observed equation

r? = hyr'r? =0 (6.39)
for an “internal” observer is w
gixrirt = (1 — ?> At (6.40)

i. e. three-dimensional coordinate interval between electron and positron in zero-space turn into zero
only provided that w=c? (collapse).
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In electromagnetic interactions, to which annihilation belongs, Newtonian gravitation is infinites-
imal. But non-Newtonian gravitational forces may exist as well.

For instance, a space without rotation or deformation, filled with field of gravitation of a spheric
island of mass, is characterized by Schwartzshild metric (5.69). In this case vector of gravitational-
inertial force F* takes the form of (5.72) and characterizes Newtonian gravitational force, which is
usually proportional to the square of distance from the field source (the mass of the island). In other
words, Schwartzshild’s metric space is filled with Newtonian gravitational field.

An example of space without rotation or deformation, but filled with spherical symmetric distri-
bution of vacuum without islands of mass, is a space with de Sitter metric (5.73). As was shown in
Chapter 5, vector F* in such space takes the form of (5.74) and characterizes non-Newtonian gravita-
tional force, which is proportional to distance and is conditioned by presence of “cosmological” A-term
in equations of field. If A<0, this is an attraction force, otherwise this is repelling force.

For us that suggests that three-dimensional interval between electron and positron in zero-space
(6.39) becomes zero only when collapse is effected by action of non-Newtonian gravitational forces
(M-forces produced by vacuum).

So at the moment of annihilation electron and positron exchange with virtual photons in zero-
space. In the previous Section we showed that virtual photons, aside for forward motion at the speed
of light, feature rotation at the same speed as well. Hence they plot light-like spirals on a cylinder
(cylinder of annihilation events), that connects electron and positron through zero-space.

Now using our geometric method we can formulate the difference between decay of parapositronium
and that of orthopositronium.

TPs and SPs themselves differ only by orientation of spins of electron and positron. Spin-impulse of
each particle results from interaction of its internal field of non-holonomity with external field of non-
holonomity (rotation), which for positron is field of orbital rotation of electron (and vice versa). By
definition zero-space is non-holonomic, i. e. is a space of rotation. Hence at the moment of annihilation
when physical observable distance r between electron and positron becomes zero (6.39), the summary
spin of orthopositronium TPs interacts with field of non-holonomity of zero-space in the cylinder of
annihilation events.

Without going into details of mechanism of exchange interactions of virtual particles in zero-space,
we can still maintain that additional spin-mass (energy) of orthopositronium after its annihilation
creates third virtual photon in zero-space, which in turn creates third annihilation «-quantum in
our world.

Evidently, this third virtual photon is absent in decay of parapositronium, because spins of elec-
tron and positron are oppositely directed and hence parapositronium does not possess inner field of
non-holonomity, which could interact with field of non-holonomity of zero-space in the cylinder of
annihilation events.

6.4 Annihilation of orthopositronium: 241 split of 3-photon annihilation

Now we are going to consider decay of orthopositronium in details using geometric methods.

In Section 6.2 we showed that two kinds of virtual particles, which carry interactions between
regular particles, including interactions during annihilation, can exist:

1. virtual photons that combine forward and rotation motion at the speed of light;

2. virtual collapsers that rest in respect to the space.

In the previous Chapter we showed that zero-particles, which inhabit the surface of collapsed
objects in zero-space, i. e. virtual collapsers, may perform exchange interactions between our Universe
and the mirror Universe (where time flows backward in respect to ours). Hence if aside for regular
virtual photons virtual collapsers are involved into exchange interaction of particles, then part of the
summary energy they carry is emitted into the mirror Universe. In our world this could be perceived
as observable break of law of conservation of energy-impulse, though in reality full energy and impulse
are conserved with the mirror Universe taken into account.

We are going to find out whether virtual collapsers may be involved into exchange interactions
between electron and positron in decay of parapositronium or orthopositronium. This, for instance,
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can be found out by applying the relationship of physical conditions in zero-space to parapositronium
and orthopositronium.

The relationship of physical conditions in zero-space in absence of gravitational potential (regular
virtual photons) is v;u‘=c?. Because we are looking at events from viewpoint of an observer in a
regular space-time, we can multiply both parts of this relationship by generalized mass of particle

f1o = Mo + % : (6.41)

which accounts for additional energy that particle gains from spin interaction. As a result
poviu' = E (6.42)

where the left part has energy of virtual particles of this interaction, formulated with properties of
interacting material particles. The right part has energy of decay products E =pgc?.
For parapositronium, which spin is zero, this relationships becomes

moviut = moc? mg = Me— + M+ , (6.43)

which left part (summary energy of virtual particles that carry action)

—

moviu' = movu cos (v; ut) (6.44)

is not zero, because the summary energy of annihilation y-quanta Ey., (the right part) is not zero.

For virtual collapsers, which carry interactions between our world and the mirror Universe, the
collapse condition w=c? is true. In this case the conditions in zero-space w+uv;u’=c? become v;u’=0.
Multiplying both parts by rest mass mg of parapositronium, we obtain

moviu’ =0, (6.45)

which would be true if annihilation of orthopositronium was effected not through exchange of regular
virtual photons, but rather through exchange of virtual collapsers.

This formula (6.45) does not match (6.43) which is actually true for parapositronium. Hence
interactions between electron and positron in virtual cylinder of events during annihilation are effected
by regular virtual photons, not by virtual collapsers. This, in its turn, implies that annihilation of
parapositronium does not involve the mirror Universe, because there is only one channel of decay:
both photons are emitted into our Universe.

Now we look at decay of orthopositronium. Spin-energy of orthopositronium is not zero, hence
(6.42) becomes

wﬁ+gwM=E, (6.46)

i.e. to energy of two “basic” virtual photons, that carry interactions between electron and positron
during annihilation, energy of spinino is either added of subtracted; a virtual particle produced by
transformation of spin-energy (the second term in the equation) in zero-space. Spinino may be either
regular virtual photon or virtual collapser (if spin-energy transforms into virtual particle in a collapsed
area of zero-space).

As a result, two space-time relationships may be true for annihilation of orthopositronium

1. vp'+ n—gviui #0, 2. vp' + n—gviui =0. (6.47)
c c

In other words, contrary to decay of parapositronium, that of orthopositronium has two possible
channels of exchange with virtual particles in zero space.

As was already mentioned, the conditions in zero-space w-+v;u‘=c? in case of collapse (w=c?)
become v;u’=0. Multiplying both parts by generalized mass of orthopositronium (6.41), we obtain
the relationship for energies of virtual collapsers

2

i, Mo
v;p* + Uit = 0, (6.48)
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which would be true, if they carried interactions in virtual cylinder of events (in zero-space) in anni-
hilation of orthopositronium. Comparing it with formula for second possible channel of annihilation
(6.47) shows they are the same.

That means virtual collapsers, which link our world with the mirror Universe, can be involved into
exchange interactions between electron and positron in annihilation of orthopositronium.

As a matter of fact, the relationship (6.48), obtained for orthopositronium, is an equation

By + By =0, (6.49)

that suggests: if decay of electron and positron in orthopositronium is effected by exchanging not
regular virtual photons but rather virtual collapsers, then energy of two “basic” annihilation photons
Es., is negative to energy of third photon E.,, produced by virtual spinino. Because virtual collapsers
link our world and the mirror Universe, this has two consequences. First, both “basic” virtual photons
being in the state of collapse, like any other virtual collapsers in interactions of material particles
in our world, cause emission of particles (here two “basic” annihilation photons) into the mirror
Universe. Second, third annihilation photon, produced by virtual spinino in the state of collapse,
which energy is negative, is emitted into our world. In this case law of conservation of energy-impulse
is observed.

We will refer to this phenomenon as 2+1 split of 3-photon annihilation of orthopositronium.

Hence in decay of orthopositronium by means of virtual collapsers our-world observer instead of
regular 3-photon mode will observe 1-photon mode in which two “basic” photons are emitted into
the mirror Universe, while third “additional” photon produced by virtual spinino, is emitted into our
world thus becoming observable.

Comparing these theoretical statements with experimental data, we can conclude the following.

Because most observable effects of orthopositronium are explained by its 3-photon decay, when all
3 photons are emitted into our world, we can assume that decay of majority (over 99.8%) of atoms of
orthopositronium is effected by regular virtual photons.

On the other hand, observed Ar-anomaly and isotope anomaly suggest that for a very small number
(less than 0.2%) of atoms of orthopositronium interaction in cylinder of events is carried by virtual
collapsers. It is because of exchange with virtual collapsers “anomalous” 1-photon mode becomes
possible, with 1 photon emitted into our world and 2 photons are emitted into the mirror Universe,
i.e. 241 split of 3-photon mode occurs.

6.5 Isotope anomaly of orthopositronium

Phenomenology of isotope anomaly and Ar-anomaly, set forth by Levin [48, 71], relies upon view
of positron SB-decay as topological quantum transition. As a result of this process at the final stage
of Bt-decay that occurs in 22Ne, some space-like resonance structure of limited volume is formed,
against which background non-perturbating processes of orthopositronium annihilation occur. “This
space-like structure carries long-range action for barion charge, which is concentrated in its nodes,
where 22Ne nuclea are initiated in resonance conditions” [71].

But experiments have not answered the question of what is “the building material” of such space-
like structure, which is also a material “agent” to carry long-range action for barion charge.

Terminology of General Relativity is built around space-time views of objects and phenomena and
is dramatically different from terminology used in phenomenology of orthopositronium annihilation.
Therefore to study annihilation of orthopositronium with geometric methods of General Relativity we
can not employ terms like “collective nuclear resonance state” or “topological quantum transition”.

On the other hand, possible existence of space-like structure, which properties are similar to those of
fundamental space-like structure that reveal itself in the terminal stage of 31-decay, was theoretically
justified in our study of motion of test particles in General Relativity (Chapter 1). Two conclusions
lay in the cornerstone of this theoretical justification. First, because eikonal equation for zero-particles
is standing-wave equation, all zero-space is filled with a system of standing waves (hologram). Second,
because for a regular observer the observable three-dimensional interval and the interval of observable
time in zero-space are zeroes, we percept motion of zero-particles as instant displacement in space.
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In other words, zero-particles are carriers of long range-action, i.e. should be perceived by a regular
observer as space-like structures.

As was shown in Sections 6.2 and 6.3, virtual particles, which are material carriers of interaction
between regular particles of our world, can be unambiguously represented as zero-particles, that
travel along their degenerated trajectories in zero-space. This helped us to study annihilation of
orthopositronium and to show that its 241 split is possible, in which exchange with virtual collapsers
rather than regular photons results in 1 photon being emitted into our world and 2 photons being
emitted into the mirror Universe.

The latter means that virtual collapsers, which carry interaction between electron and positron in
annihilation, from viewpoint of a regular observer must be a space-like hologram, linked to existence
of orthopositronium and being a material agent to carry interaction between our world and the mirror
Universe.

As was shown in Section 1.3 (1.77) for particles in zero-space, i.e. for virtual photons, eikonal
equation is standing wave equation

hik —— = .
Ozt dxk 0, (6.50)
This implies that for virtual photons
=0. 6.51
T (6.51)

Because chronometrically invariant derivatives of wave phase to spatial three-dimensional coordi-

nates and to time are
oY oY 1 *oy oY 1 0y

A T P == 6.52
ox' 0w 2ot o 1T (6.52)
c
then eikonal equation for particles in zero-space can be presented as
ik 0P 09 ik 0P 0y
thi.iz— Zkf,fzo. .
Ox' Ok 9" 9zt ok (6:53)

Theoretically it should be true for any type of zero-particles: both for regular virtual photons or
virtual photons in collapse (virtual collapsers). But for virtual collapsers, due to collapse condition
w=c?, chronometrically invariant derivative of wave phase to time is not zero, as is the case for virtual
photons in general (6.51), but instead is 0/0 indefiniteness. This puts certain obstacles on the way of
particular calculations of characteristics of space-like hologram, which appears in 241 split of 3-photon
annihilation, because it results from action of virtual collapsers only. Evidently, such calculations rely
upon advancement of method of chronometric invariants. In particular, theory of observable values
should be developed for hypothetical observers in the mirror world (mirror observer) and in zero-space
(virtual observer). This should be the subject of future studies.

6.6 Conclusions

Finally we can build the whole picture of positronium annihilation in its para and ortho states, thanks
to the results we have obtained using geometric methods of General Relativity.

Annihilation of electron and positron in parapositronium is effected by means of exchange of regular
virtual photons, not subjected to collapse. All products of annihilation (two annihilation y-quanta)
can be emitted into our Universe only.

Annihilation of orthopositronium permits exchange of virtual photons in zero-space through two
channels. In first channel electron and positron exchange virtual photons through regular (not col-
lapsed) zero-space. In this case regular 3-photon annihilation occurs, i.e. all three vy-quanta are
emitted into our Universe. Second channel is implemented through collapsed areas of zero-space,
which are “gateways” to the mirror Universe: annihilation of orthopositronium is effected by means of
exchange of virtual collapsers, two of which cause emission of two y-quanta into the mirror Universe.
Third virtual collapser produced by transformation of spin-energy of orthopositronium in zero-space,
bears energy of opposite sign and causes emission of one «y-quantum into our Universe. Therefore in
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3-photon annihilation through the second channel 2+1 split occurs: 2 photons emitted into the mirror
Universe are unavailable for observation, while 1 photon is observable.

Noteworthy, in Section 6.4 we mentioned that in electromagnetic interaction of particles, to which
annihilation belongs, Newtonian gravitational forces are negligible. That means virtual collapsers
responsible for 2+1 split of 3-photon mode of annihilation, inhabit surfaces of zero-space objects,
collapsed under action of non-Newtonian gravitational forces. For instance, in a space with de Sitter
metric (5.73) gravitational force are non-Newtonian (5.74). Therefore if we consider zero-space as
a case of full degeneration of de Sitter space, collapse in such zero-space will occur under action of
non-Newtonian gravitational force only.

This is in parallel with a statement from phenomenology of anomalous annihilation of orthopositro-
nium, according to which space-like resonance structure, that brings 2?Ne nuclea in gas into collective
excitation, seems to result from combination of de Sitter spaces with positive and negative curvature.
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Notation

Theory of chronometric invariants

ba
Pk
-
do

VZ

Ajg

V4
Fi
w
CZ

Diy,

K2
ik

four-dimensional monad vector

three-dimensional chronometrically invariant metric tensor

physical observable time

spatial physical observable interval

three-dimensional chronometrically invariant velocity

three-dimensional antisymmetric chronometrically invariant tensor of space’s rotation
(non-holonomity tensor)

three-dimensional linear velocity of space’s rotation

three-dimensional chronometrically invariant vector of gravitational inertial force
gravitational potential

three-dimensional chronometrically invariant light velocity

three-dimensional chronometrically invariant tensor of velocities of space’s deformation
chronometrically invariant Christoffel symbols of 2nd rank

Motion of particles

hoP
h*aﬁ

four-dimensional velocity
three-dimensional coordinate velocity
four-dimensional vector of impulse
three-dimensional vector of impulse
four-dimensional wave vector
three-dimensional wave vector

wave phase (eikonal)

action

Lagrange function (Lagrangian)
four-dimensional antisymmetric Planck tensor
dual four-dimensional Planck pseudotensor

Electromagnetic field

A«
14

Ai
Fob

Ei7 E*'L'k
Hika HH

four-dimensional potential of electromagnetic field

chronometrically invariant temporal component of A% (physical observable scalar
potential of electromagnetic field)

chronometrically invariant spatial components of A% (physical observable
vector-potential of electromagnetic field)

four-dimensional Maxwell tensor of electromagnetic field

three-dimensional chronometrically invariant strength of electric field
three-dimensional chronometrically invariant strength of magnetic field
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Riemannian space

P
SCi
t

four-dimensional coordinates

three-dimensional coordinates

coordinate time

space-time interval

four-dimensional fundamental metric tensor

unit four-dimensional tensor

determinant of Jacobi matrix (Jacobian)
four-dimensional completely antisymmetric unit tensor
three-dimensional completely antisymmetric unit tensor
four-dimensional completely antisymmetric tensor
physical observable completely antisymmetric tensor
Christoffel symbols of 2nd and 1st rank
Riemann-Christoffel four-dimensional tensor of curvature
energy-impulse tensor

vector of physical observable density of impulse

tensor of observable density of impulse stream (tension tensor)
Ricci tensor

four-dimensional curvature

three-dimensional physical observable curvature
cosmological term (A-term)
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Special expressions

0A“
dA“= G da® ordinary differential of vector
x
DA*=dA“+TI', Atdz” absolute differential of vector
0AP
V,AP= 927 +T5, A7 absolute derivative of contravariant vector
x
0Ag ., o .
VaAg= 97 —1'%, 45 absolute derivative of covariant vector
Aa—aAa re, A° | i f
Vo A%= 92° +loo absolute divergence of vector
. *9¢"  ;*0lnVh 4
*Viqg'= a;” +q ar;i chronometrically invariant divergence of the vector ¢*

chronometrically invariant physical divergence of

~ . 1 .
* al— * ot .t 3
Vig'="Vq 2 Fiq the vector ¢*

O=g# VaVg general covariant d’Alembert operator
A=g"*V;V, ordinary three-dimensional Laplace operator
*A=h**V,;*V, chronometrically invariant Laplace operator
91 9 chronometrically invariant derivative with respect
ot /goo Ot to temporal coordinate ¢

0_9 1 0
or' ozt & 'Ot

chronometrically invariant derivative with respect to z?

vZ=v;vi=h;viF square of physical observable velocity

vi=—cg" . /900, vi=h;pv* components of the velocity of space’s rotation

V=i square of v; (because gnog°’=g?, then with a=8=0

k we obtain go,g°°=06)=1, hence v?=c?(1 — goog*°)

— — relation between determinants of physical observable
—9 _\/E goo metric tensor and fundamental metric tensor

d "0 "0 o . . .

=tV — derivative with respect to physical observable time 7

dT 8t 81‘
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d__ 1 d
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1V 900

1st derivative with respect to space-time interval

2nd derivative with respect to space-time interval

components of physical observable metric tensor

Zelmanov’s identity

Zelmanov’s identity

Zelmanov’s relations between regular Christoffel symbols
and chronometrically invariant characteristics
of observer’s space of reference

derivative from v? with respect to observable time

physical observable completely antisymmetric tensor
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