Spectral Analysis of Transport Operator:

Functional Model Approach

Yuri A. Kuperin^∗, Serguei N. Naboko^{†,‡} and Roman V. Romanov^{∗,†}

∗ Laboratory of Complex Systems Theory Institute for Physics Saint Petersburg State University 198904, Saint Petersburg, Russia

†Department of Mathematics, University of Alabama at Birmingham, CH 452, Birmingham, AL 35294-1170 USA e-mail: romanov@math.uab.edu

‡ Department of Mathematical Physics, Faculty of Physics St.Petersburg University, 198904, St.Petersburg, Russia

Abstract

This paper presents the spectral analysis of the dissipative one-speed transport operator for the cases of a finite slab and of a finite body, by means of the Szokefalvi-Nagy - Foias functional model. It is shown that the essential spectrum of the operator is absolutely continuous with one possible spectral singularity at point 0. The absolutely continuous component of the operator is studied in detail in the nontrivial case, when the spectral singularity does occur.

1 Introduction

The spectral theory of nonselfadjoint operators based on the functional model of Szokefalvi-Nagy and Foias [1] made significant progress towards understanding the structure of operators with discrete spectrum (see e.g. [2]). At the same time, the structure of operators with absolutely continuous spectrum is less understood and the theory is still short of applications. So far, these essentially amount to the Schrödinger operator with complex potential [3]. In the present paper we analyze an example of a dissipative operator with absolutely continuous spectrum coming from physics - the one-speed transport operator, and solve a relevant abstract problem in the theory applying then the result to the example.

It is well-known that the nonselfadjoint one-speed transport operator acting in the Hilbert space L^2 of distribution functions has rich essential spectrum [4] for various geometrical situations. As a rule this spectrum fills a set of positive measure in C . The general theory of functional model is not developed far enough to be applied effectively in this case. Another situation arises if we consider the transport operator for a piece of multiplicative medium embedded in a pure absorbent filling the configurational space R^n . Since the paper [5] it is known that in this case the essential spectrum coincides with the real line. The analysis in that paper was based on the direct study of the resolvent by elementary methods. The idea of the present paper to apply the functional model to the spectral analysis of the operator appears to be natural in this situation. This reduces the problems in spectral analysis of the operator to the questions of complex analysis. We fix our attention on two geometrical situations,

1. A slab of multiplicative medium of finite width.

2. A piece of muliplicative medium of finite diameter in the three-dimensional space.

Multiplicative properties of the medium are described by the local mean number of the secondaries per collision c, a nonnegative function on the configurational space Λ, Λ = R in case 1, and Λ = R^3 in case 2. We suppose throughout that c is essentially bounded.

For case 1 it was shown in [5] that the spectrum of the transport operator for finite slab with constant c consists of finitely many eigenvalues lying on the imaginary axis and the essential spectrum which fills the real axis. Analysis of the proof shows that this result holds for arbitrary compactly supported c ∈ L^∞(R) and makes it possible to give an estimate of the Birman-Schwinger type for the dimension of the subspace corresponding to the discrete spectrum [6]. For c small in an appropriate sense, we also give an estimate of the angle between the discrete and essential spectrum subspaces of the operator in terms of c in a closed form.

In case 2, for arbitrary compactly supported c ∈ L^∞(R^3 ), the geometrical picture of the spectrum is shown to remain the same as for the slab geometry, and a Birman - Schwinger type estimate for the dimension of the discrete spectrum subspace is also provided.

All the other results are obtained by the study of the component corresponding to the essential spectrum by using the functional model. For both situations we show that the essential spectrum of the transport operator is purely absolutely continuous. It is proven that the corresponding component of the operator is similar to a selfadjoint operator if the function c /∈ E for a certain singular set E ⊂ L^∞(Λ). Moreover, if we take the operator corresponding to the transport in a perfect absorber for the generator of unperturbed dynamics, then the wave operators exist and are complete.

As is well-known [3, 7], an operator with absolutely continuous spectrum can fail to be similar to a selfadjoint one owing to the presence of so called spectral singularities. Roughly speaking, the spectral singularities are those points of the absolutely continuous spectrum of the operator at which the resolvent has growth of more than the first order. The differential operators with spectral singularities were studied in the papers by Naimark, Ljance and Pavlov (see [3, 8, 9] and references therein). In the situation under consideration for c ∈ E the operator is shown to have a unique point of spectral singularity at 0. We prove that the absolutely continuous component of the operator is similar to the orthogonal sum of a selfadjoint operator and an operator with spectrum of finite multiplicity M, which is calculated in terms of c. For the spectral component of the transport operator corresponding to a neighborhood of the spectral singularity we also give an estimate of the angle between the corresponding invariant subspaces.

The proofs of these results are based on the analysis of the behaviour of the characteristic function of the operator. The characteristic function of a dissipative operator L is a contractive analytic operator function in the upper half plane which can be considered as an operator analog of the perturbation determinant for the pair (L, L^∗). The information about boundary behavior of the characteristic function turns into conclusions about structure of operators by general theorems of functional model theory. One should mention that the questions arising here are more difficult than those of the selfadjoint theory where the singularities of the resolvent correspond to zeroes of R-functions [10]. The study of the characteristic function is reduced, to some extent, to that of a scalar analytic function by the presence of a scalar multiple. The proof of the absolute continuity of the spectrum essentially amounts to the verification of triviality of the singular inner factor for the scalar multiple. The existence and completeness of the wave operators in the situation under consideration are facts of the general theory [11]. The splitting of the absolutely continuous component is based on separation of some invariant subspaces defined in the model representation of the operator through the spectral decomposition of Δ = 1 − S^∗S, S being the characteristic function. These subspaces are defined in such a way that the estimate of the angle between them is reduced to the estimate of the function S^{−1} on the real axis. The suggested construction of the invariant subspaces corresponding to the absolutely continuous spectrum with the estimate of the angle between them is the main abstract result of the paper. It is presented in lemma 2.5 and corollary 2.6.

The proofs are completely parallel for the cases 1 and 2, with some simplification in the second case.

One should emphasize that the functional model is not involved in the statement of results about the transport operator and is only used as a tool for their derivation. It should also be stressed that the appearance of the spectral singularity in our problem is not a kind of pathology. Namely, it will be seen that for any nonzero compactly supported c ∈ L^∞ the function κc belongs to E for an infinite discrete set of values of the constant κ. This distinguishes the transport operator from the other examples of operators with spectral singularities known in mathematical physics, like the Schrödinger operator with complex potential [8, 9] where the spectral singularities appear ad hoc, for specially constructed potentials.

The structure of the paper is the following. In section 2 we give a brief description of the functional model of a dissipative operator. We use the symmetric form of the functional model (see [7, 12]). Then the abstract construction of invariant subspaces is described. Sections 3 and 4 are devoted to the spectral analysis of the transport operator for the slab and for the finite piece respectively. In the slab case for completeness we provide a derivation of the spectrum, further simplified as compared to [5, 6, 13], and of the estimate of the discrete spectrum from our paper [6] (Theorem 1, section 3.2). The spectrum of the transport operator for the finite body is derived in Theorem 3, section 4.2. The estimate of the angle between discrete and essential spectrum subspaces for the slab is given in proposition 3.1, section 3.2. The absolute continuity of the essential spectrum is established in propositions 3.6, 4.4. The remaining parts of sections 3.3 and 4.2 are concerned with the derivation of the results on the structure of the operators in the case c ∈ E which are resumed in Theorems 2, 4.

1.1 Notations and necessary standard facts

We use the same notation for analogous objects in sections 3, 4 wherever confusion is impossible. Throughout the paper | · |_∞ stands for the L^∞-norm of functions and ‖·‖_p for the norm of operators in classes S^p, ^f for the Fourier transform of a function f ∈ L^2(R), χ_M is the indicator of a set M ⊂ R, U_δ(z) = {z^′ ∈ C : |z − z^′| < δ}, ω_δ(z) = U_δ(z) ⋂ C_+ , C_+ being the open upper half plane; Π_ϵ = {z : 0 < ℑz < ϵ}, [z_1, z_2) = {z = tz_1 + (1 − t)z_2, t ∈ (0, 1]} for z_{1,2} ∈ C . The term measurable refers to the Lebesgue measure on R. Parentheses (·, ·) stand for the angle between subspaces of a Hilbert space. For an operator A on a Hilbert space H we write σ_+(A) = σ(A) ⋂ C_+ . We adopt the definition of the essential spectrum of a closed operator used in [14], vol. 4.

In Section 2 below we introduce some spaces L^2 of vector functions with operator weights, defined in the following way. Let E be a Hilbert space and Ξ : R → B(E) be a bounded measurable function such that Ξ ≥ 0. By L^2(R; Ξ), or L^2(Ξ), we denote the Hilbert space obtained by the closure of the linear set of equivalence classes L^2(R, E)/ ker Ξ in the metric given by the weight Ξ. We do not distinguish in our notation an element f ∈ L^2(R, E) and the corresponding equivalence class in L^2(R; Ξ).

Let L be a dissipative operator, L = L_0 + iV , V = ℑL is bounded, R(z) = (L − z)^{−1}, R_0(z) = (L_0 − z)^{−1}. Then the resolvent identity R(z) − R_0(z) = −iR_0(z) V R(z) holds for z ∈ C_+ \ σ_+(L). Simple algebraic manipulations (see e. g. [15]^1) show that

R(z) = R_0(z) − iR_0(z) √ V ( I + i √ V R_0(z) √ V )_{−1} √ V R_0(z), (1.1) ( I + i √ V R_0(z) √ V ) ( I − i √ V R(z) √ V ) = I. It follows that σ_+(L) = {z ∈ C_+ : −1 ∈ σ (Q(z))} where Q(z) = i √ V R_0(z) √ V (1.2)

is an analytic operator function on C_+ . The following is a version of the Weil theorem on relatively compact perturbations convenient for our proposes.

Sublemma. If Q(z) is a compact operator (at least at one point z ∈ C_+ and then at all points) then σ_{ess}(L) = σ_{ess}(L_0).

Proof. First ℜQ(z) = i 2 (√ V (R_0(z) − R_0(z)) √ V ) = −ℑz √ V R_0(z) · R_0(z) √ V (1.3)

is compact along with Q(z). It follows that R_0(z) √ V is also compact for ℑz ≠ 0.

From the resolvent identity one now concludes that R(z) − R_0(z) is compact for z ∈ ρ(L) ∩ ρ(L_0), and the result follows from the Weil theorem [14].

In the following we preserve the notation Q(z) for the restriction of the r.h.s. of (1.2) to Ran V .

1In [15] the perturbation is assumed to be selfadjoint, which is of no importance for the manipulations.

An analytic operator function A(z) in the upper half plane C_+ is called an R -function if ℑA(z) ≥ 0 for all z ∈ C_+ . The following remark results from a general representation theorem for R - functions [10, Theorem 2.2, Remark 1].

Remark 1.1. If A(z) is an R - function in C_+ then sup_{|z|≤1} ℑz ‖A(z)‖ is finite. Although the following simple remark also results immediately from the representation theorem, below we give an elementary derivation of it.

Remark 1.2. If an R - function A(z) is analytic and selfadjoint on the negative real axis, then A(k) is a monotone increasing function for k < 0.

Proof. It is enough to verify the assertion for scalar functions. Since for any k_0 < 0 the numbers A(k_0) and A^′(k_0) are real, it follows that A^′(k_0) = lim_{ε→0+} ε^{−1}ℑA(k_0 + iε) is nonnegative. If A^′(k_0) = 0, then for some j ≥ 2 we would have A(z) = A(k_0) + (z − k_0)^j A_j (1 + O(z − k_0)) with an A_j ≠ 0. Now considering z = k_0 + εe^{iφ}, ε → 0, for an appropriate φ ∈ (0, π), one arrives at a contradiction with the property of being R -function.

Let S : C_+ → B(E), E being a Hilbert space, be a bounded analytic operator - function. A scalar function m(z) ≢ 0 in C_+ is called a scalar multiple for S if there exists a bounded analytic operator - function Ω(z) in C_+ such that m(z)I = S(z)Ω(z) = Ω(z)S(z) for all z ∈ C_+ [12].

The determinant det(I + A) is defined for any A ∈ S^1 [16]. The function A → det(I + A) is continuous in the S^1 - norm. Also

| det(I + A)| ≤ exp (‖A‖_1) . (1.4)

If ker(I + A) ≠ {0} then F = det(I + A)(I + A)^{−1} satisfies

‖F ‖ ≤ exp (‖A‖_1) . (1.5)

If A(z) is an analytic^2 S^1 - valued operator function on a domain D ⊂ C then a(z) = det (I + A(z)) is a scalar analytic function on D.

The following lemma is essentially proved in [17].

Lemma 1.3. If A(·) is an S^p - valued (p ∈ N) function on a domain D ⊂ C analytic in the operator norm and satisfying sup_{z∈D} ‖A(z)‖_p < ∞ then the function s(z) = det (I − A^p(z)) is a scalar multiple for S(z) = I − A(z) if s(z) ≢ 0.

2It is enough to verify that the function is analytic in the operator norm and locally bounded in the S^1 - norm.

Proof. From (1.4) and the inequality ‖A^p(z)‖_1 ≤ ‖A(z)‖^p one sees that s(z) is a bounded analytic function on D. Assume s(z) ≢ 0. Put F (z) = s(z) (I − A^p(z))^{−1}. We have

s(z)I = F (z) (I − A^p(z)) = F (z) (_{p−1} ∑ j=0 A^j (z) ) (I − A(z)) .

Put Ω(z) = F (z) ∑_{p−1} j=0 A^j(z). In view of the estimate (1.5) the function F (·) is analytic and bounded in D, and so is Ω(·). Since Ω(z) and A(z) commute, the proof is completed.

2 Functional Model and Angles

Let L be a closed dissipative operator in a Hilbert space H with bounded imaginary part V = ℑL such that σ_{ess}(L) ⊂ R, and let E = RanV . The characteristic function S(z) : E → E, z ∈ C_+ , of the operator L is defined by the formula

S(z) = I + 2i √ V (L^∗ − z)^{−1} √ V . This is a contractive analytic function in C_+ . This function has the nontangential boundary values S(k) ≡ S(k + i0) on the real axis in the strong sense for a.e. k ∈ R. Let L_{pure} be the completely nonselfadjoint part of L. Then the set σ(L_{pure}) ⋂ R conicides with the complement (in R) of the union of open intervals on which S(z) is analytic and unitary. For z ∈ C_+ ⋂ ρ(L) the operator S(z) is boundedly invertible on E. It can easily be shown by manipulations with the resolvent identity that S(z) is expressed in terms of the operator Q(z) given by (1.2) as follows [18]: S(z) = I + Q(z) I − Q(z) , z ∈ C_+ . (2.1)

Remark that the operator I − Q(z) has the bounded inverse since ℜQ(z) ≤ 0 for all z ∈ C_+ . This formula shows, in particular, that S(z) − I ∈ S^p whenever Q(z) ∈ S^p and that S(z) is analytic at a point on the real axis if so does Q(z).

The matrix ( I S^∗(k) S(k) I ) defines a nonnegative operator in E ⊕ E for a. e.

k ∈ R which allows us to define the Hilbert space X = L^2 ( I S^∗ S I ) . Let H^2_±(E) be

the Hardy classes of E-valued functions f analytic in C_± , respectively, and satisfying sup_{ε>0} ∫ R ‖f(k ± iε)‖^2_E dk < ∞. Define for a representative (g̃, g) ∈ L^2(R, E ⊕ E) from the equivalence class of an element of X P_K ( g̃ g ) = ( g̃ − P_+ (g̃ + S^∗g) g − P_− (Sg̃ + g) ) (2.2)

where P_± are the Riesz projections on H^2_±(E) in L^2(E). Then [17], P_K is a correctly defined operator in X and its closure in X which will be denoted with the same letter, is an orthogonal projection. Let K be the range of P_K in X . Define a unitary group U_t of operators in X by the formula (U_tf)(k) = e^{ikt}f(k). Then the completely nonselfadjoint part of L is unitarily equivalent to the generator of the contraction semigroup Z_t = P_KU_t |_K. This generator is called the functional model of the operator L_{pure}. We use theorems on dissipative operators corresponding to theorems stated for contractions in the book [1] without special explanations. Also the definitions of the functional - theoretic objects related to the upper half plane like inner and outer functions etc. are adopted which correspond naturally to those introduced in [1] for the unit circle. For example, a bounded analytic function Θ : C_+ → B(E) is called outer if ΘH^2_+(E) = H^2_+(E). Then, the characteristic function admits the canonical factorization in a product of two contractive analytic B(E) - valued functions of the form S = S_iS_e where S_e is an outer function, and S_i(k) is isometric for a.e. k ∈ R.

Throughout the paper, by an invariant subspace of an operator we mean a regular invariant subspace; that is, a subspace H is called an invariant subspace of L if (L − λ)^{−1}H = H for all λ ∈ ρ(L).

Remark 2.1. Every regular invariant subspace H is invariant in the following natural sense, (i) D(L) ⋂ H = (L − λ)^{−1} H, λ ∈ ρ(L), (ii) L (D(L) ⋂ H) ⊂ H. Proof. First, (ii) implies (i) in view of the identity (L − z)^{−1} Lf −z (L − z)^{−1} f = f. Then in (L + in)^{−1} → I as n → +∞ in the strong sense by the functional calculus [1, Theorem III.2.1]. Hence in (L + in)^{−1} Lf → Lf for any f ∈ D(L) ⋂ H. Now, the identity (L + in)^{−1} Lf = f − in (L + in)^{−1} f shows that the left hand side belongs to H for all n > 0 by the regular invariance of H, and (ii) follows.

It follows that the restriction L_H = L|_H with the domain D(L) ⋂ H is closed and densely defined.

In the following, we define some invariant subspaces of the completely nonselfadjoint part of L in terms of its functional model. In doing so, to keep notation at minimum, we omit in formulas the operator that accomplishes the unitary equivalence between L_{pure} and its functional model.

Let Δ(k) = I − S^∗(k)S(k). Since Δ(k) ≥ 0 for a.e. k ∈ R, one can define

the space L^2(R; Δ). Note that for any g̃ ∈ L^2(R; Δ) the vector ( g̃ −Sg̃ ) defines an

element of X of the norm ‖g̃‖_L2_{(R;Δ)}. The absolutely continuous subspace N_e ⊂ K of the operator L [7, 19] is defined as the closure of the linear set ~N_e of smooth vectors: N_e = ~N_e, ~N_e ≡ { P_K ( g̃ −Sg̃ ) , g̃ ∈ L^2(R; Δ) } . Then N_e coincides with the invariant subspace of L corresponding to the canonical factorization of the characteristic function in the sense that the characteristic function of L|_{Ne} coincides with the pure part of S_e (see [7]). We call the spectrum of L purely absolutely continuous if H = H_0 ⊕ N_e where H_0 is an invariant subspace of L such that L|_{H0} is a selfadjoint operator with absolutely continuous spectrum in the sense of spectral theory of selfadjoint operators [14]. The set of smooth vectors of a completely nonselfadjoint dissipative operator admits the following description in modelfree terms, [12, Theorem 4, Corollary 1] ~N_e = { u ∈ H : √ V (L − ·)^{−1} u ∈ H^+_2 (E) } . This description allows to motivate the suggested definition of the absolutely continuous subspace from the viewpoint of the theory smooth perturbations [11]. Another interpretation of the definition stems from the fact [20] that a suitable normalized system of generalized eigenfunctions corresponding to the spectrum of L|_{Ne} is complete in N_e. These eigenfunctions are constructed in terms of generalized limits of the resolvent R(k ±i0) on the real axis. We refer the reader to [21, 22] and references therein for the further discussion of this definition.

Let us define a bounded operator W : L^2(R; Δ) → K by setting W : g̃ → P_K ( g̃ −Sg̃ ) . (2.3)

The norm of a smooth vector W g̃ is given by^3 [20] ‖W g̃‖^2 = ‖ ‖ ‖S √ Δg̃ ‖ ‖ ‖^2 + ‖P−Δg̃‖^2 . (2.4)

Then, [12, Theorem 4, Corollary 1],

(L − z)^{−1} W = W (A_0 − z)^{−1} , z ∈ ρ(L) (2.5)

where A_0 is the operator of multiplication by the independent variable in L^2(R; Δ). Note that N_e ⊂ H_{ess} where H_{ess} is an invariant subspace of L naturally associated

3In this section for E-valued functions on the real axis ‖ · ‖ assumes the norm in L^2(R, E), unless otherwise specified.

with the real spectrum as follows: H_{ess} = ⋂ ker P_d where P_d ranges over the Riesz projections for isolated finite portions of the spectrum σ_+(L). Indeed, it follows from (2.5) by the integration over a closed contour in C_+ encircling a portion that P_dW = 0 for each P_d, and the closure gives P_dN_e = 0.

The following lemma describes a class of invariant subspaces of the operator L in N_e. Let {X(k)} be a measurable family of subspaces of E defined for a. e. k ∈ R, and let X = {f ∈ L^2(R, E) : f(k) ∈ X(k) for a.e. k}. Define H to be the closure of X in L^2(R; Δ). For an operator A in a Hilbert space A a subspace J ⊂ A is called generating if A = ⋁ λ∈ρ(A) (A − λ) −1 J . We define the multiplicity of the spectrum of an operator A as the number m(A) = inf dim N , where N ranges over the generating subspaces of A.

Lemma 2.2. H = W H is an invariant subspace of the operator L, and

m (L_H) ≤ ess sup_{k∈R} dim X(k). (2.6)

If S(k) is invertible a. e. on the real axis in the wide sense, that is, ker S(k) = {0} for a. e. k ∈ R, then

m (L_H) = ess sup_{k∈R} dim Δ(k)X(k). (2.7)

If ess sup_{k∈R} ‖ ‖ ‖ ‖(S(k)|Δ(k)X(k) )_{−1}‖ ‖ ‖ < ∞ then W |H has a bounded inverse, and thus L_H is similar to a selfadjoint operator.

Proof. Since the space H reduces A_0, the invariance of H follows from the intertwining relation (2.5).

Let J be a generating subspace for A_0|_H, thus H = ⋁ ℑλ≠0 (A0 − λ) −1 J . Since obviously ⋁ λ∈C_+ (A0 − λ) −1 J = ⋁ λ∈ρ(L)∩C_+ (A0 − λ) −1 J , one obtains that W J is a generating subspace for L_H. This implies (2.6).

By (2.4) the bounded operator W^{−1} : N_e → L^2(R; S^∗ SΔ) is defined. Let ~A_0 be the operator of multiplication by the independent variable in L^2(R; S^∗ SΔ). One sees from the intertwining relation

W^{−1} (L − z)^{−1} = ( ~A_0 − z )_{−1} W^{−1}, z ∈ ρ(L), (2.8)

that for any generating subspace N of L_H W^{−1}N is a generating subspace for the restriction of ~A_0 to H_∗, H_∗ being the closure of X in L^2(R; S^∗ SΔ). Thus m (L_H) ≥ m ( ~A_0 | |_{H∗} ) = m (A|_S∗_{SΔX} ) = ess sup_{k∈R} dim Δ(k)X(k) since dim (S^∗SΔ)(k)X(k) = dim Δ(k)X(k) for a. e. k ∈ R by the assumption about S. Here A is the operator of multiplication by the independent variable in L^2(R, E).

The last assertion of the lemma results from the following estimate valid for ṽ ∈ H by (2.4) ‖W ṽ‖ ≥ ‖ ‖S √ Δṽ ‖ ‖ ≥ ‖ ‖ ( S|^√_{ΔX} )_{−1}‖ ‖^{−1} ‖ṽ‖_L2_{(R;Δ)} .

Note that a special case of the formula (2.7) was obtained in paper [19] when studying the triangle model of a dissipative operator.

Corollary 2.3. [20] For a Borel set ω ⊂ R let χ_ω be the operator of multiplication by the indicator of the set ω in L^2(R; Δ). Define H_ω = Ran W χ_ω. Then H_ω is an invariant subspace of L. If ess sup_{k∈ω} ‖S^{−1}(k)‖ < ∞ then L|_{Hω} is similar to a selfadjoint operator, and σ ( L|_{Hω} ) ⊂ ω. Moreover, in this case the projection P_ω on the subspace H_ω parallel to H_{R\ω} is bounded and coincides with the closure of W χ_ωW^{−1}.

The operators P_ω defined in this corollary, can be considered as the spectral projections of the operator L for the sets ω if one can guarantee that the spectrum of the restriction of L to Ran(I − P_ω) = H_{R\ω} is contained in R \ ω. The operator I − P_ω in this case gives the spectral projection for the set R \ ω.

Remark 2.4. [1, 20] If the function S has a scalar multiple then for any Borel set ω ⊂ R (i) σ (L|_{Hω} ) ⊂ ω. (ii) any invariant subspace H ⊂ N_e of L such that σ (L|_H) ⊂ ω is contained in H_ω.

A point k ∈ R is called a proper point of the operator L if sup_{z∈ωδ(k)} ‖S^{−1}_e (z)‖ < ∞ for some δ > 0. Following [7] we call a point k ∈ R a spectral singularity if is not proper. Applying lemma 2.2 to H = L^2(R, Δ) one gets the if part of the following

Nagy - Foias criterion. L|_{Ne} is similar to a selfadjoint operator if and only if sup_{k∈R} ‖S^{−1}(k)‖ < ∞. In the usual form of the criterion [1] the supremum is taken over the upper half plane and the assertion refers, correspondingly, to the operator L itself, which is equivalent but less convenient for our proposes.

Given X and defining the corresponding invariant susbspace H as in lemma 2.2, one can always construct another invariant subspace H^∼ of L such that N_e = H ˙+H^∼ by the formula H^∼ = W H^∼, H^∼ being the closure of X^⊥ = {f ∈ L^2(R, E) : f(k) ∈ X(k)^⊥ for a.e. k} in L^2(R; Δ). In general, the angle (H, H^∼) can hardly be estimated. We now choose {X(k)} in a special way so that the angle (H, H^∼) admits an estimate in terms of S.

Define the function D = S^∗S. Given a measurable function k → γ_k, γ_k ∈ [0, 1], k ∈ R, let P_1(k), P_2(k) be the spectral projections of D(k) for the intervals [0, γ_k), [γ_k, 1], respectively, and let X_{1,2}(k) = RanP_{1,2}(k), hence E = X_1(k) ⊕ X_2(k) since

0 ≤ D ≤ I. Set^4 ~S_1 = √ D |_{X1} ⊕I |_{X2} , ~S_2 = I |_{X1} ⊕ √ D |_{X2} . In what follows the

contractions defined by the functions D(·), ~S_{1,2}(·) in L^2(R, E) will be denoted with the same letters without arguments. Analogously we write X_{1,2} = {f ∈ L^2(R, E) :

f ∈ X_{1,2}(k) for a.e. k ∈ R}. By construction the pair of orthogonal subspaces X_{1,2} ⊂ L^2(R, E) reduces Δ.

Let H_{1,2} be the closures of X_{1,2} in L^2(R; Δ), hence L^2(R; Δ) = H_1 ⊕H_2. By lemma 2.2, H_{1,2} = W H_{1,2} are invariant subspaces of the operator L.

Lemma 2.5.

sin (H_1, H_2) ≥ ess inf_{k∈R} ‖ ‖ ‖ ( S(k) |_{X2(k)} )_{−1}‖ ‖^{−1} . (2.9)

Proof. The assertion is nontrivial if ‖ ‖ ~S_2^{−1} ‖ ‖ = ess sup_{k∈R} ‖ ‖(S(k) |_{X2(k)})−1 ‖ ‖ is finite. For ũ ∈ X_1, ṽ ∈ X_2 we have

‖W ṽ‖^2 ≤ ‖ṽ‖^2_L2_{(R;Δ)} = ‖ ‖ √ Δṽ ‖ ‖^2 ≤ ‖ ‖ ~S2^{−1} ‖ ‖^2 ‖ ‖ ~S2 √ Δṽ ‖ ‖^2 and ‖ ‖ ‖ ~S2 √ Δṽ ‖ ‖ ‖^2 = ‖ ‖ ‖ √ DΔṽ ‖ ‖ ‖^2 ≤ ‖ ‖ ‖ √ DΔũ ‖ ‖ ‖^2 + ‖ ‖ ‖ √ DΔṽ ‖ ‖ ‖^2 = ‖ ‖ ‖ √ DΔ(ũ − ṽ) ‖ ‖ ‖^2 = = ‖ ‖ ‖S √ Δ(ũ − ṽ) ‖ ‖ ‖^2 ≤ ‖W (ũ − ṽ)‖^2 .

Here we used the first equality in (2.4) and the fact that X_{1,2} reduce Δ. Thus ‖ ‖ ‖ ~S2^{−1} ‖ ‖ ‖^{−1} ‖W ṽ‖ ≤ ‖W (ũ − ṽ)‖. Now, using the definition of the angle between

subspaces X, Y of a Hilbert space [16], sin(X, Y ) = inf_{u∈X,v∈Y :‖v‖=1} ‖u − v‖, we obtain

sin(H_1, H_2) = inf ũ∈X_1,ṽ∈X_2:‖W ṽ‖=1 ‖W ũ − W ṽ‖ ≥ ‖ ‖ ~S_2^{−1} ‖ ‖^{−1} since X_{1,2} are dense in H_{1,2}.

We shall use P_{[0,δ)}(k) for the spectral projection of D(k) corresponding to the interval [0, δ).

4We omit the argument k after all the spaces and operators in the following equalities which are assumed to hold for a. e. k ∈ R.

Note that it is obvious from the proof that this lemma actually bears local character, that is, for an interval ω ⊂ R the angle ( H_ω ∩ H_1, H_ω ∩ H_2 ) admits the estimate (2.9) with the infimum taken over ω.

In the standard setup of the Nagy-Foias theory (see [1, Theorem VII.1.1]) invariant subspaces are related to regular factorizations of the characteristic function in the products of contractive analytic functions. We refer to our recent paper [23] where the above proof of lemma 2.5 is taken from, for the explanation of the correspondence between the constructed invariant subspaces H_{1,2} and the regular factorizations.

For any β ∈ (0, 1) one can always construct a decomposition of L_e = L|_{Ne} into a linear sum L_e = L^β_1 ˙+L^β_2 of operators L^β_{1,2} = L|_Hβ_{1,2} acting in the invariant subspaces

H^β_{1,2} such that (i) L^β_2 is similar to a selfadjoint operator, and (ii) sin(H^β_1 , H^β_2 ) ≥ β ≠ 0, by setting γ_k ≡ β in the construction above. If the function S is continuous up to the real axis and at ∞ in the operator norm, and the perturbation V is relatively compact which is equivalent to saying that S(z) ∈ I + S^∞, then m ( L^β_1 ) < ∞ for any β ∈ (0, 1). According to the following corollary, in this case one can choose β appropriately to give m ( L^β_1 ) its smallest value and thus obtain a decomposition

of L_e with minimal possible multiplicity of the component L^β_1 such that L^β_2 is still similar to a selfadjoint operator, at the penalty of loss of quantitative estimate of the angle (H_1, H_2). Let P_δ be the spectral projection of L for the δ - neighborhood σ^δ_0 of the set of spectral singularities, which is defined for δ > 0 as a bounded operator, P_δ = I − P_ω, ω = R \ σ^δ_0.

Corollary 2.6. Suppose that S is norm continuous in the closed upper halfplane, S(k) − I ∈ S^∞ for all k ∈ R, and S(k) → I in the operator norm as |k| → ∞. Then N_e can be represented as a linear sum N_e = H_1 ˙+H_2 of invariant subspaces H_{1,2} of the operator L such that

1. L_1 has spectrum of multiplicity max_{k∈R} dim ker S(k) < ∞, 2. L_2 is similar to a selfadjoint operator. 3. (H_1, H_2) > 0.

4. For any δ > 0 small enough the angle between the subspaces P_δH_1 and P_δH_2 satisfies (P_δH_1, P_δH_2) ≥ p √ 2 , p = min_k dist ( 0, σ (√ D(k) ) \ {0} )

where k ranges over the set σ_0 = {k : ker S(k) ≠ 0} of spectral singularities.

Proof. Under the formulated assumptions the eigenvalues ξ_j(k), 0 ≤ ξ_j(k) ≤ ξ_{j+1}(k), j ≥ 1 of D(k) are continuous in k. Put n(k) = dim ker S(k). Then the set {k : n(k) ≤ m} is open for any m ≥ 0. From this fact and the asymptotic of

S at infinity one gets that n = max_{k∈R} n(k) < ∞ and ξ_{n+1}(k) ≥ 2β > 0. Define the subspaces H_{1,2} according to the construction above with γ_k ≡ β. Then, since rank ( P_{[0,β)}(k) ) = n for k ∈ ω for an interval ω ⊂ R and ker S(k) = {0} for a. e.

k ∈ R (see e. g. [11]), one gets assertions 1 through 3 from (2.7) and lemma 2.5. Now choose δ from the condition ρ(δ) < p^2/2 where ρ is the modulus of continuity of the function D on σ_0, and put β = p^2/2. Assertion 4 then follows from the remark after lemma 2.5.

Remark that the subspace H_1 in this corollary can be chosen to belong to RanP_δ . It suffices to put γ_k =^{p2}_2 χ^δ(k) in the construction, where χ^δ is the indicator of σ^δ_0.

3 Transport Operator for Slab

3.1 Preliminaries

The phase space of the one-speed transport problem for the slab is Γ = R × Ω, Ω ≡ [−1, 1]. For a particle at a point (x, μ) ∈ Γ, the number x ∈ R is the position and μ ∈ Ω is the cosine of the angle between the particle momentum and the coordinate axis. A density of particles is a complex-valued function on Γ belonging to the Hilbert space H = L^2(R × Ω). The physical parameters in the problem are the total crosssection σ ≥ 0, the mean number of secondaries per collision c : R → R_+ and the collision operator K ∈ BL^2(Ω). We take the operator K in the form K =^1_2 ∫ Ω · dμ^′ which corresponds to the isotropic scattering of the secondaries. Here dμ stands for the Lebesgue measure on Ω. It is assumed that c ∈ L^∞(R).

We do not distinguish the operator K and the operator I ⊗ K in L^2(R × Ω) = L^2(R) ⊗ L^2(Ω) in our notation. We say that a positive function d ∈ L^∞(R) belongs to the class L^+_0 if there exists an a > 0 such that d(x) = 0 for a. e. x /∈ [−a, a]. Then 1 stands for the indicator of the set Ω.

The evolution of a density in the space H is given by the solution of the Cauchy problem for the Boltzmann equation [5], { −i∂_tu = Lu u|_{t=0} = u_0. (3.1)

The generator L, which is called the one-speed transport operator, is defined in H by the following expression, L = iμ∂_x + iσ(1 − c(x)K), (3.2) on the domain D = {f ∈ H : (1)f(·, μ) is absolutely continuous for a.e. μ ∈ Ω; (2) μ∂_xf ∈ H}. The imaginary part of L is bounded while its real part L_0 = iμ∂_x is a selfadjoint operator on the domain D which corresponds to the evolution U_t = exp iL_0t, (U_t f)(x, μ) = f(x − μt, μ), of densities in vacuum.

Instead of L, it is convenient to deal with the dissipative operator T = L^∗ + iσ = iμ∂_x+iσc(x)K. Without loss of generality, one can set σ = 1; then V = ℑT = c(x)K. The spectral analysis of L is reduced to that of T since L and −T + i are unitarily equivalent, L = J(−T + i)J^∗ with (Jf)(x, μ) = f(x, −μ).

3.2 Spectral Analysis: Discrete Spectrum

We henceforth assume that the slab has a finite width, i.e., c ∈ L^+_0 . Depending on the context, we use √ c either for the operator of multiplication by the function √ c(x) in L^2(Γ), or for the corresponding element of L^2(Γ). One can naturally identify the range of K in H with the space L^2(R) of functions of the variable x, KH = L^2(R) ⊗ 1 ≃ L^2(R). Thus √ c acts in KH = L^2(R) and leaves invariant E ≡ Ran V ⊂ L^2(R). In this section we use ⟨·, ·⟩ for the inner product in L^2(R).

Set R_0(z) = (L_0 − z)^{−1}. The kernel of the operator Q(z) = i √ V R_0(z) √ V | |_E ,

z ∈ C_+ , acting in the space E, has the form [5]^5 −^1_2 √ c(x)E(−iz|x − y|) √ c(y), where E(s) = ∫_∞ 1 e^{−st dt}_t for ℜs > 0. The function E(s) admits the representation

E(s) = − ln s − γ + θ(s) (3.3)

where θ(s) = − ∑_∞ m=1 (−s)^m m!m is an entire function and γ is the Euler constant. Since c is compactly supported, it follows that Q(z) is of the Hilbert - Schmidt class S^2 for all z ∈ C_+ . Let {η_n(z)}^∞_{n=1}, |η_n| ≥ |η_{n+1}| > 0, be the eigenvalues of the operator Q(z). Using (3.3), one can represent Q(z) as Q(z) = ~Q(z) + 1 2 Θ(z) (3.4)

where ~Q(z) is the operator with kernel^1_2 √ c(x)(ln(−iz|x − y|) + γ) √ c(y); thus, Θ(z) is an entire function and ~Q(z) is an analytic function in O = C \ {−it, t ≥ 0}. According to this formula, the function Q(z) has an analytical continuation from C_+

5This integral kernel is actually calculated in [5, §2] for the case c = qχ_{[−a,a]} with constant q. Below we use an estimate on Q obtained in [13, 25] for the case c = qχ_{[−a,a]}, since the estimate for general c ∈ L^+_0 follows from it.

to O. The Hilbert - Schmidt norm of Θ(z) admits the following estimate,

‖Θ(z)‖_2 ≤ ∫ c(x)c(y) | | | | ∞∑ m=1 |x − y|^m|z|^m m!m | | | | 2 dx dy 1 2 ≤ |c|_1 ∞∑ 1 (2a|z|)^m m! = |c|_1 ( e^{2a|z|} − 1 ) , (3.5)

where |c|_1 = ∫ R c(x)dx. Theorem 1. Suppose that c ∈ L^+_0 . Then the nonreal spectrum σ_+(T ) of the operator T consists of finitely many eigenvalues lying on the imaginary axis. Moreover, T has no associate vectors. The dimension N(c) of the invariant subspace H_d corresponding to σ_+(T ) satisfies the estimate

N(c) ≤ 1 + 1 4 ∫∫ ln^2 |x − y|c(x)c(y)dxdy. (3.6) The essential spectrum of T coincides with the real axis: σ_{ess}(T ) = R.

Proof. First σ_{ess}(T ) = σ_{ess}(L_0) = R by Sublemma.

We derive the inclusion σ_+(T ) ⊂ iR from the fact that Q(z) has no real eigenvalues (and, particularly the eigenvalue −1) provided that k ≡ ℜz ≠ 0. It suffices to show that the operator ℑQ(z) is strictly positive or negative for k ≠ 0. Consider the operator Ξ(z) = iKR_0(z)|_{KH} acting in the space KH. In the Fourier representation with respect to the variable x, this operator acts as the multiplication by the function ξ(p, z) = i 2 ∫_1 −1 dμ pμ − z . (3.7)

Then r_z(p) ≡ ℑξ(p, z) = 1 2 ∫_1 −1 pμ − k (pμ − k)^2 + (ℑz)^2 dμ = 1 2|p| ∫_{|p|−k} −|p|−k τdτ τ^2 + (ℑz)^2 = 1 4p ln (p − k)^2 + (ℑz)^2 (p + k)^2 + (ℑz)^2

. (3.8)

Clearly, r_z(p) < 0 or −r_z(p) < 0 and hence ℑΞ(z) < 0 or −ℑΞ(z) < 0 depending on sign k. Since ℑQ(z) = √ cℑΞ(z) √ c|_E, it follows that for k ≠ 0 either ℑQ(z) < 0 or −ℑQ(z) < 0. Note that the last equality in (3.8) is not necessary for the conclusion that r_z has definite sign but will be used in due time.

This property also implies immediately the absence of associate vectors for the operator. Indeed, consider the function G(w) = (I + Q( √ w))^{−1}. This an R - function in the upper half plane, and applying remark 1.1 one concludes that |ℜz| ‖ ‖(I + Q(z))^{−1} ‖ ‖ is bounded as z approaches a z_0 ∈ σ_+(T ). If follows that (I + Q(z))^{−1} has simple poles at the points of σ_+(T ), and the same is true of (T − z)^{−1} by (1.1).

We shall now estimate N(c). Let N_ε(c), ε > 0, be the dimension of the spectral subspace corresponding to the interval [iε, i∞). Set z = iε. Then r_z(p) ≡ 0, and thus Q(iε) is selfadjoint. Applying now remark 1.2 to the function −Q ( √ w), one concludes that Q(iε) is a monotone increasing function of ε and a negative operator for each ε > 0. It follows that N_ε(c) ≡ #{s ≥ ε : ker(I + Q(is)) ≠ 0} = #{τ ∈ (0, 1] : ker(I + τQ(iε)) ≠ 0}, counting multiplicity. According to (3.4),

2Q(iε) = Q^0 + Θ(iε) + (γ + ln ε) P_1, (3.9)

where P_1 = ⟨·, √ c⟩ √ c and Q^0 is the operator with kernel √ c(x)c(y) ln |x − y|. Since P_1 has unit rank, it follows that

#{τ ∈ (0, 1] : ker(I + τQ(iε)) ≠ 0} ≤ 1 + #{τ ∈ (0, 1] : ker(I + τQ_1(iε)) ≠ 0} ≤ 1 + ‖Q_1(iε)‖^2

where Q_1(iε) =^1_2 (Q^0 + Θ(iε)). From this using (3.5) one obtains

N_ε(c) ≤ 1 + ‖Q_1(iε)‖^2 = 1 + 1 4 ‖ Q^0 ‖_2 2 + O(ε) = 1 + 1 4 ∫∫ ln^2 |x − y|c(x)c(y)dxdy + O(ε). Then, N(c) = lim_{ε↓0} N_ε(c), which gives (3.6).

Note that σ_+(T ) is not empty for any nonzero function c ∈ L^+_0 , since ‖Q(it)‖ → ∞ as t → 0 and ‖Q(it)‖ → 0 as t → ∞. It is also clear that N(κc) → ∞ as the coupling constant κ → ∞.

All the assertions of this theorem, except for the estimate (3.6), has been proven in [5, 13] for the case c = qχ_{[−a,a]}. The basic observation about sign-definiteness properties of ℑQ(z), with an implication that σ_+(T ) ⊂ iR, was made in these papers. It has not been realized, however, that the monotonicity of Q(iε) and the absence of associate vectors also follow immediately. Instead, in [5, 25] these facts were established by calculating the Fourier representation of Q(iε) explicitly and observing that Q^′(iε) times a scalar constant is strictly positive. The latter can be shown to imply the required first order estimate for (I + Q(z))^{−1} (see Appendix). Although this arguing is also avaiable in the case of general c ∈ L^+_0 , it is remarkable that all these tedious calculations specific for the problem are redundant^6, and the

6Below (Proposition 3.1), however, we employ them for another purpose.

result follows at once from the abstract theory. The finiteness of N(c) was deduced in [5] from the monotonicity of Q(iε) and the fact that the divergent term in the asymptotics of Q(iε) at 0 has finite rank but it has not been realized that these circumstances allow also to estimate this number. A proof of the theorem more closed to the original Lehner-Wing arguments can be found in our paper [6].

Define P_d to be the Riesz projection corresponding to σ_+(T ), so H_d = P_dH. Then H = H_d ˙+H_{ess} where H_{ess} = (I − P_d)H is the invariant subspace of T corresponding to the essential spectrum. Since H_d is finite dimensional, the angle (H_d, H_{ess}) > 0. In the following Proposition we give an estimate of this angle for small c announced in [6] without proof.

Proposition 3.1. Let c be such that the integral in (3.6) < 4 and hence dim H_d = 1. Then sin (H_d, H_{ess}) ≥ e^{−γ} 4 + π^2 1 a|c|_∞ exp ( − 2 |c|_1 ) . Proof. We rely on the following abstract formula valid in the case dim H_d = 1,

sin(H_d, H_{ess}) = ℑz_0 |⟨Q^′(z_0)e, e^∗⟩| (3.10)

where {z_0} = σ_+(T ), e ∈ ker(I + Q(z_0)), e^∗ ∈ ker(I + Q^∗(z_0)), ‖e‖ = ‖e^∗‖ = 1. Indeed, for dim H_d = 1 P_d =^1_{⟨u,u∗⟩} ⟨·, u^∗⟩ u where u ∈ H_d, u^∗ ∈ ker(T^∗ − z_0). We have u = −iR_0(z_0)V u, u^∗ = iR_0 (z_0) V u^∗. Multiplying this by √ V , one obtains that √ V u and √ V u^∗ differ from e and e^∗, respectively, by scalar factors. Then |⟨u, u^∗⟩| = |⟨R_0(z_0)V u, R_0(z_0)V u^∗⟩| = | |⟨√V R_{20}(z_0)V u, √V u_∗⟩ | | = = | | | ⟨ Q^′(z_0) √ V u, √ V u^∗ ⟩| | . By the definitions of u and u^∗ one has ℑz_0 ‖u‖^2 = ‖ ‖ ‖ √ V u ‖ ‖ ‖^2, ℑz0 ‖u^∗‖^2 = ‖ ‖ ‖ √ V u^∗ ‖ ‖ ‖^2.

We now get (3.10) from the identity

sin(H_d, H_{ess}) ≡ ‖P_d‖^{−1} = |⟨u, u^∗⟩| ‖u‖ ‖u^∗‖ . In our case Q(z_0) is selfadjoint and thus e = e^∗. We shall estimate separately the factors in (3.10) from below. One has Q(iε) = √ cΞ(iε) √ c|_E , where the operator Ξ(iε) = Ξ^∗(iε) in the Fourier representation acts as the multiplication by the function

ξ_ε(p) = − ε 2 ∫_1 −1 dμ |pμ + iε|^2 = − 1 |p| arctan |p| ε . (3.11)

One can now calculate the operator Q^′(iε) = −i √ c (_d dε Ξ(iε) ) √ c | |_E in the Fourier representation by differentiation. This gives

|⟨Q^′(iε)e, e⟩| = ∫ | | | ^ √ ce(p) | | |^2 p^2 + ε^2 dp. (3.12)

Define the operator G(ε) = √ cΞ^2(iε) √ c|_E acting in E. By (3.11) we have ⟨G(ε)e, e⟩ = ⟨ ξ^2_ε ^ √ ce, ^ √ ce ⟩ . On the other hand (z_0 = iε_0) 1 |c|_∞ = |⟨Q^2(iε_0)e, e⟩| |c|_∞ = ‖ √ cΞ(iε_0) √ ce‖^2 |c|_∞ ≤ ‖ ‖Ξ(iε_0)√ce ‖ ‖^2 = ⟨G(ε_0)e, e⟩ . From this and (3.12) using the elementary inequality 1 p^2 + t^2 ≥ 1 1 +^{π2}_4 ξ^2_t (p)

we find |⟨Q^′ (iε_0) e, e⟩| ≥ 1 ( 1 +^{π2}_4 ) |c|_∞ . (3.13)

We now estimate ε_0 from below through the variational principle according to which −η_1(iε_0) = max_{u∈E;‖u‖=1} (− ⟨Q(iε_0)u, u⟩) = 1. By monotonicity of the function E one has 1 ≥ − ⟨Q(iε_0)ũ, ũ⟩ ‖ũ‖^2 = 1 2|c|_1 ∫ ∫ c(x)c(y)E(ε_0|x − y|)dx dy ≥ |c|_1 2 E(2aε_0)

for ũ = √ c. The following estimate results from the identity E(s) = −γ − ln s + ∫_s 0 1 − e^{−t} t dt valid by the definition of E, E(s) ≥ −γ − ln s, s > 0. From this one finds ε_0 ≥ 1 2a exp ( −γ − 2 |c|_1 ) . (3.14)

Substituting this and (3.13) in (3.10), one comes to the required estimate.

Let us explain the meaning of this proposition in terms of the dynamics generated by L. Since L and −T + i are intertwined by J, JH_d, JH_{ess} are invariant subspaces of L. The further study of T by tools of the functional model shows that under the assumption made in the proposition the restriction of T to H_{ess} is similar to a selfadjoint operator (see remark 3.9). From this it is easy to see that e^{iLt}f =

e^{(ε0−1)t} ~P_df +O (e^{−t}) where ~P_d = JP_dJ^∗. Since ‖ ‖ ‖~Pd ‖ ‖ ‖^{−1} = sin (Hd, Hess), the estimate obtained provides us with an upper bound for the factor before exponent in the leading term of the time asymptotics.

Of course, the estimate (3.14) for ε_0 is rather crude and can be improved in many ways. Our only aim here is to demonstrate the possibility of estimating the angle (H_d, H_{ess}) explicitly in terms of c, and (3.14) has been chosen for its simplicity. Let us remark, however, that estimating ε_0 is a question of some interest of its own, since a lower bound for ε_0 provides us with a lower bound on the rate of the slowest decay in the corresponding physical problem related to the operator L.

3.3 Spectral Analysis: Essential Spectrum

We now proceed to study the component T_{ess} = T |_{Hess} by means of the functional model. Let S be the characteristic function of the operator T . Then S is analytic on the real axis except at the point 0.

Lemma 3.2. S has a scalar multiple.

Proof. We first see that T (z) ≡ S(z) − I ∈ S^2 for all z ∈ C_+ . According to lemma 1.3, to conclude that the function m(z) ≡ det (I − T^2(z)) is a scalar multiple for S, it suffices to show that ‖T (z)‖_2 is uniformly bounded in C_+ . We first estimate it in the vicinity of 0. By (3.3), the following representation holds:

T (z) = (A + Θ(z)) (I − Q(z))^{−1} + M(z),

where rank M(z) = 1 and A ∈ S^2. Since ‖T (z)‖ ≤ 2, we have ‖M(z)‖_2 = ‖M(z)‖ ≤ 2 + ‖A‖ + C_δ|z| ≤ C_{1,δ} for |z| ≤ δ. It follows that sup_{z∈ωδ (0)} ‖T (z)‖_2 ≤ C_δ, since ‖Θ(z)‖_2 is bounded for |z| ≤ δ by (3.5). Then, Lemma 5 in [25] states, in our notation, that^7 ‖Q(z)‖^2 ≤ C_ε 1 + |ℜz| (3.15)

for z ∈ Π_ε ⋂ {z : |ℜz| ≥ 1} for any ε > 0. Choosing an arbitrary ε ∈ (0, 1] and taking δ > √ 2, we obtain ‖T (z)‖_2 ≤ C for z ∈ Π_ε. Then, by the obvious inequality

7This estimate was essentially established in the course of the proof. The statement of Lemma 5 in [25] is weakened to the estimate of the operator norm of Q(z).

|E(s)| ≤ E(ℜs) ≤ E(ℜs_0) valid for 0 < ℜs_0 ≤ ℜs, which results from the definition of E, one has ‖Q(z)‖_2 ≤ ‖Q(iε)‖_2 for ℑz ≥ ε, and thus sup_{z∈C + \Πε} ‖T (z)‖_2 < ∞. Combining the estimates obtained we get sup_{z∈C +} ‖T (z)‖_2 < ∞.

The estimate (3.15) was used in [25] for the derivation of some pointwise asymptotics of solutions of the Boltzmann equation. However, the derivation itself contains an error (see below).

Let B_c = {k_n = lim_{ε↓0} η_n(iε) : |k_n| < ∞ }. We define the singular set E ⊂ L^+_0 as follows: E = {c : −1 ∈ B_c}. Note that for any c ∈ L^+_0 the function κc belongs to E for the infinite discrete set {−k^{−1}_n , k_n ∈ B_c} of values of the constant κ > 0. The following lemma motivates the definition of the set E.

Lemma 3.3. If c /∈ E, then sup_{z∈ωδ (0)} ‖S^{−1}(z)‖ < ∞ for sufficiently small δ.

Proof. By (2.1) we have S^{−1}(z) = −I + 2 (I + Q(z))^{−1} for z ∈ C_+ ∩ ρ(T ), and thus the desired estimate is equivalent to the uniform boundedness of ‖ ‖(I + Q(z))^{−1} ‖ ‖ in z ∈ ω_δ(0). Suppose, on the contrary, that (I + Q(z_n)) φ_n → 0 as z_n → 0 for some sequence {φ_n}, ‖φ_n‖ = 1. Then ln |z_n| P_1φ_n remains bounded as n → ∞ (see (3.4)), and thus P_1φ_n → 0. It follows that (Q(z_n) − Q(i|z_n|)) φ_n → 0. This gives (I + Q(i|z_n|))φ_n → 0 which contradicts the assumption that c /∈ E.

Corollary 3.4. 0 is a spectral singularity if and only if c ∈ E.

Proof. For c ∈ E we have S(k)f(k) → 0 as k → 0 where f(k) is the normalized eigenfunction of Q(i|k|), Q(i|k|)f(k) = η(|k|)f(k), such that η(|k|) → −1 as k → 0. Indeed, ‖(I + Q(k))f(k)‖ = ‖(1 + η(|k|))f(k) + (Q(k) − Q(i|k|))f(k)‖ ≤ |1 + η(|k|)| + 1 2 π 2 ‖P_1f(k)‖ + O(|k|). The first term tends to 0 by the choice of f(k) and P_1f(k) → 0 because ln |k| P_1f(k) remains bounded as k → 0 by (3.9). Since ‖S(k)u‖ = ‖S_e(k)u‖ for a.e. k ∈ R, this implies the if part of the assertion. The only if part follows from lemma 3.3 since S^{−1}_e = S^{−1}S_i is bounded whenever S^{−1} is bounded.

Note that it follows from the proof that for c ∈ E we have S(z)f(±|z|) → 0 as z → 0 uniformly in arg z ∈ [0, π]. Thus for c ∈ E the function S^{−1}(·) is unbounded at any neighborhood of 0. A priori the inner factor S_i of the characteristic function can also have a zero at the point 0 [7]. In Proposition 3.6 below, we show that this does not take place in fact. Let us first obtain another description of the set E.

Lemma 3.5. S(·) is continuous at 0 in the operator norm and c ∈ E ⇐⇒ ker ( I − ~Q^2_0 − 2 ϑ_c ⟨ ·, √ c ⟩ √ c ) ≠ 0, (3.16)

where ~Q_0 is the integral operator with kernel^1_2 √ c(x) ln (_{|x−y|} 2a ) √ c(y) and ϑ_c = ⟨( I − ~Q_0 )_{−1} √ c, √ c ⟩ . Proof. Since ℜQ(z) ≤ 0, it follows from (3.4) that ( I − ~Q(z) )_{−1} exists and is bounded for z ∈ ω_δ(0) provided that δ is sufficiently small. Rewriting (2.1) as S(z) = −I + 2(I − Q(z))^{−1}, we see from the identity (I − Q(z))^{−1} − ( I − ~Q(z) )_{−1} = −(I − Q(z))^{−1} Θ(z) 2 ( I − ~Q(z) )_{−1} (3.17)

that S(z) is continuous at 0 whenever so is ( I − ~Q(z) )_{−1} . Fix an arbitrary pos-

itive δ such that ~Q(iδ) < 1/2. We then have ~Q(z) = ~Q(iδ) + α(z) P_1 where α(z) =^1_2 ln (−δ^{−1}iz). The operator I − ~Q(iδ) has a bounded inverse, and ϑ_c(δ) = ⟨( I − ~Q(iδ) )_{−1} √ c, √ c ⟩ ≠ 0. A straightforward computation now gives ( I − ~Q(z) )_{−1} = ( I − ~Q(iδ) )_{−1} + α(z) 1 − α(z)ϑ_c(δ) ( I − ~Q(iδ) )_{−1} P_1 ( I − ~Q(iδ) )_{−1} . (3.18) The right hand side is obviously continuous at 0. Thus, S is continuous at 0.

Set τ =^1_{2aeγ} . It is easy to see that the operator^8 ~Q_0 ≡ ~Q(iτ) < 0. Indeed, one can insert the indicator of the set |x − y| ≤ 2a into the definition of the kernel ~Q_0, so ~Q_0 = √ c ~Ξ_0 √ c | | |_E where the operator ~Ξ0 in the Fourier representation acts as the multiplication by the function 1 2 √ 2π ∫_{2a} −2a e^{ips} ln |s| 2a ds = 1 √ 2π 2a ∫_1 0 cos(2aps) ln s ds which is obviously negative for real p. Thus, (3.18) holds with δ = τ, and passing to the limit z → 0 one gets

S(0) = I + ~Q_0 I − ~Q_0 − 2 ϑ_c ( I − ~Q_0 )_{−1} P_1 ( I − ~Q_0 )_{−1} . 8This fact, with a somewhat lengthy derivation, has first been observed in [13, Lemma 7] for the case c = qχ_{[−a,a]} when proving the finiteness of σ_+(T ), and is actually redundant for that purpose.

Multiplying this equality on the left and right by I − ~Q_0, one obtains (3.16), since c ∈ E iff ker S(0) ≠ {0}.

Let N_e be the absolutely continuous subspace of T and H_0 be the maximal reducing subspace of T on which it coincides with L_0.

Proposition 3.6. The component T_{ess} of the operator T has purely absolutely continuous spectrum, H_{ess} = N_e ⊕ H_0.

Proof. First, the space N_e ⊂ H_{ess} ⊖ H_0 (see the remark made after (2.5)). According to the general theory [7], H ⊖H_0 = N_e ˙+N_i where N_i is the inner subspace of T (see [7] for the definition), provided that the angle (N_e, N_i) > 0. Our aim will be to show that N_i = H_d.

It is obvious from the representation (3.4) that the analytical continuation of the function Q(z) across the real axis to the set O also holds in the S^2 - norm. This implies that the scalar multiple m(z) is analytic on the real axis outside 0 since so is T (z) in the S^2 - norm. This means that the singular component m_s in the canonical factorization of m has the form m_s(z) = e^{iμ1 z−μ2 iz} with some μ_1, μ_2 ≥ 0.

It follows from (3.18) that ( I − ~Q(z) )_{−1} is a bounded analytic function in U_τ (0)\ [0, −iτ). Then, by taking into account the fact that ‖Θ(z)‖ = o(1) as z → 0, we conclude that (I − Q(z))^{−1}, and therefore S(z), extends to a bounded analytic function on ~U_δ ≡ U_δ(0) \ [0, −iδ) for sufficiently small δ. Arguing as in the proof of lemma 3.2, we now see that the analytic continuation of T (z) into ~U_δ is also bounded in the S^2 - norm, and therefore, m admits analytic continuation into ~U_δ which is bounded. It follows that μ_2 = 0. Indeed, otherwise an application of the Carlson theorem [26] to the function g (z^{−1}), where g(z) = e^{μ2}2^iz m(z), implies g ≡ 0. Thus, the inner factor, m_i, of m has the form m_i = be^{iμ1 z} where b is a Blaschke product.

The characteristic function S_{i∗} of the restriction T |_{Ni} has the scalar multiple m_i, the inner factor of m. By [1, Theorem VI.5.1] it follows that T |_{Ni} has the minimal function m_T , which is the greatest common inner divisor of scalar multiples for S_{i∗}. Assume that θ(z) = e^{idz} is an inner divisor of m_T for some d > 0. Then ([1, Theorem III.6.3]) there exists an invariant subspace of T such that θ is the minimal function for the restriction T^′ of T to this subspace. This means that σ(T^′) is empty which is impossible because T , and therefore T^′, has bounded imaginary part. Since m_T is a divisor of m_i, in our case this implies that b is a scalar multiple for S_{i∗}. Hence N_i is generated by the root vectors of T , and so N_i = H_d. Comparing the decompositions H ⊖ H_0 = (H_{ess} ⊖ H_0) ˙+H_d and H ⊖ H_0 = N_e ˙+N_i, we now obtain the result.

Let us mention that the inner factor m_i is in fact the finite Blaschke product corresponding to the set σ_+(T ), that is, μ_1 = 0 as well, since ‖Q(iε)‖_2 → 0 as ε → +∞ and therefore m(iε) → 1. This arguing which avoids references to abstract facts about the minimal function, was used in the proof of this proposition in our earlier paper [6].

Proposition 3.7. T_{ess} is similar to a selfadjoint operator if and only if c /∈ E.

Proof. According to the Nagy-Foias criterion, one needs to show that sup_{k∈R} ‖S^{−1}(k)‖ < ∞ if c /∈ E (the only if part is already proven). From (3.8) we have r_z(p) →^1_{2p} ln | | |^{p−k}_{p+k} | | | as ℑz → 0, ℜz = k ≠ 0. Since the Fourier transform of √ cu, u ∈ L^2(R), is continuous owing to the compactness of the support of c, and the singularity of r_k at p = ±k is weak, one can pass to the limit ℑz → 0 in the quadratic form of ℑQ(z), which gives ⟨ℑQ(k)u, u⟩ = ⟨ r_k ^ √ cu, ^ √ cu ⟩ . This implies that (sign k)ℑQ(k) < 0 and so ker S(k) = {0} for real k ≠ 0. Then the estimate (3.15) shows that S(k) → I as |k| → ∞ in the operator norm, and it follows that sup k∈R\[−δ,δ] ‖ ‖S^{−1}(k) ‖ ‖ < ∞. (3.19)

Then, sup_{k∈[−δ,δ]} ‖S^{−1}(k)‖ < ∞ for c /∈ E by lemma 3.3, and we are done.

Corollary 3.8. If c /∈ E then the wave operators W_±(L, L_0 + iσ) ≡ W_±(T^∗, L_0) = s - lim_{t→±∞}e^{iT ∗t}e^{−iL0t} exist on H and are complete, Ran W_± = JH_{ess} ≡ H^⊥_d .

Proof. According to theorem 6 in [11], the fact that S(z) − I is compact for ℑz ≥ 0 yields that the wave operators W_±(T, L_0) exist on a dense set, R, in H ⊖ H_0 and are complete, W_±(T, L_0)R = N_e, for all c ∈ L^+_0 . For c /∈ E they are bounded and, therefore, exist on the whole of H, and admit inverse. It remains to note that obviously JW_±(T^∗, L_0)J = W_∓(T, L_0).

We thus have the following picture of the behaviour of the operator in coupling constant implied by monotonicity of the function Q(iε). In the remark below c = κ~c with a fixed nonzero ~c ∈ L^+_0 .

Remark 3.9. For κ > 0 small enough the operator T has one eigenvalue, and the component T_{ess} is similar to a selfadjoint operator. In particular, c /∈ E if the integral in (3.6) is < 4. Then, at κ = κ_1 = −1/η_2(+i0), a spectral singularity occurs at the point 0, and a bunch of eigenvalues monotone increasing in κ along the imaginary axis emerges^9 from 0 for κ > κ_1: if c ∈ E then N((1 + ε)c) > N(c) for any ε > 0. The spectral singularity disappears for κ > κ_1, and T_{ess} is similar to a selfadjoint operator as long as κ ∈ (κ_1, κ_2), κ_2 = −1/η_3(+i0). At κ = κ_2 the singularity occurs again, and a new bunch of eigenvalues emerges, and so on.

We now restrict our consideration to the case c ∈ E. Then, in view of (3.19), the point 0 is the only spectral singularity of T . As we have seen, the function S satisfies the assumptions of corollary 2.6. Thus, one can decompose T_{ess} into a linear sum, one component of which is similar to a selfadjoint operator while the other has spectrum of multiplicity M = dim ker S(0). Moreover, we have a local estimate of the angle between the corresponding invariant subspaces in the sense given by item 4 of corollary 2.6 with p = dist (0, σ(S(0)) \ {0}). According to the construction suggested, it suffices to choose δ ≠ 0 small enough so that the norm of D(k) − D(0) be lesser than p^2/2 for all k ∈ (−δ, δ). Specific for our problem is the fact that one can estimate the modulus of continuity of D at 0 and, thus, find a sufficient δ explicitly in terms of c and p.

Lemma 3.10. Let |c|_2 = ‖c‖_L2_{(R)} and

δ_∗ = 1 2a exp ( − 64aΥ^2|c|^2 p^2|c|_1 − γ ) (3.20)

where Υ = (∫_{1/2} −1/2 ∫_{1/2}

−1/2 ln 4 |x − y|dxdy )_{1/4} . Then ‖D(k) − D(0)‖ < p^2/2 for all k ∈ (−δ_∗, δ_∗). Proof. Since ~Q_0 < 0, we have ℜ ~Q(z) < 0 for z ∈ U^∘ ≡ ω_τ (0), z ≠ 0. This allows to define for z ∈ U^∘ the contractive function

Σ(z) = I + ~Q(z) I − ~Q(z) = −I + 2 ( I − ~Q(z) )_{−1}

which is continuous in z and satisfies

‖Σ(z) − Σ(0)‖ = 2 ‖ ‖ ‖ [ α(z) 1 − α(z)ϑ_c + 1 ϑ c ] ( I − ~Q_0 )_{−1} P_1 ( I − ~Q_0 )_{−1}‖ ‖ ‖ ≤ 2 ‖ ‖ ‖ ( I − ~Q_0 )_{−1}‖ ‖ ‖ 2 ‖P_1‖ | | | 1 ϑ_c (1 − α(z)ϑ_c) | | | ≤ 2|c|_1 ϑ_c |1 − α(z)ϑ_c| ≤ 2|c|_1 ϑ^2_c |α(i|z|)| . 9point 0 itself is never an eigenvalue

Thus ‖ (Σ^∗Σ)(z) − Σ^2(0) ‖ ≤ 4|c|_1 ϑ^2_c |α(i|z|)| = − 8|c|_1 ϑ^2_c ln(2ae^γ |z|)

. (3.21)

Then, S(z) − Σ(z) = 2 ( (I − Q(z))^{−1} − ( I − ~Q(z) )_{−1}) . By (3.17) this implies ‖S(z) − Σ(z)‖ ≤ ‖Θ(z)‖ as ‖ ‖ ‖ ( I − ~Q(z) )_{−1}‖ ‖ ‖ ≤ 1, and thus ‖(S^∗S)(z) − (Σ^∗Σ)(z)‖ ≤ 2‖Θ(z)‖ for z ∈ U^∘. Combining this with (3.21), one gets

(S^∗S)(z) − S^2(0) = (S^∗S)(z) − (Σ^∗Σ)(z) + (Σ^∗Σ)(z) − S^2(0) ≡ Ω_1(z) + Ω_2(z)

where ‖Ω_1(z)‖ ≤ 2|c|_1 ( e^{2a|z|} − 1 ) by (3.5) and ‖Ω_2(z)‖ is estimated from above by the expression in the right hand side of (3.21). It follows that ‖ (S^∗S)(z) − S^2(0) ‖ < p^2 2 if |z| < δ with a δ satisfying the following system of elementary inequalities, 2|c|_1 ( e^{2aδ} − 1 ) ≤ p^2 4 ; − 8|c|_1 ϑ^2_c ln (2ae^γ δ) ≤ p^2 4 . To make the estimate of δ more effective we take into account that ϑ_c ≥ |c|_1 1 + ‖ ‖ ~Q0 ‖ ‖ ≥ |c|_1 2 ‖ ‖ ~Q0 ‖ ‖ because c ∈ E and thus ‖ ‖ ~Q0 ‖ ‖ ≥ 1. Then, ‖ ‖ ~Q0 ‖ ‖ ≤ ‖ ‖ ~Q0 ‖ ‖_2 ≤^Υ_2 √ 2a|c|_2 by the Schwartz inequality. From this we get that the required estimate holds if |z| < δ ≤ 1 2a min { ln ( 1 + p^2 8|c|_1 ) , e^{− 32Υ} 2|c| 1 p2 ( √_{2a|c|2} |c|1 )_2 −γ } . Using the inequality e^x − 1 > x for x > 0 with x =^{8|c|1}_{p2} one can see that the second entry is not greater than the first one, since √ 2a|c|_2 |c|_1 ≥ 1 by the Schwartz inequality

and Υ > 1.

Choose a positive δ ≤ δ_∗ and define the invariant subspaces H_{1,2} according to the construction of Section 2 with γ_k =^{p2}_2 χ_{[−δ,δ]}(k). Let P_δ be the spectral projection of

T for the interval [−δ, δ] which is defined to be P_δ = I − P_ω with ω = R \ [−δ, δ]. Applying corollary 2.6, we thus get the following

Theorem 2. If c ∈ E, then for any positive δ ≤ δ_∗, where δ_∗ is given by (3.20), the operator T_{ess} can be represented as the linear sum T_{ess} = T_1 ˙+T_2 of operators T_{1,2} acting in invariant subspaces H_{1,2} such that

1. T_1 has the spectrum σ(T_1) = [−δ, δ] of multiplicity M = dim ker S(0), 2. T_2 is similar to a selfadjoint operator and σ(T_2) = R, 3. The angle (H_1, H_2) > 0. The angle (H_1, P_δH_2) admits the estimate

sin(H_1, P_δH_2) ≥ p √ 2 (3.22)

where p is defined before lemma 3.10.

Proof. It remains to verify the assertions about the spectrum. Both follow from the intertwining relation (2.5). Indeed, it is obvious from (2.1) that ‖S(k)f‖ < ‖f‖ for f = (I − Q(k))φ with ℜQ(k)φ ≠ 0. Since the operator ℜQ(k) has a logarithmic singularity at zero, it cannot have finite rank. Therefore, rankΔ(k) = ∞ for all k ∈ R, and the assertion σ(T_2) = R is immediate. That σ(T_1) ⊂ [−δ, δ] is implied by the existence of a scalar multiple, according to remark 2.4; the equality now results from the intertwining relation in the form (2.8).

There is a partial case when the spectrum of T_1 is simple (that is, M = 1), and the number p admits an explicit lower bound. For ξ > 0 let p(ξ) = dist ( −1, σ( ~Q(iξ)) ) . Remark 3.11. Assume that p(ξ) ≠ 0 for some ξ > 0. Then M = 1 and p ≥ p(ξ) 3 (3.23)

for any ξ ∈ (0, τ).

Proof. If M ≠ 1 then there exists a nonzero φ ∈ ker(I + ~Q(iε)) such that ⟨φ, √ c⟩ = 0 which contradicts the assumption p(ξ) ≢ 0.

Put ~B_c = {~η_n(i0+)}, ~η_n(z) being the set of eigenvalues of ~Q(z), hence ~B_c = B_c. By the functional calculus we have for some ~η_∗ ∈ B_c, p = |1 + ~η_∗| 1 − ~η_∗ ≥ min { 1 3 , p(ξ) 3 } , where the cases having been considered separately are ~η_∗ ≤ −2 and ~η_∗ ≥ −2. It remains to note that p(ξ) < 1 since ~Q(iξ) is a compact operator of infinite rank.

Under the assumption of this remark, substituting (3.23) in (3.22) and (3.20), one gets weaker estimates which are, however, more explicit with respect to c since they do not require calculating a matrix element of the inverse operator ( I − ~Q_0 )_{−1} , which is incorporated in p through ϑ_c.

Let us mention that given c it may happens that p(ξ) = 0 for all ξ > 0 which means that ⟨φ, √ c⟩ = 0 for a nonzero φ ∈ ker ( I + ~Q_0 ) . This situation arises, for instance, if c ∈ E is of the form c = κ~c where ~c is an even function from L^+_0 , under the appropriate choice of the constant κ > 0, owing to the commutation of ~Q with the reflection operator R, (Rf)(x) = R(−x). In this case the logarithmic estimate for the norm of (I + Q(z))^{−1} at the vicinity of 0 wrongly asserted by Lemma 6 in [25] obviously fails to hold.

The main difficulty in estimating (H_1, H_2), that is, in getting a ”global” estimate of the angle, is that we do not know the way to estimate ‖S^{−1}(k)‖ in the intermediate range i. e. for those k outside the vicinity of 0 given by lemma 3.10 that the estimate (3.15) is not yet essential.

Finally, in view of the untary equivalence between T and −T^∗, all the assertions of Theorem 2 hold for the restriction of L − iσ to its invariant subspace JH_{ess}. Strictly speaking, we have defined the absolutely continuous subspace for dissipative operators only while L − iσ is ”minus dissipative”. However if we adopt the natural generalization of the notion of the absolutely continuous subspace to the nondissipative case suggested in [12] then the spectrum of (L − iσ)|_{JHess} automatically becomes absolutely continuous, that is, JH_{ess} = N_e(T^∗) ⊕ H_0.

4 Three Dimensional Transport Operator

4.1 Preliminaries

The phase space of the one-speed transport problem in the three dimensional case is Γ = R^3 × S^2. For a particle at a point (q, ^p) ∈ Γ, the vectors q ∈ R^3 and ^p ∈ S^2 are the position and the momentum direction, respectively. The physical parameters in the problem are the number σ ≥ 0 and the function c : R^3 → R_+ having the same physical meaning as before. We suppose that the distribution of the secondaries is isotropic i.e. the collision operator K ∈ BL^2 (S^2) is given by K =^1_{4π} ∫ S^2 · dΩ, dΩ

being the Lebesgue measure on the unit sphere. It is assumed throughout that the function c is bounded (c ∈ L^∞(R^3 )) and compactly supported.

Define the operator T in the Hilbert space H = L^2(Γ) by the following expression, T = i^p · ∇_q + iσc(q)K, on the domain D = {f ∈ H : (1) F (t) = f (q + t^p, ^p) is absolutely continu- ous for a. e. (q, ^p) ∈ Γ; (2)^{dF}_{dt} | t=0 ∈ H} of its real part L_0 = i^p · ∇_q. Then T is a dissipative operator with a bounded imaginary part. The evolution of a density u_0 ∈ H is given by solution of the Cauchy problem of the form (3.1) where the one-speed transport operator L is linked with the operator T by the relation T = L^∗ + iσ. The operator L_0 corresponds to the evolution U_t = exp iL_0t, (U_t f)(q, ^p) = f (q − ^pt, ^p), of densities in vacuum. The spectral analysis of L is reduced to that of T since L and −T + i are unitarily equivalent, L = J(−T + i)J^∗ with (Jf)(x, ^p) = f(x, −^p). Without loss of generality, we set σ = 1; then V = ℑT = c(q)K. One can naturally identify the range of K in H with the space L^2(R^3 ) of functions of the variable q, KH = L^2(R^3 ) ⊗ 1 ≃ L^2(R^3 ) where 1 ∈ L^2 (S^2) is the indicator of the unit sphere.

Remark that the transport operator studied in Section 3 is obtained from T when separating variables in the case of function c depending on one space coordinate only.

4.2 Spectral Analysis

We use the representation of the resolvent R_0(z) = (L_0 − z)^{−1} for z ∈ C_+ given by the Laplace transform of U_t, (R_0(z)f)(q, ^p) = i ∫_∞ 0 e^{izt}f(q + ^pt, ^p)dt. Let us calculate the kernel of the operator Q(z) = i √ V R_0(z) √ V | |_E, z ∈ C + , acting in the space E ≡ Ran V ⊂ L^2(R^3 ). We have (Q(z)f)(q) = − 1 4π √ c(q) ∫ S^2 dΩ_p ∫_∞ 0 e^{izt}f(q + ^pt) √ c(q + ^pt)dt = − 1 4π √ c(q) ∫ R^3 e^{iz|q′|}f(q + q^′) √ c(q + q^′) d^3q^′ |q^′|^2 = − 1 4π √ c(q) ∫ R^3 e^{iz|q′−q|} |q^′ − q|^2 √ c(q^′)f(q^′)d^3q^′.

Thus, (Q(z)f)(q) = − 1 4π √ c(q) ∫ R^3 e^{iz|q′−q|} |q^′ − q|^2 √ c(q^′)f(q^′)d^3q^′. (4.1)

The actual integration in this formula is over a ball of finite radius. The kernel of Q(z) has a weak (2 < 3) singularity for all z ∈ C . Initially defined in C_+ , the function Q(z) thus extends to an entire function. By the lemma on iteration of kernels with weak singularity [27] Q^2(z) is of the Hilbert-Schmidt class for any z ∈ C , and hence Q(z) ∈ S^4 for all z ∈ C .

Theorem 3. The nonreal spectrum σ_+(T ) of the operator T consists of finitely many eigenvalues lying on the imaginary axis. Moreover, T has no associate vectors. The dimension N(c) of the invariant subspace H_d corresponding to σ_+(T ) satisfies the estimate N(c) ≤ 1 256π^4 ∫∫ c(q)c(q^′) (∫ c(τ)d^3τ |q − τ|^2|q^′ − τ|^2 )_2 d^3qd^3q^′. (4.2)

The essential spectrum of T coincides with the real axis: σ_{ess}(T ) = R.

Proof. First, σ_{ess}(T ) = σ_{ess}(L_0) = R by Sublemma. Remark that the finiteness of N(c) follows immediately from the analyticity of Q on the real axis by the analytical Fredholm theorem.

Consider the operator ~Ξ(z) = iKR_0(z)|_{KH} acting in the space KH = L^2 (R^3 ). In the Fourier representation with respect to the variable q this operator acts as the multiplication by the function ~ξ(s, z) = i 4π ∫ S^2 dΩ_p ^ps − z = By the rotation symmetry the integral does not depend on direction of ŝ =^s_{|s|} . We continue the equality taking ŝ for the axis of a spherical coordinate system, = i 4π ∫_{2π} 0 ∫_π 0 sin θdθdφ |s| cos θ − z = i 2 ∫_1 −1 dμ |s|μ − z . Comparing this with (3.7) one sees that ~ξ(s, z) = ξ(|s|, z). In particular, ℑ~ξ(s, z) = r_z(|s|). Therefore ℑQ(z) = √ cℑ~Ξ(z) √ c | | |_E is sign-definite for ℜz ≠ 0, and ℑQ(z) = 0 for ℜz = 0. Now reproducing verbatim the arguing following (3.8), one concludes that σ_+(T ) ⊂ iR, T has no associate vectors, and that Q(iε) is a negative operator and a monotone increasing function of ε. Let N_ε(c) be the dimension of the spectral subspace corresponding to the interval [iε, i∞). We then have

N_ε(c) ≡ #{s ≥ ε : ker(I + Q(is)) ≠ 0} = #{τ ∈ (0, 1] :

ker(I + τQ(iε)) ≠ 0} ≤ ‖Q(iε)‖^4 = ‖ ‖Q^2(iε) ‖ ‖^2 . (4.3)

This gives N(c) = lim_{ε↓0} N_ε(c) ≤ ‖Q^2(0)‖^2, which is (4.2).

Contrary to the slab geometry case, one sees that σ_+(T ) = ∅ for small coupling. Comparing (4.2) and (3.6), one should mention the following drawback of (3.6). Consider c(x) = c_1(x − b) + c_1(x + b) where c_1 is a compactly supported function and b is a large parameter. Then, obviously, the right hand side of (3.6) diverges as b → ∞. This is obscure from the viewpoint of physics, and, indeed, one can show that N(c) is actually uniformly bounded in b. At the same time, the right hand side of the estimate (4.2) is clearly uniformly bounded in b as b → ∞ in the analogous problem for the three-dimensional operator.

A different statement of the transport problem was used in the paper [24]. Under the assumption of convexity of the set {x : c(x) ≠ 0}, it led again to the study of the equation (I +Q(z))φ = 0 for determination of the discrete modes. Note that this equation was studied in [24] for all z ∈ C . In fact, the properties of monotonicity and continuity of Q(iε) in ε which are sufficient for the conclusion that N(c) is finite, have already been mentioned in [24]. The estimate (4.2) for N(c) is apparently new.

Let S(z) be the characteristic function of the operator T . This function is analytic on the real axis and satisfies S(z)−I ∈ S^∞. Define E = {c : ker(I +Q(0)) ≠ 0}. One immediately concludes from the continuity of S on the real axis that 0 is a spectral singularity point for c ∈ E. The following lemma provides us with an estimate of the function S^{−1} in a neighbourhood of zero.

Lemma 4.1. 1. If c /∈ E, then sup_{z∈Πϵ} ‖S^{−1}(z)‖ < ∞ for ϵ sufficiently small. 2. If c ∈ E, then C_1|z|^{−1} ≤ ‖S^{−1}(z)‖ ≤ C|z|^{−1} as z ∈ ω_δ(0) for sufficiently small δ. Proof. As well as in the proof of lemma 3.3, it suffices to obtain the desired upper estimates for (I + Q(z))^{−1}.

1. Arguing as in the proof of Proposition 3.7, one concludes that ker S(k) = {0} for k ≠ 0. Hence we are done if we show that ‖ℜQ(z)‖ → 0 as |ℜz| → ∞ uniformly in ℑz for 0 ≤ ℑz ≤ ϵ. We have ℜQ(z) = √ cℜ~Ξ(z) √ c | | |_E where ℜ~Ξ(z) in the Fourier representation acts as the multiplication by the function ℜξ(|s|, z) = −ℑ [_1 |s| ∫_{|s|} −|s| dτ τ −z ] . Then for x ∈ [0, C], C < ℜz, we have |ℜξ(x, z)| ≤^2_{|C−ℜz|} . Since | |ℑ (ln^{z−x}_{z+x} ) | | ≤ 4π one estimates |ℜξ(x, z)| ≤^{4π}_x ≤^{4π}_C for x ∈ [C, +∞). Taking C → ∞, C = o(ℜz) for |ℜz| → ∞, one gets ‖ ‖ℜ~Ξ(z) ‖ ‖ → 0. 2. For z ∈ U_δ(0) we have Q(z) = Q(0)−izA+O ( |z|^2 ) in the operator norm. Then Q^′(iε) = −i √ c (_d dε ~Ξ(iε) ) √ c | |_E, ε > 0. In the Fourier representation, the operator

in parentheses acts as the multiplication by the function (|p|^2 + ε^2)^{−1}. Thus, iQ^′(iε) is a positive operator and a monotone decreasing function of ε. Hence A > 0. The upper bound now follows from lemma A.1. The lower bound is obvious since ‖(I + Q(z))φ‖ = O(|z|) for φ ∈ ker(I + Q(0)).

Note that had we tried to obtain the upper bound in part 2 by applying abstract remark 1.1, say, to the function (I + Q( √ w))^{−1}, we would have got an estimate of a worse order due to the singularity of the conformal transformation.

Define P_d to be the Riesz projection corresponding to σ_+(T ), then H_{ess} = (I − P_d)H is the invariant subspace of T corresponding to the essential spectrum. Part 2 of the above lemma implies the following conclusion about the group Z^e_t = exp(iT_{ess}t), T_{ess} = T |_{Hess} . Corollary 4.2. If c ∈ E then ‖ ‖Z^e_{−t} ‖ ‖ ≤ C_1 + C_2t, t ≥ 0,

and this estimate is exact in the power scale, in the sense that for any ε ∈ (0, 1) there exists f ∈ H_{ess} such that ‖ ‖Ze_{−t}f ‖ ‖ = C_εt1−ε(1 + o(1)), C ≠ 0, for t → +∞.

This corollary is a partial case of an abstract result related to the operators with spectral singularities of finite power order. Its proof, which also uses the functional model, will be published elsewhere.

Lemma 4.3. S has a scalar multiple.

Proof. Examining the proof of lemma 4.1, part 1, one concludes that the norm of S^{−1}(z) is bounded at any strip Π_ϵ, ϵ > 0, if z /∈ U^∘(δ) where U^∘(δ) is the union of an arbitrary open neighborhood of σ_+(T ) and ω_δ(0), regardless to the condition c /∈ E. Then S(z) → I as ℑz → +∞ uniformly in ℜz since ‖Q(z)‖ ≤^{‖V ‖}_{ℑz} . Taking this into account, one obtains for all δ > 0 sup z∈C_+ \U^∘(δ) ‖ S^{−1}(z) ‖ < ∞. (4.4)

It now follows from lemma 4.1, part 2, that any function of the form m(z) = b(z)z ~m(z) where ~m ∈ H^∞ and satisfies | ~m(z)| ≤ C (1 + |z|)^{−1}, and b is the Blaschke product with simple zeroes at the points of σ_+(T ), is a scalar multiple for S, since the poles of (L − z)^{−1} at the points of σ_+(T ) are simple.

Taking ~m to be outer one gets the canonical factorization m = bm_e, m_e(z) = z ~m(z), of the scalar multiple. We thus arrive at the following

Proposition 4.4. The component T_{ess} of the operator T has purely absolutely continuous spectrum, H_{ess} = N_e ⊕ H_0.

The proof of this assertion for the slab case required more analysis due to the fact that we were not able to estimate S^{−1} at 0. In fact, to know that S is analytic at 0 would be enough for the above proof of Proposition 4.4, and the exact estimate of lemma 4.1 is redundant for that purpose.

Proposition 4.5. T_{ess} is similar to a selfadjoint operator if and only if c /∈ E. If c /∈ E then the wave operators W_±(L, L_0 + iσ) ≡ W_±(T^∗, L_0) = s - lim_{t→±∞}e^{iT ∗t}e^{−iL0t} exist on H and are complete, Ran W_± = JH_{ess} ≡ H^⊥_d .

Proof. The first assertion follows immediately from item 1 of lemma 4.1 by the Nagy-Foias criterion. The statement about wave operators follows from theorem 6 in [11], as it does in the slab case.

The picture of the behaviour of the operator T in coupling constant remains the same as in the slab case: remark 3.9 can be taken verbatim except, of course, for the fact that in the situation under consideration T has no eigenvalues for small κ.

The following lemma plays a role quite analogous to that of lemma 3.10. Let |c|^2_R = ∫_{c(q)c(q}′_) |q−q^′|^2 d 3qd^3q^′ be the Rolnick norm of c [14].

Lemma 4.6. Set p̃ = dist (−1, σ(Q(0)) \ {−1}), M = dim ker(I + Q(0)) and

δ_∗ = π 18 p̃^2 |c|_R . (4.5)

Then ‖D(k) − D(0)‖ < p^2/2 for all k ∈ (−δ_∗, δ_∗).

Proof. Let Θ(z) = Q(z) − Q(0). We then have ‖S(z) − S(0)‖ = 2 ‖ ‖(I − Q(z))^{−1} Θ(z) (I − Q(0))^{−1} ‖ ‖ ≤ 2‖Θ(z)‖ and thus ‖(S^∗S)(z) − S^2(0)‖ ≤ 4‖Θ(z)‖. (4.6)

The kernel of Θ(z) has the form −^1_{4π} √ c(q)^{eiz|q′−q|−1} |q^′−q|^2 √ c(q^′). Using the inequality |e^{ix} − 1| ≤ |x|, one estimates for k ∈ R,

‖Θ(k)‖^2 ≤ ‖Θ(k)‖^2 = 1 16π^2 ∫∫ c(q) | |eik|q^′−q| − 1 | |^2 |q^′ − q|^4 c(q^′)d^3qd^3q^′ ≤ ≤ |k|^2 16π^2 ∫ ∫ c(q)c(q^′) |q^′ − q|^2 d^3qd^3q^′ ≡ |k|^2 16π^2 |c|^2_R .

Substituting this in (4.6), we obtain for k ∈ (−δ_∗, δ_∗) ‖D(k) − D(0)‖ ≤ |c|_R π |k| < p̃^2 18 . It remains to note that by the functional calculus

p^2 ≡ dist ( 0, σ ( S^2(0) ) \ {0} ) ≥ ( min { 1 3 , p̃ 3 })_2 ≥ p̃^2 9 since Q(0) ≤ 0, and thus p̃ ≤ 1.

Reproducing the arguing followed by lemma 3.10 and theorem 2, we now get the following

Theorem 4. If c ∈ E then for any positive δ ≤ δ_∗ (see (4.5)), the operator T_{ess} can be represented as the linear sum T_{ess} = T_1 ˙+T_2 of operators T_{1,2} acting in invariant subspaces H_{1,2} such that

1. T_1 has the spectrum σ(T_1) = [−δ, δ] of multiplicity dim ker(I + Q(0)), 2. T_2 is similar to a selfadjoint operator and σ(T_2) = R, 3. The angle (H_1, H_2) > 0. The angle (H_1, P_δH_2) admits the estimate

sin(H_1, P_δH_2) ≥ p̃ 3 √ 2 where p̃ is defined in lemma 4.6 and P_δ ≡ I − P_ω, ω = R \ [−δ, δ], is the spectral projection of T for the interval [−δ, δ] defined after corollary 2.3.

The assertions of this theorem are extended to the operator L − iσ in the same way as it takes place in the slab case, see the remark made at the end of section 3.

5 Concluding remarks

Let us discuss an exactly solvable limit case, when c(x) ≡ κ with a κ > 0 for all x ∈ R, of the transport operator for slab geometry. After Fourier transformation with respect to the variable x the operator T is fibred. Its fibres T_p = pμ + i^κ_2 ⟨·, 1⟩1, p ∈ R, act in L^2(Ω) and are rank 1 perturbations of the selfadjoint multiplication operators L_{o,p} = pμ· . Thus, the essential spectrum of T_p is [−p, p]. The spectrum of T_p in C_+ is determined from the equation 1 + ξ(p, z) = 0 to give that T_p has one eigenvalue λ_p = ip cot^p_κ for |p| <^π_2 κ and has none for |p| ≥^π_2 κ. From this it follows that the spectrum σ(T ) = ⋃ p σ(T_p) = R ⋃ [iκ, 0) (that σ(T ) cannot get larger is obvious since ξ(p, z) → 0 for fixed z ∈ C_+ as |p| → ∞ (see (3.7))). In this way, let us remark that each λ ∈ [iκ, 0) can be shown to be an accumulation point of eigenvalues of the operators T corresponding to c = κχ_{[−a,a]} when a → ∞.

It should be noted that in this limit case T is not a spectral operator (see [28]) for all κ > 0. Indeed the spectral projection P_p with respect to the eigenvalue λ_p of the operator T_p looks like

P_p = − p^2 2 sin^{2 p}_κ ⟨ ·, Ψ_p ⟩ L^2(Ω) Ψp

where Ψ_p(μ) =^1_{pμ−iρ(p)} , ρ(p) = p cot^p_κ . Obviously, the operator P_α = ∫ π_{2 α} −^π_2 α ⊕Pp is bounded whenever α < κ and gives the spectral projection of T for the interval [ iρ (_π 2 α ) , iκ ] . However, ‖P_α‖ → ∞ as α → κ which contradicts (B) property of spectral operators.

A special interest from the part of physics is paid to the solutions of the problem (3.1) exponentially increasing in time. Obviously, such solutions may only exist when |c|_∞ > 1 (the supercritical transport problem), otherwise the operator L is dissipative. Since L and −T + i are unitarily equivalent, one observes that sup_{ε>0} N_{1+ε}(c) is precisely the number of exponentially increasing modes for the supercritical transport problem. Thus, for |c|_∞ > 1 one can use (3.6) and the estimate obtained by taking ε = 1 in (4.3) as estimates on this number. In this respect, the estimate (3.6) appears to be rather crude due to the fact that in the slab case the estimate of N_ε(c), that is, before going to the limit ε → 0, is worse than that of N(c).

Notice that the perturbations treated in this paper are not of relative trace class: the condition (H − z)^{−1} − (H_0 − z)^{−1} ∈ S^1 obviously fails for the pair (L, L_0 + iσ) because ℜQ(z) /∈ S^1, and therefore R_0(z)V R_0(z) /∈ S^1 (see (1.3)).

It should also be noted that, once we have established the similarity of T_{ess} to a selfadjoint operator for c /∈ E, the existence and completeness of the wave operators follow directly from the theory of smooth perturbations [14, 29]. For the three - dimensional problem this is straightforward, since obviously ‖Q(z)‖ ≤ ‖Q(0)‖ for ℑz ≥ 0, and thus the operator √ V is L_0 - smooth [14, Theorem XIII.25]. That the operator √ V is T_{ess} - smooth whenever c /∈ E is an abstract fact: the operator √ ℑD is D - smooth for any dissipative operator D similar to a selfadjoint one. For the slab problem the operator √ V is not L_0 - smooth since Q(iε) = ℜQ(iε) is unbounded as ε → 0 (see [14, Theorem XIII.25, it. 4]); however, it is L_0 - smooth locally with respect to any closed interval not containing zero, and this suffices.

Finally, it should be mentioned that the main difficulty in physical interpretation of the results obtained is that the natural statement of the transport problem assumes L^1(Γ) for the space of distribution functions rather than L^2. It can be shown, however, that for the slab case the sets of L^2 and L^1 - eigenfunctions of the operator

L coincide, hence the estimate (3.6) remains valid for the operator L in L^1. It is also believed that if we will manage to prove the existence and completeness of the wave operators in L^1 for c /∈ E then the stationary approach for calculating the scattering operator S = W^{−1}_+ W_− could be applied. In particular, it is easy to see that if the wave operators exist for the problem in L^1 with c /∈ E then they are consistent with the ones defined in Proposition 4.5, that is, coincide on L^2 ∩ L^1.

Acknowledgements We are indebted to V.I.Vasyunin for helpful remarks and an important correction.

Appendix

Lemma A.1. Let A(z) be an analytic operator function on a domain D ⊂ C whose values are compact operators in a Hilbert space K and ker(I + A(z_0)) ≠ {0} for some z_0 ∈ D. Assume cA^′(z_0) > 0 with some c ∈ C and A(z_0) = A^∗(z_0). Then ‖ ‖(I + A(z))^{−1} ‖ ‖ ≤ C |z − z_0|^{−1} for z ∈ U_δ(z_0), δ small enough.

Proof. Put N = ker(I + A(z_0)). Representing operators by 2 × 2 matrices with respect to the decomposition K = N ⊕ N^⊥ one has

I + A(z) = ( 0 0 0 A_0 ) + (z − z_0) ( B_{00} B_{01} B_{10} B_{11} ) + O ( (z − z_0)^2 ) = ( (z − z_0)B_{00} 0 0 A_0 ) [( I B^{−1}_{00} B_{01} 0 I ) + O(z − z_0) ] . Here we took into account that the assumption about A^′(z_0) guarantees the invertibility of B_{00} since dim N < ∞ by compactness of A(z). Then

(I + A(z))^{−1} = [( I −B^{−1}_{00} B_{01} 0 I ) + O(z − z_0) ] ( (z − z_0)^{−1} B^{−1}_{00} 0 0 A^{−1}_0 ) .

References

[1] B.Sz.-Nagy and C.Foias, ”Analyse Harmonique des Operateurs de l^′Espase de Hilbert,” Masson et C^{ie}/ Academiai Kiado, 1967.

[2] N. K. Nikolskiĭ, ”Treatise on the shift operator. Spectral function theory,” Springer-Verlag, Berlin, 1986.

[3] B.S.Pavlov, ”Spectral analysis of a dissipative singular Schrodinger operator in terms of a functional model,” in Encyclopaedia of Mathematical Sciences, 65 (M. A. Shubin ed.); Springer-Verlag, Berlin, 1996, pp. 87-153.

[4] S.B.Shikhov, ”Problems in the Mathematical Theory of Reactors. Linear Analysis,” Atomizdat, 1973 (in Russian).

[5] J.Lehner, The spectrum of the neutron transport operator for the infinite slab, J. Math. Mech. 11 (1962), No. 2, 173-181.

[6] Yu. A. Kuperin, S. N. Naboko and R. V. Romanov, Spectral analysis of the one-speed transport operator and the functional model, Funct. Anal. Appl. 33 (1999), no. 3, 199 - 207.

[7] B.S.Pavlov, On separation conditions for the spectral components of a dissipative operator, Math. USSR Izvestija 9 (1975), No. 1, 113 - 137.

[8] M.A.Naĭmark, Investigation of the spectrum and the expansion in eigenfunctions of a nonselfadjoint operator of the second order on a semi-axis, Trudy Mosk. Mat. Obsch. 3 (1954), 181 - 270 (Russian); English transl. in: Amer. Math. Soc. Transl. (2) 16 (1960), 103 - 193.

[9] V.E.Ljance, On a differential operator with spectral singularities I, Mat. Sb. 64 (106), 4 (1964), 521 - 561; II, Mat. Sb. 65 (107), 1 (1964), 47 - 103 (Russian); English transl. in: Amer. Math. Soc. Transl. (2) 60 (1967).

[10] S.N.Naboko, Uniqueness theorems for operator-valued functions with positive imaginary part, and the singular spectrum in the selfadjoint Friedrichs model, Ark. Mat. 25 (1987), no. 1, 115-140.

[11] S.N.Naboko, On the conditions for existence of wave operators in the nonselfadjoint case, Probl. Mat. Fiz., 12 (M. Birman ed.), LGU, Leningrad, 1987, 132-155 (Russian); English transl. in: Amer. Math. Soc. Transl. (2) 157 (1993), 127-149.

[12] S.N.Naboko, A functional model of perturbation theory and its applications to scattering theory, Trudy MIAN 147 (1980), 86 - 114 (Russian); English transl. in: Proc. Steklov Inst. Math. (1981), No. 2, 85 - 116.

[13] J.Lehner and G.Wing, On the spectrum of an unsymmetric operator arising in the transport theory of neutrons, Comm. Pure Appl. Math. 8 (1955), 217-234.

[14] M.Reed and B.Simon, ”Methods of Modern Mathematical Physics,” v. 1,4, Academic Press, New York, 1972, 1978.

[15] D.R.Yafaev, ”Mathematical scattering theory,” AMS Transl. Math. Monographs, Vol. 105, 1992.

[16] I.Gohberg and M.Krein, ”Introduction to the Theory of Linear Non-Selfadjoint Operators in Hilbert Space,” Providence: AMS, 1969.

[17] B.S.Pavlov, Selfadjoint dilation of the dissipative Schrödinger operator and its resolution in terms of eigenfunctions, Math. USSR Sbornik 31 (1977), No. 4, 457 - 478.

[18] M.S.Brodskiĭ, ”Triangular and Jordan Representations of Linear Operators,” AMS Transl. Math. Monographs, Vol. 32, 1971.

[19] L.A.Sahnovič, Dissipative operators with absolutely continuous spectrum, Trans. Moscow Math. Soc. 19 (1968).

[20] B.S.Pavlov, On expansions in eigenfunctions of the absolutely continuous spectrum of a dissipative operator, Vestnik Leningrad Univ. (Mat. Mech. Astronom) (1975) vyp. 1, 130-137 (in Russian); English transl. in: Vestnik Leningrad Univ. Math. 8 (1980), 135 - 143.

[21] A.S.Tikhonov, Absolutely continuous spectrum of a linear operator and problems of scattering theory and factorization of operator - functions. Ph. D. Thesis, Simferopol State University, Simferopol (1989) (in Russian).

[22] V.A. Ryzhov, Absolutely continuous and singular subspaces of nonselfadjoint operator, Zap. Nauchn. Sem. S.-Petersburg. Otdel. Mat. Inst. Steklov. (POMI) 222 (1995), 163-202 (in Russian).

[23] S. Naboko and R. Romanov, Spectral singularities, Szokefalvi-Nagy - Foias functional model and the spectral analysis of the Boltzmann operator, to appear.

[24] S.Ukai, Real eigenvalues of the monoenergetic transport operator for a homogeneous medium, J. of Nuclear Science and Technology 3 (1966), 263-266.

[25] J.Lehner and G.Wing, Solution of the linearized Boltzmann equation for the slab geometry, Duke Math. J. 23 (1956), 125-142.

[26] E.C.Titchmarsh, ”The Theory of Functions,” Oxford Univ. Press, 1939.

[27] S. Mikhlin et al., ”Integral Equations,” Moscow, 1968 (in Russian).

[28] N.Dunford and J.Schwartz, ”Linear Operators. Part III,” Wiley, 1971. [29] T. Kato, Wave operators and similarity for some non-selfadjoint operators, Math. Ann. 162 (1966), 258 - 279.