On the existence of the absolutely continuous component for the measure associated with some orthogonal systems.

Sergey A. Denisov

Moscow State University, Faculty of Computational Mathematics and Cybernetics, Vorob’evy Gory, Moscow, Russia, 119899. e-mail address: saden@cs.msu.su

Abstract

In this article, we consider two orthogonal systems: Sturm-Liouville operators and Krein systems. For Krein systems, we study the behavior of generalized polynomials at the infinity for spectral parameters in the upper half-plain. That makes it possible to establish the presence of absolutely continuous component of the associated measure. For Sturm-Liouville operator on the half-line with bounded potential q, we prove that essential support of absolutely continuous component of the spectral measure is [m, ∞) if lim sup_{x→∞} q(x) = m and q^′ ∈ L^2(R^+). That holds for all boundary conditions at zero. This result partially solves one open problem stated recently by S.Molchanov, M.Novitskii, and B.Vainberg.

§0. Introduction.

The contents of the paper is as follows. In the first paragraph, we prove the asymptotics of generalized polynomials for Krein systems with coefficients of a special kind. We also establish the presence of absolutely continuous component of the associated measure. In the second paragraph, results obtained for Krein system are applied to Sturm-Liouville operators.

In this introductory paragraph, we will remind some results for the Krein systems. The Krein systems are defined by the equations {_{dP (x,λ)} dx = iλP (x, λ) − A(x)P_∗(x, λ), P (0, λ) = 1, dP_∗(x,λ) dx = −A(x)P (x, λ), P_∗(0, λ) = 1, (1) where A(x) is locally summable function on R^+.

In his famous work [6], M.G.Krein showed that P (x, λ) have many properties of polynomials orthogonal on the unit circle^1. For example, there exists a non-decreasing function σ(λ) (spectral measure ) defined on the whole line such that mapping U_P (f) =^∞ ∫ 0 f(x)P (x, λ)dx is isometry from

L^2(R^+) to L^2(σ, R). We will call P (x, λ) the generalized polynomials. The following Theorem was stated in [6]. It was proved later in [11].

1The spectral theory of Krein systems was developed further in [1, 3, 10, 11, 12, 13].

Theorem [6, 11]. The following statements are equivalent (1) The integral^∞ ∫ −∞ ln σ^′ (λ) 1+λ^2 dλ is finite.

(2) At least at some λ, ℑλ > 0, the integral ∞∫ 0 |P (x, λ)|^2 dx (2) converges.

(3) At least at some λ, ℑλ > 0, the function P_∗(x, λ) is bounded.

(4) On any compact set in the open upper half-plane, integral (2) converges uniformly. That is equivalent to the existence of uniform limit Π(λ) = lim_{x→∞} P_∗(x, λ).

Consider some measure μ on R. Let I be the finite union of intervals on R. Let us assume that for any measurable set Ω ∈ I with positive Lebesgue measure (|Ω| > 0 ), we have μ(Ω) > 0. That already means that μ has nontrivial absolutely continuous component. Though not any measure with nontrivial absolutely continuous component has this property. If this condition holds, we say that the essential support of absolutely continuous component of measure μ is I (essupp{μ_{ac}} = I).

Thus, if one of the conditions (2)-(4) holds, then the essential support of σ_{ac}(λ) is R. It is easy to show [6] that A(x) ∈ L^2(R) or A(x) ∈ L^1(R) yields (3). In [3], we proved the criterion for (3) to hold in terms of coefficients A(x) from the so-called Stummel class. In the next paragraph, we will study another class of perturbations that does not shrink the essential support for absolutely continuous component of the measure. The similar problems for Sturm-Liouville operators were studied in numerous publications (see, for example, [7] and bibliography there ). But first, let us outline some relations between Krein systems and some other orthogonal systems. Consider the Dirac system { ϕ^′ = −λψ − a_1ϕ + a_2ψ, ϕ(0) = 1, ψ^′ = λϕ + a_2ϕ + a_1ψ, ψ(0) = 0, (3)

where a_1 = 2ℜA(2x), a_2 = 2ℑA(2x). It turns out that e^{−iλx}P (2x, λ) = ϕ(x, λ) + iψ(x, λ). That allows us to say [6] that ρ_{Dir}(λ) = 2σ(λ), where ρ_{Dir}(λ)– spectral measure of Dirac systems (3).

In case a_2 = 0 and a_1– absolutely continuous, we have

ψ^{′′} − qψ + λ^2ψ = 0, ψ(0) = 0, ψ^′(0) = λ, ϕ^{′′} − q_1ϕ + λ^2ϕ = 0, ϕ(0) = 1, ϕ^′(0) + a_1(0)ϕ(0) = 0, (4)

where q = a^2_1 + a^′_1, q_1 = a^2_1 − a^′_1.

Therefore, the spectral measure ρ_d(λ) of Sturm-Liouville operator l(u) = −u^{′′} +qu with Dirichlet boundary condition u(0) = 0 is related to σ(λ) by

ρ_d(λ) = 4 √ λ∫ 0 ξ^2dσ(ξ), λ > 0. (5)

§1. Krein systems with bounded coefficient which derivative is square summable.

In this paragraph, we will prove the following Theorem.

Theorem 1. If bounded coefficient A(x) of Krein system is real valued, 0 < l_1 = lim inf_{x→∞} A(x) ≤ lim sup_{x→∞} A(x) = l_2, and A^′ ∈ L^2(R^+), then (−∞, −2l_2] ∪ [2l_2, ∞) ⊂ essupp{σ_{ac}}.

But first we will prove one auxiliary Lemma. Consider the Krein system { P^′ = iλP − AP_∗, P (0) = 1, P^′_∗ = −AP, P_∗(0) = 1, (6)

where real valued A is bounded, 0 < l_1 = lim inf_{x→∞} A ≤ lim sup_{x→∞} A = l_2, and A^′ ∈ L^2(R^+).

Matrix ℵ = [ iλ −A −A 0 ] has eigenvalues μ_1 = iλ − √ 4A^2 − λ^2 2 , μ_2 = iλ + √ 4A^2 − λ^2 2 . Consi-

der λ = τ + ik, τ > 2l_2 is fixed, k > 0. Assume for simplicity A is such that l_1 < 2A < τ/2 + l_2 for all x ∈ R^+. We will explain later why this assumption can always be made without loss of generality. Symbol C is reserved for positive constants which value might change from one formula to another. It is easy to verify that ℜμ_1 > 0 for all x > 0, k > 0.

The following Lemma is true.

Lemma. The asymptotics holds at the infinity

P_∗(x, k) = exp x∫ 0 μ_1(s, k)ds O(x, k), (7) where |O(x, k)| < exp(C/k) for all x > 0, k > 0.

Proof. Many estimates in this proof are very crude, but they will be good enough for our purposes. Let J be 2 × 2 matrix that satisfies equation J^′ = ℵJ. We will find J in the form

J = LQ, where L = [ −μ_1/A −μ_2/A 1 1 ] consists of eigenvectors of ℵ. We have the following

equation for Q: Q^′ = L^{−1}ℵLQ − L^{−1}L^′Q. Multiplying matrixes, we have

Q^′ = [ μ_1 0 0 μ_2 ] Q + V Q, (8) where V = [ v_{11} v_{12} v_{21} v_{22} ] = 1 √ 4A^2 − λ^2 [ −^{A′}_A μ_1 + μ^′_1 −^{A′}_A μ_2 + μ^′_2 A^′ A μ_1 − μ^′_1^{A′}_A μ_2 − μ^′_2 ] . (9)

Let us notice that the following inequality ∞∫ 0 ‖V ‖^2dx < C (10) holds uniformly in k. Introduce matrix

Q_∘ = exp [ x∫ 0 (μ_1(s, k) + v_{11}(s, k))ds ] 0 0 exp [ x∫ 0 (μ_2(s, k) + v_{22}(s, k))ds ] . (11)

If Q = Q_∘S, then for S = [ s_{11} s_{12} s_{21} s_{22} ] , S(0) = I, we have

S^′ =

0 v_{12} exp [ x∫ 0 ν(s, k)ds ] v_{21} exp [ −^x ∫ 0 ν(s, k)ds ] 0 S, (12)

where ν = √ 4A^2 − λ^2 + iλA^′ A √ 4A^2 − λ^2 . For s_{11} and s_{21}, we have

s^′_{11} = v_{12} exp [ x∫ 0 ν(s, k)ds ] s_{21}, s_{11}(0) = 1,

s^′_{21} = v_{21} exp [ −^x ∫ 0 ν(s, k)ds ] s_{11}, s_{11}(0) = 0.

(13)

Therefore, for s_{11}, we have integral inequality

|s_{11}| ≤ 1 + x∫ 0 |s_{11}(t)||v_{21}(t)| ∞∫ t |v_{12}(s)|| exp [^s∫ t ν(ξ)dξ ] |dsdt. (14)

Notice that | | s∫ t iλA^′ A √ 4A^2 − λ^2 dξ | | < C uniformly in k, t, s.

Because ℜμ_1 > 0, we have the estimate ℜ √ 4A^2 − λ^2 < −k. (15) Consequently, Gronwall Lemma, being applied to (14), yields

|s_{11}| ≤ exp C x∫ 0 |v_{21}(t)| ∞∫ t |v_{12}(s)| exp ( −k[s − t] ) dsdt ≤ exp(C/k). (16) At the final step, we used (10) and the Young inequality for convolutions.

Therefore, for s_{21}, we have the estimate |s_{21}| ≤ exp(C/k) x∫ 0 |v_{21}(s)|| exp [ − s∫ 0 ν(ξ, k)dξ ] |ds which follows from the second equation of system (13) and estimate on s_{11}. In the same way, the estimates for s_{12}, s_{22} can be obtained. They are as follows |s_{12}| ≤ C √ k exp ( C k ) , (17)

|s_{22}| ≤ C √ k exp ( C k )^x∫ 0 |v_{21}(s)|| exp [ − s∫ 0 ν(ξ, k)dξ ] |ds. (18) If J is such that J(0) = I, then J = LQ_∘SL^{−1}(0). Therefore, for P_∗, we will have

P_∗ = exp [^x∫ 0 (μ_1(t) + v_{11}(t))dt ]{ αs_{11} + βs_{12}+ (19)

exp x∫ 0 (μ_2(s) − μ_1(s) + v_{22}(s) − v_{11}(s))ds

(s_{21}α + s_{22}β) } . (20)

Constants α and β are chosen in such a way that the initial condition P_∗(0, k) = 1 is satisfied.

We have [ α β ] = 1 √ 4A^2(0) − λ^2 ( A(0) μ_2(0)

−A(0) −μ_1(0) ) × [ 1 1 ] , (21)

therefore, α and β are bounded uniformly in k. Denote by O(x, k)

O = exp [^x∫ 0 v_{11}(t)dt ]{ αs_{11} + βs_{12}+ (22)

exp x∫ 0 (μ_2(s) − μ_1(s) + v_{22}(s) − v_{11}(s))ds

(s_{21}α + s_{22}β) } . (23)

Notice that x∫ 0 v_{11}(t)dt and x∫ 0 v_{22}(t)dt are bounded uniformly in x and k. Due to the estimates

on s_{21} and s_{22}, we have | |exp x∫ 0 (μ_2(s) − μ_1(s) + v_{22}(s) − v_{11}(s))ds

(s_{21}α + s_{22}β) | | ≤ (24)

exp(C/k) | | | | | exp [^x∫ 0 ν(η, k)dη ] | | | | | × (25) x∫ 0 |v_{21}(s)| | | | | | exp [ − s∫ 0 ν(ξ, k)dξ ] | | | | | ds ≤ (26)

exp(C/k) x∫ 0 |v_{21}(s)| | | | | |exp [^x∫ s ν(ξ, k)dξ ] | | | | | ds ≤ exp(C/k)/ √ k. (27)

To get the last estimate, we used Cauchy inequality. Finally, bounds on s_{11}, s_{12} lead to

|O(x, k)| < exp(C/k). That finishes the proof of the Lemma. □

Remark. More accurate estimates on α, β, s_{11} allow us to write inequality |O(x, z) − 1| < 1/2, (28) where x ∈ R^+, τ ≤ ℜz ≤ τ + 1, ℑz > k_0, k_0– some positive constant.

Indeed, it is easy to verify that α → 1 and |β| < C ℑz if ℑz → +∞, τ ≤ ℜz ≤ τ + 1. From (13), by Cauchy inequality we have

|s_{11} − 1| ≤ exp(C/k)/k (29)

uniformly in x ∈ R^+, τ ≤ ℜz ≤ τ + 1, where k = ℑz > k_0.

One can verify that x∫ 0 v_{11}(t)dt → 0 uniformly in x if ℑz → ∞.

Therefore, from (22) and (24)-(27), we infer (28). Let us prove Theorem 1 now.

Proof of Theorem 1. Fix any τ > 2l_2. We will show that [τ, ∞) ⊂ essupp{σ_{ac}}. Because τ is chosen arbitrary larger than 2l_2 and σ is odd (since A is real ), this inclusion is sufficient for Theorem 1 to be true. Once τ is fixed, we can assume that l_1 < 2A < τ/2 + l_2 for all x ∈ R^+. Due to the standard trace-class perturbation argument applied to Dirac system (3) [8], we can always make this assumption. Indeed, since l_1 = lim inf_{x→∞} A ≤ lim sup_{x→∞} A = l_2 as x → ∞, it suffices to multiply A by some smooth function which is equal to 0 on [0, M_A] and 1 on [M_A + 1, ∞). The absolutely continuous part of ρ_{Dir} will not change because of trace-class argument. On the other hand, if M_A is sufficiently large, we will satisfy the imposed condition.

Consider Krein system with coefficients A_{(n)}(x) = { A(x), x < n, 0, x > 0. Denote the corresponding measure by σ_n. We have the formula ((3.14) from [4] ): √ 2πP_∗(∞, z) = √ 2πP_∗(n, z) = e^{iαn} exp ∞∫ −∞ 1 2πi (1 + tz) ln σ^′_n(t) (z − t)(1 + t^2) dt , ℑz > 0, (30) where α_n are some real constants. Because A(x) is real, functions σ_n are odd. Therefore, if we take z = i, the left-hand side of (30), together with exponent from the right-hand side, are real valued. Thus, α_n can be chosen equal to zero.

The asymptotics of P_∗(n, z) as |z| → ∞ is P_∗(n, ∞) = 1 [10]. Therefore, we can rewrite this formula as follows −2πi ln P_∗(n, z) = ∞∫ −∞ (1 + tz) ln(2πσ^′_n(t)) (t − z)(1 + t^2) dt (31)

if ℑz > 0. Here we used the identity √ 2π = exp ∞∫ −∞ − 1 2πi (1 + tz) ln(2π) (z − t)(1 + t^2) dt , ℑz > 0.

Also we used the fact that 2πσ^′_n(t) → 1 if |t| → ∞ [10].

The right-hand side RHS(z) of (31) satisfies the condition RHS(z) = RHS(z̄). Let us define the left-hand side for ℑz < 0 according to this rule. So we have some analytic function LHS(z) defined in the region: ℑz ≠ 0. Recall the asymptotic formula for P_∗(x, z), (ℑz > 0, ℜz = τ > 2l_2):

P_∗(x, z) = exp x∫ 0 μ_1(s, z)ds O(x, z). (32) Then, LHS(z) = −2πi n∫ 0 μ_1(s, z)ds − 2πi ln O(n, z) for ℑz > 0.

It is easy to see that the continuation according to the chosen rule for function −2πi^n ∫ 0 μ_1(s, z)ds is exactly the Schwarz analytic continuation. It follows from the fact that the value of this function on the half-line ℑz = 0, ℜz ≥ τ is real.

Consider z = τ + ik. Let ln O(n, z) = r_1(n, k) + ir_2(n, k). From the definition of LHS(z) in ℑz < 0, we have i(r_1(n, k) + ir_2(n, k) = −ir_1(n, k) − r_2(n, k) = ir_1(n, −k) − r_2(n, −k). Thus, r_1(n, k) is odd and r_2(n, k) is even. For fixed n, they are well defined functions for all k ≠ 0 with finite right and left limits at k = 0. Notice also that for k > 0, r_1(n, k) = ln |O(n, τ + ik)| and r_2(n, k) = ArgO(n, τ + ik). For r_1, r_2, we have r_1(n, ∞) = 0, r_2(n, ∞) = 0 because P_∗(n, ∞) = 1 and μ_1(s, ∞) = 0.

Then, integrate the both sides of (31), together with some auxiliary function

(z − τ)^3 ((z − τ)^2 + m^2)^4 , along the contour Con. We choose Con as the contour that consists of the complex numbers τ + ik (|k| ≤ m − 1, |k| ≥ m + 1 ) and two right semicircles with radii 1 centered at τ ∓ im. The direction of integration is upward.

For the right-hand side, we have ∫ Con (z − τ)^3 ((z − τ)^2 + m^2)^4 ∞∫ −∞ (1 + tz) ln(2πσ^′_n(t)) (1 + t^2)(t − z) dtdz =

∞∫ −∞ ln(2πσ^′_n(t))

1 + t^2 ∫ Con (1 + tz)(z − τ)^3 ((z − τ)^2 + m^2)^4(t − z) dzdt = 2πi ∞∫ τ (t − τ)^3 ((t − τ)^2 + m^2)^4 ln(2πσ^′_n(t))dt. Here we changed the order of integration by Fubini Theorem and then used the Cauchy formula. Integrating the LHS(z) with the same function, we have −2πi ∫ Con n∫ 0 μ_1(s, z)ds (z − τ)^3 ((z − τ)^2 + m^2)^4 dz − 2πi ∫ Con (z − τ)^3 ((z − τ)^2 + m^2)^4 ln O(n, z)dz =

0 − 2πi ∫ Con (z − τ)^3 ((z − τ)^2 + m^2)^4 ln O(n, z)dz

because^n ∫ 0 μ_1(s, z)ds is analytic and bounded in ℜz ≥ τ.

Thus, we have the equality

− ∫ Con (z − τ)^3 ((z − τ)^2 + m^2)^4 ln O(n, z)dz = ∞∫ τ (t − τ)^3 ((t − τ)^2 + m^2)^4 ln(2πσ^′_n(t))dt. (33)

We have the following inequality [11] ∞∫ −∞ dσ_n(t) 1 + t^2

< C (34)

uniformly in n. Define ln^+ h = ln h for h > 1 and zero otherwise, ln^− h = − ln h if 0 < h < 1 and zero otherwise. The trivial inequality ln^+ h < h, together with (34), guarantee that the right-hand side of (33) is bounded above uniformly in n.

Our goal is to show that it is bounded from below as well. Thus, we want to show that ∫ Con (z − τ)^3 ((z − τ)^2 + m^2)^4 ln O(n, z)dz < C uniformly in n.

The left hand side is equal to I_1 +I_2. Where

I_1 = ∫ |k|<m−1,|k|>m+1 i (ik)^3 (m^2 − k^2)^4

(r_1(n, k) + ir_2(n, k))dk =

2 ∫ 0<k<m−1,k>m+1 k^3 (m^2 − k^2)^4 r_1(n, k)dk ≤ C uniformly in n due to the estimates on ln |O(n, k)|. We also used the fact that r_2(n, k) is even.

It is crucial since we do not have control over the argument of O(n, k). We only know the upper bound on ln |O(n, k)|. Term I_2 corresponds to the integration along the semicircles. Choose m sufficiently large. Then, for I_2, we have the estimate |I_2| ≤ C uniformly in n because of the estimate (28).

To finish the proof, we will use one argument from [2]. Consider any compact set Co ∈ (τ, ∞) of positive Lebesgue measure. Then, as it follows from (34) and boundedness of right-hand side in (33), ∫ Co ln^− σ^′_n(t)dt is bounded uniformly in n. Jensen’s inequality yields

ln^− 1 |Co| ∫ Co σ^′_n(t)dt ≤ 1 |Co| ∫ Co ln^− σ^′_n(t)dt. Therefore, σ_n(Co) is greater than some positive constant d(Co) for all n. The Weyl-Titchmarsh function of system with coefficients A_{(n)} converges to Weyl-Titchmarsh function of system with coefficient A [11]. This convergence is uniform on any compact set of upper half-plain. By Stone- Weierstrass Theorem, we have weak convergence of σ_n to σ. Consequently, σ(Co) ≥ lim sup_{n→∞} σ_n(Co) > 0 for each compact Co with |Co| > 0. □

§2. Sturm-Liouville operators.

The main goal of this paragraph is to prove the following Theorem. The idea of the proof will follow [4] more or less. But it will require more technical details.

Theorem 2. Consider Sturm-Liouville operator on the half-line given by differential expression l(u) = −u^{′′} + qu, (35) where q is bounded, lim sup_{x→∞} q = m, q(x) is absolutely continuous, and q^′ ∈ L^2(R^+). Then, for any boundary condition at zero, the essential support of absolutely continuous component of the corresponding spectral measure is [m, ∞).

The problems of this kind for Sturm-Liouville operators were treated in many publications. We mention some of the results obtained. P.Deift and R.Killip proved

Theorem [2]. If in (35), q(x) ∈ L^2(R^+), then the essential support of absolutely continuous component of spectral measure is R^+ for all boundary conditions.

In the paper of S.Molchanov, M.Novitskii, and B.Vainberg [7], some other results were obtained. For example, it was proved that q ∈ L^3(R^+) and q^′ ∈ L^2(R^+) lead to the same property of the spectral measure. Consider the particular case of Theorem 2, where q → 0 as x → ∞, q^′ ∈ L^2(R^+). We see that condition q ∈ L^3(R^+) used in [7] can be relaxed to q → 0 as x → ∞. In [7], authors also pose the following open problem. Is it true that for all boundary conditions at zero, essupp{ρ_{ac}} = [m, ∞) provided that q is bounded, lim sup_{x→∞} q = m, and for some integer p, q^{(p)} ∈ L^2(R^+). Here q^{(p)} means the derivative of order p.

Theorem 2 solves this problem for p = 1. Because any bounded function admits supremum, we actually characterize the absolutely continuous component of the spectrum for bounded potentials with square summable first derivative. We think that method developed here can be used to deal with any p. No doubts, it will require more calculations to establish the asymptotics.

Let us prove the following Lemma first.

Lemma. If bounded q is such that lim sup_{x→∞} q = m and q^′ ∈ L^2(R^+), then for some large γ > 0, there exists bounded v(x) so that lim sup_{x→∞} v = √ γ^2 + m − γ, v^′ ∈ L^2(R^+), and q = v^2 + 2γv + v^′.

Proof . Consider the corresponding integral equation v(x) = e^{−2γx} x∫ 0 e^{2γs}(q(s) − v^2(s))ds. (36)

If v(x) is solution of this integral equation, then it satisfies differential equation as well. Write (36) as follows v = OP_γv, where OP_γ is corresponding formal nonlinear operator. Consider the complete metric space M = {f ∈ C(R^+), ‖f‖_∞ ≤ 1} with ‖.‖_∞ metric. By C(R^+) we denote continuous functions on R^+. If γ is large enough, operator OP_γ acts from M to M. Naturally, the choice of γ depends on ‖q‖_∞. For large γ, OP_γ has contracting property. Indeed, |OP_γg_1 − OP_γ g_2| ≤ e^{−2γx} x∫ 0 e^{2γs}|g_1 − g_2||g_1 + g_2|ds ≤ 1 2 ‖g_1 − g_2‖_∞, for γ large enough. Therefore, there is the unique fixed point from M. Let us call this function v. Differentiate (36). After integration by parts, we will have

v^′ = e^{−2γx}(q(0) − v^2(0)) + e^{−2γx} x∫ 0 e^{2γs}q^′(s)ds − 2e^{−2γx} x∫ 0 e^{2γs}v(s)v^′(s)ds. Consider integral equation

b = e^{−2γx}(q(0) − v^2(0)) + e^{−2γx} x∫ 0 e^{2γs}q^′(s)ds − 2e^{−2γx} x∫ 0 e^{2γs}v(s)b(s)ds. (37) It has the unique solution from C(R^+). Therefore, its solution is v^′. The uniqueness follows from the convergence of the corresponding iterated series. Write (37) as b = OP 1_γb. e^{−2γx} x∫ 0 e^{2γs}q^′(s)ds = ∫_∞ 0 r_γ (x − s)q^′(s)ds, where r_γ (s) = e^{−2γs} for positive s, and zero otherwise. Because q^′ ∈ L^2(R^+), the Young inequality for convolutions yields that OP 1_γ acts from ball ‖.‖_2 ≤ 1 into itself, provided that γ is large enough. For large γ, it has contracting property. Therefore, there is the unique fixed point b in ball ‖.‖_2 ≤ 1 which is equal to v^′. We also used the fact that ‖v‖_∞ ≤ 1. It is clear that v^′(x) → 0 as x → ∞. Therefore, solving equation v^2 + 2γv + v^′ − q = 0 gives formula v = −γ ± √ γ^2 − v^′ + q. (38)

We know that q is bounded and ‖v‖_∞ ≤ 1 for large γ > 0. Consequently, to obtain asymptotics of v at the infinity, one should take sign + in (38). Therefore, we have lim sup_{x→∞} v(x) = −γ + √ γ^2 + m. □ Now the proof of Theorem 2 is straightforward.

Proof of the Theorem 2. Notice that the essential support of the absolutely continuous component does not depend on the boundary condition at zero. It follows, for example, from the subordinacy theory [5, 14]. Consider (35) with Dirichlet boundary condition at zero. Add to the potential q some constant γ^2. Denote the corresponding self-adjoint operator by H_γ . Obviously, the spectral measure of H_γ is the shift of the spectral measure of the initial operator H_0. On the other hand, for large γ, we can solve equation q + γ^2 = (v + γ)^2 + (v + γ)^′. That is due to Lemma of this paragraph. Now we can apply results of the first paragraph for Krein systems with coefficient A(x) = γ/2 + v(x/2)/2. We can use Theorem 1 because for large γ,

0 < lim inf_{x→∞} A(x) ≤ lim sup_{x→∞} A(x) = √ γ^2 + m 2 . Let us use formula (5) from the Introduction. Thus,

we see that [γ^2 + m, ∞) ⊂ essupp{ρ_{ac}(H_γ )} which is equivalent to [m, ∞) ⊂ essupp{ρ_{ac}(H_0)}.

To prove that it is actually an equality, one should use some result from [16] which goes back to [15]. Before formulating this result, let us introduce some notations used in [16]. Consider V – real valued and locally integrable on (0, ∞). Assume that −^{d2}_{dx2} + V is limit point at +∞ and ε∫ 0 |V (s)|ds < ∞. Let T = −^{d2}_{dx2} + V in L^2(R^+) with any fixed boundary condition at zero. Consider also V_∘ – integrable and bounded from below function. Denote by T_∘ operator generated by −^{d2}_{dx2} +V_∘ in L^2(R). Then, the following theorem holds.

Theorem ([16], Theorem 2.1 ). Assume that −∞ ≤ α < β ≤ +∞ and (α, β)∩Spectrum(T_∘) = ∅ and that intervals I_n ⊂ [0, ∞) exist such that |I_n| → ∞ as n → ∞ and sup_{x∈∪nIn} |V (x) − V_∘(x)| ≤ δ. Then, essupp{ρ_{ac}(T )} ∩ (α + δ, β − δ) = ∅. Now, consider V_∘ = m, V = q. Because lim sup_{x→∞} q = m and q^′ ∈ L^2(R^+), one can easily show that for any δ > 0, essupp{ρ_{ac}(H_0)} ∩ (−∞, m − δ) = ∅. Indeed, it suffices to choose x_n → ∞ such that |q(x_n) − m| < δ/2 and I_n as some neighboring intervals. We specify them as follows. Notice that q(x) − q(x_n) =^x ∫ x_n q^′(s)ds. Therefore, |q(x) − q(x_n)| ≤ (_∞ ∫ x_n [q^′(s)]^2 ds )_{1/2} · √ x − x_n = ε_n √ x − x_n, where ε_n → 0 as n → ∞. Choose as I_n intervals [x_n, x_n + ε^{−1}_n ] for n so large that ε_n <^{δ2}_4 .

Evidently, |I_n| → ∞ and for each x ∈ I_n, we have |q(x_n) − m| < δ. Therefore, Stolz Theorem yields essupp{ρ_{ac}(H_0)} = [m, ∞).□ Remark. There are many functions that satisfy conditions of Theorem 2. In particular, these are some slowly oscillating functions. One can think about cos(x^μ) for 0 < μ < 1/2. In that case lim sup_{x→∞} q(x) = 1, q^′ ∈ L^2(R^+). Consequently, essupp{ρ_{ac}} = [1, ∞) for all boundary conditions. In paper [16], author used the theory of subordinate solutions to show that for any 0 < μ < 1, the spectrum is actually purely absolutely continuous on [1, ∞). The interval [−1, 1] is filled by singular spectrum.

Remark. The condition q^′ ∈ L^2(R^+) from Theorem 2 is optimal [7]. That means that the statement can be false if q^′ ∈ L^p(R^+), p > 2. Famous von Neumann-Wigner potential [17, 9] satisfies the conditions of the Theorem 2. That means that under the conditions of Theorem 2, the singular component of spectrum can appear on the interval [m, ∞) which supports the absolutely continuous part.

Remark. It should be noted that class of Sturm-Liouville operators with decaying potentials match very well the class of Krein systems with coefficients that tend to nonzero constant. For example, Sturm-Liouville operators of this kind admit negative eigenvalues with zero as the only possible point of accumulation. For the Krein systems, these eigenvalues of the discrete spectrum might accumulate only near the edges of the corresponding symmetric interval centered at zero. This relation can be explained as follows. Consider potential from L^p(R^+), (1 ≤ p < ∞) space and Dirichlet boundary condition for example. Then, for γ large enough, equation (36) can be solved so that v ∈ L^∞(R^+) ∩ L^p(R^+). Consequently, formula (5) from the Introduction allows us to study Krein system with coefficient A = γ/2 + v(x/2)/2 instead of initial Sturm-Liouville operator.

Methods, developed in this paper, can be applied to some other classes of Sturm-Liouville operators and Krein systems. For example, using the same arguments, one can prove that the result of P.Deift and R.Killip holds for more general class of potentials. Namely, for uniformly square summable functions from H^{−1}(R^+) space, i.e. x+1∫ x q^2(s)ds < C uniformly in x ∈ R^+, and e^{−x} x∫ 0 e^sq(s)ds ∈ L^2(R^+). That allows to treat some oscillations at the infinity. This result solves one open problem stated in [4]. The proof is essentially the same as the proof of Theorem 2. Instead of studying the Sturm-Liouville operator, we consider the corresponding Krein system with coefficient A(x) = γ/2 + v(x/2)/2, where bounded v(x) is from L^2(R^+). The methods from Theorem 1 are applied then.

Acknowledgment. Author thanks professor J.Goodman for useful discussion. Most of this work was done during the stay at Courant Institute of Mathematical Sciences. The work was partially supported by RFBR Grant N00-15-96104.

References

[1] Akhiezer, N.I., Rybalko, A.M.: On the continuous analogues of polinomials orthogonal on the unit circle. Ukranian Math. J. 20, no.1, 3-24 (1968).

[2] Deift, P., Killip, R.: On the absolutely continuous spectrum of one-dimensional Schrödinger operators with square summable potentials. Comm. Math. Phys. 203, 341-347 (1999).

[3] Denisov, S.A.: To the spectral theory of Krein systems (to appear in Integral Equations Operator Theory ).

[4] Denisov, S.A.: On the application of some M.G.Krein’s results to the spectral analysis of Sturm-Liouville operators (to appear in Journal of Math. Analysis and Applications ).

[5] Gilbert, D.J., Pearson, D.B.: On the subordinacy and analysis of the spectrum of onedimensional Schrödinger operators. J. Math. Anal. 128, 30-56 (1987).

[6] Krein, M.G.: Continuous analogues of propositions on polynomials orthogonal on the unit circle. Dokl. Akad. Nauk SSSR 105, 637-640 (1955).

[7] Molchanov, S., Novitskii, M., Vainberg, B.: First KdV integrals and absolutely continuous spectrum for 1-D Schrödinger operator. Comm. Math. Phys. 216, 195-213 (2001).

[8] Reed, M., Simon, B.: Methods of modern mathematical physics. Vol.3, Academic Press, London, 1979.

[9] Reed, M., Simon, B.: Methods of modern mathematical physics. Vol.4, Academic Press, London, 1978.

[10] Rybalko, A.M.: On the theory of continual analogues of orthogonal polynomials. Teor. Funktsii, Funktsional. Anal. i Prilozhen. 3, 42-60 (1966).

[11] Sakhnovich, L.A.: Spectral theory of a class of canonical systems. Funct. Anal. Appl. 34, no.2, 119-129 (2000).

[12] Sakhnovich, L.A.: On a class of canonical systems on half-axis. Integral Equations Operator Theory. 31, 92-112 (1998).

[13] Sakhnovich, L.A.: Spectral theory of canonical differential systems: method of operator identities. Oper. Theory, Adv. and Applications, Vol.107, Birkhauser Verlag, Basel, Boston, 1999.

[14] Simon, B.: Bounded eigenfunctions and absolutely continuous spectra for one-dimensional Schrödinger operators. Proc. Amer. Math. Soc. 124, no.11, 3361-3369 (1996).

[15] Simon, B., Spencer, T.: Trace class perturbations and the absence of absolutely continuous spectra. Comm. Math. Phys. 125, 113-125 (1989).

[16] Stolz, G.: Spectral theory for slowly oscillating potentials II, Schrödinger operators. Math.

Nachr. 183, 275-294 (1997).

[17] von Neumann, J., Wigner E.: Uber merkürdige diskrete Eigenwerte. Z. Phys. 30, 465-467 (1929).