PERTURBATIONS OF THE WIGNER-VON NEUMANN POTENTIAL LEAVING THE EMBEDDED EIGENVALUE FIXED

J. Cruz-Sampedro* Instituto de Ciencias Básicas e Ingeniería, UAEH sampedro@uaeh.reduaeh.mx I. Herbst** Mathematics Department, University of Virginia iwh@weyl.math.virginia.edu and R. Martínez-Avendaño Department of Mathematics, Michigan State University ruben@math.msu.edu

Abstract. We investigate the Schrödinger operator H = −d^2/dx^2 + (γ/x) sin αx + V , acting in L^p(R), 1 ≤ p < ∞, where γ ∈ R \ {0}, α > 0, and V ∈ L^1(R). For |γ| ≤ 2α/p we show that H does not have positive eigenvalues. For |γ| > 2α/p we show that the set of functions V ∈ L^1(R), such that H has a positive eigenvalue embedded in the essential spectrum σ_{ess}(H) = [0, ∞), is a smooth unbounded sub-manifold of L^1(R) of codimension one.

* Research supported in part by CONACYT, 32146-E, Mexico. ** Research partially supported by NSF grant DMS-96000056.

Perturbations du Potentiel Wigner-Von Neumann Qui Fixent la Valeur Caractéristique Immergée

Résumé. On examine l’opérateur de Schrödinger H = −d^2/dx^2 + (γ/x) sin αx + V défini dans L^p(R), 1 ≤ p < ∞, où γ ∈ R \ {0}, α > 0, et V ∈ L^1(R). Si |γ| ≤ 2α/p, on montre que H n’a aucune valeur caractéristique positive. Si |γ| > 2α/p, on montre que l’ensemble des fonctions V ∈ L^1(R), telles que H a une valeur caractéristique positive immergée dans le spectre essentiel σ_{ess}(H) = [0, ∞), est une sous-variété lisse non-bornée de L^1(R) de codimension égale à un.

1. Introduction

In this paper we consider Schrödinger operators of the form H_{Q,p} = − d^2 dx^2 + Q, (1.1) acting in L^p(R), 1 ≤ p < ∞, where Q = W + V , W (x) = (γ/x) sin αx, α > 0 and γ ∈ R \ {0} are constants, and V is a real-valued function in L^1(R). To give a precise definition of the operator H_{Q,p} we use the Feynman-Kac formula. For f ∈ ∪_{p≥1}L^p(R) and t ≥ 0 we define U_Q(t)f(x) = E_x ( exp { − ∫_t 0 Q(b(s))ds } f(b(t)) ) , (1.2) where E_x denotes the expectation with respect to Brownian motion starting at x with Brownian transition function given by p_t(x, y) = exp ( −(x − y)^2/4t ) √ 4πt , x, y ∈ R, t ≥ 0. (1.3) We define H_{Q,p} to be the negative of the infinitesimal generator of the C_0-semigroup (U_{Q,p}(t); t ≥ 0), 1 ≤ p < ∞, defined for f ∈ L^p(R) and t ≥ 0 by U_{Q,p}(t)f = U_Q(t)f.

Various classes of operators which contain the ones defined above have been investigated in [6, 12, 16, 17, 18, 26, 28, 30], and it is well known that the spectrum σ(H_{Q,p}) is p-independent and that σ_{ess}(H_{Q,p}) = [0, ∞) for all p ≥ 1.

Schrödinger operators of the form (1.1) were introduced by Wigner and Von-Neumann [29] in order to construct an example of a Schrödinger operator, acting in L^2(R^3), with a spherically symmetric potential which vanishes at infinity and possesses a positive eigenvalue embedded in the continuum. The significance of the Wigner-Von Neumann example lies in the fact that at the time it contradicted physical intuition, which predicted that bound states of positive energy could not occur if the potential tended to zero at infinity.

In this paper we study the structure of the set of functions V ∈ L^1(R) for which the operator H_{Q,p} has a positive eigenvalue.

Our main result is:

Theorem 1.1. Let H_{Q,p} be as in (1.1). If |γ| ≤ 2α/p, then H_{Q,p} does not have positive eigenvalues. If |γ| > 2α/p, then the set of functions V ∈ L^1(R) such that H_{Q,p} has a positive eigenvalue embedded in the essential spectrum σ_{ess}(H_{Q,p}) = [0, ∞) is a smooth unbounded sub-manifold of L^1(R) of codimension one. In addition, if V belongs to this sub-manifold then α^2/4 is the unique positive eigenvalue of H_{Q,p}.

It is well known that the eigenvalues in the discrete spectrum are, in an appropriate setting, stable under perturbations. On the other hand, it is also known that embedded eigenvalues in the continuum are rather unstable [1, 2, 9, 10, 20]. In [2] Agmon, Herbst, and Skibsted prove that generically, in a Baire category sense, arbitrarily small perturbations of a generalized N-body Hamiltonian remove all non-threshold eigenvalues embedded in the continuum, and conjecture that the set of perturbations that preserve a non-threshold embedded eigenvalue is something like a differentiable manifold. The result presented in this paper shows that the above conjecture is true for the simplest Schrödinger operators which possess an eigenvalue embedded in the continuum. A similar result for p = 2 was announced in [11] without proof.

For α > 0 and γ ∈ R \ {0}, let M(α, γ) be the set of functions V ∈ L^1(R) such that, for some k > 0, the differential equation −ψ^{′′} + γ sin αr r ψ + V ψ = k^2ψ, r ∈ R, (1.4) has a nonzero solution that goes to zero as |r| goes to infinity. We say that a function ψ is a solution of this differential equation if it is continuously differentiable, ψ^′ is absolutely continuous, and (1.4) holds almost everywhere. Local existence of solutions to (1.4) is well known. We also prove Theorem 1.2. Let M(α, γ) be as defined above. Then M(α, γ) is a smooth unbounded sub-manifold of L^1(R) of codimension one. In addition, if V ∈ M(α, γ) then k = α/2.

Using the terminology of [19], M(α, γ) is the set of functions V in L^1(R) such that H_{Q,2} has a half-bound state of positive energy.

To prove the results stated above we determine, following Cassell [7], the exact asymptotic behavior at infinity of the solutions to (1.4) and then identify the set of functions V in L^1(R) that produce positive eigenvalues of H_{Q,p} with the zero set of a smooth function on L^1(R) for which zero is a regular value.

Schrödinger operators with eigenvalues in the continuous spectrum have also been investigated in [3, 14, 23], and the asymptotic behavior of the solutions of (1.4) for various classes of potentials has also been studied in [4, 7, 13, 15, 22]. For perturbations of embedded eigenvalues in situations which are relevant to the automorphic Laplacian and N-body Schrödinger operators see [2, 5, 9, 10, 20, 25]. In a different context, results of the type presented here have been obtained in [21].

This paper is organized as follows. In Section 2 we investigate the asymptotic behavior at infinity of solutions to (1.4) and establish the existence of solutions that vanish at infinity. In Section 3 we prove the main results. In the Appendix we establish the connection between the eigenfuctions of H_{Q,p} and the solutions of (1.4) that belong to L^p(R).

Acknowledgments. We thank S. Sontz for useful comments.

2. Existence of Solutions that Vanish at Infinity

In this section we follow Cassell [7] to determine the asymptotic behavior as r goes to infinity of the solutions to (1.4). We will prove

Theorem 2.1 For α > 0, γ ∈ R \ {0}, k > 0, and V ∈ L^1(R) we have:

i) If k ≠ α/2, then (1.4) has solutions ϕ and ψ such that, as r goes to +∞,

ϕ(r) = cos kr + o(1) and ψ(r) = sin kr + o(1),

with ϕ^′(r) = −k sin kr + o(1) and ψ^′(r) = k cos kr + o(1).

ii) If k = α/2, then (1.4) has solutions ϕ and ψ such that, as r goes to +∞,

ϕ(r) = r^{−γ/2α}(cos kr + o(1)) and ψ(r) = r^{γ/2α}(sin kr + o(1)),

with

ϕ^′(r) = −kr^{−γ/2α}(sin kr + o(1)) and ψ^′(r) = kr^{γ/2α}(cos kr + o(1)).

Proof. Setting ξ(r) = ψ(r/k), σ = α/k > 0, and η = γ/k ∈ R \ {0} we find that ξ

satisfies −ξ^{′′} + η sin σr r ξ + W ξ = ξ, (2.1) where W (r) = V (r/k)/k^2 ∈ L^1(R). Using the transformation x = ( cos r − sin r sin r cos r ) ( ξ ξ^′ ) , we see that (2.1) is equivalent to x^′ = A(r)x, (2.2) where A(r) = a(r) ( sin r cos r sin^2 r − cos^2 r − sin r cos r ) , and a(r) = −η sin σr r − W (r). Next we write A(r) = (η/r)G(r) + R(r), where R(r) is the L^1-matrix given by R(r) = −W (r) ( sin r cos r sin^2 r − cos^2 r − sin r cos r ) , (2.3) and G(r) ≡ ( g_1(r) g_2(r) g_3(r) −g_1(r) ) , (2.4)

with

g_1(r) = − 1 4 (cos(σ − 2)r − cos(σ + 2)r), g_2(r) = − 1 4 (2 sin σr − sin(σ + 2)r − sin(σ − 2)r), and g_3(r) = 1 4 (2 sin σr + sin(σ + 2)r + sin(σ − 2)r).

Now we decompose G as G = G_1 + G_2, where G_1 = 0 and G_2 = G for σ ≠ 2, and G_1 = ( −^1_4 0 0^1_4 )

and G_2(r) = 1 4 ( cos 4r −2 sin 2r + sin 4r 2 sin 2r + sin 4r − cos 4r )

for σ = 2.

Setting S(r) = I + (η/r)G^∗_2, a crude approximation to a solution of S^′ = (η/r)G_2S, where G^∗_2(r) ≡ ∫_r 0 G_2(u)du, we find that if a is large then S(r)^{−1} exists for r ≥ a and sup{‖S(r)^{−1}‖ : r > a} < ∞. Hence setting R̃ = S^{−1}((η/r)^2(GG^∗_2 − G^∗_2G_1) + RS + (η/r^2)G^∗_2)

we have that R̃ ∈ L^1(a, ∞) and defining B = (η/r)G_1 + R̃ we have that SB = AS − S^′. (2.5) Therefore setting x = S(r)y and using (2.5) we find that (2.2) is equivalent to y^′ = B(r)y. (2.6) To finish the proof we proceed as follows:

i) If σ ≠ 2 then B = R̃ ∈ L^1(a, ∞). Hence, proceeding as in the proof of Theorem XI.65 of [22] we find that, as r goes to +∞, (2.6) has a fundamental matrix X = I + o(1), where I denotes the 2 × 2 identity matrix. Thus (2.1) has solutions ψ_1, ψ_2 such that ψ_1(r) = cos r + o(1), ψ_2(r) = sin r + o(1), ψ^′_1(r) = − sin r + o(1), and ψ^′_2(r) = cos r + o(1), from which i) of Theorem 2.1 follows.

ii) If σ = 2 and γ > 0, then the change of variables τ = η log r transforms (2.6) into dφ dτ = (G_1 + L) φ, (2.7)

where L is in L^1(τ_0, ∞) for some τ_0 independent of V . It is easily verified that this last system of O.D.E.s satisfies the conditions of a theorem due to Levinson. See Theorem 8.1 in Ch. 3 of [8]. Thus, as τ goes to +∞, (2.7) has solutions φ_1 and φ_2 such that

lim_{τ→∞} exp(τ/4)φ_1(τ) = ( 1 0 ) , and lim_{τ→∞} exp(−τ/4)φ_2(τ) = ( 0 1 ) . Hence (2.6) has solutions of the form

y_1 = r^{−η/4} (( 1 0 ) + o(1) ) , y_2 = r^{η/4} (( 0 1 ) + o(1) ) , (2.8)

and therefore (2.1) has solutions ψ_1, ψ_2 such that

ψ_1(r) = r^{−η/4}(cos r + o(1)), ψ_2(r) = r^{η/4}(sin r + o(1)),

ψ^′_1(r) = −r^{−η/4}(sin r + o(1)), and ψ^′_2(r) = r^{η/4}(cos r + o(1)). Changing the signs that need to be changed, we see that the same result is true when γ < 0, and thus ii) of Theorem 2.1 follows. //

Remark. Clearly an analogous result holds in a neighborhood of −∞.

3. Proof of the main result

First we prove Theorem 1.2 and then Theorem 1.1.

Proof of Theorem 1.2. Clearly we may assume γ > 0. Let M(α, γ) be as in the statement of Theorem 1.2. First we show that M(α, γ) is nonempty. By Theorem 2.1, for any given V ∈ L^1(R) we may choose nonzero solutions ψ_− and ψ_+ of (1.4) with k = α/2, such that ψ_−(r) goes to zero as r goes to −∞, and ψ_+(r) goes to zero as r goes to +∞. By the same theorem we can also choose a > 0 such that ψ_−(−a)ψ_+(a) > 0. Now, if we define ψ(r) = ψ_−(r) for r ≤ −a, ψ(r) = ψ_+(r) for r ≥ a, and ψ(r) = φ(r) for |r| ≤ a, where φ is any C^2 function of constant sign that smoothly joins ψ_− and ψ_+ on [−a, a], and set Ṽ (r) = V (r) for |r| ≥ a and Ṽ (r) = (α^2/4) − (γ/r) sin αr + φ^{′′}/φ for |r| ≤ a, then Ṽ ∈ L1(R) and ψ is a nonzero continuously differentiable function which goes to zero as |r| goes to infinity and satisfies

−ψ^{′′} + γ sin αr r ψ + Ṽ ψ = (α^2/4)ψ, a.e in R.

Hence Ṽ ∈ M(α, γ). In addition, it follows from the construction of Ṽ that M(α, γ) is unbounded in L^1(R). Furthermore, if V belongs to M(α, γ), then in view of Theorem 2.1 we must have k = α/2.

To complete the proof of Theorem 1.2 we only need to show that M(α, γ) is a smooth sub-manifold of L^1(R) of codimension one. This is proved in the following lemma.

Lemma 3.1. Let M(α, γ) be as in Theorem 1.2. Then there exists a C^∞ function F : L^1(R) −→ R such that zero is a regular value of F and M(α, γ) = F^{−1}({0}).

Proof. For every V ∈ L^1(R) let ψ_+ be the solution of

−ψ^{′′} + γ sin αr r ψ + V ψ = (α^2/4)ψ, r ∈ R, (3.1)

which coincides for large positive r with the function ϕ given in (ii) of Theorem 2.1. First we will show that ψ_+ and ψ^′_+ depend smoothly on V . For r_0 ∈ R, let X_r0 be the Banach space of continuous functions φ from [r_0, ∞) into R^2 with the norm

‖φ‖_r0 ≡ sup_{τ≥r} 0 ‖φ(τ) exp (τ/4) ‖ < ∞.

It is easy to verify that the smoothness of ψ_+ and ψ^′_+ with respect to V follows from the fact that for all r_0 ∈ R, the solution φ_1 of (2.7) that satisfies

lim τ→+∞ exp(τ/4)φ_1 = ( 1 0 ) ,

is a smooth a function of L ∈ L^1(R) with values in X_r0. To prove this last define Φ : L^1(R) × X_τ0 → X_τ0 as

Φ(L, φ)(τ) = φ(τ) − ψ_1(τ) + ∫_∞ τ Ψ(τ)Ψ^{−1}(s)L(s)φ(s)ds,

where, τ_0 is as in (2.7), ψ_1(τ) = exp(−τ/4) ( 1 0 ) , and

Ψ(τ) = ( exp(−τ/4) 0 0 exp(τ/4) ) .

Note that Φ(L, φ) = 0 if and only if φ = φ_1. Next we fix L_0 ∈ L^1(R) and let φ_0 ∈ X_τ0 be so that Φ(L_0, φ_0) = 0. We prove that if τ_0 is sufficiently large, then Φ(L, φ) = 0 implicitly defines φ_1 as a smooth function of L, with values in X_τ0, on a neighborhood of L_0. Since Φ(·, ·) is jointly smooth, by the implicit function theorem it suffices to show that for τ_0 sufficiently large the operator d_2Φ(L_0, φ_0) is invertible from X_τ0 onto X_τ0. Clearly

(d_2Φ(L_0, φ_0))(H) = H + P (H), for all H ∈ X_τ0,

where P (H)(τ) ≡ ∫_∞ τ Ψ(τ)Ψ^{−1}(s)L_0(s)H(s)ds. Using the definition of Ψ it is easily verified that

‖P (H)‖_τ0 ≤ ‖H‖_τ0 ∫_∞ τ0 ‖L_0(s)‖ds, for all H ∈ X_τ0,

from which the invertibility of d_2Φ(L_0, φ_0) for large τ_0 follows. Thus φ_1 is smooth in L in a neighborhood O of L_0 in the Banach space X_τ0. Since φ_1(τ_0) is smooth in L, the smoothness of φ_1 as a function from O to X_r0 follows from the fact that the solutions to the initial value problem dφ dτ = (G_1 + L)φ, φ(τ_0) = φ_1(τ_0),

are smooth in L and the initial value φ_1(τ_0). This last can be proved in the usual way using the integral equation.

Analogous arguments show that the solution ψ_− of (3.1) that satisfies ψ_−(r) = |r|^{−γ/2α}(cos kr + o(1)) and ψ^′_−(r) = −k|r|^{−γ/2α}(sin kr + o(1)), as r → −∞, is a smooth function of V and so is ψ^′_−.

Now we define F : L^1(R) → R as

F (V ) = | | | ψ^+(r, V ) ψ^−(r, V ) ψ^′_+(r, V ) ψ^′_−(r, V ) | | | .

This function is well defined since the Wronskian of any pair of solutions of (3.1) is constant as a function of r. Moreover V ∈ M(α, γ) if and only if F (V ) = 0; or equivalently, if and only if ψ_− = λψ_+, where λ ≠ 0 is a function of V , constant as a function of r. Thus M(α, γ) = F^{−1}({0}). Since F is a smooth function of V , to finish the proof it remains to show that zero is a regular value of F , that is to say that for every V ∈ M(α, γ) we have dF (V ) ≠ 0. Differentiating F with respect to V we find that for every V and H in L^1(R) we have dF (V )(H) = | | | dψ_+(r, V )(H) ψ_−(r, V ) dψ^′_+(r, V )(H) ψ^′_−(r, V ) | | | + | | | ψ_+(r, V ) dψ_−(r, V )(H) ψ^′_+(r, V ) dψ^′_−(r, V )(H) | | | , (3.2) where d indicates differentiation with respect to V and the prime differentiation with respect to r, with V fixed.

In order to prove that dF (V ) is not zero we note first that, for any fixed a ∈ R,

ψ^′_+(r, V ) = ψ^′_+(a, V ) + ∫_r a Λ(t, V )ψ_+(t, V )dt, where Λ(r, V ) ≡ (γ/r) sin αr + V − (α^2/4). Using the fact that for any interval [c, d] the map V → ψ_+(·, V ), from L^1(R) to the space C[c, d] is smooth we have

dψ^′_+(r, V )(H) = dψ^′_+(a, V )(H) + ∫_r a H(t)ψ_+(t, V )dt + ∫_r a Λ(t, V )dψ_+(t, V )(H)dt.

Thus dψ^′_+(r, V )(H) is absolutely continuous with derivative

(dψ^′_+(r, V )(H))^′ = H(r)ψ_+(r, V ) + Λ(r, V )dψ_+(r, V )(H) a.e.

Now for any fixed b ∈ R and β ≥ b we consider ∫_β b ψ_+(t, V )(dψ^′_+(t, V )(H))^′dt = ∫_β b (ψ_+(t, V ))^2H(t) + Λ(t, V )ψ_+(t, V )dψ_+(t, V )(H)dt.

Integrating by parts we also have ∫_β b ψ_+(t, V )(dψ^′_+(t, V )(H))^′dt =dψ^′_+(t, V )(H)ψ_+(t, V ) | | | β b − ∫_β b ψ^′_+(t, V )dψ^′_+(t, V )(H)dt. Since ψ_+(t, V ) is not a jointly C^2-function of t and V , in order to perform another integration by parts we show first that for any t ∈ R and V and H in L^1(R) we have

dψ^′_+(t, V )(H) = (dψ_+(t, V )(H))^′. (3.3)

To prove (3.3) just note that ψ_+(t, V ) = ψ_+(c, V ) + ∫_t c ψ^′_+(τ, V )dτ. Since ψ^′_+(·, V ) is smooth in V as a function in C[c, d] for any d > c, we can differentiate with respect to V under the integral sign and obtain

dψ_+(t, V )(H) = dψ_+(c, V )(H) + ∫_t c dψ^′_+(τ, V )(H)dτ,

where for fixed V and H, dψ^′_+(τ, V )(H) is continuous in τ. Thus (3.3) follows immediately.

So another integration by parts yields ∫_β b (ψ_+(t, V ))^2H(t)+Λ(t, V )ψ_+(t, V )dψ_+(t, V )(H))dt

=ψ_+(t, V )dψ^′_+(t, V )(H) | | |^β b − ψ^′_+(t, V )dψ_+(t, V )(H) | | |^β b + ∫_β b Λ(t, V )ψ_+(t, V )dψ_+(t, V )(H)dt, which gives ∫_β b ψ_+(t, V )^2H(t)dt = ( ψ_+(t, V )dψ^′_+(t, V )(H) − ψ^′_+(t, V )dψ_+(t, V )(H) ) | | | β b . Taking β to infinity and utilizing the fact that for fixed V and H, the functions ψ_+, ψ^′_+,

dψ_+, and dψ^′_+ all approach zero at infinity we obtain ∫_∞ b ψ_+(t, V )^2H(t)dt = ψ^′_+(b, V )dψ_+(b, V )(H) − ψ_+(b, V )dψ^′_+(b, V )(H).

Analogously, ∫_b −∞ ψ_−(t, V )^2H(t)dt = ψ_−(b, V )dψ^′_−(b, V )(H) − ψ^′_−(b, V )dψ_−(b, V )(H). Finally, combining (3.2) with these last two identities and using the fact that for V ∈

M(α, γ) we have ψ_− = λψ_+, λ ≠ 0, we find that dF (V )(H) = λ ∫_∞ b ψ_+(t, V )^2H(t)dt + 1 λ ∫_b −∞ ψ_−(t, V )^2H(t)dt = ∫_∞ −∞ ψ_−(t, V )ψ_+(t, V )H(t)dt, for all H ∈ L^1(R). Therefore, if V ∈ M(α, γ) then dF (V ) is the linear functional on L^1(R)

defined by the function ψ_−ψ_+ ∈ L^∞(R) \ {0}. //

Proof of Theorem 1.1. For p ≥ 1, α > 0, and γ ∈ R \ {0}, let M_p(α, γ) be the set

of functions V ∈ L^1(R) for which the operator H_{Q,p} has a positive eigenvalue. It follows

from Theorem 2.1 and Proposition A.1 that M_p(α, γ) = { ∅, if |γ| ≤ 2α/p, M(α, γ), if |γ| > 2α/p. //

4. Appendix

Here we establish the connection between the eigenfunctions of the operator H_{Q,p} and the decaying solutions of (1.4).

Below we use Duhamel’s formula [27] in the form (φ, U_Q(t)f) = (φ, U_0(t)f) − ∫_t 0 (U_Q(t − u)φ, QU_0(u)f)du, (A.1) for φ ∈ C^∞_0 (R) and f ∈ L^∞(R) ∩ L^p(R), where Q is as in (1.1) and U_Q(t) is as introduced in (1.2). Formula (A.1) is readily established by an approximation argument starting with bounded Q. Here (ϕ, ψ) = ∫_∞ −∞ ϕ(x)ψ(x)dx. The main result of this section is Proposition A.1. Let p, Q, and H_{Q,p} be as in (1.1). Then f ∈ L^p(R) is an eigenfunction of H_{Q,p} corresponding to the eigenvalue λ ∈ R if and only if f is a differentiable function that vanishes at infinity, such that f^′ is absolutely continuous on every finite interval of R and −f^{′′} + Qf = λf a.e. (A.2) Proof. Suppose f ∈ L^p(R) is a differentiable function that vanishes at infinity, such that f^′ is absolutely continuous on every finite interval of R and that (A.2) is satisfied. We will show that U_{Q,p}(t)f = exp(−λt)f, t ≥ 0. (A.3) For any given φ ∈ C^∞_0 we define g(s) = (φ, U_Q(s)f), s ≥ 0. We show first that for any s ≥ 0 we have

lim_{t→0}+ g(s + t) − g(s) t = −λg(s).

Set ψ = U_Q(s)φ. Using Duhamel’s formula and the fact [6] that (ϕ, U_Q(s)ξ) = (U_Q(s)ϕ, ξ),

for ϕ ∈ L^p(R) and ξ ∈ L^p0(R), we find that g(s + t) − g(s) t = ( ψ, U_Q(t) − 1 t f )

= ( ψ, U_0(t) − 1 t f ) − 1 t ∫_t 0 (U_Q(t − u)ψ, QU_0(u)f)du. (A.4)

We show next that as t → 0^+ the right side of (A.4) goes to (ψ, f^{′′}) − (ψ, Qf) = −λg(s).

In fact, using the kernel p_t(x, y) of U_0(t) introduced in (1.3) we have ( ψ, U_0(t) − 1 t f ) = ( ψ, 1 t ∫_∞ −∞ p_t(x, y)(f(y) − f(x))dy )

= ( ψ, 1 t ∫_∞ −∞ p_t(0, y)(f(x + y) − f(x))dy )

= ( ψ, 1 t ∫_∞ −∞ p_t(0, y) ∫_y 0 (y − u)f^{′′}(x + u)dudy )

= ( ψ, f^{′′} + ∫_∞ −∞ p_t(0, y) ∫_y 0 (y − u) (f^{′′}(x + u) − f^{′′}(x)) t dudy ) , where in the third equality we have used Taylor’s formula

f(x + u) − f(x) = yf^′(x) + ∫_y 0 (y − u)f^{′′}(x + u)du. Setting z = y/ √ t and then u = √ tw we find that ∫_∞ −∞ p_t(0, y) ∫_y 0 (y − u) (f^{′′}(x + u) − f^{′′}(x)) t dudy = ∫_∞ −∞ p_1(0, z) ∫_z 0 (z − w)(f^{′′}(x + τw) − f^{′′}(x))dw dz, where τ ≡ √ t. Hence | | | ( ψ, ∫_∞ −∞ p_t(0, y) ∫_y 0 (y − u) (f^{′′}(x + u) − f^{′′}(x)) t dudy )| |

≤ 1 √ 4π ∫_∞ −∞ |ψ(x)| ∫_∞ −∞ exp(−z^2/4) ∫_{|z|} −|z| 2|z||f^{′′}(x + τw) − f^{′′}(x)|dw dz dx ≤ 1 √ 4π ∫_∞ −∞ |ψ(x)| ∫_∞ −∞ ∫_∞ |w| 2z exp(−z^2/4)|f^{′′}(x + τw) − f^{′′}(x)|dz dw dx = 2 √ π ∫_∞ −∞ |ψ(x)| ∫_∞ −∞ exp(−w^2/4)|f^{′′}(x + τw) − f^{′′}(x)|dw dx

Thus, using (A.2), the fact that f ∈ L^p(R) ∩ L^∞(R), and the dominated convergence theorem we see that the right side of the last inequality goes to zero as t → 0^+ and therefore lim_{t→0}+ ( ψ, U_0(t) − 1 t f ) = (ψ, f^{′′}). By the continuity of the function (U_Q(u)ψ, Qf) with respect to u, the second term on the right side of (A.4) approaches −(ψ, Qf) since 1 t ∫_t 0 (U_Q(t − u)ψ, Q(U_0(u) − 1)f) du

goes to zero as t → 0^+. To see this last we use the fact that U_Q(t) maps L^∞(R) into L^∞(R) and that ‖U_Q(t)‖_L1_{→L}1 ≤ C, for small t, that Q = W + V , with V ∈ L^1(R) and W ∈ L^p(R), for p > 1, and that (U_0(t) − 1)f converges uniformly to zero as t → 0^+ since f vanishes at infinity and hence is uniformly continuous on R.

Thus we have proved that the right derivative D_+g of the function g(s) satisfies D_+g(s) = −λg(s), for all s ≥ 0. It follows that D_+(exp(λs)g(s)) = 0 for s ≥ 0 and therefore [24] that g(s) = exp(−λs)g(0), which proves (A.3).

Suppose now that f ∈ L^p(R) satisfies (A.3). Then [6, 26] f ∈ L^∞(R), f is continuous, vanishes at infinity, and f^′ exists and belongs to L^2_{loc}(R). By Duhamel’s formula, for every φ ∈ C^∞_0 (R) we have (φ, U_Q(t)f) = (φ, U_0(t)f) − ∫_t 0 (U_Q(t − u)φ, QU_0(u)f) du.

Differentiating this last at t = 0, using (A.3), we obtain −λ(φ, f) = (φ^{′′}, f) − (φ, Qf) and thus (φ^′, f^′) = (φ, (λ − Q)f) for all φ ∈ C^∞_0 (R). Standard approximation arguments show that f^′ is almost everywhere equal to an absolutely continuous function and that (A.2) is satisfied. //

5. References

1. S. Agmon, On Perturbation of Embedded Eigenvalues, Partial Differential Equations and Mathematical Physics (Copenhagen, 1995; Lund, 1995), 1-14 Progr. Nonlinear Differential Equations Appl., 21, Birkhäuser Boston, Boston, MA, 1996.

2. S. Agmon, I. Herbst, and E. Skibsted, Perturbations of Embedded Eigenvalues in the Generalized N-body Problem, Comm. Math. Phys. 122 (1989), 411-438.

3. M. Arai and J. Uchiyama, On the von Neumann and Wigner Potentials, J. Diff. Eq.

157, no. 2, (1999) 348-372.

4. F. Atkinson, The Asymptotic Solutions of Second Order Differential Equations, Ann.

Mat. Pura Appl. 37 (1954), 347-378.

5. E. Balslev and A. Venkov, Selberg’s Eigenvalue Conjecture and the Siegel Zeros, Århus Univ. Preprint, Jan. 1998.

6. R. Carmona, Regularity Properties of Schrödinger and Dirichlet Semigroups, J. Funct.

Anal. 33, 259-296 (1979).

7. J. S. Cassell, The Asymptotic Integration of some Oscillatory Differential Equations, Quart. J. Math. Oxford (2), 33 (1982), 281-296.

8. E. Coddington and N. Levinson, Theory of Ordinary Differential Equations, McGraw- Hill, 1955.

9. Y. Colin de Verdiere, Pseudo-Laplaciens I, Ann. Inst. Fourier, Grenoble, 32, 3 (1982), 275-286.

10. Y. Colin de Verdiere, Pseudo-Laplaciens II, Ann. Inst. Fourier, Grenoble, 33, 2 (1983), 87-113.

11. J. Cruz and R. Martínez, Perturbations of the Wigner-von Neumann Potential, Memorias del XXVII Congreso Nacional, Soc. Mat. Mex., Aport. Matem. 16, 1995.

12. E. B. Davies, L^p Spectral Independence and L^1 Analyticity, J. London Math. Soc.

(2) vol. 52 (1995) no. 1, 177-184.

13. J. Dollard and C. Friedman, Product integrals and the Schrödinger equation, J. Math.

Phys. 18 (1977), 1598-1607.

14. M. Eastham and H. Kalf, Schrödinger-type Operators with Continuous Spectra, Pitman Advanced Publishing Program, 1982.

15. W. Harris and D. A. Lutz, A Unified Theory of Asymptotic Integration, J. Math.

Anal. Appl. 57 (1977), no. 3, 571-586.

16. R. Hempel and J. Voigt, The Spectrum of a Schrödinger Operator in L_p(R^ν ) is p- Independent, Comm. Math. Phys. 104 (1986), 243-250.

17. R. Hempel and J. Voigt, On the L_p-Spectrum of Schrödinger Operators, J. Math.

Anal. Appl. 121, 138-159 (1987).

18. I. W. Herbst and A. D. Sloan, Perturbations of Translation Invariant Positivity Preserving Semigroups on L^2(R^N ), Transactions of the American Mathematical Society, Vol. 236 (1978), 325-360.

19. D. B. Hinton, M. Klaus and K. Shaw, Embedded Half Bound States for Potentials of Wigner-von Neumann Type, Proc. London Math. Soc. (3) 62 (1991), no. 3, 607-646.

20. R. Phillips and P. Sarnak, Automorphic Spectrum and Fermi’s Golden Rule, Journal D’analyse Mathématique, Vol. 59 (1992).

21. J. Pöschel and E. Trubowitz, Inverse Spectral Theory, Academic Press Inc., 1978. 22. M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. I-IV, Academic Press Inc., 1978.

23. P. Rejto and M. Taboada, A limiting Absorption Principle for Schrödinger Operators with generalized von Neumann-Wigner potentials II. The Proof, J. Math. Anal. Appl. 208 (1997), no. 2, 311-336.

24. L. Royden, Real Analysis, Macmillan Publishing Co., 1968, Second Edition. 25. B. Simon, Resonances in n-body Quantum Systems with Dilation Analytic Potentials and the Foundations of Time-Dependent Perturbation Theory, Ann. of Math. 97 (1973), 247-274.

26. B. Simon, Schrödinger Semigroups, Bulletin (New Series) of the AMS, Vol. 7, Number 3, November 1982, 447-526.

27. M. Taylor, Partial Differential Equations I, Applied Math Sciences 115, Springer, 1996. 28. J. Voigt, Absorption Semigroups, their Generators, and Schrödinger Semigroups, J.

Funct. Anal. 67 (1986), 167-206.

29. J. Von Neumann and E. P. Wigner, Über Merkwürdige Diskrete Eigenwerte Z. Phys., 30 (1929), 465-467.

30. R. Weder, The Unified Approach to Spectral Analysis, Comm. Math. Phys. 60, 291-299 (1978)