On the Hamiltonian Hopf bifurcations in the 3D Hénon–Heiles family

Heinz Hanßmann∗

Program for Applied and Computational Mathematics Princeton University, Fine Hall, Washington Road Princeton, NJ 08544–1000, U.S.A.

Jan–Cees van der Meer

Faculteit Wiskunde en Informatica Technische Universiteit Eindhoven P.O.box 513, 5600 MB Eindhoven, The Netherlands.

31 August 2001

Abstract

An axially symmetric perturbed isotropic harmonic oscillator undergoes several bifurcations as the parameter ˘ adjusting the relative strength of the two terms in the cubic potential is varied. We show that three of these bifurcations are Hamiltonian Hopf bifurcations. To this end we analyse an appropriately chosen normal form. It turns out that the linear behaviour is not that of a typical Hamiltonian Hopf bifurcation as the eigenvalues completely vanish at the bifurcation. However, the nonlinear structure is that of a Hamiltonian Hopf bifurcation. The result is obtained by formulating geometric criteria involving the normalized Hamiltonian and the reduced phase space.

1 Introduction

Resonant equilibria of Hamiltonian systems serve as models in many fields of physics, ranging from nonlinear optics to molecular dynamics. Specifically, perturbations of the

�Supported by the Max Kade Foundation. Present address : Institut für Reine und Angewandte Mathematik der RWTH Aachen, 52056 Aachen, Germany.

isotropic harmonic oscillator, in 1:1:1–resonance, are used to describe galactic dynamics, cf. [23, 24]. In [11] an additional axial symmetry was imposed and the so–called Hénon– Heiles family in three degrees of freedom has been studied. This family is defined by H(x, y) = 1 2 (y | y) + 1 2 (x | x) + ε ( x^3 3 + λ(x^2_1 + x^2)x_3) , (1)

where (..|..) denotes the standard inner product and λ is an external parameter the perturbing force field depends upon. One may think of ε as being introduced by a scaling x → εx , p → εp , H → ε^2H , whence (1) describes the dynamics close to the origin. Note that we put the frequency of the resonant oscillator equal to 1 ; this can always be achieved by rescaling time.

The 2D Hénon–Heiles family, which is embedded in (1) as e.g. x_2 = y_2 = 0 , has been systematically analysed, cf. [2, 15, 21, 4, 3, 19, 13]. There are only five values of λ where the first nontrivial normal form is not structurally stable. At the value λ = −1 , originally studied by Hénon and Heiles [14], a higher order normal form is necessary to correctly resolve the Z_3–equivariant dynamics. This leads to a whole sequence of bifurcations as λ is varied near −1 , see [3]. The degeneracy of the normal form for λ = +1 , on the other hand, persists through all orders and is due to the integrability of the 2D Hénon–Heiles family for this value of λ , cf. [1, 7, 11]. Other values of λ where (1), with x_2 = y_2 = 0 , defines an integrable system are λ = 0 and λ =^1_6 . While the normal form is structurally stable at λ =^1_6 , a degenerate bifurcation (detailed in [13]) takes place as λ passes through 0 . Finally, there are two Hamiltonian pitchfork bifurcations when λ varies through^1_2 and through^5_2 , see [2, 15, 21, 4, 3, 19].

The 3D Hénon–Heiles family being axially symmetric, one may reduce immediately to two degrees of freedom and a normal form defines again an integrable approximation. The exceptional values λ = −1, 0,^1_2 , 1,^5_2 are inherited from the 2D Hénon–Heiles family. At λ = 6 a family of periodic orbits with normal behaviour in 2:1–resonance emanates from the central equilibrium. For all other values of λ one has again a structurally stable normal form, which allows to describe the dynamical properties of the original system (1) as well. See [11] for a detailed exposition of these results. Again a higher order normal form is needed when λ is close to −1 . While such a study over a range of λ–values has not been done yet, a higher order normal form (and the system (1) as well) has been analysed in [22, 8, 9] at the value λ = −1 itself. Integrability–induced degeneracies are again encountered at λ = 0 and λ = 1 , while the integrability of (1) at λ =^1_6 does not destabilize the normal form. It is conjectured in [11] that Hamiltonian Hopf bifurcations take place as λ passes through^1_2 and through^5_2 .

To understand the reasoning behind this conjecture, let us review the reduction of the normal form from three to one degree of freedom, cf. [6, 11]. The imposed axial symmetry makes the third component S of the angular momentum an integral of motion. Fixing S = σ and dividing out the axial S^1–action reduces to two degrees of freedom. For σ ≠ 0 the reduced phase space is diffeomorphic to C^2 , but for σ = 0 it is only homeomorphic

to C^2 , having a conical singularity at {0}×C ⊆ C ×C . This singularity reflects that the

axial S^1–action is not free, but leaves the whole third subsystem x_1 = y_1 = x_2 = y_2 = 0 fixed. In a second step the oscillator symmetry, introduced by means of normalization with respect to the unperturbed isotropic harmonic oscillator, is reduced. Fixing H_0 = η and dividing out this S^1–action yields the twice reduced phase space V_{σ,η} .

Every point of V_{σ,η} represents a whole S^1–family (generated by rotation about the vertical axis) of ellipses centered at the origin. This renders the nature of the occurring singularities very intuitive. If the ellipse in question is an equatorial circle then the whole S^1–family consists of just this circle, which has S^1 as isotropy subgroup of the combined (S^1 × S^1)–action. Correspondingly, V_{σ,η} shrinks to a point as σ → ±η . Furthermore V_{σ,η} = ∅ for |σ| > η . When |σ| < η the twice reduced phase space V_{σ,η} is a topological sphere with a conical singularity. This singularity reflects that an equatorial ellipse is mapped to itself by a π–rotation, i.e. it has Z_2 as isotropy subgroup of S^1 × S^1 . Finally there is a second conical singularity for σ = 0 , that is inherited from the first reduction. Here the ellipse degenerates to a vertical line, having S^1 as isotropy subgroup of S^1 × S^1 . See [6] for more details on how the various singularities stratify the four–dimensional semi–algebraic set ⋃ σ,η V_{σ,η} . The bifurcations of the normal form of (1) at λ = −1,^1_2 , 1,^5_2 are related to this second singularity of V_{0,η} . For these λ–values both the twice reduced phase space and the energy level set enter the singularity with the same slope. When λ passes through^1_2 or^5_2 the set of singular values of the energy–momentum mapping displays the swallowtail surface typical of a Hamiltonian Hopf bifurcation. The aim of the present paper is to prove that this bifurcation indeed takes place and to unveil its peculiarities. The cases λ = ±1 are more degenerate as the energy level set through the singularity touches V_{0,η} along a whole line. For λ = −1 further normalization allows to break this degeneracy. In the case λ = +1 this degeneracy is due to the integrability of (1) and persists for all (higher order) normal forms.

This paper is organized as follows. In the next section we detail the normal form of (1) and how to reduce it by means of invariants. Section 3 contains the linear analysis of the Hamiltonian Hopf bifurcations at λ = −1,^1_2 , 1,^5_2 of the first nontrivial normal form. In Section 4 we derive a geometric criterion for determining the nonlinear structure of a Hamiltonian Hopf bifurcation. This is applied in Section 5 to the cases λ =^1_2 ,^5_2 where the first nontrivial normal form is decisive. A higher order normal form is used in Section 6 to analyse the nonlinear structure of the Hamiltonian Hopf bifurcation near λ = −1 . In the final section we put our results in context and discuss open questions.

2 Preliminaries on the 1:1:1{resonance

We expect the normal form of (1) to undergo a Hamiltonian Hopf bifurcation as λ passes through^1_2 or through^5_2 . The pertinent transversality conditions involve the integral of motion S ; therefore we refrain from reducing the axial symmetry. Instead, we follow the approach of [22] and (first) reduce the S^1–action generated by the unperturbed isotropic harmonic oscillator.

We consider an isotropic harmonic oscillator perturbed by a cubic potential. On R^6 = T^∗R^3 with the standard symplectic form the system has the Hamiltonian (1). The potential is chosen to be the most general cubic expression such that the system is axially symmetric. More precisely, the system is invariant under the axial S^1–action

ρ : S^1 × T^∗R^3 −→ T^∗R^3 (ν, (x, y)) → (exp_ν x, exp_ν y)

where

exp_ν = exp

0
@^{0 −ν 0}

ν 0 0 0 0 0

1
A =

    0
    @^{cos ν − sin ν 0}

sin ν cos ν 0 0 0 1

1
A .

The action corresponds to spatial rotation about the third axis and the corresponding integral is the third component of the angular momentum, i.e.

S = x_1y_2 − x_2y_1 .

The system (1) has been normalized twice in [11], yielding a fourth order polynomial H̄_λ in the x_i and y_i . This normal form Hamiltonian commutes not only with S , but furthermore with the quadratic part H_0 =^1_2 (x^2_1 + y^2_1) +^1_2 (x^2 + y^2) +^1_2 (x^2_3 + y^2_3) of H . Therefore, it can be written in terms of the invariants corresponding to the action of H_0 . These invariants can be easily derived using complex conjugate co–ordinates, see [12, 22, 10]. The H_0–invariants are

π_1 = x^2_1 + y^2_1 , π_2 = x^2 + y^2 , π_3 = x^2_3 + y^2_3 , π_4 = x_1x_2 + y_1y_2 , π_5 = x_1x_3 + y_1y_3 , π_6 = x_2x_3 + y_2y_3 , π_7 = x_1y_2 − y_1x_2 , π_8 = x_1y_3 − y_1x_3 , π_9 = x_2y_3 − y_2x_3 .

By construction the normal form of H with respect to H_0 can be expressed in these invariants. Note that the normalization in [11] is performed in such a way that the resulting normal form is still invariant under the S^1–action generated by S = π_7 . The normal form reads

H̄^λ = 1 2 (π_1 + π_2 + π_3) + ε^2 48 ( −5π^2_3 + 2λ(π^2_5 + π^2_6 − (π^2_8 + π^2_9) − 6(π_1 + π_2)π_3)

− λ^2(12(π^2_5 + π^2_6 − (π^2_8 + π^2_9 )) + 5(π_1 + π_2)^2 + 8(π_1 + π_2)π_3 + 4π^2_7) ) .

By writing the normal form as a function of π_1, . . ., π_9 we have effectively divided out the S^1–action generated by H_0 . To complete the reduction to two degrees of freedom we put H_0 = η . This is a regular reduction, whence the reduced phase space is a (smooth) symplectic manifold. According to a theorem of Moser [20] this space is isomorphic

to C P^2 . As a subspace of R^9 with co–ordinates π_1, . . . , π_9 , it is determined by the

relations

π_1π_2 = π^2_4 + π^2_7 , π_1π_6 = π_4π_5 + π_7π_8 , π_1π_3 = π^2_5 + π^2_8 , π_4π_6 = π_2π_5 + π_7π_9 , π_2π_3 = π^2_6 + π^2_9 , π_3π_4 = π_5π_6 + π_8π_9 , (2) π_1 + π_2 + π_3 = 2η .

To further reduce from C P^2 to V_{σ,η} one would have to fix S = σ and divide out the S^1–action generated by S = π_7 . This can again be done by expressing everything in invariants (now of the axial S^1–action), and since the five invariants generating the algebra of (S^1 ×S^1)–invariant functions play a prominent rôle in the sequel, let us write them down here :

H_0 , S , π^2_5 + π^2_6 − (π^2_8 + π^2_9) , π_5π_8 + π_6π_9 , π_1 + π_2 .

However, note that we continue our study on the (once) reduced phase space C P^2 .

3 Linearizing at the normal mode

From the analysis in [11] it is clear that the bifurcation takes place at π_1 + π_2 = y^2_1 + y^2 + x^2_1 + x^2 = 0 . Thus we are considering a bifurcation from the normal mode determined by x_1 = x_2 = y_1 = y_2 = 0 and y^2_3 + x^2_3 = 2η . At the reduced phase space this mode corresponds to the point π^η = (π_1, . . ., π_9) = (0, 0, 2η, 0, 0, 0, 0, 0, 0) . Consequently, in order to study the bifurcation a chart is to be constructed for the reduced phase space at this point. Note that there is a strong analogy with the approach followed in the analysis of the Lagrange top in [5].

Recall the normalized Hamiltonian

H̄^λ = H_0 + ε^2 48 ( −20H^2_0 − 4λ^2π^2_7 + 2λ(1 − 6λ)(π^2_5 + π^2_6 − (π^2_8 + π^2_9)) (3)

+ 4(5 − 6λ − 4λ^2)H_0(π_1 + π_2) − (5 − 12λ − 3λ^2)(π_1 + π_2)^2 ) . Note that on the reduced phase space H_0 = η is actually constant.

In order to obtain the Poisson structure or symplectic structure on the reduced phase space the Poisson brackets for the invariants π_i have to be computed. This is done in Table 1 which gives us the structure matrix Π for the Poisson structure on R^9 . This Poisson structure has a natural restriction to the reduced phase space C P^2 . On this submanifold the structure matrix is non–degenerate and thus defines a symplectic structure.

Table 1: The bracket relations {π_i, π_j} defining the structure matrix Π .

{ ; } ß_1 ß_2 ß_3 ß_4 ß_5 ß_6 ß_7 ß_8 ß_9 ß_1 0 0 0 2ß_7 2ß_8 0 −2ß_4 −2ß_5 0 ß_2 0 0 0 −2ß_7 0 2ß_9 2ß_4 0 −2ß_6 ß_3 0 0 0 0 −2ß_8 −2ß_9 0 2ß_5 2ß_6 ß_4 −2ß_7 2ß_7 0 0 ß_9 ß_8 ß_1 − ß_2 −ß_6 −ß_5 ß_5 −2ß_8 0 2ß_8 −ß_9 0 ß_7 −ß_6 ß_1 − ß_3 ß_4 ß_6 0 −2ß_9 2ß_9 −ß_8 −ß_7 0 ß_5 ß_4 ß_2 − ß_3 ß_7 2ß_4 −2ß_4 0 ß_2 − ß_1 ß_6 −ß_5 0 ß_9 −ß_8 ß_8 2ß_5 0 −2ß_5 ß_6 ß_3 − ß_1 −ß_4 −ß_9 0 ß_7 ß_9 0 2ß_6 −2ß_6 ß_5 −ß_4 ß_3 − ß_2 ß_8 −ß_7 0

Linearizing the Hamiltonian vector field XH̄λ at π^η gives

Y_η = DXH̄_λ | | | T_πη (C P^2 ) = ε^2η 48 0 0 β 0 0 0 0 β α 0 0 0 0 α 0 0

with α = 40(1 − λ − 2λ^2) and β = −8(5 − 7λ + 2λ^2) . Here T_πη (C P^2 ) is the tangent space to C P^2 at π^η with co–ordinates (0, 0, 0, 0, π_5, π_6, 0, π_8, π_9) , whence T_πη (C P^2 ) can be identified with R^4 .

The eigenvalues of Y_η are ± ε^2η 6 √ 20λ^4 − 60λ^3 + 5λ^2 + 60λ − 25 .

The eigenvalues are all equal to zero at the values λ = −1,^1_2 , 1,^5_2 . In the intervals ]−1,^1_2 [ and ]1,^5_2 [ the eigenvalues are purely imaginary. At the exceptional values the linear vector field becomes

Y_η |_{λ=−1} = − 7 3 ε^2η

0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0

, Y^η|λ=^1_2 = − 1 3 ε^2η

0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 , (4)

Y_η|_{λ=1} = − 5 3 ε^2η

0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0

, Y^η|λ=^5_2 = − 35 3 ε^2η

0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 . (5)

In all cases the linearized vector field is nilpotent. Let us compare this with a standard Hamiltonian Hopf bifurcation.

As the bifurcation parameter of a standard Hamiltonian Hopf bifurcation is varied, two pairs of imaginary eigenvalues meet at a double pair ±Ωi of imaginary eigenvalues and turn into a complex quartet ±ℜ ± iℑ . Correspondingly, the linearized vector field at the bifurcation reads Ω · S + N with a semi–simple matrix S and a nilpotent matrix N . As long as Ω ≠ 0 one may normalize with respect to S and thus push an S^1–symmetry through the Taylor series of the Hamiltonian H . To establish that indeed a Hamiltonian Hopf bifurcation takes place at λ = λ_∗ one then has to check that the (normalized) energy–momentum mapping EM = (H, S) starts as

EM = ( Ω · S + N + (λ − λ_∗)M , S ) + ( a_1 · M^2 , . . . ) + . . . (6)

with a_1 ≠ 0 , where M is the adjoint of N , i.e. N, M and P = {N, M} span a Lie algebra isomorphic to sl(2, R) . See [16, 18] for more details.

In the present situation the coefficient Ω of S in (3) vanishes. On the other hand, (3) already commutes with S because of the axial symmetry imposed on (1). Therefore, it suffices to check (6), with Ω = 0 , to establish that a Hamiltonian Hopf bifurcation takes place.

4 A geometric criterion

We now briefly review the treatment of a standard Hamiltonian Hopf bifurcation given in [16, 17] and derive a geometric criterion that can be used to verify the necessary transversality conditions. Let us start from a family H^ν of Hamiltonians that already is invariant under the S^1–action generated by S . Here S is again the semi–simple part of the quadratic terms of H^0 , i.e. at the parameter value ν = 0 where the bifurcation takes place. In case the Hamiltonian system under consideration is not already S^1–symmetric, this may be arranged by passing to a suitable normal form. Denoting by N the nilpotent part, by M its adjoint and P = {N, M} , the S^1–symmetry allows to express H^ν as

H^ν = Ω(ν) · S + N + a_0(ν) M + H^ν_4 (S, N, M, P ) + . . .

with a_0(0) = 0 . After a (further) normalization with respect to the nilpotent part N the higher order terms become independent of N, P and we have

H^ν_4 = H^ν_4 (S, M) = a_1(ν)M^2 + a_2(ν)SM + a_3(ν)S^2 .

For a (standard) Hamiltonian Hopf bifurcation to take place one needs in fact three transversality conditions to hold true.

(HH1) The coefficient Ω(0) of S at the bifurcation value ν = 0 has to be nonzero. We have already discussed that this condition can be relaxed if the S^1–symmetry generated by S is externally imposed.

(HH2) The derivative a^′_0(0) of the coefficient of M at the bifurcation value ν = 0 should not vanish. This allows in fact to reparametrise and work with a_0(ν) ≡ ν .

(HH3) The coefficient a_1(0) of M^2 at the bifurcation value ν = 0 has to be different from zero. Its sign distinguishes between the supercritical and the subcritical case.

We claim that the conditions (HH2&3) may be checked after reduction to one degree of freedom.

By expressing everything in the invariants S, N, M, P we have effectively reduced the S^1– symmetry. To obtain the one–degree–of–freedom systems we fix S = σ . In the standard Hamiltonian Hopf bifurcation the reduced phase space is then given by U_σ = { (N, M, P ) ∈ R^3 | R_σ(N, M, P ) = 0 , N ≥ 0 , M ≥ 0 } where R_σ(N, M, P ) = 1 2 P^2 − 2NM + σ^2 2 . Note that U_σ is (half of) a hyperboloid for σ ≠ 0 and a cone when σ = 0 , with (N, M, P ) = (0, 0, 0) as singular point. The Poisson bracket reads {f, g} = ( ∇f × ∇g | ∇R_σ ) and the reduced Hamiltonian becomes

H^{ν,σ} = N + νM + a_1(ν)M^2 + a_2(ν)σM + . . . where we have omitted constant terms.

The (relative) equilibria occur where a level set {H^{ν,σ} = h} touches the reduced phase space U_σ . As U_σ is a surface of revolution and H^{ν,σ} does not depend on P , this can only happen on {P = 0} . For σ ≠ 0 one would have to study the relative position of the two curves N = σ^2 4 · 1 M N = h − νM − a_1(ν)M^2 − a_2(ν)σM + . . . while for σ = 0 we can concentrate on how

N = h − νM − a_1(ν)M^2 + . . . (7) lies with respect to the N– and M–axes.

The level sets through the singularity have energy h = 0 . For ν = 0 the coefficient of M vanishes, so (7) enters the singularity tangent to the M–axis. Since ‘passing through’

M

N

M

N

M

N

Figure 4.1 : Relative positions of three energy level sets {H^{ν,σ} = h} and the reduced phase space U_σ within the co–ordinate plane P = 0 during a supercritical and during a subcritical Hamiltonian Hopf bifurcation.

the singularity already means ‘touching it’ (i.e. leads to an equilibrium), this is a further degeneracy. The equilibrium at the origin bifurcates and changes from elliptic (where (7) remains outside the cone) to hyperbolic (where (7) enters the cone through the singularity). The condition (HH3) ensures that (7) has quadratic contact with the M–axis. There are two cases, see figure 4.1.

I. The coefficient a_1(0) is positive. The curve (7) remains at the bifurcation value outside the cone, i.e. it is tangent to the line N = 0 from below. We call the Hamiltonian Hopf bifurcation supercritical. In this case an elliptic periodic orbit, more precisely a whole family of elliptic periodic orbits, detaches from the origin.

II. The coefficient a_1(0) is negative. The curve (7) lies inside the cone, i.e. it is tangent to the line N = 0 from above. We call the bifurcation subcritical. In this case a hyperbolic periodic orbit, more precisely a swallowtail of hyperbolic and elliptic periodic orbits, shrinks into the origin. There is a subordinate (periodic) centre– saddle bifurcation where the elliptic and the hyperbolic periodic orbits meet and vanish in a one–parameter family of parabolic periodic orbits.

To give a concise formulation of the criteria we have just proven we need some preparations.

Definition 4.1 We say that a family H^ν undergoes a linear Hamiltonian Hopf bifurcation at ν = ν_0 if the quadratic part has a nontrivial Jordan–Chevalley decomposition H^{ν0}_2 = Ω(ν_0) · S + N (with semi–simple S and nilpotent N ) and either Ω(ν_0) ≠ 0 or the family H^ν is invariant under the S^1–action generated by S .

Replacing, if necessary, H^ν by a normal form with respect to S , we may reduce to one degree of freedom. The bifurcating equilibrium gets reduced to a conic singularity τ_0 of the reduced phase space U_0 at σ = 0 , reflecting that ‘there is locally a copy of sl(2, R) within the Poisson algebra’: locally around τ_0 we may embed U_0 in R^3 ∼= sl(2, R) . Denoting the reduced Hamiltonian by H^{ν,σ} , the level set L^{ν0} = { τ ∈ R^3 | H^{ν0,0}(τ) = H^{ν0,0}(τ_0) } enters the singularity with the same slope as U_0 at some direction of the cone. This direction identifies the (adjoint M of the) nilpotent part N of the linearization. Thus, the only information that cannot be read off from the reduced one–degree–of–freedom system is the coefficient Ω(ν_0) of S . In particular, the bifurcation value ν_0 is determined by L^{ν0} being tangent to the cone U_0 .

Lemma 4.2 The family H^ν satisfies condition (HH2) at ν_0 if and only if L^ν enters the cone as ν passes through ν_0 with a nonzero rate of change of the angle between L^ν and U_0 .

This rate of change would vanish if e.g. a_0(ν) = ν^3 .

Lemma 4.3 The family H^ν satisfies condition (HH3) at ν_0 if and only if L^{ν0} has second order contact with U_0 in τ_0 .

If this order of contact is of higher order, the bifurcation is degenerate, cf. [18].

Proposition 4.4 A family H^ν that has a linear Hamiltonian Hopf bifurcation undergoes a Hamiltonian Hopf bifurcation (of co–dimension one) if and only if, locally at τ_0 , the family L^ν of level sets is in general position with respect to the reduced phase space U_0 . In case L^{ν0} remains outside the cone, the bifurcation is supercritical. If L^{ν0} ∩ U_0 contains other points near τ_0 a subcritical Hamiltonian Hopf bifurcation takes place.

The bifurcation is robust with respect to S^1–symmetric perturbations, and even with respect to all Hamiltonian perturbations if Ω(ν_0) ≠ 0 , cf. [16, 17].

5 Transversality conditions, fourth order analysis

Now we apply the criterion derived in the previous section to the normal form (3). This first nontrivial normal form is not unanimously named in the literature. It is called the ‘normal form of order two’ in [11] since (1) has been normalized twice. Following [3] one would call it the ‘fourth order normal form’ since, in the original variables x_1, . . ., y_3 , it is a 4th–degree polynomial.

We carry out our analysis on the twice reduced phase space, i.e. in one degree of freedom. The reduction from C P^2 to V_{σ,η} is performed by fixing the values η of H_0 =^1_2 (π_1 +π_2 +π_3) and σ of S = π_7 and expressing everything in the invariants

Reτ_1 = (π^2_5 + π^2_6 ) − (π^2_8 + π^2_9) Imτ_1 = −2(π_8π_5 + π_9π_6)

τ_2 = π_1 + π_2 .

We follow [6, 11] and rescale these variables according to

τ_1 → 4η^2 τ_1 , τ_2 → 2η τ_2 (8)

whence the distinguished parameters σ and η only enter through the quotient μ =^σ_η . The twice reduced phase space becomes in this way

V_μ = { τ = (τ_1, τ_2) ∈ C × R j R_μ(τ) = 0 , |μ| ≤ τ_2 ≤ 1 } , with

R_μ(τ) = (Reτ_1)^2 + (Imτ_1)^2 − (1 − τ_2)^2(τ^2_2 − μ^2) and has the Poisson bracket { f , g } = ( ∇f × ∇g | ∇R_μ ) . Furthermore the (twice) reduced Hamiltonian is obtained from (3). Modulo constant terms this gives

H^λ(τ) = 2λ(1 − 6λ)Reτ_1 + 2(5 − 6λ − 4λ^2)τ_2 − (5 − 12λ − 3λ^2)τ^2_2 . (9)

The (linear) Hamiltonian Hopf bifurcations at λ = −1,^1_2 , 1,^5_2 are related to the conical singularity of V_0 at τ = 0 ; locally around this point the Poisson algebra contains a copy of sl(2, R) . From (4) we know that for λ = −1 and λ =^1_2 the local rôle of N is played by π^2_8 + π^2_9 ∼ τ_2 − Reτ_1 , with adjoint π^2_5 + π^2_6 ∼ τ_2 + Re τ_1 and P = {N, M} corresponding to π_5π_8 + π_6π_9 = −^1_2 Im τ_1 . In order to study the transversality conditions we consider the tangency of V_0 and H^λ in the (Im τ_1, τ_2, Re τ_1)–space, where we may restrict to the plane Imτ_1 = 0 . When λ = −1,^1_2 the parabola

{H^λ(τ) = h} ∩ {Imτ_1 = 0} : Reτ_1 = p_λ(τ_2) (10)

enters the origin with the same slope +1 as the upper arc of the contour

V_{μ=0} ∩ {Imτ_1 = 0} : Reτ_1 = ±q(τ_2) . (11)

The two right hand sides are given by

p_λ(τ_2) =

5 − 12λ − 3λ^2 2λ(1 − 6λ) τ^2_2 −

5 − 6λ − 4λ^2 λ(1 − 6λ) τ_2 + h 2λ(1 − 6λ) and q(τ_2) = τ_2(1 − τ_2) ,

respectively. The transversality condition (HH2) is met since d dλ p^′_λ(0) =

5(1 − 12λ + 8λ^2) λ^2(1 − 6λ)^2

(12)

does not vanish at λ = −1,^1_2 , indeed d dλ p^′_λ(0) | | |_{λ=−1} = 15 7 and d dλ p^′_λ(0) | | |_{λ= 12} = −15 .

For the transversality condition (HH3) we have to check that

u_λ(τ_2) = p_λ(τ_2) − q(τ_2) has a nonzero second derivative at τ_2 = 0 . Since

u^{′′}_λ(τ_2) ≡

5 − 12λ − 3λ^2 λ(1 − 6λ) + 2 we obtain

u^{′′}_{−1}(0) = 0 and u^{′′}1_2 (0) = 15 4 > 0 . Thus, we find at λ = −1 a degenerate Hamiltonian Hopf bifurcation in the normal form (3) of (1). In Section 6 we will see that a higher order normal form of (1) breaks this degeneracy.

Theorem 5.1 At λ =^1_2 the 3D Hénon–Heiles family (1) undergoes a supercritical Hamiltonian Hopf bifurcation, provided that ε is sufficiently small.

Proof : At λ =^1_2 the parabola (10) through the origin stays outside the contour (11), see figure 5.1(a), in particular outside the local cone. This establishes the above result for the normal form (3), implying that (1) has to undergo a supercritical Hamiltonian Hopf bifurcation at some λ_∗ close to^1_2 .

In three degrees of freedom the singularity τ = 0 corresponds to vertical oscillations about the origin, and as λ passes through λ_∗ a family of invariant normally elliptic 2–tori detaches from the origin. For σ = 0 these 2–tori are in (internal) 1:0–resonance, i.e. they consist of periodic orbits. As shown in [11], a family of non–vertical rectilinear periodic orbits bifurcates off from the vertical oscillations as λ passes through the value^1_2 . Thus, we have indeed λ_∗ =^1_2 ; q.e.d.

We now turn to λ = 1,^5_2 . From (5) we know that the local rôles of N and M are interchanged here, i.e. the parabola (10) enters the origin with the same slope −1 as the lower arc of the contour (11). The transversality condition (HH2) is again met since the evaluation of (12) yields d dλ p^′_λ(0) | | |_{λ=1} = − 5 3 and d dλ p^′_λ(0) | | |_{λ= 52} = 3 35 . For the transversality condition (HH3) we now have to check the second derivative of

l_λ(τ_2) = p_λ(τ_2) + q(τ_2)

at τ_2 = 0 which is

l^{′′}_λ(0) =

5 − 12λ − 3λ^2 λ(1 − 6λ) − 2 .

τ2

Reτ1 a

τ2

Reτ1 b

Figure 5.1 : Relative position within Im τ_1 = 0 of the energy level (10) to h = 0 and the contour (11) of the twice reduced phase space V_0 at λ =^1_2 and at λ =^5_2 .

Thus, we obtain

l^{′′}_{−1}(0) = 0 and l^{′′}5_2 (0) = − 3 4 whence the bifurcation at λ = −1 is degenerate. This degeneracy is structural and persists through all higher order normal forms of (1), see [11]. It is due to the fact that for this value of λ the 3D Hénon–Heiles family (1) is integrable.

At λ =^5_2 the parabola (10) through the origin stays outside the contour (11), see figure 5.1(b), in particular outside the local cone. This proves that (3) undergoes a supercritical Hamiltonian Hopf bifurcation, whence (1) has to undergo a supercritical Hamiltonian Hopf bifurcation at some λ^∗ close to^5_2 . The results in [3], repeated in the next section, suggest that in fact λ^∗ =^5_2 .

6 Transversality conditions, sixth order analysis

One further normalization does not alter the normal form (3) since all normalized terms of odd degree vanish. The second nontrivial normal form is thus obtained through normalizing four times and contains monomials up to degree six. Again we rescale according to (8), omit the constant terms η − ε^2η^2 12 (5 + λ^2μ^2) − ε^4η^3 432 ( 235 + λ^2(43 − 372λ + 369λ^2)μ^2 ) (13) and divide the Hamiltonian by^{ε2η2}_{12} . The normal form then reads

K^{λ,δ}_μ (τ) = H^λ(τ) + ε^2η 36 K^λ_μ (τ) (14)

with

K^λ_μ (τ) = 2λ(41 − 42λ − 656λ^2 − 48λ^3) Reτ_1 − 2λ(1 − λ)(41 − 61λ − 606λ^2) τ_2 Reτ_1 + (705 − 720λ − 251λ^2 − 972λ^3 − 172λ^4) τ_2 − (705 − 1440λ + 189λ^2 − 1764λ^3 + 900λ^4) τ^2_2 + 5(1 − λ)(47 − 97λ − 9λ^2 − 201λ^3) τ^3_2 − λ^2(43 − 372λ + 369λ^2) μ^2 τ_2 and H^λ(τ) given in (9). Note that the normal form now does depend on μ =^σ_η , and η also enters through the small parameter δ = ε^2η .

Adding higher order terms in the normal form will at all orders of the once reduced system introduce new terms, even the linear system will change. That is we have to repeat the complete analysis of both Sections 3 and 5. Since σ only enters squared in (13) the coefficient of the semi–simple part still vanishes at the bifurcation. Everything else can be decided in one degree of freedom.

To obtain the intersection of the energy level set { K^{λ,δ}_{μ=0}(τ) = h } with the co–ordinate plane {Imτ_1 = 0} the parabola p_λ in (10) has to be replaced by the function

f_{λ,δ}(τ_2) = g_{λ,δ}(τ_2) d_{λ,δ}(τ_2) with

g_{λ,δ}(τ_2) = h − 2(5 − 6λ − 4λ^2)τ_2 + (5 − 12λ − 3λ^2)τ^2_2 −^δ_{36} [ (705 − 720λ − 251λ^2 − 972λ^3 − 172λ^4) τ_2 − (705 − 1440λ + 189λ^2 − 1764λ^3 + 900λ^4) τ^2_2 + 5(1 − λ)(47 − 97λ − 9λ^2 − 201λ^3) τ^3_2 ] and d_{λ,δ}(τ_2) = 2λ(1 − 6λ) +^δ_{36} [ 2λ(41 − 42λ − 656λ^2 − 48λ^3) − 2λ(1 − λ)(41 − 61λ − 606λ^2) τ_2 ] .

For δ = 0 we recover p_λ = f_{λ,0} . As before we consider the functions l_{λ,δ} = f_{λ,δ} + q and u_{λ,δ} = f_{λ,δ} − q . Putting

l^′_{λ,δ}(0) = 0 yields an equation in λ , the solutions of which are the parameter values where f_{λ,δ} enters the cone with the same slope −1 as the lower arc of the contour (11). Here the linearization of the 2–degrees–of–freedom system on C P^2 is nilpotent. The sole real solutions of this equation are λ = 1 and λ =^5_2 . The former is no surprise, we already know from [11] that f_{1,δ} = −q (and that the same remains true for all higher order normal forms). In particular l^{′′}_{1,δ}(0) = 0 .

Theorem 6.1 At λ =^5_2 the normal form (13)–(14) of (1) undergoes a supercritical Hamiltonian Hopf bifurcation, provided that δ is sufficiently small.

Proof : Above we established that a linear Hamiltonian Hopf bifurcation takes place. The transversality conditions (HH2&3) are already fulfilled by the normal form (9), and replacing p_λ by f_{λ,δ} only introduces additional terms of order δ , leading to d dλ f^′_{λ,δ}(0) | | | λ= 52 = 2 105 ( 18 − δ 4 + 39 δ ) and l^{′′}5_{2 ,δ}(0) = − 1 6 ( 18 + 23 δ 4 + 39 δ ) , whence the transversality conditions (HH2&3) are met by the normal form (13)–(14) as well ; q.e.d.

We now turn to tangencies in the cone along the upper arc of (11), which happen when λ satisfies

u^′_{λ,δ}(0) = 0 . (15)

From Theorem 5.1 we already know that λ =^1_2 is a solution of (15) since the supercritical Hamiltonian Hopf bifurcation of (1) imposes that same bifurcation in all normal forms. We are interested in the second solution

λ = λ(δ) (16)

of (15), which is an unwieldy expression that satisfies lim_δ!_0 λ(δ) = −1 . Thus, the higher order terms in the normal form are moving the linear Hamiltonian Hopf bifurcation slightly away from λ = −1 .

Again the transversality condition (HH2) is met simply because this is already true for the normal form (9). For (HH3) we have to study u^{′′}_{λ(δ),δ}(0) , which is a rather complicated (though algorithmically computable) expression. Since we are only interested in its sign we may use the approximation

u^{′′}_{λ(δ),δ}(0) = u^{′′}_{−1,δ}(0) + u^{′′}_{λ(δ),0}(0) + O(δ^2) .

Indeed, it is straightforward to compute u^{′′}_{−1,δ}(0) = −24δ+O(δ^2) and u^{′′}_{λ(δ),0} = −^{20}_7^{dλ}_{dδ} δ+ O(δ^2) . The numerical estimate^{dλ}_{dδ} (0) ≈ −2.8 then allows to conclude that

u^{′′}_{λ(δ),δ}(0) ≈ −16 δ + O(δ^2) is negative for δ > 0 sufficiently small. Let ζ denote the action conjugate to the angle along the bifurcating periodic orbit of (1).

Theorem 6.2 At λ_∗ = λ_∗(ε, ζ) close to −1 the 3D Hénon–Heiles family (1) undergoes a subcritical Hamiltonian Hopf bifurcation, provided that ε and ζ are sufficiently small.

Proof : The energy level of the normal form (14) has locally a nontrivial intersection with the reduced phase space V_0 , whence the Hamiltonian Hopf bifurcation at λ = λ(δ) in the normal form is subcritical. This implies that (1) undergoes a subcritical Hamiltonian Hopf bifurcation as well, at some value λ_∗ which is O(δ^2)–close to λ(δ) . However, the parameter η in δ = ε^2η is the value of H_0 and thus a parameter only for the normalized system. Since the action ζ is O(ε^2)–close to η we obtain

λ_∗(ε, ζ) = λ(ε^2η) + O(ε^4, ζ^2)

for the value λ_∗ where the bifurcation takes place, in particular lim_ε!_0 λ_∗(ε, ζ) = −1 ; q.e.d.

The external parameters ε and λ determine the form of the perturbing cubic potential in (1). The action ζ depends upon the initial conditions and is therefore an internal parameter, distinguished with respect to ε, λ . Rather than fixing ε and ζ to vary λ through λ_∗(ε, ζ) , it is much more natural to choose ε, λ and to look for a Hamiltonian Hopf bifurcation within the system (1) singled out by that choice. The action ζ then has to play the rôle of the unfolding parameter λ , which is possible since^{dλ}�_{dζ} = ε^{2 dλ}_{dδ} + O(ε^4) does not vanish.

The situation is similar to the Lagrange top. The swallowtail surface of the Hamiltonian Hopf bifurcation is visible in the image of the energy–momentum mapping because the action ζ features as the bifurcation parameter.

Corollary 6.3 Choose ε > 0 sufficiently small and then choose λ < −1 sufficiently close to −1 . Then the vertical oscillations of the system (1) undergo a subcritical Hamiltonian Hopf bifurcation as the action passes through a certain value ζ_∗ = ζ_∗(ε, λ) .

The supercritical Hamiltonian Hopf bifurcation at λ =^1_2 cannot be re–interpreted to occur with fixed ε, λ within a single system (1). Indeed, all vertical oscillations are elliptic when λ <^1_2 and hyperbolic when λ >^1_2 .

Here the bifurcation can be considered as a topological free product of an S^1 with a supercritical Hamiltonian Hopf bifurcation of equilibria. One has at one side of the critical value two families of 2–tori emanating from the circle π_3 = 2ζ . When λ passes through the critical value these two families form one smooth family of 2–tori that detaches from this circle.

In the neighbourhood of the critical circle one finds, at least in the integrable approximation, a phase space filled with T^3 , i.e. a 3–torus bundle. For λ ∈ ]^1_2 , 1[ ∪ ]^5_2 , ∞[ ∪ ]−∞, −1[ monodromy can be obtained by considering the phase shift in the basic frequencies on the 3–tori when following a closed curve around the line of critical circles in the image of the energy–momentum mapping. It is obvious that only two of the three frequencies will play a rôle, the η frequency will play no rôle. Consequently one finds the monodromy matrix

1 1 0 0 1 0 0 0 1

as already mentioned in [11]. In particular, the vanishing coefficient in front of the semi– simple part has no influence on the monodromy generated through the Hamiltonian Hopf bifurcation.

7 Conclusions

We have shown that the presence of Hamiltonian Hopf bifurcations can be detected from a careful geometric analysis involving the normalized Hamiltonian and the reduced phase space. Actually the finally obtained one–degree–of–freedom system is sufficient to derive this information. Candidate points are cone–like singularities of reduced phase spaces with isotropy S^1 . The parameters should allow to bring the Hamiltonian in general position.

In this way we obtained a complete treatment of the Hamiltonian Hopf bifurcations at λ =^1_2 and near λ = −1 , while it remains an open question whether the third Hamiltonian Hopf bifurcation in the 3D Hénon–Heiles family (1) occurs at λ =^5_2 or near λ =^5_2 . Adding higher order terms in the normal form of the full system changes the parameter dependence at all orders of the normal form. In particular, it is conceivable that a high order term in the normal form, or even a flat term beyond any normalization, may push the bifurcation value λ^∗ away from^5_2 .

However, we do can rule out that some higher order term η^kσ introduces a nonzero coefficient Ω of the semi–simple part of the linearization about the vertical oscillations. Indeed, the 3D Hénon–Heiles family (1) is not only SO(2)–symmetric with respect to axial rotations, but in fact O(2)–symmetric because of reversibility. Thus, σ can only enter squared, with no dynamical consequences at σ = 0 . The remaining question concerning λ^∗ does no longer prevent us from reducing the axial symmetry and in fact boils down to whether the (periodic) Hamiltonian pitchfork bifurcation in the 2D Hénon– Heiles family occurs at λ =^5_2 or near λ =^5_2 , i.e. where the Floquet multiplier assumes the value +1 .

References

[1] Aizawa, Y. and Saitô, N. : On the Stability of Isolating Integrals. I. Effect of the Perturbation in the Potential Function ; Journal of the Physical Society of Japan 32, p. 1636 – 1640 (1972)

[2] Braun, M. : On the Applicability of the Third Integral of Motion ; J. Diff. Eq. 13, p. 300 – 314 (1973)

[3] Cotter, C. : The 1:1 semisimple resonance ; Ph.D. thesis, University of California at Santa Cruz (1986)

[4] Cushman, R. : Geometry of the bifurcations of the normalized reduced Hénon–Heiles family ; Proc. R. Soc. London A 382, p. 361 – 371 (1982)

[5] Cushman, R. and Van der Meer, J.C. : The Hamiltonian Hopf bifurcation in the Lagrange top ; p. 26 – 38 in : Géométrie Symplectique et Mécanique, La Grande Motte 1988 (ed. C. Albert) LNM 1416, Springer Verlag, Berlin etc. (1990)

[6] Cushman, R., Ferrer, S. and Hanßmann, H. : Singular reduction of axially symmetric perturbations of the isotropic harmonic oscillator ; Nonlinearity 12, p. 389 – 410 (1999)

[7] Farrelly, D., Humpherys, J. and Uzer, T. : Normalization of resonant Hamiltonians ;

p. 237 – 244 in Hamiltonian Mechanics, Integrability and Chaotic Behavior, Torun 1993 (ed. J. Seimenis) Plenum, New York (1994)

[8] Ferrer, S., Lara, M., Palacián, J., San Juan, J.F., Viartola, A. and Yanguas, P. : The Hénon and Heiles Problem in Three Dimensions. I. Periodic Orbits Near the Origin ; Int. J. Bifurcation Chaos Appl. Sci. Eng. 8, p. 1199 – 1213 (1998)

[9] Ferrer, S., Lara, M., Palacián, J., San Juan, J.F., Viartola, A. and Yanguas, P. :

The Hénon and Heiles Problem in Three Dimensions. II. Relative Equilibria and Bifurcations in the Reduced System ; Int. J. Bifurcation Chaos Appl. Sci. Eng. 8, p. 1215 – 1229 (1998)

[10] Ferrer, S., Palacián, J. and Yanguas, P. : Hamiltonian Oscillators in 1-1-1 Resonance :

Normalization and Integrability ; J. Nonlinear Sci. 10, p. 145 – 174 (2000)

[11] Ferrer, S., Hanßmann, H., Palacián, J. and Yanguas, P. : On Perturbed Oscillators in 1-1-1 Resonance : The Case of Axially Symmetric Cubic Potentials ; preprint, Inst. Reine & Angew. Math., RWTH Aachen (2000)

[12] Fradkin, D.M. : Three–Dimensional Isotropic Harmonic Oscillator and SU_3 ; Am. J.

Phys. A 33, p. 207 – 211 (1965)

[13] Hanßmann, H. and Sommer, B. : A degenerate bifurcation in the Hénon–Heiles family ; preprint, Inst. Reine & Angew. Math., RWTH Aachen (2000)

[14] Hénon, M. and Heiles, C. : The applicability of the third integral of motion : some numerical experiments ; Astron. J. 69, p. 73 – 79 (1964)

[15] Kummer, M. : On resonant nonlinearly coupled oscillators with two equal frequencies ; Comm. Math. Phys. 48, p. 53 – 79 (1976)

[16] Van der Meer, J.C. : The Hamiltonian Hopf bifurcation ; LNM 1160, Springer Verlag, Berlin (1985)

[17] Van der Meer, J.C. : Hamiltonian Hopf bifurcation with symmetry ; Nonlinearity 3, p. 1041 – 1056 (1990)

[18] Van der Meer, J.C. : Degenerate Hamiltonian Hopf bifurcations ; Fields Institute Communications 8, p. 159 – 176 (1996)

[19] Miller, B.R. : The Lissajous Transformation — III. Parametric Bifurcations ; Celes.

Mech. & Dynam. Astron. 51, p. 251 – 270 (1991)

[20] Moser, J. : Regularization of Kepler’s Problem and the Averaging Method on a Manifold ; Comm. Pure Appl. Math. 23, p. 609 – 636 (1970)

[21] Verhulst, F. : Discrete symmetric dynamical systems at the main resonances with applications to axi–symmetric galaxies ; Phil. Trans. Royal Soc. London A 290, p. 435 – 465 (1979)

[22] Yanguas, P. : Integrability, Normalization and Symmetries of Hamiltonian Systems in 1-1-1 Resonance ; Ph.D. thesis, Universidad Pública de Navarra (1998)

[23] De Zeeuw, T. : Motion in the core of a triaxial potential ; Mon. Not. R. astr. Soc.

215, p. 731 – 760 (1985)

[24] De Zeeuw, T. and Franx, M. : Structure and dynamics of elliptical galaxies ; Annu.

Rev. Astron. Astrophys. 29, p. 239 – 274 (1991)