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Abstract. For weakly coupled expanding maps on the unit circle, Bricmont and Kupiainen showed
that the Sinai-Ruelle-Bowen (SRB) measure exists as a Gibbs state. Via thermodynamic formalism, we
prove that this SRB measure is indeed the unique equilibrium state for a Holder continuous potential
function on the infinite dimensional phase space. For a more general class of lattice systems that are
small perturbations of the uncoupled map lattice, we present the variational principle, the entropy
formula, and the formula for the potential function for the SRB measures. For coupled map lattices
with nearest neighbor interactions, we give an explicit formula of the potential function for the SRB
measure and consequently, obtain the entropy in terms of coupling parameters.
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1. Introduction

During the past years, many efforts have been made to extend the concept of the SRB-
measure from finite dimensional smooth dynamical systems to spatially extended infinite
dimensional dynamical systems [4, 6, 7, 8, 14, 17, 20]. In particular, for a general class
of weakly coupled expanding maps on the unit circle, Bricmont and Kupiainen showed that
the SRB measure exists as a Gibbs state on a phase space of a mixed type: lattice spin
systems with both finite spins and infinite spins (a compact metric space). Their proof was
general enough to include the case where the coupling is not spatially translation invariant.
However, using this approach of construction of the SRB measure, it is difficult to verify that
the measure satisfies the variational principle and to obtain the (spatiotemporal) entropy of
coupled map lattices.

In this paper, we first show that indeed, the SRB measure constructed in [7] satisfies the
variational principle by using a more traditional approach: constructing symbolic represen-
tations of weakly coupled map lattices using the Markov partition. This approach was used
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in [20] to establish similar results for weakly coupled hyperbolic systems. The advantage of
using this approach here is that it is much simpler since the local map has only an expansive
direction even though we have to deal with the non-invertibility of the map. The another
advantage is that we can obtain an explicit entropy formula in terms of coupling parameters.
Finally, with only minimal changes to the proof presented in [16], this approach will enable
us to obtain the smooth dependence of the SRB measure on the system when the coupled
map lattice varies and calculate its derivative, i.e., the linear response function.

The lattice systems we consider here are slightly more general than the standard coupled
map lattices. Our model is described by a small perturbation of the uncoupled system F',
not necessarily in the form of a composition G o F with G a diffeomorphism of the phase
space. We note that even on the unit circle, a perturbation of an expanding map f can not in
general, be expressed in the form Go f with G a diffeomorphism of the circle. With potential
applications in mind, our last section deals with coupled map lattices only.

The precise description of the lattice system and a summary of main results of the paper
are given in Section 2. After a brief introduction of the SRB-measure for an expanding
circle map, we show the existence of such measure for the model. The strategy is to extend
thermodynamic formalism to lattice dynamical systems and prove desired results for lattice
spin systems of equilibrium statistical mechanics. In order to have symbolic representations
of lattice dynamical systems, we prove a structural stability theorem for our lattice systems
in Section 3. We prove that there is a conjugacy between the uncoupled map lattice and
the slightly perturbed one. The conjugacy helps to construct a Markov partition of lattice
dynamical systems and obtain the corresponding lattice spin systems. Section 4 contains the
extension of thermodynamic formalism to lattice dynamical systems. The results of Sections
3 and 4 are then applied to show that the SRB-measure exists for lattice dynamical systems
and is an equilibrium state satisfying the variational principle. The proof consists mainly of
the construction of the potential function. In the last section, as an application, we provide
further calculation of the potential function in terms of coupling parameters and subsequently,
obtain an explicit formula of entropy.

2. Preliminaries

2.1. Lattice Dynamical Systems. Let Z% be the d-dimensional integer lattice. We
start with the definition of the phase space M.

M = ®i€Zd Szl

with S} = S1, i.e., M is the direct product of identical copies of the unit circle. A Lattice
Dynamical System considered in this paper consists of the phase space M and a map ¢ from
M into itself.

In order to study both types of problems: structural stability and invariant measures of
lattice dynamical systems, we need to introduce two types of metrics on the phase space M.

Definition of Metrics. We denote by p the supremum metric on M. For any z =
(2:).5= (ui) € M. B
p(ﬂf, y) = sup d(xzv y’L)a

A
where d denotes the canonical distance on the unit circle. With the metric p, M is a Banach
manifold modelled on the Banach space 127,

12 = {Z = (z;) : sup|zi| < o0,z; € R}

i€Z%
The Banach space 1% also serves as the universal covering space for M. When we discuss
local properties, such as continuity and differentiability, of maps on M, we identify these
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maps with their lifts in this covering space. The projection function from 12% onto M is
denoted by P and we have for each z = (z;) € 12

P(z) = (expi2mwz;) € M.

The other metric p, on M is in fact, a family of metrics that are compatible with the
compact topology on M induced by the direct product structure. It corresponds to the weak*

(coordinatewise convergence) topology in the Banach space 1Z°. Given a constant 0 < q <1,
T =(2:),y = (yi) € M,
pq(Z,9) = sup q"ld(z;, yi),
iezd
where 4
i = lir| + lia| + -+ + |igl, @ = (i1,i2, -+, ia) € Z°.

Clearly, the lattice dynamical system (M, ®) just defined is infinite-dimensional. A simple

example of ® is the direct product of identical maps on S*:

F = ®jezafi

with f; = f being any differentiable (usually, at least C'*® ) expanding map on the circle.
The degree of the map f is denoted by p, which means that every x € S! has precisely
p preimages. We always assume that |f'(z)] > 1,2 € S'. In this paper, we consider the
dynamics of a special class of maps that are small perturbations of such map F'.

We describe the class of perturbations with the help of these two kinds of metrics.

Definition of the Perturbation. (C1) Hélder continuity condition in the metric pq,:
We assume that ® is Holder continuous with respect to p, for some fixed constant 0 < g < 1.
i.e., there exist C; > 0 and « > 0 such that

pq(2(Z), 2(9)) < C1pg(Z, 7).

This Holder continuity in the metric p, is slightly weaker than the so-called the exponen-
tial decay property of the perturbation

d(2i(z), ®i(y)) < COTHd(ap, yi),

where ®; is the projection of ® on the lattice site i € Z% and all components of Z and ¢ are
the same except at the lattice site £ (see [15] Lemma 1). We emphasize that this continuity
condition in the metric p, must be imposed before we can describe other conditions on the
derivative operator of ® using its partial derivatives. It is a fact in functional analysis that

some bounded linear functionals on the Banach space 1Z* can fail to be weak® continuous and
thus, can not be expressed as an infinite sequence using its values at the weak* basis [25].

PROPOSITION 1. Assume that ® = (®;);cza is continuous with respect to the metric
pq- Assume that ® is continuously differentiable (C') and the sum of partial derivatives

Z oP;
JEZL | Oz,

derivative operator D® can be represented by the infinite matrix (%)i,jezd: i.e., for any

xT

< M for some constant M converges uniformly in both T and i. Then, the

vector Yy in the tangent space of M at &

_ 0P,
Doy = Z T;‘Eyﬂ
jezd 7
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Proof. For any given € > (0, we need to show that

o;(z + 07) — @ 52‘9@\%‘«

jezd

1

4]
when |§| is sufficiently small. For convenience, we introduce a total order in Z%: i < j
whenever || < |j|. When |i| = |j|, we use the lexicographic order. For example, when d = 3,
(0,0,1) < (0,1,0) and (0,0,3) < (1,1,1) < (3,0,0). Let T denote the order preserving one-
to-one map from the set of non-negative integers to Z?. We define a sequence of elements
Zr € M,k = 0,1,2, in the following way: Let zx(j) be the component of z; at lattice site
j € 74, Then,

Zk(j) = 0y, when j <T(k), Z,(j) = 0,when j > T'(k).

We have limj_,oo T + Z;, = Z + 0y in the metric p,. Thus,
Di(Z + 67) — i(Z) = Bi(Z + Z0) — +Z (T +2) — Bi(T + 251)]-

Note that T + z and T + Z,_; differ only at the lattice site T'(k). By Mean Value Theorem,
for k=0,1,2,---,

0,

Qi(z 4 2) — Pi(T+ Zj—1) =

for some point &, between T + z, and Z + Z,_1 (E +Zz_1 = ). Thus,

1 0P,
~|®(F + 67) — B;(z ‘_’ @ i ‘
5| i@ + ) — @i(z) — az ! Yj kzo &cm e, 8xT(k)\x]yT<k)
Note that for each fixed k, we have
lim 0P, oP; |_ —0

6—0 8$T(k) ‘Ek a aa?T(k) x

since £ — Z in the metric p as 6 — 0 and the convergence of Z]ezd |aw

;| is uniform in z.
Therefore,

0d;
lim _ =0.
5%02 8$T k) 8xT(kz) ’m]yT(k)

g

(C2) Differentiability condition: We assume that @ is at least C! with respect to the
metric p.

(C3) Small perturbation condition: ® is C'-close to F. In terms of partial derivatives,
we have

sup |9;(Z) — f(x;)|+ sup

) (E
i€Zd.zeM zEZd,meM

for a small constant 0 < € < 1.



SRB MEASURES FOR LATTICE DYNAMICAL SYSTEMS 5

(C4) Decaying coupling condition: For i,j € Z%,i # j,
0P;

Ox;

where C5 > 0 and 8 > 0 are constants.

< 0366_/6‘2_‘” ,

REMARK 1. (1) Conditions (C1), (C2), and (C4) are sufficient for Proposition 1 to hold.

(2) One can formulate different types of decay conditions other than using € and 3 in
(C4) for the partial derivatives. However, it seems that the exponential decay of the coupling
between remote lattice sites is necessary for the study of SRB measures via thermodynamic
formalism in later sections. This exponential decay condition also allows a simple proof of
the Holder continuity of the conjugating map in the metric p, in the next section. This type
of assumptions appeared in previous papers such as [4, 6, 7, 12, 15, 16, 20, 28]. Other
types of decay of coupling are also possible when one uses the transfer operator approach
(see [14, 30]). But it is unclear if the SRB measure in [14, 30] will satisfy the variational
principle. The condition (C4) can also be formulated in terms of the Lipschitz continuity in
weighted metrics [15, 20].

The last condition (C5) concerns the smallness of the derivative of the perturbation.
This condition will not be needed until the proof of the uniqueness of SRB measures as an

equilibrium state. For # =€ M, i,j € Z4, let

09,
- 836: T _ 8(1)1' . .
an(x) = f’(,xz) —1 and (IZ](.:U) = 87% IE’Z 7£ VE

(C5) Holder condition on the derivative: For all i,j,k € Z% and & = (1;),7 = (y1) € M
with z; =y, € Zd,l #+k,

laii (T) — aij ()| < Caee a2y, yp),
for some constant C4 and 0 < o < 1.

This condition is a little weaker than a similar condition used in [7] (expression (4)) for
coupled map lattices and is the same as the one stated in [20] (expression (7)).

Other Definitions. (1) Spatial translation invariance: Let o¥, k € Z? denote the map
induced by shifts (or translations) on the lattice Z%: (o%(z)); = z;1x. When d = 1, this
is just the leftward shift. ® is called shift (or translation) invariant if ® and ¢¥ commute:

Pock=0crod.

(2) Finite volume approzimation of ®: For each finite volume V C Z%, My = ®;cy S}
Fix a point z* = (z});cze € M. For convenience, we shall take z* = (0);cza € M, i.e., the
origin. The map ®y denotes the following map from My to itself:

(CI)V(-%'V))Z = ((I’(.%'V,IB*‘A/))Z, 1€V,

where V = Z4\V, the complement of V in Z%. The structural stability theorem [31] tells us
that when the perturbation is sufficiently small, ®y, is an expanding map on My conjugated
by a continuous map hy,:

(PVOhV:h’VOFV'
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With a little abuse of notation, we also use @y to denote the following extended map on M:
((b(xVa:E*"}))i? (&S ‘//:
f(ay), 1eV

i.e., the perturbation is restricted inside the finite volume V. It is easy to see that whenever ®
satisfies conditions (C1)-(C5), @y satisfies the same conditions with the same set of constants.

(2.1) (@v (), =

2.2. The Sinai-Ruelle-Bowen Measure. For expanding maps on the circle S', The
Sinai-Ruelle-Bowen measure has many equivalent descriptions. We list two of them whose
extensions to the lattice dynamical systems are discussed in this article.

(1) Weak* limit of iterates of Lebesque measure Let A C S' be any Borel set, f be a
C",r > 1 expanding map, and A be the normalized Lebesgue measure (or any probability
measure equivalent to A ) on the circle. Then, the following limit exists:

u(A) = lim A(F(A)).
The limiting measure p is invariant under f: ps(A) = pus(f~1(A)).

(2) Variational Principle Let T be the set of all invariant probability measures on S* with
respect to f and h(f) be the measure theoretical entropy w.r.t v € I'. Then,

sup (1 () + [ ~log|/(@)ldn) =0,
~el S1

There exists a unique measure piy at which the supremum is attained. Any probability mea-
sure satisfies the equality is called an equilibrium state for the potential function — log | f'(z)].
Definition of an equilibrium measure for arbitrary continuous function can be found in [29].

The measures obtained from these two procedures are the same and are called the Sinai-
Ruelle-Bowen (SRB) measure for the expanding map f. The SRB measure can also be defined
as the fixed point of the Perron-Frobenius operator. Another way to define the measure is
to construct a Markov partition for the expanding map and obtain the measure as a Gibbs
state through a sequence of conditional probabilities [33].

Measures with similar properties exist for other maps, e.g., transitive Anosov maps. For
general C"-expanding (r > 1) maps on closed manifolds, the description is almost identical.
For instance, in our context, ®y is an expanding map on My. Thus, there exists an SRB-
measure fy, on My which is invariant under ®y,, absolutely continuous with respect to the
Lebesgue measure, and is mixing. This SRB-measure is the unique invariant measure satisfies
the Variational principle:

(2.2) by, (Pv) = /log JOy (xy)duy,

where hy,  (®v) is the entropy of ®y, with respect to yy, and J®y (xy,) is the Jacobian of @y .

For coupled map lattices, it has been shown in [7] using the transfer operator method with
the cluster expansion technique that the (thermodynamic) limit of the measure y, exists as

the volume V goes to Z%. The limiting measure u is a Gibbs state invariant under ® and it
is exponentially mixing with respect to both ® and os.

In this article, we will show that the measure p also satisfies the variational principle.
The main results of this paper are the following.
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THEOREM 1. Assume that the map ® satisfies conditions (C1)-(C5) for sufficiently small

€ and is translation invariant. . o .
1) The thermodynamic limit of SRB-measures p, exists. The limiting measure [ 1is

invariant and exponentially miring with respect to both ® and spatial translations: For any
Holder continuous functions ¢ and 1) in the metric pg; on M,

@3 dm [ s@kae@d- [ o@d [ s@di-o

(2) The measure p is the unique equilibrium state for a Hélder continuous (in the metric

pq) potential function o(z) close to —log|f’'| under the Z action T generated by ® and
q +
spatial translations. Moreover, the entropy formula holds:

Pr(p) = hu(r) + /«pdu =0.

(3) The (spatiotemporal) entropy of T with respect to u is the limit of the average entropy
of ®y over the volume V :

hu(r) = lim, m hu, (Pv).

(4) The potential function ¢(Z) of the SRB measure p with respect to the action T is given
by

(2.4) p(z) = —log |f'(x0)] Z

aoo

where a(()g) (Z) is the entry of the infinite matriz A™ corresponding to the (0,0) lattice point of
7% x 7% and the matriz A(Z) is defined by the relation

@fj (7)), jega = (diag(f'(2:)))(I + A(2)).

We outline the steps of the proofs.

Step 1. Prove that the map ® and F' are conjugate by a continuous map h. Show this
map h has special regularities: it is Holder continuous in the metric p, and the conjugating
map hy between ®y and Fy converges to h uniformly in the metric p,.

Step 2. Pull back the SRB measures ji;, for the finite dimensional systems (®y-, My,) onto
the symbolic representations induced by the Markov Partition to obtain equilibrium states
vy.

Step 8. Show that the equilibrium states as Gibbs states vy converge to an equilibrium
state v on a (d+1)-dimensional lattice spin system. The potential function for v is obtained by
localizing the potential functions of vy,. The uniqueness and the exponential mixing property
follow from special Holder continuity of this potential function in the metric pq.

Step 4. Push forward the measure v onto M and show that this measure is the unique
equilibrium state for a corresponding potential function.

REMARK 2. (1) The proof of the entropy formula is the same as that for the coupled
hyperbolic attractors and therefore, is omitted.

(2) The construction of the potential function (2.4) first appeared in [7] (expression (14)
on page 719) for coupled expanding map lattices.
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(3) When the local map f is C” for r > 4 and & is restricted to a C"-neighborhood of
F with its partial derivatives up to order 4 satisfying decay conditions similar to Condition
(C4), one can prove that the conjugating map h depends smoothly on the perturbation ®.
Consequently, the potential function ¢(h(Z)) in (2.4) and the SRB measure p depend on @
smoothly. Proofs are given for coupled hyperbolic systems in [16] and are essentially identical
for our systems here (only simpler) and thus, are omitted.

3. Structural Stability and Regularity of the Conjugating Map

In this section, we prove structural stability for the map F' and prove the regularity of
the conjugating map that will play an important role in studying invariant measures for such
systems. The proof of structural stability follows closely the one in the finite dimensional
case ([31]). The Holder regularity of the conjugating map is proved via finite dimensional
approximation.

Let P be the projection from the covering space 12" of M onto M = @pezaSt. Let F

and ® denote lifts of F and ® in the covering space lZd, respectively, i.e., both F and ® are
continuous and satisfy

PoF=FoP; Pod=&oP.

Note that lifts of F' and ® are not unique. To fix lifts for F' and ®, we assume that
F(0) = 0, and p(®(0),0) < € < 3. Under the supremum distances, a map on M and its
lift in 12° are locally identical. For Z and j close in IZ°) p(®(z), ®(7)) = p(®(Pz), ®(P7)).
Therefore, if ® and F satisfy conditions (C1)-(C5), ® and F satisfy the same conditions with

only a small modification to (C1): (C1) holds for & when p(z,3) < 1 in IZ°. For simplicity,
we shall use same notations for corresponding objects on M and its covering space 12

Under the conditions (C1)-(C3), the conjugacy between the lifted maps ® and F' can be
proved by using the fixed point theorem for contracting maps. The conjugacy between ® and
F follows immediately.

THEOREM 2. (Structural Stability) Assume that the map ® satisfies conditions (C1)-(C3)
for a sufficiently small e. Then, ® is topologically conjugate to F': there exists a homeomor-
phism h : M — M such that

doh=~holfF.

Proof. We first observe that F and ® satisfy the following translation conditions.

(3.1) F(z+n) = F(z)+ pn, o(z+n)=d(z)+ pn,

where T € lZd, p is the degree of the map f, and n € Z¢. The first equation is obvious. To
see that the second equation holds, let ey = (n;);cze with n; = 0 for all i # 0 and ng = 1. We

consider the straight line connecting two points z and z + &y in 12°. Note that the projection
of this line onto M = ®;.74 5" is a circle since PZ = P(Z + &p). Since Po® = ®oP, we have

PO(z + o) = P(P(z)),

which means

O(z + €9) = (Z) + (Mm4);eza
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for some integer sequence (m;);cz4, m; € Z. Since ®(ZT+¢) is close to F(T+eo) = F(z)+ peo,
we must have

®(z + e9) = ®(z) + peo.
Thus, the second equation in (3.1) follows from the coordinate-wise continuity (w*-continuity)
of ®.

By equations in (3.1), it is easy to verify that both F and ® are invertible, differentiable,

and expanding maps. Now we consider the complete metric space CP<lZd, lZd) (the subscript

P indicates certain periodicity) consisting of all continuous maps g(z) from 127 to itself
satisfying the condition g(z +n) = ¢g(z) + n:

(3.2)

Cp(lzd, lZd) ={g: I continuous, g(Z 4+ 71) = ¢(z) + 7, for 7 € Z4}.

The metric on this space is the supremum metric induced by the metric p on 127

p(g1,92) = sup p(g1(Z), g2(2)).

zelzd
Define a map L¢ on Cp(lZd, lZd) by
(3.3) Log(Z)=d Logo F(z).

To see that the map Lg is well-defined we need to observe that Log(Z) is continuous. The
relation
Log(Z+n) = Log(T) + 7
follows directly from equations in (3.1).
To obtain the conjugating map, we need to show that the map Lo has a fixed point near
the identity map of the space 129 1d € Cp(lZd,lZd). For any map g € Cp(lZd,lZd) with
p(g,Id) <6 (0<d <1).

p(Lg(z),1d(z)) = p(@ T ogo F(z),® ' old o ®(z))

<lIp(g, B0 F') <l[p(g,1d) + p(Id, @ 0 F )] < 1(5 +¢),
where 0 < [ < 1 denotes the Lipschitz constant for &~ For any fixed 0 < § < 1, we
can choose € in (C3) sufficiently small such that I(§ + €) < . i.e., the map Lo maps the
0-neighborhood of the identity map Id in C’p(lZd,lZd) into itself. Since | < 1, Lg is also
contracting. Therefore, there exists a unique fixed point R in this d-neighborhood of Id. The
map h satisfies the equation doh=hofF. In fact, we have

(3.4) h= lim £3(1d).

To show that h is a homeomorphism of the Banach space lZd, we need to apply the same
argument to the map

gaﬁ_logo&;

to obtain its fixed point I’ close to the identity. We note that h' o h is close to the identity
and is the unique fixed point of the map

g—)ﬁ_logoﬁ.
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Thus, it must be the identity map, i.e.,

Woh=1Id.
Similarly, we have
hoh' =1d.
Thus, h conjugates ® and F.
The projection of h onto M is the conjugating map h between F' and ®. O

Study of the metric properties (existence, uniqueness of invariant measures) of lattice
dynamical systems requires additional properties of the conjugating map k. Since the phase
space M is not compact under the supremum metric p, it is not convenient for us to study
invariant measures. The natural topology under which invariant measures can be rather easily
studied is the product topology on M. The exponential decay condition (C4) guarantees that
the conjugating map h will have the desired regularity in the product topology to transport
invariant measures of the unperturbed system (M, F') onto the perturbed system (M, ®).

THEOR
(1) If ® satzsﬁes conditions (C1), (C2), and (C4), then ® is Lipschitz continuous with respect

to the metric py for any q with e P <g<l.

(2) When € > 0 in (C3)-(C4) is sufficiently small, ®* is also Lipschitz continuous and
contracting in the metric pq for any q with e P <qg<l.

Proof. (1) Let i € Z¢ be fixed. Then,

¢"d(®i(z), ®i(7)) < Y _ 4" (25, y5)
jEZ4
<q”u Hd(:c“ym S qlleCse (s, y5)
JELL jF#i

< Z eCs (qeﬁ)_“_j‘ +C | sup ¢"ld(z;,y;),
j#i jezs
where C' is a constant.

(2) To prove the second part of the theorem, we need only to use the following lemma
whose slightly different versions appeared in [15, 26].

LEMMA 1. Let &3;1 denote the coordinate of d1atie Z%, then for any 0 < B < 3,
there exists constant C(3') such that

|| < C(B)ee Tl

fori#j,i,j€Z and

where | is the Lipschitz constant of ®~1 in the metric p.
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We repeat the estimation in the proof of (1) for ! to obtain the desired result. Note

that the Lipschitz constant of ®! in the pq metric is less then one when € > 0 in (C3) and
(C4) is sufficiently small. We will also denote this Lipschitz constant in the metric p, by .
O

The Holder continuity of & and &1 in the metric pq can be passed onto the conjugating
map h. The next theorem implies that h is indeed, Holder continuous in the metric p,.
Moreover, it is close to a direct product of maps on the unit circle.

THEOREM 4. The conjugating map h satisfies the following properties.
(1) There exist constants 0 < § < 1 and C > 0 such that

(3.5) d(hi(z), hi(y)) < Cd° (i, 5)
for any T = (x1), 5 = (yr) € M with xj, = yy for all k € Z2 except k = i.

(2) For any 0 < ' < (3, there exists constant c(€), depending only on € and c(e) — 0 as

e — 0, such that for any fized i,j € Z¢,i # j and any T, € M with x3, = yy, for all k € Z¢
except k = 7,

(3.6) A(ha(), hi(@) < cle)e™ T (@5, ),

The proof of the first property relies on the finite dimensional approximation while the
second part of the theorem, inequality (3.6) is proved by induction. For simplicity, we choose

V = {i € Z%,|i| < n}. The following lemma can be directly verified using the definitions.

LEMMA 2. For any volumes V C V' C 74,
(1)

Py (zy) = Qvr(zy, 2y y )

(2)
pq(q)V7 (I)V’) S an

In particular, py(®yv,®) < Cq"™, where C is a constant.

Proof of (1) of Theorem 4. First, we observe that the Lipschitz continuity in the metric
pq holds for the lifted map ® provided that it is considered in a bounded set in the metric p.

Next, we consider the extended maps of ®y, defined on the entire M using the formula
(2.1). Similarly, we extend the lifted maps and we will use the same notations for these ex-
tended maps. Since the map ®,, satisfies conditions (C1)-(C4) with the same set of constants,
Theorem 3 holds when @ is replaced by ®,.

For n = 1,2,---, we have a sequence of maps Lo  defined on the same metric space
Cp(I%*,12%):
ﬁ@vg = CI)‘_/I ogoF.

Estimating the induced distance between E@V and Lg, we have
po(La, 9, Log) = pg(Py' gF, @7 gF)

= ,oq((i)(/lgﬁ7 &)(/1&)\/5_19?) < lpq(i’(f)_lgﬁ, 5V<T>_lgﬁ) <1Cq"™.
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Note that all maps Lg , have the same contracting coefficient . By the uniform contract-
ing map theorem, the unique fixed points hy, satisfy the inequality

pq(hV7h) S Cl nv
where the constant C’ depends only on [ and C. We conclude that hy converges to h
exponentially fast in the metric p,.

To prove the first statement in Theorem 4, we just need to show the inequality holds when
1 = 0 because of the translation invariance. This is achieved by applying the convergence of
hy, to h to the following lemma.

LEMMA 3. There exist constants C > 0,0 > 0 independent of the volume V', such that

pq(hv(zy), by (yy)) < Cpg(l’v’yv),
for all xy, = (x1),yy = (yr) € My with 3, = yp, k € V,k # 0.

Proof of the lemma. We follow the proof of a similar result for hyperbolic systems on
page 599 in [22]. We just need to make sure that the constants involved are independent of
the volume V.

Since h is the lift of h and M is compact in the metric p,, both maps h and h are
uniformly continuous with respect to the metric p,. Because the convergence hy — h is
uniform, we have that for any given €y > 0, there exists §g > 0 independent of the volume V'
such that py(hy (2v), hv(yv)) < €0 whenever py(zy,yy) < dp. The same is true for the lifted

map hy in a bounded (in the metric p) set.

Let [ < 1 and L > 1 be the Lipschitz constants for @(,1 and Fy (or, f) in the metric
pq- Both constants are independent of V. Choose 0 < § < 1 such that IL° < 1. Let
xy, Yy € My with o, = yi, k € V, k # 0. Note that py(z,yy) = d(z0,%0). We may assume
that pg(xy,,yy,) < do. Let m > 0 be an integer such that

L™ pg(wy, yy) < 8o < L™ py(my, yy ).
Since pg(F (zv), M (yv))) < L™pg(wy, yy) < do, we have
pa(hy (2v), hv (y) = pg(hy (zv), by (yv)) = pg(@y " hy FiF (zv), D" hy Y7 (yv))
<1Mep = ;;;lm5g < ;;;lmL(m“)‘spng,yv)

€0
< ﬁL‘Spg(a?v,yv)-
0

O
We continue to prove the second part of the theorem.

Proof of the smallness in the Holder coefficients. In the proof of structural stability, we

have shown that h, the lift of h can be obtained as a limit: A = lim,, .o £ (Id) in the metric
induced by p. We now use induction on n. Obviously, the identity Id satisfies the estimation
(3.6). Let us assume that g(z) = L (Id) satisfies these inequalities, i.e.,

d(g:(7), (@) < cle)e~ Tl (w5, 3).
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We show that Leg(Z) = @1 o g o F(Z) satisfies the same estimations when ¢ is sufficiently
small. We need estimations of the entries of the derivative matrix D® 1 from Lemma 1:

P! 0! o
i i < N —0B'i—k|
2 —| < O

<l <1and
= | ox
for some constant 3’ < 3. Let L denote the Lipschitz constant of map f. Notice that  and
y differ only at the lattice site j. We have

i

d(®;togo F(z),®;" ogoF(j

7

F(2), gk o F (7))

kZd

1 F—1 " .
o ey o P9 F()+Ha§);i ldtg: o Fia).g: F(o)

ZI F(2), gk o F(7))

k#i,j

< [ c@rece =4 14+ 3 C(@)ee ) e T | d(f(ay), (1))
k#i,j

< [ C(B)eCePIHIL + (1L + > C(8)ee P IHL)e(e)e™ Tl | @ (s, ).
k#i,5

We first choose ¢ such that IL° < 1 (this is exactly how ¢ is chosen in Lemma 3 in the first
place). We then need € > 0 to be sufficiently small so that

C(B)eCe™ 7L 1 ie(e) L0 + Y O(8)ee P liHe(e) L7 < efe).
k#i,j
In fact, we can simply let c(€) = \/e. O

As a consequence of Theorem 4, we have the Holder continuity of h.
COROLLARY 1. There exist constants 0 < § < 1 and C > 0 such that

for all z,y € M.

4. Thermodynamic Formalism

In this section, we discuss how to obtain equilibrium states for suitable potentials on the
lattice dynamical system (®, M) with respect to the forl action using the Gibbs states on its

symbolic representation (a lattice spin system). The exposition is similar to that in [15, 20].
So some details are omitted.
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4.1. Markov Partition and Semi-conjugacy. The symbolic representation of the
lattice system (®, M) is induced by the symbolic representation of the local map f through
the conjugating map h.

Since f is an expanding map with degree p, we have a Markov partition and a semi-
conjugacy m between f and the left shift o, on X,, the (one direction) full shift of p symbols:

fom=mooy.
This semi-conjugacy is extended to a semi-conjugacy m = ®;czam between F' and ®;cz4(0t)i
on E%d = ®;czd(Xp)i, where (X,); are copies of ¥,. This shift ®,cz4(0¢); will again be
denoted by o; for simplicity. Elements of Z%d will be denoted by & = £(3, J)ieza jez+s OF
£= §i(J)iczd jen+- For each fixed i € Ze, ¢ € ¥,. This symbolic space is endowed with the
distance

pe(&m) = sup  ¢"Hld(E(, 5),m(i, ),
(i.j)€zit?

where Ziﬂ = {(i,5) :i € Z%,j € ZT} and d is the discrete metric on the set of p symbols.
The corresponding metric on M is the metric p,. It is easy to verify that the map 7 is Holder
continuous under the metrics py.

Since we have proved that the conjugating map h is Holder continuous in the metric pg,
we have the semi-conjugacy ho7 between ® and ;. When ® is a spatial translation invariant
perturbation, the conjugating map h is also translation invariant, i.e., 050 h = h o gs. Thus,
the map h o 7 is also a semi-conjugacy between the spatial translation o, on M and the
spatial translation oz on Z%d. Therefore, h o 7 is a semi-conjugacy between the Ziﬂ group
actions generated by (®,05) and (oy,05).

For finite dimensional approximation maps ®y, we use the same method to construct
symbolic representations through the conjugation map hy,.

The semi-conjugacy acts as a bridge between measures on M and Egd. For a Borel

measures ;. on M, it has a corresponding measure v on Z%d satisfying the equation
(4.1) v((ho®)"(B)) = u(E), EC M.

On the other hand, every measure on the symbolic space E%d can be pushed forward to define
a measure on M.

4.2. Equilibrium States. We first define equilibrium states for lattice dynamical sys-
tems. The description below is adapted from [29].

Let Q be a compact metric space and 7 be a Zfl—action on Q induced by d(> 0)
commuting homeomorphisms and one continuous map. Let also U = {U,};cr be a cover of
Q: UjerU; = Q. For a finite set A C Z‘ﬁl define

U = Vgerr MU
to be the refined cover of € consisting of all sets of the form
B = Ngeat "Uigry, i(k) € 1.
Denote by |A| the cardinality of the set A.
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An action 7 is said to be expansive if there exists € > 0 such that for any &, 7 € Q,
d(m%¢,7%n) < e for all k € Z‘f“l implies £ = 7.

A Borel measure p on € is said to be 7-invariant if p is invariant with respect to all d
homeomorphisms and one continuous map. We denote the set of all 7-invariant probability
measures on ) by I'(Q2).

Let p € I'(?) and U = {U} be a finite Borel partition of Q. Define

Zu )log u(Us).

and set
1 1
he(u) = lim e H (p, UN) = inf H(p, UMN),

s —0 [A(a)] [Aa)
where A(a) = {(i1...1441) € Zi“ ca=(ar...a441), an > 0, lin] < ap,n=1,...,d+1}.
The measure-theoretic entropy of the action 7 with respect to p is defined to be
(4.2) hu(t) = sup hr(p,U) = lim  h-(p,U),

u diam ©—0

where diam U = max;(diam Uj;).

Let U be a finite open cover of €2, ¢ a continuous function on €2, and A a finite subset of

Zi“. Define the partition function over A to be
(4.3) Za(e,U mln { Zexp 1nf Z o(T k§
T keA

where the minimum is taken over all subcovers {B;} of U*. Set
PopU) = Tmsup ——Tog Zy () (,)
a1t —o0 |A(a)] ( )|
The quantity

(4.4) P (o) = lim P (p,U) =sup P (p,U)
diam ©—0 u

is called the topological pressure of ¢. One can show that the limit in expressions (4.2) and
(4.4) exists. Details of proofs can be found in [29].

Let ¢(x) be any continuous function on Q and P;(y) be its topological pressure with
respect to 7. Then, we have the variational principle

PA(e) = sup (1) + [ ).

where h.(7) is the measure theoretical entropy of the -action 7 with respect to y. A
T-invariant measure p is called an equilibrium state for ¢ if the supremum is attained at u.

d+1
Z+

Equilibrium states exist for continuous functions as long as the Ziﬂ—action is expansive
d+1
Zy

[29]. One can easily rarify that the -action on M generated by ® and the translations

is expansive in the metric p;.

The ergodic properties of an equilibrium states are related to its uniqueness. In fact,
uniqueness implies ergodicity [27]. The stronger ergodic properties, such as mixing and
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exponential decay of correlation functions can be obtained by considering symbolic represen-
tations of dynamical systems and some other techniques such as the transfer operator method
and the zeta-function method.

4.3. Invariant Gibbs States for Symbolic Spaces. From the symbolic representa-
tions of ® and ®y,, we have the following symbolic spaces (lattice spin systems):

d
(4.5) E% = ®i€Zd(2p)i7 Z;/ = ®i€V(2p)i-
Under the metric pg,0 < ¢ < 1, E%d and Z;‘,/ are compact metric spaces and the variational

principle holds in these cases. For spaces E]‘,/ , we have a Z-action induced by the left shift

ot of ¥,. On E%d, we have a Zi“—action induced by the (space) translations o on Z% and
(the time shift) o, on X,. Clearly, both actions are expansive in the metric pg.

On these symbolic spaces, equilibrium states for any Holder continuous function are
equivalent to invariant Gibbs states (defined below; also see chapter one and three of [29]).

Even though the equivalence theorem there was proved for Z%-actions, the proofs are valid
for Z% ! actions).

Any element ¢ € E%d will also be called a configuration. For any subset A C forl, set
QA = {1727 s ap}A‘

For convenience, elements of {2, are also denoted by {4, or {(A). One can say that {25 consists
of restrictions of configurations & to A.

For each finite subset A C Ziﬂ, define a function p, (§) on E%d by

~ 1
(4.6) pA(§) = Zﬁ;n(?\):f(f\) exp (ZkeZiﬂ SO(Tkﬁ) - @(T’f@) ’

where 7% denotes the action o o ag, A= Ziﬂ \Aand k= (i,5),i € Z4,,j € ZF.

Let ¢ be a Holder continuous function on Z%d. A probability measure p on Z%d is called
a Gibbs state for ¢ if for any finite subset A C Zf‘l,

(47) i) = [ pa(@ds,

23
where i, and jig are projections of 1 onto €24 and 3, respectively. Equation (4.7) is known
as the Dobrushin-Ruelle-Lanford equation.

There are other equivalent ways to define Gibbs states for Holder continuous functions
on symbolic spaces. Let ¢ be such a function. For each finite volume A, we first define a
conditional Gibbs distribution on 25 under a given boundary condition n* by
(4.8)

e a(EV) = !

3 Ry () EP ( Spezans o(7Fn) — (TF(E(A) + 17 (A)))

where £(A) + 77*(7\) denotes the configuration on A U A whose restrictions to A and A are

€(A) and n*(A) respectively. Then the set of all Gibbs states for ¢ is the convex hull of
thermodynamic limits of the conditional Gibbs distributions [29].
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In order to establish the correspondence between equilibrium states of lattice dynamical
systems and the invariant Gibbs states of lattice spin systems, we will need ergodic properties
of Gibbs states that is related to the uniqueness of Gibbs states. The uniqueness of Gibbs
states for various potential functions have been major research topics in equilibrium statistical
mechanics during last three decades. It is well-known that Gibbs states are always unique for
any Holder continuous functions on one dimensional lattice spin systems (so called absence of
phase transition). In higher dimensional cases, the uniqueness holds for those Holder functions
with a small Holder constant which corresponds to the situation of “high temperature”. For
general Holder continuous functions, the uniqueness is not true. The Ising model provides a
simple example [20].

The potential function that will appear in our consideration of SRB-measures for lattice
dynamical systems in the next section does not have a small Hélder constant. However,
the potential function is only a small perturbation from a potential function for which the
uniqueness holds. Using a direct cluster expansion technique one can show that the same
properties hold for the slightly perturbed potential functions. We state the theorem below.
The theorem was proved in [19] for the dimension two case (d = 1) for a class of subshifts of
finite type. The proof provides a formula for the Gibbs state in terms of the potential. For
general higher dimensional cases, it was proved in [7] and [8]. The latter shows directly the
uniqueness without obtaining an explicit expression of the Gibbs state (see [7]).

THEOREM 5. (Uniqueness and Exponential Mixing property of Gibbs States) Let ¢
be a Holder continuous function on Z%d. Assume that ¢ can be written in the form ¢ =
©wo + 1, where o is a Hélder continuous function satisfying the condition — po(&) = ¢o(n)
for all £, € Z%d with £(0,7) = n(0,5), 0 € Z% j € Z* and ¢, satisfies the condition
lo1(&) — ()] < cpg(g, ) with the Holder coefficient ¢ sufficiently small. Then, the Gibbs

state for ¢ = o + @1 is unique and exponentially miring with respect to the Zfl-action.

4.4. Semi-conjugacy. Now we are ready to construct equilibrium states on lattice dy-
namical systems that correspond to invariant Gibbs states on their symbolic representations.
First we prove the following lemma on the transition of potential functions. Note that invari-

ant Gibbs states and equilibrium states are the same on our symbolic space E%d ([29], Page
60).

LEMMA 4. Let ¢y and o1 be Holder continuous function on M satisfying the condition
©0(Z) = ¢o(y) whenever xog = yo. Then, for everyd >0 and 0 < q < 1, there exist sufficiently

small ¢ > 0 and € > 0 such that when |p1(Z) — p1(7)] < c’pg(j,g), the composition of
functions (po + ¢1)(hoT) satisfies the condition of Theorem 5 for suitably chosen constants.
Consequently, the invariant Gibbs state (or the equilibrium state) on EZZ,d Jor (po +@1)(hoT)

is unique and exponentially mizing with respect to the fo_“—actz’on.

Proof. We need to show that (g + ¢1)(h o 7(€)) satisfies the condition of Theorem 5. It

suffices to show that ¢g(h o ) can be written into the form g(h o 7) = ¥(§) + ¥1(€) with
1o and 1 satisfying the conditions of Theorem 5.

Pick any fixed configuration £* € E%d. Denote by (&g, £*) the configuration whose restric-

tion to the lattice site 0 € 7% is the same as that of & and whose values elsewhere are the
same as those of £*. Define

Po(€) = wo(h o m(,€"));
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and

Y1(§) = po(h o7 (£)) — po(h o7 (&0, 7))
Notice that the value of vy depends only on &;. Therefore, we need only to verify that v is
Holder continuous with some exponent and a coefficient that can be made arbitrary small as
¢ and € are small.

Let us pick two configurations &, 7 € E%d. It suffices to prove the following inequality

[¥1(€) = v (7)] < co(e)g T

for some constant 0 < ¢’ < 1 and all £, 7 with & (1) = n(1) for every (k,1) € Zi“ except at
the site (4, 7).

Let ng be a large integer. If |i| + |j| < ng, we have

1) =v1(M)| < lpo(hom(€))—wo(ho(€o, €))|+|o(hoT (7)) — o (hoT (no, £))]

< Lipgt (ho (&), hom(&0,€)) + Lupg' (hom(n), how(no, "))
< L1 (e) L5 + Lic™ (e) L+?
< 2Ly ¢ (e) L5
< e
where L1, a; are the Holder coefficient and exponent of ¢q, Lo, o are the Holder coefficient
and exponent of 7, and ¢(e) is the constant from Theorem 4.

q|3|+|ﬂ|’

If |i| + |j| > no, we have

[¥1(8) — ()] < lpo(h o 7 (7)) — o(h o7 (E))]

+lpo(h o m(10,£)) — wo(h o T(&0,£"))|
. Qi .
< 2L10a1Lglazqalaz(\zlﬂj\) < 2L10Q1L(2341042(q q/ )noq/\l|+\ﬂ.
Let

2L Q1 La1a2 1o
co(€) = max{ == qﬁfj : ,2L10Q1L§“°‘2(q7)"°}.

It can be made arbitrarily small when we choose ¢’ such that ¢*'*2 < ¢’ < 1 and € small. [

The following theorem summarizes the connections between equilibrium states of lattice
dynamical systems (®,05) on M and the invariant Gibbs states on their symbolic represen-
tations.

THEOREM 6. For any Hélder continuous function po(Z) on M that depends only on the
coordinate xq, there exist eg > 0,co > 0 such that when € < €y and w1 s a Holder continuous
function with a Hélder coefficient smaller than cg, the follow statements hold.

1) The invariant Gibbs state v for the function (pg + @1)(h o T) on EZd is unique and
P 12 p q
exponentially mixing with respect to the 73 action (0¢,0%).

(2) The measure p on M defined by u(E) = v((hn)~Y(E)) is invariant under the ZL™ -action
generated by (®,05) and is the unique equilibrium state satisfying the variational principle

Pr(po + 1) = hu(7) + /(900 + ¢1)dp.

Moreover, the measure u is exponentially mixing with respect to the Z‘fl—action generated by
(P, 04).
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REMARK 3. The role of ¢y is to control the conjugating map h so that the composition
(o + ¢1)(h o ) satisfies the condition of Theorem 5. The proof of the statement (1) follows
directly from the lemma. To prove the statement (2), we need to use the Holder continuity of
h, the ergodicity of the Gibbs state which is guaranteed by its uniqueness, and the fact that
h is “almost” a homeomorphism. The proof follows the standard technique in [3]. Details
were presented in [15].

5. SRB-measures for Lattice Dynamical Systems

We now focus on the SRB-measure for lattice dynamical systems. The existence, unique-
ness, and exponential mixing property of SRB measures for coupled map lattices were proved
in [7] with the transfer operator technique under essentially the same conditions. Here, we
prove that this measure is an equilibrium state satisfying the variational principle with re-
spect to the Zi“-action generated by (®,05). Recent progress concerning the uniqueness

and limit theorems of the SRB measure and properties of transfer operators can be found in
[2, 10, 18, 24, 30|.

The construction of SRB-measures for lattice systems is based on the finite dimensional
approximation. We will show that the SRB-measures , on the finite dimensional space
My = ®;cvM; converges to a measure g on M in the sense of thermodynamic limit. We
observe that measures p1,, are not supported on the same space. For V. .C V' C 7%, the projec-
tion of 1y, onto My is a probability measure. The convergence is understood in the following
sense: for every V' C Z%, the projection of - on My weak™ converges to the projection of
p onto My as V' — Z? We will show that this measure y is a unique equilibrium state
under Zﬂlfl—action for a Holder continuous function ¢ satisfying the condition of Theorem
6. This Holder continuous potential function is a small perturbation of —log|f’(xg)|. Thus,

w is exponentially mixing with respect to (®,05). The approach of the proof is to consider
corresponding Gibbs states on lattice spin systems.

5.1. Limit of SRB-measures. We consider the thermodynamic limit of the sequence
of SRB measures py for expanding maps ®y on My as V. — Z% We require that the
perturbation ® satisfies additional condition (C5), which is never used in the previous sections.

We first state the main theorem and the strategy of the proof. Denote vy = (hy@) ™'y
the pull back measure on the symbolic space ®;ecy2,. This measure is the unique Gibbs state
for the potential function — log J®y (hy7) with respect to the Z, -action oy.

THEOREM 7. Under the conditions (C1)-(C5) for sufficiently small ¢ > 0 and the as-
sumption that the perturbation is spatial translation invariant,

(1) the measure vy converges to a measure v on ng. The measure v is invariant under the
Ziﬂ-action generated by (o, 05) and it is the unique and exponentially mizing Gibbs state

for some potential function p(hy o ) close to —log|f'(xo)|;
(2) the push-forward measure p = (h o 7)*v is the unique equilibrium state for the poten-

tial function (Z). The measure y is exponentially mizing with respect to the Ziﬂ—actz’on T
generated by (®,S). Moreover, the entropy formula holds:

hy(r) = / wdy.
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The proof of the theorem consists of a careful decomposition (or localization) of the
potential function —log J®y (hy 7). The technique was used in [7] and later presented in full
detail in [20] for coupled hyperbolic maps. Since our local map f is an expanding map on
the circle, the calculation becomes more transparent and a lot of technical difficulties related
to the regularity of stable and unstable manifolds can be avoided. In fact, in certain cases
(nearest-neighbor interaction), the expression of the potential function ¢ can be explicitly
calculated in terms of coupling strength and other parameters.

5.2. The decomposition of —log J®y and the construction of the potential
function . We shall arrange the elements of V' C Z% in certain linear order and denote the
total number of elements in V' by |V|.

We rewrite the derivative matrix D®y, in the following

Doy — <gj;>i,jev — (ding('(z0)(I + Ay (zy),

where (diag(f’(x;)) denotes the diagonal matrix with {f/(z;)} on the main diagonal.
Under conditions (C1)-(C5), the entries of the matrix Ay (xy,), asj(xy,),4,7 € V have the
following properties.

Lewia 5. (1) Jag(oy))] < eCe i,
(2) laij(zv) —aij(yv)| < eCae™B1FIq (xy, yp) for any ., vy, with x; =
i, L €V, #k.

(3) For any V.C V' i,j eV, ajj(zy) = aij(acv,x”{/,\v).

_Bae
(4) laij(zy) — aij(y,)] < eCse 24V,
where Cs is a constant, V C V' C Z%, z; = y;,l € V, and d(i,0V) denotes the distance
between i and the boundary of V in Z°.

Proof. All these properties are direct consequences of our definition of the perturbation.
(1) comes from condition (C4) and (2) comes from condition (C5). (3) is from the definition
of @y while (4) is a consequence of (2) and (3). O

Next, we use the following formula to expand of a determinant of a matrix B
det(exp(B)) = exp(trace(B)).
In our context, exp(B) = I + Ay (xy), or B =1In(I + Ay). Then,

det(I + Ay) = exp(trace(In(I + Ay)) = exp(— Y _wy;),

i€V
where
o (D"
5.1 (zy) = (r
(5.1) wyi(zy) ; ——ag (2v)
and al(?) (xy) are entries on the main diagonal of (Ay)". Thus, we have
(5.2) JOy =exp (— Z(— log | f' ()| + wvy))

%

LEMMA 6. The functions wy;(xy) satisfy the following properties.
(1) |wyi(zy)| < Ce.
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(2) [wyiey) —wvi(yv)| < Ceexp(—5li = k) (zx, yi), for any zv, yv
with x; =y, 1 € V)1 # k.

(3) For V C V', lwyi(wy) — wyrs(ay, gy, )| < Ceexp(—5d(i,0V)).
4) ©;(x) = limy,_,za wyi(zy,) exists and is translation invariant in the
(4) ¢ V—Z 1%

following sense: p;(T) = po(c'Z).

Proof. The proof consists of straightforward computations. We first show the following
estimation

(5.3) la{| < (CeyreAli=dl,

where (3 is any number smaller than 3 and C' = C(3) is a constant.

We use induction. For n = 2, we have

5.4) a2 =1 anay| <Y ECexp(—B(ji — 1] + |l - )

lev lev
<Y ECGexp(—B(li — U+ 1 - jl) — (B— Bl — )
lev
< 203 N " exp(— (8 — )L — j]) < C3Ce2e= ],
lev
< 022 Pli=il,

where C = C(8) = 31cza exp(— (8 = B)[I])Cs.

Let us assume that |a§§l_1)| < C" e Lexp(—f)i — j|). Then
0l =13 oy V) < 37 lerC exp(—Ali—1|+[1- )~ (5—5) - ]1)

lev lev

(5.5) < C"e"exp(—f)i — j]).
Therefore (1) follows directly from the definition of wy; with another different constant C.

To prove (2), we need only to show the following estimation:

n n n —Bli— o
0y (o) = aff) ()] < (Ce)e HHan (wy, ),

for any xv,yy with x; = y;,1 € V|1 # k. We again use induction. For n = 2,

‘az('?)(mv) - az(?)(yvﬂ = | Zaz‘l(l’v)au(wv) — ag(yv)ay(yv)|

lev

= 1> au(av)lay(@v) — ay(yv)] + a(yv)aa(zv) — aa(yv)]]
lev

< 3 @CyChfexp(—B(JL — k| + i — 1)) + exp(=B(IL — 1 + i — k))]d® (. )
lev

< O exp(~2}i — kl)d* e, i),
where C' = 20504 3" za exp(—2i]).
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For general n, we estimate similarly using the estimations Lemma 5 (1) and (2).

(@) — al )] = |- a7V @v)ay(av) — aff ™ () (wv)|
lev

=Y al Y @v)lay(ev) — ()] + ay(p)laly ™ (@v) — af ™ )l
lev

< 32O eCsCafexp(— 5 il Bli—kl) bexp(— Bl | i~ k1)) (o, i)
lev

< (Ce)" exp(—g\i — kDd* (zk, yk)-

Statement (3) is proved similarly by using the corresponding property (4) in Lemma 5
for the matrix Ay. Property (4) comes from (3) and our assumption that map ® is spatial
translation invariant. Note that the convergence is uniform in z.

We set (Z) = ¢o(T). A straightforward calculation shows that Lemma 6 (2) implies
that ¢ (z) is a Holder continuous function with a small Hélder constant. In fact, the Holder
constant goes to zero as e goes to zero. Thus, by Theorem 6 the equilibrium state for

¢ = ¥(Z) — log|f'(x0)| with respect to the Z%-action generated by (®,0y) is unique and
exponentially mixing.

THEOREM 8. The Gibbs states vy, for potentials pv(§y) = —log J@v (hyy (§yv)) on the
one dimensional lattice spin systems E]‘,/ converge to a Gibbs state on the (d+ 1)-dimensional
lattice spin system E%d. This Gibbs state is uniquely determined by the Hdélder continuous
potential function o(h7(€)) = ¢(h7(£))—log | f'((h7(§))o)| and is exponentially mizing respect
to the forl-action of the lattice.

THEOREM 9. The SRB measure uy for ®y converges to an equilibrium measure on the
space M asV — Z%. This equilibrium measure is uniquely determined by a Hélder continuous
potential function (Z) — log |f'(xo)| defined on M and the measure is exponentially mizing
with respect to both spatial translations and ®. The function ¢ (Z) is given by the formula

s@ =3 "),

n

n=1
where a(()g) (Z) is the entry of the infinite matriz A™ corresponding to the (0,0) lattice point of
7% x 7% and the matriz A(Z) is defined by the relation

(gij (7)), jeza = (diag(f'(z:)))(I + A(@)).

REMARK 4. We give a sketch of the idea with which the potential function ¢(h7(§)) =
Y(ha(€))—log f'((h7T(£))o) is obtained. We need to decompose the Hamiltonian of the Gibbs
state vy with respect to the time shift oy

Z — log J(I)V(hvﬂ'v(agfv))
JELT
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to obtain the Hamiltonian for the Gibbs state v with respect to the Z -action (o oat) Using
the expression (5.2), we have

> —log Joy (hymv(aiév))

jez+
YD —log|f (hymy (oio]év))| + wyi(hv v (oiéy))
jezt eV
— > [log|f ()| + wol(hm(0io]E)).
JEZT icZd

The actual proof uses the equivalent description of Gibbs states with conditional Gibbs
distributions (4.8). Details were presented in [20].

Theorem 9 follows from Theorem 8 by using the semi-conjugacy.

REMARK 5. The entropy formula in Theorem 7 and the decomposition of the potential
function — log J @y, for the SRB measure of ®y have an interesting consequence on the relation
between the entropy hy(7) of the lattice system and the entropy hy,, (®v). Since py, — p

weakly and wy,(xy,) converges to ¢;(z) uniformly by Lemma 6, we have

hu(T)Z/ edp = lim / —log JOydpy = lim My, (Pv).
M v

=7 W

6. The potential function and the entropy of coupled map lattice

In this section, we go one step further to determine explicit formulas of potential functions
for coupled expanding maps (CMLs) on the circle. As a consequence, we obtain the formula
of the (spatiotemporal) entropy of the coupled map lattice when the interaction is of nearest
neighbor type.

6.1. The potential function ¢. To obtain the potential function for the SRB measure
of coupled map lattices, we first calculate the Jacobian matrix of the map ® = G o F":

D®(z) = DG(F(z))DF(z).
Notice that both DG = (8G (F(z))) and DF = (f'(x;)) are infinite matrices indexed by

(i,),4,7 € Z% and translatlon invariant since we assume that G is translation invariant. We
write DG in the following form:

0G|
8.1‘1'

DG = (SZ(F(@)(I + A),

where (gGl (F(z)) denotes the diagonal matrix with gg; (F(Z)) on the main diagonal. Thus,
for i # j, a;j, the entries off diagonal of A are given by the formula

oG;, ... ,0G;,
ou (FE)/ 5 (F(@)

aij =

and Q45 = 0.
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By the expansion (5.2) and Remark 4, we see that the potential function for the SRB-

measure with respect to the Zfl—ac‘uion on M induced by the map ¢ and d translations
is

(6.1) p(z) = —log|f'(z0)| — log !gi?(F(ﬂ‘f))! + Y7 (F(2)),
where
N N e VL P
(6.2) (8 (F(m’))—zin agy' (F (7))
n=1

and a(()g) (F(z)) is the entry at the lattice site 0 x 0 € Z? x Z? of the infinite matrix A" =
oG

AA---A. The term —log TO(F(@) is isolated out from the term t(Z) in Theorem 9 in
zo

the potential function corresponding to the perturbation. It is for the convenience of later
calculation.

6.2. Potential functions for CMLs with nearest neighbor interactions. The in-
finite size of the matrix A poses a special difficulty for further calculation of the potential
function in terms of the coupled map. In the simple situation of the nearest neighbor in-
teraction, however, the calculation can be directly carried out using a standard technique in
statistical physics.

6.2.1. The lattice Z' case. We first assume that d = 1 and the perturbation map G has
the following form:

G=(Gi): Gi(Z)=g(xi—1, @i Tit1)
for some differentiable function g(z,y, z).

The infinite matrix A formulated in the previous section can be expressed as a sum of
two matrices: A = L 4+ R, where L = (l;;) is an infinite matrix with the property

o 0G; ,0G;
l;; =0 -1, ljj_1 = ,
1] »J 7é ? —1 8xi_1 83,"@
i.e., the weighted leftward shift operator,and R = (r;;) is an infinite matrix with the property
o 0G; ,0G;
=0, 1, riig1 = 7
Tij JFI+ Tii4+1 81_“_1 o,

i.e., the weighted rightward shift operator.

For convenience, we denote «; = l;;_1 and 3; = r;_1;. Note that the product matrix LR
is a diagonal matrix with the entry at (i,7) being a;3;. We denote this diagonal matrix by
T. We will determine the function %* in terms of «; and (;’s. Let II denote the collection of
all sequences of two symbols L and R of length n = 2k with equal numbers of L’s and R’s,
ie.,

I={r=(CiCy---Cq):C;=Lor R, 0<Il<2kand the number of L’s is k}.

PROPOSITION 2.

om0 if n is odd,
% ZWGH amlﬁmlamzﬁﬂm e amkﬁmk ifn =2k,

where the sequence of integers (my, ma,--- ,my) is determined by each 7.
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Proof. We first introduce a linear operator on infinite matrices: the shift along the
diagonal:

If A = (a;;) is an infinite matrix, then A° denotes the matrix whose entry at (i,7) is
ait1,j+1. We also denote (A*)® = A and A = A" = (A%)* . iec., we have a Z-action on
infinite matrices.

With the help of this Z-action, we can expand A" = (L + R)" in terms of a;’s and b;’s.

We observe that

(1) RL =1T+.

(2) If B is any diagonal matrix, BR = RB* and BL = LB* .

Let P be a product of n copies of either L or R’s such as LRRRL --- R. Each product
corresponds to an element 7 in the direct product space of two symbols over n places. Assume

that we have & L matrices and n — k R matrices. Then, using the properties (1) and (2), we
have

[2k—npsTips™e | sk itk >n —k;
P = { Rr—2kpsmipsm2 | sk ,ifk <n —k;

78" s™ s itk =n—k,
where the sequence of integers (mq,- -+ ,my) is determined by each element 7.
For example,
RLRLRLRRR = T*T*T*RRR = RT* T*T*RR = --- = R*T*'T°'T*",

and

LLLRLLR = L3T*T.

Since the product 75" 5™ ... T is a diagonal matrix, we have that all entries on the
diagonal of P are zero except in the case of k = n — k. When k = n — k, we have the entry
at (0,0) equal to

O‘mlﬂ’nu O‘mgﬂmz e amkﬂmk

Therefore, we have aég) =0 if n is odd and

a(()g) = Z Oy By Cma Bims * * * Qi Bimy»
well
where n = 2k. 0
Consequently, we have the formula for :

o0

” 1
Y= Zﬂzamlﬂmlamgﬁmg amkﬂmk
k=1 ™

Note that |a;| < € and |5;] < € are small. We can now easily obtain approximate formulas
of ¥* and thus, the potential function up to any order we desire. For example, the second
order approximate formula of the potential function is

(F (@) + g (aof + 1)

0G0y 1 S
— T _—
= —log|f'(z0)| — log o (F(2)) + 5( G, ac + aey 9cs )"

Oxg or_1 oxr1 Oxg

0Go

¢(7) ~ —log |f/(550)| - long
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6.2.2. The lattice Z¢ case. The previous calculation can be extended to the d dimensional
lattice case. We assume nearest neighbor interactions:

G = (Gl(i‘))’l = (ilai% T 7id) € Zd?
where the value of each component G;(Z) depends only on variables x; with
j =i = |j1 —i1] + |2 — 2| + - + [ja — da] < 1.

Since the lattice is of dimension d, the matrix A now is decomposed into a sum of 2d
infinite matrices:

A:L1+R1+L1—|—R1—|—"-—|—Ld+Rd.

For each infinite matrix L, = (ll(f)), 1 < k < d, its entries are given as follows. Let ¢ =

(ilviQ)"' 7/ik—17ik)ik+1"' )id) S Zd'
) _ 0 if j # (i1,42,+ yig—1,0% — Lidgg1 - 5 4a)
i =\ 0G: 190G e - [+ s . . . .
Y azj Oz; lfj - (217127"' s Ue—1, U — 17Zk+1 7Zd)'

Similarly, the entries of the matrix Ry, = (r(k)

i) are given by

’I”(k) . 0 lf‘]?é (7:172'27"' 7ik—17ik+1)ik+1”' )id)
) G 190G,  .p - .. . . . .
Y Gorl oar W3 = (inyig, - yik—ryin + Liigga - 5 ia)-

To determine the entry agé) of the product

A"=(Li+Ri+Li+ R+ + La+ Rg)",
we expand the right hand side:

A" =" C1Cy -+ Ch,

where each C),1 <[ < n is either L; or Ry and the sum is taken over the direct product of
2d symbols over n places.

Note that for either type of matrices L, or Ry, there is only one non-zero entry on each
row or column. Thus, the (0,0) entry of the product C1C5---C), is not zero only if we
have the same number of L, and Ry among C1,C5,- -, and C, for every k,1 < k < d. In
particular, the (0,0) entry is zero if n is odd.

Denote
o, :lU 7]:(’517227"' 72k’—17ZkJ_1aZk+1"' azd)v
and
Bi :rji 7]:(11>225"' 7Zk—lazk_17zk+1"' 7Zd)-

Let Iy = {7 = (CiCy---Cap) : C1 € {L1,+-,Lq,R1,---Rq},0 < 1 < 2m and
the numbers of L;’s and Ry’s are equal for each k,0 < k < d}. We have the following for-
mula.
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PROPOSITION 3.

my _ )0 if n is odd,
Qoo = k km) o(k km)
Zﬂ-EI—Id 04211) T agm )/37:(77531 T ﬁ’i(QnL) an - 2m7
where the sequence of integers (i1,12, -+ ,iom) and (k1, -, km),1 < k; < d are determined
by each .

For example, if n = 3 and m = (Ly, Lo, Ry, L1, R, R1), the corresponding term in the
sum (the entry at (0,0) of the matrix L1LoR1L1RoRy) is

(1) 1 2) (1)
10771l$71)7]2 7(72273l§73)774 £14)715747750
= afa@ gl g2 6V Dol g a2 60,
where 0 = (0,---,0) € Z4, g = (—1,0,

n = (_17_1707'” 70)7 and Ns =M =
Therefore, we have

T’Z} - Z Z (kl) 7Tn ﬁ7(flfz1+)1 67(722 :

TI'EHd

Sttt

The second order approximation of 1)* can then be easily determined:

d
1 k) o(k k) o(k
~ (a8 +af8Y),
k=1
where

(k) _ ) _ 9Go 0Go . _ (o 4. 74
2% ZOZ 835@ 81'0’ ? (Ov 707 aOa 70) € .

) _ (k) _ 0Gi ,0Gi . d
50 =T 8560 8561’2_(0’ ’O’ 1707 70)62'
#) _ ) _ 0G; ,0G; . d
ol =18 = T T . j=1(0,---,0,1,0,---,0) € Z%.

(m:(k):@@ 0 0,10 7d
/Bj T(]j 8.'17] 8%’0’ j (07 707 707 70)6 .

6.3. Spatiotemporal entropy of coupled map lattices. The main application of the
formula of the potential function is to obtain spatiotemporal entropy of coupled map lattices.
It is shown that the entropy formula holds when the local hyperbolic set is an attractor [17].
One can directly extend the formula to coupled expanding map lattices. Let h,(7) denote

the measure theoretical entropy of the Z‘i“—action 7 induced by the map ® and the spatial
translations o, with respect to the SRB measure y. We have

hu(T) = — /M pdy.

The second order approximation is given by

d
1
h(r) ~ /M [og |/ (a0)] +10g 52| (F(@)) — 5 3 (a4 +a 051
k=1

5 )a 772_(_ 7_1505 ')O)a 773:(07_1707"'50)7774:
1.0 .0),
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where a(()k), a§k), ﬁ(()k),ﬁ](-k) are given in the previous section.
We call this entropy h,(7) spatiotemporal entropy since it is the entropy of the Zﬂlfl—

action 7.

Note that an explicit calculation of h,(7) in terms of maps G and F' involves an calculation
of the SRB measure p which is still difficult to do. One simple situation is when the local
map f is a linear expanding map. The potential function

oGy, . 0Go, .
o = —log|f'| — log| ==2| +¢* = —logp — log | =—2| + ¢*,
0xg Oz

where p is the degree of the map f. Therefore,

e )
hu(r) =logp+ [ 1og| 5 ldn— [ w*du

oG 1
~logp+ [ log| 5 ldu—~ [ (oot + ar)d

Thus, in this simple case we have the following conclusion.

The first order of the perturbation of the entropy is due to the local perturbation 9Go

Oxg °
The contribution from the nearest neighbor coupling is at most of the second order in terms
of the magnitude of the coupling.
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