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ABSTRACT. The objective of this paper is to discuss the regularity
of viscosity solutions of time independent Hamilton-Jacobi Equa-
tions. We prove analogs of the KAM theorem, show stability of
the viscosity solutions and Mather sets under small perturbations
of the Hamiltonian.
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1. INTRODUCTION

The objective of this paper is to study the regularity and stabil-
ity under small perturbations of viscosity solutions of Hamilton-Jacobi
equations

(1) H(P + Dyu,z) = H(P),

using a new set of ideas that combines dynamical systems techniques
with control theory and viscosity solutions methods. In (1), H(p, ) :
R?" — R is a smooth Hamiltonian, strictly convex, and coercive in p
(limyp|—oo % = o0), and Z" periodic in z (H(p,z+ k) = H(p, z) for
k € Z™). Since R™ is the universal covering of the n-dimensional torus,
we identify H with its projection pr H : T" x R®” — R. By changing
conveniently the Hamiltonian we may take P = 0 and H(P) = H,

which we will do throughout the paper to simplify the notation.
1
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In general, (1) does not admit global smooth solutions. The KAM
theorem deals with the case in which

(2) H(p,r) = Ho(p) + eH1(p, x).

Under generic conditions it is possible to prove that for most values
of P and sufficiently small € (1) admits a smooth solution that can be
approximated by a power series in € [Arn89]. In this paper we will
prove analogous results for viscosity solutions of (1).

The outline of this paper is the following: in section 2 we review
basic facts concerning the connections between Mather measures and
viscosity solutions. A general reference on control theory and viscosity
solutions is [FS93]. The special results concerning viscosity solutions
of (1) can be found in [LPV88], [Con95|, and [Con97]. The main ref-
erences on Mather’s theory are [Mat91], [Mat89a], [Mat89b], [Mn92],
and [Mn96]. The use of viscosity solutions to study Hamiltonian sys-
tems, and in particular Mather’s theory is discussed by Fathi [Fat97al,
[Fat97b], [Fat98a], [Fato8b], E [E99], and Jauslin, Kreiss and Moser
[JKM99] (for conservation laws in one dimension). Further develop-
ments and applications were considered in [EG99], [Gom00], [GomO01b].

In section ?? we discuss representation formulas for H and study
the behavior of H as a function of e. We prove that H is Lipschitz in
¢, and depending only on properties of the unperturbed problem, we
show that H is differentiable with respect to e.

In section 3 we obtain L? estimates (with respect to Mather mea-
sures) on the differences D, u¢ — D,u (u and u¢ are solutions of (1)
for € = 0, ¢, respectively), as well as some perturbative results for the
expansion of u is a power series in €. Such results are an analog of
the KAM theorem for viscosity solutions. In particular they show (L?)
stability of the Mather sets.

These estimates are fairly general, and to prove finer results, in sec-
tions 4 we assume the additional hypothesis that the Mather measure
is uniquely ergodic. The main idea is that, like in KAM theory, a non-
resonance type condition should be imposed to prove stronger stability
results. This role is played by unique ergodicity of the Mather measure.
We show, in section 4, that u° is uniformly continuous in e.
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2. MATHER MEASURES AND VISCOSITY SOLUTIONS

The purpose of this section is to review some results concerning
viscosity solutions and Mather measures.

Theorem 1 (Lions, Papanicolaou, Varadhan). For each P € R" there
exists a number H(P) and a periodic viscosity solution u of (1). The
solution u is Lipschitz, semiconcave, and H is a convex function of P.

Both H and the viscosity solutions of (1) encode the dynamics certain
trajectories (global minimizers, see [EG99]) of the Hamilton equations

(3) i=DyH(p,x) p=-D;H(px).
Let L, the Lagrangian, be the Legendre transform of H
L(z,v) = sup —p-v — H(p,v).

This Lagrangian is defined on the tangent space of the torus (or when
convenient one considers its lifting to the universal covering R x R™).

Theorem 2 (Mather). For each P there exists a positive probability
measure p (Mather measure) on T X R™ invariant under the dynamics
(8). This measure minimizes

/L(w, v) + Pudp

over all such measures.

Several important properties of Mather measures can be described in
terms of viscosity solutions. Mather measures, as defined in the previ-
ous theorem, are supported in the tangent space of the torus - however
it is convenient to consider another measure on the cotangent space of
the torus induced by p using the diffeomorphism v = —D,H (p, z). By
abuse of language we will call again Mather measure to such measure.

Theorem 3 (Fathi). Suppose u is a Mather measure and let u any
solution of (1). Then p is supported on the graph (xz, P+ Dyu). Fur-
thermore Dyu is Lipschitz on the support of .

The fact that the support of a Mather measure is a Lipschitz graph
was proven by Mather [Mat89b]. Therefore once it is known that u
is supported on the graph (z, P + D,u) the last part of the theorem
follows trivially. Similar statements can also be found in [E99] or, using
entropy solutions for conservation laws instead of viscosity solutions of
Hamilton-Jacobi equations, in [JKM99]. The next proposition gives
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more precise Lipschitz estimates on D,u. and shows that even outside
the Mather set D,u is Lipschitz.

Proposition 1. Suppose (x,p) is a point in the graph
G = {(x, Dyu(x)) : wu is differentiable at x}.

Then for allt < 0 the solution (z(t),p(t)) of (3) with initial conditions
(x,p) belongs G. If for some T > 0, (z(T),p(T)) € G then for any y
such that Dyu(y) exists

|Dyu(x) — Dyu(y)| < Clz -y,
with a constant depending on T.

PROOF. The first part of the theorem (invariance of the graph for
t < 0) is a consequence of the optimal control interpretation of viscos-
ity solutions [F'S93] and the reader may find a proof, for instance in
[GomO01b] or [Gom00]. To prove the second part, let S be the set of
the points = such that D,u exists and the solution of (3) with initial
conditions (x, D,u) stays in G up to time ¢t =7 > 0. We claim that

[u(z +y) — 2u(z) + ulz —y)| < C(D)yl*,

for all x € S and all y € R". Given this claim, the result follows from
the proof in ([EG99]), section 6. Part of the claim

u(z +y) — 2u(x) + u(z —y) < Cly|?

is just a consequence of semiconcavity of viscosity solutions, and the
constant C' does not depend on 7' [FS93]|. Thus it suffices to prove

u(z +y) — 2u(z) + u(z —y) > =Cly|*.

Let z(s), 0 < s < T, be a solution of (3). Set x = x(0), z = (7).
Observe that

u(x) = /0 L(z(s),2(s)) + Hds + u(z)
and for any v
@) < [ Dlas) + i (5) + (s) + s + =+ 0(T))

Choose ¥(s) = +4s to get
u(z +y) +ulr —y) — 2u(z) > —C(T)|y%



REGULARITY THEORY FOR HAMILTON-JACOBI EQUATIONS 5

Note that C(T') = O(%), as T'— 0. Simple examples show that this
is sharp - as one would expect D,u is not globally Lipschitz and the
Lipschitz constant depends on “how much time it takes to hit a shock”.

Let ¢ be a Lipschitz function. We need to define what D,¢(x) means
in the support of a Mather measure. The problem is that although ¢
is differentiable almost everywhere with respect to Lebesgue measure,
a measure i may be supported exactly where the derivative does not
exist. However there is a natural definition of derivative that is conve-
nient for our purposes.

A function ¢ : R" — R" is a version of D,¢ if the graph of v is
contained in the vertical convex hull of the closure of the graph of
D,¢. More precisely if

Y(z) € Doip(z),

where
D.o(x) = co{p:p= lim D,¢(x,), with x,, — x, ¢ differentiable at x,,}.

The next two propositions show that this definition is quite natural
and useful to our purposes:

Proposition 2. Assume that ¢ has the property that if x, — x and
¢ is differentiable at x and at each x, then D,¢(x,) — Dy¢(x). Fur-
thermore any version of D,¢ coincides with the derivative of ¢ at all
points where ¢ is differentiable.

PROOF. The hypothesis on ¢ implies immediately that

Dy¢(x) = {D29(x)},

if ¢ is differentiable at x. |
The solutions of (1) have this property but this is not true for general
Lipschitz functions.

Proposition 3. Suppose (x,p) is a point in the graph G.Let (x(t), p(t))
be a solution of (3) with initial conditions (x,p) If for some T > 0,
(x(T),p(T)) € G then for any y and any version D,u(y)

| Dzu(z) — Dauly)| < Clz —yl,

with a constant depending on T'.

PROOF. This follows from proposition 1 and from observing that | - |
is a convex function. |
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Since Mather measures p are invariant under the dynamics (3) one
has for smooth functions ¢

/ D,é(y) DyH (p, y, 7)dpt = 0,
T xR™

We prove next that for Lipschitz functions ¢ it is possible to choose a
version of D,¢ such that the same identity holds.

Theorem 4. Let ¢ : R™ — R be a Lipschitz function and p a Mather
measure. Then there exists a version of D¢ such that

/ D.¢(y)DpH (p,y, 7)dp = 0.
T xR™

PrOOF. Consider a generic point (x,p) in the support of y and the
corresponding trajectory (x(t),p(t)) of (3) with initial condition (x,p).
Let T}, be a sequence converging to +o00. Through some subsequence

TL/O nsﬁ(p(t)7$(t))dt—> wdy,

T xR™
for all p-integrable, continuous, and periodic (in z) functions ¢. Let

z, € R™ be any sequence such that |z,| — 0. If ¢ is continuous and
does not depend on p then

I
= / oo + (1))t — pdp.
n J0

T7 xR"™
Let ¢ be a Lipschitz function. Note that ¢ is differentiable almost
everywhere. Thus it is possible to choose z, — 0 such that, for each n,
D, ¢(z,+x(t)) is defined for almost every ¢. Now consider the sequence
of vector-valued measures 7, defined by

Tn

[ cann, = [ Do, + o) -cote) a0

for all vector valued smooth, and periodic in y, functions (. Since
D, ¢ is bounded, we can extract subsequence, also denoted by 7,, that
converges weakly to a vector measure 7.

Since n << u, in the sense that for any set A, u(A) = 0 implies that
the vector n(A) = 0. Therefore, by Radon-Nikodym theorem, we have
dn = +du, for some L'(p) function v. By standard techniques in weak
limits it is clear that for almost every x € T™ the density ¢ is in D, ¢,
so it is a version of D, ¢.



REGULARITY THEORY FOR HAMILTON-JACOBI EQUATIONS 7

Finally, to see that

T xR"™

we just have to observe that

/ D,H(p,y)dn, = O(e,)
Tn xR™
and so

0= / D,H(p,y)dn = / YD,H (p,y)dp.
T xR™ T xR™

[

The Hamilton-Jacobi equation (1) has two unknowns H and u. In

the remaining of this section we recall some representation formulas for
H that do not involve solving (1). A classical result [LPV88] is that

oo

H = —lim infa/ L(z,2)e “dt,
a=0z() Jo

with the infimum taken over all Lipschitz trajectories z(-). There are

two distinct formulas more convenient for our purposes - both will

be optimization problems - the first one, which makes a connection

between Mather’s problem and viscosity solutions, is

(4) H= —inf/Ld,u,
o
in which the measure p is a generalized curve, i.e.
/ vD,pdp = 0,

for all smooth ¢. This expression for H has a dual formula that con-
sists in an L calculus of variations problem. This result was first
proven in [CIPP98], and in [Gom00] (and a stochastic generalization
in [GomO1la]) using Legendre-Fenchel duality theory.

Theorem 5.

(5) H = infsup H (D2, ),

where the infimum is taken over all periodic smooth functions ¢.

An interesting observation about (5) is that this formula holds as
long as the equation (1) has a viscosity solution. However it is not
required that H be convex in p.
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Unfortunately this representation formula for H does not yield a
method to compute the viscosity solution u. A sequence of minimizers
u, may or may not converge to a viscosity solution of (1).

Now we discuss the Euler-Lagrange equations for this problem.

Proposition 4. Suppose u is a smooth solution of (1) (and therefore
is a minimizer of (5)). Then

(6) sup D,H (D u,x)D,¢ > 0,

for all smooth and periodic ¢.

PROOF. Assume u solves (1) and therefore is a minimizer of (5). Then
for any ¢ smooth and periodic

H(D,u+ €D,¢,z) < H(Dyu,z) + €D, H(Dyu, 2) Dy + O(€2).
Therefore
sup H(D,u + €D, x) < H + esup D,H(Dyu, 2) Dy + O(€2).
Since
sup H(Dyu + Dy, x) > H
we must have
sup D, H(D,u,x)D,¢ > 0,
for any ¢ smooth and periodic. [ |

3. L?>-PERTURBATION THEORY

In this section we assume the Hamiltonian to be
H(p7 x; 6) = H0<p7 l’) + EHl(pJ I’),

as in (2). We assume that € is always sufficiently small such that
H(p, z;€) is strictly convex in p. The main objective is to obtain esti-
mates that show that the solution of the perturbed problem (e # 0) is
close to the unperturbed problem (e = 0). In particular we prove that
under appropriate hypothesis

/\Dmue — Du’Pdv < Cé,

in which u¢ and u° are solutions of (1) and v is a Mather measure.
Then using the similar techniques we prove estimates on approximate
solutions using an iterative procedure. In spirit, this is close to the
KAM theory in which a solution of (1) is obtained as a formal power
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series. However, because viscosity solution theory guarantees the ex-
istence of a solution of (1) for any € (as long as the Hamiltonian is
strictly convex) one can show that such a formal series is asymptotic
to the solution without having to worry about convergence or existence
of a solution.

We proceed as follows: first we study the dependence on € of H..
Then we show that differentiability properties of H, characterize L2
properties of the viscosity solutions. More precisely, twice differentia-
bility in € of H, implies D,u is L? close (with respect to a Mather
measure) to D u. Finally we consider certain asymptotic approxima-
tions and prove L? estimates between the solution and approximate
solutions of

(7) H(P + Dyuf,x;¢) = H(P).

Proposition 5. Suppose H(p,z;e) = Ho(p,z) + eHy(p,x) with Hy
strictly convexr in p and Hy bounded with bounded derivatives. Then
for each P and ¢ sufficiently small there exists a unique H.(P) and a
viscosity solution u€ of (7). Furthermore the function H.(P) is convex
i P and Lipschitz in e.

PROOF. The existence of H (P) as well as convexity in P follows from
the results in [LPV88]. Thus it suffices to prove the Lipschitz property.
Observe that
|H61 - H62| S |€1 - €2| sup sup |Hl<p7 (L’)|
lp|I<R =z

with R being an upper bound on the Lipschitz constant for the viscosity
solutions of (1). [ |

An interesting observation is that if Hy(p,x) = V (z) (no dependence
on p) then H is a convex function of e. To see this note that

L(z,v) = Lo(z,v) — €V (z),

(Lo is the Legendre transform of Hy) and from (4)

H = sup—/Ld,u,

I

in which the supremum is taken over all probability measures, invariant
under (3). Since —L is a convex function of ¢, and the supremum
of convex functions is convex, H is convex in e and therefore twice
differentiable in € almost everywhere.
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In the next theorem we compute an expansion of H, close to € = 0
in terms of Mather measures and viscosity solutions. In theorem 8 we
will show that such an expansion implies that regularity of H, yields
regularity for the viscosity solutions.

Theorem 6. Let p be a Mather measure corresponding to the unper-
turbed problem (e = 0) and v its projection in the x coordinates. Then

(8) H.>Hy+eH; + 7/ |D,uf — Dyul®dy + O(€?),

i which

H, = /Hl(Dmu,x)dV,
u and u¢ are viscosity solutions of (1) for € = 0,¢ and D, u* denotes a
version of Dyuc.

ProOOF. Observe that for any version of D, u°
H, > Hy(D,u,x) + eH(Dyuf, )
and so by strict convexity
H,>Hy+ eHy(Dyu, x)+
+ D, Hy(Dyuf — Dyu) + | Dyu — Dyul® + O(€2).
Integrate with respect to dv and use the fact that

/DpHo(DJ,;u6 — Dyu)dv =0

to get

He > Ho + €F1 + ’)// \Dxue — Dzu|2dy.

[ |

This theorem implies that H. has always non-empty subdifferential

at € = 0 (H, > Ho + eH, + O(¢?)). Therefore if H, is differentiable

at € = 0 its derivative is H;. Next we discuss a converse inequality

and prove that under suitable conditions H, = Hy + eH, + O(¢?), and
therefore H, is differentiable at e = 0.

Theorem 7. Assume u is a smooth solution of the unperturbed problem
corresponding to € = 0. Let v be, as in the previous theorem, the
projection of a Mather measure corresponding to ¢ = 0. Suppose there
exists a smooth function v and a number Hy such that

9) DPHO(D:vuy x)Dyv + Hy(Dyu, x) = H.
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Then

(10) H, = /Hl(Dxu, x)dv,
and

(11) H.<Hy+eH; +O(€).

PROOF. Let v be the x projection of a Mather measure corresponding
to the unperturbed problem (e = 0). First observe that (9) implies (10)
simply by integration with respect to dv. Recall that

H, < sup Hy(Dyu + eD,v,x) + eHy(Dyu + €Dy, ).

Since
Hy(Dyu + €D,v,z) + eHy (Dyu + eDyv, v) = Ho + eHy + O(€?),

it follows
HE S Ho + GHl + 0(62),
as claimed. |
The next step in our program is to show that regularity of H, actually
implies regularity for the viscosity solutions u°.

Theorem 8. Suppose H. twice differentiable in e. Then, for any
Mather measure p (and corresponding projection v) there exists a ver-
sion of Dyu® such that

/|DmuE — Dyul?dv < O,
PRrROOF. Observe that for any version of D,u¢
He 2H(Dyuf, ) =
> Hy(Dyu, z) + Dy Ho(Dyu, 2)(Dett® — Dyu) + 9| Dot — Dyul+
+ eHy(Dyu,z) — Ce|Dyut — Dyul.
Integrating with respect to the projection v and using theorem 4.

H,—Hy—eH, +0() > %/ |Dyu¢ — Dyuldv.

Since H. is twice differentiable in € (the remark after theorem 6 implies
that D H. = H; at ¢ = 0) we conclude

/|D$u6 — Dyulrdv < Cé.
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An alternate way to state the previous theorem is that for any y
sufficiently small (for instance |y| < €?) we have

1 (7
(12) lim sup T/ | D uf(x(t) +y) — Dyu(z(t))Pdt < O,
T—o0 0

provided H. is twice differentiable at € = 0 and x(t) is a orbit of (3)
for € = 0 with initial conditions on the Mather set.

The remaining part of this section is dedicated to the study of high-
order methods. The idea is that given an integer n > 0, by solving a
hierarchy of equations, one can compute a function u¢ such that

(13) Ho(DI’Zj,E7 I) +€H1(Dxﬁ6, QZ) = H0+6ﬁ1 +.. ._|_€n71ﬁn71 —|—O<€n)
We call such a function an approximate solution of order n. To compute
u‘ write
U =u+ ev; + vy + . ..
The first equation is
HO(Dxu7 $) = HO?
the second is
DpHO(D$u7 $)U1 + Hl(D$u7 I’) = H1
with Hy = [ Hy(D,u, x)dv, the remaining equations are
D,Hy(D,u, x)vp + fe(Dyu, Dyvy, ..., Dyvg_q, ) = Hy
with Hy, = [ fu(Dyu, Dyvy, ..., Dyvg_1,z)dv, here f;, is some function
that can be computed by assembling together the remaining terms of

order €*. Assuming that such equations can be solved we have imme-
diately

(14) ﬁﬁ S ﬁo + Eﬁl —+ ... Gnilﬁnfl -+ O(€n>,

as in theorem (7).
Let 7 be a measure defined by

1 T
[ oir = jim £ /0 oa(t))d,

in which #(t) = D,Hy(D,u, z) + eD,H,(D,u, x) and ¢ is any con-
tinuous periodic function. We call 7 an approximate Mather measure.
Note that if ¢ is smooth and periodic then

(15) / Dap (D, Ho(Dyit', ) + €D, Hy (Dsit, 2)] dir = 0,
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and as before, if ¢ is Lipschitz then (15) holds for a version of D, .

Let u¢ be a solution of (1). Our objective is to estimate D,u¢— D, u*.

Theorem 9. Let u¢ be a solution of (1) and u* an approzimate solution
of order n. Then there exists a version of Dyu¢ such that

(16) / |D,u — D,ac|” di < Ce™.

ProoOF. Observe that for any version of D,u¢ and strict convexity of
H,
H.> Hy(D,u,z) + eH (D, u", ).
Thus
(17)  H.>Ho(D,u¢, ) + eHy (D,ac, z)+
+ [DpyHo(D,u, x) + eD,Hy (D,u, x)] (Dyu — Dyuf) +

+ % D — D]
Integrate with respect to 7 and use the fact that
/ (D, Ho(Dyiif, ) + €D, Hy (Dyii", )] (Dot — Dyit®) div = 0.
Then using (13) we get
H +O()>Ho+eH, + ...+ "Hy_ ) + % / |Dyu — Dxff|2 dv.
But then (14) implies (16). |

4. UNIFORM CONTINUITY

The results on the previous section show that viscosity solutions of
(1) have some degree of regularity in e. This apparently contradicts
the examples in which (1) does not have a unique solution (for fixed ¢).
Obviously, adding any constant to a viscosity solution of (1) produces
another viscosity solution. Furthermore we know that even up to con-
stants the viscosity solutions are not unique. It is therefore surprising
that, under certain general conditions, we can prove that

uniformly on the support of an uniquely ergodic Mather measure (pro-
vided an appropriate constant is added to u¢). This in particular im-
plies uniqueness of solution on each uniquely ergodic component of the
support of a Mather measure.
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Proposition 6. Suppose p is a Mather measure and v its projection.
Let €, — 0. Then there exists a point x in the support of v and a
corresponding optimal trajectory x*(t) such that for any T

sup fu(e"(t)) — u™ (2" (1))] — 0,
0<t<T

as n — 00, provided u () = u(x).

Proor. We start by proving an auxiliary lemma

Lemma 1. There exist a point (z,p) in the support of i, and sequences
T, T — X, Py Dn — D, With (T, p,) € supp p optimal pair for e = 0,
and (%, pn) optimal pairs for € = €,.

REMARK. The non-trivial point of the lemma is that the limits of p,
and p,, are the same.

PrROOF. Take a generic point (xg, pp) in the support of p. Let x*(t)
be the optimal trajectory for € = 0 with initial condition (¢, pg). Then
forallt >0

Ho(Dyu(z*(t)),z*(t)) = Ho.
Also, for almost every y
H(Dyut (2" (t) +y),2"(t)) = He, + O(ly)),

for almost every ¢. Choose y, with |y,| < €, such that the previous
identity holds. By strict convexity of H in p and Lipschitz continuity
of H, in €
#* ()€ + 01E]* < Clenl,
where
§ = [Dau(a"(t)) — Dou™ (2" (£) + yn)]
#*(t) = = DpHo(Dyu(2™(1)), 27(1)),
and ¢ > 0. Note that
L |u(2*(0)) — u(z*(T))|
_ *(t <
e -
L [ (@(0) +ya) — u(2(T) + )|
T :

Therefore we may choose T' (depending on n) such that

) Ta’s*(t)g' <en

+
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Thus

3 [ D) = Do) 4 )l < e

Choose 0 < t,, < T for which
|Dyu(x*(t,)) — Dou (2% (tn) + yn)|* < Cep.
Let x, = x*(t,), T, = *(t,) + Yn, and
pn = P+ Dyu(z*(t,), P) Pn = Dyu™ (2" (t,) + Yn)-

By extracting a subsequence, if necessary, we may assume x, — =,
T, — T, etc. "

To see that the lemma implies the proposition, let z7(¢) be the op-
timal trajectory for ¢ = 0 with initial conditions (z,,p,). Similarly,

let Z¥(t) be the optimal trajectory for ¢ = ¢, with initial conditions
(Zn, Pn). Then

t
u(z,) = / Lo(z%, &%) + Hods + u(z*(t), P),
0
and .
u(jHJ P'fl) = / Len (j::“ ‘il:L) + Hends + uen (j'Z(t))
0

Note that, as €, — 0, L., — Lo uniformly on compact sets (here L. is
the Legendre transform of H = Hy+¢H;). On 0 <t < T both z} and
Z; converge uniformly, and, since by hypothesis,
u(Tn), u™ (T,) — u(z),
we conclude that
u™ (T, (1)) — u(zy,(t) — 0

uniformly on 0 <t < T'. Therefore

u (@*(t)) = u(z"(t)) — 0

uniformly on 0 <t < T. [ |
Given a viscosity solution u of (1) consider the differential equation
(18) &t =—-D,H(Dyu,zx).

Given an ergodic Mather measure p (and respective projection v) as-
sociated with u, (18) restricted to supp(v) defines a flow. We say that
the flow (18) is uniquely ergodic if there v is the unique invariant prob-
ability measure with support contained in supp(v).
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Theorem 10. Suppose p is an ergodic Mather measure associated to
a viscosity solution u of (1) with e = 0. Let v denote the projection on
w. Assume that the flow (18) restricted to supp(v) is uniquely ergodic.
Then

u(x) = u(z),

as € — 0, uniformly on the support of v, provided that an appropriate
constant C(€) is added to u®.

Proor. Fix k > 0. We need to show that if n is sufficiently large
then

sup |u™(x) —u(x)| < K.
z€supp(v)

Choose M such that || Dyu(z)|], || Dyu(z)|| < M. Let § = g§7. Cover
supp v with finitely many balls B; with radius < §. Choose (z,p) as in
the previous proposition. Let (x*(t), p*(t)) be the optimal trajectory for
¢ = 0 with initial condition (z, p). Then there exists Ts and 0 < t; < Ty
such that z; = z*(¢;) € B;. Choose n sufficiently large such that

S lu(z*(t)) — u(z"(t))] < 5

K

Then, for each y in B;

[u(y) —u(y)| < lu(y) — w(ys)| + [u(y:) — u™(yi)|+
+ Ju (y;) —u(y)] < 4MS + g < K.

[ |

Actually, the unique ergodicity hypothesis is not too restrictive since

by Mane’s results [Mn96] “most” Mather measures are uniquely ergodic

(in the sense that after small generic perturbations to the Lagrangian
the restricted flow (18) is uniquely ergodic).

REFERENCES

[Arn89] V. L. Arnold. Mathematical methods of classical mechanics. Springer-
Verlag, New York, 1989. Translated from the 1974 Russian original by
K. Vogtmann and A. Weinstein.

[CIPP98] G. Contreras, R. Iturriaga, G. P. Paternain, and M. Paternain. La-
grangian graphs, minimizing measures and Mané’s critical values. Geom.
Funct. Anal., 8(5):788-809, 1998.

[Con95] M. Concordel. Periodic homogenization of Hamilton-Jacobi equations.
PhD thesis, UC Berkeley, 1995.



REGULARITY THEORY FOR HAMILTON-JACOBI EQUATIONS 17

[Con97]

[E99]
[EGY9]
[Fat97a]

[Fat97b]

[Fat98a]
[Fat98b]
[FS93]

[GomO0]

[Gom01a]
[GomO1b]

[TKMO9]

[LPVS8S]

[Mat89a]

[Mat89b)
[Mat91]
[Mn92]

[Mn96]

Marie C. Concordel. Periodic homogenisation of Hamilton-Jacobi equa-
tions. II. Eikonal equations. Proc. Roy. Soc. Edinburgh Sect. A,
127(4):665—689, 1997.

Weinan E. Aubry-Mather theory and periodic solutions of the forced
Burgers equation. Comm. Pure Appl. Math., 52(7):811-828, 1999.

L. C. Evans and D. Gomes. Effective Hamiltonians and averaging for
Hamiltonian dynamics I. Preprint, 1999.

Albert Fathi. Solutions KAM faibles conjuguées et barriéres de Peierls.
C. R. Acad. Sci. Paris Sér. I Math., 325(6):649-652, 1997.

Albert Fathi. Théoreme KAM faible et théorie de Mather sur les
systeémes lagrangiens. C. R. Acad. Sci. Paris Sér. I Math., 324(9):1043—
1046, 1997.

Albert Fathi. Orbite hétéroclines et ensemble de Peierls. C. R. Acad.
Sci. Paris Sér. I Math., 326:1213-1216, 1998.

Albert Fathi. Sur la convergence du semi-groupe de Lax-Oleinik. C. R.
Acad. Sci. Paris Sér. I Math., 327:267-270, 1998.

Wendell H. Fleming and H. Mete Soner. Controlled Markov processes
and viscosity solutions. Springer-Verlag, New York, 1993.

D. A. Gomes. Hamilton-Jacobi Equations, Viscosity Solutions and
Asymptotics of Hamiltonian Systems. Ph.D. Thesis, Univ. of California
at Berkeley, 2000.

D. Gomes. A stochastic analog of Aubry-Mather theory. Preprint, 2001.
D. Gomes. Viscosity solutions of Hamilton-Jacobi equations, and asymp-
totics for Hamiltonian systems. To appear in Calculus of Variations and
Partial Differential Equations, 2001.

H. R. Jauslin, H. O. Kreiss, and J. Moser. On the forced Burgers equation
with periodic boundary conditions. In Differential equations: La Pietra
1996 (Florence), pages 133-153. Amer. Math. Soc., Providence, RI, 1999.
P. L. Lions, G. Papanicolao, and S. R. S. Varadhan. Homogeneization
of Hamilton-Jacobi equations. Preliminary Version, 1988.

John N. Mather. Minimal action measures for positive-definite La-
grangian systems. In IXth International Congress on Mathematical
Physics (Swansea, 1988), pages 466—468. Hilger, Bristol, 1989.

John N. Mather. Minimal measures. Comment. Math. Helv., 64(3):375—
394, 1989.

John N. Mather. Action minimizing invariant measures for positive def-
inite Lagrangian systems. Math. Z., 207(2):169-207, 1991.

Ricardo Mané. On the minimizing measures of Lagrangian dynamical
systems. Nonlinearity, 5(3):623-638, 1992.

Ricardo Mané. Generic properties and problems of minimizing measures
of Lagrangian systems. Nonlinearity, 9(2):273-310, 1996.



