STABLE DIRECTIONS FOR EXCITED STATES OF NONLINEAR SCHRÖDINGER EQUATIONS

Tai-Peng Tsai and Horng-Tzer Yau

Abstract We consider nonlinear Schrödinger equations in R^3 . Assume that the linear Hamiltonians have two bound states. For certain finite codimension subset in the space of initial data, we construct solutions converging to the excited states in both non-resonant and resonant cases. In the resonant case, the linearized operators around the excited states are non-self adjoint perturbations to some linear Hamiltonians with embedded eigenvalues. Although self-adjoint perturbation turns embedded eigenvalues into resonances, this class of non-self adjoint perturbations turn an embedded eigenvalue into two eigenvalues with the distance to the continuous spectrum given to the leading order by the Fermi golden rule.

1 Introduction

Consider the nonlinear Schrödinger equation

i∂_tψ = (−Δ + V )ψ + λ|ψ|^2ψ, ψ(t = 0) = ψ_0 (1.1)

where V is a smooth localized potential, λ is an order one parameter and ψ = ψ(t, x) : R × R^3 −→ C is a wave function. The goal of this paper is to study the asymptotic dynamics of the solution for initial data ψ_0 near some nonlinear excited state.

For any solution ψ(t) ∈ H^1(R^3 ) the L^2-norm and the Hamiltonian H[ψ] = ∫ 1 2 |∇ψ|^2 + 1 2 V |ψ|^2 + 1 4 λ|ψ|^4 dx , (1.2) are constants for all t. The global well-posedness for small solutions in H^1(R^3 ) can be proved using these conserved quantities and a continuity argument.

We assume that the linear Hamiltonian H_0 := −Δ + V has two simple eigenvalues e_0 < e_1 < 0 with normalized eigen-functions ϕ_0, ϕ_1. The nonlinear bound states to the Schrödinger equation (1.1) are solutions to the equation

(−Δ + V )Q + λ|Q|^2Q = EQ . (1.3)

They are critical points to the Hamiltonian H[ψ] defined in (1.2) subject to the constraint that the L^2-norm of ψ is fixed.

We may obtain two families of such bound states by standard bifurcation theory, corresponding to the two eigenvalues of the linear Hamiltonian. For any E sufficiently close to e_0 so that E − e_0 and λ have the same sign, there is a unique positive solution Q = Q_E to (1.3) which decays exponentially as x → ∞. See Lemma 2.1 of [21]. We call this family the nonlinear ground states and we refer to it as {Q_E }_E. Similarly, there is a nonlinear excited state family {Q_{1,E1} }_{E1} . We will abbreviate them as Q and Q_1. From the same Lemma 2.1 of [21], these solutions are small and we have ‖Q_E ‖ ∼ |E − e_0|^{1/2} and ‖Q_{1,E1} ‖ ∼ |E_1 − e_1|^{1/2}.

It is well-known that the family of nonlinear ground states is stable in the sense that if

inf_{Θ,E} ‖ ‖ψ(t) − Q_E e^{iΘ} ‖ ‖_{L2} is small for t = 0, it remains so for all t, see [13]. Let ‖·‖_L2_{loc} denote a local L^2 norm, for example the L^2-norm in a ball with large radius. One expects that this difference actually approaches zero in local L^2 norm, i.e.,

lim_{t→∞} inf_{Θ,E} ‖ ‖ψ(t) − Q_E e^{iΘ} ‖ ‖_{L2loc} = 0 . (1.4)

If −Δ+V has only one bound state, it is proved in [17] [10] that the evolution will eventually settle down to some ground state Q_{E∞} with E_∞ close to E. Suppose now that −Δ + V has two bound states: a ground state ϕ_0 with eigenvalue e_0 and an excited state ϕ_1 with eigenvalue e_1. It is proved in [20] that the evolution with initial data ψ_0 near some Q_E will eventually settle down to some ground state Q_{E∞} with E_∞ close to E. See also [3] for the one dimensional case, [18] for nonlinear Klein-Gorden equations with one unstable bound state.

If the initial data is not restricted to near the ground states, the problem becomes much more delicate due to the presence of the excited states. On physical ground, quantum mechanics tells us that excited states are unstable and all perturbations should result in a release of radiation and the relaxation of the excited states to the ground states. Since bound states are periodic orbits, this picture differs from the classical one where periodic orbits are in general stable.

There were extensive linear analysis for bound states of nonlinear Schrödinger and wave equations, see, e.g., [15, 16, 14, 5, 6, 22, 23]. A special case of Theorem 3.5 of [6], page 330, states that Theorem A Let H_1 = −Δ + V − E_1. The matrix operator

JH_1 = [ 0 H_1 −H_1 0 ] , J = [ 0 1 −1 0 ] , is structurally stable if and only e_0 > 2e_1.

The precise meaning of structural stability was given in [6]. Roughly speaking, it means that the operator remains stable under small perturbations. Theorem A will not be directly used in this paper.

As we will see later, the linearized operator around an excited state is a perturbation of JH_1. Thus, two different situations occurs: 1. Non-resonant case: e_0 > 2e_1. (e_{01} < |e_1|). 2. Resonant case: e_0 < 2e_1. (e_{01} > |e_1|).

Here e_{01} = e_1 − e_0 > 0. In the resonant case, Theorem A says the linearized operator is in general unstable, which agrees with the physical picture. In the non-resonant case, however, the linearized operator becomes stable. The difference here is closely related to the fact that 2e_1 −e_0 lies in the continuum spectrum of H_0 only in the resonant case.

In the resonant case, the unstable picture is confirmed for most data near excited states in our work [21]. We prove that, as long as the ground state component in ψ_0 − Q_1 is larger than ‖ψ_0‖^2 times the size of the dispersive part corresponding the continuous spectrum, the solution will move away from the excited states and relax and stabilize to ground states locally. Since ‖ψ_0‖^2 is small, this assumption allows the dispersive part to be much larger than the ground state component.

There is a small set of data where [21] does not apply, namely, those data with ground state component in ψ_0 − Q_1 smaller than ‖ψ_0‖^2 times the size of the dispersive part. The aim of this paper is to show that this restriction is almost optimal: we will construct within this small set of initial data a “hypersurface” whose corresponding solutions converge to excited states.

This does not contradict with the physical intuition since this hypersurface in certain sense has zero measure and can not be observed in experiments. These solutions, however, show that linear instability does not imply all solutions to be unstable. In the language of dynamical systems, the excited states are one parameter family of hyperbolic fixed points and this hypersurface is contained in the stable manifold of the fixed points. We believe that this surface is the whole stable manifold.

We will also construct solutions converging to excited states in the nonresonant case, where it is expected since the linearized operator is stable. We now state our assumptions on the potential V :

Assumption A0: H_0 := −Δ + V acting on L^2(R^3 ) has two simple eigenvalues e_0 < e_1 < 0, with normalized eigenvectors ϕ_0 and ϕ_1. Assumption A1: The bottom of the continuous spectrum to −Δ + V , 0, is not a generalized eigenvalue, i.e., not an eigenvalue nor a resonance. There is a small σ > 0 such that |∇^αV (x)| ≤ C ⟨x⟩^{−5−σ} , for |α| ≤ 2 . Also, the functions (x · ∇)^kV , for k = 0, 1, 2, 3, are −Δ bounded with a −Δ-bound < 1: ‖ ‖(x · ∇)^kV ϕ ‖ ‖_2 ≤ σ_0 ‖−Δϕ‖_2 + C ‖ϕ‖_2 , σ_0 < 1, k = 0, 1, 2, 3 .

Assumption A1 contains some standard conditions to assure that most tools in linear Schrödinger operators apply. In particular, it satisfies the assumptions of [24] so that the wave operator W_H = lim_{t→∞} e^{itH0} e^{itΔ} satisfies the W^{k,p} estimates for k ≤ 2. These conditions are certainly not optimal.

Let e_{01} = e_1 − e_0 be the spectral gap of the ground state. In the resonant case 2e_{01} > |e_0| so that 2e_1 − e_0 lies in the continuum spectrum of H_0, we further assume

Assumption A2: For some s_0 > 0,

γ_0 ≡ inf_{|s|<s0} lim_{σ→0+} Im ( ϕ_0ϕ^2_1, 1 H_0 + e_0 − 2e_1 + s − σi

P_c^{H0} ϕ_0ϕ^2_1 ) > 0. (1.5)

Note that γ_0 ≥ 0 since the expression above is quadratic. This assumption is generically true.

Let Q_1 = Q_{1,E1} be a nonlinear excited state with ‖Q_{1,E1} ‖_2 small. Since (Q_1, E_1) satisfies (1.3), the function ψ(t, x) = Q_1(x)e^{−iE1t} is an exact solution of (1.1). If we consider solutions ψ(t, x) of (1.1) of the form ψ(t, x) = [Q_1(x) + h(t, x)] e^{−iE1t} with h(t, x) small in a suitable sense, then h(t, x) satisfies

∂_th = L_1h + nonlinear terms

where L_1, the linearized operator around the nonlinear excited state solution Q_1(x)e^{−iE1t}, is defined by L_1h = −i { (−Δ + V − E_1 + 2λQ^2_1) h + λQ^2_1 h } . (1.6)

Theorem 1.1 Suppose H_0 = −Δ+V satisfies assumptions A0–A1. Suppose either

(NR) e_0 > 2e_1, or (R) e_0 < 2e_1, and the assumption A2 for γ_0 holds.

Then there are n_0 > 0 and ε_0(n) > 0 defined for n ∈ (0, n_0] such that the following holds. Let Q_1 := Q_{1,E1} be a nonlinear excited state with ‖Q_1‖_L2 = n ≤ n_0, and let L_1 be the corresponding linearized operator. For any ξ_∞ ∈ H_c(L_1) ∩ (W^{2,1} ∩ H^2)(R^3 ) with ‖ξ_∞‖_W 2,1_{∩H}2 = ε, 0 < ε ≤ ε_0(n), there is a solution ψ(t, x) of (1.1) of the form ψ(t) = [ Q_1 + e^{tL1} ξ_∞ + g(t) ] e^{−iE1t}, (t ≥ 0), with ‖g(t)‖_H2 ≤ Cε^2(1 + t)^{−2}.

To prove this theorem, a detailed spectral analysis of the linearized operator L_1 is required. We shall classify the spectrum of L_1 completely in both non-resonant and resonant cases, see Theorems 2.1 and 2.2. It is wellknown that the continuous spectrum Σ_c of L_1 is the same as that of JH_1, i.e., Σ_c = {si : s ∈ R, |s| ≥ |E_1|}. The point spectrum of L_1 is more subtle. By definition, H_1ϕ_1 = −(E_1 − e_1)ϕ_1 and H_1ϕ_0 = −(E_1 − e_0)ϕ_0, and thus the matrix operator JH_1 has 4 eigenvalues ±i(E_1 − e_1) and ±i(E_1 − e_0). In the non-resonant case, the eigenvalues of L_1 are purely imaginary and are small perturbations of these eigenvalues. In the resonant case, the eigenvalues ±i(E_1 − e_0) are embedded inside the continuum spectrum Σ_c. In general perturbation theory for embedded eigenvalues, they turn into resonances under self-adjoint perturbations. The operator L_1 is however not a self-adjoint perturbation of H_1. In this case, we shall prove that the embedded eigenvalues ±i(E_1 − e_0) split into four eigenvalues ±ω_∗ and ±ω̄_∗ with the real part given approximately by the Fermi golden rule (see [12] Chap.XII.6):

n^4 Im ( λϕ_0ϕ^2_1, 1 −Δ + V + e_0 − 2e_1 − 0i

P_cλϕ^2_1ϕ_0 ) . Here n is the size of Q_1, see (2.40). In particular, e^{tL1} is exponentially unstable with the decay rate (or the blow-up rate) given approximately by the Fermi golden rule. In other words, although self-adjoint perturbation turns embedded eigenvalues into resonances, the non-self adjoint perturbations given by L_1 turns an embedded eigenvalue into two eigenvalues with the shifts in the real axis given to the leading order by the Fermi golden rule. The dynamics of self-adjoint perturbation of embedded eigenvalues were studied in [19].

In the appendix we will prove the existence of solutions vanishing locally as t → ∞, independent of the number of bound states in H_0. Although some weaker versions of this proposition are expected, it has never been proved in current form and we include it for completeness.

Proposition 1.2 Suppose H_0 = −Δ + V satisfies assumption A1. There is an ε_0 > 0 such that the following holds. For any ξ_∞ ∈ H_c(H_0) ∩ (W^{2,1} ∩ H^2)(R^3 ) with 0 < ‖ξ_∞‖_W 2,1_{∩H}2 = ε ≤ ε_0, there is a solution ψ(t, x) of (1.1) of the form ψ(t) = e^{−itH0} ξ_∞ + g(t), (t ≥ 0), with ‖g(t)‖_H2 ≤ Cε^2(1 + t)^{−2}.

2 Linear analysis for excited states

As mentioned in §1, there is a family {Q_{1,E1} }_{E1} of nonlinear excited states with the frequency E_1 as the parameter. They satisfy

(−Δ + V )Q_1 + λ|Q_1|^2Q_1 = E_1Q_1 . (2.1)

Let Q_1 = Q_{1,E1} be a fixed nonlinear excited state with n = ‖Q_{1,E1} ‖_2 ≤ n_0 ≪ 1. The linearized operator around the nonlinear bound state solution Q_1(x)e^{−iE1t} is defined in (1.6) L_1h = −i { (−Δ + V − E_1 + 2λQ^2_1) h + λQ^2_1 h } . We will study the spectral properties of L_1 in this section. It properties are best understood in the complexification of L^2(R^3, C ).

Definition 2.1 Identify C with R^2 and L^2 = L^2(R^3 , C ) with L^2(R^3 , R^2 ). Denote by C L^2 = L^2(R^3 , C^2 ) the complexification of L^2(R^3 , R^2 ). C L^2 consists of 2-dimensional vectors whose components are in L^2. We have the natural embedding f ∈ L^2 −→ [ Re f Im f ] ∈ C L^2 . We equip C L^2 with the natural inner product: For f, g ∈ C L^2 , f = [_{f1} f_2 ] , g = [^{g1}g_2 ], we define (f, g) = ∫ f̄ · g dx = ∫ (f̄_1g_1 + f̄_2g_2) dx. (2.2)

Denote by RE the operator taking the real part of functions in C L^2 .

Recall the matrix operator JH_1 defined in Theorem A. Since H_1ϕ_1 = −(E_1 − e_1)ϕ_1 and H_1ϕ_0 = −(E_1 − e_0)ϕ_0, the matrix operator JH_1 has 4 eigenvalues ±i(E_1 − e_1) and ±i(E_1 − e_0) with corresponding eigenvectors [ ϕ_1 −iϕ_1 ] , [ ϕ_1 iϕ_1 ] , [ ϕ_0 −iϕ_0 ] , [ ϕ_0 iϕ_0 ] . (2.3)

Notice that

E_1 − e_1 = O(n^2), E_1 − e_0 = e_{01} + O(n^2). (2.4)

The continuous spectrum of JH_1 is Σ_c = {si : s ∈ R, |s| ≥ |E_1|} , (2.5) which consists of two rays on the imaginary axis.

The operator L_1 in its matrix form [ 0 L_− −L_+ 0 ] , with { L_− = −Δ + V − E_1 + λQ^2_1 L_+ = −Δ + V − E_1 + 3λQ^2_1

(2.6)

is a perturbation of JH_1. By Weyl’s lemma, the continuous spectrum of L_1 is also Σ_c. The eigenvalues are more complicated. In both cases (e_{01} < |e_1| and e_{01} > |e_1|) they are near 0 and ±ie_{01}. As we shall see, in both cases 0 is an eigenvalue of L_1. The main difference between the two cases are the eigenvalues near ie_{01} and −ie_{01}. If e_{01} < |e_1|, then ie_{01} lies outside the continuous spectrum and L_1 has an eigenvalue near ie_{01} which is purely imaginary. On the other hand, if e_{01} > |e_1|, then ie_{01} lies inside the continuous spectrum. Generically it splits under perturbation and the eigenvalues of L_1 near ±ie_{01} have non-zero real parts.

We shall show that L^2(R^3 , C ), as a real vector space, can be decomposed as the direct sum of three invariant subspaces

L^2(R^3 , C ) = S(L_1) ⊕ E_1(L_1) ⊕ H_c(L_1) (2.7)

Here S(L_1) is the generalized null space, E_1(L_1) is a generalized eigenspaces and H_c(L_1) corresponds to the continuous spectrum. Both S(L_1) and E_1(L_1) are finite dimensional.

Recall the Pauli matrices

σ_1 = [ 0 1 1 0 ] , σ_2 = [ 0 −i i 0 ] , σ_3 = [ 1 0 0 −1 ] . They are self-adjoint and

σ_1L_1 = L^∗_1σ_1, σ_3L_1 = −L_1σ_3, (2.8)

where L^∗_1 = [_{0 −L+} L_− 0 ] . Let R_1 = ∂_{E1} Q_{1,E1} . Direct differentiation of (2.1) with respect to E_1 gives L_+R_1 = Q_1. Since L_−Q_1 = 0 and L_+R_1 = Q_1, we have L_1

[_0

Q_1 ] = 0 and L_1 [_{R1} 0 ] = − [_0

Q_1 ] . We will show dim_RS(L_1) = 2, hence

S(L_1) = span_R {[ 0 Q_1 ] , [ R_1 0 ]} . (2.9)

H_c(L_1) can be characterized as

  H_c(L_1) =

{ ψ ∈ C L^2 : (σ_1ψ, f) = 0, ∀f ∈ S(L_1) ⊕ E_1(L_1) } . (2.10)

We will use (2.10) as a working definition of H_c(L_1). After we have proved the spectrum of L_1 and the resolvent estimates, we will use the wave operator of L_1 (see [4, 24, 25]) to show that (2.10) agrees with the usual definition of the continuous spectrum subspace. See §2.5.

The space E_1(L_1), however, has very different properties in the two cases, due to whether ±i(E_1 − e_0) are embedded eigenvalues of JH_1. We will consider E_1 = E_1(L_1) as a subspace of L^2(R^3 , R^2 ) and denote by C E_1 ⊂ C L^2 the complexification of E_1. We will show that C E_1 is a direct sum of eigenspaces of L_1 in C L^2 . We also have

(σ_1f, g) = 0, ∀f ∈ S(L_1), ∀g ∈ E_1(L_1). (2.11)

We have the following two theorems for the two cases.

Remark The case e_0 = 2e_1: The spectral property of L_1 is not clear.

Theorem 2.1 (Non-resonant case) Suppose e_0 > 2e_1, and the assumptions A0-A1 hold. Let Q_1 = Q_{1,E1} be a nonlinear excited state with sufficiently small L^2-norm, and let L_1 be defined as in (1.6).

(1) The eigenvalues of L_1 are 0 and ±ω_∗. The multiplicity of 0 is two. The other eigenvalues are simple. Here ω_∗ = iκ, κ is real, κ = e_{01} + O(n^2). There is no embedded eigenvalue. The bottoms of the continuous spectrum are not eigenvalue nor resonance.

(2) The space L^2 = L^2(R^3 , C ), as a real vector space, can be decomposed as in (2.7). Here S(L_1) and H_c(L_1) are given in (2.9) and (2.10), respectively; E_1(L_1) is the space corresponding to the perturbation of the eigenvalues ±i(E_1 − e_0) of JH_1. We have the orthogonality relation (2.11).

(3) Let C E_1 denotes the complexification of E_1 = E_1(L_1). C E_1 is 2- complex-dimensional. E_1 is 2-real-dimensional. We have C E_1 = span_C { Φ, Φ̄ } , E_1 = span_R {[ u 0 ] , [ 0 v ]}

Here Φ = [^u_{−iv} ] is an eigenfunction of L_1 with eigenvalue ω_∗. u and v are real-valued L^2-functions satisfying L_+u = −κv, L_−v = −κu and (u, v) = 1.

u and v are perturbations of ϕ_0. Φ̄ = [^u_{iv} ] is another eigenfunction with eigenvalue −ω_∗. We have L_1Φ = ω_∗Φ, L_1Φ̄ = −ω_∗Φ̄.

(4) For any function ζ ∈ E_1(L_1), there is a unique α ∈ C so that

ζ = RE αΦ,

and we have L_1ζ = RE ω_∗αΦ, e^{tL1} ζ = RE e^{tω∗} αΦ.

(5) We have the orthogonality relations in (2.10) and (2.11). Hence any ψ ∈ L^2 can be decomposed as (see (2.7)) ψ = a [ R_1 0 ] + b [ 0 Q_1 ] + c [ u 0 ] + d [ 0 v ] + η (2.12)

with η ∈ H_c(L_1),

a = (Q_1, R_1)^{−1}(Q_1, Re ψ), b = (Q_1, R_1)^{−1}(R_1, Im ψ), c = (u, v)^{−1}(v, Re ψ), d = (u, v)^{−1}(u, Im ψ). (2.13)

(6) Let M_1 ≡ E_1(L_1) ⊕ H_c(L_1). We have

M_1 ≡ E_1(L_1) ⊕ H_c(L_1) = [ Q^⊥_1 R^⊥_1 ] . (2.14)

There is a constant C_2 > 1 such that, for all ϕ ∈ M_1 and all t ∈ R, we have C^{−1}_2 ‖ϕ‖_Hk ≤ ‖ ‖e^{tL}1 ϕ ‖ ‖_{Hk} ≤ C_2 ‖ϕ‖_{Hk} , (k = 1, 2). (2.15)

(7) Decay estimates: For all η ∈ H_c(L_1), for all p ∈ [2, ∞], one has ‖ ‖e^{tL}1 η ‖ ‖_{Lp} ≤ C|t|^{−3( 1}2^{− 1}p^) ‖η‖_{Lp′} . Theorem 2.2 (Resonant case) Suppose e_0 < 2e_1, and the assumptions A0-A2 hold. Let Q_1 = Q_{1,E1} be a nonlinear excited state with sufficiently small L^2-norm, and let L_1 be defined as in (1.6).

(1) The eigenvalues of L_1 are 0, ±ω_∗ and ±ω̄_∗. The multiplicity of 0 is two. The other eigenvalues are simple. Here ω_∗ = iκ + γ, κ, γ > 0, κ = e_{01} + O(n^2), and^3_4 λ^2γ_0n^4 ≤ γ ≤ Cn^4. (γ_0 is given in (1.5)). There is no embedded eigenvalue. The bottoms of the continuous spectrum are not eigenvalue nor resonance.

There is an ω_∗-eigenvector Φ, L_1Φ = ω_∗Φ, which is of order one in L^2 and Φ − [_{ϕ0} −iϕ_0 ] is locally small in the sense that | |(ϕ, Φ − [^ϕ0_{−iϕ0} ]) | | ≤ Cn^2 ‖⟨x⟩^r ϕ‖_{L2} , (2.16) for any r > 3. However, Φ is not a perturbation of [_{ϕ0} −iϕ_0 ] in C L^2 . In fact, Φ = [^u_v ] with u − ϕ_0 and v + iϕ_0 of order one in L^2,

u = ϕ_0 − 1 −Δ + V − E_1 − κ + γi P_c(H_0)λϕ_0Q^2_1 + O(n^2) in L^2,

and v = −L_+u/ω_∗. Note −E_1 − κ = e_0 − 2e_1 + O(n^2).

(2) The space L^2 = L^2(R^3 , C ), as a real vector space, can be decomposed as in (2.7). Here S(L_1) and H_c(L_1) are given in (2.9) and (2.10), respectively; E_1(L_1) is the space corresponding to the perturbation of the eigenvalues ±i(E_1 − e_0) of JH_1. We have the orthogonality relation (2.11).

(3) Let C E_1 denotes the complexification of E_1 = E_1(L_1). C E_1 is 4- complex-dimensional. E_1 is 4-real-dimensional. If we write Φ = [ u_1 + u_2i v_1 + v_2i ]

with u_1, u_2, v_1, v_2 real-valued L^2 functions, we have

C E_1 = span_C { Φ, Φ̄, σ_3Φ, σ_3Φ̄ } , E_1 = span_R {[ u_1 0 ] , [ u_2 0 ] , [ 0 v_1 ] , [ 0 v_2 ]} . (2.17)

Recall σ_3 = [^{1 0}_{0 −1} ]. The other eigenvectors are Φ̄, σ_3Φ and σ_3Φ̄,

L_1Φ = ω_∗Φ, L_1Φ̄ = ω̄_∗Φ̄, L_1σ_3Φ = −ω_∗(σ_3Φ), L_1σ_3Φ̄ = −ω̄_∗(σ_3Φ̄). (2.18)

(4) For any function ζ ∈ E_1(L_1), there is a unique pair (α, β) ∈ C^2 so that

ζ = RE {αΦ + βσ_3Φ} , (2.19)

and we have L_1ζ = RE {ω_∗αΦ − ω_∗βσ_3Φ}, e^{tL1} ζ = RE {e^{tω∗} αΦ + e^{−tω∗} βσ_3Φ}.

(5) We have the orthogonality relations in (2.10) and (2.11). Moreover, σ_1Φ̄ ⊥ Φ̄, σ_3Φ, σ_3Φ̄, σ_1Φ ⊥ Φ, σ_3Φ, σ_3Φ̄, and ∫ ūvdx = 0, etc. For any function ψ ∈ C L^2 , if we decompose ψ = a [ R_1 0 ] + b [ 0 Q_1 ] + α_1Φ + α_2Φ̄ + β_1σ_3Φ + β_2σ_3Φ̄ + η (2.20)

where a, b, α_1, α_2, β_1, β_2 ∈ C and η ∈ H_c(L_1), then we have

a = c_1(σ_1

[_0

Q_1 ] , ψ), b = c_1(σ_1 [_{R1} 0 ] , ψ), α_1 = c_2(σ_1Φ̄, ψ), α_2 = c̄_2(σ_1Φ, ψ), (2.21)

β_1 = −c_2(σ_1σ_3Φ̄, ψ), β_2 = −c̄_2(σ_1σ_3Φ, ψ), where c^{−1}_1 = (Q_1, R_1) and c^{−1}_2 = (σ_1Φ̄, Φ) = ∫ 2uvdx. (Note c_1λ > 0.)

The statement that ψ ∈ E_1 is equivalent to that a, b ∈ R, α_1 = α_2 = α/2, β_1 = β_2 = β/2 and η is real. In this case, ψ = a [ R_1 0 ] + b [ 0 Q_1 ] + RE {αΦ + βσ_3Φ} + η, (2.22)

with a, b ∈ R, η ∈ H_c(L_1) real, α, β ∈ C , and

α = P_α(ψ) ≡ 2c_2(σ_1Φ̄, ψ), β = P_β(ψ) ≡ −2c_2(σ_1σ_3Φ̄, ψ). (2.23)

P_α and P_β are maps from L^2 to C .

(6) There is a constant C > 1 such that, for all η ∈ H_c(L_1) and all t ∈ R, we have C^{−1} ‖η‖_Hk ≤ ‖ e^{tL1} η ‖ H^k ≤ C ‖η‖H^k , (k = 1, 2). (7) Decay estimates: For all η ∈ H_c(L_1), for all p ∈ [2, ∞], one has ‖ ‖e^{tL}1 η ‖ ‖_{Lp} ≤ C|t|^{−3( 1}2^{− 1}p^) ‖η‖_{Lp′} , where C = C(n, p) depends on n.

Remark (i). In (6), we restrict ourselves to H_c(L_1), not M_1 as in Theorem 2.1. (ii). In (3), Φ is not a perturbaiton of [_{ϕ0} −iϕ_0 ] . Also, the L^2 functions u_1 and u_2 are independent of each other. So are v_1 and v_2. (iii) In (7) the constant depends on n since there are eigenvalues which are very close to the continuous spectrum.

Since the proof of Theorem 2.1 is easier, we postpone it to the last subsection §2.8. We will focus on proving Theorem 2.2 in the following subsections.

2.1 Perturbation of embedded eigenvalues and their eigenvectors

In this subsection we study the eigenvalues of L_1 near ie_{01}. By symmetry we get also the information near −ie_{01}.

For our fixed nonlinear excited state Q_1 = Q_{1,E1} , let H = −Δ + V − E_1 + λQ^2_1. (H is L_1 in (2.6).) Let ~ϕ_0 denote a positive normalized ground state of H, with ground state energy −ρ which is very close to −e_{01}. Hence the bottom of the continuous spectrum of H, which is close to |e_1|, is less than ρ. We have

HQ_1 = 0, H ~ϕ_0 = −ρ~ϕ_0.

Q_1 = nϕ_1 + O(n^3), ~ϕ_0 = ϕ_0 + O(n^2). (2.24)

We want to solve the eigenvalue problem L_1Φ = ω_∗Φ with ω_∗ near ie_{01}. Write Φ = [^u_v ]. The problem has the form [ 0 H −(H + 2λQ^2_1) 0 ] [ u v ] = ω_∗ [ u v ]

for some ω_∗ near ie_{01} and for some complex L^2-functions u, v. We have Hv = ω_∗u, (H + 2λQ^2_1)u = −ω_∗v. Thus H(H + 2λQ^2_1)u = −ω^2_∗ u. Suppose ω_∗ = iκ + γ with γ > 0. Since Im(−ω^2_∗ ) < 0 and H is real, it is more convenient to solve H(H + 2λQ^2_1)ū = −ω̄^2_∗ū instead. If we decompose ū = a~ϕ_0 + bQ_1 + h with h ∈ H_c(H), we find b = 0 since ū ∈ Image H. Since a ≠ 0, we may assume ū = ~ϕ_0 + h. Let A = H2λQ^2_1 and z = −ω̄^2_∗ ∼ ρ^2. (A small Re ω_∗ > 0 corresponds to a small Im z > 0.) We have

(H^2 + A)(~ϕ_0 + h) = z(~ϕ_0 + h),

i.e.,

z ~ϕ_0 + zh = ρ^2 ~ϕ_0 + A~ϕ_0 + (H^2 + A)h. (2.25)

Taking projection P_c = P_c(H), we get

zh = P_cA~ϕ_0 + (H^2 + P_cA P_c)h .

If Im z ≠ 0,

h = −(H^2 + P_cA P_c − z)^{−1} P_cA~ϕ_0. (2.26)

On the other hand, if Im z = 0, then h is generically not in L^2. We will assume Im z ≠ 0 in this subsection. The non-existence of eigenvalues with Im z = 0 will be proved in next subsection.

Taking inner product of (2.25) with ~ϕ_0, we get

z = ρ^2 + (~ϕ_0, A~ϕ_0) + ( ~ϕ_0, Ah ) . Substituting (2.26), we get

z = ρ^2 + (~ϕ_0, A~ϕ_0) − ( ~ϕ_0, A(H^2 + P_cA P_c − z)^{−1} P_cA~ϕ_0 ) . (2.27)

If A is self-adjoint, then the signs of the imaginary parts of the two sides of the equation are different. Thus z is real and generically h is not in L^2. In our case, A = H2λQ^2_1 is not self-adjoint. Recall H ~ϕ_0 = −ρ~ϕ_0. Equation (2.27) becomes the following fixed point problem

z = f(z) (2.28)

where

f(z) = ρ^2 − ρ(~ϕ_02λQ^2_1 ~ϕ_0) + ρ ( ~ϕ_02λQ^2_1, (H^2 + H P_c2λQ^2_1 P_c − z)^{−1}H P_c2λQ^2_1 ~ϕ_0 ) . (2.29) Let R(z) = (H^2 − z)^{−1}H = 1 2(H − √ z) + 1 2(H + √ z) , (2.30)

where √ z takes the branch Im √ z > 0 if Im z > 0. We can expand f(z) as

f(z) = ρ^2 − ρ(~ϕ_02λQ^2_1 ~ϕ_0) + ∞∑ k=1 ρ2λ ( ~ϕ_0Q_1, [2λQ_1 P_cR(z) P_cQ_1]^k Q_1 ~ϕ_0 ) . (2.31) Let z_0 = ρ^2 − ρ(~ϕ_02λQ^2_1 ~ϕ_0), z_1 = z_0 + 4ρλ^2 ( ~ϕ_0Q^2_1, R(z_0 + 0i) P_cQ^2_1 ~ϕ_0 ) . We have |z_1 − z_0| ≤ Cn^4 from its explicit form, (cf. (2.34) of Lemma 2.3 below). We also have, by (2.24) and (1.5)

Im z_1 = Im 4ρλ^2 ( ~ϕ_0Q^2_1, 1 2(H − 0i) P_cQ^2_1 ~ϕ_0 ) ≥^7_4 e_{01}λ^2n^4 γ_0 + O(n^6) > 0.

Let r_0 =^1_4 ((e_{01})^2 − |e_1|^2) be a length of order 1. Denote the regions G = { x + iy : |x − ρ^2| < r_0, 0 < y < r_0 } , (2.32)

D = B(z_1, n^5) = { z : |z − z_1| ≤ n^5 } . (2.33)

Clearly z_0 ∈ G, z_1 ∈ D ⊂ G. Also observe that the real part of all points in G are greater than |E_1|^2. We will solve the fixed point problem (2.28) in D. We need the following two lemmas.

Lemma 2.3 Fix r > 3. There is a constant C_1 > 0 such that, for all z ∈ G, ‖ ⟨x⟩^{−r} P_cR(z) P_c ⟨x⟩^{−r} ‖ (L^2,L^2) ≤ C1, (2.34) ‖ ‖ ‖⟨x⟩^{−r} P^c d dz R(z) P_c ⟨x⟩^{−r} ‖ ‖ ‖_{(L2,L2)} ≤ C^1(Im z)^{−1/2}. (2.35)

Here P_c = P_c(H). Moreover, for w_1, w_2 ∈ G, ‖ ‖⟨x⟩^{−r} P_c[R(w_1) − R(w_2)] P_c ⟨x⟩^{−r} ‖ ‖_{(L2,L2)} ≤ C_1(max(Im w_1, Im w_2))^{−1/2}|w_1 − w_2|. (2.36)

Proof. We have

R(z) = (H^2 − z)^{−1}H = 1 2(H − √ z) + 1 2(H + √ z) (2.37)

Since^1_{2(H+}^√_{z)} is regular in a neighborhood of Ḡ, it is sufficient to prove the lemma with R(z) replaced by R_1(z) := (H − √ z)^{−1}.

That ‖ ⟨x⟩^{−r} P_cR_1(z) P_c ⟨x⟩^{−r} ‖ (L^2,L^2) ≤ C1 is well-known, see e.g. [1], [7].

The estimate (2.35) will follow from (2.36) by taking limit. We now show (2.36) for R_1(z). For any w_1, w_2 ∈ G, we have | √ w_1 − √ w_2| ≤ |w_1 − w_2|.

Write √ w_1 = a_1 + ib_1 and √ w_2 = a_2 + ib_2. We may assume 0 < b_1 < b_2. Let w_3 ∈ G be the unique number such that √ w_3 = a_1 + ib_2.

For any u, v ∈ L^2 with ‖u‖_2 = ‖v‖_2 = 1, let u_1 = P_c ⟨x⟩^{−r} u, v_1 = P_c ⟨x⟩^{−r} v. We have u_1, v_1 ∈ L^1 ∩ L^2(R^3 ) and |( u, ⟨x⟩^{−r} P_c [R_1(w_1) − R_1(w_3)] P_c ⟨x⟩^{−r} v )| = | | | ∫_∞ 0 (u_1, e^{−it(H−a1)}v_1) (e^{−b1t} − e^{−b2t}) dt | | | ≤ ∫_∞ 0 (1 + t)^{−3/2}(e^{−b1t} − e^{−b2t}) dt ≤ C(b^{1/2}_2 − b^{1/2}_1 ) ≤ b^{−1/2}_2 (b_2 − b_1).

Here we have used the decay estimate for e^{−itH} with H = −Δ+V −E_1 −λQ^2_1, namely, ‖ ‖e^{−itH} P_cϕ ‖ ‖_{L∞} ≤ C|t|^{−3/2} ‖ϕ‖_{L1} (2.38) under our Assumption A1. See [7, 8, 24].

We also have | |(u, ⟨x⟩^{−r} P_c [R_1(w_3) − R_1(w_2)] P_c ⟨x⟩^{−r} v) | | = | | | ∫_∞ 0 (u_1, e^{−it(H−s2−ib2)}v_1) (e^{i(a1−a2)t} − 1) dt | | | ≤ ∫_∞ 0 (1 + t)^{−3/2}e^{−b2t} |e^{i(a1−a2)t} − 1| dt ≤ Cb^{−1/2}_2 |a_1 − a_2|. Since |a_1 − a_2| + |b_1 − b_2| ∼ | √ w_1 − √ w_2| ≤ |w_1 − w_2|, we conclude | |(u, ⟨x⟩^{−r} P_c [R_1(w_1) − R_1(w_2)] P_c ⟨x⟩^{−r} v) | | ≤ Cb^{−1/2}_2 |w_1 − w_2|. Hence we have (2.36). Q.E.D.

Lemma 2.4 Recall the regions G and D are defined in (2.32)–(2.33).

(1) f(z) defined by (2.29) is well-defined and analytic in G. (2) |f^′(z)| ≤ Cn^4(Im z)^{−1/2} in G and |f^′(z)| ≤ 1/2 in D. (3) for w_1, w_2 ∈ G,

|f(w_1) − f(w_2)| ≤ Cn^4(max(Im w_1, Im w_2))^{−1/2}|w_1 − w_2|.

(4) f(z) maps D into D.

Proof. By (2.34), the expansion (2.31) can be bounded by

|f(z)| ≤ C + CC_1n^4 + CC^2_1 n^6 + · · ·

and thus converges. Since every term in (2.31) is analytic, f(z) is welldefined and analytic. We also get the estimates in (2). To prove (3), let b = max(Im w_1, Im w_2). Then from (2.34)–(2.36),

|f(w_1) − f(w_2)| ≤ ∞∑ k=1 CkC^k_1 n^{2k+2}b^{−1/2}|w_1 − w_2| ≤ Cn^4b^{−1/2}|w_1 − w_2|.

It remains to show (4). We first estimate |f(z_1)−z_1|. Write z_1 = z_0+a+bi. Recall that |a| < Cn^4 and^1_4 λ^2γ_0n^4 < |b| < Cn^4. Using (2.36) and (2.34) we have

|f(z_1) − z_1| = ( ~ϕ_0Q^2_1, [R(z_1) − R(z_0 + 0i)] P_cQ^2_1 ~ϕ_0 )

+ ∞∑ k=2 ( ~ϕ_0Q_1, [Q_1 P_cR(z_1) P_cQ_1]^k Q_1 ~ϕ_0 )

≤ Cn^4b^{−1/2}(|a| + |b|) + CC^2_1 n^6 + CC^3_1 n^8 + · · · ≤ Cn^6

Hence |f(z_1) − z_1| ≤ Cn^6. For any z ∈ D, we have |f(z) − z_1| ≤ |f(z) − f(z_1)| + |f(z_1) − z_1| ≤ 1 2 |z − z_1| + Cn^6 ≤ |z − z_1|. Hence f(z) ∈ D. This proves (4). Q.E.D.

We are ready to solve (2.28) in G. By Lemma 2.4 (1), (2) and (4), the map f → f(z) is a contraction mapping in D and hence has a unique fixed point z_∗ in D. By (3), for any z ∈ G we have |f(z)−f(z_∗)| ≤ Cn^4(Im z_∗)^{−1/2}|z −z_∗| ≤ 1 2 |z − z_∗|. Hence there is no other fixed point of f(z) in G.

By symmetry, there is another unique fixed point with negative imaginary part. Moreover, they have the size indicated in Theorem 2.2. We will prove in Subsections 2.2 and 2.3 that ω_∗ does not admit generalized eigenvectors and that there is no purely imaginary eigenvalue near ie_{01}, i.e., there is no embedded eigenvalue. Hence ω_∗, and −ω̄_∗ are simple and are the only eigenvalues near ie_{01}.

We now look more carefully on z_∗ and u_∗, where u_∗ denotes the unique solution of H(H + 2λQ^2_1)u_∗ = −ω^2_∗ u_∗ with the form u_∗ = ~ϕ_0 + h̄_∗.

Recall |z_1 − z_∗| ≤ n^5 and

z_1 = ρ^2 − ρ(~ϕ_02λQ^2_1 ~ϕ_0) + 4ρλ^2 ( ~ϕ_0Q^2_1, R(z_0 + 0i) P_cQ^2_1 ~ϕ_0 ) , where z_0 = ρ^2 − ρ(~ϕ_02λQ^2_1 ~ϕ_0). Hence √ z_∗ = √ z_1 + O(n^5) = ρ − (~ϕ_0λQ^2_1 ~ϕ_0) + 2λ^2 ( ~ϕ_0Q^2_1, R(z_0 + 0i) P_cQ^2_1 ~ϕ_0 )

+ 1 4ρ (~ϕ_0λQ^2_1 ~ϕ_0)^2 + O(n^5).

Since z_∗ = −ω̄^2_∗ , we have ω̄_∗ = i √ z_∗. Thus if we write ω_∗ = iκ + γ, then

κ = ρ − (~ϕ_0λQ^2_1 ~ϕ_0) + 1 4ρ (~ϕ_0λQ^2_1 ~ϕ_0)^2

+ Re 2λ^2 ( ~ϕ_0Q^2_1, R(z_0 + 0i) P_cQ^2_1 ~ϕ_0 ) + O(n^5), (2.39) γ = − Im 2λ^2 ( ~ϕ_0Q^2_1, R(z_0 + 0i) P_cQ^2_1 ~ϕ_0 ) + O(n^5).

By (2.30), (2.24), and expansion into series,

γ = Im λ^2 ( ~ϕ_0Q^2_1, (H − √z_0 − 0i) P_cQ^2_1 ~ϕ_0 ) + O(n^5)

= Im λ^2n^4 ( ϕ_0ϕ^2_1, 1 −Δ + V − E_1 − √ z_0 − 0i

P_cϕ^2_1ϕ_0 ) + O(n^5). (2.40)

By (1.5), γ ≥ λ^2n^4 γ_0 + O(n^5) .

By (2.26) and A = H2λQ^2_1, we have

h_∗ = −(H^2 + P_cH2λQ^2_1 P_c − z_∗)^{−1}H P_c2λQ^2_1 ~ϕ_0, (2.41)

where P_c = P_c(H). We now expand the resolvent on the right side as in (2.31). Then by Lemma 2.3, we can derive |(ϕ, h)| ≤ Cn^2 ‖⟨x⟩^r ϕ‖_2, for any r > 3. We now show that h_∗ is bounded in L^2 with a bound uniform in n.

Recall √ z_∗ = κ + iγ with κ ∼ e_{01}, γ >^1_2 λ^2γ_0n^4. Since Q_1 = nϕ_1 + O(n^3), by expansion and (2.24) we have

h_∗ = −(H^2 − z_∗)^{−1}H P_c(H)2λϕ_0Q^2_1 + O(n^2) = −(H − √ z_∗)^{−1} P_c(H)λϕ_0Q^2_1 + O(n^2) = − 1 −Δ + V + s − γi P_c(H_0)λϕ_0Q^2_1 + O(n^2), (2.42)

where s = −E_1 − κ = e_0 − 2e_1 + O(n^2). Here we have used the fact that

P_c(H)ϕ = P_c(H_0)ϕ + n^2 N∑ k=1 (ψ^∗_k, ϕ)ψ_k for some local functions ϕ_k, ϕ^∗_k of order one. We will show that the leading term on the right of (2.42) is of order one in L^2. It follows from the same proof that O(n^2) on the right is also in L^2 sense.

Observe that, for f(p) ∈ L^2 with ‖f‖_2 ≤ 1, ∫ 1 p^2 − s + γi f(p) · 1 p^2 − s − γi f̄(p) dp = ∫ |f(p)|^2 1 (p^2 − s)^2 + γ^2 dp ≤ C + C ∫_3^√_{s/2} √ s/2 1 (|r − √ s| + γ)^2 dr = C + 2C ∫^√_{s/2} 0 1 (r + γ)^2 dr ≤ C + C/γ. Using wave operator for −Δ + V , we have similar estimates if p^2 is replaced by −Δ + V . Since λϕ_0Q^2_1 = O(n^2),

(h_∗, h_∗) ≤ Cn^2γ^{−1}n^2 ≤ C,

where C is independent of n. Since u = ~ϕ_0 + h̄ = ϕ_0 + h̄ + O(n^2), we have obtained the u part of the estimates ‖Φ‖_L2 ≤ C and (2.16). The corresponding estimate for v can be proved using v = (−L_+)u/ω_∗.

2.2 Resolvent estimates

In this subsection we study the resolvent R(w) = (w−L_1)^{−1}. Note that R(w) had a different meaning in the previous subsection. We will prove resolvent estimates along the continuous spectrum Σ_c and determine all eigenvalues outside of Σ_c.

Let L^2_r denote the weighted L^2 spaces for r ∈ R:

L^2_r = { f : (1 + x^2)^{r/2}f(x) ∈ L^2(R^3 ) } . We will prove the following lemma.

Lemma 2.5 Let R(w) = (w − L_1)^{−1} be the resolvent of L_1. Let B = B(L^2_r , L^2_{−r}), the space of bounded operators from L^2_r to L^2_{−r} with r > 3. Recall ω_∗ = iκ + γ. For τ ≥ |E_1| we have

‖R(iτ ± 0)‖_B + ‖R(−iτ ± 0)‖_B ≤ C(1 + τ)^{−1/2} + C(|τ − κ| + n^4)^{−1}. (2.43) The constant C is independent of n. We also have ‖ ‖R^{(k)}(iτ ± 0) ‖ ‖_B + ‖ ‖R^{(k)}(−iτ ± 0) ‖ ‖_B ≤ C(1 + τ)^{−(1+k)/2} + C(|τ − κ| + n^4)^{−1}. (2.44) for derivatives, where k = 1, 2.

We first consider R_0(w) = (w −JH_1)^{−1}. Recall H_1 = −Δ+V −E_1. Since

(w − JH_1)^{−1} = [ w −H_1 H_1 w ]_{−1} = 1 H^2_1 + w^2 [ w H_1 −H_1 w ]

= 1 2 [ −i 1 −1 −i ] (H_1 − iw)^{−1} + 1 2 [ i 1 −1 i ] (H_1 + iw)^{−1}, (2.45)

the estimates of R_0(w) can be derived from that of (H_1 − iw)^{−1} and (H_1 + iw)^{−1}. By assumption, the bottom of the continuous spectrum of H_1, −E_1, is not an eigenvalue nor a resonance of H_1. Hence (H_1 − z)^{−1} is uniformly bounded in B for z away from e_0 − E_1 and e_1 − E_1, see [7]. By (2.45) and (2.4), R_0(w) is uniformly bounded in B for w with dist(w, Σ_p) ≥ n, where Σ_p = {0, ie_{01}, −ie_{01}}.

Write

L_1 = JH_1 + W, W = [ 0 λQ^2_1 −3λQ^2_1 0 ] .

For R(w) = (w − L_1)^{−1} we have

R(w) = (1 − R_0(w)W )^{−1}R_0(w) = ∞∑ k=0 [R_0(w)W )]^kR_0(w). (2.46)

Since R_0(w) is uniformly bounded in B for w with dist(w, Σ_p) > n, and W is localized and small, (2.46) converges and (w − L_1)^{−1} is uniformly bounded in B for w with dist(w, Σ_p) > n and we have

‖R(w)‖_B ≤ C dist(w, Σ_p)^{−1}, (n ≤ dist(w, Σ_p) ≤ 1). (2.47)

Recall Σ_c = {is : |s| ≥ |E_1|} is the continuous spectrum of JH_1 and L_1. For w in the region

{w : dist(w, Σ_p) ≥ n, w ∉ Σ_c} , (2.48)

we have

‖R_0(w)‖_{(L}2_{,L}2_) ≤ C dist(w, Σ_c)^{−1}.

By (2.46), and because W is localized and small,

‖R(w)‖_{(L}2_{,L}2_) ≤ ‖R_0(w)‖_{(L}2_{,L}2_) + + ∞∑ k=1 C ‖R_0(w)‖_{(L}2_{,L}2_) { Cn^2 ‖R_0(w)‖_B }_{k−1} ‖R_0(w)‖_{(L}2_{,L}2_)

≤ C dist(w, Σ_c)^{−1} + C dist(w, Σ_c)^{−2}.

Hence R(w) is uniformly bounded in (L^2, L^2) in a neighborhood of w. In particular, there is no eigenvalue of L_1 in the above region (2.48). Note that this region includes a neighborhood of the bottom of the continuous spectrum Σ_c, ±iE_1, except those in Σ_c. Hence the eigenvalues can occur only in {w : dist(w, Σ_p) < n} or Σ_c.

The circle {w : |w| = √ n} is in the resolvent set of L_1. By [12] Theorem XII.6, the Cauchy integral P = 1 2πi ∮ |w|= √ n (w − L_1)^{−1} dw

gives the L^2-projection onto the generalized eigenspaces with eigenvalues inside the disk {w : |w| < √ n}. Moreover, the dimension of P is an upper bound for the sum of the dimensions of those eigenspaces. However, since the projection P_0 = (2πi)^{−1} ∮ |w|= √ n R_0(w) dw has dimension 2 (see (2.3)–(2.4)), and P − P_0 = 1 2πi ∮ |w|= √ n ∞∑ k=1 [R_0(w)W ]^k R_0(w) dw

is convergent and bounded in (L^2, L^2) by

≤ C ‖R_0(w)‖_{(L}2_{,L}2_) n^2 ∞∑ k=0 ( Cn^2 ‖R_0(w)‖_B )_k ‖R_0(w)‖_{(L}2_{,L}2_) ≤ Cn^{−1/2}Cn^2n^{−1/2} = Cn, (here we have used (2.47)), the dimension of P is also two. Since we already have two generalized eigenvectors

[_0

Q_1 ] and [_{R1} 0 ] with eigenvalue 0, we have obtained all generalized eigenvectors with eigenvalues in the disk |w| < √ n. Together with the results in §2.1, we have obtained all eigenvalues outside of Σ_c: 0, ±ω_∗ and ±ω_∗.

We next study R(w) = (w − L_1)^{−1} for w near ±ie_{01}: |w − ie_{01}| < n or |w + ie_{01}| < n. Let us assume w = iτ − ε with τ, ε > 0, thus −w^2 lies in G (defined in (2.32)). The other cases are similar. Let [_f g ] ∈ C L^2 . We want to solve the equation

(w − L_1) [ u v ] = [ f g ] . (2.49)

We have wu − Hv = f, wv + (H + 2λQ^2_1)u = g. Cancelling v, we get (recall A = H2λQ^2_1)

w^2u + (H^2 + A)u = F, F = wf + Hg.

Write u = α~ϕ_0 + β ^Q_1 + η with η ∈ H_c(H) and ^Q_1 = Q_1/ ‖Q_1‖_2. Also denote ζ = α~ϕ_0 + β ^Q_1. We have ( w^2 + H^2 + P_cA ) η = P_cF − P_cAζ, ( w^2 + H^2 + P^⊥A ) ζ = P^⊥F − P^⊥Aη. Here P_c = P_c(H) and P^⊥ = 1 − P_c. Solving η in terms of ζ, we get η = ( w^2 + H^2 + P_cA P_c )_{−1} ( P_cF − P_cAζ). (2.50)

Substituting the above into the ζ equation we get ( w^2 + H^2 + P^⊥A − P^⊥A ( w^2 + H^2 + P_cA P_c )_{−1} P_cA ) ζ = ~F , (2.51)

~F = P^⊥F − P^⊥A (w^2 + H^2 + P_cA P_c)^{−1} P_cF.

Using ~ϕ_0 and ^Q_1 as basis, we can put (2.51) into matrix form [ a b 0 w^2 ] [ α β ] = [ (~ϕ_0, ~F ) ( ^Q_1, ~F ) ] , (2.52)

where (recall H ~ϕ_0 = −ρ~ϕ_0, H ^Q_1 = 0)

a = w^2 + ρ^2 − ρ(~ϕ_02λQ^2_1 ~ϕ_0) + ρ(~ϕ_02λQ^2, ( w^2 + H^2 + P_cA P_c )_{−1} H P_c2λQ^2_1 ~ϕ_0),

b = −ρ(~ϕ_02λQ^2_1 ^Q_1) + ρ(~ϕ_02λQ^2, ( w^2 + H^2 + P_cA P_c )_{−1} H P_c2λQ^2_1 ^Q_1).

Thus [ α β ] = [ 1/a −b/(aw^2) 0 w^{−2} ] [ (~ϕ_0, ~F ) ( ^Q_1, ~F ) ] . (2.53)

We now consider the case when w is near the continuous spectrum Σ_c. We will assume w = iτ − ε with |τ − e_{01}| < n and ε > 0 much smaller. The case w = iτ + ε follows similarly.

Let z = −w^2. It follows that z ∈ G and Re z > 0 is small. The idea of what follows is to compare z with z_∗, the fixed point found in §2.1.

We have a = −z + f(z) = (z_∗ − z) + (−f(z_∗) + f(z)). Using Lemma 2.4 (3) with w_1 = z and w_2 = z_∗, we have |a| ≥ |z − z_∗| − | − f(z_∗) + f(z)| ≥^1_2 |z − z_∗| =^1_2 |w^2 − ω̄^2_∗ | ≥ C|w − ω̄_∗|. Recall ω_∗ = iκ + γ with γ ∼ n^4. Hence |a| ≥ C(|τ − κ| + n^4). Thus |α| + |β| ≤ C(1 + |a|^{−1})‖ ~F ‖_L2 ≤ C(|τ − κ| + n^4)^{−1} (‖f‖_L2 + ‖g‖_L2 ) . By (2.50) and F = wf + Hg,

η = Ωw P_cf + ΩH P_cg − Ωw P_cAζ, where Ω = (w^2 + H^2 + P_cA P_c)^{−1}. Substituting the above into (2.50), we can solve η and we have

‖η‖_L2 ≤ C (‖f‖_L2 + ‖g‖_L2 ) + Cn^2(|τ − κ| + n^4)^{−1} (‖f‖_L2 + ‖g‖_L2 ) .

We conclude, for u = α~ϕ_0 + β ^Q_1 + η, ‖u‖_L2 ≤ ( C + C(|τ − κ| + n^4)^{−1} ) (‖f‖_L2 + ‖g‖_L2 ) . We can estimate v similarly. Thus, for τ ∈ (e_{01} − n, e_{01} + n), ‖R(iτ ± 0)‖_B ≤ C + C(|τ − κ| + n^4)^{−1}. For τ > e_{01} + n and w = iτ + 0, using R(w) = (1 + R_0(w)W )^{−1}R_0(w) and the fact that ‖R_0(w)‖_B ≤ C(1 + τ)^{−1/2}, (see [7] Theorem 9.2), we have ‖R(iτ + 0)‖_B ≤ Cτ^{−1/2}.

For τ ∈ [|E_1|, e_{01} − n], by the same argument we have ‖R(iτ + 0)‖_B ≤ C. The derivative estimates for the resolvent is obtained by induction argument and by differentiating the relation R(1 + W R_0) = R_0 and using the relations (1 + W R_0)^{−1} = 1 − W R and (1 + R_0W )^{−1} = 1 − RW . See the proof of [7] Theorem 9.2. We have proved Lemma 2.5.

2.3 Nonexistence of generalized ω_∗-eigenvector

We now show that ω_∗ is simple and Φ is the only generalized ω_∗-eigenvector, i.e., there is no vectors ϕ with (L_1 − ω_∗)ϕ ≠ 0 but (L_1 − ω_∗)^kϕ = 0 for some k ≥ 2. Suppose the contrary, then we may find a vector [ u v ] with

(ω_∗ − L_1) [ u v ] = [ u_∗ v_∗ ] . That is, w = ω_∗ and [ f g ] = [ u_∗ v_∗ ] in the system (2.49).

We have F = wu_∗ + Hv_∗ = 2ω_∗u_∗. Since u_∗ = ~ϕ_0 + h̄_∗ with h̄_∗ ∈ H_c(H), we have ( ^Q_1, ~F ) = ( ^Q_1, F ) = ( ^Q_1, 2ω_∗u_∗) = 0. Hence β = 0. Also

(~ϕ_0, ~F ) = (~ϕ_0, F ) − (~ϕ_0H2λQ^2_1 ( w^2 + H^2 + P_cA P_c )_{−1} P_cF ) = 2ω_∗ + ρ(~ϕ_02λQ^2_1 ( w^2 + H^2 + P_cA P_c )_{−1} 2ω_∗h̄_∗) = 2ω_∗ [ 1 + ρ(Φ, ΩΩHΦ) ] , where Ω = (w^2 + H^2 + P_cA P_c)^{−1} and Φ = P_c ~ϕ_02λQ^2_1. Since the main term in (Φ, ΩΩHΦ),

(Φ, (w^2 + H^2)^{−1}(w̄^2 + H^2)^{−1}HΦ), is positive, (~ϕ_0, ~F ) is not zero.

On the other hand, a = ω^2_∗ + f(−ω^2_∗ ) = −z̄_∗ + f(z̄_∗) = 0. Hence there is no solution for α. This shows ω_∗ is simple (and so are −ω_∗, ±ω̄_∗).

Once we have an eigenvector Φ with L_1Φ = ω_∗Φ and ω_∗ complex, then we have three other eigenvalues and eigenvectors as given in (2.18). Hence we have found all eigenvalues and eigenvectors of L_1. C E_1 is the combined eigenspace of ±ω_∗ and ±ω̄_∗. It is easy to check that RE C E_1 = E_1. We have proved parts (1)–(3) of Theorem 2.2 in §2.1 to §2.3.

2.4 Nonexistence of embedded eigenvalues

In this subsection we prove that there is no embedded eigenvalue iτ with |τ| > |E_1|. Suppose the contrary, we may assume τ > −E_1 > 0 and L_1ψ = iτψ for some ψ ∈ C L^2 . We will derive a contradiction.

Let H_∗ = −Δ − E_1. We can decompose

L_1 = JH_∗ + A, A = [ 0 V + λQ^2_1 −V − 3λQ^2_1 0 ] . (2.54)

Hence (iτ − JH_∗)ψ = Aψ. By the same computation of (2.45) we have

(w − JH_∗)^{−1} = (H_∗ − iw)^{−1}M_+ + (H_∗ + iw)^{−1}M_−,

where

M_+ = 1 2 [ −i 1 −1 −i ] , M_− = 1 2 [ i 1 −1 i ] . Thus, with w = iτ, we have

ψ = (iτ − JH_∗)^{−1}Aψ = (H_∗ + τ)^{−1}ϕ_+ + (H_∗ − τ)^{−1}ϕ_−, (2.55)

where ϕ_+ = M_+Aψ and ϕ_− = M_−Aψ. By Assumption A1 on the decay of V and that ψ ∈ L^2, both ϕ_+, ϕ_− ∈ L^2_{5+σ} with σ > 0. Since −τ is outside the spectrum of H_∗, we have (H_∗ + τ)^{−1}ϕ_+ ∈ L^2_{5+σ}. Let s = E_1 + τ > 0. We have H_∗ − τ = −Δ − s. By assumption ψ ∈ C L^2 , hence so is (H_∗ − τ)^{−1}ϕ_−. Therefore (p^2 − s)^{−1} ^ϕ_−(p) ∈ L^2. Since ϕ_− ∈ L^2_{5+σ} , ϕ_− is continuous and we can conclude ^ϕ_−(p)|_{|p|=√s} = 0. (2.56)

We now recall [11] page 82, Theorem IX.41: Suppose f ∈ L^2_r with r > 1/2 and let B_sf = ( (p^2 − s)^{−1} ^f )_∨ . Suppose f̂(p) | |_{|p|=√s} = 0. Then for any ε > 0, one has B_sf ∈ L^2_{r−1−2ε} and ‖B_sf‖_L2_{r−1−2ε} ≤ C_{r,ε,s} ‖f‖_L2_r for some constant C_{r,ε,s}. In our case, we have f = ϕ_−, ε = σ/2 and r = 5 + σ. We conclude (H_∗ − τ)^{−1}ϕ_− = B_sf ∈ L^2_4. Thus ψ ∈ L^2_4.

However, since (z − L_1)ψ = (z − iτ)ψ, we have R(z)ψ = (z − iτ)^{−1}ψ. Thus we have ‖ ‖(z − iτ)^{−1}ψ ‖ ‖_{L2−r} ≤ C ‖ψ‖_{L24} , where the constant C remains bounded as z → iτ by Lemma 2.5. This is clearly a contradiction. Thus ψ does not exist.

2.5 Absence of eigenvector and resonance at bottom of continuous spectrum

In this subsection we show that there is no eigenvector and resonance at ±iE_1. We want to show that, for n = ‖Q_{1,E1} ‖_{L2} sufficiently small, the null space of L_1 ± iE_1 in X = L^2_{−r}, r > 1/2, is zero. Let us consider the case at i|E_1|. Suppose otherwise, we have a sequence Q_{1,E1(k)} → 0 and ψ_k so that ( L_{1,E1(k)} + iE_1(k) ) ψ_k = 0, ‖ψ_k‖_X = 1.

As in the previous subsection, we write L_{1,E1(k)} = JH_∗ + A_k, where H_∗ = −Δ − E_1(k) and A_k = JV + [ 0 1 −3 0 ] λQ^2_{1,E1(k)}. By (2.55) with τ = |E_1(k)| we have

ψ_k = (iτ − JH_∗)^{−1}A_kψ_k = (−Δ + 2τ)^{−1}M_+A_kψ_k + (−Δ)^{−1}M_−A_kψ_k

in X. Note that (−Δ+2τ)^{−1}M_+A_k and (−Δ)^{−1}M_−A_k are compact operators in X, with a bound uniform in k. Since X is a reflexive Banach space, we can find a subsequence, which we still denote by ψ_k, converging weakly to some ψ_∗ ∈ X. Thus τ → |e_1|, (−Δ + 2τ)^{−1}M_+A_kψ_k → (−Δ − 2e_1)^{−1}M_+JV ψ_∗ and (−Δ)^{−1}M_−A_kψ_k → (−Δ)^{−1}M_+JV ψ_∗ strongly in X. Thus

ψ_∗ = (−Δ − 2e_1)^{−1}M_+JV ψ_∗ + (−Δ)^{−1}M_+JV ψ_∗

and ψ_k → ψ_∗ strongly. Hence ‖ψ_∗‖_X = lim ‖ψ_k‖_X = 1 and (JH_1 +ie_1)ψ_∗ = 0 by (2.55) again. This contradiction to our assumption shows our claim.

Another proof:

We will use the resolvent estimates Lemma 2.5 to give a proof, without using that L_1 is a perturbation of JH_1. Suppose the contrary that we have ψ ∈ X which satisfies ψ ≠ 0, L_1ψ = iτψ, with τ = |E_1|. Write L_1 = JH_∗ +A as before and let R(z) = (z − L_1)^{−1} and R_0(z) = (z − JH_∗)^{−1}. We have (iτ − JH_∗)ψ = Aψ, hence ψ = R_0(iτ)Aψ in X. (2.57) Let w = σ_1Aψ = A^∗σ_1ψ. (Note A^∗ = σ_1Aσ_1). We have that V w ∈ L^2_r .

By Lemma 2.5 the L^2_{−r}-norm of R(z)V w is uniformly bounded as z → iτ. We will derive a contradiction.

Recall the resolvent identity R(z)A = −1−(1−R_0(z)A)^{−1}. Hence ρ(z) ≡ (1 − R_0(z)A)^{−1}w = R(z)Aw + w is also uniformly bounded in L^2_{−r} as z → iτ.

Recall [7] Lemma 2.3 that (−Δ−z)^{−1} = (−Δ)^{−1}+O( √ |z|) in B ( H^{−1}_s , H^1_{−s} ) for s > 1. Hence for z near iτ we have by (2.55) R_0(z) = R_0(iτ) + O( √ |z − iτ|) in B ( H^{−1}_s , H^1_{−s} ) . Therefore (w, w) = (A^∗σ_1ψ, (1 − R_0(z)A)ρ(z))

= (A^∗σ_1ψ, [1 − R_0(iτ)A]ρ(z)) + (A^∗σ_1ψ, O( √ |z − iτ|)Aρ(z)). Since σ_1J = −Jσ_1, σ_1(z − JH_∗) = (z + JH_∗)σ_1 = (z − JH_∗)^∗σ_1. Hence σ_1R_0(iτ) = R_0(iτ)^∗σ_1 and we have by (2.57) σ_1ψ = σ_1R_0(iτ)Aψ = R_0(iτ)^∗σ_1Aψ = R_0(iτ)^∗A^∗σ_1ψ.

Hence

(A^∗σ_1ψ, R_0(iτ)Aρ(z)) = (A^∗R_0(iτ)^∗A^∗σ_1ψ, ρ(z)) = (A^∗σ_1ψ, ρ(z)). Hence (A^∗σ_1ψ, [1 − R_0(iτ)A]ρ(z)) = 0. Since ρ(z) is uniformly bounded in L^2_r , we have (w, w) = (A^∗σ_1ψ, O( √ |z − iτ|)Aρ(z)) = O( √ |z − iτ|) as z → iτ. Thus w = 0. Hence (iτ − JH_∗)ψ = 0. If we write ψ = [^u_v ], then iτu − (−Δ + τ)v = 0, (−Δ + τ)u + iτv = 0. One gets Δ(u − iv) = 0 immediately. Since u, v ∈ X, we conclude u = iv and (−Δ + 2τ)u = 0. Hence u, v = 0. This finishes the proof.

2.6 Proof of Theorem 2.2 (4)–(6)

We first show the orthogonality conditions. Recall σ_1 = [ 0 1 1 0 ] . It is self-adjoint in C L^2 . Let L^∗_1 be the adjoint of L_1 in C L^2 . We have L^∗_1 = [ 0 −L_+ L_− 0 ] and L^∗_1 = σ_1L_1σ_1.

Suppose L_1f = ω_1f and L_1g = ω_2g with ω̄_1 ≠ ω_2. We have L^∗_1σ_1f = σ_1L_1f = ω_1σ_1f and hence

ω_2(σ_1f, g) = (σ_1f, ω_2g) = (σ_1f, L_1g) = (L^∗_1σ_1f, g) = (ω_1σ_1f, g) = ω̄_1(σ_1f, g).

Hence we must have (σ_1f, g) = 0. Therefore we have σ_1Φ̄ ⊥ Φ̄, σ_3Φ, σ_3Φ̄, σ_1Φ ⊥ Φ, σ_3Φ, σ_3Φ̄, etc. If we write u = u_1 + iu_2, v = v_1 + iv_2 and Φ = [^u_v ], then we have ∫ ūv dx = 0. (2.58)

In other words, (u_1, v_1) + (u_2, v_2) = 0 and (u_1, v_2) = (u_2, v_1).

If f ∈ S(L_1) and L_1g = ω_2g with ω_2 ≠ 0. We have (L^∗_1)^2σ_1f = 0, hence

(σ_1f, ω^2 g) = (σ_1f, L^2_1g) = ((L^∗_1)^2σ_1f, g) = (0, g).

Hence (σ_1f, g) = 0. In terms of components, we get (Q_1, u_1) = (Q_1, u_2) = 0, (R_1, v_1) = (R_1, v_2) = 0. The above shows (2.21). The rest of (4) and (5) follows directly.

To prove (6), we first prove the following spectral gap

L_+|_{{Q1,v1,v2}}⊥ >^1_2 |e_1| , L_−|_{{R1,u1,u2}}⊥ >^1_2 |e_1| . (2.59)

We will show the first assertion. Note that by (2.16) we have

v_1 = P_c(L_−)v_1 + O(n^2), v_2 = −ϕ_0 + P_c(H_1)v_2 + O(n^2)

in L^2. In particular ‖v_2‖_L2 ≥ 1/2, and (v_1, L_−v_1) ≥ (v_1, L_− P_c(L_−)v_1) − Cn^2 ≥ −Cn^2. By (2.58)

(v_1, L_−v_1) + (v_2, L_−v_2) = (v, L_−v) = (v, ωu) = 0.

Hence (v_2, L_+v_2) = (v_2, L_−v_2) + O(n^2) ≤ Cn^2. We also have (Q_1, L_+Q_1) = (Q_1, L_−Q_1) + O(n^4) = 0 + O(n^4). Let Q^′_1 = Q_1 − (Q_1, v_2)v_2/ ‖v_2‖^2. We have Q^′_1 ⊥ v_j and Q^′_1 = Q_1 + O(n^3) by (2.16) again. Hence (Q^′_1, L_+Q^′_1) =

(Q_1, L_+Q_1)+O(n^4) = O(n^4) ≤ Cn^2(Q^′_1, Q^′_1). We conclude that L_+|_{span{Q1,v2}} ≤ Cn^2. Since L_+ is a perturbation of H_1, it has exactly two eigenvalues below 1 2 |e_1|. By minimax principle we have L_+|_{{Q1,v2}}⊥ >^1_2 |e_1|. This shows the first assertion of (2.59). The second assertion is proved similarly.

Let Q(ψ) denote the quadratic form: (see e.g. [22, 23])

Q(ψ) = (f, L_+f) + (g, L_−g) , if ψ = f + ig . (2.60)

One can show for any ψ ∈ L^2

Q(e^{tL1} ψ) = Q(ψ) , for all t, (2.61)

by direct differentiation in t. By (2.59) one has

Q(η) ∼ ‖η‖^2_H1 , for any η ∈ H_c(L_1).

Thus ‖ ‖e^{tL}1 η ‖ ‖^2_{H1} ∼ Q(e^{tL}1 η) = Q(η) ∼ ‖ ‖e^{tL}1 η ‖ ‖^2_{H1} .

This shows (6).

2.7 Wave operator and decay estimate

It remains to prove the decay estimate (7). We will use the wave operator. We will compare L_1 with JH_∗, where H_∗ = −Δ − E_1. Recall we write L_1 = JH_∗ + A in §2.4, (2.54). Keep in mind that H_∗ has no bound states and A is local. Define W_+ = lim_{t→+∞} e^{−tL1} e^{tJH∗} . Let R(z) = (z − L_1)^{−1} and R_∗(z) = (z − JH_∗)^{−1}. We have W_+f − f = lim_{ε→0+} ∫_{+∞} |E_1| R(iτ + ε)A [R_∗(iτ − ε) − R_∗(iτ + ε)] f dτ − lim_{ε→0+} ∫_{+∞} |E_1| R(−iτ + ε)A [R_∗(−iτ − ε) − R_∗(−iτ + ε)] f dτ. Yajima [24, 25] was the first to give a general method for proving the (W^{k,p}, W^{k,p}) estimates for the wave operators of self-adjoint operators. This method was extended by Cuccagna [4] to non-selfadjoint operators in the form we are considering. (He also used idea from Kato [9]). One key ingredient in this approach is the resolvent estimates near the continuous spectrum, which in many cases can be obtained by the Jensen-Kato [7] method. (See [24] Lemmas 3.1 and 3.2 and [4] Lemmas 3.9 and 3.10). In our current setting, this estimate is provided by the Lemma 2.5. We can thus follow the proof of [4] to obtain that W_+ is an operator from C L^2 onto H_c(L_1). Furthermore, W_+ and its inverse (restricted to H_c(L_1)) are bounded in (L^p, L^p)-norm for any p ∈ [1, ∞]. (Note this bound depends on n since our bound on R(w) depends on n.) By the intertwining property of the wave operator we have e^{tL1} P_c = W_+e^{tJH∗} (W_+)^∗ P_c.

The decay estimate in (7) follows from the decay estimate of e^{tJH∗} .

The proof of Theorem 2.2 is complete.

2.8 Proof of Theorem 2.1

By the same Cauchy integral argument as in Subsection 2.2, the only eigenvalues of L_1 are inside the disks {w : |w| < √ n}, {w : |w − ie_{01}| < √ n} and {w : |w + ie_{01}| < √ n}. Moreover, their dimensions are 2, 1 and 1, respectively, the same as that of JH_1. It counts the dimension of (generalized) eigenspaces of L_1 in C L^2 . It also counts the dimensions of the restriction of these spaces in L^2 = L^2(R^3 , R^2 ) as a real-valued vector space.

By (2.9), we already have two generalized eigenvectors near 0. Hence we have everything near 0.

Since the dimension is 1 near ie_{01}, there is only a simple eigenvalue ω_∗ near ie_{01}. We have ω_∗ = ie_{01} +O(n^2) since the difference between L_1 and JH_1 is of order O(n^2). ω_∗ has to be purely imaginary, otherwise −ω̄_∗ is another eigenvalue near ie_{01}, cf. (2.18), and the dimension can not be 1. (This also follows from the Theorem of Grillakis.)

By the same arguments in §2.2-2.4 we can prove resolvent estimates and the non-existence of embedded eigenvalues. Also, the bottoms of the continuous spectrum are not eigenvalue nor resonance.

Let Φ be an eigenvector corresponding to ω_∗. Since L_1Φ = ω_∗Φ and ω̄_∗ = −ω_∗, we have L_1Φ̄ = −ω_∗Φ̄. Hence the (unique) eigenvalue near −ie_{01} is −ω_∗ with eigenvector Φ̄. Write Φ = [^u_{−iv} ]. We may assume u is real. Writing out L_1Φ = iκΦ we get L_−v = −κu and L_+u = −κv. Hence v is also real. We can normalize u so that (u, v) = 1 or −1. Since Φ is a perturbation of [_{ϕ0} −iϕ_0 ] , we have (u, v) = 1.

With this choice of u, v, let C E_1 and E_1 be defined as in (2.1). C E_1 is the combined eigenspace corresponding to ±ω_∗. Clearly RE C E_1 ⊂ E_1. Since a [ u 0 ] + b [ 0 v ] = RE αΦ, α = a + bi, we have RE C E_1 = E_1. That the choice of α is unique can be checked directly. The statement that if ζ = RE αΦ then L_1ζ = RE ω_∗αΦ and e^{tL1} ζ = RE e^{tω∗} αΦ is clear. We have proved (3) and (4).

Clearly, S(L_1), E_1(L_1) and H_c(L_1) defined as in (2.9), (2.1) and (2.10) are invariant subspaces of L^2 under L_1, and we have the decomposition (2.7). This is (2).

For (5), note that (2.10) is by definition. For (2.11), we have

(Q_1, u) = (Q_1, (−κ)^{−1}L_−v) = (L_−Q_1, (−κ)^{−1}v) = 0, (R_1, v) = (R_1, (−κ)^{−1}L_+u) = (−κ)^{−1}(L_+R_1, u) = (−κ)^{−1}(Q_1, u) = 0.

(2.13) comes from the orthogonal relations directly.

The first statement of (6) is because of (5). For the rest of (6), We first prove the following spectral gap

L_+|_{{Q1,v}}⊥ >^1_2 |e_1| , L_−|_{{R1,u}}⊥ >^1_2 |e_1| . (2.62)

Since L_+ is a perturbation of H_1, it has exactly two eigenvalues below^1_2 |e_1|. Notice that (Q_1, L_+Q_1) = (Q_1L_−Q_1) + O(n^4) = O(n^4) and (v, L_+v) = (v, −κu) = −κ. Since Q_1 = nϕ_1 + O(n^3) and v = ϕ_0 + O(n^2), one has (Q_1, v) = O(n^3). Thus one can show L_+|_{span{Q1,v}} ≤ Cn^2. If there is a ϕ ⊥ Q_1, v with (ϕ, L_+ϕ) ≤^1_2 |e_1|(ϕ, ϕ), then we have L_+|_{span{Q1,v,ϕ}} ≤^1_2 |e_1|, which contradicts with the fact that L_+ has exactly two eigenvalues below 1 2 |e_1| by minimax principle. This shows the first part of (2.62). The second part is proved similarly.

Recall the quadratic form Q(ψ) defined in (2.60) in §2.4. Also recall (2.61) that Q(e^{tL1} ψ) = Q(ψ) for all t and all ψ ∈ L^2. By the spectral gap (2.62) one has

Q(η) ∼ ‖η‖^2_H1 , for any η ∈ H_c(L_1) . (2.63)

For ψ ∈ M_1, we can write ψ = ζ + η, where ζ = RE αΦ, α ∈ C and η ∈ H_c(L_1). Notice that, by orthogonality in (2.10), Q(ψ) = −|α|^2κ(u, v) + Q(η) , which is not positive definite, (recall (u, v) = 1). However, ‖ψ‖^2_H1 ∼ |α|^2 + ‖η‖^2_H1 . (2.64) To see it, one first notes that ‖ψ‖^2_H1 is clearly bounded by the right side. Because of (2.13), one has |α|^2 ≤ C ‖ψ‖^2_H1 . One also has ‖η‖^2_H1 ≤ C ‖ϕ‖^2_H1 + C|α|^2. Hence (2.64) is true.

Therefore for ψ = ( RE αΦ) + η we have ‖ ‖e^{tL}1 ψ ‖ ‖^2_{H1} ∼ ‖ ‖e^{tL}1 RE αΦ ‖ ‖^2_{H1} + ‖ ‖e^{tL}1 η ‖ ‖^2_{H1} (by (2.64)) ∼ |e^{−itω∗} α|^2 + Q(e^{tL1} η) (by (4), (2.63)) ∼ |α|^2 + Q(η) (by (2.61)) .

Hence we have ‖ ‖e^{tL}1 ψ ‖ ‖^2_{H1} ∼ ‖ψ‖^2_{H1} for all t. This shows (6).

The decay estimate in (7) is obtained as in Theorem 2.2 (7). The constant C, however, is independent of n in the non-resonant case.

The proof of Theorem 2.1 is complete.

3 Solutions converging to excited states

In this section we prove Theorem 1.1 using Theorems 2.2 and 2.2. Fix E_1 and Q_1 = Q_{1,E1} . Let L_1 be the corresponding linearized operator. For any ξ_∞ ∈ H_c(L_1) with small H^2 ∩ W^{2,1} norm, we want to construct a solution ψ(t) of the nonlinear Schrödinger equation (1.1) with the form ψ(t) = [Q_1 + h(t)] e^{−iE1t} , where h(t) = e^{tL1} ξ_∞ + g(t), g(t) = error. (3.1) We decompose the error term g(t) according to the decomposition (2.7) with respect to L_1 and write g(t) = a(t)R_1 + b(t)iQ_1 + ζ(t) + η(t) (3.2) where a(t) and b(t) are real-valued functions, ζ(t) ∈ E_1(L_1) and η(t) ∈ H_c(L_1). We have

∂_tg = L_1g + F (h), F (h) = i^{−1}λ { Q_1(2|h|^2 + h^2) + |h|^2h } (3.3) g(t) → 0 as t → ∞.

The main term of F (h(t)) is F (e^{tL1} ξ_∞). Notice that, if ‖ξ_∞‖_H2_{∩W} 2,1 ≤ ε ≪ 1, then ξ(t) = e^{tL1} ξ_∞ satisfies ‖ξ(t)‖_H2 ≤ C_1ε, ‖ξ(t)‖_W 2,∞ ≤ C_1ε|t|^{−3/2}, ‖ ‖|ξ|^2ξ(t) ‖ ‖_{H2} ≤ C_1ε^3 ⟨t⟩^{−3} . (3.4) Here we have used the decay estimates in Theorem 2.1 (7) and Theorem 2.2 (7). Since our Q_1 is fixed, it does not matter that the constant depends on n in the resonant case.

Projecting the equation into components, we have

ȧ = 0 + (Q_1, R_1)^{−1}(Q_1, Re F (h)), (3.5) ḃ = −a + (Q_1, R_1)^{−1}(R_1, Im F (h)), (3.6) ∂_tζ = L_1ζ + P_{E1} F (h) (3.7) ∂_tη = L_1η + P_c^{L1} F (h) , (3.8)

where P_{E1} and P_c^{L1} are corresponding projections with respect to L_1.

3.1 Non-resonant case

For this case, we do not need to separate ζ and η. Hence we will write u(t) = ζ + η, u(t) ∈ M_1 = M_1(E_1). Thus we have ψ(t) = [Q_1 + h(t)] e^{−iE1t},

h(t) = e^{tL1} ξ_∞ + a(t)R_1 + b(t)iQ_1 + u(t)

and we have the equations for u:

∂_tu = L_1u + P_{M1} F (h) . (3.9)

Together with the equations (3.5) and (3.6) for a and b, we get a complete system.

We will define a contraction mapping Ω in the following space A = { (a, b, u) : [0, ∞) → R × R × (M_1 ∩ H^2), |a(t)|, |b(t)|, ‖u(t)‖_H2 ≤ ε^2(1 + t)^{−2} }

with the correponding norm

‖(a, b, u)‖_A := sup_{t>0} (1 + t)^2 (|a(t)| + |b(t)| + ‖u(t)‖_H2 ) .

Our map Ω is defined by Ω : (a, b, u) −→ (a^△, b^△, u^△) where, with F (h) defined in (3.3), h(s) = e^{sL1} ξ_∞ + a(s)R_1 + b(s)iQ_1 + u(s), a^△(t) = ∫_t ∞ (Q_1, R_1)^{−1}(Q_1, Re F (h(s))) ds b^△(t) = ∫_t ∞ −a(s) + (Q_1, R_1)^{−1}(R_1, Im F (h(s))) ds u^△(t) = ∫_t ∞ e^{L1(t−s)}P_{M1} F (h(s)) ds It is easy to check that the map Ω is a contraction mapping if ε is sufficiently small. Thus we have a fixed point in A, which gives a solution to the system (3.5), (3.6) and (3.9). Since it lies in A, we also have desired estimates.

We have proved Theorem 1.1 under assumption (NR).

3.2 Resonant case

Recall from (2.19) that a function ζ(t) ∈ E_1 can be written as ζ = RE {αΦ + βσ_3Φ} , α, β ∈ C . (3.10) Thus we write our solution ψ(t) as ψ(t) = [Q_1 + h(t)] e^{−iE1t},

h(t) = e^{tL1} ξ_∞ + a(t)R_1 + b(t)iQ_1 + RE {α(t)Φ + β(t)σ_3Φ} + η(t). a, b and η satisfy the equations (3.5), (3.6) and (3.8). For the equation of ζ, because we have L_1ζ = RE {λω_∗Φ − ω_∗βσ_3Φ} , hence α̇ = ω_∗α + P_αF, (3.11) β̇ = −ω_∗β + P_βF, (3.12) where P_α and P_β are defined in (2.23). Recall ω_∗ = iκ + γ with κ, γ > 0. The above two equations together with (3.5), (3.6) and (3.8) form a complete system.

As it will become clear, we have the freedom to choose ξ_∞ and β_0 = β(0). We require that ξ_∞ ∈ H_c(L_1) and ‖ξ_∞‖_H2_{∩W} 2,1 ≤ ε, |β_0| ≤ ε^2. (3.13) With given ξ_∞ and β_0, we will define a contraction mapping Ω in the following space A = { (a, b, α, β, η) : [0, ∞) → R × R × C × C × ( H_c(L_1) ∩ H^2), |a(t)|, |b(t)|, ‖η(t)‖_H2 ≤ ε^2(1 + t)^{−2}, |α(t)|, |β(t)| ≤ ε^2(1 + t)^{−2} }

Our map Ω is defined by Ω : (a, b, α, β, η) −→ (a^△, b^△, α^△, β^△, η^△) where, with F (h) defined in (3.3),

h(s) = e^{sL1} ξ_∞ + a(s)R_1 + b(s)iQ_1 + RE {α(s)Φ + β(s)σ_3Φ} + η(s) a^△(t) = ∫_t ∞ (Q_1, R_1)^{−1}(Q_1, Re F (h(s))) ds

b^△(t) = ∫_t ∞ −a(s) + (Q_1, R_1)^{−1}(R_1, Im F (h(s))) ds

α^△(t) = ∫_t ∞ e^{ω∗(t−s)}P_αF (h(s)) ds β^△(t) = e^{−ω∗t}β_0 + ∫_t 0 e^{−ω∗(t−s)}P_βF (h(s)) ds η^△(t) = ∫_t ∞ e^{L1(t−s)} P_c^{L1} F (h(s)) ds. Since t − s < 0 in the integrand of α, the integral converges. Similarly the β-integration converges. Observe that we have the freedom of choosing β_0 and ξ_∞. Since e^{−ω∗t}β_0 decays exponentially, the main term of β(t) when t large is given by F (e^{L1t}ξ_∞), not e^{−ω∗t}β_0. We obtain α(0), a(0) and b(0) as functions of ξ_∞ and β_0.

It is easy to check that the map Ω is a contraction mapping if ε is sufficiently small. Thus we have a fixed point in A, which gives a solution to the system (3.5), (3.6) and (3.9). Since it lies in A, we also have the desired estimates. Direct estimates show that α(t) and β(t) are of order t^{−3}; a(t), b(t) and η(t) are of order t^{−2} in H^2(R^3 ). We have proved Theorem 1.1 under assumption (R).

4 Appendix: Vanishing solutions

In this appendix we prove Proposition 1.2. Recall H_0 = −Δ + V . The propagator e^{−iH0t} is bounded in H^s, s ≥ 0, and satisfies the decay estimate of the form (2.38): ‖ ‖e^{−itH}0 P_cϕ ‖ ‖_{L∞} ≤ C|t|^{−3/2} ‖ϕ‖_{L1} (4.1) under our assumption A1. See [7, 8, 24].

For any ξ_∞ ∈ H_c(H_0) with small H^2 ∩ W^{2,1} norm, we want to construct a solution ψ(t) of (1.1) with the form

ψ(t) = e^{−iH0t}ξ_∞ + g(t), g(t) = error. (4.2)

Let ξ(t) = e^{−iH0t}ξ_∞. Suppose ‖ξ_∞‖_H2_{∩W} 2,1 = ε, 0 < ε ≤ ε_0, we have ‖ξ(t)‖_W 2,∞ ≤ C_1ε|t|^{−3/2} , ‖ ‖|ξ|^2ξ(t) ‖ ‖_{H2} ≤ C_1ε^3(1 + t)^{−3}

for some constant C_1. This uses the decay estimate (4.1) for e^{−itH0} P_c^{H0} .

The error term g(t) satisfies ∂_tg = −iH_0g + F with g(t) → 0 as t → ∞ in certain sense, and F (t) = −iλ|ψ|^2ψ = −i |ξ(t) + g(t)|^2 (ξ(t) + g(t)) , ξ(t) = e^{−iH0t}ξ_∞. (4.3) We define a solution by (4.3) and g(t) = ∫_t ∞ e^{−iH0(t−s)}F (s) ds . (4.4) Note that our g(t) belongs to L^2 and is not restricted to the continuous spectrum component of H_0. Also note that the main term in F is |ξ|^2ξ(t), which is of order t^{−3} in H^2. Hence g(t) ∼ t^{−2}.

We define a contraction mapping in the following class A = { g(t) : [0, ∞) → H^2(R^3 ), ‖h(t)‖_H2 ≤ C_1ε^3(1 + t)^{−2} } . This class is not empty since it contains the zero function. We also define the norm

‖g‖_A := sup_{t>0} (1 + t)^2 ‖g(t)‖_H2 .

For g(t) ∈ A we define Ω : g(t) → g^△(t) = −iλ ∫_t ∞ e^{−iH0(t−s)} ( |ξ + g|^2(ξ + g) ) (s) ds . It is easy to check that ‖ ‖g^△(t) ‖ ‖_{H2} ≤ ∫_∞ t ‖F (t)‖_H2 ds ≤ ∫_∞ t C_1ε^3 ⟨s⟩^{−3} + Cε^5⟨s⟩^{−7/2} ds ≤ C_1ε^3 ⟨t⟩^{−2} ,

if ε_0 is sufficiently small. This shows that the map Ω maps A into itself. Similarly one can show ‖Ωg_1 − Ωg_2‖_A ≤ ‖g_1 − g_2‖_A, if g_1, g_2 ∈ A. Therefore our map Ω is a contraction mapping and we have a fixed point. Hence we have a solution ψ(t) of the form (4.2) with e^{−itH0} ξ_∞ as the main profile.

Remark. The above existence result holds no matter how many bound states H_0 has. The situation is different if we linearize around a nonlinear excited state. In that case, the propagator e^{tL1} , (L_1 is the linearized operator), may not be bounded in whole L^2.

Acknowledgments

The authors would like to thank L. Erdös for his very helpful comments and discussions. Part of this work was done when both authors visited the Academia Sinica and the Center for Theoretical Sciences in Taiwan. The hospitalities of these institutions are gratefully acknowledged. Tsai was partially supported by NSF grant DMS-9729992. Yau was partially supported by NSF grant DMS-0072098.

References

[1] S. Agmon, Spectral properties of Schrödinger operators and scattering theory, Ann. Scuola Norm. Sup. Pisa. Ser. IV 2 (1975), 151-218.

[2] V.S. Buslaev and G.S. Perel’man, Scattering for the nonlinear Schrödinger equations: states close to a soliton, St. Petersburg Math J. 4 (1993) 1111–1142.

[3] V.S. Buslaev and G.S. Perel’man, On the stability of solitary waves for nonlinear Schrödinger equations. Nonlinear evolution equations, 75–98,

Amer. Math. Soc. Transl. Ser. 2, 164, Amer. Math. Soc., Providence, RI, 1995.

[4] S. Cuccagna, Stabilization of solutions to nonlinear Schrödinger equations. Comm. Pure Appl. Math. 54 (2001), no. 9, 1110–1145.

[5] M. Grillakis: Linearized instability for nonlinear Schrödinger and Klein-Gordon equations. Comm. Pure Appl. Math. 41 (1988), no. 6, 747–774.

[6] M. Grillakis: Analysis of the linearization around a critical point of an infinite dimensional Hamiltonian system, Comm. Pure Appl. Math. 43 (1990), 299–333.

[7] A. Jensen and T. Kato, Spectral properties of Schrödinger operators and time-decay of the wave functions, Duke Math. J. 46 no. 3, (1979), 583–611.

[8] J.-L. Journe, A. Soffer and C.D. Sogge, Decay estimates for Schrödinger operators. Comm. Pure Appl. Math. 44 (1991), no. 5, 573–604.

[9] T. Kato, Wave operators and similarity for some non-selfadjoint operators, Math. Annalen 162 (1966), 258–269.

[10] C. A. Pillet and C. E. Wayne: Invariant manifolds for a class of dispersive, Hamiltonian, partial differential equations. J. Differential Equations 141, no. 2, (1997), 310–326.

[11] M. Reed and B. Simon, Methods of modern mathematical physics II, Academic Press, New York, San Francisco, London, 1975.

[12] M. Reed and B. Simon, Methods of modern mathematical physics IV, Academic Press, New York, San Francisco, London, 1975.

[13] H.A. Rose and M.I. Weinstein, On the bound states of the nonlinear Schrödinger equation with a linear potential, Physica D 30 (1988), 207–218.

[14] J. Shatah and W. Strauss: Instability of nonlinear bound states.

Comm. Math. Phys. 100 (1985), no. 2, 173–190.

[15] J. Shatah: Unstable ground state of nonlinear Klein-Gordon equations.

Trans. Amer. Math. Soc. 290 (1985), no. 2, 701–710.

[16] J. Shatah and W. Strauss: Spectral condition for instability. Nonlinear PDE’s, dynamics and continuum physics (South Hadley, MA, 1998), 189–198, Contemp. Math., 255, Amer. Math. Soc., Providence, RI, 2000.

[17] A. Soffer and M.I. Weinstein, Multichannel nonlinear scattering theory for nonintegrable equations I, II, Comm. Math. Phys. 133 (1990), 119– 146; J. Diff. Eqns. 98, (1992), 376–390.

[18] A. Soffer and M.I. Weinstein, Resonances, radiation damping and instability in Hamiltonian nonlinear wave equations, Invent. math. 136, (1999), 9–74.

[19] A. Soffer and M.I. Weinstein, Time dependent resonance theory. Geom.

Funct. Anal. 8 (1998), no. 6, 1086–1128.

[20] T.-P. Tsai and H.-T. Yau: Asymptotic dynamics of nonlinear Schrödinger equations: resonance dominated and dispersion dominated solutions, Comm. Pure Appl. Math., to appear.

[21] T.-P. Tsai and H.-T. Yau: Relaxation of excited states in nonlinear Schrödinger equations, submitted.

[22] M.I. Weinstein, Modulational stability of ground states of nonlinear Schrödinger equations, SIAM J. Math. Anal. 16 (1985), no. 3, 472– 491.

[23] M.I. Weinstein, Lyapunov stability of ground states of nonlinear dispersive evolution equations, Comm. Pure Appl. Math. 39, (1986), 51–68.

[24] K. Yajima, The W^{k,p} continuity of wave operators for Schrödinger operators, J. Math. Soc. Japan 47, no. 3, (1995), 551–581.

[25] K. Yajima, The W^{k,p} continuity of wave operators for Schrödinger operators III, even dimensional case m ≥ 4, J. Math. Sci. Univ. Tokyo 2 (1995), 311-346.

Tai-Peng Tsai, ttsai@ias.edu Institute for Advanced Study, Princeton, NJ 08540

Horng-Tzer Yau, yau@cims.nyu.edu Courant Institute, New York University, New York, NY 10012